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An extension prin
iple for the Einstein-Vlasovsystem in spheri
al symmetryMihalis Dafermos� Alan D. RendallyNovember 26, 2004Abstra
tWe prove that \�rst singularities" in the non-trapped region of themaximal development of spheri
ally symmetri
 asymptoti
ally 
at datafor the Einstein-Vlasov system must ne
essarily emanate from the 
enter.The notion of \�rst" depends only on the 
ausal stru
ture and 
an bedes
ribed in the language of terminal inde
omposable pasts (TIPs). Thisresult suggests a lo
al approa
h to proving weak 
osmi
 
ensorship forthis system. It 
an also be used to give the �rst proof of the formationof bla
k holes by the 
ollapse of 
ollisionless matter from regular initial
on�gurations.1 Introdu
tionA fundamental problem in mathemati
al relativity is to resolve the so-
alledweak 
osmi
 
ensorship 
onje
ture, the statement that for \reasonable" Einstein-matter systems, generi
 asymptoti
ally 
at data do not lead to singularitiesvisible from in�nity.The notion of \reasonable" above is of 
ourse not a pre
ise one, and dependsvery mu
h on the 
ontext one has in mind. A natural matter sour
e for modelsis provided by kineti
 theory. The simplest example is then a self-gravitating
ollisionless gas. The study of the equations des
ribing su
h a gas, the Einstein-Vlasov system, was initiated by Choquet-Bruhat in [1℄, where the existen
e ofa unique maximal development was proven for the Cau
hy problem.The problem of weak 
osmi
 
ensorship 
on
erns the global behaviour of themaximal development for asymptoti
ally 
at initial data. Given the 
urrentstate of the art in nonlinear evolution equations, symmetry must be imposedon initial data for there to be any hope of making progress. The global studyof the initial value problem for the Einstein-Vlasov equations for spheri
ally�University of Cambridge, Department of Pure Mathemati
s and Mathemati
al Statisti
s,Wilberfor
e Road, Cambridge CB3 0WB, United KingdomyMax Plan
k Institute for Gravitational Physi
s, Albert Einstein Institute, Am Muehlen-berg 1, 14476 Golm, Germany 1



symmetri
 asymptoti
ally 
at initial data was begun in [7℄, where, in parti
ular,it was proven that for suÆ
iently small initial data, the maximal developmentwas future 
ausally geodesi
ally 
omplete. The analysis took pla
e in so-
alledS
hwarzs
hild 
oordinates. In [8℄, an extension prin
iple was proven, againin these 
oordinates, saying in parti
ular that if the solution stopped existingafter �nite 
oordinate time t, there was ne
essarily a singularity at the 
enter.These results were meant to provide a �rst step for a global existen
e theoremin S
hwarzs
hild 
oordinates. If this 
oordinate system 
ould then be shown to
over the domain of outer 
ommuni
ations, and if null in�nity 
ould moreover beshown to be 
omplete, this would then imply a proof of weak 
osmi
 
ensorshipfor this system.There is another approa
h to the problem of weak 
osmi
 
ensorship, dueto Christodoulou [3℄, for the problem of a self-gravitating spheri
ally symmetri
s
alar �eld. Christodoulou showed that initial data leading to a naked singu-larity was 
odimension 1 in the spa
e of all initial data. This was shown byembedding su
h ex
eptional data in a one-dimensional subset of the spa
e ofinitial data, su
h that all other initial data in this subset evolved to a spa
etimewith the following property, whi
h 
an be expressed in the language of 
ausalsets [6℄. Given a terminal inde
omposable past (TIP) with 
ompa
t interse
-tion with the Cau
hy surfa
e, then the domain of dependen
e of any open set
ontaining this interse
tion 
ontains a trapped surfa
e. The statement that thislatter property is true for generi
 initial data 
an be termed the trapped sur-fa
e 
onje
ture. From this property, the 
ompleteness of null in�nity was theninferred, proving weak 
osmi
 
ensorship.It turns out that the relation between the existen
e of trapped surfa
es andthe 
ompleteness of null in�nity is quite general. Spe
i�
ally, in [12℄, it wasproven that a weaker version of the trapped surfa
e 
onje
ture is suÆ
ient toprove weak 
osmi
 
ensorship for a wide variety of matter in spheri
al symmetry.In parti
ular, the 
ompleteness of null in�nity follows from the existen
e ofa single trapped or marginally trapped surfa
e in the maximal development.The only really restri
tive hypothesis on the matter is that \�rst" singularitiesne
essarily emanate from the 
enter. Here, the notion of \�rst" is tied to the
ausal stru
ture and 
an be formulated in terms of TIPs.The goal of this paper is to prove that the above mentioned hypothesis of [12℄is indeed satis�ed by the Einstein-Vlasov system. As noted before, extensionprin
iples similar in spirit to this one have been proven before (
f. [8, 10℄). Theseearlier results, however, 
on
ern the portion of the development of the Einstein-Vlasov system 
overed by parti
ular 
oordinate systems. Thus, these previousresults, as far as they 
on
ern the maximal development itself, are weaker thanthe results presented here, and in parti
ular, are not suÆ
ient to dedu
e theassumptions of [12℄.1Finally, we make the following remark: In view of [9℄, there do exist spheri-
ally symmetri
 asymptoti
ally 
at initial data for the Einstein-Vlasov system1Of 
ourse, the results of [8, 10℄ also say something about the behaviour of the 
oordinatesystem to whi
h they apply, something not addressed here.2



possessing a trapped surfa
e. Thus, the results of this paper provide in parti
ularthe �rst proof of the existen
e of solutions for 
ollisionless matter representingthe formation of a bla
k hole.2 Initial dataInitial data in this paper are always given as follows:1. We have a C1 Riemannian manifold (�; �g), together with an additionalsymmetri
 2-tensor Kab, su
h that there do not exist 
losed antitrappedsurfa
es in the data, and a 
ompa
tly supported fun
tion f0 de�ned onthe tangent bundle of �, su
h that these satisfy�R�KabKab + (trK)2 = 16� Z f0(pa)papa=(1 + papa)1=2p�gdp1dp2dp3raKab �rb(trK) = 8� Z f0(pa)pap�gdp1dp2dp3Here the metri
 �g is used to move indi
es and to de�ne the tra
e and
ovariant derivative. �R is the s
alar 
urvature of �g and p�g the squareroot of its determinant.2. A smooth SO(3) a
tion on � su
h that �g, Kab, f0 are preserved, and su
hthat �=SO(3) inherits naturally the stru
ture of a 1-dimensionalmanifold.Here and throughout this paper physi
al units are 
hosen so that the grav-itational 
onstant has the numeri
al value unity. We re
all the de�nition of a
losed antitrapped surfa
e. Let S be a surfa
e in � whi
h is 
losed, i.e. 
ompa
twithout boundary. Suppose that there is a preferred 
hoi
e na of an outwardnormal to this surfa
e and let �ab be the se
ond fundamental form of S in� 
orresponding to the outward normal. Then S is said to be antitrapped iftr� < �trK +Kabnanb.3 The maximal developmentThe theorem of Choquet-Bruhat [1℄, applied to the data 
onsidered here, to-gether with a standard argument on preservation of symmetry, yieldsProposition 1. There exists a unique C1 
olle
tion (M; g; f) su
h that1. g and f satisfy the Einstein-Vlasov equations2. (M, g) is globally hyperboli
,3. (M; g; f) indu
es the initial data (�; �g;K; f0) and � is a Cau
hy surfa
e4. Any other 
olle
tion (M; g; f) with these properties 1-3 
an be embeddedin the given one. 3



Moreover, SO(3) a
ts smoothly by isometry on M and preserves f , and Q =M=SO(3) inherits the stru
ture of a time-oriented 2-dimensional Lorentzianmanifold, with timelike boundary �, the 
enter.Let � : M ! Q denote the natural proje
tion. On Q we 
an de�ne theso-
alled area-radius fun
tionr(p) =pArea(��1(p))=4�We have r(p) = 0 i� p 2 �. We 
an always 
hoose global future dire
ted null
oordinates on Q, i.e. su
h that the metri
 takes the from �
2dudv. The metri
of M then takes the form: �
2dudv + r2
 (1)where 
 = 
ABdxAdxB is the standard metri
 on S2 and xA, A = 2; 3, are lo
al
oordinates on S2. Let u and v be 
hosen so that ��u points \inwards" and��v \outwards". Su
h de�nitions are meaningful in view of the assumption ofasymptoti
 
atness. We de�ne � = �ur� = �vrThe assumption of no antitrapped surfa
es initially means by de�nition that� < 0 (2)holds on the initial hypersurfa
e. It follows that it holds throughout Q as a
onsequen
e of the Einstein equations and the dominant energy 
ondition [2℄.We shall 
all the region where � > 0, the regular region, and denote it R.We 
all the region where � = 0 the marginally trapped region, and denote itby A, and �nally, we shall 
an the region where � < 0 the trapped region, anddenote it by T .4 The extension theoremThe extension prin
iple proven in this paper will apply to a region D � Q withPenrose diagram: DQ ?(i.e. a subset D = [u1; u2℄� [v1; v2℄ n (u2; v2)) su
h thatD � R[A:Let Cin and Cout be the parts of the boundary of D de�ned by v = v1 and u = u1respe
tively. One 
an think of D as the \top" of a non-trapped non-
entral4



inde
omposable past (IP) 
orresponding to a 
andidate \�rst" singularity. Inthis language, the result of this paper is that su
h an IP 
annot be a TIP, i.e.Theorem 1. If D � Q, then D � J�(q) for a q 2 Q.The theorem thus says that there is no singularity of this form after all!As one might expe
t, the proof of Theorem 1 pro
eeds by obtaining a prioriestimates in D and then applying an appropriate lo
al existen
e result. The apriori estimates make use of a 
ertain energy 
ux along null hypersurfa
es. Thisfa
t, together with the fa
t that regular null 
oordinates 
an always be 
hosen,makes it natural to sti
k to these. We give the form of the equations in lo
alnull 
oordinates in the next two se
tions. Then, in Se
tion 7, we formulate alo
al existen
e theorem (Proposition 2) for a double 
hara
teristi
 initial valueproblem. The \time" of existen
e, in the sense of null 
oordinates, will dependonly on the C2 norm of the metri
 and the C1 norm (and the support) of f . Weobtain energy estimates in Se
tion 8, and use these, together with the stru
tureof the Vlasov equation, to derive in Se
tions 9{10 a priori estimates for the normof Proposition 2. The proof of Theorem 1 will follow immediately in Se
tion 11.Finally, in Se
tion 12, we state two appli
ations of our results, dis
ussed alreadyin the Introdu
tion.The above theorem depends on having a well-behaved matter model and theanalogous result must be expe
ted to fail for dust. This is illustrated by thePenrose diagram Fig. 1 in [13℄.5 The Einstein equations in null 
oordinatesThe reader should 
onsult [2℄ for general fa
ts about the initial value problemin spheri
al symmetry. When spe
ialized to this 
ase, the Einstein equationsare: �u�vr = �
24r � 1r�� + 4�rTuv; (3)�u�v log
 = �4�Tuv + 
24r2 + 1r2�� � �
2r2 
ABTAB ; (4)�v(
�2�vr) = �4�rTvv
�2; (5)�u(
�2�ur) = �4�rTuu
�2: (6)The former two equations 
an be viewed as wave equations for r and 
, while thelatter two equations 
an be viewed as 
onstraint equations on null hypersurfa
es.A spe
i�
 
hoi
e of matter model, su
h as a 
ollisionless gas, leads to expressionsfor the 
omponents of the energy-momentum tensor.6 The Vlasov equationTo des
ribe the Vlasov equation in lo
al 
oordinates, we need a 
oordinatesystem on TM. Let pu, pv, and pA denote the fun
tions on TM, de�ned by5



writing an arbitrary X 2 TM asX = pu ��u + pv ��v + pA ��xATogether with the pull-ba
k of the 
oordinates on spa
etime these fun
tionsde�ne a lo
al 
oordinate system on TM.Let P � TM be de�ned byP = fg(X;X) = �1g;where X ranges over future-pointing ve
tors. We 
all P the mass shell. Itfollows that �
2pupv + r2
ABpApB = �1 (7)We use pu, pA and the pull-ba
k of the 
oordinates on spa
etime to de�ne
oordinates on P and pv is regarded as a fun
tion of these 
oordinates de�nedby the relation (7). The Vlasov equation is an equation for a non-negativefun
tion f : P ! Rwhi
h, in the 
ase that f is spheri
ally symmetri
, is given bypu�f�u + pv �f�v = (�u(log
2)(pu)2 + 2
�2r�
ABpApB) �f�pu+ 2r�1(�pu + �pv)pA �f�pA : (8)In deriving this we have used the expressions for the Christo�el symbols given inAppendix A and the fa
t that a spheri
ally symmetri
 fun
tion f on the massshell is a fun
tion of the variables u, v, pu, and 
ABpApB. This implies theidentity pA �f�xA = �ABCpBpC �f�pAwhi
h has been used to simplify the Vlasov equation. Note that both the ex-pressions 
ABpApB and pA ��pA have a meaning independent of the parti
ular
hoi
e of 
oordinates xA on S2.Finally, to 
lose the system, we must de�ne the energy-momentum tensor.We �rst note that for any point q 2 M, it follows that Pq, as a spa
elike hy-persurfa
e in TqM, inherits a volume form from the Lorentzian metri
. In lo
al
oordinates this volume form 
an be written r2(pu)�1dpup
dpAdpB or alterna-tively r2(pv)�1dpvp
dpAdpB, where p
 is the square root of the determinantof 
AB . We then haveTab = Z 10 Z 1�1 Z 1�1 r2papbf(pu)�1p
dpudpAdpB; (9)where pa = gabpb. It follows immediately that this matter model satis�es theenergy 
onditions: Tuv � 0; Tvv � 0; Tuu � 0 (10)6



7 A lo
al existen
e theoremTo prove our extension theorem, we will 
ertainly need to appeal to some sortof lo
al existen
e theorem. In parti
ular, it is the norm in this theorem that willtell us what quantities we must bound a priori in D. In prin
iple, one 
ould tryto prove estimates so as to apply the lo
al existen
e result of [1℄. For variousreasons, however, the following lo
al existen
e theorem for a 
hara
teristi
 initialvalue problem will be more 
onvenient:Proposition 2. Let k � 2. Let 
; r be positive Ck-fun
tions de�ned on [0; d℄�f0g[ f0g� [0; d℄, and let f be a non-negative Ck�1 fun
tion de�ned on the partof the mass shell over [0; d℄� f0g[ f0g� [0; d℄. Suppose that equations (5), (6)hold on f0g�[0; d℄ and [0; d℄�f0g respe
tively, where Tuu and Tvv are de�ned by(9), and suppose in addition that the Ck 
ompatibility 
ondition holds at (0; 0).De�ne the norm:Nu = sup[0;d℄�f0gfj
j; j
�1j; j�u
j; j�2u
j; jrj; jrj�1; j�urj; j�2urj;S; jf j; j�uf j; j�puf j; j�pAf j
g;Nv = supf0g�[0;d℄fj
j; j
�1j; j�v
j; j�2v
j; jrj; jrj�1; j�vrj; j�2vrj;S; jf j; j�vf j; j�puf j; j�pAf j
g;N = supfNu; Nvg;were S denotes the supremum of (pu)2 + (pv)2 + 
ABpApB on the support of fand jvAj
 = (
ABvAvB)1=2. Then there exists a Æ, depending only on N , andCk fun
tions (unique among C2 fun
tions) r;
 and a Ck�1 fun
tion (uniqueamong C1 fun
tions) f , satisfying equations (3), (4), (5), (6), (8) in [0; Æ�℄ �[0; Æ�℄, where Æ� = minfd; Æg, su
h that the restri
tion of these fun
tions to[0; d℄� f0g [ f0g � [0; d℄ is as pres
ribed.Proof. See Appendix B.The 
ompatibility 
onditions referred to in the statement of the propositionare as follows. The data in
ludes the values of the fun
tion f on the part of themass shell over [0; d℄� f0g. All derivatives of f tangential to this manifold 
anbe 
al
ulated by dire
t di�erentiation. By using the �eld equations transversederivatives (and thus all derivatives) of f 
an be 
omputed up to order k�1. Ina similar way, all derivatives up to order k� 1 
an be 
omputed on f0g� [0; d℄.The 
ondition that derivatives determined in these two di�erent ways agree at(0; 0) is what is referred to above as the Ck 
ompatibility 
ondition.Let us add the remark that, de�ning g on M by (1), the above gives rise toa solution of the Einstein-Vlasov equations upstairs, with the obvious relationto 
hara
teristi
 data, interpreted upstairs.7



8 Energy estimatesA fundamental fa
t about the analysis of spheri
ally symmetri
 Einstein mattersystems in the non-trapped region is the existen
e of energy estimates.To des
ribe these, let us �rst settle for a parti
ular null-
oordinate des
rip-tion of the set D. We normalize our u-
oordinate su
h that � = �1 along Cin.For the v 
oordinate, we �rst de�ne the quantity� = �14
2��1:and then de�ne v su
h that � = 1 along Cout. D is thus given by [0; U ℄� [0; V ℄ nf(U; V )g.The 
on
ept of energy in spheri
al symmetry is given by the so-
alled Hawk-ing mass, given by:m = r2(1� �ar�ar) = r2(1� 2guv�ur�vr) = r2(1 + 4
�2��):We will also introdu
e the so-
alled mass-aspe
t fun
tion� = 2mr :Note that �(1� �) = �: (11)From (3){(6), we 
ompute the identities:�um = 8�r2
�2(Tuv� � Tuu�)= �2���1r2Tuv + 2�1� �� r2Tuu (12)�vm = 8�r2
�2(Tuv� � Tvv�)= �2�1 � �� r2Tuv + 2���1r2Tvv: (13)The �rst point to note is that the signs of (12) and (13), together with thesigns of � and �, give a priori bounds for both r and m. Indeed, setm0 = m(U; 0) � 0;r0 = r(U; 0) > 0;M = m(0; V );R = r(0; V ):By (2) and the fa
t that D � R[A, we have thatr0 � r � R (14)8



throughout D. On the other hand, (12), (13) and (10) give �um � 0, �vm � 0,and thus m0 � m �M: (15)Now we make a trivial observation. In view of the fa
t that we have the apriori bounds (15), if we reexamine the equations (12), (13), keeping in mindthat both terms on the right hand side have the same sign, we obtain the bounds:Z v2v1 2�(1� �)�� r2Tuv(u; v)dv �M �m0; (16)Z v2v1 2���1r2Tvv(u; v)dv �M �m0; (17)Z u2u1 2���1r2Tuv(u; v)du �M �m0; (18)Z u2u1 2�(1� �)�� r2Tuu(u; v)du �M �m0: (19)These will be our energy estimates.As we shall see, our use of the above estimates will not quite be symmetri
for u and v. The reason is this: The \
onstraint" equation (6) 
an be seen tobe equivalent to the following equation for �:�u� = 4�r��1Tuu�: (20)From (2), (20) and (10), we see immediately0 < � � 1 (21)throughout D, i.e. ��1 � 1. This means that a priori we 
ontrol R Tvvdv, butnot R Tuudu.Finally, note that we 
an rewrite equation (3) as�v� = 2r�2��m+ 4�rTuv; (22)or alternatively �u� = 2r�2��m+ 4�rTuv: (23)Thus, integrating (22), in view of (21), (15), (14), and (10), we have that� � �e2r�20 MV = � ~N: (24)9 C1 estimates for the metri
So far, we have not used the Vlasov equation, only the energy 
ondition (10).Indeed, all estimates obtained so far are familiar from the results of [12℄. To gofurther, we must use the Vlasov equation itself and the spe
ial stru
ture of the9



energy-momentum tensor. In this se
tion, we shall estimate the support of fand show C1 estimates for the metri
.Before pro
eeding, let us give names to bounds on 
ertain quantities on theinitial segments Cin [ Cout. De�neG = max( sup[0;U ℄�f0g j�u log
2j; supf0g�[0;V ℄ j�v log
2j)F = sup��11 (f0g�[0;V ℄[[0;U ℄�f0g) f;where �1 denotes the proje
tion from the mass shell, de�ne � to be supremumof the radius of support of f in the pv and pu dire
tions along ��11 (f0g� [0; V ℄[[0; U ℄� f0g), and de�ne X be the supremum of 
ABpApB over the support off . Let us note �rst two easy bounds. Clearly,0 � f � Fthroughout the mass shell over D. Moreover, by (14) and 
onservation of angularmomentum applied to geodesi
s, it follows that
ABpApB(x) � X (25)for any x 2 P in the support of f over D. In parti
ular, in the expressionsde�ning energy-momentum, we 
an thus always repla
e an integral over thevariables pA by the integral over the ball of radius X about the origin.We have the following:Lemma 1. The inequality �guvgABTAB � 2Tuvholds throughout D.Proof. The inequality is equivalent to the statement that the tra
e of the energy-momentum tensor is non-positive. This holds for 
ollisionless matter indepen-dently of symmetry assumptions. It is proved straightforwardly by taking atra
e in the formula de�ning the energy-momentum tensor in general 
oordi-nates with the spa
etime metri
. 2We 
an rewrite (4) as�u(�v log
2) = �8�Tuv � 4�mr�3� + 8���r�2
ABTAB : (26)Integrating (26), applying the above lemma, the energy estimate (18), and the10



bounds (14), (15), (21), we estimate �v log
2:j�v log
2j � G+ ����Z 8�Tuvdu� Z 8���r�2
ABTABdu����� Z 4�mr�3�du� G+ Z 4�r�2 �2�r2��1Tuv�du� Z 4�mr�3�du� G+ 4r�20 Z 2�r2��1Tuvdu� Z 4�mr�3�du� G+ 4r�20 Z 2�r2��1Tuvdu� Z 4�mr�3�du� G+ 4r�20 (M �m0) + 2(r�20 �R�2)M= G0: (27)Integrating now (42), using (27), we obtainj log
2(u; v)j � j log
2(u; 0)j+G0V;and thus, sin
e j log
2(u; 0)j � C for some C, we have,0 < 
 � 
2(u; v) � D: (28)Now, we turn to estimate the proje
tion to the pv-axis of the support off . We pro
eed by 
onsidering the geodesi
 equation. Let 
(s) be a geodesi

rossing f0g � [0; V ℄[ [0; U ℄� f0g at s = 0, su
h that 
0(0) is in the support off . Let pv(s) denote the ��v 
omponent of the tangent ve
tor of 
. We have(pv)0(s) = ��vvv(pv)2 � �vABpApB : (29)using the Christo�el symbols in Appendix A. Integrating (29), we have now by(38)pv(s) = pv(0)e� R s0 �vvv(pv)d~s � Z s0 �vABpA(~s)pB(~s)e� R s~s �vvv(pv)d�sd~s= pv(0)e� R v(s)v(0) �vvvdv � Z s0 �vABpApBe� R v(s)v(~s) �vvvdvd~s= pv(0)e� R v(s)v(0) �vvvdv + Z v(s)v(0) 2(��)
�2r
ABpApBe� R v(s)v(~s) �vvvdv(pv)�1dv:Thus, for s0 < s, (repla
ing 0 with s0) we have, by (28) and (24), the inequalitypv(s) � pv(s0)e� R v(s)v(s0) �vvvdv + Z v(s)v(s0) 2 ~N
�1r
ABpApBe� R v(s)v(~s) �vvvdv(pv)�1dv:(30)Suppose pv(s) > 2� for some 0 � v(s) � V , and let s0 be the last previous times > s0 > 0 su
h that pv(s0) � 2�, i.e., we have pv(s�) � 2� on [s�; s℄. By (30),(27), the angular momentum bound (25), and (42), we havepv(s) � 2�eV G0 + 2RX2 ~N
�1eV G0V (2�)�1;11



i.e. pv(s) � ~C: (31)We 
an now easily estimate Tuu pointwise:Tuu = Z 10 Zj
ABpApBj�X r2(pu)2f dpvpv p
dpAdpB= (guv)2 Z 10 Zj
ABpApBj�X r2(pv)2f dpvpv p
dpAdpB= 4�2�2 Z 10 Zj
ABpApBj�X r2(pv)2f dpvpv p
dpAdpB= 4�2F�2 Z ~C0 Zj
ABpApBj�X r2(pv)dpvp
dpAdpB� 16�R2�2F ~C2X2 = �2E� ~N2E;in view of (31), (24), (21), (14) and the angular momentum bound (25). (Notethat Tuu��2 � E is a 
oordinate invariant2 bound.) Integrating (20), we obtainnow � � e� R 4�r Tuu�2 �du � e�4�RE ~NU :(A
tually, we have in fa
t already estimated � frombelow sin
e ��1 = 4(��)
�2.)From the inequality pupv � 12(p2u + p2v);we have Tuv � 12 (Tuu + Tvv) :This allows us to estimate �u log
2 = �uuu:j�uuuj � G+ ����Z 8�Tuvdv � Z 8���r�2
ABTABdv����� Z 4�mr�3�dv� G+ 4� ~N2EV + Z 4�Tvvdv � Z 4�mr�3�dv� �CWe 
an easily obtain an estimate now for Tvv. � 
an be bounded by integrating(3).10 C2 estimates for the metri
In this se
tion, we derive C2 estimates on the metri
 and C1 estimates for f .The ideas of this se
tion originate in [7℄.2i.e. it does not depend on the normalization of u12



It has already been shown that the following quantities are bounded: r, r�1,m, m�1, �, ��1, �, ��1, �, 
, 
�1, all �rst order derivatives of 
, all 
omponentsof the energy-momentum tensor, and all Christo�el symbols in (37){(42). Fromthese estimates and (22) and (23), it follows that �v� and �u� are bounded,from (12) and (13) it follows that �um and �vm are bounded, and from (26),it follows that �u�v
 is bounded. Writing � = �14
2��1 and di�erentiatingin u, we see from (20) that �u� is bounded, while writing � = �14
2��1 anddi�erentiating in v, we see that �v� is bounded, and thus, from (11), we seethat �v� is bounded. These estimates and the formulas (37){(42) allow us to
ontrol all �rst order derivatives of the Christo�el symbols, ex
ept �u�uuu and�v�vvv.Sin
e the 
omponents of the 
urvature tensor 
an be expressed in terms ofthose derivatives of the Christo�el symbols whi
h have already been estimated,we obtain bounds for all 
omponents of the 
urvature tensor in our 
oordinates.The above estimates allow us to estimate the �rst derivatives of the exponentialmap on the tangent bundle. This, in turn allows one to estimate the derivativesof f in terms of initial data.We 
an, however, argue more dire
tly as follows. Let us abbreviate theVlasov equation (8) by X(f) = 0 where X is the Vlasov operator written inthese 
oordinates. Note that pv is to be thought of as expressed in terms of puand pA via the mass shell 
ondition (7). De�ne f1 = �uf�pu�u log
2�puf . Dif-ferentiating the Vlasov equation with respe
t to v, pu and pA gives the followingequations:X(�vf) = �(�vpv)�vf + (�u�v log
2(pu)2 + �v(�2
�2r�)
ABpApB)�puf+ 2(�v(�r�1)pu + �v(�r�1)pv + �r�1�vpv)pA�pAf (32)X(�puf) = ��uf � (�pupv)�vf + 2�u log
2pu�puf+ 2(�r�1 + �r�1�pupv)pA�pAf (33)X(pD�pDf) = �pD(�pDpv)�vf � 4
�2r�
ABpApB�puf (34)+ 2r�1�pD�pDpvpA�pAf: (35)Di�erentiating the Vlasov equation with respe
t to u gives the following equationfor f1:X(f1) = �pu�u(log
2)X(�puf) � �upv�vf+ (�pupv�u�v log
2 � �u log
2(�u log
2(pu)2 + 2
�2r�
ABpApB)� 2�u(
�2r�)
ABpApB)�puf+ 2(�u(�r�1)pu + �u(�r�1)pv + �upv�r�1)pA�pAf: (36)The quantity X(�puf) 
an be substituted for by one of the previous equationsand �uf may be eliminated from the equations in favour of f1. The result isa linear system of equations for the evolution of (f1; �vf; �puf; pA�pAf) alongthe 
hara
teristi
s of the Vlasov equation. The 
oeÆ
ients are known to bebounded and so we 
an 
on
lude that �uf , �vf , �puf and pA�pAf are alsobounded. (Note that sin
e pu and pv are bounded the derivative with respe
t to13



X is uniformly equivalent to a derivative along the 
hara
teristi
 with respe
tto u or v as parameter.)From this, we immediately estimate �uTab and �vTab pointwise. We nowestimate �u�uuu by di�erentiating (26) in u and integrating in v, and similarly,�v�vvv by di�erentiating in v and integrating in u. Note that j�pAj
 
an also bebounded. This 
an be seen by passing from polar to Cartesian 
oordinates andnoting that the resulting metri
 
omponents are C2. As a 
onsequen
e f is C1.11 The Proof of Theorem 1Let N=2 denote the sup of the norm de�ned in Proposition 2, where the sup istaken now in all of D. By the estimates of the previous se
tion, we have thatN=2 <1. Let Æ be the 
onstant of Proposition 2 
orresponding to N . Considerthe point (U � Æ=2; V � Æ=2). Translate the 
oordinates so that this point is(0; 0). Sin
e Q is by de�nition open, by 
ontinuity, there exists a Æ > Æ� > Æ=2su
h that f0g � [0; Æ�℄ [ [0; Æ�℄� f0g � Qand the assumptions of Proposition 2 hold on f0g � [0; Æ�℄ [ [0; Æ�℄ � f0g, withN and Æ� as already de�ned. It follows that there exists a unique solution of inE = [0; Æ�℄� [0; Æ�℄:Q qD E?Thus the solution 
oin
ides in E \ Q by uniqueness. One sees that E [ Qis 
learly the quotient of a development of initial data. By maximality of M,we must have E [ Q � Q. Thus, in parti
ular, in the old 
oordinates we have(U; V ) 2 Q, and the theorem holds with q = (U; V ).12 Appli
ationsWe will say that a spheri
ally symmetri
 maximal development has a bla
khole, if I+ is 
omplete in the sense of [4℄,3 and if J�(I+) has a non-empty
omplement.We have shown that the results of [12℄ apply to our matter model. In par-ti
ular, the fa
t that the 
omplement of J�(I+) is non-empty implies the 
om-pleteness of null in�nity. That this set is non-empty 
an be inferred in turn from3See [12℄ for a de�nition of I+ in this 
ontext.14



the existen
e of a single trapped or marginally trapped surfa
e. Asymptoti
ally
at spheri
ally symmetri
 solutions of the Einstein-Vlasov system possesing atrapped surfa
e were 
onstru
ted in [9℄. Thus we haveCorollary 1. There exist solutions of the Einstein-Vlasov system whi
h developfrom regular initial data and 
ontain bla
k holes.The fundamental open question in gravitational 
ollapse is to show thatgeneri
ally, either the solution is future geodesi
ally 
omplete or a bla
k holeforms. In view of [12℄ and the results of this paper we haveCorollary 2. Suppose that for generi
 initial data, the maximal developmenteither 
ontains a trapped surfa
e or marginally trapped surfa
e, or is future
ausally geodesi
ally 
omplete. Then weak 
osmi
 
ensorship is true.Thus, weak 
osmi
 
ensorship 
an be redu
ed to a slightly weaker version ofChristodoulou's trapped surfa
es 
onje
ture. As remarked in the Introdu
tion,this suggests a lo
al approa
h to its proof (
f. [3℄).13 A
knowledgementWe gratefully a
knowledge the support of the Erwin S
hr�odinger Institute, Vi-enna, where an important part of this resear
h was 
arried out.A The Christo�el symbolsNote: guv = �12
2;guv = �2
�2;
2 = �4��:The nonvanishing Christo�el symbols are given by:�uAB = �guvr�
AB ; (37)�vAB = �guvr�
AB; (38)�ABv = �r�1ÆAB ; (39)�ABu = �r�1ÆAB ; (40)�uuu = �u log
2; (41)�vvv = �v log
2: (42)In fa
t the Christo�el symbols �CAB, whi
h depend on a 
hoi
e of 
oordinateson the spheres of symmetry need not vanish but the expressions for them arenot needed in this paper. 15



B Proof of Proposition 2The proof of lo
al existen
e follows from simpler 
onsiderations than the proofof the estimates of Se
tions 8{10. In parti
ular, one does not need to 
onsiderenergy estimates, for one 
an re
over naive pointwise estimates using the small-ness parameter. As in Se
tion 10, the idea of [7℄ again makes its appearan
e, toshow C1 bounds on f dire
tly from C0 bounds on the 
urvature, before bound-ing the C2 norm of the metri
. Sin
e all these methods have appeared before,we will only sket
h the details here.Let initial data be �xed. De�ne the spa
eA � C2([0; Æ℄� [0; Æ℄)�C1([0; Æ℄� [0; Æ℄);for Æ to be determined later, 
onsisting of all twi
e 
ontinuously di�erentiablenonnegative fun
tions r, 
ontinuously di�erentiable nonnegative fun
tions 
,extending the pres
ribed values, su
h thatN�1=2 � r � 2N; (43)N�1=2 � 
 � 2N; (44)supfj�urj; j�vrj; j�2urj; j�2vrjg � 2N (45)supfj�u
j; j�v
jg � 2N: (46)Consider the subset B � A, 
onsisting of those (r;
) for whi
h 
 is C2, andfor whi
h supfj�2u
j; j�2v
j; j�u�v
jg � 2N: (47)Note that the 
losure of B in A, denoted B, 
onsists of (r;
) su
h that �u
,�v
, are Lips
hitz, with Lips
hitz 
onstants given by the above.We shall de�ne in the next few paragraphs a 
ontinuous map � : B ! Ataking (r;
) to (~r; ~
).Given r, 
, �rst, let f be de�ned to solve the Vlasov equations on the metri
de�ned by r and 
, with given initial 
onditions. Note that sin
e the Christo�elsymbols of this metri
 are Lips
hitz, it follows that geodesi
s 
an be de�ned,and thus f 
an be de�ned by the requirement that it is preserved by geodesi
motion. It follows immediately that0 � f � N; (48)and, after appropriately restri
ting to suÆ
iently small Æ, it follows easily byintegration of the geodesi
 equations thatS � 2N: (49)In the 
ase where (r;
) 2 B, we have that f is in fa
t C1, sin
e the exponentialmap is di�erentiable. If Æ is 
hosen suÆ
iently small, it is 
lear from (43){(47)that, in this 
ase, we 
an arrange forsupfj�vf j; j�uf j; j�puf j; j�pAf j
g � 2N: (50)16



Given now f , we 
an de�ne T uv, T vv, T uu in the standard way. In viewof (43){(46), (48), and (49), these terms 
an be estimated. Now, set � = �ur,� = �vr. We de�ne ~r by~r(u; v) = r(u; 0) + r(0; v)� r(0; 0) + Z u0 Z v0 �14r�2
2 � 1r �� + 4�r
4Tuvdudv(51)By appropriate di�erentiation of (51), it is 
lear from our bounds thus farthat we 
an de�ne and estimate ~� = �u~r, ~� = �v~r, and �u�v~r. We 
an retrievethe bound (43) for ~r by integration of the ~�, after restri
ting to small Æ. For(r;
) 2 B � �B, it is 
lear we 
an also de�ne and estimate �2u~r, �2v~r, by di�eren-tiating (51) twi
e in u or twi
e in v, in view of the fa
t that all other derivatives,in
luding �uTuv, �u�, et
., are 
learly de�ned and bounded, in view of (50), andsin
e these derivatives are de�ned initially. By appropriate 
hoi
e of Æ, we 
an
learly arrange{for (r;
) 2 B{so as to retrieve the bound (45).De�ne now ~
 > 0 by the relationlog ~
2 = log
2(u; 0) + log
2(0; v)� log
2(0; 0) (52)+ Z u0 Z v0 (�8�Tuv + 12
2~r�2 + 2~r�2~�~� � 2�
2~r�2
ABTAB)dudv:Again, for small enough Æ, it is 
lear that one 
an arrange for ~
 to satisfy (44).Di�erentiating (52) appropriately, in view of the initial 
onditions for ~
, itfollows that, for (r;
) 2 B, ~
 is C1, and for Æ small enough sats�es (46), whilefor (r;
) 2 B, ~
 is C2, and for Æ small enough, satis�es (47).Thus, we have shown that after judi
ious 
hoi
e of Æ, � maps B to itself. By
ontinuity, it maps B to itself.The map � 
an easily be shown to be a 
ontra
tion in B for the norm of A,i.e., we 
an show thatdA((~r1; ~
1); (~r2; ~
2)) � �dA((r1;
1); (r2;
2)); (53)for an � < 1 and all (ri;
i) 2 B. To see this, de�ne �rst fi, 
orresponding to(ri;
i). Let �i denote an arbitrary Christo�el symbol for (ri;
i). We 
learlyhave j�1 � �2j � CdA((r1;
1); (r2;
2)):We easily obtain jf1 � f2j � CÆ sup� j�1 � �2j supi=1;2(j�fij+ jfij):Clearly we 
an also bound sup jT uv1 � T uv2 j � C sup jf1 � f2j. One bounds(�1 � �2) by expressing �v(~�1� ~�2) as a linear 
ombination of 
1 �
2, r1 � r2,�1 � �2, �1 � �2 and (T uv1 � T uv2 ) with bounded 
oeÆ
ients. One immediatelyobtains a similar bound for sup j~r1�~r2j. The terms sup j�u~r1��u~r2j, sup j�v~r1��v~r2j, and sup j�u�v~r1 � �u�v~r2j, 
an be handled in the same way. One thenobtains a bound of the above form for sup j�v log ~
21 � �v log ~
22j, and similarly17



for sup j�u log ~
21� �u log ~
22j. Either of these bounds of 
ourse implies a boundfor sup j~
21 � ~
22j.To bound sup j�2u~r1 � �2u~r2j, we 
ompute�2u~r = �2u~rjv=0 + Z v0 �u��14r�2
2 � r�1���+ 4��u(r
4)T uv + 4�r
4�uTuvdv (54)= �2u~rjv=0 + Z v0 �u��14r�2
2 � r�1���+ 4��u(r
4)Tuv� 4�r
4�vT vv + 4�r
4(XT � �)dv= �2u~rjv=0 � 4�r
4T vv(u; v) + 4�r
4Tuv(u; 0)+ Z v0 �u��14r�2
2 � r�1���+ 4��u(r
4)Tuv+ 4��v(r
4)T vv + 4�r
4(XT � �)dv: (55)Here we have used the equation raT ab = 0, whi
h follows from the Vlasovequation, and we have integrated by parts. It is now 
lear that estimatesfor di�eren
es follow as before. We argue in an entirely analogous way forsup j�2v~r1 � �2v~r2j.After restri
ting to suÆ
iently small Æ, all 
onstants in the above bounds
an be made small. We thus have indeed shown (53). It follows by 
ontinuitythat � is also a 
ontra
tion on B � A, and thus, sin
e B is 
losed, has a �xedpoint in B.Given su
h a �xed point (r;
), de�ne f as before. To show that (r;
; f)
orresponds to a solution of the equations, we have basi
ally only to show thatf and �u
, �v
, whi
h a priori are Lips
hitz, are in fa
t C1. (In parti
ular,from this it will follow that the 
onstraint equations (5){(6) are also satis�ed.)But, in view of the fa
t that f is initially C1, it follows that f is C1 if theexponential map is C1. (The C2 
ompatibility 
ondition is used at the point.)But this latter fa
t follows from the 
ontinuity of the 
urvature, as shown inExer
ise 6.2 of Chapter V of [5℄ 4. That the 
urvature is 
ontinuous followsby 
omputation, sin
e r is C2, 
 is C1 and �u�v
 is C0, and �2u
 and �2v
do not appear in the expressions for 
urvature. From the C1 property of f ,the C2 property of 
 follows immediately. Similarly, higher regularity followsimmediately if it is assumed. 24If the reader does want to apply to this fa
t, then one 
an argue as follows: in view ofthe 
omputations above, in the spa
e B, we have that 
urvature is in fa
t C1 with estimates;sin
e derivatives of the exponential map are 
omputed by integrating 
urvature on geodesi
s,and geodesi
s 
ertainly depend C1 on their initial 
onditions, in view of the fa
t that theChristo�el symbols are C1 with bounds in B, it follows that we have C2 estimates for theexponential map in B, and thus by an easy 
ompa
tness argument, the exponential map ofthe �xed point must be C1 . There is only one 
at
h with this argument: r and 
2 have tobe assumed to be initially C3 to di�erentiate (52) and (54) three times.18
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