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Referen
es 711. Introdu
tionThe study of gravitational waves as string theory ba
kgrounds began more than �fteenyears ago [1℄-[7℄. They were proposed as the most 
onvenient starting point for extendingthe analysis of the properties of string theory from the familiar va
ua given by the produ
tof 
at spa
e and a 
ompa
t manifold to the less explored 
urved, non-
ompa
t spa
e-times. The main reason was that already from the point of view of general relativity thegravitational waves are some of the simplest time-dependent ba
kgrounds. They admita 
ovariantly 
onstant null Killing ve
tor, most of their 
urvature invariants vanish andthere is no parti
le 
reation. Another distin
tive feature, whi
h is parti
ularly relevant forstring theory, is that it is always possible to �x the light-
one gauge for the quantizationof the world-sheet a
tion. Re
ently it was also realized that the gravitational waves playan important role in the study of gauge/string duality.Motivated by the notion of Penrose limits [8℄-[9℄, it was argued [11℄ that su
h ba
k-grounds are dual to modi�ed large-N limits of gauge theories. This observation has openednew avenues in understanding stringy aspe
ts of the gauge theory/string theory duality.Indeed, the Green-S
hwarz a
tion for the pp-wave that is obtained by the Penrose limit ofAdS5 � S5, 
an be quantized in the light-
one gauge, even though there is a non trivialR-R 
ux [12, 13℄. A lot of progress has been made sin
e, and this is reviewed in [14℄-[17℄. It should be noted however that at the moment there is no generally a

epted theoryof the full holographi
 
orresponden
e, although several proposals have been put forward[18℄-[22℄.Given the relevan
e for both the study of string theory in non-
ompa
t 
urved spa
e-times and the gauge theory/string theory duality, we believe that it is important to obtaina 
lear and detailed understanding of the string dynami
s at least in some parti
ulargravitational wave ba
kgrounds. With this aim in mind, it is natural that our 
hoi
e fallsupon a 
lass of gravitational waves that are supported by a NS-NS 
ux and have an exa
tCFT des
ription as WZW models. This is the 
lass of the WZW models based on theHeisenberg groups H2n+2, n � 1. The �rst example in this family was dis
overed by Nappiand Witten [7℄ and the others were introdu
ed in [23℄,[24℄. These models, unlike thosewith the same metri
 but supported by a R-R 
ux, 
an be quantized in a 
ovariant wayusing standard perturbative string theory te
hniques. The presen
e of the aÆne symmetryalgebra then imposes additional 
onstraints that 
an lead to the 
omplete solution of themodel1. Sin
e the study of string and brane dynami
s in non-
ompa
t 
urved ba
kgroundsis a diÆ
ult arena, all models that 
an be solved exa
tly are a sour
e of useful information.Unfortunately, only very few examples are available and they essentially amount to theLiouville model [27, 28, 29℄, to AdS3 [30, 31℄ and its 
osets [32℄-[34℄.1See [25, 26℄ for a study of other interesting pp-waves without aÆne symmetry algebras.{ 2 {



In [35℄ we added another entry to this list, solving the H4 model, whi
h des
ribesthe propagation of a string in a four-dimensional gravitational wave. The stru
ture of the
losed string spe
trum turned out to be very similar to the one established for AdS3 [31℄.It 
an be organized in highest-weight and spe
tral-
owed representations of the aÆne Ĥ4algebra and there are two distin
t 
lasses of states. For generi
 values of the light-
onemomentum p, the states belong to the dis
rete representations of the Ĥ4 algebra. They
orrespond to short strings that are 
on�ned by the ba
kground �elds in 
losed orbits inthe plane transverse to the two light-
one 
oordinates. Whenever �� 0p 2 Z, with � aparameter of the pp-wave metri
, the states belong to the 
ontinuous representations ofthe Ĥ4 algebra and 
orrespond to long strings that move freely in the transverse plane.In [35℄, we 
omputed all the three and four-point 
orrelation fun
tions of primaryvertex operators, thus providing all the stru
ture 
onstants for this non-
ompa
t WZWmodel. We also showed expli
itly that the spe
tral-
owed representations are ne
essary forthe 
onsisten
y of the model sin
e they appear in the intermediate 
hannel of four-pointamplitudes with external highest-weight states. In [36℄ we performed a similar analysis forthe H6 model. This model already displays all the new features of the higher-dimensional
ases, namely the existen
e of enhan
ed symmetry points and the ne
essity of introdu
ingrepresentations that satisfy a modi�ed highest-weight 
ondition, whi
h generalize the 
on-
ept of spe
tral-
owed representations. The H6 model is also relevant for the AdS3=CFT2
orresponden
e, being the Penrose limit of AdS3 � S3.As 
onformal �eld theories, the H4 model and its higher dimensional versions deserveattention not only be
ause of the ri
h and interesting stru
ture we have just outlinedbut also be
ause there are several relations between them and other important models.Most of these relations follow dire
tly from the original idea of Penrose of 
onsidering thegravitational waves as limits of other spa
e-times. From the point of view of the world-sheet �-model, the Penrose limit that 
onne
ts two ba
kgrounds both having an exa
tdes
ription as WZW models 
an be interpreted as a 
ontra
tion of the underlying 
urrentalgebra [37℄. As su
h, the H4 model 
aptures the limiting behavior of ba
kgrounds of theform R�S3 and AdS3� S1. In [35℄ we analyzed the 
ontra
tion of R� SU(2)k to H4 andin [36℄ the 
ontra
tion of SL(2;R)k � SU(2)k to H6.The stru
ture of the algebra 
hanges drasti
ally in the 
ontra
tion pro
ess. The stru
-ture of the spa
e-time is also drasti
ally 
hanging during the Penrose limit. Despite this,we have shown that it is possible to take the limit of the CFT operators and of the dynam-i
al quantities su
h as the 
orrelation fun
tions in a 
ontrolled way. Another interestingrelation stems from the free-�eld realization of the H4 model introdu
ed in [38, 39℄. The H4primary vertex operators 
an be represented using the twist �elds of the orbifold obtainedas the quotient of the plane by a rotation and a di
tionary 
an be established 
onne
tingthe amplitudes 
omputed in the H4 model and the amplitudes 
omputed in the orbifoldCFT [35℄. Very similar 
orrelators arise in the study of 
losed strings in Misner spa
e, thequotient of a two-dimensional spa
e-time by a boost and were dis
ussed in [40, 41℄. Infa
t, using the formal analogy with open strings in a 
onstant ele
tri
 �eld, it was arguedin [40, 41℄ that the twisted se
tors of this Lorentzian orbifold 
ontain physi
al s
atteringstates whose 
ondensation 
ould be relevant for the resolution of the spa
e-like singularity.{ 3 {



In this paper we 
omplete our analysis of the H4 model by studying D-branes inthe Nappi-Witten gravitational wave and the dynami
s of their open string ex
itations.The dynami
s of open strings in 
urved spa
e-time is even less understood than its 
losed
ounterpart and again we have at our disposal a very limited number of exa
tly solvedexamples. What is typi
ally a

essible, are the boundary states that have been studiedfor the Liouville branes [42, 43℄, for branes in AdS3 [44, 45, 46℄ and for the 2d bla
khole [47, 48℄. For all the other quantities su
h as the bulk-boundary and the three-pointboundary 
ouplings only partial results exist [46℄ and their 
omputation proved to be anextremely diÆ
ult task. The only ex
eption is the Liouville model for whi
h the 
ompletesolution is available [42, 43, 49, 50, 51℄. In this paper we will provide the 
omplete solutionfor the BCFT pertaining to the two 
lasses of symmetri
 branes of the H4 model.D-branes in pp-wave ba
kgrounds have already been the obje
t of several studies andwe summarize here only the main results. D-branes in R-R supported pp-waves have beendis
ussed in the light-
one gauge and various aspe
ts of their physi
s have been analyzed[52℄-[58℄. Interesting world-volume theories have been argued to exist on su
h branes [59℄.D-branes in NS-NS supported pp-wave have also been studied, sin
e they are relevant forthe Penrose limits of little string theory and, unlike the RR supported pp-waves, they areamenable to study using boundary CFT methods [60, 61℄,[62℄-[66℄. Our aim in this paperis not to des
ribe the most general brane 
on�guration in the Nappi-Witten gravitationalwave. We fo
us instead on two parti
ular 
lasses of branes whi
h preserve half of theba
kground isometries and we 
larify the 
losed and open string dynami
s in full detail.The H4 model has two families of symmetri
 D-branes [60, 61℄, namely D2 and S1branes. We solve in both 
ases the 
onsisten
y BCFT 
onditions [78, 79℄ and obtain theBCFT data, that is, the bulk-boundary and the three-point boundary 
ouplings. The bulk-boundary 
ouplings for the D2 branes 
an be found in Eq. (5:1:6) and (5:1:9) while thethree-point boundary 
ouplings are in Eq. (5:1:12), (5:1:16), (5:1:22) and (5:1:24). Thebulk-boundary 
ouplings for the S1 branes are in Eq. (5:2:7) while the boundary three-point 
ouplings 
an be found in Eq. (5:2:22) (5:2:25) and (5:2:27). To our knowledge, withthe notable ex
eption of the Liouville model [42, 43, 49, 50, 51℄, this is the �rst 
ompletetree-level solution of D-brane dynami
s in a 
urved non-
ompa
t ba
kground.The D2 branes are the twisted symmetri
 branes of the H4 model. Their world-volume
overs the two light-
one dire
tions and one dire
tion in the transverse plane. The indu
edmetri
 is that of a pp-wave in one dimension less and they also 
arry a null ele
tromagneti

ux. As su
h, they provide an interesting example of 
urved branes in a 
urved spa
e-time.The spe
trum of open strings starting and ending on the same brane or stret
hed betweendi�erent branes 
ontains all the representations of the Ĥ4 algebra.There are many similarities between the D2 branes in H4 and the AdS2 branes inAdS3. This is not surprising sin
e they 
an be 
onsidered as Penrose limits of spe
i�
branes in AdS3� S1 or in R� S3. More pre
isely, if we start from R� S3 they arise fromS2 branes with Neumann boundary 
ondition in time while if we start from AdS3�S1 theyarise from the AdS2 branes. The relation between the H4 vertex operators and the orbifoldtwist �elds leads in this 
ase to an analogy between the D2 branes in the Nappi-Wittenwave and 
on�gurations of interse
ting branes in 
at spa
e [67℄.{ 4 {



The S1 branes are the untwisted symmetri
 branes of the H4 model. They haveDiri
hlet boundary 
onditions on the two light-
one 
oordinates and their world volume
overs the transverse plane with an indu
ed 
at Eu
lidean metri
. They are also supportedby a world-volume ele
tri
 �eld whose magnitude determines their lo
alization in one ofthe light-
one 
oordinates. Having a non-trivial boundary 
ondition along the real timedire
tion they are examples of S-branes [68℄. In fa
t, the Penrose limit relates the S1branes to either S2 branes with a Diri
hlet boundary 
ondition in time in R�S3 or to theH2 branes in AdS3 � S1.The world-volume of the S1 branes shrinks to a point whenever their light-
one positionis given by �u = 2�n. For these values of the 
oordinate u, there is another 
lass ofsymmetri
 branes with a 
ylindri
al world-volume. These branes extend along the light-
one dire
tion v and have a �xed radius in the transverse plane. We will not dis
uss themin detail in this paper. We also mention that the S1 branes are a spe
ial 
ase of a moregeneral 
lass of non-symmetri
 branes that we dis
uss from the DBI point of view. Finally,the behavior of the open strings atta
hed to the S1 branes is very similar to the behaviorof open strings ending on magnetized branes in 
at spa
e [69℄.Our solution of the H4 model with boundary should be useful not only to improve ourunderstanding of the 
losed and open string dynami
s in 
urved spa
e-times but also to
larify some properties of both 
ompa
t and non-
ompa
t WZW models. Indeed, as it iswidely appre
iated by now, only when studied in the presen
e of a boundary a 
onformal�eld theory reveals its full ri
hness. Among other results we provide the �rst example ofstru
ture 
onstants for twisted symmetri
 branes in a WZW model (the D2 branes) and ofopen four-point fun
tions in a 
urved ba
kground.While the physi
al interpretation of the amplitudes in the presen
e of the D2 branesis straightforward, the interpretation of the amplitudes for the S1 branes is less evident, inparti
ular when they involve open string states stret
hed between di�erent S-branes whi
h
an be put on shell. They might play the role of boundary 
onditions at spatial in�nitybut at �xed time (spe
i�ed by the S-brane in question). In fa
t thinking of an S-brane asa standard soliton supported by a s
alar [68℄, we 
an imagine that they appear be
ause ofthe spe
ial initial state of the s
alars. In this 
ontext, the open string insertions 
an beinterpreted as small variations on the initial data that \
reates" the branes. It still remainsto be seen whether su
h a setup may be realized in a problem with physi
al interest andwhether the S-branes 
an be relevant for 
osmology.In this paper, we also dis
uss the annulus amplitudes. Our results, even though sug-gestive, are not 
on
lusive and the relation between the open and the 
losed string 
hannelof the annulus 
ertainly deserves further study.The stru
ture of this paper is the following: In se
tion 2 we review the geometry ofthe symmetri
 branes of the H4 WZW model, �rst 
onsidered in [60, 61℄. We also dis
ussthe relationship between branes in the Nappi-Witten gravitational wave and branes inAdS3�S1 and R�S3. In se
tion 3 we evaluate the bulk-boundary 
ouplings using the semi-
lassi
al wave fun
tions. In se
tion 4 we dis
uss the spe
trum of the boundary operators.In se
tion 5 we solve the Cardy-Lewellen 
onstraints [78, 79℄ and display the stru
ture
onstants of the boundary theory. In se
tion 6 we dis
uss the four-point amplitudes. In{ 5 {



se
tion 7 we analyze the annulus amplitudes and dis
uss the 
ontra
tion of the R�SU(2)kWZW model with boundary. In se
tion 8 we analyze the physi
s of the branes in theNappi-Witten gravitational wave using the Dira
-Born-Infeld a
tion. Finally in se
tion 9we suggest some interesting lines of further resear
h. Several te
hni
al details are 
olle
tedin the appendi
es.2. Branes in H4The Nappi-Witten gravitational wave [7℄ is a 
urved homogeneous lorentzian spa
e. Themetri
 ds2 = �2dudv � �2r24 du2 + dr2 + r2d'2 ; (2.1)solves the Einstein equations with a 
onstant null stress-energy tensor, provided in our 
aseby the 2-form �eld-strength H = �rdr ^ d' ^ du : (2.2)The light-
one and the radial 
oordinates are related to the 
artesian ones by u = t+xp2 ,v = t�xp2 and rei' = �+ i�. As given before, the metri
 is in the so-
alled Brinkman form.The 
hange of 
oordinatesu = x+ ; v = x� + �8 (y21 + y22) sin�x+ ; � = y1 sin �x+2 ; � = y2 sin �x+2 ; (2.3)gives the metri
 in Rosen formds2 = �2dx+dx� + sin2 �x+2 (dy21 + dy22) ; H = � sin2 �x+2 dy1 ^ dy2 ^ dx+ : (2.4)In the following, both Brinkman and Rosen 
oordinates will be useful. The two-dimensional�-model that des
ribes the propagation of a string in this ba
kground is a WZW modelbased on the Heisenberg group H4 [7℄. The 
ommutation relations are[P+; P�℄ = �2i�K ; [J; P�℄ = �i�P� ; (2.5)where the generators J and K are anti-hermitian and (P+)y = P�. Even though the groupis not semi-simple, there is a non-degenerate invariant symmetri
 form given by2hJ;Ki = hP+; P�i ; (2.6)whi
h 
an be used to express the stress-energy tensor as a bilinear in the 
urrents. For adetailed dis
ussion of this model we refer the reader to [35℄.Sin
e this gravitational wave is a WZW model, we 
an study in 
onsiderable detailthe symmetri
 branes, that is the branes that preserve a linear 
ombination of the left andright aÆne algebras. The symmetri
 branes fall in families whi
h are in one-to-one 
orre-sponden
e with the automorphisms of the 
urrent algebra. Given su
h an automorphism�, the relevant boundary CFT is de�ned by the following boundary 
onditions on the aÆne
urrents �Ja(z)� � � �Ja(�z)�� jz=�z = 0 : (2.7){ 6 {



Equivalently we 
an introdu
e for ea
h symmetri
 brane a boundary state jBii that satis�es�Jam +�( �Ja�m)� jBii = 0 : (2.8)The geometry of the symmetri
 branes in a group manifold has a simple and elegantdes
ription. Their world-volume 
oin
ides with the (twisted) 
onjuga
y 
lasses [70, 71℄C�g = f�G(h�1)gh ; 8h 2 Gg ; (2.9)where �G is the group automorphism indu
ed by �. A generi
 automorphism 
an bewritten as the 
omposition of the adjoint a
tion of a group element g0 and of an outerautomorphism 
 � = 
 ÆAdg0 : (2.10)Sin
e two families of branes that di�er only in the 
hoi
e of the inner automorphism Adg0are related by the left a
tion of the group, we 
an set without loss of generality g0 = 1 andrestri
t our attention to families of branes asso
iated with distin
t outer automorphisms
. The H4 algebra admits a non-trivial outer automorphism 
 whi
h a
ts on the 
urrentsas 
harge 
onjugation
(P�) = P� ; 
(J) = �J ; 
(K) = �K : (2.11)As su
h, we have two families of symmetri
 branes, wrapped on the 
onjuga
y 
lasses Cgand on the twisted 
onjuga
y 
lasses C
g respe
tively. In the following, we will brie
yreview their geometry whi
h was �rst dis
ussed in [60, 61℄.The H4 
onjuga
y 
lasses Cg(u; �) are 
hara
terized by two parameters, the 
onstantvalue of the 
oordinate u and the 
onstant value of the invariant� = v � �r24 
ot �u2 : (2.12)Their geometri
 des
ription is parti
ularly simple in Rosen 
oordinates where the braneworld-volume 
oin
ides with the wave-fronts sin
e x� = �. These branes are thus Eu
lideantwo-planes with an x+-dependent s
ale fa
tor and a two-form �eld-strengthF12 � B12 + 2��0F12 = �sin �x+2 : (2.13)As usual, F is the gauge invariant 
ombination that appears in the Dira
-Born-Infelda
tion. These branes have a non-trivial boundary 
ondition on the real time 
oordinateand 
an be 
alled, following the modern terminology, S1-branes [68℄. As we will show atthe end of this se
tion, they are related by the Penrose limit to the H2 branes in AdS3�S1or to the S2 branes in R�S3 with a Diri
hlet boundary 
ondition along the time dire
tion.The brane world-volume degenerates to a point whenever �x+ = 2�n, n 2 Z. Indeedif we start from �x+ = 2�n and 
hange the value of x+ until we rea
h �x+ = � + 2�n, weinterpolate between a point-like world-volume and a 
at, in�nite two-dimensional world-volume. This is very similar to what happens in 
at spa
e when we turn on a magneti
�eld on a brane and send its �eld-strength to in�nity. As we will show in more detail later,{ 7 {



there are several analogies between the untwisted symmetri
 branes of the H4 model andbranes in 
at spa
e with a magneti
 �eld on the world-volume. In parti
ular, the openstrings stret
hed between two S1 branes behave very similarly to the open strings in amagneti
 �eld [69℄.In Brinkman 
oordinates, the metri
 indu
ed on the two-dimensional world-volume istrivial and the 
ux is Fr' = Br' + 2��0Fr' = �r 
ot �u2 : (2.14)When 2�n < �u < �+2�n we 
an parameterize the world-volume with (r; ') and 
onsiderthe brane as a point-like obje
t whi
h appears at the point (u; v = �; r = 0) and thenmoves away along the x axis at the velo
ity of the light while simultaneously expanding ina 
ir
le in the transverse plane a

ording to Eq. (2:12). When � + 2�n < �u < 2�n wehave the time-reversed pro
ess, where an in�nite 
ir
le 
oming from spatial in�nity in thetransverse plane shrinks to a point. Finally when �u = � + 2�n the brane is a two-planewith a �xed light-
one position also in Brinkman 
oordinates.When �u = 2�n, the geometry of the 
onjuga
y 
lasses 
hanges. In Rosen 
oordinateswe noti
e that the two-dimensional planes degenerate to points. However, the transforma-tion (2:3) is singular when �u = 2�n. Indeed, the analysis of the 
onjuga
y 
lasses showsthat there are other possibilities for the symmetri
 branes at �u = 2�n: when r = 0 wehave points with a �xed value of v and when r 6= 0 we have a 
ylinder of radius r extendedalong the null dire
tion v. The geometry of the 
onjuga
y 
lasses is summarized in thefollowing table u 6= 2�n � S1 branesu = 2�n v, r = 0 S(-1) branesu = 2�n r 6= 0 null branesIn this paper we will often denote the two parameters that identify an S1 branes witha single letter a � (ua; �a). It would be interesting to identify all these branes as boundstates of some set of elementary branes. For instan
e, the D2 branes in S3 were shown toarise as bound states of D0 branes [72℄. In a similar spirit and with similar te
hniques we
ould 
hoose as fundamental branes the point-like branes, that is the degenerate 
onjuga
y
lasses for �u = 2�n and try to identify the S1 branes and the 
ylindri
al branes as boundstates of them.The se
ond 
lass of symmetri
 branes we are interested in, wrap the twisted 
onjuga
y
lasses C
g (�) whi
h are parameterized by a single invariant� = r 
os' : (2.15)In Brinkman 
oordinates, they have a simple des
ription as D2 branes whose world-volumeextends along the (u; v; �) dire
tions and is lo
alized in the � dire
tion. They have a non-trivial indu
ed metri
, whi
h des
ribes a gravitational wave, and a null world-volume 
uxFu� = ��2 . The D2 branes of the H4 model thus provide an interesting example of 
urvedbranes in a 
urved spa
e-time. { 8 {



The Nappi-Witten gravitational wave is the Penrose limit of two simple and interestingspa
e-times, R�S3 and AdS3�S1. For both spa
e-times there is an exa
t CFT des
riptionin terms of WZW models based respe
tively on R� SU(2)k and SL(2;R)k� U(1), wherethe level k is related to the radius of 
urvature. From the CFT point of view, the existen
eof the Penrose limit relating the Nappi-Witten wave and R�S3 or AdS3�S1 
orrespondsto the fa
t that the H4 
urrent algebra is a 
ontra
tion of the 
urrent algebras underlyingthe two original spa
e-times [37℄.We 
lose this se
tion by dis
ussing the relation implied by the Penrose limit betweenthe symmetri
 branes of the H4 WZW model and the symmetri
 branes in R� SU(2)kand in SL(2;R)k � U(1). The latter branes have been studied in [70, 71, 73, 74℄. In the�rst 
ase, we will see that the S1 branes arise from the S2 branes in S3 with a Diri
hletboundary 
ondition in the time dire
tion and that the D2 branes arise from rotated S2branes in S3 with a Neumann boundary 
ondition in the time dire
tion. In the se
ond 
ase,we will identify the D2 branes as the limit of the AdS2 branes in AdS3 with a Neumannboundary 
ondition in S1 and the S1 branes as the limit of the H2 branes in AdS3 witha Diri
hlet boundary 
ondition in S1. A similar dis
ussion of the Penrose limit appliedsimultaneously to the spa
e-time and to a brane 
ontained in it 
an be found in [75℄.We start with R� S3. Using the following standard parametrization for the SU(2)group manifold g(�; �; 
) =  
os 
ei� i sin
e�i�i sin
ei� 
os 
e�i�! ; (2.16)the metri
 and the two-form �eld-strength readds2 = k ��dt2 + 
os2 
d�2 + d
2 + sin2 
d�2� ; H��
 = �k sin 2
: (2.17)Along the time dire
tion we 
an impose either Neumann or Diri
hlet boundary 
onditions.As for the symmetri
 branes in S3, they wrap the SU(2) 
onjuga
y 
lasses whi
h aretwo-spheres 
hara
terized by a 
onstant value of tr(g) = 2 
os
 
os�. Sin
e SU(2) doesnot have any external automorphism, the other possible symmetri
 branes are two-spheresshifted by the a
tion of a group element R(~�; ~�; ~
) 2 SU(2) and 
hara
terized by a 
onstantvalue of tr(Rg). In order to take the Penrose limit we �rst perform the 
hange of variables� = �u2 � 2v�k ; t = �u2 ; 
 = rpk ; � = ' ; (2.18)and then send k !1. In the limit
os
 
os� � 
os �u2 + 2�k sin �u2 : (2.19)We observe that an S2 brane with a Diri
hlet boundary 
ondition along the time dire
tionbe
omes an S1 brane labeled by the parameters u and �. Note that we have obtained theuntwisted H4 branes starting from branes whose world-volume does not 
ontain the nullgeodesi
 used to de�ne the Penrose limit. It is then natural to 
onsider the limit of braneswhose world-volume 
ontains the null geodesi
. For this purpose, we 
onsider a family ofS2 branes rotated by R(0; 0; �=2) and with a Neumann boundary 
ondition along the time{ 9 {



dire
tion. In the limit, the parameter that 
hara
terizes the new family of branes behavesas follows sin 
 
os� � rpk 
os' ; (2.20)and they be
ome the D2 branes of the H4 model. We 
an pro
eed in a similar way forthe Penrose limit of AdS3 � S1 and of its symmetri
 branes. We write the ba
kground inglobal 
oordinatesds2 = k �� 
osh2 �d�2 + d�2 + sinh2 �d'2�+ kdx2 ; H�'� = k sinh 2� ; (2.21)and de�ne the Penrose limit introdu
ing� = �u2 + 2v�k ; x = �u2 ; � = rpk ; (2.22)and then sending k to in�nity. The 
onjuga
y 
lasses are 
hara
terized by a 
onstant valueof 
osh � 
os� . In the limit 
osh� 
os � � 
os �u2 � 2�k sin �u2 : (2.23)We observe that an untwisted symmetri
 brane ofAdS3 with a Diri
hlet boundary 
onditionin the S1 fa
tor gives rise to an S1 brane in H4. Note that for large k, the 
lasses we are
onsidering are pre
isely those with j 
osh� 
os� j � 1. This is pre
isely the H2 branes andthe degenerate branes in AdS3 [74℄. The null geodesi
 used in the limit is not 
ontained inthe brane world-volume. On the other hand, the twisted 
onjuga
y 
lass with a Neumannboundary 
ondition in the S1 fa
tor, are 
hara
terized by a 
onstant value of sinh � 
os'and 
ontains the null geodesi
. Sin
e in the limitsinh � 
os' � rpk 
os' ; (2.24)we observe that the D2 branes of the H4 model are the Penrose limit of the AdS2 branes.A more detailed des
ription of the Penrose limit for the di�erent types of branes, using
oordinate systems adapted to their world-volumes, 
an be found in Appendix E. In se
tion7 we will extend the analysis performed in [35℄ and dis
uss the 
ontra
tion of the boundaryR� SU(2)k WZW model whi
h is the world-sheet analogue of the Penrose limit appliedsimultaneously to the spa
e-time and to the brane 
ontained in it.3. Review of the bulk spe
trum and semi
lassi
al analysisThe stru
ture of the Hilbert spa
e of theH4 WZWmodel [35℄ is very similar to the stru
tureof the Hilbert spa
e of the SL(2;R)k WZWmodel, 
lari�ed by Malda
ena and Ooguri [31℄.Together with the standard highest-weight representations of the aÆne algebra, restri
tedby a unitarity 
onstraint, there are other representations that satisfy a modi�ed highest-weight 
ondition. These new representations are related to the standard ones by theoperation of spe
tral 
ow, whi
h is an automorphism of the 
urrent algebra. In our 
ase{ 10 {



there are three 
lasses of highest-weight aÆne representations, reviewed in appendix A. Toea
h aÆne representations we asso
iate a primary 
hiral vertex operator���p;|̂(z; x) ; 0 < �p < 1 ; |̂ 2 R ;�0s;|̂(z; x) ; s > 0 ; |̂ 2 [��=2; �=2) : (3.1)For the ���p;|̂ vertex operators, p is the eigenvalue ofK and |̂ the highest (lowest) eigenvalueof J . For the �0s;|̂ vertex operators, s is related to the Casimir of the representation and|̂ is the fra
tional part of the eigenvalues of J . Here z is a 
oordinate on the world-sheetand x a 
harge variable we introdu
ed to keep tra
k of the in�nite number of 
omponentsof the H4 representations. On the 
harge variables the H4 algebra is realized in terms ofthe operatorsP� = p2�px ; P� = p2�x ; J = i(|̂� �x�x) ; K = �ip ; (3.2)when 
onsidering its a
tion on ���p;|̂ and by the operatorsP+ = sx ; P� = sx ; J = i(|̂+ �x�x) ; K = 0 ; (3.3)when 
onsidering its a
tion on �0s;|̂. States with �p = �p̂ + w with 0 < �p̂ < 1 and w 2 Nfall into spe
tral-
owed dis
rete representations ��w(����p̂;|̂) while states with �p = wwith w 2 Zfall into spe
tral-
owed 
ontinuous representations �w(�0s;|̂). We also re
allthe relation ��1[�+p;|̂℄ = ��1�p;|̂ : (3.4)We will denote the image under spe
tral 
ow of a representation � and the 
orrespondingvertex operators either by �w[��℄, as we did before, or by the introdu
tion of a further index��;w. Finally the operator 
ontent of the bulk theory is given by the 
harge 
onjugationmodular invariant. We then have the operators���p;|̂(z; �zjx; �x) = ���p;|̂(z; x)���p;�|̂(�z; �x) ;�0s;|̂(z; �zjx; �x) = �0s;|̂(z; x)�0s;�|̂(�z;��x�1) ; (3.5)as well as their images under an equal amount of spe
tral 
ow in the left and right se
tors.The 
urrents that generate the aÆne algebra preserved by the boundary 
onditions aregiven by the 
ombination J + 
( �J). A more detailed des
ription of the representationtheory of the aÆne Ĥ4 algebra 
an be found for instan
e in [35℄.Before performing the exa
t CFT analysis we will try to 
larify the physi
s of themodel in a semi
lassi
al approximation. In doing so we will gain some intuition about thespe
trum of the boundary operators and on the form of the bulk-boundary and the three-point boundary 
ouplings. We use the following parametrization for the group elementsg = eu2 Je i ~wp2P�+ iwp2P+eu2 J+2vK ; (3.6){ 11 {



where w = rei' = �+ i�. The isometry generators are K = � �K = 12�v andJ = �u � i�2 (w� � ~w ~�) ; P+ = �e�i�u22p2 [4i~� + �w�v ℄ ; P� = �ei�u22p2 [4i� � � ~w�v ℄ ;�J = ��u � i�2 (w� � ~w ~�) ; �P+ = ei�u22p2[4i~� � �w�v℄ ; �P� = e�i�u22p2 [4i� + � ~w�v ℄ :To ea
h vertex operator we 
an asso
iate a semi
lassi
al wave fun
tion. For the dis
reterepresentations they are�+p;|̂ = e2ipv+i|̂u��p2 w �w�i�pw�xe i�u2 +i�p �wxe i�u2 ��px�xei�u ;���p;|̂ = e�2ipv+i|̂u��p2 w �w+i�pwxe� i�u2 �i�p �w�xe� i�u2 ��px�xe�i�u ; (3.7)where p > 0, |̂ 2 R and x, �x are two independent 
harge variables. The states that belongto these representations are 
on�ned in periodi
 orbits in the transverse plane, familiarfrom the quantum me
hani
al problem of a 
harged parti
le in a magneti
 �eld. For the
ontinuous representations we have�0s;|̂ = eiju+ isp2h �w�x e�i �u2 +w�xei �u2 iXn2Z(x�x)n ein�u ; (3.8)where s � 0, |̂ 2 [��=2; �=2) and x = ei�, �x = ei�� are two independent phases. The statesthat belong to the 
ontinuous representations 
an move freely in the transverse plane: theparameter s is the modulus of the momentum and we 
an identify 
 = ����2 with its phase.These wave fun
tions 
an be expanded in modes whi
h represent the di�erent 
omponentsof the H4�H4 representations. It is also easy to 
ompute semi
lassi
al expressions for thebulk two and three-point fun
tions.We 
an pro
eed in a similar way for the states 
on�ned on the brane world-volume.In the 
ase of the D2 branes, a

ording to the boundary 
onditions (2.7), the generatorsof the unbroken ba
kground isometries areK � �K = �v ; J � �J = 2�u ; P� + �P� = e�i�u2p2 [�2�� � i���v ℄ : (3.9)They satisfy the 
ommutation relation of the Heisenberg algebra and the brane spe
trum,exa
tly as the bulk spe
trum, 
an be organized in terms of H4 representations. We thenintrodu
e three types of vertex operators for the open strings that live on a D2 branelo
alized in the � dire
tion	��p;|̂ = eipv+i |̂2u��p4 �2+�p�xe i�u2 ��p2 x2ei�u ; p > 0 ; |̂ 2 R	���p;|̂ = e�ipv+i |̂2u��p4 �2��p�xe� i�u2 ��p2 x2e�i�u ; p > 0 ; |̂ 2 R (3.10)	��s;|̂ = ei |̂2u+ ip2 �sXn2Zxnein�u��2 ; s 2 R ; |̂ 2 h��2 ; �2� :The operators that a
t on the 
harge variable x are given by (3:2; 3:3). The wave fun
tionsfor the dis
rete representations are easily re
ognized as the generating fun
tions for the{ 12 {



Hermite polynomials. The open string states, as it was already the 
ase for the 
losedstring states, are trapped in periodi
 orbits in the � dire
tion of the brane world-volumeunless their light-
one momentum is an integer. Note that for the boundary operators inthe 
ontinuous representations s 
an be an arbitrary real number.Semi
lassi
al expressions for the 
ouplings between the bulk and the boundary opera-tors 
an now be 
omputed as overlap integrals of the 
orresponding wave fun
tions on thebrane world-volume. As a �rst example 
onsider the bulk-boundary 
oupling h��p;|̂1	���q;|̂2i.It is easily evaluated asZ� ��p;|̂1	���q;|̂2 = e��px2(x1+�x1)(x1 � �x1)j�jr2��p ij�j2 j�j2 j�j! [�p ℄ j�j2 e��p�22 Hj�j (�p�p�) ;(3.11)where Z� � Z dudvd�d�0Æ(�0 � �) ; (3.12)denotes a spa
e-time integral restri
ted to the brane world-volume. The integral is non-zero only when q = 2p and j�j 2 N where � = �2|̂1� |̂2. The other possible bulk-boundary
oupling is given byZ��0s;|̂1	��t;|̂2 = p8�(�ix2)� Xm2Z�� x22x1�x1�m Æ(t� 2s 
os(�2 � ��1))ep2is� sin(�2���1) ; (3.13)where xi = ei�i . Sin
e the D2 branes are invariant under translations along the two light-
one dire
tions, only operators with p = 0 and |̂ = 0; 1=2 
ouple to their world-volume.Their one-point fun
tions 
an be derived from the previous bulk-boundary 
oupling uponsetting t = 0 and integrating over �2h�0s;0i = p8� 
os�ss [Æ(
) + Æ(
 � �)℄ ;h�0s;1=2i = p8�i sin �ssx [Æ(
) + Æ(
 � �)℄ : (3.14)The dis
ussion for the S1 branes is very similar. The relevant isometry generators areK + �K = 0 andJ+ �J = �i�(w�� ~w ~�) ; P++ �P+ = �2p2 sin �u2 ~� ; P�+ �P� = 2p2 sin �u2 � : (3.15)They realize the algebra of the rigid motions of the plane and as a 
onsequen
e the openstring states that live on an S1 brane labeled by a � (ua; �a) 
an only belong to the
ontinuous representations of the Heisenberg algebra. The semi
lassi
al wave fun
tions are	aas = e� s2p2 sin �ua2 ( �wx�wx ) : (3.16)The a
tion of the zero-modes of the 
urrents on the 
harge variable x is always given by(3:3). As we did for the D2 branes we 
an now extra
t the bulk-boundary 
ouplings from{ 13 {



the overlap of the wave fun
tionsZua;�a ��p;|̂(x1)	aas (x2) =� 8�i�p sin �ua2 e�2ip�a+i(|̂��2 )ua��px1�x1� sp2� x1x�12 +�x1x�12 �� s24�p(1�i 
ot �ua2 ) : (3.17)We see that all the dis
rete representations as well as the identity �eld have a non-vanishingone-point fun
tion, as expe
ted sin
e the S1 branes brake the translational invarian
e inthe light-
one dire
tions. When �u = 2�n the geometry of the 
onjuga
y 
lasses 
hanges.The �� vertex operators have a non-vanishing one-point fun
tion only in the presen
e ofthe S(�1) branes, lo
alized at the origin of the transverse plane and at arbitrary positionsin the light-
one dire
tions h��p;|̂iu;v = 8��pe�2ipv+i|̂u��px�x : (3.18)Translational invarian
e in the transverse plane being now broken, also all the 
ontinuousrepresentations have a non-vanishing 
ouplingh�0s;|̂i = 2�ei|̂uÆ(�+ ��) : (3.19)If we 
onsider instead the 
ylindri
al branes, extended along the v dire
tion and with a�xed radius r in the transverse plane, only the �0s;|̂ vertex operators have a non-vanishing
oupling h�0s;|̂iu;r = ei|̂uJ0(p2sr)Æ(�+ ��) : (3.20)In the following we will not dis
uss in detail the 
ylindri
al branes even though it wouldbe interesting to extend our exa
t CFT analysis to them as well.4. Spe
trum of the boundary operatorsIn the previous se
tion we dis
ussed the semi
lassi
al open string spe
trum for the twofamilies of symmetri
 branes we are studying in this paper. A

ording to the semi
lassi
alanalysis, the states of open strings that live on a D2 brane, form all possible representationsof the Ĥ4 algebra. The states of open strings that live on an S1 brane, 
an only belongto the 
ontinuous representations. In this se
tion, we provide a detailed des
ription of thespe
trum of the open strings and extend the analysis also to the open strings that end ondi�erent branes. In 
lose analogy with the bulk primary vertex operators, we introdu
e forea
h representation � of the aÆne algebra, a boundary primary vertex operator  ab� (t; x),whi
h depends on the insertion point on the real axis t and on a 
harge variable x. Thetwo upper indi
es label the two branes on whi
h the open string ends. This is the same asthe two boundary 
onditions the vertex operator interpolates between.Let us start with a D2 brane lo
alized at � = 0. The spa
e of states H00 
ontains inthis 
ase all possible representations of the Ĥ4 algebra��w h ���p;|̂i ; 0 < �p < 1 ; |̂ 2 R ; w 2 N ;�w h ��s;|̂ i ; s 2 R ; |̂ 2 [��=2; �=2) ; w 2Z: (4.1){ 14 {



This is very similar to what happens for the AdS2 brane lo
alized at  = 0 in AdS3,where the spe
trum is also given by the holomorphi
 square root of the bulk spe
trum[76℄. Similarly to that 
ase, an observation about the spe
tral 
ow is in order [76℄. Givena solution g(u0; v0; r0ei'0) 2 H4 of the 
lassi
al equation of motion, a new solution 
an begenerated by the a
tion of the spe
tral 
ow�w[g℄(u; v; rei') � ew�+� Jg(u0; v0; r0ei'0)ew��� J ; (4.2)where �� = � � �. Thereforeu = u0 + 2w� � ; v = v0 ; rei' = r0ei('0+w�) : (4.3)As we 
an see from (4:3), when � 6= 0 only the spe
tral 
ow by an even integer is asymmetry of the D2 brane spe
trum. Spe
tral 
ow by an odd integer maps a string livingon a brane sitting at � to a string stret
hed between a brane at � and a brane at ��. Asa 
onsequen
e, we 
annot use in the general 
ase the spe
tral 
ow by an odd integer, togenerate the 
omplete brane spe
trum, as we did in (4.1) for a brane sitting at the origin.However, using the relation (3:4), it is easy to verify that for the dis
rete representations,it is enough to 
onsider the spe
tral 
ow by an even integer in order to obtain all possiblevalues of the light-
one momentum. For instan
e, a state 
arrying a light-
one momentum�p + 2w � 1, belongs to the representation �2w h ���(1�p);|̂i.For the 
ontinuous representations, the spe
tral 
ow by an even integer is not enough.We have to pro
eed in a di�erent way [76℄. We start with the vertex operator  ���s;|̂ andtake its image under the spe
tral 
ow by an odd integer 2w+ 1. In this way, as explainedbefore, we obtain the vertex operator pertaining to a string ending on the brane at � and
arrying an odd light-
one momentum. This asymmetry between the even and the oddspe
tral-
owed 
ontinuous representations will be also manifest in the annulus amplitude,as we will see in se
tion 7. Summarizing, the spe
trum of a brane lo
alized at � 6= 0, isgiven by �2w h ���p;|̂i ; 0 < �p < 1 ; |̂ 2 R ; w 2Z;�2w h ��s;|̂ i ; s 2 R ; |̂ 2 [��=2; �=2) ; w 2Z;�2w+1 h ���s;|̂ i ; s 2 R ; |̂ 2 [��=2; �=2) ; w 2Z: (4.4)The same stru
ture of the spe
trum holds for the strings ending on two di�erent braneslo
alized at �1 and �2 respe
tively. The only di�eren
e is that the possible values of theparameter s that label the 
ontinuous representations are now 
onstrained by 2�2s2 � [�1�ei�w�2℄2. The minimal value of s simply re
e
ts the tension of the string stret
hed betweenthe two branes. The fa
t that the bound depends on whether the amount of spe
tral 
owis even or odd ni
ely re
e
ts the di�erent behavior of the 
ontinuous representations underthe a
tion of the spe
tral 
ow.We now turn to the S1 branes. As in the previous se
tion, we use the short-handnotation a � (ua; �a) for the boundary labels. The S1 branes are Cardy branes. Therefore,{ 15 {



a relation 
an be established between the parameters labeling the 
onjuga
y 
lasses andthe quantum numbers of the Ĥ4 representations�u = �2�(�p+ w) ; 2� = �(2|̂� 2p� 1) : (4.5)As usual, 0 < �p < 1 and w 2 N. We will derive this relation in se
tion 7, both by studyingthe annulus amplitudes of the H4 model and by taking the Penrose limit of the R�SU(2)kWZW model. In 
lose analogy with the D-branes in 
at spa
e, the quantum numbers pand |̂ together with the spe
tral 
ow parameter w, are related to the distan
e along the uand the v dire
tion respe
tively. Using the relation (4.5), we 
an asso
iate to a brane withlabels (ua; �a) the parameters pa, |̂a and wa. This is useful be
ause as it is the 
ase forthe Cardy branes in a RCFT, the spe
trum of open strings  ab stret
hed from the brane bto the brane a is en
oded in the fusion produ
t ��wb [��pb;|̂b ℄
 ��wa [��pa;�|̂a ℄ of the two
orresponding 
hiral vertex operators.As mentioned earlier, the open strings ending on the same brane belong to the 
ontin-uous representations of the Ĥ4 algebra. The Hilbert spa
e de
omposes asHaa = Z 10 dss V̂s;0;0 ; (4.6)and the 
orresponding vertex operators are  aas;0;0. The open strings that end on two di�er-ent S1 branes with labels a and b 
an belong to any of the highest-weight representationsof the Ĥ4 algebra as well as to their images under spe
tral 
ow. The pre
ise representationdepends on the distan
e between the two branes along the u dire
tion. We introdu
e thefollowing notation: when pb � pa > 0 we set pb � pa = pab + wab, with 0 < pab < 1 andwab 2 N. We also de�ne |̂ab = |̂b � |̂a. The brane spe
trum is then given byHab = 1Xn=0 V̂pab;|̂ab�n;wab ; (4.7)and the vertex operators are  abpab;|̂ab�n;wab . Similarly when pb � pa < 0 we set pb � pa =pab + wab with �1 < pab < 0, �wab 2 N. The brane spe
trum is then given byHab = 1Xn=0 V̂pab;|̂ab+n;wab ; (4.8)and the vertex operators are  abpab;|̂ab+n;wab , n 2 N. Finally when pb � pa is an integer weset pb � pa = wab and we have Hab = Z 10 dsV̂s;|̂ab;wab : (4.9)The vertex operators read  abs;|̂ab;wab . We assume that for our non-
ompa
t WZW model,the spa
e Hab de
omposes as expe
ted from the fusion rules. This assumption will be
on�rmed by the 
omplete solution of the model that is presented in the next se
tion.{ 16 {



For the S1 branes, the spe
tral-
owed representations appear whenever the distan
ealong the u dire
tion between two branes ex
eeds 2�� . In fa
t, the a
tion of the spe
tral
ow amounts to �w[g℄(u; v; rei') � ew�+� Jg(u0; v0; r0ei'0)e�w��� J ; (4.10)that is u = u0 + 2w� � ; v = v0 ; rei' = r0ei('0�w�) : (4.11)Note that in this 
ase, the spe
tral 
ow is a symmetry for every integer w and maps astring stret
hed between two branes lo
alized at ua and ub to a string stret
hed from uato ub + 2�w. In the following, we will derive most of our results assuming that all therepresentations are highest-weight representations of the 
urrent algebra. It is howevernot diÆ
ult to extend our results to amplitudes involving spe
tral-
owed states, using thefree-�eld realization [38, 39℄, as we did for the 
losed string amplitudes in [35℄.5. Stru
ture 
onstantsA boundary 
onformal �eld theory is 
ompletely spe
i�ed by three sets of stru
ture 
on-stants: the 
ouplings between three bulk or three boundary �elds and the 
ouplings betweenone bulk and one boundary �eld. These stru
ture 
onstants satisfy a set of fa
torization
onstraints �rst derived by Cardy and Lewellen [78, 79℄ (see also [80, 81, 82℄). For the sakeof 
larity, we will brie
y review the sewing 
onstraints for a generi
 CFT and in the nextse
tion we will write them expli
itly for the Nappi-Witten model.For a CFT de�ned on the upper-half plane, there are two sets of �elds. The �rstset 
ontains the bulk �elds 'i;��(z; �z), inserted in the interior of the upper-half plane and
hara
terized by the quantum numbers (i;��). These quantum numbers spe
ify the rep-resentations of the left and right 
hiral algebras. The se
ond set 
ontains the boundary�elds  abi (t), inserted on the boundary, (here the real axis). They are 
hara
terized by twoboundary 
onditions a and b. They are also 
hara
terized by the quantum number i, whi
hlabels the representations of the linear 
ombination of the left and right aÆne algebras leftunbroken by the boundary 
onditions. There are three sets of OPEs (we adopt with minormodi�
ations the notation used in [81℄)'i;��(z1; �z1)'j;��(z2; �z2) �Xk (z1�z2)hk�hi�hj (�z1��z2)h�k�h���h��C(i;��);(j;��)(k;�k)'k;�k(z2; �z2) ; (5.1)'i;��(t+ iy) �Xj (2y)hj�hi�h�� aBj(i;��) aaj (t) ; (5.2) abi (t1) b
j (t2) �Xk (t1 � t2)hk�hi�hjCab
;kij  a
k (t2) ; (5.3)where t1 < t2. Here and in the following, the symbol 1 will always denote the identity �eldand h1ia the one-point fun
tion of the identity with boundary 
ondition a on the real axis.Indexes are raised and lowered usingdabij = Caba;1ij h1ia = Cbab;1ji h1ib (5.4){ 17 {



and for 
onsisten
y we require that Caaa;111 = 1. Any 
orrelation fun
tion on a Riemannsurfa
e with boundaries and with arbitrary insertions of bulk and boundary operators 
anbe 
onstru
ted by sewing together the basi
 amplitudes that 
orrespond to the stru
ture
onstants displayed in (5:1) � (5:3). The sewing 
onstraints follow from the requirementthat all possible ways of de
omposing a given amplitude into the basi
 amplitudes leadto the same answer. The resulting 
onstraints involve, besides the stru
ture 
onstants,the fusing matri
es Fpq hj ki li and the modular S matrix. The fusing matri
es Fpq hj ki li, byde�nition, implement the duality transformations of the 
onformal blo
ks pertaining to thefour-point amplitudes. Our 
onventions for the fusing matri
es 
an be found in appendixB. Sonoda [83℄ has analyzed the sewing 
onstraints for Riemann surfa
es without bound-aries, and proved that the CFT 
orrelation fun
tions are unambiguously de�ned providedthat the four-point fun
tions on the sphere are 
rossing symmetri
 and that the one-pointfun
tions on the torus are modular 
ovariant. Cardy and Lewellen extended these results toRiemann surfa
es with boundaries [78, 79℄. They proved that all the amplitudes are unam-biguously de�ned provided that the stru
ture 
onstants satisfy four additional 
onstraints.The �rst 
onstraint is a quadrati
 
onstraint that follows from two di�erent fa
torizationlimits of the bulk two-point fun
tion h'i(z1)'j(z2)ia and readsaBli aB�lj Caaa;1l�l =Xk Cijk aB1k Fkl �!(��) i!(��) j� : (5.5)Here �l is the representation 
onjugate to l, and ! represents the a
tion of an externalautomorphism 
 on the representations of the 
hiral algebra. A non-trivial 
 has to betaken into a

ount when 
onsidering for instan
e the symmetri
 branes of a WZW model.This 
onstraint is a parti
ular 
ase of a more general one that follows from the fa
torizationof a three-point fun
tion with two bulk and one boundary �elds.The se
ond 
onstraint follows from two distin
t fa
torization limits (t2 � t3 and t1 � t2respe
tively) of the four-point boundary 
orrelatorh abi (t1) b
j (t2) 
dk (t3) dal (t4)i ; (5.6)and it reads Cb
d;njk Cabd;�lin Cada;1�ll =Xr Cab
;�rij C
da;rkl Ca
a;1�rr Frn �j ki l� : (5.7)The third 
onstraint, relates the bulk-boundary 
ouplings aBji and the boundary three-point 
ouplings Cab
;kij . It follows from the requirement of lo
ality for a bulk �eld in athree-point fun
tion with two boundary �eldsh'i(z) abj (t1) bak (t2)i : (5.8)It 
an be written as followsbBliCabb;�kjl Caba;1�kk =Xr;n aBriCaba;�rjk Caaa;1r�r ei��2hn�hj�hk�2hi+hr+hl2 �Frn �k ij !(��)�Fnl �!(��) ij k� :(5.9){ 18 {



The fourth and last 
onstraint involves the boundary one-point fun
tions on the 
ylin-der. When the boundary �eld is the identity, this 
onstraint redu
es to the Cardy 
onstraintwhi
h relates the open and the 
losed string 
hannel of the va
uum annulus amplitude. Wepostpone the analysis of this 
onstraint to se
tion 7.In the following, we will determine the bulk-boundary 
ouplings aBji and the boundarythree-point 
ouplings Cab
ijk for the two 
lasses of symmetri
 branes of the H4 WZW model.We will use as an input the stru
ture 
onstants and the fusing matri
es of the model, as
omputed in [35℄. Here, we only re
all the two and the three-point 
ouplings, while thefusing matri
es are 
olle
ted for 
onvenien
e of the reader in appendix B. In order to writeour formulae in a simple way, we shall leave in the following the dependen
e on the world-sheet variables zi and ti understood. We will write ea
h bulk amplitude as the produ
t ofthree terms, two kinemati
al parts K and �K, whi
h 
ontain the dependen
e on the 
hargevariables of the left and right 
hiral algebras, and a dynami
al part C. The form of Kand �K for the two and the three-point fun
tions is 
ompletely �xed by the 
urrent algebraWard identities2 . Another 
onvention we will 
ommonly use is� = � nXi=1 |̂i ; (5.10)for an n-point amplitude with primary vertex operators 
arrying the labels |̂i. The non-trivial two-point fun
tions areh�+p1;|̂1��p2;|̂2i = Æ(p1 � p2)Æ(|̂1 + |̂2)e�p(x1x2+�x1+�x2) ; (5.11)h�0s1;|̂1�0s2;|̂2i = Æ(s1 � s2)s1 (2�)2Æ(�1 � �2)Æ(��1 � ��2) ; � = 0; 1 :The bulk three-point 
ouplings between three dis
rete representations areC(p1;|̂1);(p2;|̂2)(p1+p2;|̂1+|̂2+n) = 1n! � 
(p1+ p2)
(p1)
(p2)� 12+n ; (5.12)C(p1;|̂1);(�p2;|̂2)(p1�p2;|̂1+|̂2�n) = 1n! � 
(p1)
(p2)
(p1� p2)� 12+n ; p1 > p2 ; (5.13)where 
(x) = �(x)=�(1� x). The 
orresponding kinemati
al fa
tors areK(p1;|̂1);(p2;|̂2);(�p3;|̂3) = e�x3(p1x1+p2x2)(x1 � x2)� ;K(p1;|̂1);(�p2;|̂2);(p3;|̂3) = e�x1(p2x2+p3x3)(x2 � x3)�� ; (5.14)with similar expressions for �K. The 
oupling between one 
ontinuous and two dis
reterepresentations is C(p;|̂1);(�p;|̂2)(s;f|̂1+|̂2g) = e s22 �(p) ; (5.15)where  (x) = d ln�(x)dx and we de�ned�(p) �  (p) +  (1� p)� 2 (1) : (5.16)2The fa
tor K for the three-point fun
tion, is the group-theoreti
 Clebs
h-Gordan 
oeÆ
ient of the
lassi
al algebra H4. { 19 {



We also have K(p;|̂1);(�p;|̂2);(s;|̂3) = e�px1x2� sp2�x2x3+x1x3 �x�3 : (5.17)Finally, the 
oupling between three �0 vertex operators simply re
e
ts the 
onservation ofthe momentum in the transverse plane. Therefore it is non-zero only whens23 = s21 + s22 � 2s1s2 
os � ; s3ei' = s1 � s2ei� : (5.18)It 
an be written asK �KC(s1;|̂1);(s2;|̂2);(s3;|̂3) = (2�)4(x1�x1)� Æ(�21 + ��21)Æ(�31+ ��31)Æ(�21 � �)Æ(�31 � ')�p4s21s22 � (s23 � s21 � s22)2 ;(5.19)where �ij = �i � �j and � 2Z.We have now at our disposal all the information required to solve the H4 WZWmodelwith boundary. We will 
onsider �rst the D2 branes and use the sewing 
onstraints to �xtheir stru
ture 
onstants. We will then study the S1 branes that, as we already explained,are the Cardy branes of the model. In this 
ase we 
ompute the bulk-boundary 
ouplingsand verify that, for our non-
ompa
t WZW model, the boundary three-point 
ouplings arealso proportional to the fusing matri
es. More details 
on
erning the steps leading to thesolution, 
an be found in appendix D.5.1 The D2 branesIn this se
tion we 
ompute the stru
ture 
onstants for the maximally symmetri
 D2 branesof the Nappi-Witten model. From the physi
al point of view, the 
ouplings we derive areimportant sin
e they provide examples of open and 
losed string intera
tions in a non-
ompa
t, 
urved spa
e-time. They are also interesting from a more formal point of view,sin
e they represent the �rst example of the stru
ture 
onstants for the twisted symmetri
branes of a WZW model. They 
ould be a useful guide, leading to a general answer,extending the one that already exists for the Cardy branes. We will �rst derive the bulk-boundary 
ouplings and then the boundary three-point 
ouplings for strings ending on thesame D2 brane at � = 0. On
e these 
ouplings are obtained, it is easy to generalize thesolution to strings ending on di�erent branes at arbitrary position in the � dire
tion.The boundary two-point fun
tions areh �1�2p1;|̂1 (x1) �2�1p2;|̂2 (x2)i = C�1�2�1;1(p1;|̂1);(p2;|̂2)h1i�1e�px1x2 ;h �1�2s1;|̂1 (x1) �2�1s2;|̂2 (x2)i = C�1�2�1;1(s1;|̂1);(s2;|̂2)h1i�12�Æ(s1 + s2)Æ(�2 � �1)x�|̂1�|̂21 : (5.1.1)The se
ond two-point fun
tion is non-zero only when |̂1 + |̂2 = 0;�1. The bulk-boundary
ouplings have the following formh��p;|̂1(x1) ���2p;|̂2(x2)i = e�px2(x1+�x1)(x1 � �x1)�� �B(�2p;�|̂2)(�p;|̂) h1i� : (5.1.2)Here � = �2|̂1� |̂2 and the 
oupling is non-zero only when |̂2 = �2|̂1�n, n 2 N. In orderto write the 
ouplings for the �0s;|̂ vertex operators, it is 
onvenient to introdu
e two newangles de�ned by� = � + 
 ; �� = � � 
 ; 0 � � � 2� ; �� � 
 � � : (5.1.3){ 20 {



We obtain h�0s;|̂1(x1) ��t;|̂2(x2)i = �x�2 Xm2Z�� x22x1�x1�mhÆ(�2 � ��1 � �)�B(t;|̂2)+(s;|̂1) + Æ(�2 � ��1 + �)�B(t;|̂2)�(s;|̂1) i h1i� ; (5.1.4)where � = �2|̂1 � |̂2 2 Z. We set t = 2s 
os � with � 2 [0; �) and we introdu
ed a furthersubs
ript in �B(t;|̂2)�(s;|̂1) in order to distinguish the 
oeÆ
ients of the two delta-fun
tions. The
oupling with the identity 
an be obtained by setting t = 0 and integrating over �2h�0s;|̂1(x)i = �(ix)�[Æ(
) + Æ(
 � �)℄[�B1+s + (�1)� �B1�s ℄ h1i� : (5.1.5)There are two non-trivial bulk two-point fun
tions that may be used to derive the 
onstraintfor the bulk-boundary 
ouplings, namely h�0s;|̂1�0t;|̂2i and h�+p;|̂1���p;|̂2i. The �rst one is verysimilar to the 
orresponding amplitude in 
at spa
e. Indeed, the form of �B(t;|̂2)�s;|̂1 turnsout to be very simple �B(t;|̂2)�s;|̂1 = e�ip2�s sin �2sj sin �j ; (5.1.6)where t = 2s 
os � and � 2 [0; �). The 
oupling with the identity 
an then be written asfollows h�0s;|̂1(x)i = �[Æ(
)+ Æ(
 � �)℄
os(p2s�)s � = 0 ;h�0s;|̂1(x)i = �x [Æ(
) + Æ(
 � �)℄sin(p2s�)s � = �1 : (5.1.7)The se
ond 
orrelator leads to the following 
onstraint�B(2p;2|̂1+n)(p;|̂1) �B(�2p;2|̂2�n+�)(�p;|̂2) C���;1(2p;2|̂1+n);(�2p;2|̂2�n+�)= Z 10 dss C(p;|̂1);(�p;|̂2)(s;|̂) �B1s F(s;|̂);(2p;2|̂1+n) � (p; |̂1) (p; |̂1)(�p; |̂2) (�p; |̂2)� ; (5.1.8)whi
h is solved by�B(�2p;2|̂1�n)(�p;|̂) = 1p2 in2n2 n! ��2 
ot��p� 14 �
(2�p)
2(�p)�n2+ 14 e� �22� 
ot ��pHn�� �p� 
ot��p� :(5.1.9)This exa
t result and the semi
lassi
al 
omputation (3.11) agree in the limit �p << 1.A
tually the two results di�er only in that �p has to be repla
ed by tan(��p) in theargument of both the exponential and the Hermite polynomials and that the overall powersof �p have to be
ome powers of 
(�p). Note also the similarity of this 
oupling with thesquare-root of a bulk 
oupling of the form C++� (5:12), as expe
ted on general grounds.Finally, it is interesting to remark that the 
oupling vanishes when �p = 1=2 and it hasto be repla
ed by the 
oupling with a spe
tral-
owed boundary operator. These 
ouplings
an be 
omputed either using the free-�eld realization of [38, 39, 35℄ or by studying thefa
torization of a four-point amplitude with suitable external momenta.{ 21 {



We now pro
eed to the 
omputation of the boundary three-point 
ouplings. The D2branes of the H4 WZW model are not Cardy branes and in the absen
e of an one-to-one 
orresponden
e between the brane parameters and the representations of the 
hiralalgebra, there is no natural relation between the boundary three-point 
ouplings and thefusing matri
es. In the absen
e of any ansatz, we have to solve dire
tly the 
onstraints.Fortunately, at least the 
ouplings between open strings living on the brane at � = 0 aresimple. They are given byC000;rs;t = Æ(s+ t � r) ;C000;s(p:|̂1);(�p;|̂2) = e s24 �(p) ;C000;(p1�p2;|̂1+|̂2�n)(p1;|̂1);(�p2;|̂2) = p2�1=4n!! � 
(p1)
(p2)
(p1� p2)�n2+ 14 ; n 2 2N ;= 0 ; n 2 2N+ 1 ; (5.1.10)and we see that they are very similar to the square root of the bulk 
ouplings. Thekinemati
al parts 
an be easily obtained from (5:14) and (5:17). The fa
t that the last
oupling vanishes whenever n 2 2N+ 1 is easy to understand if we perform a semi
lassi
al
omputation using the wave fun
tions (3.11).In order to �nd the solution for branes sitting at arbitrary positions, we rely on
e moreon the fa
t that the boundary vertex operators in the 
ontinuous representations are verysimilar to the standard ta
hyoni
 vertex operators in 
at spa
e. If we also take into a

ountthe �nite length of the open string stret
hed between two branes at �i and �j , we 
on
ludethat the quantity that is 
onserved in the intera
tions of the  �i�js;|̂ vertex operators is nots but~s � sign(s)qs2 � b2�2ij ; jsj � bj�ij j ; �ij = �i � �j ; b2 = 1=2�2 : (5.1.11)As a 
onsequen
e, we expe
t that the general form of the 
oupling between three vertexoperators in the 
ontinuous representations isC�1�2�3str = Æ(~s+ ~t+ ~r) : (5.1.12)Consider now the 
orrelatorh �1�2(p;|̂1)(1) �2�3(�p;|̂2)(2) �3�4(s;|̂3)(3) �4�1(t;|̂4)(4)i ; (5.1.13)where for 
larity the numbers in the round bra
kets stand for both the 
harge variables andthe worldsheet 
oordinates of the 
orresponding vertex operators. This 
orrelator fa
torizeson a single blo
k in the s-
hannel and leads to the sewing 
onstraintC�4�2�3(p;�|̂2�|̂3+n);(�p;|̂2);(s;|̂3)C�1�2�4(p;|̂1);(�p;|̂2+|̂3�n);(t;|̂4) =C�1�2�3(p;|̂1);(�p;|̂2);(�r;�|̂)e� st2 (�(p) 
os'�i� 
ot�p sin')�i(n+�)'+i�� ; (5.1.14)where stei' = (~s+ ib�34)(~t� ib�41) ; rei� = s+ tei' : (5.1.15){ 22 {



Note that a

ording to (5.1.12), when raising a 
ontinuous index s we must multiply the
oupling by s=~s. From the previous 
onstraint, we may read the 
oupling between one
ontinuous and two dis
rete representationsC�1�2�3;s(p;|̂1);(�p;|̂2) = s~s � s~s + ib�13�|̂1+|̂2�|̂3 e� i�b~ssin �p�2+i�2 
ot�p ~sb(�1+�3)+ s24 �(p) ;C�1�2�3;s(�p;|̂1);(p;|̂2) = s~s � s~s � ib�13�|̂1+|̂2�|̂3 e i�b~ssin �p�2�i�2 
ot�p ~sb(�1+�3)+ s24 �(p) ; (5.1.16)where jsj � bj�13j. A
tually, the phase proportional to �2 is not �xed by equation (5:1:14)but by the 
onstraint asso
iated with the 
orrelatorh �1�2(p;|̂1)(1) �2�3(�p;|̂2)(2) �3�4(p;|̂3)(3) �4�1(�p;|̂4)(4)i ; (5.1.17)whi
h readsC�2�3�4;(s;|̂s)(�p;|̂2);(p;|̂3)C�4�1�2(�p;|̂4);(p;|̂1);(s;|̂s) + (�1)�(s!�s) = Z 1j�13 j dt �ssin �pe s2�t22 �(p)J� � �stsin �p�hC�1�2�3;(t;|̂t)(p;|̂1);(�p;|̂2)C�3�4�1(p;|̂3);(�p;|̂4);(t;|̂t) + (�1)�(t!�t)i : (5.1.18)In order to verify that the 
ouplings in (5:1:16) solve the previous 
onstraint, one needsthe integral (H:14). At this point the 
orrelatorh �1�2(p;|̂1)(1) �2�3(�p;|̂2)(2) �3�4(q;|̂3)(3) �4�1(�q;|̂4)(4)i ; (5.1.19)gives a 
onstraint whose unknowns are the 
ouplings between three dis
rete representations.The 
onstraint isC�2�3�4;(�(p�q);|̂2+|̂3+n)(�p;|̂2);(q;|̂3) C�1�2�4;(q;�|̂4)(p;|̂1);(�(p�q);|̂2+|̂3+n) = Z 1j�13j dsF(s;|̂s);(�(p�q);|̂2+|̂3+n) � (p; |̂1) (�p; |̂2)(�q; |̂4) (q; |̂3) �hC�1�2�3;(s;|̂s)(p;|̂1);(�p;|̂2)C�3�4�1(q;|̂3);(�q;|̂4);(s;|̂s) + (�1)�(s! �s)i ; (5.1.20)and it involves the following fusing matrixF(s;|̂s);(�(p�q);|̂2+|̂3+n) � (p; |̂1) (�p; |̂2)(�q; |̂4) (q; |̂3) � = 1n! ��(p)�(1� q)�(p� q) ��+1 � 
(p)
(q)
(p� q)�n��� sp2�� e� s22 ( (p)+ (1�q)�2 (1))L�n�� �s2� sin �(p� q)2 sin �p sin�q � : (5.1.21)The integral on the right hand side 
an be evaluated using (H:13). We obtainC�1�2�3;(�(p�q);|̂1+|̂2+n)(�p;|̂1);(q;|̂2) = 2 12� 14 in2n2 n! � 
(p)
(q)
(p� q)�n2+ 14 e�Q22 Hn(�Q) ;C�1�2�3 ;((p�q);|̂1+|̂2�n)(p;|̂1);(�q;|̂2) = 2 12� 14 in2n2 n! � 
(p)
(q)
(p� q)�n2+ 14 e�Q22 Hn(Q) ; (5.1.22){ 23 {



where Q = (�1 sin �q + �2 sin �(p� q)� �3 sin �p)p2� sin �p sin �(p� q) sin �q : (5.1.23)Similarly C�1�2�3;(p+q;|̂1+|̂2+n)(p;|̂1);(q;|̂2) = 2 12� 14 in2n2 n! � 
(p+ q)
(p)
(q)�n2+ 14 e�Q22 Hn(�Q) ;C�1�2�3 ;(�p�q;|̂1+|̂2�n)(�p;|̂1);(�q;|̂2) = 2 12� 14 in2n2 n! � 
(p+ q)
(p)
(q)�n2+ 14 e�Q22 Hn(Q) ; (5.1.24)where Q = (�1 sin �q � �2 sin �(p+ q) + �3 sin �p)p2� sin �p sin �(p+ q) sin �q : (5.1.25)The kinemati
al part is similar to the one given in (5:14). We did not 
he
k the 
onstraint(5:9) for this family of branes.There are many similarities between the H4 WZW model and the orbifold CFT of aplane with points identi�ed by a rotation, stemming from the free �eld realization foundin [38, 39℄. It is therefore worth to 
ompare the 
ouplings derived in this se
tion with the
ouplings for interse
ting branes in toroidal 
ompa
ti�
ations, dis
ussed in [90, 91, 92℄.A
tually, we 
an start dire
tly from branes at angles in 
at spa
e. The boundary three-point 
ouplings 
ontains a quantum part that 
an be 
omputed using orbifold twist �elds[91, 92℄ and that 
oin
ides with (5:1:22) and (5:1:24) with n = Q = 0. They also re
eive
ontributions from dis
 world-sheet instantons that behave asCijk � e�Aijk2� ; (5.1.26)where Aijk is the area of the triangle formed by the three interse
ting branes (see �g. 1).Consider �rst three branes interse
ting at the origin. In this 
ase Aijk = 0. The 
ouplingsin the H4 model in this 
ase 
ontain no exponential 
ontribution depending on the positionof the branes. We now move ea
h brane parallel to itself a distan
e di from the origin. Ifwe 
all �ij the angle between the brane i and the brane j, the area of the triangle isAijk = [d1 sin�23 + d2 sin�13 � d3 sin �12℄22 sin�12 sin�13 sin�23 : (5.1.27)We re
ognize that the instanton 
ontribution (5:1:26) 
oin
ides with the exponential termin (5:1:23) and (5:1:25) upon setting di = �i and identifying the angles �ij with the light-
one momentum 
arried by the vertex operators  �i�j�p;|̂ .Finally there is an interesting limit to 
onsider. The limit �!1 in the H4 model isthe analogue of the limit  !1 in whi
h an AdS2 brane is moved towards the boundary ofAdS3. In this limit, as dis
ussed in [76℄, one obtains a so 
alled NCOS theory [85, 86℄, whi
his a theory of open strings de
oupled from the 
losed string se
tor. In our 
ase howeverthere is an important di�eren
e: after the Penrose limit, the world-volume 
ux is null andtherefore there is no notion of a 
riti
al ele
tri
 �eld. In this respe
t, the world-volumetheories of the D2 branes provide examples of theories with light-like non-
ommutativity{ 24 {
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Figure 1: World-sheet instanton 
ontribution to the 
ouplings for interse
ting brane models.[87℄. We may also observe that in the limit �!1, only the bulk 
ontinuous representationsremain 
oupled to the brane. The 
ouplings in (5:1:22) and (5:1:24) between open stringsin dis
rete representations are exponentially suppressed. Thus the strings intera
t in thislimit only through the ex
hange of states in the 
ontinuous representations.5.2 The S1 branesIn this se
tion we provide a detailed solution for the stru
ture 
onstants of the S1 branes.We start with the boundary two-point fun
tions for open strings ending on two di�erentbranes a and b, sitting at di�erent positions in the u dire
tion. As explained in se
tion4, the vertex operators for the open strings stret
hed between the two branes belong tothe V +pab;|̂ab�n representations, n 2 N, when pb > pa and to the V �pab;|̂ab+n representations,n 2 N, when pb < pa. We will use the shorthand notation  abpab;|̂ab�n =  abpab;n where thesign in |̂ab � n is �xed a

ordingly to the sign of pab. The two-point fun
tions areh abpab;n1(t1; x1) bapba;n2(t2; x2)ia = Caba;1n1;n2h1iae�jpabjx1x2Æn1;n2 : (5.2.1)When the two branes are at the same position in the u dire
tion, the open strings endingon them belong to the 
ontinuous representations. In parti
ular, when a = b we haveh aas1 (t1; x1) aas2 (t2; x2)ia = Caaa;1s1s2 h1ia2� Æ(�1 � �2 � �)Æ(s1 � s2)s1 : (5.2.2)The Ward identities 
ompletely �x the dependen
e of the bulk-boundary 
ouplings onthe 
harge variablesh�+p;|̂(z; x1) aas (t; x2)ia = e�px1�x1� sp2��x1x2+x1x2 �aBsp;|̂h1ia ;h��p;|̂(z; x1) aas (t; x2)ia = e�px1�x1� sp2�x1x2+ �x1x2 �aBs�p;|̂h1ia ; (5.2.3)h�0s1;|̂(z; x1) aas2 (t; x2)ia = 8�2Æ(�1 � ��1 � 2�2 + �)Æ(�+ �1 + ��1) aBs2s1;|̂h1ia :{ 25 {



The last 
oupling is non-zero only when 0 � s2 � 2s1 and we sets2 = 2s1 sin �2 : (5.2.4)The bulk one-point fun
tions with the identity, are parti
ular 
ases of the previous expres-sions h��p;|̂(z; x)ia = e�px�x aB1�p;|̂h1ia ;h�0s;|̂(z; x)ia = 2�Æ(�+ ��) aB1s;|̂h1ia : (5.2.5)We 
an �x all the bulk-boundary stru
ture 
onstants by studying the fa
torization ofthe three kinds of bulk two-point fun
tions, namely h�+p �+q i, h�+p ��q i (where we have todistinguish between p > q and p = q) and h�+p �0si. Using the bulk three-point 
ouplings in(5:12� 5:15) and the fusing matri
es in appendix B, the sewing 
onstraints 
an be writtenas followsaBsp;|̂1aBsq;|̂2 = p�p;qe s22 ( (p)+ (q)�2 (1)) 1Xn=0Ln��p;q s22 � aB1p+q;|̂1+|̂2+n ; (5.2.6)aBsp;|̂1aBs�q;|̂2 = p��p;qe s22 ( (q)+ (1�p)�2 (1)) 1Xn=0Ln���p;q s22 � aB1p�q;|̂1+|̂2�n ;aBsp;|̂1aBs�p;|̂2 = �sin �pe s22 ( (p)+ (1�p)�2 (1)) Z 10 dt tJ0� �stsin �p� aB1t;|̂1+|̂2 ;aBs2p;|̂1aBs2s1;|̂2 = e� i�s21 sin �2 tan(�p)�s21 sin � e s21(1�
os �)2 ( (p)+ (1�p)�2 (1))Xn2Zein� aB1p;|̂1+|̂2+n ;where �p;q = � 
ot �p+ � 
ot�q and as before s22 = 2s21(1� 
os �). The solution isaBs�p;|̂ = r �sin ��p e�2ip�+i|̂u1� e�i�u e s24 [ (�p)+ (1��p)�2 (1)℄� i�s24 tan(��p) tan(�u2 ) ;aBs2s1;|̂ = ei|̂u�s21 sin � 2�Æ(�u� �) ; s22 = 2s21(1� 
os �) : (5.2.7)Note the similarity between the �rst 
oupling and a bulk three-point 
oupling of the formC+�0 (5:15), as expe
ted on general grounds. The se
ond 
oupling 
an also be written asaBs2s1;|̂ = ei|̂u Æ(s2(u)� s2)s2 ; s22(u) = 4s21 sin2 �u2 : (5.2.8)Finally the one-point fun
tions with the identity, relevant for the 
onstru
tion of the bound-ary states, are a parti
ular 
ase of the previous 
ouplings and readaB0�p;|̂ = r �sin ��p e�2ip�+i|̂u1� e�i�u = � i2 sin u2r �sin ��pe�ip�+i|̂u� iu2 ;aB0s;|̂ = ei|̂u4 sin2 ��u2 � Æ(s)s : (5.2.9){ 26 {



Whenever �u = � + 2�n the 
ouplings in (5:2:7) simplify, sin
e the brane is triviallyembedded in the spa
e-time. On the other hand, whenever �u = 2�n, the behavior ofthe 
ouplings in (5:2:7) re
e
ts the 
hange in the geometry of the branes. We have �rst tomultiply the stru
ture 
onstants by the one-point fun
tion of the identity h1ia = sin(�ua=2).We then observe that the �rst 
oupling in (5:2:7) be
omes non-trivial only for s = 0, asexpe
ted sin
e only these representations live on the S(�1) brane world-volume. As forthe 
ouplings of the 
ontinuous representations, they are now non-zero for every value of s1while s2 has to vanish. One 
an think of this pro
ess as an interpolation between Neumannand Diri
hlet boundary 
onditions indu
ed by the 
ux on the brane world-volume. In thelimit �p << 1 these 
ouplings reprodu
e the semi-
lassi
al expressions derived in se
tion3. We determine now the boundary three-point 
ouplings. Even though the expli
itform of these 
ouplings is slightly more involved than the 
ouplings we 
omputed in theprevious se
tion for the D2 branes, our task is in this 
ase simpli�ed sin
e the S1 branesare the Cardy branes of the H4 WZW model. The three-point boundary 
ouplings forCardy boundary 
onditions in a RCFT, due to the one-to-one 
orresponden
e between theboundary labels and the representations of the 
hiral algebra, 
an be expressed using thefusing matri
es. This was �rst realized in the 
ase of the Virasoro minimal models [81℄.Indeed, one 
an verify that setting Cab
;kij � F�bk �i ja �
� ; (5.2.10)the 
onstraint (5:7) is satis�ed as a 
onsequen
e of the pentagon relation between the fusingmatri
es [88℄. The previous relation proved very useful in order to study the e�e
tive �eldtheory on the brane world-volume. Indeed, the fusing matri
es of a WZW model basedon the group G 
oin
ide with the Ra
ah 
oeÆ
ients of the quantum group algebra Uq(G),where q = e 2�ik+g with k the level and g the dual Coxeter number. In the limit q ! 1,the quantum Ra
ah 
oeÆ
ients redu
e to the 
lassi
al ones, a fa
t that has been exploitedin [72, 84℄ to study the non-
ommutative geometry on the brane world-volume. Similarobservations were made also for some non-
ompa
t CFTs, most notably for the Eu
lideanversion of AdS3 [46℄ and the Liouville model [51℄. We now verify that the relation betweenthe fusing matri
es and the three-point boundary 
ouplings (5.2.10) remains valid also forthe non-
ompa
t H4 WZW model.In the following, we will repeatedly use the relation (4:5) between the brane parametersand the H4 quantum numbers. As it was the 
ase for the bulk theory, we 
an distinguishbetween various types of boundary three-point 
ouplings. Consider three S1 branes withlabels a, b and 
. When p
 > pb > pa, we have a boundary 
oupling similar to a bulk C++�
ouplingh abpab;n1(t1; x1) b
pb
;n2(t2; x2) 
ap
a;n3(t3; x3)ia = Cab
;n3n1n2 Ca
a;1n3�n3 h1iae�x3(jpabjx1+jpb
jx2)(x1�x2)� ;(5.2.11)where � = n1 + n2 � n3. When pb > pa = p
, we have a boundary 
oupling similar to a{ 27 {



bulk C+�0 
ouplingh abpab;n1(t1; x1) b
pb
;n2(t2; x2) 
as;|̂
a(t3; x3)ia = Cab
;sn1n2Ca
a;1ss h1iae�jpabjx1x2� sp2�x2x3+x1x3 �x�3 ;(5.2.12)where � = n1 � n2. Finally, when pa = pb = p
 we have a boundary 
oupling similar to abulk C000 
ouplingh abs1 (t1; x1) b
s2(t2; x2) 
as3 (t3; x3)ia = Cab
;s3s1s2 Ca
a;1s3s3 h1ia(2�)2Æ(�2 � �3 � ')Æ(�1 � �2 + �) ;(5.2.13)with s23 = s21 + s22 � 2s1s2 
os � ; ei' = s1 � s2e�i�s3 : (5.2.14)The other 
on�gurations 
an be obtained by permuting the �elds in the previous expres-sions. It is also useful to remember that for the 
ontinuous representations, raising anindex is equivalent to (x; |̂) 7! �(x; |̂) while for the dis
rete representation it 
orrespondsto (x; |̂) 7! �(x�; |̂).We adopt now the following strategy. We assume that the three-point boundary 
ou-plings are given by the fusing matri
es, up to a 
hoi
e of normalization for the bound-ary �elds. We then use the 
onstraints pertaining to the 
orrelators h ab ba ab bai andh ab ba aa aai to �x a 
onvenient normalization for both the dis
rete  abpab;n and the 
on-tinuous  aas vertex operators. Finally we verify that the 
ouplings determined in this waysolve the other 
onstraints as well.Let us start with the three-point 
oupling between two open strings stret
hed betweena pair of S1 branes with labels a and b and an open string that lives on the world-volumeof one of the two S1 branes. This 
oupling involves two dis
rete and one 
ontinuousrepresentation and is related to the following fusing matrixCaba;s(pab;n1);(�pab ;n2) = !aba(n1; n2)F(�pb;|̂2�|̂a�n2);s �(pab; |̂1) (�pab; |̂2)(pa; |̂a) (�pa;�|̂a)� ; (5.2.15)with pb > pa, |̂1 = |̂ab � n1 and |̂2 = |̂ba + n2. Similarly,Cbab;s(�pab;n1);(pab;n2) = !bab(n1; n2)F(�pa;|̂2�|̂b+n2);s �(�pab; |̂1) (pab; |̂2)(pb; |̂b) (�pb;�|̂b)� ; (5.2.16)with |̂1 = |̂ba + n1 and |̂2 = |̂ab � n2. Here !aba and !bab are proportionality fa
tors that
an depend on all the quantum numbers involved even though we only emphasized theirdependen
e on the labels n1 and n2. The fa
torization 
onstraint for h ab ba ab bai readsCbab;(s;f|̂a
g)(�p;|̂ba+n2);(p;|̂ab�n3)Cbab;(s;f|̂a
g)(�p;|̂ba+n4);(�p;|̂ab�n1)h1ib = Z 10 dt te s2�t22 �(p)�sin �pJ� � �stsin �p�Caba;(t;f|̂a
g)(p;|̂ab�n1);(�p;|̂ba+n2)Caba;(t;f|̂a
g)(p;|̂ab�n3);(�p;|̂b
+n4)h1ia ; (5.2.17)where p = pb � pa > 0 and � = n1 + n3 � n2 � n4. Using the integral (H:8) one 
an verifythat the 
onstraint is satis�ed if the following relation holds between the proportionalityfa
tors !abah1ia!aba(n1; n2)!aba(n3; n4) sin�pb = h1ib!bab(n2; n3)!bab(n4; n1) sin�pa : (5.2.18){ 28 {



Combining the previous equation with the 
ontinuity of the two-point fun
tion on the dis
h1ia!aba(n; n) sin�pb = h1ib!bab(n; n) sin�pa ; (5.2.19)we obtain !aba(n; n) = !bab(n; n). A 
onvenient 
hoi
e for the normalization is!aba(n1; n2) = 1n2! � 
(pb)
(pa)
(p)�n2 ��(1� pa)�(pb)�(p) �n1�n2+1 ;!bab(n1; n2) = 1n1! � 
(pb)
(pa)
(p)�n1 ��(1� pa)�(pb)�(p) �n2�n1+1 : (5.2.20)On
e we make this 
hoi
e, (5:2:18) implies the following relation for the one-point fun
tionof the identity h1ia sin �pb = h1ib sin �pa ; (5.2.21)whi
h is satis�ed if h1ia � sin �pa. This is indeed the 
ase as we will se in se
tion 7. Wemay now writeCaba;s(p;n1);(�p;n2) = �sin �pa � � sp2 sin �pa�n1�n2 e s22 [ (p)� (1)��2 
ot�pa℄Ln1�n2n2 ��s22 (
ot�p+ 
ot�pa)� ;Cbab;s(�p;n1);(p;n2) = �sin �pb � � sp2 sin �pb�n2�n1 e s22 [ (p)� (1)+�2 
ot�pb℄Ln2�n1n1 ��s22 (
ot�p� 
ot�pb)� ; (5.2.22)with p = pb � pa > 0 and Lmn (x) a generalized Laguerre polynomial. Note the di�erentbehavior of the �rst of these 
ouplings for pa ! 0 and pb ! 0. In the �rst 
ase it is non-zeroonly for s = 0 and n1 = n2 while it remains essentially un
hanged in the se
ond 
ase. Thisis as expe
ted sin
e only the identity exists on the brane at ua = 0 while the open stringspe
trum for the brane at �u = 2�pb 
ontains all the representations  bbs , s � 0.Consider now the 
oupling between three open strings that live on the same brane.This is a 
oupling between three 
ontinuous representations. In terms of the fusing matri
eswe have Caaa;rs;t = !aaaF(�pa;�|̂a);r � s t(pa; |̂a) (�pa;�|̂a)� : (5.2.23)In this 
ase we set !aaa = 1 whi
h is equivalent to Caaa;1s;s = 1. The 
onstraint forh ab ba aa aai isCaba;r(p;|̂ab�n1);(�p;�|̂ab+n2)Caaa;rs;t = 1�st sin � e st2 �[�(p) 
os �+i sin �� 
ot�p℄�i'�1Xn=0 ei(n1�n)(���)Cbaa;(�p;�|̂ab+n)(�p;�|̂ab+n2);s Caba;t(p;|̂ab�n1);(�p;�|̂ab+n) ; (5.2.24){ 29 {



where p = pb � pa > 0, � = n1 � n2, r2 = s2 + t2 � 2st 
os � and ei' = s�te�i�r . In order toverify that this 
onstraint is satis�ed, one 
an use the series (H:11). The result isCaaa;rts = 1�st sin � e i�st sin �2 tan�pa ; (5.2.25)with r2 = s2 + t2 � 2ts 
os �. For r = 0, � = 0 the three-point fun
tion reprodu
es thetwo-point fun
tion in (5:2:2).At this point, we have 
ompletely �xed the normalization of the boundary vertexoperators. Thus, the fa
torization 
onstraints for the other four-point amplitudes representa 
onsisten
y 
he
k on the solution.The 
onstraint for h ab ba ad dai is slightly more 
ompli
ated and readsCbad;(�(p�q);|̂bd+n)(�p;�|̂ba+n2);(q;|̂ad�n3)Cabd;(q;|̂ad�n4)(p;|̂ab�n1);(�(p�q);|̂bd+n) = 1(n� n2 + n3)! ��(p)�(1� q)�(p� q) ��+1sin �pd� � 
(q)
(p)
(q� p)�n+n4�n1 Z 10 ds s �s22 ��=2 e� s22 ( (p)+ (1�p)�2 (1)) (5.2.26)L�n+n4�n1 ��s22 (
ot�q � 
ot�p)�Caba;s(p;|̂ab�n1);(�p;�|̂ab+n2)Cada;s(q;|̂ad�n3);(�q;�|̂ad+n4) ;where p = pb � pa > 0, q = pd � pa > 0 and � = n1 + n3 � n2 � n4. In order to verify thatthis 
onstraint is satis�ed one 
an use the integral (H:13). Consider now the 
ouplingsbetween states in dis
rete representations. Using the relation (5:2:10) we 
an writeCab
;(pa
;|̂3)(pab;|̂1)(pb
;|̂2) = F(�pb;|̂2�|̂
+n2);(pa
;|̂1+|̂2+k) �(pab; |̂1) (pb
; |̂2)(pa; |̂a) (�p
;�|̂
)� ;where |̂1 = |̂ab � n1, |̂2 = |̂b
 � n2, |̂3 = |̂a
 � n3 and k = n1 + n2 � n3 � 0. Similarexpressions hold for the other 
ouplings between dis
rete representations and 
an be foundin appendix D.For 
ompleteness we display here the expli
it form of one of these 
ouplingsCab
;(p�q;|̂3)(p;|̂1)(�q;|̂2) = (n2 + n3)!n3!(n2 + n3 � n1)! sin �(p� q)sin �p
 � 
(p)
(q)
(p� q)� k+12 � � sin �qsin �p sin �(p� q)� k+12�sin �pa� �k F (�n2; n1 � n2 � n3;�n2 � n3; �) ; (5.2.27)where |̂1 = |̂ab � n1, |̂2 = |̂b
 + n2, |̂3 = |̂a
 � n3 and� = sin �p sin �p
sin �q sin �pa : (5.2.28)Note that k � n3 � n1 + n2 � 0. There are other 
onstraints we should verify. Wealso 
he
ked the 
onstraints following from amplitudes with one bulk and two boundaryoperators while we did not 
he
k the 
onstraint related to the amplitude h ab b
 
d dai.It is interesting to 
ompare the 
oupling in (5.2.25) with the 
oupling between openta
hyon vertex operators on a two-torus with a magneti
 �eld B [69, 89℄. Consider twofree bosoni
 �elds X1 and X2 with the boundary 
onditions��X1 + F��X2 = 0 ; ��X2 � F��X1 = 0 ; (5.2.29){ 30 {



where F = 2��0B. In this 
ase the momenta are measured using the open string metri
Gij = 11 + F 2 Æij ; (5.2.30)and the 
onformal dimension of a boundary ta
hyon vertex operator ei~p ~X ish = �0p21 + F 2 : (5.2.31)Moreover in the OPE there is a momentum dependent phaseei~p ~X(t1) ei~q ~X(t2) � (t1 � t2)2�0Gijpiqj ei �ij2 piqj ei(~p+~q) ~X(t2) ; (5.2.32)where the deformation parameter is�ij = � 2��0F1 + F 2 �ij : (5.2.33)Comparing the 
onformal dimension of  aas with (5.2.31) we see that p2 = s2(1+F 2). Thus
omparing the phase in (5.2.32) with the one in (5.2.25) we 
an identifyF (u) = � 
ot �u2 ; (5.2.34)whi
h is the expe
ted result. Note that the magneti
 �eld vanishes for u = �+2�n, whi
h
orresponds to the 
at S1 brane or equivalently to Neumann boundary 
onditions on X1and X2. Changing the value of u we get the mixed Neumann-Diri
hlet boundary 
ondi-tions in (5:2:29) until we rea
h u = 2�n, where the �eld-strength diverges and thereforethe boundary 
onditions be
ome pure Diri
hlet. In fa
t, pre
isely for these values of the
oordinate u, the two-dimensional 
onjuga
y 
lasses degenerate to points. A

ording tothe analogy with open strings in a magneti
 �eld, the strings that live on the brane world-volume belong to the 
ontinuous representations sin
e their ends are both subje
t to thesame magneti
 �eld and then they behave as free strings. On the other hand, the stringsstret
hed between two di�erent branes feel generi
ally di�erent magneti
 �elds and the
orresponding vertex operators are therefore twist �elds or, in H4 terminology, they belongto the dis
rete representations. The twist for a string stret
hed from brane b to brane a isgiven by [69℄ �ab = 1� [ar
tanF (ub)� ar
tanF (ua)℄ = ub � ua2� ; (5.2.35)as expe
ted. The e�e
tive �eld theory on the world-volume of an S1 brane is the limitof the non-
ommutative �eld theory on the fuzzy sphere pertaining to the S2 branes inS3: the volume and the magneti
 
ux are both s
aled to in�nity in order to obtain thenon-
ommutative plane in the limit.6. Four-point amplitudesIn the previous se
tion we derived all the stru
ture 
onstants for the two families of bound-ary CFTs that des
ribe the D2 and the S1 branes of the H4 WZW model. These are the{ 31 {



essential ingredients for the solution of the models. We may now 
ompute arbitrary 
orre-lation fun
tions by sewing together the basi
 one, two and three-point amplitudes. Here,we are going to dis
uss in this se
tion only those dis
 amplitudes that 
an be expressedin terms of the four-point 
onformal blo
ks, namely amplitudes 
ontaining either two bulk�elds h��i or one bulk and two boundary �elds h�  i or four boundary �elds h    i.In the following, we will provide some examples for ea
h type of amplitude, bothfor the D2 and the S1 branes. There are of 
ourse many other amplitudes one 
ould
onsider, besides the few we are going to dis
uss here. In general, one 
an write for thema de
omposition in terms of our 
onformal blo
ks and stru
ture 
onstants but we expe
tthat using series and integrals more general than the ones we use in this paper one shouldbe able to �nd a 
losed form for many of them. It will be interesting to analyze theirproperties in detail, both from the CFT and the string theory point of view.As in the previous se
tion, in order to avoid writing unne
essarily large formulae, wedenote with a single number in round bra
kets all the variables a vertex operator dependson. This in
ludes its insertion point and the 
harge variables. The four-point 
onformalblo
ks we will need in the following 
omputations are displayed in appendix C. We 
hoosethe gauge A(z1; z2; z3; z4) = 4Yj>i=1 z h3�hi�hjij A(z) ; z = z12z34z13z24 ; (6.1)where h = P4i=1 hi, zij = zi � zj and the zi 
an represent the insertion points of either abulk or a boundary vertex operator. Finally we set � = �P4i=1 |̂i.6.1 The D2 branesFor the D2 branes we only display a very simple amplitudeA = h �1�2p;|̂1 (1) �2�1�p;|̂2(2) �1�2p;|̂3 (3) �2�1�p;|̂4(4)i : (6.1.1)In this 
ase the integral over the 
onformal blo
ks 
an be performed expli
itly and weobtain A(z) = z�12(1� z)�14e�p(x1x2+x3x4) �x1 � x3x4 � x2� �2 � 2 sin �p
1(z)
1(1� z)� 12 (6.1.2)expz�xz(1�z)� ln 
1(z)� x sin �p2�
1(z)
1(1�z) I�=2� x sin �p2�
1(z)
1(1� z)� ;where 
1(z) = F (p; 1� p; 1; z), x = (x1� x3)(x2� x4) and I� is a modi�ed Bessel fun
tion.Moreover �12 = h1 + h2 � h3 + p2 + (|̂1 � |̂2)p� p ;�14 = h1 + h4 � h3 + p2 + (|̂1 � |̂4)p� p : (6.1.3)Even though this amplitude does not depend on the brane parameters �i, it is interestingsin
e we 
an expand it in powers of the 
harge variables and 
ompare the 
orrelator of the{ 32 {



ground states of the H4 representations with the 
orrelator of open strings living at theinterse
tion of two branes at an angle [91, 92℄, whi
h 
an be des
ribed by boundary twist�elds. The two expressions indeed 
oin
ide upon identifying the light-
one momentum pwith the angle formed by the two branes, as expe
ted given the relationship between theprimary vertex operators in the Nappi-Witten ba
kground and the orbifold twist �elds[38, 39, 35℄. Our open string amplitudes in the gravitational wave 
an be thought ofas generating fun
tions for the 
orrelators of arbitrarily ex
ited boundary twist �elds inorbifold models or equivalently of open strings living at the interse
tion of a 
on�gurationof branes at angles.6.2 The S1 branesFor the S1 branes we provide several expli
it examples of four-point amplitudes. As wementioned in the introdu
tion, the spa
e-time interpretation of these 
orrelation fun
-tions deserves further investigation, in parti
ular those involving on-shell open string statesstret
hed between branes lo
alized at di�erent positions in the u dire
tion.We start from the bulk two-point fun
tions on the dis
. This gives the �rst 
orre
tionto the propagation of the 
losed strings due to the presen
e of the S-brane. Using theresults of se
tion 5 and the 
onformal blo
ks in appendix C we obtainh�+p;|̂1��q;|̂2ia = h1iae�px1�x1�qx2�x2 z�12(1� z)�14p
(p)
(q) ei(p�q)�a+i(|̂1+|̂2)ua1� eiua e�x(1�z)q�xz(1�z)� lnB(z)B(z) ;(6.2.1)where (ua; �a) are the brane parameters,B(z) = F (q; 1� p; 1� p+ q; z)
(p)�(1� p+ q) � e�iuazp�qF (p; 1� q; 1� q + p; z)
(q)�(1� q + p) ; (6.2.2)and z = jz1 � z2j2jz1 � �z2j2 ; x = (x1 � �x2)(x2 � �x1) : (6.2.3)Here�12 = h1 + h2 � h3 + p q � |̂2p+ |̂1q � q ; �14 = 2h1 � h3 + p2 + 2|̂1p� p : (6.2.4)When p = q only the identity 
ouples to the brane in the 
losed 
hannel and the 
orrelatorsimpli�esh�+p;|̂1��p;|̂2ia = h1iae�px1�x1�qx2�x2 ei(|̂1+|̂2)ua4 sin2 ua2 z�12 (1� z)�14
1(z) e�x(1�z)p�xz(1�z)� ln 
1(z) ;(6.2.5)where 
1(z) = F (p; 1� p; 1; z) : (6.2.6)We also display the 
losely related amplitudeh�+p;|̂1�+q;|̂2ia = h1iae�px1�x1�qx2�x2 z�12(1� z)�14p
(1� p)
(q) ei(p+q)�+i(|̂1+|̂2)ua1� eiua e�x(1�z)� lnD(z)D(z) ;(6.2.7){ 33 {



where D(z) = F (p; q; p+ q; z)�(p+ q)
(1� p) � eiuaz1�p�qF (1� p; 1� q; 2� p� q; z)�(�p� q)
(q) ; (6.2.8)and z = jz1 � z2j2jz1 � �z2j2 ; x = (x1 � x2)(�x1 � �x2) : (6.2.9)In this 
ase�12 = �h1+h2� h3 +(1�p� |̂1)(p+q)�(|̂1+ |̂2)p�q ; �14 = 2h1� h3 +p q+(|̂1+ |̂2)p�p :(6.2.10)We 
onsider �nallyh�+p;|̂1�0s;|̂2ia = h1iar �sin �p eip�a+i(|̂1+|̂2)u1� eiua e�px1�x1� sp2�x1�x2+�x1x2+x1x2+ �x1�x2 � (6.2.11)zh1�h3�p|̂2(1� z)s2�h3 e s22 ( (p)+ (1�p)�2 (1))e�xa(z)� b(z)x Xn2Z�xz�peiua�n ;where x = x2�x2 anda(z) = s22pF (p; 1; 1+ p; z) ; b(z) = s22(1� p)F (1� p; 1; 2� p; z) : (6.2.12)We now turn to the four-point open string amplitudes. The 
ross ratio in this 
ase isz = t12t34t13t24 . The �rst amplitude we 
onsider isAn1;n2;s1;s2 � h ab(p;|̂ab�n1)(1) ba(�p;|̂ba+n2)(2) aas1 (3) aas2 (4)i ; p = pb � pa > 0 : (6.2.13)It des
ribes the 
orrelation between two open strings stret
hed between the branes a andb and two open strings ending on the brane a. We obtainAn1;n2;s1;s2 = h1iae�px1x2� x1p2� s1x3+ s2x4 �� x2p2 (s1x3+s2x4)xn1�n23 (1� w)�12w�14�s2 + s1xw�pp2 �n1�n2 e s21+s224 [2 (p)�2 (1)�� 
ot�pa℄� s1s22 hxa(w)p + wb(w)x(1�p)+�(
ot �p+
ot�pa)wpx i� �sin �pa�n1�n2+1 Ln1�n2n2 ��2 (
ot�p+ 
ot�pa)�s21 + s22 + s1s2xwp + s1s2upx �� ;(6.2.14)where w = 1� z anda(w) = F (p; 1; 1+ p; w) ; b(w) = F (1� p; 1; 2� p; w) : (6.2.15)Moreover x = x4x3 and �12 = s21 + s222 � h3 ; �14 = h1 � h3 � p|̂4 : (6.2.16)Another interesting amplitude isAn1;n2 ;n3;n4 � h ab(p;|̂ab�n1)(1) ba(�p;|̂ba+n2)(2) ab(p;|̂ab�n3)(3) ba(�p;|̂ba+n4)(4)i ; (6.2.17){ 34 {



whi
h 
omputes the 
orrelation between four open strings stret
hed between the a and theb branes. When n1 = n3 = n, n2 = n4 = m we 
an use the integral (H:9) and the result isAn;m;n;m = e�p(x1x2+x3x4)(x1 � x3)2(n�m)z�12(1� z)�14 n!m! h1iasin �pa� sin �pR�(z)�2(n�m)+1 expz�xp2 �xz(1�z)� log 
1(z)+x sin �p sin �pa�
1(z)R�(z) (6.2.18)mXl=0(�1)l�(m� l + 1=2)�(l+ 1=2)�(l + 1 + n �m)(m� l)! �R+(z)R�(z)�2lL2(n�m)2l ��x sin �p sin �pa sin �pb�R+(z)R�(z) � ;whereR�(z) = 
1(z) sin�pb � 
1(1� z) sin�pa ; 
1(z) = F (p; 1� p; 1; z) : (6.2.19)Moreover x = (x1 � x3)(x2 � x4) and�12 = h1 + h2 � h3 + p2 + (2|̂ab � n�m)p� p ;�14 = h1 + h4 � h3 + p2 + (2|̂ab � n�m)p� p : (6.2.20)For the D2 branes we showed that the H4 boundary amplitudes 
an be 
onsidered asgenerating fun
tions for the open string amplitudes in models with interse
ting branes. Inthe 
ase of the S1 branes one 
an show in exa
tly the same way that the boundary ampli-tudes are generating fun
tions for the open string amplitudes in models with magnetizedbranes. For instan
e, the amplitude between the ground states of the Ĥ4 representations,whi
h 
an be easily extra
ted from (6:2:18), 
oin
ides when pa = n = m = 0 with theamplitude 
omputed in [93℄. This result is not surprising sin
e the magnetized and theinterse
ting branes in toroidal 
ompa
ti�
ations are related by the operation of 
harge
onjugation, as it is also the 
ase for the S1 and the D2 branes in the Nappi-Wittengravitational wave.For the sake of 
ompleteness, we also present a 
orrelator with one bulk and twoboundary vertex operators. There are four types of su
h 
orrelatorsh�+ ab bai ; h�+ aa aai ; h�0 ab bai ; h�0 aa aai ; (6.2.21)and the example we 
hose ish�+p;|̂ abq;|̂ab�n1 ba�q;|̂ba+n2 i = h1iar �sin �p � �sin �pa��+1 eip�a+i|̂ua1� ei�ua e�px1�x1�qx3x4(x1 � x3)�z�12(1� z)�14ex�g1(z)+ (1�z)p�q
1(z)B(z)� D(z)n2B(z)n1+1L�n2 � � sin �pb x(1� z)p�qsin �q sin �paB(z)D(z)� : (6.2.22)The 
ross-ratio in this 
ase is z = (z1��z1t3�t4 and we have also de�nedB(z) = � (1� pa)�  (q)� �(p)2 + i�2 
ot �p 
ot�pa� 
1(z)� 
2(z) ;D(z) = � (pa)�  (1� q)� �(p)2 + i�2 
ot �p 
ot�pa� 
1(z)� 
2(z) ; (6.2.23){ 35 {



and�12 = 2h1� h3 + p2+2|̂1p� p ; �14 = h1+ h4� h3 + pq� (|̂ba+n2)p+ |̂1q� q : (6.2.24)7. Annulus amplitudesAll the amplitudes we dis
ussed so far, were de�ned on the dis
. The 
onsisten
y 
onditionsof a boundary CFT impose a 
onstraint also on the one-point fun
tions of the boundary�elds on the annulus. When the boundary �eld is the identity, this additional 
onstraintredu
es to the Cardy 
onstraint, whi
h inter
hanges the two equivalent interpretations ofthe annulus diagram. The �rst is the partition fun
tion of the boundary CFT, when timeis running along the boundary. The other is as a tree-level amplitude for the propagationof the bulk states when time is running perpendi
ular to the boundary. In this se
ond 
asethe boundary 
onditions are spe
i�ed by the introdu
tion of two boundary states. Passingfrom one des
ription to the other requires an S modular transformation t 7! 1=t, where tis the modulus of the annulus.The Cardy 
onstraint has been at the origin of many important insights 
on
erningthe operator 
ontent of a rational boundary CFT [77, 80, 82℄. It has also been exploitedfor the investigation of some non-
ompa
t models [44, 45, 46, 47, 48℄. The best way toanalyze the annulus 
onstraint is to introdu
e 
hara
ters for the representations of the
hiral algebra and study their modular transformations. This is a non trivial problem for
onformal �-models des
ribing non-
ompa
t 
urved spa
e-times or time-dependent branes[47, 48, 94, 95, 96℄.The 
hara
ters of a generi
 representation � of the aÆne Ĥ4 algebra are de�ned asfollows ��(z; vj�) = trH� hqL0� 
24 e�2�(zJ0+vK0)i : (7.1)For the �w[V̂ ��p;|̂℄ representations we have��p;|̂;w(z; vj�) = � iqh�p;|̂;w+w2 (1+w)�(�)�1(zj�) e�2�iz(|̂�w� 12)�i�w�(p+w)v : (7.2)Note that �+p;|̂;�1�w = ��1�p;|̂;w, as required by (3.4). It is therefore 
onvenient to expresseverything in terms of the �+p;|̂;w 
hara
ters, letting w 2Z. It is useful to de�ner = p+ w ; t = |̂� 1� r2 � w ; (7.3)and rewrite the 
hara
ter as�+p;|̂;w(z; vj�) = � ie�i�w�(�)�1(zj�)e�2�i�rte�2�irv�2�iz(t� r2) : (7.4)We 
an derive the following S modular transformation�+p1;|̂1;w1 �z� ; v� j � 1�� = e�2�i vz� Xw22ZZ 10 dp2 Z 1�1 d|̂2 S(p1;|̂1;w1);(p2;|̂2;w2) �+p2;|̂2;w2(z; v; �) ;(7.5){ 36 {



whereS(p1;|̂1 ;w1);(p2;|̂2;w2) = e�i�(w1�w2�1)e2�i(p2+w2)�|̂1� 1�p1�w12 �w1�+2�i(p1+w1)�|̂2� 1�p2�w22 �w2�= e�i�(w1�w2�1)e2�ir1t2+2�it1r2 : (7.6)The 
hara
ters of the �w[V̂ 0s;|̂℄ representations are�0s;|̂;w(zj�) = q s22�4(�)Xk2Ze2�ik|̂Æ(z + w� + k) ; (7.7)and they have the following modular transformation properties�0s1;|̂1;w1 �z� j � 1�� = Xw22Z Z 1=2�1=2 d|̂2 Z 10 s2 ds2 S0(s1;|̂1;w1);(s2;|̂2;w2) �0s2;|̂2;w2(zj�) ; (7.8)where S0(s1;|̂1;w1);(s2;|̂2;w2) = 2�i e2�i(w2 |̂1+w1 |̂2) J0(2�s1s2) : (7.9)Note that when s = 0, all the representations with |̂ 2 R are inequivalent and their base isone-dimensional. The 
orresponding 
hara
ters are�00;|̂;w(zj�) = e�2�i|̂(z+w�)�4(�) : (7.10)The torus va
uum amplitude of the Nappi-Witten gravitational wave [39, 97℄ 
an beexpressed in terms of the Ĥ4 
hara
ters. The dis
rete series 
ontribution to the 
losedstring partition fun
tion is given byZ+�(�; z; ��; �z) = Tr hqL0� 
24 e�2�zJ0 �qL0� 
24 e�2��zJ0i = Z d|̂ Z 10 dp 1Xw2Z����+p;|̂;w(z; �)���2= 1j� �1j2 Z d|̂Z 10 dp 1Xw2Ze2��2h(p+|̂� 12)2�(|̂� 12�w)2i+4�Imz(|̂�w� 12) : (7.11)Changing variable in ea
h term of the sum l̂ = |̂ � w � 12 and setting ~p = p+ w we obtainZ+� = 1j� �1j2 Z dl̂ Z 1�1 d~p e2��2[(~p+|̂)2�|̂2℄+4�Imz|̂ = ie2� (Imz)2�22 �2 j� �1j2 ; (7.12)where we performed the rotation ~p! i~p in order to evaluate the gaussian integral. Similarlythe 
ontribution of the type-0 
hara
ters isZ0 = V2Xw2ZZ 1=2�1=2 d|̂ Z 10 dss ���0s;|̂;w(zj�)��2 = V24��2�4��4 Xw;k2ZjÆ(z + w� + k)j2 ; (7.13)where V2 is the volume of the transverse plane. This additional volume fa
tor is a 
onse-quen
e of the fa
t that the states that belong to the 
ontinuous representations 
an move{ 37 {



freely in the transverse plane and their wave fun
tions are only delta fun
tion normalizable.On the other hand the dis
rete states are 
on�ned around the origin of the transverse planeand have normalizable wave fun
tions.We turn now to the annulus amplitudes. In the 
losed 
hannel they 
an be 
onstru
tedusing suitable boundary states. In the open 
hannel they en
ode the spe
trum of the openstrings ending on the two given branes. We will display the amplitudes in both 
hannels andinvestigate how they are related by the S modular transformation. In the following we willmake several assumptions and formal manipulations and the results we obtain even thoughapparently 
onsistent are not rigorous and we think that the modular properties of theseamplitudes deserve further study. We will use the short-hand notation ��(zj�) � �� and��(z=� j � 1=�) � ~��. Boundary states for the H4 WZW model 3 
an be easily 
onstru
tedusing the bulk-boundary 
ouplings derived in se
tion 5. The boundary state for a D2 branelo
alized at � isj�ii = h1i�V 1=42 X|̂=0;1=2Z 10 dss �Bs;|̂js; |̂; 0i= h1i�V 1=42 Z 10 ds h
os(p2�s)js; 0; 0i+ i sin(p2�s)js; 1=2; 0ii : (7.14)Here we have a fa
tor of V 1=42 , sin
e the boundary 
ontinuous representations 
orrespond toone-dimensional waves. The annulus amplitude in the 
losed string 
hannel for two braneslo
alized at �1 and �2 then reads~A�1�2 = h1i�1h1i�2V 1=22 Z 10 dss2 X|̂=0;1=2 �1Bs;|̂ �2B�s;|̂ ~�0s;|̂ (7.15)= h1i�1h1i�2V 1=22 Z 10 ds h
os(p2�1s) 
os(p2�2s)~�0s;0;0+ (7.16)+ sin(p2�1s) sin(p2�2s)~�0s;1=2;0i :On the other hand, sin
e the spe
trum of the BCFT 
ontains all the Ĥ4 representations,the annulus amplitude in the open 
hannel readsA�1�2 = 1Xw=0 Z 10 dp Z 1�1 d|̂ �+p;|̂;w + 2V 1=22 Xw2ZZ 10 d~s(w) Z 1=2�1=2 d|̂ �0s;|̂;w ; (7.17)where ~s2(w) = s2+hp2�(w)2� i2. We introdu
ed the quantity �(w) = j�1�ei�w�2j in order tospe
ify the domain of the integral in s. The 
ontribution of the 
ontinuous representation
an also be written asA�1�2 = h1i�1h1i�2V 1=22 Xw2ZZ 1p2�(w)2� dt Z 1=2�1=2 d|̂ trt2 � hp2�(w)2� i2 �0t;|̂;w : (7.18)3Boundary states for the H4 WZW model were also 
onsidered in the re
ent paper [98℄.{ 38 {



Note that the even and odd spe
tral-
owed 
ontinuous representations appear with di�erentranges of integration in the partition fun
tion, a remnant after the Penrose limit of thedi�erent density of the 
orresponding states for the AdS2 branes in AdS3 [76℄.If we 
ompute the modular transformation of the transverse annulus using the S matrixin (7:9), we 
orre
tly reprodu
e the spe
trum of the 
ontinuous representations in the dire
tannulus. It is less 
lear how the dis
rete 
ontribution should appear. By 
omparing thenormalization of the annulus amplitude in the dire
t and in transverse 
hannel we 
an �xthe one-point fun
tion of the identity. We haveh1i� = p2 : (7.19)The dis
ussion for the S1 branes is similar. The boundary state for an S1 brane labeledby (u; �) isju; �ii= h1i(u;�) 1Xw2Z"Z 10 dp Z 1�1 d|̂ u;�Bp;|̂;wjp; |̂; wi+ V 1=22 Z 1=2�1=2 d|̂Z 10 dss u;�Bs;|̂;wjs; |̂; wi# :(7.20)The bulk-boundary 
ouplings with the identity areu;�Bp;|̂;w =r �sin �p e2i(p+w)�+iu(|̂�w)+i�w1� eiu ; (7.21)and we re
all the relations u = 2�(q+ a) and 2� = �(2q+ 2l̂� 1). The annulus amplitudein the 
losed 
hannel reads~A12 = h1iah1ibXw2ZZ 10 dp Z 1�1 d|̂ �sin �p e2i(p+w)(�1��2)+i(|̂�w)(u1�u2)(1� eiu1)(1� e�iu2) ~�+p;|̂;w+ h1iah1ibV2Xw2ZZ 1�1 d|̂ ei(|̂�w)(u1�u2)+2iw(�1��2)16 sin2(u1=2) sin2(u2=2) ~�00;|̂;w ; (7.22)where we used the fa
t that |̂ 2 R also for the 
ontinuous representations when s = 0. Inthe previous expression we separated the 
ontribution of the dis
rete and the 
ontinuousrepresentations, whi
h are weighted by di�erent volume fa
tors. In fa
t the �rst term has tobe 
onsidered as a regularized term without the divergen
es due to the almost delo
alizedstates in the transverse plane with p � w, w 2 Z and the se
ond term as the term
ontaining all these divergen
es, sin
e the 
ontinuous representations 
apture the behaviorof the dis
rete representations when p approa
hes an integer value. What this means is thatwhen manipulating the term 
ontaining the dis
rete representations, whenever a 
onstraintarises for
ing to evaluate it at the boundary of the interval 0 < p < 1, the 
orresponding
ontribution should be dis
arded and only the 
ontribution 
oming from the 
ontinuousrepresentations in the se
ond term of (7.22) retained. Equivalently, we 
ould keep only the�rst term in (7:22) and take into a

ount the divergent behavior of the integrand when pbe
omes an integer. We will show in the following that both points of view lead to thesame result. { 39 {



Let us transform the amplitude (7:22) to the open string 
hannel using the S matrixin (7:6), (7:9) writing for instan
e~�+p;|̂;w =Xa2ZZ 10 dq Z dl̂ S(p;|̂;w);(q;l̂;a) �+q;l̂;a : (7.23)We perform �rst the integration over |̂ whi
h gives the 
onstraintq + a = u2 � u12� : (7.24)Let us suppose for the moment that u2�u1 =2 2�Zso that only the dis
rete representations
ontribute. We 
an re
ombine the integral over p and the sum over w in a single integralover ~p = p+ wA12 = � h1iah1ibe i(u1�u2)2(1� eiu1)(1� e�iu2) Z dl̂ Z 1�1 d~p �sin �~pei~p(2�12+2�(l+q)��)�+q;l̂;a : (7.25)We now need a pres
ription to perform the integral over ~p. The pres
ription that reprodu
esin the open 
hannel the spe
trum of the boundary operators is the following~p! ~p+ (�1)ai� : (7.26)Consider for instan
e the 
ase a even. We 
an expand�sin �(~p+ i�) = �2�i 1Xn=0 e2�ip(n+ 12) ; (7.27)and then perform the integral over ~p that gives the 
onstraintl̂ = �|̂1 + |̂2 � n ; n 2 N : (7.28)Therefore A12 = 2�ih1iah1ibe i(u1�u2)2(1� eiu1)(1� e�iu2) 1Xn=0 �+q;�|̂1+|̂2�n;a : (7.29)This is pre
isely the expe
ted result for the annulus amplitude in the open string 
hannel.The reason is that when u2 � u1 = 2�(q + a) with 0 < q < 1 and �2 � �1 = �(q + |̂), theopen string spe
trum only 
ontains dis
rete spe
tral-
owed representationsA12 = 1Xn=0 �+q;|̂�n;a : (7.30)From the 
omparison of the amplitudes in the open and 
losed string 
hannel, we 
an �xthe last stru
ture 
onstants required for the 
omplete solution of the boundary H4 model,namely the one-point fun
tions of the identity. We obtainh1iu;� =r 2� sin�u2� : (7.31){ 40 {



When u2 � u1 = 2�k with k 2Z, the 
onstraint (7:24) has two solutions, q = 0, a = kand q = 1, a = k � 1. We have two options. The �rst is to think as proposed before,that the term that 
ontains the dis
rete representations is a regularized term. In this 
ase,it does not 
ontribute while the term 
ontaining the 
ontinuous representations after themodular transformation givesA12 = � 2�ih1iah1ibe i(u1�u2)2(1� eiu1)(1� e�iu2 ) V2sin2 u2 Z 10 dss �0s;|̂2�|̂1;k : (7.32)This is the expe
ted result, sin
e whenever u2�u1 = 2�k and �2� �1 = �|̂ the open stringstates belong to the 
ontinuous spe
tral-
owed representationsA12 = V2sin2 u2 Z 10 dss �0s;|̂;k : (7.33)The se
ond option is to think of the 
ontinuous representations as already in
ludedin the divergent behavior of the dis
rete representations for p 
lose to an integer. It isinstru
tive to derive (7:32) on
e more, adopting this point of view, and to show expli
itlyits equivalen
e with the previous one. In this 
ase, we have to extra
t (7:32) from theintegral over the dis
rete representations when the integrand is evaluated at the extremaof the interval. Performing the same steps as before and keeping both 
ontributions q = 0,a = k and q = 1, a = k � 1, we obtainA12 = 2�ih1iah1ibe i(u1�u2)2(1� eiu1)(1� e�iu2 ) 1Xn=0(�+0;�|̂1+|̂2�n;k � �+1;�|̂1+|̂2+n;k�1) : (7.34)Using the expli
it form of the �+ 
hara
ters and sending k! k+i�, the previous expression
an be rewritten as follows for � � 0A12 = 2�ih1iah1ibe i(u1�u2)2(1� eiu1)(1� e�iu2 ) 1�� 1�4(�) Xm2Ze2�i(|̂2�|̂1)mÆ(z + k� +m) : (7.35)We should now interpret the divergen
e 1=� as due to the in�nite volume of the transverseplane (
onsistently with the power we have of the modular parameter whi
h is the one
ommonly asso
iated with two non-
ompa
t dire
tions)lim�!0 1� = V2sin2 u2 = V open2 ; (7.36)whi
h is the volume measured using the open string metri
 [89℄G�1op � (g
l + F)�1g
l(g
l �F)�1 : (7.37)In this way, we obtain again the amplitude displayed in (7:32).As we mentioned earlier, our aim in this se
tion is not to provide a rigorous dis
ussionof the modular transformation properties of the annulus amplitudes, but rather to givea plausible suggestion about how the standard open-
losed duality should work for thebranes of the H4 model. { 41 {



7.1 Contra
tion of the BCFTThe Penrose limit that 
onne
ts the Nappi-Witten gravitational wave andR�S3 or AdS3�S1 
an also be extended to the branes 
ontained in these spa
e-times, as des
ribed in se
tion2. In [35℄ we gave a detailed des
ription of the world-sheet equivalent of the Penrose limitin spa
e-time. This is the 
ontra
tion of the R� SU(2)k WZW model to the H4 WZWmodel. It is interesting to perform the same 
ontra
tion for the boundary CFT. Here weshall 
omment on how the BCFT des
ribing the H4 branes arises as the limit of the BCFTdes
ribing the S2 branes in S3. We �rst re
all how to derive the aÆne Ĥ4 
hara
ters fromthe 
ontra
tion of the U(1)� SU(2)k 
hara
ters [35℄. It is 
onvenient to write the latteras follows �kl =Xn2Z��+l;n + ��l;n� ; (7.1.1)where l is the spin of the representations and��l;n(zj�) = � 1i�1 e2�i(k+2)��n+ 2l+12(k+2)�2���n+ 2l+12(k+2)�z� : (7.1.2)The U(1) 
hara
ters are  Q(zj�) = e�2�i� Q2k +2�izQ� : (7.1.3)The 
hara
ters of the original CFT be
ome the H4 
hara
ters if we send the level k toin�nity and s
ale simultaneously the spin l and the 
harge Q in a 
orrelated way Q(�z � 2v=kj�)��l;n(zj�)! ��(z; vj�) : (7.1.4)More pre
isely for the dis
rete representations we obtain �k(n+ p2 )�+l;n ! ��p;�|̂;2n ; n � 0 ; �k(�m+ p2 )�+l;�m ! �+1�p;�|̂;2m�1 ; m � 1 ; k(n+ p2 )��l;n ! �+p;|̂;2n ; n � 0 ; k(�m+ p2 )��l;�m ! ��1�p;|̂;2m�1 ; m � 1 ; (7.1.5)with l = k2p � |̂. The 
hara
ters for the 
ontinuous representations require a di�erents
aling, namely �kn+|̂ ��+l;n + ��l;�n� ! �0s;|̂;�2n ; n 2Z; l =rk2s (7.1.6) �k(n+1=2)+|̂ ��+l;n + ��l;�n�1� ! �0s;|̂;�2n�1 ; n 2Z; l = k2 �rk2s :In the following, we will only dis
uss the 
ontra
tion involving the SU(2)k WZW model.Similar relations however, 
an be written for the SL(2;R)k 
hara
ters. The boundary statefor an S2 brane in S3 readsji; Rii= k2Xl=0 SilpS0lDlm;n(�; �; 
)jl;m; ni : (7.1.7){ 42 {



Here, we are 
onsidering the general 
ase where the gluing 
ondition (2.7) also involves theadjoint a
tion of a group element R(�; �; 
) 2 SU(2). The Dlmn(�; �; 
) are the matrixelements of R in the spin l representation and 
an be expressed in terms of the Ja
obipolynomials Dlmn(�; �; 
) = im�ne�i(n+m)��i(n�m)�P lmn(
os
) : (7.1.8)Finally Sil is the modular S matrix of the aÆne SU(2)k algebraSil =r 2k + 2 sin � �k + 2(2i+ 1)(2l+ 1)� : (7.1.9)Using the fa
t that for R = 1 the label i of the branes is related to the 
oordinate  by i = �(2i+ 1)k + 2 ; i = 0; :::; k2 ; (7.1.10)we 
an derive the relation between the S1 brane parameters and the quantum numbers ofthe Ĥ4 representations that is inherited from the original relations between the S2 braneparameters and the spin of SU(2). The results are summarized in the following table. Inthe �rst 
olumn we listed the dis
rete H4 representations. In the se
ond and in the third
olumn we show the labels of the 
orresponding branes. Finally, in the fourth 
olumn, welist the U(1)� SU(2)k representations they originate from in the Penrose limit�+p;|̂;2n �u = 2�(�p+ 2n) 2� = �(2�p+ 2|̂ � 1)  k(n+ p2 ) � k2 p�|̂ ;�+p;|̂;2m�1 �u = 2�(�p+ 2m� 1) 2� = ��(2�p+ 2|̂� 1)  k(m� 1�p2 ) � k2 (1�p)+|̂ ;��p;|̂;2n �u = �2�(�p+ 2n) 2� = ��(2�p� 2|̂� 1)  �k(n+ p2 ) � k2 p+|̂ ;��p;|̂;2m�1 �u = �2�(�p+ 2m� 1) 2� = �(2�p� 2|̂� 1)  �k(m� 1�p2 ) � k2 (1�p)�|̂ :In a similar fashion, one may show that the label � of the D2 branes is related to the labell of the original S2 brane by l = k4 +pk �2� : (7.1.11)We may now write down the annulus amplitudes for the brane 
on�gurations in R� S3;whose Penrose limit is one of the branes in H4, as explained in se
tion 2. We will show thatin the limit, the dire
t and the transverse annulus amplitudes be
ome the 
orrespondingamplitudes for the H4 model we dis
ussed in the previous se
tion. In order to do this, wehave to �rst understand for ea
h amplitude how we 
an s
ale the quantum numbers of theoriginal representations and then restri
t our attention to states that have �nite 
hargesand 
onformal dimension in the limit.For the D2 branes, we start with a brane with Neumann boundary 
onditions alongthe time dire
tion. The original annulus amplitude in the open string 
hannel isAl1;l2 = Z 1�1 dQmin(l1+l2;k�l1�l2)Xl=jl1�l2j  Q �l : (7.1.12){ 43 {



The brane labels have to be s
aled in the limit as li = k4 + pk2� �i, i = 1; 2 and therefore therange of the possible SU(2)k representations ispk2� j�1 � �2j � l � k2 � pk2� j�1 + �2j : (7.1.13)Sin
e there is a lower bound in the range of l, we have to slightly 
hange the way we s
alethe spin in the Penrose limit. For the representations �+p;|̂;2a we simply setl = k2p+pk j�1 � �2j2� � |̂ ; Q = �k �w + p2�+pk j�1 � �2j2� ; (7.1.14)and similarly for all the other dis
rete representations. For the 
ontinuous representations,the lower bound in l shifts the lower bound for the integral in s. It is easy to se thats � j�1 � �2jp2� ; for �0s;|̂;2w ; s � j�1 + �2jp2� ; for �0s;|̂;2w+1 : (7.1.15)We observe that the di�erent behavior of the even and odd spe
tral-
owed 
ontinuousrepresentations, arises also in a very transparent way from the 
ontra
tion of SU(2)k.Note that the minimal 
onformal dimension for the vertex operators  �2�1s;|̂;0 is h = (�1��2)22�2 ,whi
h 
an be as
ribed to the tension of the string stret
hed between the two branes, asexpe
ted. Sin
e the original amplitude 
ontains arbitrary U(1) 
harges, in the limit weobtain an amplitude that 
ontains all possible H4 representationsA�1�2 � 1Xw=0 Z 10 dp Z 1�1 d|̂ [�+p;|̂;w + ���p;|̂;w℄ +p2V 1=22 Xw2ZZ 10 d~sZ 1=2�1=2 d|̂ �0s;|̂;w : (7.1.16)In the transverse 
hannel we 
an reason in the same way. The original amplitude is~Al1l2 = ~ 0 k=2Xl=0 Sl1lSl2lS0l ~�l : (7.1.17)Sin
e now all the states have zero U(1) 
harge, a

ording to (7.1.5-7.1.6) we 
an only obtainin the limit the highest-weight 
ontinuous representations.The dis
ussion for the S1 branes is similar. We label the branes with their position intime u and with the SU(2) spin l. In the open string 
hannel, the original amplitude isA(u1;l1)(u2;l2) =  u2�u14� min(l1+l2;k�l1�l2)Xl=jl1�l2j �l : (7.1.18)We s
ale li = k2pi � |̂i, i = 1; 2. As before we have to distinguish two 
ases. When u2 � u1is not an integer multiple of 2�, we may writeu2 � u14� = k�w+ p2� ; (7.1.19)with 0 < p < 1. We then have to s
ale l as l = k2(p2 � p1)� |̂ and the possible values of |̂follow from the original range of l |̂2 � |̂1 � |̂ � �1 ; (7.1.20){ 44 {



in integer steps and therefore |̂ = |̂2� |̂1�n, n 2 N, as expe
ted. On the other hand, whenu2� u1 = 2�(kw� |̂), we may use the relations (7:1:6). In the limit, we obtain an annulusamplitude that only involves the 
ontinuous representations.In the 
losed string 
hannel, the original amplitude is~A(u1 ;l1)(u2;l2) = Z 1�1 dQ eiQ(u2�u1) ~ Q k=2Xl=0 Sl1lSl2lS0l ~�l : (7.1.21)As in the amplitude (7.1.12), we have again arbitrary U(1) 
harges. We thus obtain inthe limit all possible H4 representations. Therefore, the annulus amplitudes, both in the
losed and in the open string 
hannel, reprodu
e in the limit the results we expe
t for theD2 and the S1 branes. It would be very interesting to pursue this line of thinking, in orderto gain a more detailed understanding of the 
ontra
tion of the boundary CFT.8. The DBI approa
hWe will study here the DBI approa
h for the branes des
ribed in this paper. This approa
halthough in most 
ases approximate, has the advantage of an obvious geometri
 interpre-tation. We will also be able to provide an independent 
on�rmation of the spe
trum of
u
tuations for the H4 branes and justify some of the assumptions made during the solu-tion of the BCFT. In the bosoni
 
ase the lowest state is the ta
hyon. In anti
ipation ofthe supersymmetri
 
ase we will use the bosoni
 part of the supersymmetri
 DBI a
tionthat des
ribes the dynami
s of the \massless" modes. To simplify the formulae, we usehere the ba
kground (2.1,2.2) with � = 2 so that the metri
 and antisymmetri
 tensor readds2 = �2dudv � r2du2 + dr2 + r2d�2 ; Br� = 2ur : (8.1)We 
an put ba
k � by res
aling u! �u=2, v ! 2v=�.8.1 The S1 branes and the spe
trum of their 
u
tuationsWe will �nd a 
lass of solutions to the DBI equations that will 
ontain as spe
ial 
ases theS1 branes dis
ussed in this paper. The S1 will have Diri
hlet boundary 
onditions on theu; v 
oordinates. We 
hoose a stati
 gauge where the brane world-volume is parameterizedby r; �. The indu
ed metri
 and antisymmetri
 tensor isĝrr = 1� 2u0v0 � r2u02 ; ĝ�� = r2 � r2 _u2 � 2 _u _v ; (8.1.1)ĝr� = �u0 _v � _uv0 � r2u0 _u ; B̂r� = 2ur : (8.1.2)In the formulae above, a dot stands for a � derivative and a prime for an r derivative.We 
an dire
tly evaluate the Nambu-Goto-Dira
-Born-Infeld Lagrangian asL =qdet(ĝ + B̂ + F ) =qĝrrĝ�� � ĝ2r� + (2ur+ Fr�)2 ; (8.1.3){ 45 {



where Fr� is the world-volume gauge �eld strength. The equations of motion for the gauge�eld 
an be integrated to2ur+ Fr�L = E2 ! 2ur+ Fr� = Erp4�E2p1� 2u0v0 � r2u02 ; (8.1.4)where E is a 
onstant (the \ele
tri
 �eld"). The u; v equations are�� (r2 _u+ _v)ĝrr � (r2u0 + v0)ĝr�L + �r�(r2 _u+ _v)ĝr� + (r2u0 + v0)ĝ��L = �Er ; (8.1.5)�� _uĝrr � u0ĝr�L � �r _uĝr� � u0ĝ��L = 0 : (8.1.6)We will from now on 
onsider a rotationally invariant ansatz. Dropping �-derivatives theequations simplify to(r2u0 + v0)ĝ�� = (�12Er2 +A)L ; u0ĝ�� = B2 L ; (8.1.7)with A;B integration 
onstants and L from (8.1.3) given byL = 2rp4�E2p1� 2u0v0 � r2u02 : (8.1.8)Massaging (8.1.7,8.1.8) we obtainr2u02 = B24�E2 (1� 2u0v0 � r2u02) ; r2 + v0u0 = �Er2 + 2AB ; (8.1.9)v0 = 2A� (B +E)r2B u0 ; u02 = B2(4� (B +E)2)r2 + 4AB : (8.1.10)We will look here for solutions where u is a 
onstant 
orresponding to the symmetri
 S1branes dis
ussed in this paper. u =
onstant implies that B = 0 andv0 = ��12Er+ Ar � 2p4� E2 ) v = v0 � Er22p4� E2 + 2Ap4�E2 log r : (8.1.11)Sin
e the 
lass variable is � = 2v sin u � r2 
osu, we learn that the symmetri
 S1 braneshave also A = 0. Comparison with (2.12) and (2.14) gives
ot u0 = � Ep4�E2 ; � = 2v0 sin u0 : (8.1.12)The 
u
tuations around the 
lassi
al embedding are in one-to-one 
orresponden
e withon-shell open marginal deformations. Although for a single S1 brane this is not very ri
h,it is still useful to verify it expli
itly. The ri
her 
ase of two branes at a non-zero distan
ein light-
one is mu
h harder to analyse and we will not do it here.In appendix (F) we analyse the a
tion for the 
u
tuations u; V; F around the S1 solutionthat turns out to beL2 = p4� E216r "�(4�E2)�F + 8ur4�E2�2 + 8( _u _V + r2u0V 0) + 32 r2u24� E2# : (8.1.13){ 46 {



The equations of motion that ensue are2u = 0) 1r (ru0)0 + 1r2 �u = 0 ; (8.1.14)2V = 1r (rV 0)0 + 1r2 �V = � 44 �E2 (2u+ C) ; (8.1.15)with the gauge �eld satisfyingF + 2ur � E24�E2r2u0 = 2C(4�E2)r (8.1.16)with C a 
onstant.The regular solution of (8.1.14) is u = u0 
onstant. On the other hand, the solutionof (8.1.15) is V = V0 � 2u0 + C4�E2 r2 (8.1.17)In order to be regular at r = 1, the ele
tri
 �eld 
u
tuation and the u 
u
tuation mustbe related by C = �2u0 : (8.1.18)This is indeed implied by (8.1.12). In the non-symmetri
 
ase where (8.1.12) is no longervalid, (8.1.18) must still be in e�e
t for the 
u
tuations to be 
ontinuum normalizable andthus physi
al states of the theory.The two physi
al states obtained 
orrespond to K�1js = 0 > and J�1js = 0 > inthe bosoni
 
ase and  K� 12 js = 0 > and  J� 12 js = 0 > in the supersymmetri
 
ase [99℄ ina

ordan
e with the BCFT dis
ussion. Note that here, unlike the D-brane 
ase, in
ludingthe 
ontribution of the additional 
oordinates of the ten-dimensional string theory doesnot 
hange our results. The reason is that the world-sheet is Eu
lidean and the physi
alstates 
onditions are very restri
tive, implying the vanishing of all momenta.8.2 The D2 branes and the spe
trum of their 
u
tuationsThe 
artesian 
oordinates on the plane (x; y) are more 
onvenient here. The metri
 andantisymmetri
 tensor readds2 = �2dudv � (x2 + y2)du2 + dx2 + dy2 ; Bxy = 2u : (8.2.1)Putting Diri
hlet boundary 
onditions on y we obtain the following indu
ed metri
dŝ2 = (�x2�y2+y2u)du2+y2vdv2�2(1�yuyv)dudv+2yuyxdudx+2yvyxdvdx+(1+y2x)dx2 ;(8.2.2)while B̂ = 2u(yudx ^ du+ yvdx ^ dv) : (8.2.3)The a
tion is SD2 = Z dxdudvp1 + L2 ; (8.2.4){ 47 {



withL2 = �2yuyv+(x2+y2)(y2v+(�2uyv+Fvx)2)+y2x�2(�2uyu+Fux)(�2uyv+Fvx) (8.2.5)�F 2vxy2u � F 2uv(1 + y2v) + 2FuxFvxyuyv + F 2uxy2v + 2FuvFuxyvyx � 2FuvFvxyuyx :We will now sear
h for solutions where the D2 brane is sitting at y = y0 
onstant that
ontain the symmetri
 D2 solutions studied in this paper.Setting y = y0 we obtain the following equations to be solved�uFuvL + �x �(y20 + x2)FvxL � FuxL � = 0 ; (8.2.6)�uFvxL � �v �(y20 + x2)FvxL � FuxL � = 0 ; (8.2.7)�vFuvL + �xFvxL = 0 ; (8.2.8)with L =q1� F 2uv � 2FuxFvx + (x2 + y20)F 2vx ; (8.2.9)while the y equation gives4 Fvx = 0 : (8.2.10)Equations (8.2.6-8.2.8) are then solved byFuv = fuv = 
onstant ; Fux = �y0 + fux = 
onstant : (8.2.11)The symmetri
 solution 
orresponds to fux = fuv = 0. The gauge �eld 
an be dualized toa s
alar here as followsFuvL = �xA ; FuxL = �uA� (y20 + x2)�vA ; FvxL = ��vA : (8.2.12)Solving for the gauge �eld strength we obtainFuv = �xÂL ; Fux = �uA� (x2 + y20)�vAL̂ ; Fvx = ��vÂL : (8.2.13)Su
h expressions solve equations (8.2.6)-(8.2.7) but now the Bian
hi identity gives�x�xÂL � �u�vÂL + �v��uA+ (x2 + y20)�vAL̂ = 0 ; (8.2.14)where L̂ =q1� 2�uA�vA+ (�xA)2 + (x2 + y20)(�vA)2 : (8.2.15)Using (8.2.10), (8.2.14) be
omes�x�xÂL = 0 ; �vA = 0 : (8.2.16)4There is another possibility here, namely Fvx = �2=y0 , but this does not 
orrespond to a symmetri
solution. { 48 {



Thus the A 
orresponding to our previous solution isA = fuv x+ (fux � y0)up1� f2uv : (8.2.17)We will now study the spe
trum of 
u
tuations around the simplest solution y = y0,Fvx = Fuv = 0, Fux = �y0. Setting y ! y0 + y, Fvx ! Fvx, Fuv ! Fuv , Fux !�y0 + Fuxand expanding the a
tion to quadrati
 order we obtainS2 = 12 Z ��2�uy�vy + (�xy)2 + x2(�vy)2 � F 2uv + x2(Fvx � 2uyv)2� (8.2.18)�2(Fux � 2uyu)(Fvx � 2uyv)℄ :The ensuing equations of motion are2�u�vy � �2xy � x2�2vy � 2(Fvx � 2uyv) = 0 ; (8.2.19)�uFuv + �x[x2(Fvx � 2uyv)� Fux + 2uyu℄ = 0 ; (8.2.20)�u(Fvx � 2uyv)� �v[x2(Fvx � 2uyv)� Fux + 2uyu℄ = 0 ; (8.2.21)�vFuv + �x(Fvx � 2uyv) = 0 : (8.2.22)Introdu
ing a dual s
alar �eld A byFuv = �xA ; Fux = 2uyu + �uA� x2�vA ; Fvx = ��vA + 2uyv ; (8.2.23)the equations read 2A = 2yv ; 2y = �2�vA ; (8.2.24)where 2 = 2�u�v � �2x � x2�2v : (8.2.25)In terms of the dual variable, the quadrati
 a
tion 
an be written asS2 = Z dudvdx �12A�A+ 12y�y � 2A�vy� : (8.2.26)De�ning a new 
omplex s
alar �eld as � = (A+ iy)e�iu we �ndS2 = Z dudvdx �14���� + 14����� : (8.2.27)Thus, � is a massless s
alar. Its solutions are in one-to-one 
orresponden
e with the dis
reteand the 
ontinuous representations in a

ordan
e with the BCFT dis
ussion.Sin
e here the world-volume has Minkowski signature it is the eigenvalues of the Lapla-
ians that are relevant when we in
lude 6 extra 
at 
oordinates in order to study strungtheory in the H4 �R6 ba
kground. Thus we need to solve�� = E� : (8.2.28){ 49 {



We parameterize, � = eip�u+ip+vz ; (8.2.29)and z satis�es the harmoni
 os
illator equation���2x + p2+x2� z = (2p+p+E)z ; (8.2.30)with quantized values of p�. For p+ = 0 the equation be
omes�2xz = �Ez ; (8.2.31)and the solutions for z are plane waves in one dimension.Thus, the spe
trum is in agreement with the BCFT �ndings in se
tion 4.9. Con
lusions and generalizationsIn this paper we provided the 
omplete solution for the BCFT pertaining to the two 
lassesof symmetri
 branes of the H4 model, the D2 and the S1 branes. In both 
ases we solvedthe 
onsisten
y BCFT 
onditions [78, 79℄ and obtained the BCFT data, namely the bulk-boundary and the three-point boundary 
ouplings.The bulk-boundary 
ouplings for the D2 branes 
an be found in Eq. (5:1:6) and (5:1:9)while the three-point boundary 
ouplings are in Eq. (5:1:12), (5:1:16), (5:1:22) and (5:1:24).The bulk-boundary 
ouplings for the S1 branes are in Eq. (5:2:7) while the boundary three-point 
ouplings 
an be found in Eq. (5:2:22) (5:2:25) and (5:2:27). To our knowledge, withthe notable ex
eption of the Liouville model [42, 43, 49, 50, 51℄, this is the �rst 
ompletetree-level solution of D-brane dynami
s in a 
urved non-
ompa
t ba
kground.Our solution of the H4 model with and without a boundary should help to 
larifythe properties of the non-
ompa
t WZW models and the 
losed and open string dynami
sin 
urved spa
e-times. Among other results we provided the �rst example of stru
ture
onstants for twisted symmetri
 branes in a WZW model (the D2 branes) and of openfour-point fun
tions in a 
urved ba
kground.There are two aspe
ts of our work we think deserve further study. The �rst is toperform a more detailed analysis of the four-point amplitudes and the se
ond to 
larify therelation between the open and 
losed string 
hannel of the annulus amplitudes. There arealso several other issues it would be worth pursuing and we mention here a few. One is thestudy of the symmetri
 branes of the other WZW models based on the Heisenberg groupsH2+2n, n � 2. Their generators satisfy the following 
ommutation relations[P+i ; P�i ℄ = �2i�iK ; [J; P�i ℄ = �i�iP�i ; (9.1)with i = 1; :::; n. It will be interesting to generalize our results to the higher dimensionalanalogues of the D2 and the S1 branes as well as to extend them to en
ompass other 
lassesof symmetri
 branes. In fa
t whenever two or more of the �i parameters in (9.1) 
oin
ide,the higher dimensional Heisenberg algebras have additional outer automorphisms whi
hpermute the 
orresponding pairs of P�i generators. The existen
e of additional outer auto-morphisms parallels the enhan
ement of the isometry group of these pp-wave ba
kgrounds{ 50 {



when some of the �i parameters 
oin
ide [36℄. As a 
onsequen
e these models display ari
her set of symmetri
 branes, some of them similar to the oblique branes dis
ussed in[56, 54, 75℄.It should also be possible to study less symmetri
 branes whi
h 
an be obtained byperforming a T -duality along the Cartan torus, following [100℄. Also the supersymmetri
H2n+2 WZWmodels should be analyzed and brane 
on�gurations preserving some or noneof the bulk supersymmetries. An interesting brane is the H4 brane in the H6 gravitationalwave [60, 61℄, the Penrose limit of the AdS2 � S2 brane in AdS3 � S3. The dynami
s ofthe open strings ending on this brane should be des
ribed by a dire
t generalization of ourresults for the D2 branes.10. A
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Appendi
esA. Ĥ4 representationsThe Heisenberg group H4 has three types of unitary representations.1) Lowest-weight representations V +p;|̂, where p > 0. They are 
onstru
ted startingfrom a state jp; |̂i whi
h satis�es P+jp; |̂i = 0, Kjp; |̂i = ipjp; |̂i and J jp; |̂i = i|̂jp; |̂i. Thespe
trum of J is given by f|̂+ ng, n 2 N and the value of the Casimir is C = �2p|̂+ p .2) Highest-weight representations V �p;|̂, where p > 0. They are 
onstru
ted startingfrom a state jp; |̂i whi
h satis�es P�jp; |̂i = 0, Kjp; |̂i = �ipjp; |̂i and J jp; |̂i = i|̂jp; |̂i. Thespe
trum of J is given by f|̂� ng, n 2 N and the value of the Casimir is C = 2p|̂+ p. Therepresentation V �p;�|̂ is the representation 
onjugate to V +p;|̂.3) Continuous representations V 0s;|̂ with p = 0. These representations are 
hara
terizedby Kjs; |̂i = 0, J js; |̂i = i|̂js; |̂i and P�js; |̂i 6= 0. The spe
trum of J is then givenby f|̂ + ng, with n 2 Zand j|̂j � 12 . The value of the Casimir is C = s2. The onedimensional representation 
an be 
onsidered as a parti
ular 
ontinuous representation,where the 
harges s and |̂ are zero.For the study of the H4 WZW model, three types of highest-weight representations ofthe aÆne Ĥ4 algebra will be relevant. AÆne representations V̂ �p;|̂ based on V �p;|̂ representa-tions of the horizontal algebra, with 
onformal dimensionh = �p|̂ + p2(1� p) ; (A.1)and aÆne representations V̂ 0s|̂ based on V 0s|̂ representations, with 
onformal dimensionh = s22 : (A.2)Highest-weight representations of the 
urrent algebra lead to a string spe
trum free fromnegative norm states only if they satisfy the 
onstraint0 < p < 1 : (A.3)States with larger values of p belong to new representations resulting from spe
tral 
ow ofthe original highest-weight representations [31, 38℄. In fa
t the spe
tral-
owed representa-tions are highest-weight representations of an isomorphi
 algebra whose modes are relatedto the original ones by~P+n = P+n�w ; ~P�n = P�n+w ; ~Jn = Jn ;~Kn = Kn � iwÆn;0 ; ~Ln = Ln � iwJn : (A.4){ 52 {



An important pie
e of information for understanding the stru
ture of the three-point 
ou-plings is provided by the de
omposition of the tensor produ
ts of the H4 representationsV +p1;|̂1 
 V +p2;|̂2 = 1Xn=0V +p1+p2 ;|̂1+|̂2+n ;V +p1;|̂1 
 V �p2;|̂2 = 1Xn=0V +p1+p2 ;|̂1+|̂2�n ; p1 > p2 ;V +p1;|̂1 
 V �p2;|̂2 = 1Xn=0V �p1+p2 ;|̂1+|̂2+n ; p1 < p2 ;V +p ;|̂1 
 V �p ;|̂2 = Z 10 sdsV 0s;|̂1+|̂2 ;V +p1;|̂1 
 V 0s;|̂2 = 1Xn=�1 V +p1+p2 ;|̂1+|̂2+n : (A.5)The fusion rules for the primary vertex operators of the H4 model 
an be obtained fromthe previous tensor produ
ts. When the representations involved are spe
tral-
owed rep-resentations, one has to use the relation [101℄�w1 [��1 ℄
 �w2 [��2 ℄ = �w1+w2 [��1 
 ��2℄ : (A.6)B. Fusing matri
esConsider the 
orrelator h'i(z1)'j(z2)'k(z3)'l(z4)i and let F ijklp (z) denote the 
onformalblo
ks in the s-
hannel z1�z2 and F lijkq (1�z) the 
onformal blo
ks in the u-
hannel z1�z4,where z = z12z34z13z24 . We use the following 
onvention for the fusing matri
esF ijklp (z) =Xq Fpq �j ki l� F lijkq (1� z) : (B.1)Fpq de�nes a linear transformationFpq �j ki l� : V ijp 
 V pkl ! V iql 
 V qjk ; (B.2)where V ijk is the spa
e of the three-point 
ouplings. Moreover,Xq Fpq �j ki l� Fqr �l ki j� = Ær;s : (B.3)Sin
e in our non-
ompa
t CFT the 
onformal blo
ks are labeled either by dis
rete or
ontinuous indexes, in the previous expressions we will have a sum or an integral, a

ordingto the 
ase. The following are the fusing matri
es we used in se
tion 5 to 
ompute thestru
ture 
onstants. We set � = �P4i=1 |̂i. For 
orrelators of the form h+++�i we have{ 53 {



F(p1+p2;|̂1+|̂2+n);(p1�p4;|̂1+|̂4+m) �(�p4; |̂4) (p1; |̂1)(p3; |̂3) (p2; |̂2)� =(� � n)!m!�(� � n �m+ 1) ��(p2 + p3)�(p1 + p2)�(p2)�(p4) �� � �(p2)�(p4)
(p1+ p2)�(1� p1)�(p3)�n� �(p2)�(p4)
(p2+ p3)�(p3)�(1� p1)�m F (�n;�m; � � n �m+ 1;��) ; (B.4)where � = sin �p2 sin �p4sin �p1 sin �p3 : (B.5)For 
orrelators of the form h+ �+�i we haveF(p1�p2;|̂1+|̂2�n);(p1�p4;|̂1+|̂4�m) �(�p4; |̂4) (p1; |̂1)(p3; |̂3) (�p2; |̂2)� =(m+ n + �)!m!(m+ �)! �
(p1 � p2)�(p2)�(1� p4)�(p1)�(1� p3) �n � �(p2)�(1� p4)
(p2 � p3)�(p3)�(1� p1)�m� �(p2)�(1� p4)�(1� p1 + p2)�(p2 � p3)��+1 F (�n;�m;�n�m� �; �) ; (B.6)where � = sin �p2 sin �p4sin �p1 sin �p3 : (B.7)F(s;f|̂1+|̂2g);(p�q;|̂1+|̂4�n) �(�q; |̂4) (p; |̂1)(q; |̂3) (�p; |̂2)� = 1(n+ �)! ��(p)�(1� q)�(p� q) ��+1� 
(p)
(q)
(p� q)�n �s22 � �2 e� s22 ( (p)+ (1�q)�2 (1))L�n �s22 (�
tg�q � �
tg�p)� : (B.8)F(p�q;|̂1+|̂4�n);(s;f|̂3+|̂4g) �(�p; |̂2) (p; |̂1)(q; |̂3) (�q; |̂4)� = n! ��(q)�(1� p)�(1� p+ q) ��+1�
(q)
(p� q)
(p) �n �s22 � �2 e s22 ( (q)+ (1�p)�2 (1))L�n �s22 (�
tg�q � �
tg�p)� : (B.9)F(s;f|̂1+|̂2g);(t;f|̂1+|̂4g) �(�p; |̂4) (p; |̂1)(p; |̂3) (�p; |̂2)� = �sin�pe t2�s22 ( (p)+ (1�p)�2 (1))J� � �stsin�p� : (B.10)Similar expressions hold for 
orrelators of the form h++ ��i.F(p1+p2;|̂1+|̂2+n);(p1�p4 ;|̂1+|̂4�m) �(�p4; |̂4) (p1; |̂1)(�p3; |̂3) (p2; |̂2)� =(m+ n+ �)!m!(m+ �)! � �(p1)�(p3)
(p1+ p2)�(1� p2)�(1� p4)�n�� � �(p1)�(p3)
(p3 � p2)�(p2)�(p4)�m� �(p1)�(p3)�(p1 + p2)�(p3 � p2)��+1 F (�n + �;�m;�n�m; �) ; (B.11){ 54 {



where � = sin �p1 sin �p3sin �p2 sin �p4 : (B.12)F(s;f|̂1+|̂2g);(p+q;|̂1+|̂4+n) �(�p; |̂4) (p; |̂1)(�q; |̂3) (q; |̂2)� = (n� �)! ��(p)�(q)�(p+ q) ��+1 (B.13)� 
(p)
(q)
(p+ q)�n�� �s22 � �2 e s22 ( (p)+ (q)�2 (1))L�n �s22 (�
tg�p+ �
tg�q)� :F(p+q;|̂1+|̂2+n);(s;f|̂3+|̂4g) � (q; |̂2) (p; |̂1)(�q; |̂3) (�p; |̂4)� = 1n! ��(1� q)�(1� p)�(1� p� q) ��+1 (B.14)� 
(p+ q)
(p)
(q)�n�� �s22 � �2 e� s22 ( (1�q)+ (1�p)�2 (1))L�n�� �s22 (�
tg�p+ �
tg�q)� :For 
orrelators of the form h+ � 00i we haveF(s;f|̂1+|̂2g);(p;|̂1+|̂4+n) �(s4; |̂4) (p; |̂1)(s3; |̂3) (�p; |̂2)� = e� s3s42 
os'�(p)+ i�s3s4 sin '2 tan�p �in'+i�� ; (B.15)F(p;|̂1+|̂4+n)(s;f|̂1+|̂2g) �(�p; |̂2) (p; |̂1)(s3; |̂3) (s4; |̂4)� = 1�s3s4 sin'e s3s42 
os'�(p)� i�s3s4 sin '2 tan�p +in'�i�� ; (B.16)where �(p) =  (p) +  (1� p)� 2 (1), s2 = s23 + s24 + 2s3s4 
os' and ei� = s3+s4ei's .C. Bases of 
onformal blo
ksIn this appendix we 
olle
t various bases of 
onformal blo
ks for 
orrelators of the formh+ � +�i, h+ + ��i and h+ � 00i. Using the global 
onformal and H4 symmetries, thefour-point amplitudes 
an be written as followsA4(zi; xi; �zi; �xi) = 4Yj>i=1 jzij j2hi+2hj� 2h3 K(xi) �K(�xi)Xn Fn(z) �Fn(�z) : (C.1)The kinemati
al fun
tions K and �K are 
ompletely �xed by the Ward identities of the leftand right Ĥ4 algebras and we 
hose the standard gauge for the global 
onformal trans-formations. The 
onformal blo
ks Fn(z; x) thus depend only on the 
ross-ratio z = z12z34z13z24and a suitable 
ombination x of the four 
harge variables. In the following � = �P4i=1 |̂i.Consider �rst the 
orrelatorh�+p1;|̂1(z1; �z1; x1; �x1)�+p2;|̂2(z2; �z2; x2; �x2)�+p3;|̂3(z3; �z3; x3; �x3)��p4;|̂4(z4; �z4; x4; �x4)i : (C.2)The H4 Ward identities require p1 + p2 + p3 = p4 ; (C.3){ 55 {



and give the fun
tion K K(xi) = e�x4(p1x1+p2x2+p3x3)(x3 � x1)� ; (C.4)as well as the invariant 
ombination x = x2 � x1x3 � x1 : (C.5)We set F = z�12(1� z)�14F (z; x) where�12 = h1 + h2 � h3 � p1p2 � |̂2p1 � |̂1p2 ;�14 = h1 + h4 � h3 + p1p4 � |̂4p1 + |̂1p4 � p1 + �(p2 + p3) : (C.6)We then arrive at the following form for the KZ equation�zF (z; x) = 1z [� (p1x+ p2x(1� x)�x)� �p2x℄F (z; x)� 11� z [(1� x)(p2x+ p3)�x � �p2(1� x)℄F (z; x) : (C.7)The 
orrelator vanishes when � < 0. In the s-
hannel we have the �+p1+p2;|̂1+|̂2+n represen-tations with 0 � n � �. The 
onformal blo
ks areFn(z; x) = fn(z; x)(g(z; x))��n ; (C.8)where f(z; x) = p31� p1 � p2z1�p1�p2'0(z)� xz�p1�p2'1(z) ;g(z; x) = 
0(z)� xp2p1 + p2
1(z) ; (C.9)and '0(z) = F (1� p1; 1 + p3; 2� p1 � p2; z) ;'1(z) = F (1� p1; p3; 1� p1 � p2; z) ;
0(z) = F (p2; p4; p1 + p2; z) ;
1(z) = F (1 + p2; p4; 1 + p1 + p2; z) : (C.10)In the u-
hannel we have the representations ��p4�p1;|̂1+|̂2�m, 0 � m � � and their 
onfor-mal blo
ks read Fm(u; x) = ~f��m(u; x)(~g(u; x))m ; (C.11)where ~f(u; x) = u�p2�p3( ~'0(u)� x ~'1(u)) ;~g(z; x) = p3p2 + p3 ~
0(u) + xp2p2 + p3 ~
1(u) ; (C.12){ 56 {



and ~'0(u) = F (p1;�p3; 1� p2 � p3; u) ;~'1(u) = F (1� p3; p1; 1� p2 � p3; u) ;~
0(u) = F (p2; p4; 1 + p2 + p3; u) ;~
1(u) = F (1 + p2; p4; 1 + p2 + p3; u) : (C.13)Consider now the 
orrelatorh�+p1;|̂1(z1; �z1; x1; �x1)��p2;|̂2(z2; �z2; x2; �x2)�+p3;|̂3(z3; �z3; x3; �x3)��p4;|̂4(z4; �z4; x4; �x4)i : (C.14)The H4 Ward identities require p1 + p3 = p2 + p4 ; (C.15)and give the fun
tion KK(xi) = e�p2x1x2�p3x3x4�(p1�p2)x1x4(x1 � x3)� : (C.16)In this 
ase the invariant 
ombination isx = (x1 � x3)(x2 � x4) : (C.17)We set F = z�12(1� z)�14F (z; x) where�12 = h1 + h2 � h3 + p1p2 � |̂2p1 + |̂1p2 � p2 ;�14 = h1 + h4 � h3 + p1p4 � |̂4p1 + |̂1p4 � p4 : (C.18)We then arrive at the following form for the KZ equationz(1� z)�zF (z; x) = �x�2x + ((p1 � p2)x+ 1 + �)�x�F (z; x)+ z [�(p1 + p3)x�x + xp2p3 � (1 + �)p3℄F (z; x) : (C.19)When p1 > p2 in the s-
hannel we have �+p1�p2;|̂1+|̂2�n with n � 0 for � � 0 and n = m� �with m � 0 for � � 0. The 
onformal blo
ks areFn(z; x) = �n exg1(z)(f1(z))1+�L�n(x
 (z)) (z)n ; n 2 N ; (C.20)where L�n is the n-th generalized Laguerre polynomial, (z) = f2(z)f1(z) ; 
 (z) = �z(1� z)� ln ; �n = n!(p1 � p2)n ;g1(z) = zp3 � z(1� z)� ln f1 ; (C.21)and f1(z) = F (p3; 1� p1; 1� p1 + p2; z) ;f2(z) = zp1�p2F (p4; 1� p2; 1� p2 + p1; z) : (C.22){ 57 {



When p1 < p2, the intermediate states belong to the ��p2�p1;|̂1+|̂2+n representation withn = m + � with m � 0 for � � 0 and n � 0 for � � 0. The 
onformal blo
ks are verysimilar. Finally when p1 = p2 = p and p3 = p4 = q the intermediate representation is �0s;|̂and the 
onformal blo
ks readFs(z; x) = exg1(z)(
1(z))1+� e s22 �(z)(�xz(1� z)��)� �2 J�(sp2x
) ; (C.23)where �(z) = 
2(z)
1(z) ; 
 = �z(1� z)��(z) ; (C.24)and 
1(z) = F (q; 1� p; 1; z) ;
2(z) = [ln z + 2 (1)�  (q)�  (1� p)℄
1(z)+ 1Xn=0 (q)n(1� p)nn!2 [ (q + n) +  (1� p+ n)� 2 (n+ 1)℄zn ; (C.25)where (a)n � �(a+ n)�(a) : (C.26)Moreover g1(z) = qz � z(1� z)�z ln 
1 : (C.27)In the u-
hannel when p1 > p4 we have the representations �+p1�p4;|̂1+|̂4�n with n 2 N for� � 0 and n = m� �, m � 0 for � � 0. The 
onformal blo
ks areFn(u; x) = �n exg1(u)(f1(u))1+�L�n(x
 (u)) (u)n ; n 2 N ; (C.28)where  (u) = f2(u)f1(u) ; 
 (u) = u(1� u)� ln ; �n = n!(p2 � p3)n ;g1(u) = (1� u)p3 + u(1� u)� ln f1 ; (C.29)and f1(u) = F (p3; 1� p1; 1� p2 + p3; u) ;f2(u) = up2�p3F (p2; 1� p4; 1 + p2 � p3; u) : (C.30)When p1 < p4, the intermediate states belong to the ��p4�p1;|̂1+|̂4+n representation withn = m + � with m � 0 for � � 0 and n � 0 for � � 0. The 
onformal blo
ks are verysimilar. Finally, when p1 = p4 = p and p2 = p3 = q the intermediate representation is �0s;|̂and the 
onformal blo
ks readFs(u; x) = exg1(u)(
1(u))1+� e s22 �(u)(xu(1� u)��)� �2 J�(sp2x
) ; (C.31){ 58 {



where �(u) = 
2(u)
1(u) ; 
 = u(1� u)��(u) ; (C.32)and 
1(u) = F (q; 1� p; 1; u) ;
2(u) = [ln u+ 2 (1)�  (q)�  (1� p)℄
1(u)+ 1Xn=0 (q)n(1� p)nn!2 [ (q + n) +  (1� p+ n)� 2 (n+ 1)℄un : (C.33)Moreover g1(u) = (1� q)u+ u(1� u)�u ln 
1 : (C.34)We will also need 
orrelators of the formh�+p1;|̂1(z1; �z1; x1; �x1)�+p2;|̂2(z2; �z2; x2; �x2)��p3;|̂3(z3; �z3; x3; �x3)��p4;|̂4(z4; �z4; x4; �x4)i : (C.35)In this 
ase the H4 symmetry requiresp1 + p2 = p3 + p4 ; (C.36)and gives K(xi) = e�p3x1x3�p2x2x4�(p1�p3)x1x4(x1 � x2)� ; (C.37)as well as x = (x1 � x2)(x3 � x4). Pro
eeding as before we pass to the 
onformal blo
ksand we set F = z�12(1� z)�14F (z; x) where�12 = ��12 � �14 � (1 + �)p2= �h1 + h2 � h3 + (1� p1)(p1 + p2) + p1(|̂3 + |̂4)� |̂1(p1 + p2)� (1 + �)p2 ;�14 = �14 = h1 + h4 � h3 + p1p4 � |̂4p1 + |̂1p4 � p4 : (C.38)We then arrive at the following form for the KZ equationz(1� z)�zFn(z; x) = z �x�2x + ((p1 � p3)x+ 1+ �)�x � (1 + �)p2�Fn(z; x)+ [�(p1 + p2)x�x + xp2p3℄Fn(z; x) : (C.39)In the s-
hannel, the representations �+p1+p2;|̂1+|̂2+n with n� � 2 N when � � 0 and n 2 Nwhen � � 0. In the �rst 
ase with m = n� � the 
onformal blo
ks areFm(z; x) = �m exg1(z)(f1(z))1+�L�m(x
 (z)) (z)m ; m 2 N ; (C.40)where  (z) = f2(z)f1(z) ; 
 (z) = �(1� z)� ln ; �m = m!(1� p1 � p2)m ;g1(z) = p2 � (1� z)� ln f1 ; (C.41){ 59 {



and f1(z) = F (p2; p4; p1 + p2; z) ;f2(z) = z1�p1�p2F (1� p1; 1� p3; 2� p1 � p2; z) : (C.42)When � � 0 the 
onformal blo
ks are given by the same expression ex
ept that now n � 0.Using L�n��(x) = n!(n� �)!(�x)��L��n (x) ; (C.43)and the wronskian W (f1; f2) = (1� 
)z�
(1� z)
�a�b�1 ; (C.44)they 
an be rewritten asFn(z; x) = z�(p1+p2)(1� z)��(p1+p4)x���n exg1(z)(f1(z))1+j�jLj�jn (x
 (z)) (z)n ; n 2 N :(C.45)In the u-
hannel, when p1 > p4, we have the representations �+p1�p4;|̂1+|̂4�n. The 
onformalblo
ks are Fn(z; x) = �n exb1(z)(a1(z))1+�L�n(x
�(z))�(z)n ; n 2 N ; (C.46)where �(z) = a2(z)a1(z) ; 
�(z) = u� ln � ; �n = n!(p3 � p2)n ;b1(z) = p2 + u� ln a1 ; (C.47)and a1(z) = F (p2; p4; 1 + p2 � p3; u) ;a2(z) = up3�p2F (p3; p1; 1� p2 + p3; u) : (C.48)Here n � 0 when � � 0 and n = m � � with m � 0 when � � 0. When p1 < p4 we havethe representations ��p4�p1;|̂1+|̂4+n with n � 0 when � � 0 and n = m + � with m � 0when � � 0. The 
onformal blo
ks are similar to the ones already displayed. Finallywhen p1 = p4 = p and p2 = p3 = q the intermediate states belong to the 
ontinuousrepresentations �0s;f|̂1+|̂4g. Let us now turn to 
orrelators of the formh�+p;|̂1(z1; �z1; x1; �x1)��p;|̂2(z2; �z2; x2; �x2)�0s;|̂3(z3; �z3; x3; �x3)�0t;|̂4(z4; �z4; x4; �x4)i : (C.49)In this 
ase K(xi) = e�px1x2� x1p2� sx3+ tx4 �� x2p2 (sx3+tx4)xn1�n23 ; (C.50)and x = x4x3 . The 
onformal blo
ks 
orresponding to the propagation of �+(p;|̂1+|̂4+n) in theu-
hannel are F = u�14(1� u)�12F (u; x) where�12 = s2 + t22 � h3 ; �14 = h1 � h3 � p|̂4 : (C.51){ 60 {



They solve the following KZ equation�uFn(u; x) = � 1u �px�x + stx2 �Fn(u; x)� 11� u st2 �x+ 1x�Fn(u; x) : (C.52)Their expli
it form is Fn(u; x) = xnu�npe� st2 �xa(u)p + ub(u)x(1�p)� ; (C.53)where a(u) = F (p; 1; 1+ p; u) ; b(u) = F (1� p; 1; 2� p; u) : (C.54)Similarly the blo
ks pertaining to ��p;|̂2+|̂3�m are given by F�+m. In the s-
hannel theblo
ks for the representation �0r withr2 = s2 + t2 + 2st 
os' ; ei� = s+ tei'r ; ' 2 [0; 2�) ; (C.55)are Fr(z; x) = e� st2 [
os'�(p)�i sin'� 
ot�p℄+i��Xn2Ze�in'Fn(u; x) : (C.56)D. Sewing 
onstraintsIn this appendix we outline with an example the main steps that are ne
essary in orderto verify that the stru
ture 
onstants given in se
tion 5 solve the sewing 
onstraints. We
onsider the bulk-boundary 
ouplings for the S1 branes and study the fa
torization of thefollowing bulk two-point fun
tions: h�+p �+q i, h�+p ��q i and h�+p �0si. The �rst 
orrelatorgivesaBsp;|̂1aBsq;|̂2Caaa;1ss = 1Xn=0C (p+q;|̂1+|̂2+n)(p;|̂1);(q;|̂2) aB1p+q;|̂1+|̂2+nF(p+q;|̂1+|̂2+n);s �(�p;�|̂1) (p; |̂1)(�q;�|̂2) (q; |̂2)� : (D.1)The se
ond 
orrelator givesaBsp;|̂1aBs�q;|̂2Caaa;1ss = 1Xn=0C (p�q;|̂1+|̂2�n)(p;|̂1);(�q;|̂2) aB1p�q;|̂1+|̂2�nF(p�q;|̂1+|̂2�n);s �(�p;�|̂1) (p; |̂1)(q;�|̂2) (�q; |̂2)� ;(D.2)when p > q andaBsp;|̂1aBs�p;|̂2Caaa;1ss = Z 10 dt tC (t;f|̂1+|̂2g)(p;|̂1);(�p;|̂2) aB1t;f|̂1+|̂2gFt;(s;f|̂1+|̂2g) �(�p;�|̂1) (p; |̂1)(p;�|̂2) (�p; |̂2)� ; (D.3)when p = q. Finally the third 
orrelator givesaBsp;|̂1aBss2;|̂2Caaa;1ss = 1Xn=0C (p;|̂1+|̂2+n)(p;|̂1);(s2;|̂2) aB1p;|̂1+|̂2+nF(p;|̂1+|̂2+n);s �(�p;�|̂1) (p; |̂1)(s2;�|̂2) (s2; |̂2)� : (D.4){ 61 {



Using the bulk three-point 
ouplings in (5:12� 5:15) and the fusing matri
es in appendixB the previous equations be
omeaBsp;|̂1aBsq;|̂2 = p�p;qe s22 ( (p)+ (q)�2 (1)) 1Xn=0Ln��p;q s22 � aB1p+q;|̂1+|̂2+n ; (D.5)aBsp;|̂1aBs�q;|̂2 = p��p;qe s22 ( (q)+ (1�p)�2 (1)) 1Xn=0Ln���p;q s22 � aB1p�q;|̂1+|̂2�n ;aBsp;|̂1aBs�p;|̂2 = �sin �pe s22 ( (p)+ (1�p)�2 (1)) Z 10 dt tJ0� �stsin �p� aB1t;|̂1+|̂2 ;aBs2p;|̂1aBs2s1;|̂2 = e� i�s21 sin �2 tan(�p)�s21 sin � e s21(1�
os �)2 ( (p)+ (1�p)�2 (1))Xn2Zein� aB1p;|̂1+|̂2+n ;where �p;q = � 
ot �p+ � 
ot�q and s22 = 2s21(1� 
os �).We make the following ansatzaBs�p;|̂ =r �sin ��p e�2ip�+ s24 [ (�p)+ (1��p)�2 (1)℄bs�p;|̂(u) ; (D.6)with bs�p;|̂+n(u) = ein�ubs�p;|̂(u). The 
onstraints then simplifybsp;|̂1(u)bs�q;|̂2(u) = e� i�[
ot(��p)�
ot(��q)℄s24 tan(�u2 ) b1p�q;|̂1+|̂2(u)1� e�i�u ;bsp;|̂1(u)bs�p;|̂2(u) = Z 10 dt tJ0� �stsin �p� aB1t;|̂1+|̂2 ;bs2p;|̂1(u)aBs2s1;|̂2 = e� i�s21 sin �2 tan(�p)�s21 sin � Xn2Zein
b1p;|̂1+|̂2+n(u) ; (D.7)and are solved by bs�p;|̂(u) = ei|̂ u� i�s24 tan(��p) tan(�u2 ) .ThereforeaBs�p;|̂ = r �sin ��p e�2ip�+i|̂u1� e�i�u e s24 [ (�p)+ (1��p)�2 (1)℄� i�s24 tan(��p) tan(�u2 ) ;aBts;|̂ = ei|̂u�s2 sin � 2�Æ(�u� �) ; t2 = 2s2(1� 
os �) : (D.8)Here we show some expli
it examples of the relation (5:2:10) for the S1 branes of theH4 model. We haveCab
;(p+q;|̂3)(p;|̂1)(q;|̂2) = F(�pb;|̂2�|̂
+n2);(p+q;|̂1+|̂2+k) � (p; |̂1) (q; |̂2)(pa; |̂a) (�p
;�|̂
)� ;where |̂1 = |̂ab � n1, |̂2 = |̂b
 � n2, |̂3 = |̂a
 � n3 and k = n1 + n2 � n3 � 0. SimilarlyCab
;(p�q;|̂3)(p;|̂1)(�q;|̂2) = F(�pb;|̂2�|̂
�n2);(p�q;|̂1+|̂2�k) � (p; |̂1) (�q; |̂2)(pa; |̂a) (�p
;�|̂
)� ; p > q ;{ 62 {



where |̂1 = |̂ab � n1, |̂2 = |̂b
 + n2, |̂3 = |̂a
 � n3 and k = n3 + n2 � n1 � 0. We also haveCab
;(�(q�p);|̂3)(p;|̂1)(�q;|̂2) = F(�pb;|̂2�|̂
�n2);(p�q;|̂1+|̂2+k) � (p; |̂1) (�q; |̂2)(pa; |̂a) (�p
;�|̂
)� ; p < q ;where |̂1 = |̂ab � n1, |̂2 = |̂b
 + n2, |̂3 = |̂a
 + n3 and k = n3 + n1 � n2 � 0.E. Penrose limit of the SU(2) and SL(2;R) branesIn this appendix we dis
uss the Penrose limit of the symmetri
 branes in S3 and in AdS3using 
oordinate systems adapted to their world-volume. For S3 we use spheri
al 
oordi-natesds2 = k ��dt2 + d 2 + sin2  (d�2 + sin2 �d'2)� ; H �' = 2k sin2  sin � : (E.1)The symmetri
 branes sit at  n = �n=k. The integer n, 0 < n < k, parameterizes auniform world-volume 
ux F = �n=2 sin �, whi
h stabilizes the brane [73℄. When n = 0 orn = k, the brane world-volume degenerates to a point. In order to des
ribe the S1 braneswe make the following 
hange of variablest = �x+2 + x��k ;  = �x+2 � x��k ; � = �pk : (E.2)This leads in the limit k ! 1 to the Nappi-Witten wave in Rosen 
oordinates. We 
aneasily see that the 
ux on the brane world-volume be
omesF � B + 2�F = �12 sin x+�d�^ d' ; (E.3)as expe
ted. Moreover we 
an exploit the relation between the brane lo
ation  and thespin of the SU(2) representations j = �(2j + 1)k + 2 ; j = 0; :::; k2 ; (E.4)to derive an analogous relation between the labels of the H4 
onjuga
y 
lasses (u; �) andthe quantum numbers of the H4 representations. If we s
ale the spin of SU(2) in su
h away as to obtain a dis
rete representation V�p;|̂ [35℄j = k2p� |̂ ; p > 0 ; (E.5)we obtain �u = �2�(�p+ n) ; 2� = �(2|̂� 2p� 1) : (E.6)For the D2 we sett = �u2 ; ' = �u2 � 2v�k ;  = �pk + �2 ; � = �pk + �2 ; (E.7){ 63 {



and take the limit k !1, whi
h leads to the Nappi-Witten wave in Brinkman 
oordinates.In this 
ase we fo
us on S2 branes very 
lose to the equator of S3 and s
ale the SU(2) spinas j = k4 +pk �2� : (E.8)As expe
ted, the twisted-branes are in one-to-one 
orresponden
e with the representationsinvariant under the a
tion of the external automorphism 
, V 0s;0 and V 0s; 12 . Note that in the�rst 
ase, the null geodesi
 used to take the limit interse
ts the brane world-volume whilein the se
ond 
ase it is 
ontained within the brane world-volume.The limit of the AdS2 branes is better des
ribed using the following 
oordinate systemfor AdS3 � S1ds2 = kd 2+k 
osh2  �d!2 � 
osh2 !d�2�+kdx2 ; H !� = 2k 
osh2  
osh! : (E.9)The AdS2 branes are surfa
es with 
onstant  and a world-volume 
ux F!� = �k 2� 
osh!.The Penrose limit is� = �u2 + 2v�k ; x = �u2 ;  = �pk ; ! = �pk ; (E.10)with k ! 1. In the pro
ess, the AdS2 brane at 
onstant  (with Neumann boundary
ondition along S1) be
omes the D2 brane at 
onstant �, with a null world-volume 
uxFu� = ��2 , as expe
ted. Similarly, the limit of the H2 branes is more easily des
ribed if weuse hyperboli
 
oordinates for AdS3 writingds2 = �kd~�2 + k sin2 ~�(d�2+ sinh2 �d�2) + kdx2 ; H~��� = 2k sin2 ~� sinh� ; (E.11)with ~� 2 [��; �℄, � � 0. The H2 branes are surfa
es with 
onstant ~� and a world-volume
ux F�� = �k~�2� sinh �. In the limit k !1 the 
hange of 
oordinates~� = �x+2 ; x = �x+2 � 2x��k ; � = �pk ; � = �' ; (E.12)leads to the Nappi-Witten wave in Rosen 
oordinates (here �2 = y21 + y22). The H2 braneswith Diri
hlet boundary 
onditions along S1 be
ome the S1 branes with the 
ux given in(2:13).F. The DBI approa
hIn this appendix we will study the more general 
lass of rotationally invariant solutionsfound in se
tion 8. We 
onsider B 6= 0. It is 
onvenient to distinguish the following 
ases:(I) jB + Ej < 2. In this 
ase the brane embedding 
an be written asu = jBjp4� (B + E)2 log"r+sr2 + 4AB4� (B + E)2#+ u0 (F.1)v = v0 + 2A 4� BE �E2(4� (B +E)2) 32 log "r +sr2 + 4AB4� (B +E)2#� (F.2){ 64 {



� B + E2p4� (B +E)2rsr2 + 4AB4� (B +E)2(II) jB +Ej = 2. Here the embedding simpli�es tou =r B4Ar + u0 (F.3)v = v0 +rBA 3Ar� r33B (F.4)(III) jB +Ej > 2. In this 
ases we obtain a trigonometri
 embeddingu = u0 + jBjp(B +E)2 � 4 ar
sin "rp(B +E)2 � 4p4AB # (F.5)v = v0 � jBj2p(B + E)2� 4rs�r2 + 4AB(B +E)2 � 4+ (F.6)+2A(E2 +BE � 4)((B +E)2 � 4) 32 ar
sin"rp(B + E)2� 4p4AB #Solving for r and substituting we obtain that the points on the brane are on the 
urve[(B + E)2 � 4℄(v � v0)� 2A E2 + BE � 4p(B + E)2� 4(u� u0) = (F.7)= �12pjAB3j sin �p(B +E)2 � 42(u� u0)jBj �Using the embedding equations (8.1.9,8.1.10) we 
an 
al
ulate the indu
ed metri
 asdŝ2 = 4�E2B2 r2u02dr2 + r2d�2 = r2 �4� E2B2 du2 + d�2� (F.8)while the antisymmetri
 tensor is Br� = 2ur. The indu
ed two-dimensional 
urvature isR � u0 + ru00 (F.9)The indu
ed metri
 is 
at when A = 0, when the solution isu = jBjp4� (B + E)2 log r + u0 ; v = v0 � B + E2p4� (B +E)2r2 (F.10)Our symmetri
 branes are a spe
ial 
ase of the 
at branes with B = 0.The open string metri
 is the indu
ed metri
 res
aled by (detg + B)=detg. We �ndds2open = 4B2u2 + (4�E2)r2u02(4�E2)r2u02 �4� E2B2 r2u02dr2 + r2d�2� (F.11)= �r2 + 4B2u2(4� E2)u02��4�E2B2 du2 + d�2�{ 65 {



For the symmetri
 branes this is again 
at.The 
riti
al ele
tri
 �eld 
ase E = �2 is a bit spe
ial and we will dis
uss it here,separately. The gauge �eld equation implies in this 
aser2u02 + 2u0v0 = 1 (F.12)while the others2r2u0 = Bj2ur+ F j ; r2u0 + v0 = ��1 + Ar2� j2ur+ F j (F.13)The previous equations 
an be massaged intou0 =r B4A 1q1� B�44A r2 ) r = R sin"rB � 4B (u� u0)# (F.14)v = v0 + RpB(B � 4) "B � 22 rr1� r2R2 � R ar
sin rR# (F.15)This 
lass of solutions des
ribes an embedding with a 
ompa
t support 0 < r < R withR =q 4AB�4 . The indu
ed metri
 here is degeneratedŝ2 = r2d�2 (F.16)These are the null branes mentioned (but not analyzed in detail) in the main body ofthis paper.F.1 S1 
u
tuationsExpanding around the 
lassi
al solution u�,v�, F� satisfying (8.1.8)-(8.1.10)u! u� + u ; v ! v� + v ; F ! F� + F (F.17)we obtain to quadrati
 order L = L� + L2 +O(u3; v3; F 3) (F.18)L2 = 12L3� �(1� 2u0�v0� � r2u02� )r2(2ur+ F )2+ (F.19)+2r2(2u�r+ F�)[(v0�+ r2u0�)u0 + u0�v0℄(2ur+ F )� L2�[u02� _v2 + (r2 + v02� ) _u2 + 2(1� u0�v0�) _u _v℄�r4u02� v02 � r4[r2 + v02� + (2u�r + F�)2℄u02 � 2r2[(2u�r + F�)2 + r2(1� u0�v0�)℄�u0v0From equations (8.1.8)-(8.1.10)L� = 2jBjr2u0� ; 1� 2u0�v0� � r2u02� = 4� E2B2 r2u02� ; (2u�r + F�)2 = E2B2r2u02� (F.20)follow and we 
an rewrite L2 as { 66 {



L2 = (4�E2)p4AB + (4� (B +E)2)r216r2 �F + 2ur + E[(2A�Er2)u0 + Bv0℄4�E2 �2�(F.21)�4(A2 �AEr2 + r4) _u2 +B2 _v2 + 2(2AB � [(E(B+ E)� 4℄r2) _u _v4r2p4AB + (4� (B + E)2)r2�p4AB + (4� (B + E)2)r2 ��4(A2 �AEr2 + r4)u02 +B2v02 + 2(2AB � [(E(B+E)� 4℄r2)u0v04(4� E2)r2Spe
ializing to the symmetri
 solutions A = B = 0u� = 
onst: ; v� ! v0 � Er22p4�E2 ; L� = 2rp4�E2 ; 2u�r+ F� = Erp4� E2(F.22)we obtain.L2 = p4� E216r ��(4� E2)(2ur+ F )2 + 2E2r2u0(2ur+ F ) + 16r24� E2 _u2 + 8 _u _v+ (F.23)+(4 +E2)r4u02 + 8r2u0v0�We rede�ne V = v + 2r24� E2u ; A� ! A� + E2r2u4�E2 (F.24)and rewrite the a
tion (after performing an integration by parts) asL2 = p4� E216r "�(4�E2)�F + 8ur4� E2�2 + 8( _u _V + r2u0V 0) + 32 r2u24� E2# (F.25)It is obvious from the Lagrangian above that u satis�es the 
at two-dimensional Lapla
eequation. 2u = 0) 1r (ru0)0 + 1r2 �u = 0 (F.26)The solution to the equation for the gauge 
u
tuation isF + 2ur � E24�E2r2u0 = 2C(4�E2)r (F.27)with C a 
onstant.Finally the u equation reads2V = 1r (rV 0)0 + 1r2 �V = � 44� E2 (2u+ C) (F.28)Thus the V �eld is a free �eld subje
t to a sour
e linear in u and C.The regular solution of (F.26) is u = u0 
onstant. On the other hand in order that(F.28) has a regular solution we must have C = �2u0 and then V = V0 
onstant.{ 67 {



In the 
riti
al 
ase , we takeE ! 2 and res
ale F ! F=p4� E2, (u; v)! (u; v)p4� E2to obtainS2(E = 2) = p4AB + (4� B2)r216r2 �F + 2ur + 2[2(A� r2)u0 + Bv0℄�2� (F.29)�p4AB + (4�B2)r24r2 �2(A� r2)u0 +Bv0�2This system is degenerate. The solution to its equation of motion isF + 2ur = � 4Cr2p4AB + (4�B2)r2 ; 2(A� r2)u0 +Bv0 = 10Cr2p4AB + (4�B2)r2 (F.30)G. Bulk one-point 
ouplings from the DBI a
tionWe 
an 
ompute the 
oupling to the bulk metri
 fromS�� � ÆSDBIÆG�� (G.1)S�� = 14q� det(Ĝ+ B̂ + F ) ��Ĝ+ B̂ + F��� + �Ĝ� B̂ � F���� ��x���x� (G.2)For the D2-branes at y = y0 we obtain the following 
ouplingSuv = � 12p1� f2uv ; Svv = �f2ux + x2 + 2y0fux2p1� f2uv (G.3)Svx = fuv(fux � y0)2p1� f2uv ; Sxx = p1� f2uv2all others being zero. In summary,S = 0BBBBBB� 0 � 12p1�f2uv 0 0� 12p1�f2uv �f2ux+x2+2y0fux2p1�f2uv fuv(fux�y0)2p1�f2uv 00 fuv(fux�y0)2p1�f2uv p1�f2uv2 00 0 0 01CCCCCCA (G.4)At the symmetri
 point S = 120BBB� 0 �1 0 0�1 x2 0 00 0 1 00 0 0 01CCCA (G.5)For the D1 branes S��D1 = B4u0r2�rx��rx� + 4� E24B u0��x���x� (G.6){ 68 {



For the symmetri
 
on�gurations we obtainSvvD1 = E2r34p4�E2 ; SvrD1 = �E4 r2 ; SrrD1 =p4� E2 r4 ; S��D1 = p4� E24r (G.7)The 
oupling to the antisymmetri
 tensor is given byA�� � ÆSDBIÆB�� (G.8)A�� = 14q� det(Ĝ+ B̂ + F ) ��Ĝ+ B̂ + F��� � �Ĝ� B̂ � F������x���x� (G.9)By dire
t 
al
ulation for the D1 
ase we obtain that the only non-zero 
omponents areA�u = E4 u0 ; A�v = E4 v0 ; A�r = E4 (G.10)For the parti
ular 
ase of symmetri
 D1 branes we haveA�u = 0 ; A�v = � E2r4p4� E2 ; A�r = E4 (G.11)For the D2 branes we obtainA = 120BBBBB� 0 fuvp1�f2uv 0 0� fuvp1�f2uv 0 fux�y0p1�f2uv 00 � fux�y0p1�f2uv 0 00 0 0 01CCCCCA =)limf!0 120BBB� 0 0 0 00 0 �y0 00 y0 0 00 0 0 01CCCA (G.12)The one-point 
oupling to the dilaton is given byF � ÆSDBIÆ� = �q� det(Ĝ+ B̂ + F ) (G.13)We obtainFD1 = �2r2u0B = � 2r2p(4� (B + E)2)r2 + 4AB =)symmetri
 � 2rp4� E2 (G.14)FD2 = �p1� f2uv =)symmetri
 � 1 (G.15)H. Some useful series and integrals1Xn=0L�n(x)zn = e xzz�1(1� z)1+� : (H.1)1Xn=0 zn�(n + � + 1)L�n(x) = ez(xz)��2 J�(2pxz) : (H.2){ 69 {



Z 10 dxe��x2x�+1L�n(�x2)J�(xy) = 2���1����n�1(���)ny�e� y24�L�n � �y24�(�� �)� : (H.3)Z 10 dxe�xx�L�n(x)L�m(x) = Æn;m�(�+ n+ 1)n! ; (H.4)Z 10 dxxJm(sx)Jm(tx) = Æ(s� t)s ; (H.5)Z 10 dxe��xx�L�n(�x)L�m(�x) = �(m+n+�+1)m! n! (���)n(���)m�n+m+�+1 F (�m;�n;�m�n��; �) ;(H.6)where � = �(� � �� �)(� � �)(� � �) : (H.7)Z 10 dxx�+1e��x2L���m (�x2)L�n(�x2)J�(xy)= (�1)m+n(2�)���1y�e� y24�L��m+nm � y24��L���+m�nn � y24�� : (H.8)Z 10 x�+1e��x2 hL �2n (�x2)i2 J�(xy)dx = y��n!�(n+ 1+ �=2) e� y24�(2�)�+1nXl=0 (�1)l�(n� l+ 1=2)�(l+ 1=2)�(l + 1 + �=2)(n� l)! �2�� �� �2lL�2l � �y22�(2�� �)� : (H.9)1Xn=0n!L�n(x)L�n(y)zn�(n+ �+ 1) = (xyz)��21� z e� z(x+y)1�z I��2pxyz1� z � : (H.10)1Xj=0 
j�l1 Lj�ll (b1
1)
l+n�j2 Ll+n�jj (b2
2) = e�
1b2(
1 + 
2)nLnl [(b1 + b2)(
1 + 
2)℄ : (H.11)Z 10 drre�a r22 �r22 �q�s�m+n Lq�mm �ar22 �Ln�ss �br22 �Lq+n�m�sm+k�n �(a� b)r22 � (�1)s+n�k= (k+ q)!(k+m)!m!s!k!(k+m� n)! (a� b)n�k�mbsak+q+1 F ��k:� s;�q � k; ab�� (H.12)�F ��k;�m� k + n;�m� k; aa� b� :{ 70 {



Z 1�1 du e�u22 + iu(q1�q2)p2 �u+ i(q1 + q2)p2 �n�m Ln�mm �u2 + (q1 + q2)22 �= p�in+m e� (q1�q2)242m+n�12 m!Hn(q1)Hm(q2) : (H.13)Z 10 J�(ax)eibxdx = ei� sin�1 bapa2 � b2 ; a > b : (H.14)Z 10 e��x2J�(�x)dx = 12r��e��28� I�=2��28�� ;Re(�) > 0; � > 0;Re(�) > �1 : (H.15)Z 10 ds 
os(bs)J0(as) = 1pa2 � b2 ; a > b : (H.16)Z 10 x dxe�a x2J0(xy) = 12a e� y24a (H.17)
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