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ABSTRACT: In this paper we study two classes of symmetric D-branes in the Nappi-Witten
gravitational wave, namely D2 and S1 branes. We solve the sewing constraints and de-
termine the bulk-boundary couplings and the boundary three-point couplings. For the D2
brane our solution gives the first explicit results for the structure constants of the twisted
symmetric branes in a WZW model. We also compute the boundary four-point functions,
providing examples of open string four-point amplitudes in a curved background. We finally
discuss the annulus amplitudes, the relation with branes in AdS3 and in S® and the analogy
between the open string couplings in the Hy model and the couplings for magnetized and
intersecting branes.
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1. Introduction

The study of gravitational waves as string theory backgrounds began more than fifteen
years ago [1]-[7]. They were proposed as the most convenient starting point for extending
the analysis of the properties of string theory from the familiar vacua given by the product
of flat space and a compact manifold to the less explored curved, non-compact space-
times. The main reason was that already from the point of view of general relativity the
gravitational waves are some of the simplest time-dependent backgrounds. They admit
a covariantly constant null Killing vector, most of their curvature invariants vanish and
there is no particle creation. Another distinctive feature, which is particularly relevant for
string theory, is that it is always possible to fix the light-cone gauge for the quantization
of the world-sheet action. Recently it was also realized that the gravitational waves play
an important role in the study of gauge/string duality.

Motivated by the notion of Penrose limits [8]-[9], it was argued [11] that such back-
grounds are dual to modified large-N limits of gauge theories. This observation has opened
new avenues in understanding stringy aspects of the gauge theory/string theory duality.
Indeed, the Green-Schwarz action for the pp-wave that is obtained by the Penrose limit of
AdSs x S®°, can be quantized in the light-cone gauge, even though there is a non trivial
R-R flux [12, 13]. A lot of progress has been made since, and this is reviewed in [14]-
[17]. It should be noted however that at the moment there is no generally accepted theory
of the full holographic correspondence, although several proposals have been put forward
[18]-[22].

Given the relevance for both the study of string theory in non-compact curved space-
times and the gauge theory/string theory duality, we believe that it is important to obtain
a clear and detailed understanding of the string dynamics at least in some particular
gravitational wave backgrounds. With this aim in mind, it is natural that our choice falls
upon a class of gravitational waves that are supported by a NS-NS flux and have an exact
CFT description as WZW models. This is the class of the WZW models based on the
Heisenberg groups Hy,49, n > 1. The first example in this family was discovered by Nappi
and Witten [7] and the others were introduced in [23],[24]. These models, unlike those
with the same metric but supported by a R-R flux, can be quantized in a covariant way
using standard perturbative string theory techniques. The presence of the affine symmetry
algebra then imposes additional constraints that can lead to the complete solution of the
model'. Since the study of string and brane dynamics in non-compact curved backgrounds
is a difficult arena, all models that can be solved exactly are a source of useful information.
Unfortunately, only very few examples are available and they essentially amount to the
Liouville model [27, 28, 29], to AdSs [30, 31] and its cosets [32]-[34].

'See [25, 26] for a study of other interesting pp-waves without affine symmetry algebras.



In [35] we added another entry to this list, solving the H; model, which describes
the propagation of a string in a four-dimensional gravitational wave. The structure of the
closed string spectrum turned out to be very similar to the one established for AdSs [31].
It can be organized in highest-weight and spectral-flowed representations of the affine Hy
algebra and there are two distinct classes of states. For generic values of the light-cone
momentum p, the states belong to the discrete representations of the Hy algebra. They
correspond to short strings that are confined by the background fields in closed orbits in
the plane transverse to the two light-cone coordinates. Whenever pa’p € Z, with u a
parameter of the pp-wave metric, the states belong to the continuous representations of
the 4 algebra and correspond to long strings that move freely in the transverse plane.

In [35], we computed all the three and four-point correlation functions of primary
vertex operators, thus providing all the structure constants for this non-compact WZW
model. We also showed explicitly that the spectral-flowed representations are necessary for
the consistency of the model since they appear in the intermediate channel of four-point
amplitudes with external highest-weight states. In [36] we performed a similar analysis for
the Hg model. This model already displays all the new features of the higher-dimensional
cases, namely the existence of enhanced symmetry points and the necessity of introducing
representations that satisfy a modified highest-weight condition, which generalize the con-
cept of spectral-flowed representations. The Hg model is also relevant for the AdSs/CFT;
correspondence, being the Penrose limit of AdS3 x S3.

As conformal field theories, the Hy model and its higher dimensional versions deserve
attention not only because of the rich and interesting structure we have just outlined
but also because there are several relations between them and other important models.
Most of these relations follow directly from the original idea of Penrose of considering the
gravitational waves as limits of other space-times. From the point of view of the world-
sheet o-model, the Penrose limit that connects two backgrounds both having an exact
description as WZW models can be interpreted as a contraction of the underlying current
algebra [37]. As such, the H4 model captures the limiting behavior of backgrounds of the
form R x S% and AdS; x St. In [35] we analyzed the contraction of R x SU(2); to Hy and
in [36] the contraction of SL(2,R); x SU(2)y to He.

The structure of the algebra changes drastically in the contraction process. The struc-
ture of the space-time is also drastically changing during the Penrose limit. Despite this,
we have shown that it is possible to take the limit of the CFT operators and of the dynam-
ical quantities such as the correlation functions in a controlled way. Another interesting
relation stems from the free-field realization of the H4 model introduced in [38, 39]. The Hy4
primary vertex operators can be represented using the twist fields of the orbifold obtained
as the quotient of the plane by a rotation and a dictionary can be established connecting
the amplitudes computed in the H; model and the amplitudes computed in the orbifold
CFT [35]. Very similar correlators arise in the study of closed strings in Misner space, the
quotient of a two-dimensional space-time by a boost and were discussed in [40, 41]. In
fact, using the formal analogy with open strings in a constant electric field, it was argued
in [40, 41] that the twisted sectors of this Lorentzian orbifold contain physical scattering
states whose condensation could be relevant for the resolution of the space-like singularity.



In this paper we complete our analysis of the H; model by studying D-branes in
the Nappi-Witten gravitational wave and the dynamics of their open string excitations.
The dynamics of open strings in curved space-time is even less understood than its closed
counterpart and again we have at our disposal a very limited number of exactly solved
examples. What is typically accessible, are the boundary states that have been studied
for the Liouville branes [42, 43], for branes in AdSs [44, 45, 46] and for the 2d black
hole [47, 48]. For all the other quantities such as the bulk-boundary and the three-point
boundary couplings only partial results exist [46] and their computation proved to be an
extremely difficult task. The only exception is the Liouville model for which the complete
solution is available [42, 43, 49, 50, 51]. In this paper we will provide the complete solution
for the BCF'T pertaining to the two classes of symmetric branes of the Hy model.

D-branes in pp-wave backgrounds have already been the object of several studies and
we summarize here only the main results. D-branes in R-R supported pp-waves have been
discussed in the light-cone gauge and various aspects of their physics have been analyzed
[52]-[58]. Interesting world-volume theories have been argued to exist on such branes [59].
D-branes in NS-NS supported pp-wave have also been studied, since they are relevant for
the Penrose limits of little string theory and, unlike the RR supported pp-waves, they are
amenable to study using boundary CFT methods [60, 61],[62]-[66]. Our aim in this paper
is not to describe the most general brane configuration in the Nappi-Witten gravitational
wave. We focus instead on two particular classes of branes which preserve half of the
background isometries and we clarify the closed and open string dynamics in full detail.

The Hy model has two families of symmetric D-branes [60, 61], namely D2 and S1
branes. We solve in both cases the consistency BCF'T conditions [78, 79] and obtain the
BCFT data, that is, the bulk-boundary and the three-point boundary couplings. The bulk-
boundary couplings for the D2 branes can be found in Eq. (5.1.6) and (5.1.9) while the
three-point boundary couplings are in Eq. (5.1.12), (5.1.16), (5.1.22) and (5.1.24). The
bulk-boundary couplings for the S1 branes are in Eq. (5.2.7) while the boundary three-
point couplings can be found in Eq. (5.2.22) (5.2.25) and (5.2.27). To our knowledge, with
the notable exception of the Liouville model [42, 43, 49, 50, 51], this is the first complete
tree-level solution of D-brane dynamics in a curved non-compact background.

The D2 branes are the twisted symmetric branes of the H;, model. Their world-volume
covers the two light-cone directions and one direction in the transverse plane. The induced
metric is that of a pp-wave in one dimension less and they also carry a null electromagnetic
flux. As such, they provide an interesting example of curved branes in a curved space-time.
The spectrum of open strings starting and ending on the same brane or stretched between
different branes contains all the representations of the 74 algebra.

There are many similarities between the D2 branes in H; and the AdSy branes in
AdSs. This is not surprising since they can be considered as Penrose limits of specific
branes in AdSs x S or in R x S3. More precisely, if we start from R x S they arise from
S5? branes with Neumann boundary condition in time while if we start from AdS3 x S! they
arise from the AdSy branes. The relation between the H,4 vertex operators and the orbifold
twist fields leads in this case to an analogy between the D2 branes in the Nappi-Witten
wave and configurations of intersecting branes in flat space [67].



The S1 branes are the untwisted symmetric branes of the Hy model. They have
Dirichlet boundary conditions on the two light-cone coordinates and their world volume
covers the transverse plane with an induced flat Euclidean metric. They are also supported
by a world-volume electric field whose magnitude determines their localization in one of
the light-cone coordinates. Having a non-trivial boundary condition along the real time
direction they are examples of S-branes [68]. In fact, the Penrose limit relates the S1
branes to either S? branes with a Dirichlet boundary condition in time in R x S or to the
H, branes in AdSs; x St.

The world-volume of the S1 branes shrinks to a point whenever their light-cone position
is given by pu = 27n. For these values of the coordinate u, there is another class of
symmetric branes with a cylindrical world-volume. These branes extend along the light-
cone direction v and have a fixed radius in the transverse plane. We will not discuss them
in detail in this paper. We also mention that the S1 branes are a special case of a more
general class of non-symmetric branes that we discuss from the DBI point of view. Finally,
the behavior of the open strings attached to the S1 branes is very similar to the behavior
of open strings ending on magnetized branes in flat space [69].

Our solution of the Hy model with boundary should be useful not only to improve our
understanding of the closed and open string dynamics in curved space-times but also to
clarify some properties of both compact and non-compact WZW models. Indeed, as it is
widely appreciated by now, only when studied in the presence of a boundary a conformal
field theory reveals its full richness. Among other results we provide the first example of
structure constants for twisted symmetric branes in a WZW model (the D2 branes) and of
open four-point functions in a curved background.

While the physical interpretation of the amplitudes in the presence of the D2 branes
is straightforward, the interpretation of the amplitudes for the S'1 branes is less evident, in
particular when they involve open string states stretched between different S-branes which
can be put on shell. They might play the role of boundary conditions at spatial infinity
but at fixed time (specified by the S-brane in question). In fact thinking of an S-brane as
a standard soliton supported by a scalar [68], we can imagine that they appear because of
the special initial state of the scalars. In this context, the open string insertions can be
interpreted as small variations on the initial data that “creates” the branes. It still remains
to be seen whether such a setup may be realized in a problem with physical interest and
whether the S-branes can be relevant for cosmology.

In this paper, we also discuss the annulus amplitudes. Our results, even though sug-
gestive, are not conclusive and the relation between the open and the closed string channel
of the annulus certainly deserves further study.

The structure of this paper is the following: In section 2 we review the geometry of
the symmetric branes of the Hy WZW model, first considered in [60, 61]. We also discuss
the relationship between branes in the Nappi-Witten gravitational wave and branes in
AdS3x St and R x S3. In section 3 we evaluate the bulk-boundary couplings using the semi-
classical wave functions. In section 4 we discuss the spectrum of the boundary operators.
In section 5 we solve the Cardy-Lewellen constraints [78, 79] and display the structure
constants of the boundary theory. In section 6 we discuss the four-point amplitudes. In



section 7 we analyze the annulus amplitudes and discuss the contraction of the R x SU(2)y
WZW model with boundary. In section 8 we analyze the physics of the branes in the
Nappi-Witten gravitational wave using the Dirac-Born-Infeld action. Finally in section 9
we suggest some interesting lines of further research. Several technical details are collected
in the appendices.

2. Branes in H,

The Nappi-Witten gravitational wave [7] is a curved homogeneous lorentzian space. The

metric )

2
.
ds? = —2dudv — X
4
solves the Einstein equations with a constant null stress-energy tensor, provided in our case
by the 2-form field-strength

du?® + dr? + r2dc,92 , (2.1)

H = prdr Ndp N du . (2.2)
The light-cone and the radial coordinates are related to the cartesian ones by u = H'T;’,

v = t_T; and re'? = y + i€, As given before, the metric is in the so-called Brinkman form.

The change of coordinates

: . paxt . paxt
w=at . v=em 4t Rpt st =g ey (23)
gives the metric in Rosen form
2 g pat o, 2 g pat
ds? = —2dzTdz™ + sin T(dy1 + dy3) , H = psin Tdyl Adys Adzt . (2.4)

In the following, both Brinkman and Rosen coordinates will be useful. The two-dimensional
o-model that describes the propagation of a string in this background is a WZW model
based on the Heisenberg group Hy4 [7]. The commutation relations are

[P*, P7] = =2ipK | [J, P¥] = FipP* | (2.5)

where the generators JJ and K are anti-hermitian and (PT)T = P~. Even though the group
is not semi-simple, there is a non-degenerate invariant symmetric form given by

20, K) = (PT,P7) , (2.6)

which can be used to express the stress-energy tensor as a bilinear in the currents. For a
detailed discussion of this model we refer the reader to [35].

Since this gravitational wave is a WZW model, we can study in considerable detail
the symmetric branes, that is the branes that preserve a linear combination of the left and
right affine algebras. The symmetric branes fall in families which are in one-to-one corre-
spondence with the automorphisms of the current algebra. Given such an automorphism
A, the relevant boundary CF'T is defined by the following boundary conditions on the affine
currents

[%(2) = A (7*(9)] |- = 0. 2.7



Equivalently we can introduce for each symmetric brane a boundary state | B)) that satisfies
[J7 + A2 1B)) =0 (2.8)

The geometry of the symmetric branes in a group manifold has a simple and elegant
description. Their world-volume coincides with the (twisted) conjugacy classes [70, 71]

Ch = {Ag(h™)gh ,Vh € G}, (2.9)

where A¢ is the group automorphism induced by A. A generic automorphism can be
written as the composition of the adjoint action of a group element gg and of an outer
automorphism

A=Qo Ad,, . (2.10)

Since two families of branes that differ only in the choice of the inner automorphism Ad,,
are related by the left action of the group, we can set without loss of generality go = 1 and
restrict our attention to families of branes associated with distinct outer automorphisms
Q. The H,4 algebra admits a non-trivial outer automorphism £ which acts on the currents

as charge conjugation
Q(PE) = PT | QJ)=—-J, QUK)=-K . (2.11)

As such, we have two families of symmetric branes, wrapped on the conjugacy classes (|
and on the twisted conjugacy classes CgQ respectively. In the following, we will briefly
review their geometry which was first discussed in [60, 61].
The Hy conjugacy classes Cj(u,n) are characterized by two parameters, the constant
value of the coordinate u and the constant value of the invariant
pr®

=v— —cot— . 2.12
n=v- ol (2.12)

Their geometric description is particularly simple in Rosen coordinates where the brane
world-volume coincides with the wave-fronts since = = 5. These branes are thus Euclidean
two-planes with an xT-dependent scale factor and a two-form field-strength

sin gt

Fia = Big 4 2ra Fyy = — 5

(2.13)

As usual, F is the gauge invariant combination that appears in the Dirac-Born-Infeld
action. These branes have a non-trivial boundary condition on the real time coordinate
and can be called, following the modern terminology, S1-branes [68]. As we will show at
the end of this section, they are related by the Penrose limit to the Hy branes in AdS3 x S!
or to the S% branes in R x S® with a Dirichlet boundary condition along the time direction.

The brane world-volume degenerates to a point whenever uz+ = 27n, n € Z. Indeed
if we start from pzt = 27n and change the value of T until we reach pyz™ = 7 + 27n, we
interpolate between a point-like world-volume and a flat, infinite two-dimensional world-
volume. This is very similar to what happens in flat space when we turn on a magnetic
field on a brane and send its field-strength to infinity. As we will show in more detail later,



there are several analogies between the untwisted symmetric branes of the Hy model and
branes in flat space with a magnetic field on the world-volume. In particular, the open
strings stretched between two S1 branes behave very similarly to the open strings in a
magnetic field [69].

In Brinkman coordinates, the metric induced on the two-dimensional world-volume is
trivial and the flux is

Fro = Bry + 27704/Fw = —rcot 'l;—u . (2.14)

When 27n < pu < 7+ 27n we can parameterize the world-volume with (r, ¢) and consider
the brane as a point-like object which appears at the point (u,v = 5, = 0) and then
moves away along the z axis at the velocity of the light while simultaneously expanding in
a circle in the transverse plane according to Eq. (2.12). When 7 + 27n < pu < 27n we
have the time-reversed process, where an infinite circle coming from spatial infinity in the
transverse plane shrinks to a point. Finally when pu = 7 4+ 27n the brane is a two-plane
with a fixed light-cone position also in Brinkman coordinates.

When pu = 27n, the geometry of the conjugacy classes changes. In Rosen coordinates
we notice that the two-dimensional planes degenerate to points. However, the transforma-
tion (2.3) is singular when pu = 27n. Indeed, the analysis of the conjugacy classes shows
that there are other possibilities for the symmetric branes at pu = 27n: when r = 0 we
have points with a fixed value of v and when r # 0 we have a cylinder of radius r extended
along the null direction v. The geometry of the conjugacy classes is summarized in the
following table

u#27n n S1 branes
u=27n v, 1=10 S(-1) branes
u=2rn r#0 null branes

In this paper we will often denote the two parameters that identify an S1 branes with
a single letter @ = (ugq,7,). It would be interesting to identify all these branes as bound
states of some set of elementary branes. For instance, the D2 branes in S® were shown to
arise as bound states of DO branes [72]. In a similar spirit and with similar techniques we
could choose as fundamental branes the point-like branes, that is the degenerate conjugacy
classes for pu = 27n and try to identify the S'1 branes and the cylindrical branes as bound
states of them.

The second class of symmetric branes we are interested in, wrap the twisted conjugacy
classes C?(X) which are parameterized by a single invariant

X =Tcosg . (2.15)

In Brinkman coordinates, they have a simple description as D2 branes whose world-volume
extends along the (u, v, &) directions and is localized in the x direction. They have a non-
trivial induced metric, which describes a gravitational wave, and a null world-volume flux
Fu.¢ = &5+ The D2 branes of the 4 model thus provide an interesting example of curved
branes in a curved space-time.



The Nappi-Witten gravitational wave is the Penrose limit of two simple and interesting
space-times, R x $% and AdS5; x S!. For both space-times there is an exact CFT description
in terms of WZW models based respectively on R x SU(2); and SL(2,R); x U(1), where
the level k is related to the radius of curvature. From the CEFT point of view, the existence
of the Penrose limit relating the Nappi-Witten wave and R x 53 or AdS3 x S! corresponds
to the fact that the Hy current algebra is a contraction of the current algebras underlying
the two original space-times [37].

We close this section by discussing the relation implied by the Penrose limit between
the symmetric branes of the Hy WZW model and the symmetric branes in R x SU(2)y
and in SL(2,R); x U(1). The latter branes have been studied in [70, 71, 73, 74]. In the
first case, we will see that the S1 branes arise from the S? branes in S® with a Dirichlet
boundary condition in the time direction and that the D2 branes arise from rotated S
branes in S® with a Neumann boundary condition in the time direction. In the second case,
we will identify the D2 branes as the limit of the AdSy branes in AdS3 with a Neumann
boundary condition in S! and the S1 branes as the limit of the H, branes in AdSs; with
a Dirichlet boundary condition in S'. A similar discussion of the Penrose limit applied
simultaneously to the space-time and to a brane contained in it can be found in [75].

We start with R x S®. Using the following standard parametrization for the SU(2)
group manifold

isinvel cosye”

o s —iB
COsS ve 181N vye
g(a7577): ( i 7 ioz) s (216)

the metric and the two-form field-strength read
ds* = k [—dt® + cos® yda? + dv* + sin® vdp?] | H,py = —ksin2y. (2.17)

Along the time direction we can impose either Neumann or Dirichlet boundary conditions.
As for the symmetric branes in S2, they wrap the SU(2) conjugacy classes which are
two-spheres characterized by a constant value of tr(g) = 2cosvycosa. Since SU(2) does
not have any external automorphism, the other possible symmetric branes are two-spheres
shifted by the action of a group element R(a, A, ¥) € SU(2) and characterized by a constant
value of tr(Rg). In order to take the Penrose limit we first perform the change of variables

pu o 2v B r
_pu 2w L - - 2.18
=Tk 5 vl f=¢, (2.18)
and then send k& — oco. In the limit
2
Cos'ycosoewcos'l;—u—l—?nsin% . (2.19)

We observe that an S? brane with a Dirichlet boundary condition along the time direction
becomes an S1 brane labeled by the parameters u and 7. Note that we have obtained the
untwisted Hy branes starting from branes whose world-volume does not contain the null
geodesic used to define the Penrose limit. It is then natural to consider the limit of branes
whose world-volume contains the null geodesic. For this purpose, we consider a family of
S? branes rotated by R(0,0,7/2) and with a Neumann boundary condition along the time



direction. In the limit, the parameter that characterizes the new family of branes behaves
as follows

sin vy cos 5 ~ - cos (2.20)

Vk

and they become the D2 branes of the Hy model. We can proceed in a similar way for
the Penrose limit of AdSs x S* and of its symmetric branes. We write the background in
global coordinates

ds* = k [— cosh? pdr? + dp* + sinh? pd®] + kda® | H,, = ksinh2p , (2.21)

and define the Penrose limit introducing

pu o 2v B r
S e = = 2.22
=St 5 (2.22)
and then sending £ to infinity. The conjugacy classes are characterized by a constant value
of cosh pcost. In the limit

pau 2

cosh p cos 7 ~ cos 5 T s (2.23)

We observe that an untwisted symmetric brane of AdSs with a Dirichlet boundary condition
in the St factor gives rise to an S1 brane in Hy. Note that for large k, the classes we are
considering are precisely those with | cosh pcost| < 1. This is precisely the Hy branes and
the degenerate branes in AdSs [74]. The null geodesic used in the limit is not contained in
the brane world-volume. On the other hand, the twisted conjugacy class with a Neumann
boundary condition in the S! factor, are characterized by a constant value of sinh p cos
and contains the null geodesic. Since in the limit

sinh p cos ¢ ~ \/LE cos ¢ , (2.24)

we observe that the D2 branes of the H4 model are the Penrose limit of the AdS; branes.

A more detailed description of the Penrose limit for the different types of branes, using

coordinate systems adapted to their world-volumes, can be found in Appendix E. In section

7 we will extend the analysis performed in [35] and discuss the contraction of the boundary

R x SU(2)r, WZW model which is the world-sheet analogue of the Penrose limit applied
simultaneously to the space-time and to the brane contained in it.

3. Review of the bulk spectrum and semiclassical analysis

The structure of the Hilbert space of the Hy WZW model [35] is very similar to the structure
of the Hilbert space of the SL(2,R); WZW model, clarified by Maldacena and Ooguri [31].
Together with the standard highest-weight representations of the affine algebra, restricted
by a unitarity constraint, there are other representations that satisfy a modified highest-
weight condition. These new representations are related to the standard ones by the
operation of spectral flow, which is an automorphism of the current algebra. In our case

,10,



there are three classes of highest-weight affine representations, reviewed in appendix A. To

each affine representations we associate a primary chiral vertex operator

o1 (z), 0<pup<l, jER,
0 ~
®; (2, 7) 5>0, Jel=n/2,1/2) . (3.1)

For the @ipj vertex operators, p is the eigenvalue of K and j the highest (lowest) eigenvalue
of J. For the (I>2J vertex operators, s is related to the Casimir of the representation and
7 is the fractional part of the eigenvalues of .J. Here z is a coordinate on the world-sheet
and z a charge variable we introduced to keep track of the infinite number of components
of the I, representations. On the charge variables the [1; algebra is realized in terms of
the operators

PE=\2upz, PF=v20,, J=i(j+uzd,), K==ip, (3.2)

when considering its action on @ipi and by the operators

Pt=sz, P ==, J=i(j+upzd,), K=0, (3.3)

s
x
when considering its action on @9 ;- States with pp = pp +w with 0 < pp <1land w € N
fall into spectral-flowed discrete representations Eiw(@iuﬁ ]) while states with pup = w

with w € Z fall into spectral-flowed continuous representations %, (®°

s;)- We also recall

the relation

DL ARES S

(3.4)

We will denote the image under spectral flow of a representation « and the corresponding
vertex operators either by 3,,[®,], as we did before, or by the introduction of a further index
®,.. Finally the operator content of the bulk theory is given by the charge conjugation
modular invariant. We then have the operators

+ Sy + _
q)ipJ(Z’ZM’gC) = q)ip,i(’z’x)q)ip,—i(z’w) ’
0 Sl 7Y — B0 0 = =—1

¢57f(272|$7$) - (I)s,j(zvx)q)s,—j(zv -z ) 3 (35)

as well as their images under an equal amount of spectral flow in the left and right sectors.
The currents that generate the affine algebra preserved by the boundary conditions are
given by the combination J + Q(J). A more detailed description of the representation
theory of the affine 4 algebra can be found for instance in [35].

Before performing the exact CFT analysis we will try to clarify the physics of the
model in a semiclassical approximation. In doing so we will gain some intuition about the
spectrum of the boundary operators and on the form of the bulk-boundary and the three-

point boundary couplings. We use the following parametrization for the group elements

Wy 90 pe iwpt o .
EJ P +\/§P 65J-|—2’UIX , (36)



where w = re'? = y + i&. The isometry generators are K = —K = 18 and

_ _i_u Y _ —iny A ___6m% 0
J =0, 5 (wd —wd), PT= 2\/5 [4i0 4+ pwdy,], P~ = 332 [4i0 — pwd,] ,
J = 2 (w —w ) 2\/5[41 — pwd,] , W [410 + pwd,] .

To each vertex operator we can associate a semiclassical wave function. For the discrete
representations they are

T T

+ _ 22pv-|—2]u— Loy —iupwde 2 +iupWze 2 —uprZethi
P.J ’
wu _ipu .
_ _ —22pv+2]u—ﬂww+u¢pwxe 2 —iupwze” 2 —pprreTtHU 37
_pvj =€ s ( . )

where p > 0, 7 € R and «, & are two independent charge variables. The states that belong
to these representations are confined in periodic orbits in the transverse plane, familiar
from the quantum mechanical problem of a charged particle in a magnetic field. For the
continuous representations we have

0 it L5 [2e7 T puze' T S\ inuu
b, =e 2 Z (zz)" € , (3.8)
nEZ

where s > 0, j € [~p/2,1/2) and z = '®, & = ¢'® are two independent phases. The states
that belong to the continuous representations can move freely in the transverse plane: the
parameter s is the modulus of the momentum and we can identify v = 5= with its phase.
These wave functions can be expanded in modes which represent the dlfferent components
of the Hy x H4 representations. It is also easy to compute semiclassical expressions for the
bulk two and three-point functions.

We can proceed in a similar way for the states confined on the brane world-volume.
In the case of the D2 branes, according to the boundary conditions (2.7), the generators
of the unbroken background isometries are

Finy

C[£20: —ip€d,) . (3.9)

K-K=0,, J—J =20, , prypr="

They satisfy the commutation relation of the Heisenberg algebra and the brane spectrum,
exactly as the bulk spectrum, can be organized in terms of H, representations. We then
introduce three types of vertex operators for the open strings that live on a D2 brane
localized in the y direction

_L LU ~
WY = eipvkidum et pupere 8ot p>0, jER
. .5 _ —ipu
\Ipi};’j — e—zpv—l—z%u—ftl—p@_upfl’e 2 —%125 Iz : p> 0 7 je R (310)
XX zlu-l— Es pu—m A HoH
\IISJ = \/_ E x”em 2, seR, je {_575 .

neZ

The operators that act on the charge variable & are given by (3.2,3.3). The wave functions
for the discrete representations are easily recognized as the generating functions for the
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Hermite polynomials. The open string states, as it was already the case for the closed
string states, are trapped in periodic orbits in the £ direction of the brane world-volume
unless their light-cone momentum is an integer. Note that for the boundary operators in
the continuous representations s can be an arbitrary real number.

Semiclassical expressions for the couplings between the bulk and the boundary opera-
tors can now be computed as overlap integrals of the corresponding wave functions on the
brane world-volume. As a first example consider the bulk-boundary coupling <Q>i WX,

Pl Fad2
It is easily evaluated as

= 2w Z|y| |zl upx>
:l: —_ T T T — v Lt Y ol =, G
/Xq)pvflqli!?;fz = emmr2 ) (g — gy '\/— [up ]2 €™ 27 Hyy (E/1pX)

w9
(3.11)
where

/>< = / dudvdédy's(x = X) | (3.12)

denotes a space-time integral restricted to the brane world-volume. The integral is non-
zero only when ¢ = 2p and |v| € N where v = —2j; — j2. The other possible bulk-boundary
coupling is given by

121

2 ™ . _
/q)o WYX = /87 (—izq)” Z [— %2 ] O(t — 2scos(ay — dl))eﬁwxsm(a?_al) , (3.13)
X

’57j1 t7j2 r
meZ

where 2; = €®i. Since the D2 branes are invariant under translations along the two light-
cone directions, only operators with p = 0 and j = 0,1/2 couple to their world-volume.
Their one-point functions can be derived from the previous bulk-boundary coupling upon
setting ¢ = 0 and integrating over «y

COs XS

<(I)2,0> = V8

[6(v) + (v —m)],

(@31/2) = VB [6(v) +6(yv —m)]. (3.14)

s
sin ys
sx

The discussion for the S1 branes is very similar. The relevant isometry generators are
K+ K=0and
_ . L Bt P s o . pu
J4+J = —ip(wd—wd), PrH+Pt =—-2v2sn 5 d, P 4+P =2V2sn 5 d. (3.15)

They realize the algebra of the rigid motions of the plane and as a consequence the open
string states that live on an S1 brane labeled by a = (u,,7,) can only belong to the
continuous representations of the Heisenberg algebra. The semiclassical wave functions are
R -

Pt = 2V2in 5 (3.16)

The action of the zero-modes of the currents on the charge variable z is always given by
(3.3). As we did for the D2 branes we can now extract the bulk-boundary couplings from

,13,



the overlap of the wave functions

/ ) =

s Mg

) . . o _ &2 .
8w . Uy, :|:22p77a+2(]:F%)ua—Mpl’1l’1—ﬁ(Tmzll -I-l’ll’g:l)—m(l:tzcot 5 )

(3.17)

We see that all the discrete representations as well as the identity field have a non-vanishing
one-point function, as expected since the S1 branes brake the translational invariance in
the light-cone directions. When pu = 27n the geometry of the conjugacy classes changes.
The ®F vertex operators have a non-vanishing one-point function only in the presence of
the S(—1) branes, localized at the origin of the transverse plane and at arbitrary positions
in the light-cone directions

<q);t7j>u,v — i_;:e:t%pu-l—iju—upxx ] (318)
Translational invariance in the transverse plane being now broken, also all the continuous
representations have a non-vanishing coupling

(@) = 2me5(a + @) . (3.19)

If we consider instead the cylindrical branes, extended along the v direction and with a
fixed radius r in the transverse plane, only the (I>2J vertex operators have a non-vanishing
coupling

(@Y Yy = e Jo(V2sr)5 (o + @) . (3.20)
In the following we will not discuss in detail the cylindrical branes even though it would
be interesting to extend our exact CFT analysis to them as well.

4. Spectrum of the boundary operators

In the previous section we discussed the semiclassical open string spectrum for the two
families of symmetric branes we are studying in this paper. According to the semiclassical
analysis, the states of open strings that live on a D2 brane, form all possible representations
of the 74 algebra. The states of open strings that live on an S1 brane, can only belong
to the continuous representations. In this section, we provide a detailed description of the
spectrum of the open strings and extend the analysis also to the open strings that end on
different branes. In close analogy with the bulk primary vertex operators, we introduce for
each representation a of the affine algebra, a boundary primary vertex operator ¥2°(t, z),
which depends on the insertion point on the real axis ¢ and on a charge variable . The
two upper indices label the two branes on which the open string ends. This is the same as
the two boundary conditions the vertex operator interpolates between.

Let us start with a D2 brane localized at y = 0. The space of states Hgp contains in

this case all possible representations of the Hy algebra

Eiw{¢i§7j}7 0<:up<17 j€R7 w€N7
Lo e] . seR, jel-w/2p2),  wek. (4.1)
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This is very similar to what happens for the AdS,; brane localized at v = 0 in AdSs,
where the spectrum is also given by the holomorphic square root of the bulk spectrum
[76]. Similarly to that case, an observation about the spectral flow is in order [76]. Given
a solution ¢(ug, vo, roewo) € H, of the classical equation of motion, a new solution can be
generated by the action of the spectral flow

wrt wT J

Yulg](u, v, rew) =€~ Jg(um Vo, roewo)e B (4.2)
where 7 = 7 + o. Therefore
2 . .
U= ug+ ki , v=1g, re'¥ = poellvotwo) (4.3)

As we can see from (4.3), when x # 0 only the spectral flow by an even integer is a
symmetry of the D2 brane spectrum. Spectral flow by an odd integer maps a string living
on a brane sitting at y to a string stretched between a brane at y and a brane at —y. As
a consequence, we cannot use in the general case the spectral flow by an odd integer, to
generate the complete brane spectrum, as we did in (4.1) for a brane sitting at the origin.
However, using the relation (3.4), it is easy to verify that for the discrete representations,
it is enough to consider the spectral flow by an even integer in order to obtain all possible

values of the light-cone momentum. For instance, a state carrying a light-cone momentum

XX
_(1_p)7j :
For the continuous representations, the spectral flow by an even integer is not enough.

up + 2w — 1, belongs to the representation X5, {zb

We have to proceed in a different way [76]. We start with the vertex operator ¢;§<X and
take its image under the spectral flow by an odd integer 2w 4 1. In this way, as explained
before, we obtain the vertex operator pertaining to a string ending on the brane at y and
carrying an odd light-cone momentum. This asymmetry between the even and the odd
spectral-flowed continuous representations will be also manifest in the annulus amplitude,

as we will see in section 7. Summarizing, the spectrum of a brane localized at y # 0, is

given by
XX A
EZw{¢ip7j}7 0<:up<17 ]€R7 w€Z7
Sao W)Y sE€R, Jel-w/2p2),  wez,
Sowit [0 . sER, jel-w/2p/2),  wez. (4.4)

The same structure of the spectrum holds for the strings ending on two different branes
localized at y; and ys respectively. The only difference is that the possible values of the
parameter s that label the continuous representations are now constrained by 272s? > [y —
€™ x3]?. The minimal value of s simply reflects the tension of the string stretched between
the two branes. The fact that the bound depends on whether the amount of spectral flow
is even or odd nicely reflects the different behavior of the continuous representations under
the action of the spectral flow.

We now turn to the S1 branes. As in the previous section, we use the short-hand

notation a = (ug, 77,) for the boundary labels. The S1 branes are Cardy branes. Therefore,
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a relation can be established between the parameters labeling the conjugacy classes and

the quantum numbers of the Hy representations
pu = 127 (up + w) 2n=n(2jL£2pF1). (4.5)

As usual, 0 < pp < 1 and w € N. We will derive this relation in section 7, both by studying
the annulus amplitudes of the H4 model and by taking the Penrose limit of the R X SU(2)
WZW model. In close analogy with the D-branes in flat space, the quantum numbers p
and j together with the spectral flow parameter w, are related to the distance along the u
and the v direction respectively. Using the relation (4.5), we can associate to a brane with
labels (ug4,7,) the parameters p,, j, and w,. This is useful because as it is the case for
the Cardy branes in a RCFT, the spectrum of open strings 1/*® stretched from the brane b
to the brane a is encoded in the fusion product ¥4, [P1p,5,] @ Ygw.[Prpa,—j.] of the two
corresponding chiral vertex operators.

As mentioned earlier, the open strings ending on the same brane belong to the contin-
uous representations of the Hy algebra. The Hilbert space decomposes as

%aa = / dSS ‘7570;0 s (46)
0

and the corresponding vertex operators are 13.,. The open strings that end on two differ-
ent S1 branes with labels @ and b can belong to any of the highest-weight representations
of the T4 algebra as well as to their images under spectral flow. The precise representation
depends on the distance between the two branes along the u direction. We introduce the
following notation: when py — p, > 0 we set pp — po = p** + w®, with 0 < p*® < 1 and
w® € N. We also define j* = 5, — j,. The brane spectrum is then given by

%ab — Z Vpabjab_n;wab s (47)
n=0

and the vertex operators are Qb;sb jab Similarly when p, — p, < 0 we set pp — p, =

—njweb”

p*® 4+ w® with —1 < p? < 0, —w,p € N. The brane spectrum is then given by
o0
%ab — Z Vpabjab_l_n;wab s (48)
n=0

and the vertex operators are Qb;sb n € N. Finally when p, — p, is an integer we

jab+n;wab7
set pp — po = w and we have

%ab :/ dS‘/}S’jab;wab . (49)
0

The vertex operators read zb;”}ab We assume that for our non-compact WZW model,

;wab‘
the space Hqp decomposes as expected from the fusion rules. This assumption will be

confirmed by the complete solution of the model that is presented in the next section.
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For the S1 branes, the spectral-flowed representations appear whenever the distance

along the u direction between two branes exceeds 27” In fact, the action of the spectral

flow amounts to

, wrt ' o
Sulg)(u,v,7e) = e g(ug, vo, e’ )e w7 (4.10)

that is

u=1g+—o, v =g, e C (4.11)

Note that in this case, the spectral flow is a symmetry for every integer w and maps a
string stretched between two branes localized at u, and u; to a string stretched from u,
to up 4+ 27w. In the following, we will derive most of our results assuming that all the
representations are highest-weight representations of the current algebra. It is however
not difficult to extend our results to amplitudes involving spectral-flowed states, using the
free-field realization [38, 39], as we did for the closed string amplitudes in [35].

5. Structure constants

A boundary conformal field theory is completely specified by three sets of structure con-
stants: the couplings between three bulk or three boundary fields and the couplings between
one bulk and one boundary field. These structure constants satisfy a set of factorization
constraints first derived by Cardy and Lewellen [78, 79] (see also [80, 81, 82]). For the sake
of clarity, we will briefly review the sewing constraints for a generic CFT and in the next
section we will write them explicitly for the Nappi-Witten model.

For a CFT defined on the upper-half plane, there are two sets of fields. The first
set contains the bulk fields ¢;3(2, 2), inserted in the interior of the upper-half plane and
characterized by the quantum numbers (¢,1). These quantum numbers specify the rep-
resentations of the left and right chiral algebras. The second set contains the boundary
fields ¥#°(t), inserted on the boundary, (here the real axis). They are characterized by two
boundary conditions a and b. They are also characterized by the quantum number 7, which
labels the representations of the linear combination of the left and right affine algebras left
unbroken by the boundary conditions. There are three sets of OPEs (we adopt with minor
modifications the notation used in [81])

iz, 21)@i5(z2, 22) ~ Y (21 —22) M (z1—22)" My 10 P e p (22, 22) , (5.1)

k
pialt+iy) ~ Y2yl B et (5.2)
J
VIO (1) ~ Yt — b)) TR T O R (1) (5.3)

k
where t; < t3. Here and in the following, the symbol 1 will always denote the identity field
and (1), the one-point function of the identity with boundary condition @ on the real axis.

Indexes are raised and lowered using

a aba, bab,
dif = CON 1), = O (1) (5.4)

K3
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1 . . .
1" = 1. Any correlation function on a Riemann

and for consistency we require that C]
surface with boundaries and with arbltrary insertions of bulk and boundary operators can
be constructed by sewing together the basic amplitudes that correspond to the structure
constants displayed in (5.1) — (5.3). The sewing constraints follow from the requirement
that all possible ways of decomposing a given amplitude into the basic amplitudes lead
to the same answer. The resulting constraints involve, besides the structure constants,
the fusing matrices F, {f I;} and the modular S matrix. The fusing matrices F, {Jl I;}, by
definition, implement the duality transformations of the conformal blocks pertaining to the
four-point amplitudes. Our conventions for the fusing matrices can be found in appendix
B.

Sonoda [83] has analyzed the sewing constraints for Riemann surfaces without bound-
aries, and proved that the CF'T correlation functions are unambiguously defined provided
that the four-point functions on the sphere are crossing symmetric and that the one-point
functions on the torus are modular covariant. Cardy and Lewellen extended these results to
Riemann surfaces with boundaries [78, 79]. They proved that all the amplitudes are unam-
biguously defined provided that the structure constants satisfy four additional constraints.
The first constraint is a quadratic constraint that follows from two different factorization
limits of the bulk two-point function (@;(z1)@;(22))s and reads

“leploetnt = N7 0 “BLFy [Z(I; ;] . (5.5)
k

Here [ is the representation conjugate to I, and w represents the action of an external
automorphism  on the representations of the chiral algebra. A non-trivial © has to be
taken into account when considering for instance the symmetric branes of a WZW model.
This constraint is a particular case of a more general one that follows from the factorization
of a three-point function with two bulk and one boundary fields.

The second constraint follows from two distinct factorization limits (t2 ~ t5 and t; ~ 5
respectively) of the four-point boundary correlator

(O (#1) 5 (42) 07 (1) 1" (84)) (5.6)

and it reads

in Zl

C Tl a aa acr C(IT aca k
C;kd bd,l d 1 Zcb d cx ’1Fm [] ] . (5.7)

The third constraint, relates the bulk-boundary couplings “Bf and the boundary three-

abe,k

point couplings C;;7". It follows from the requirement of locality for a bulk field in a

three-point function with two boundary fields

(pi2) " (t) V3" (t2)) - (5.8)

It can be written as follows

; in(2hamhy— recth ko 1) i
bplestRoebel o S groshar ot (2hn—hs—hi—2hi+ I)Frn [ z)] ¥, [wgl) z] .

™n
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The fourth and last constraint involves the boundary one-point functions on the cylin-
der. When the boundary field is the identity, this constraint reduces to the Cardy constraint
which relates the open and the closed string channel of the vacuum annulus amplitude. We
postpone the analysis of this constraint to section 7.

In the following, we will determine the bulk-boundary couplings “Bf and the boundary
three-point couplings C’f‘]b,f for the two classes of symmetric branes of the Hy WZW model.
We will use as an input the structure constants and the fusing matrices of the model, as
computed in [35]. Here, we only recall the two and the three-point couplings, while the
fusing matrices are collected for convenience of the reader in appendix B. In order to write
our formulae in a simple way, we shall leave in the following the dependence on the world-
sheet variables z; and ¢; understood. We will write each bulk amplitude as the product of
three terms, two kinematical parts K and K, which contain the dependence on the charge
variables of the left and right chiral algebras, and a dynamical part C. The form of K
and K for the two and the three-point functions is completely fixed by the current algebra,
Ward identities?. Another convention we will commonly use is

n
v=-Y Ji, (5.10)
=1
for an n-point amplitude with primary vertex operators carrying the labels j;. The non-
trivial two-point functions are

(@F 5 @ ) = 8(p1 = p2)3 (G + o)e PRt (5.11)
0(s; — s
<(I)217f1q)227i2> = M@ﬂ—)z&(al - 0‘2)5(071 - @2) y vr=20,1.

51
The bulk three-point couplings between three discrete representations are
L[t )]
C N _(p14p2, 142 4n) —— |:7 P11 P2 :| 5.12
(p1,51),(p2:]2) n! |7 (p)y (p2) ( )

1 [ 7(p1
n! [v(p2)y(p1

C( - (p1—p2. 1452 —n) —

) ]
P1,71),(—p2,j2) — pz):| , P> P2, (5.13)

where v(z) = I'(z)/I'(1 — @). The corresponding kinematical factors are
A
K

6—903(271901+p21’2)(x1 _ xz)l’ ,

p1,J1),(p2:32),(—Pa,da)
6—901(p2902+p31’3)(x2 _ $3)_y 7 (5‘14)

P1,J1),(—p2,42),(p3.3)

with similar expressions for K. The coupling between one continuous and two discrete
representations is

9 i} = ol) | (5.15)

p,01):(=p,2)

where (z) = Anl) and we defined

dx
o(p) = ¥(p) + (1 —p) —2¢(1) . (5.16)

2The factor K for the three-point function, is the group-theoretic Clebsch-Gordan coefficient of the

classical algebra Hy.
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We also have

IC( e—pxlxg—%<l’2l’3+i_;>wg . (517)

P3J1)(=p:d2)(5,33)
Finally, the coupling between three ®° vertex operators simply reflects the conservation of

the momentum in the transverse plane. Therefore it is non-zero only when

52 =87 4+ 55 — 25155 cos 0, 536" = 51 — sq€'? . (5.18)

It can be written as
O(a21 + @21)d(asy + ava1)d(a — 0)d(as1 — @)
T\ 4sis] — (s — 57 — 53)2 7
(5.19)

ICIEC(Sl J1)s(82,52):(s3,03) — (2ﬂ)4($1i1)y

where o;; = a; —a; and v € Z.

We have now at our disposal all the information required to solve the Hy WZW model
with boundary. We will consider first the )2 branes and use the sewing constraints to fix
their structure constants. We will then study the S1 branes that, as we already explained,
are the Cardy branes of the model. In this case we compute the bulk-boundary couplings
and verify that, for our non-compact WZW model, the boundary three-point couplings are
also proportional to the fusing matrices. More details concerning the steps leading to the
solution, can be found in appendix D.

5.1 The D2 branes

In this section we compute the structure constants for the maximally symmetric D2 branes
of the Nappi-Witten model. From the physical point of view, the couplings we derive are
important since they provide examples of open and closed string interactions in a non-
compact, curved space-time. They are also interesting from a more formal point of view,
since they represent the first example of the structure constants for the twisted symmetric
branes of a WZW model. They could be a useful guide, leading to a general answer,
extending the one that already exists for the Cardy branes. We will first derive the bulk-
boundary couplings and then the boundary three-point couplings for strings ending on the
same D2 brane at x = 0. Once these couplings are obtained, it is easy to generalize the
solution to strings ending on different branes at arbitrary position in the y direction.
The boundary two-point functions are
R ) = O (e
(X2 (@) )N (2)) = CRNNL (1) 9md(sy 4 52)d(az — an)ar? T L (5.1.1)

(51:01):(52,2
The second two-point function is non-zero only when j; + j2 = 0, —1. The bulk-boundary
couplings have the following form

+ —pro(x1+Z = \Ev +2p,—J:
(@F (1) 033, 5, (r2)) = TP 008 (g — gy BB E2ETR) () (5.1.2)
Here v = —2j; — ); and the coupling is non-zero only when j, = —23; Fn, » € N. In order

to write the couplings for the (I>2j vertex operators, it is convenient to introduce two new
angles defined by

a=p+7, a=p8-7~, 0< B <2, —r<y<7. (5.1.3)

,20,



We obtain

.y

5oz — Gy — ) B2 4 5(an — o + O)XB((Z%‘} (1), (5.1.4)

@ () ) = map 3 [

meEZ

where v = —2j; — jo € Z. We set t = 2scosf with 6 € [0,7) and we introduced a further
subscript in XB(( ’?2))i in order to distinguish the coefficients of the two delta-functions. The

coupling with the identity can be obtained by setting ¢ = 0 and integrating over «y
(@55, () = 7 (i2)"[6(v) + 8(y = MIB* + (=1)"*B;71 (1) - (5.1.5)

There are two non-trivial bulk two-point functions that may be used to derive the constraint

for the bulk-boundary couplings, namely (2. ®%. )y and (®T. &~ . ). The first one is very

5,017tz i1 —pid2
similar to the corresponding amplitude in flat space. Indeed, the form of XB( ’]2)i turns
out to be very simple
(t.2) e:l:iﬁxs sin 6
XpldmE - 5.1.6
$:J1 2s|sinf| ( )

where t = 2scosf and 6 € [0,7). The coupling with the identity can then be written as
follows

cos(v/2sx)

(@5, (2)) = 7[d(7) + d(y - 7)] v=0,
(@2, (2)) = 210+ oy - M2y 5.07)
The second correlator leads to the following constraint
XB((;?f)jﬁn)XB((:;,Z}f)jrnﬂ)C(X2>z<a>,<27;+n)7(—2p,2jz—n+u)
- /OOO dSSC(p,il)v(—p,h)(S’j) *B; F(s.).(2p.2514+n) [((_p;)’j;i) ((_p];’j;i)] ' (5.1.8)

which is solved by

n 1
A T N RACIT0] AR X
XB(:tszvzjli ): - 2 t 4 P)/ 2 cot m Hn ii .

(Er.) V2220 (" cotmpp) v (1p) ‘ " v cotmup
(5.1.9)

This exact result and the semiclassical computation (3.11) agree in the limit pp << 1.

Actually the two results differ only in that pp has to be replaced by tan(wup) in the
argument of both the exponential and the Hermite polynomials and that the overall powers
of up have to become powers of v(up). Note also the similarity of this coupling with the
square-root of a bulk coupling of the form Cyy_ (5.12), as expected on general grounds.
Finally, it is interesting to remark that the coupling vanishes when pp = 1/2 and it has
to be replaced by the coupling with a spectral-flowed boundary operator. These couplings
can be computed either using the free-field realization of [38, 39, 35] or by studying the
factorization of a four-point amplitude with suitable external momenta.
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We now proceed to the computation of the boundary three-point couplings. The D2
branes of the Hy WZW model are not Cardy branes and in the absence of an one-to-
one correspondence between the brane parameters and the representations of the chiral
algebra, there is no natural relation between the boundary three-point couplings and the
fusing matrices. In the absence of any ansatz, we have to solve directly the constraints.
Fortunately, at least the couplings between open strings living on the brane at y = 0 are
simple. They are given by

0220“ =6(s+t—r),

000,s ﬁcr( )

i (pis) = €7
000,(p1—p2,j1i+ja—n) _ \/5771/4 7(1)1)

(Prodn).(=p2:12) oall [y(p)y (e - p2)

=0, n€2N+1, (5.1.10)

9

V|3

_|_

AT

, n € 2N |

and we see that they are very similar to the square root of the bulk couplings. The
kinematical parts can be easily obtained from (5.14) and (5.17). The fact that the last
coupling vanishes whenever n € 2N+ 1 is easy to understand if we perform a semiclassical
computation using the wave functions (3.11).

In order to find the solution for branes sitting at arbitrary positions, we rely once more
on the fact that the boundary vertex operators in the continuous representations are very
similar to the standard tachyonic vertex operators in flat space. If we also take into account
the finite length of the open string stretched between two branes at y; and ;, we conclude
that the quantity that is conserved in the interactions of the Qbi}XJ vertex operators is not
s but

§ =sign(s)y/s? — bQX?j ) Is| > byl s o =xi—xi,  bP=1/27% . (5.1.11)

As a consequence, we expect that the general form of the coupling between three vertex

operators in the continuous representations is

CeX8 = §(54+t47) . (5.1.12)
Consider now the correlator
(Wi WY )Y B () (5.1.13)

where for clarity the numbers in the round brackets stand for both the charge variables and
the worldsheet coordinates of the corresponding vertex operators. This correlator factorizes
on a single block in the s-channel and leads to the sewing constraint

X4X2X3 X1X2X4 _

(p,=J2—Ja4n),(=p,32),(5,32) 7 (p.J1),(=p:Ja+Fa—n),(t.5a) —

X1X2X3 — £t (o (p) cos w—im cot mp sin @) —i(n+v)+iCy

(PO (—prda)—r,—)E 2 ) (5.1.14)
where

ste'? = (s+ ibX34)(t~— ibxa1) , re' = s+ te' . (5.1.15)
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Note that according to (5.1.12), when raising a continuous index s we must multiply the
coupling by s/s. From the previous constraint, we may read the coupling between one
continuous and two discrete representations

n+i2—7s P . - s2
X1X2X2,8 — S5 e sﬁrirppm‘l'lg cot mp $b(x1+xz)+ o (p)
(p2d1),(=p.j2) 5 | §+1ibyis 7
nti=is s » 5 2
xixexss o S 8 ¢ Tn g X2 =15 cotmp 3b(x1+xa)+ 5 () (5.1.16)
(=p:d1)(p.32) 5[5 —1ibyis 7

where |s| > b|x13|. Actually, the phase proportional to 2 is not fixed by equation (5.1.14)
but by the constraint associated with the correlator

<¢E§713<12) (1)¢E<j;§?f2) (2)¢E§7;§34) (S)Zb?j;}ﬁ) () (5.1.17)
which reads
X2X3X4,(8:Js) Frxax1x2 1V _g) — ~ s #U()
Cloim i) CCpiitpi (s T (21 (5 = =) _/lesldtsin wt
mst xX1x2X35(£:7¢) Frxaxaxt v
I <sin7rp> O e e + (D= =] (5:1.18)

In order to verify that the couplings in (5.1.16) solve the previous constraint, one needs
the integral (H.14). At this point the correlator

<¢X1><2 (1)¢X2><3 )(2)¢X3X4 (3)¢X4X1 )(4)> 7 (5.1.19)

(p,31) (=132 (¢,72) (—9:Ja

gives a constraint whose unknowns are the couplings between three discrete representations.
The constraint is

X2X3X4,(—(p—9),d2+73+n) ~x1X2X4:(q,—74) . ° (pajl) (_pajZ)

Clpi)anin) Clp (S o—a)iatiatn) = /|X13|dSF(svis>7<—<p—q>7i2+is+n> [(_q, i (0 0)
X1X2X3,(5,7¢) Frxaxax1 v

Clpinn=pin) Cladn=ginn(s.ge) T (=D (s = —5)} : (5.1.20)

and it involves the following fusing matrix

(p, 1) (—P,jz)] _ 1 [F(p)r(l — q)]”“ [ 7(p) ]”_”
—q,Ja) (4,73) n! | [(p—q) Y()v(p—q)

5 |7 - wrrut—g—2uy e (Ssina(p-q) (5.1.21)
V2 PV \ 2sinwpsinwg

The integral on the right hand side can be evaluated using (H.13). We obtain

F(57j5)7(_(p_q)7j2+j3+n) |:(

1 1 n 1
(=(p=a)hi+iz+n 22" gav EREI-L
crxxexe(=(p=9)ditiz+n) _ : [ ( )_ q)] e~ T H,(-Q),

(=p2i1)(a:72) 220! [v(@)v(p

11, nylo
x1x2x3,((p—q),1+i2—n) — 2214y |: 7(1)) :| e _QTH 5.1.22
(p1),(=a,52) 2% ! ’Y((Z)'V(p_Q) ‘ N(Q)7 ( h )
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where

0= (x18inmqg + x2sinm(p — q) — x3sin 7p) ‘ (5.1.23)

V27 sin mpsin 7 (p — ¢) sin 7q

Similarly
L 23w in it: g
X1X2Xa,(pHaji+ian) _ 2274 [’y(p—l— q)] 5 H (-Q)
(p,31)(2:32) 270! Lv(p)v(9) ! 7
L1 4l
xixaxe(—p—g.iikia—n) _ 2275 Ty (p+q) ]2 —%H @) (5.1.24)
(=p:i1)s(—a.j2) 220! [v(p)v(q) " 7 o
where

(x18in 7qg — x28in 7(p+ ¢) + x3sin7p)

Q= . . ,
V27 sin mpsin 7 (p + ¢) sin 7¢

: (5.1.25)

The kinematical part is similar to the one given in (5.14). We did not check the constraint
(5.9) for this family of branes.

There are many similarities between the Hy WZW model and the orbifold CFT of a
plane with points identified by a rotation, stemming from the free field realization found
in [38, 39]. It is therefore worth to compare the couplings derived in this section with the
couplings for intersecting branes in toroidal compactifications, discussed in [90, 91, 92].
Actually, we can start directly from branes at angles in flat space. The boundary three-
point couplings contains a quantum part that can be computed using orbifold twist fields
[91, 92] and that coincides with (5.1.22) and (5.1.24) with n = @) = 0. They also receive
contributions from disc world-sheet instantons that behave as

Ai]k

Ciji ~ e 2r | (5.1.26)

where A;;1, is the area of the triangle formed by the three intersecting branes (see fig. 1).
Consider first three branes intersecting at the origin. In this case A;;; = 0. The couplings
in the Hy model in this case contain no exponential contribution depending on the position
of the branes. We now move each brane parallel to itself a distance d; from the origin. If
we call a;; the angle between the brane ¢ and the brane j, the area of the triangle is

. . . 2
[dy sin ag3 + dg sin a3 — dssin ayg]

Aip = (5.1.27)

2 sin aryg sin o3 sin g

We recognize that the instanton contribution (5.1.26) coincides with the exponential term
in (5.1.23) and (5.1.25) upon setting d; = x; and identifying the angles «;; with the light-
XXy
"
Finally there is an interesting limit to consider. The limit y — oo in the H4 model is

cone momentum carried by the vertex operators

the analogue of the limit 4» — oo in which an AdS; brane is moved towards the boundary of
AdSs. In this limit, as discussed in [76], one obtains a so called NCOS theory [85, 86], which
is a theory of open strings decoupled from the closed string sector. In our case however
there is an important difference: after the Penrose limit, the world-volume flux is null and
therefore there is no notion of a critical electric field. In this respect, the world-volume
theories of the D2 branes provide examples of theories with light-like non-commutativity
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Figure 1: World-sheet instanton contribution to the couplings for intersecting brane models.

[87]. We may also observe that in the limit y — oo, only the bulk continuous representations
remain coupled to the brane. The couplings in (5.1.22) and (5.1.24) between open strings
in discrete representations are exponentially suppressed. Thus the strings interact in this
limit only through the exchange of states in the continuous representations.

5.2 The S1 branes

In this section we provide a detailed solution for the structure constants of the 51 branes.
We start with the boundary two-point functions for open strings ending on two different
branes a and b, sitting at different positions in the u direction. As explained in section
4, the vertex operators for the open strings stretched between the two branes belong to

the Vp";b jab_p representations, n € N, when p, > p, and to the Vp_ab representations,

jab4n
n € N, when p, < p,. We will use the shorthand notation Qb;sb jabn = ¢;2bn where the

sign in j** F n is fixed accordingly to the sign of p*®. The two-point functions are

—|p®®|z1 2
(s, (b1, 0 )0, (b2, @9))a = Crntit (e P 1725, (5.2.1)

When the two branes are at the same position in the u direction, the open strings ending
on them belong to the continuous representations. In particular, when ¢ = b we have

5(81 — 82) ‘

(5 (tr, w1) 5y (ta, 2))a = Cgla52’1<1>a277 d(ag —ag — 1) o (5.2.2)

The Ward identities completely fix the dependence of the bulk-boundary couplings on

the charge variables

s 1

<(I)+A(Z,$1)¢ga(t7x2)>a — 6—px1i’1—\/§<i’1x2+$2>aBs A<1>a 7

P, P,
i aa _ —pl’li’l—%<l’1l’2+i—l>a s
( p7j(27$1)¢5 (t,22))a = € 2 _p7j<1>a ; (5.2.3)
<(I>217j(z, 1) Per (t, 22))a = 8726(o — a1 — 209 4 T)5(0 + a1 + ay) "By (D -
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The last coupling is non-zero only when 0 < s; < 2571 and we set
. 0
Sg = 2s7 sin 7" (5.2.4)

The bulk one-point functions with the identity, are particular cases of the previous expres-
sions

(D5 ;(2,2))a = €77 “BL, (1)a

(@9 5(z,2))a = 2708 (v + @) “By j(1)a - (5.2.5)
We can fix all the bulk-boundary structure constants by studying the factorization of
the three kinds of bulk two-point functions, namely (&} ®F), (®f @) (where we have to
distinguish between p > g and p = ¢) and <(I>]";q)2>. Using the bulk three-point couplings in

(5.12 —5.15) and the fusing matrices in appendix B, the sewing constraints can be written
as follows

2
aps aps = apl
By "Bys, = Vpge? () E :L ( p.a 2) Bty iitintn o (5.2.6)

2
aps amnps _/ = (1— E 1
Bp J1 B—q7f2 - 0_p’qe : etz L (0—p,q 2 ) Bp—q,j1+j2—n )

T 2 st
aps aps  _ 67(¢(p)+¢(1—p)—2¢(1))/ dt t.J, aBlA N
i1 T =pje sin 7p o 0 sin 7p tji+ie
iﬁs%sin@ )
6_2tan(7'rp) sl(l—cose)
. a7 +y(1—p)—29(1 0 1
« o a g T )2 ) Y s apl

P.j1 51,02 2 o3 0
ST sin
1 nez

where 6, , = 7 cot 7p+ 7 cot mq and as before s2 = 2s¥(1 — cos ). The solution is

2

+2ipn+ij ﬁ _ _ i7Ts
By = T eTn '”“e 7 W (p) + (L) =20 (VIF ey
P sinmup 1 — efiny '

a S 6Zju 2 2
Boli= rremg 5 2m8(pu = 0) s2 = 253(1 — cos ) . (5.2.7)

Note the similarity between the first coupling and a bulk three-point coupling of the form
Ci—o (5.15), as expected on general grounds. The second coupling can also be written as

5 _
52— gl —(Sz(u) 52) . s%(u) = 43% sin

2 B
51,7 59 )

(5.2.8)

Finally the one-point functions with the identity, relevant for the construction of the bound-
ary states, are a particular case of the previous couplings and read

+2ipn+iju : o
aB?t = " € ' -+ 4 " e:l:zpn—l—zyu:F%
P2 sinmup 1 — etine 2sin &\ sin wpup '

"BY. = 67@ . (5.2.9)

57 4gin? (“2“) s
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Whenever pyu = 7 + 27n the couplings in (5.2.7) simplify, since the brane is trivially
embedded in the space-time. On the other hand, whenever pu = 27n, the behavior of
the couplings in (5.2.7) reflects the change in the geometry of the branes. We have first to
multiply the structure constants by the one-point function of the identity (1), = sin(pu,/2).
We then observe that the first coupling in (5.2.7) becomes non-trivial only for s = 0, as
expected since only these representations live on the S(—1) brane world-volume. As for
the couplings of the continuous representations, they are now non-zero for every value of s;
while sy has to vanish. One can think of this process as an interpolation between Neumann
and Dirichlet boundary conditions induced by the flux on the brane world-volume. In the

limit pp << 1 these couplings reproduce the semi-classical expressions derived in section

3.

We determine now the boundary three-point couplings. Even though the explicit
form of these couplings is slightly more involved than the couplings we computed in the
previous section for the D2 branes, our task is in this case simplified since the S1 branes
are the Cardy branes of the Hy WZW model. The three-point boundary couplings for
Cardy boundary conditions in a RCEFT, due to the one-to-one correspondence between the
boundary labels and the representations of the chiral algebra, can be expressed using the
fusing matrices. This was first realized in the case of the Virasoro minimal models [81].
Indeed, one can verify that setting

SIS [’ j] , (5.2.10)

the constraint (5.7) is satisfied as a consequence of the pentagon relation between the fusing
matrices [88]. The previous relation proved very useful in order to study the effective field
theory on the brane world-volume. Indeed, the fusing matrices of a WZW model based
on the group G coincide with the Racah coefficients of the quantum group algebra U, (G),
where ¢ = e% with k the level and g the dual Coxeter number. In the limit ¢ — 1,
the quantum Racah coeflicients reduce to the classical ones, a fact that has been exploited
in [72, 84] to study the non-commutative geometry on the brane world-volume. Similar
observations were made also for some non-compact CFTs, most notably for the Euclidean
version of AdSs [46] and the Liouville model [51]. We now verify that the relation between
the fusing matrices and the three-point boundary couplings (5.2.10) remains valid also for
the non-compact Hy WZW model.

In the following, we will repeatedly use the relation (4.5) between the brane parameters
and the Hy quantum numbers. As it was the case for the bulk theory, we can distinguish
between various types of boundary three-point couplings. Consider three S1 branes with
labels a, b and ¢. When p. > py > p,, we have a boundary coupling similar to a bulk Cy4_
coupling

(05, (F )05, (2, @2) 0 (13, 08))a = Cove o Cretn (1) e P HP ) (g )

P ning namnsg
(5.2.11)

where v = ny + ny — ns. When p, > p, = p., we have a boundary coupling similar to a
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bulk C4_¢ coupling

il

(0 (b1, 00U (L2, 02) 5ty 22)) = C2tmsCazon (1, P 1o (o ) oy
(5.2.12)
where v = n; — ng. Finally, when p, = pp = p. we have a boundary coupling similar to a
bulk Cogop coupling

(03] (b1, 20055 (b2, w2) 50 (1, 23) ) = Coe™ Ceia (1)a(27) 28 (0 — a = @)8(an — a2 +6)
(5.2.13)
with i
52 = s34 52 — 2s159c080 e = % . (5.2.14)
3
The other configurations can be obtained by permuting the fields in the previous expres-
sions. It is also useful to remember that for the continuous representations, raising an
index is equivalent to (z,7) — —(z,]) while for the discrete representation it corresponds
to (z,7) — —(2%,7).

We adopt now the following strategy. We assume that the three-point boundary cou-
plings are given by the fusing matrices, up to a choice of normalization for the bound-
ary fields. We then use the constraints pertaining to the correlators <¢“b¢b“¢“b¢b“> and
(1p?bpPaeha94h9%) 10 fix a convenient normalization for both the discrete Qb;sbm and the con-
tinuous 2 vertex operators. Finally we verify that the couplings determined in this way
solve the other constraints as well.

Let us start with the three-point coupling between two open strings stretched between
a pair of S1 branes with labels a¢ and b and an open string that lives on the world-volume
of one of the two S1 branes. This coupling involves two discrete and one continuous
representation and is related to the following fusing matrix

(P, J1) (—Pab’jz)] , (5.2.15)

aba,s _ o
¢ ),(=pebinz) T waba(nl’ nz)F(_pbyﬁ_]a_nﬂ’s |:(paaja) (_paa _ja)

(pe®,n1
with py > pa, 71 = j*° — nq and J = 7* + ny. Similarly,

cbabs N [(_pabijl) (pab,jz) ] ’ 5916

(=pab,n1),(Pab,n2) b b( 1 2) (=pa,j2—jotn2), (pb,]b) (_pb,_]b) ( )
with 71 = Jpe + n1 and J2 = Jup — no. Here wypq and wy,p are proportionality factors that
can depend on all the quantum numbers involved even though we only emphasized their

dependence on the labels ny and ny. The factorization constraint for <¢“b¢b“¢“b¢b“> reads

bab,(s,{3*}) bab,(s,{5*}) I T
C(—p,fbum),<p,jab—n3)C<—p,fba+n4>,(—p,fab—m)<1>b— /0 dtte =

T st aba,(t,{7°}) aba,(t,{7°})
sin ﬂ'pr (Sin ﬂp) C(Pvf“b—”l)v(—Pvfb“+”2)C(pvf“b—n3)7(—P75b°+714)<1>a ’ (5.2.17)

where p = py — p, > 0 and v = ny + n3 — ngy — n4. Using the integral (H.8) one can verify
that the constraint is satisfied if the following relation holds between the proportionality
factors wypg

<1>awaba (nh n2)waba (n37 n4) sin TPy = <1>bwbab(n27 n3)wbab(n47 nl) sin T Pa - (5218)
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Combining the previous equation with the continuity of the two-point function on the disc
(1) qwaba (n, n) sin wpy = (L)pwpap(n, n) sinwp, | (5.2.19)

we obtain wgep (1, n) = wpes(n, 7). A convenient choice for the normalization is

_ L v(ps) 1™ [T(1 = pa)C(ps) ni—nz+1
Waba (N1, M2) = ny! [v(pa)v(p)] [ I'(p) ] ’

_ L v(ps) 1" [T(1 = pa)T(ps) no—ni+1
il ) = [ﬂpm(p)] [ T(p) ] S (220

Once we make this choice, (5.2.18) implies the following relation for the one-point function
of the identity

(Lygsinmpy, = (1)psin mp, , (5.2.21)

which is satisfied if (1), ~ sin7p,. This is indeed the case as we will se in section 7. We
may now write

T Ts men 2
aba,s _ e’?[lb(p)—l#(l)—% cot 7Tpa:|
(pra)i(=pn2) = sin wp, [ \/2sin 7p,

r 2
I n2 %(Cotﬂp+C0tﬂpa)] )

n2

bab.s ™ [ TS :|n2—n1 ﬁ[d}( J=(1)+Z cot ]
’ — e?2 P 2 Py

(=pima),(pm2) ™ sin wpy, | /2 sin 7pp

I [ 752
Ly? T(Cot mp —cotmpy)| (5.2.22)

with p = pp — po > 0 and L' (x) a generalized Laguerre polynomial. Note the different
behavior of the first of these couplings for p, — 0 and py — 0. In the first case it is non-zero
only for s = 0 and ny; = ny while it remains essentially unchanged in the second case. This
is as expected since only the identity exists on the brane at u, = 0 while the open string
spectrum for the brane at uu = 27p, contains all the representations 12, s > 0.

Consider now the coupling between three open strings that live on the same brane.
This is a coupling between three continuous representations. In terms of the fusing matrices

we have
Caaa,r F s [ (5 92 23)
s = Waaal (—pa,—ja),r 5 5 e
* (-r da) (paa]a) (_paa_]a)
In this case we set wy,, = 1 which is equivalent to C;i“’l = 1. The constraint for
<¢ab¢ba¢aa¢aa> is
aba,r aca,r 1 e%t—[cr(p) cos 041 sin 0 cot mp]—ipv
(p:3%0=n1),(=p,=3*+n2) "5t T popein
o]
i(ny—n)(r—6) ~baa,(—p,—j**+n) ~aba,t
> Clpmjortna)s C(pjed—ny),(—p—jortn) * (5.2.24)
n=0
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where p=py, — pa > 0, v = ny — ng, 12 = s> +t> — 2stcos b and €'¥ = % In order to
verify that this constraint is satisfied, one can use the series (H.11). The result is

Canar _ (iastant
ts -

5.2.25
wstsin 6 ’ ( )

with 7?2 = s2 +¢?2 — 2tscosd. For r = 0, § = 0 the three-point function reproduces the
two-point function in (5.2.2).

At this point, we have completely fixed the normalization of the boundary vertex
operators. Thus, the factorization constraints for the other four-point amplitudes represent
a consistency check on the solution.

The constraint for (1)201)°?1)244)9%) is slightly more complicated and reads

bad(=(p=0).*H+n) abd, (4,7 =ns) _ 1 F(p)r-q]""
(_pv_jba+n2)7(q7jad_n3) (pvjab_nl)7(_(p_q)7jbd+n) (n — Ny + ng)' F(p — q)
. n+ng—n 0 v/2
sin 7pg [ 7(q) ] o / dss [i] e ZWIHE(1-p)-20(1)) (5.2.26)
T Lv(p)r(g—p) 0 2
LY 71-—Sz(cot 7q — cotwp)| C0%3 codes
a9 1 P (pjab—n1)(=pi=794n2) ™ (g.090=ns)(— g, 4ns)

where p=pp, — py > 0, ¢ = pg — py > 0 and v = ny + n3 — ny — ny. In order to verify that
this constraint is satisfied one can use the integral (/.13). Consider now the couplings
between states in discrete representations. Using the relation (5.2.10) we can write
(pabajl) (pbcajZ) :|

(paaja) (_pCa_jc) ’

B sissann |
(p9%,31)(p?,32) (=pps2—detn2),(po,j1+i2+k)
where 5 = % — ny, j» = J° —ng, j3 = j*° —n3 and k = n; + ny — ng > 0. Similar
expressions hold for the other couplings between discrete representations and can be found
in appendix D.
For completeness we display here the explicit form of one of these couplings

. K41 . K41
abe,(p—a.3) _ (n2 + na)! sinw(p— q) v(p) 2 wsin g 2
(Pa)(=002) 7 ngl(ng + ng — ny)! sinmp. [v(9)v(p— ) sin wpsin 7 (p — ¢)
. k
[sm;rpa] F(=ng,n1 — ny — n3, —ng — n3, 7) , (5.2.27)

where J; = 7% — ny, Jo = I + na, J3 = j*° — n3 and

sin wpsin TP, (5.2.28)

T = — - .
Sin g sin 7P,

Note that & = n3 — ny + no > 0. There are other constraints we should verify. We
also checked the constraints following from amplitudes with one bulk and two boundary
operators while we did not check the constraint related to the amplitude (*P1)b¢rhcdqpda),

It is interesting to compare the coupling in (5.2.25) with the coupling between open
tachyon vertex operators on a two-torus with a magnetic field B [69, 89]. Consider two

free bosonic fields X; and X5 with the boundary conditions
0, X1+ F0, Xo=0, 0, Xo—F0, X1 =0, (5.2.29)
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where F' = 2ra’B. In this case the momenta are measured using the open string metric

1

i
G = 1+ F2

59 (5.2.30)

and the conformal dimension of a boundary tachyon vertex operator e is

/
Oép2

=—. 5.2.31
Moreover in the OPE there is a momentum dependent phase
6iﬁX(t1) €i§X(t2) ~ (tl _ tQ)QO/Ginqu 62’%])“1] 6i(ﬁ+§)X(tz) 7 (5232)
where the deformation parameter is
Iy 2ra F Iy
J = —mé J (5233)

Comparing the conformal dimension of 1%* with (5.2.31) we see that p? = s*(14 F?). Thus
comparing the phase in (5.2.32) with the one in (5.2.25) we can identify

F(u) = — cot “2—“ 7 (5.2.34)

which is the expected result. Note that the magnetic field vanishes for v = 7 4+ 27n, which
corresponds to the flat ST brane or equivalently to Neumann boundary conditions on X3
and X,. Changing the value of u we get the mixed Neumann-Dirichlet boundary condi-
tions in (5.2.29) until we reach uw = 27n, where the field-strength diverges and therefore
the boundary conditions become pure Dirichlet. In fact, precisely for these values of the
coordinate u, the two-dimensional conjugacy classes degenerate to points. According to
the analogy with open strings in a magnetic field, the strings that live on the brane world-
volume belong to the continuous representations since their ends are both subject to the
same magnetic field and then they behave as free strings. On the other hand, the strings
stretched between two different branes feel generically different magnetic fields and the
corresponding vertex operators are therefore twist fields or, in H4 terminology, they belong
to the discrete representations. The twist for a string stretched from brane b to brane a is
given by [69]
Up — Ugq

1
¢t = - [arctanF'(up) — arctant (u,)] = 5 (5.2.35)

as expected. The effective field theory on the world-volume of an S1 brane is the limit
of the non-commutative field theory on the fuzzy sphere pertaining to the S? branes in
S3: the volume and the magnetic flux are both scaled to infinity in order to obtain the
non-commutative plane in the limit.

6. Four-point amplitudes

In the previous section we derived all the structure constants for the two families of bound-
ary CFTs that describe the D2 and the S1 branes of the Hy WZW model. These are the
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essential ingredients for the solution of the models. We may now compute arbitrary corre-
lation functions by sewing together the basic one, two and three-point amplitudes. Here,
we are going to discuss in this section only those disc amplitudes that can be expressed
in terms of the four-point conformal blocks, namely amplitudes containing either two bulk
fields (®®) or one bulk and two boundary fields (@) or four boundary fields (ipipe)).

In the following, we will provide some examples for each type of amplitude, both
for the D2 and the S1 branes. There are of course many other amplitudes one could
consider, besides the few we are going to discuss here. In general, one can write for them
a decomposition in terms of our conformal blocks and structure constants but we expect
that using series and integrals more general than the ones we use in this paper one should
be able to find a closed form for many of them. It will be interesting to analyze their
properties in detail, both from the CFT and the string theory point of view.

As in the previous section, in order to avoid writing unnecessarily large formulae, we
denote with a single number in round brackets all the variables a vertex operator depends
on. This includes its insertion point and the charge variables. The four-point conformal
blocks we will need in the following computations are displayed in appendix C. We choose

the gauge
4 h
*—h;—h
A(z1, 29, 73, 24) = H z5 TA(2) p= 125 , (6.1)
iSiz1 213724

where h = Zle hi, zi; = z; — z; and the z; can represent the insertion points of either a
bulk or a boundary vertex operator. Finally we set v = — Zle Ji-

6.1 The D2 branes

For the D2 branes we only display a very simple amplitude

_ oX1X X2X X1X X2X
A= (s (I (), 52 3) 15 (4)) - (6.1.1)
In this case the integral over the conformal blocks can be performed explicitly and we
obtain
3 2 g 3
A(= ::ZM21-zﬁueﬂ*“@+%$ﬂ[$1_$3] [ "n TP ] 6.1.2
(2) ( ) Ty — Ty c1(z)er(l = z) ( )

expz—xz(l—z)a Inci(z)— %] , T sin TP
v/ 2mey '

(2)er(l = 2)

where ¢1(2) = F(p,1—p,1,2), 2 = (1 — 23)(22 — 24) and [, is a modified Bessel function.
Moreover

h PO
K12 — h1+h2—§+P2+(]1—]2)P—P7

h S
HM:m+M—§+ﬁ+M—ﬂm—p (6.1.3)

Even though this amplitude does not depend on the brane parameters y;, it is interesting
since we can expand it in powers of the charge variables and compare the correlator of the
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ground states of the Hy representations with the correlator of open strings living at the
intersection of two branes at an angle [91, 92], which can be described by boundary twist
fields. The two expressions indeed coincide upon identifying the light-cone momentum p
with the angle formed by the two branes, as expected given the relationship between the
primary vertex operators in the Nappi-Witten background and the orbifold twist fields
[38, 39, 35]. Our open string amplitudes in the gravitational wave can be thought of
as generating functions for the correlators of arbitrarily excited boundary twist fields in
orbifold models or equivalently of open strings living at the intersection of a configuration
of branes at angles.

6.2 The S1 branes

For the S1 branes we provide several explicit examples of four-point amplitudes. As we
mentioned in the introduction, the space-time interpretation of these correlation func-
tions deserves further investigation, in particular those involving on-shell open string states
stretched between branes localized at different positions in the u direction.

We start from the bulk two-point functions on the disc. This gives the first correction
to the propagation of the closed strings due to the presence of the S-brane. Using the
results of section 5 and the conformal blocks in appendix C we obtain

ZH12(1 _ Z)H14 tp=@)nati(fi+i2)ua o—z(1-2)g—22(1-2)d In B(2)

< + o, >a — <1>ae—pl’1i’1—ql’2f2 — ,
P17 402 ’Y(p)'Y((]) 1 — etla B(Z)
(6.2.1)
where (ug,7,) are the brane parameters,
Flg,1—p,1— » F(ip,1—q,1-
B(z) = (g, 1=pl=ptaz) e e xPT1 (. & 4t pz) ; (6.2.2)
YT =p+q) V)T (L =g+ p)
and | 2
21— 22 _ _
— el = — — . 6.2.3
Sl v = (v1— 22)(v2 — 71) (6.2.3)
Here

h . . h -
pp=hithy = 24 pa-hptia—q,  Fu=2h -+ p +2p-p. (6:24)

When p = g only the identity couples to the brane in the closed channel and the correlator

simplifies
( ;_jl ;j2>a (1) PP =022 el(]T"';?)““ 22 (] — z)re eme(1=2)p=ws(1=2)0 Inei (2)
AP 4 sin® % c1(z)
(6.2.5)
where
ci(z)=F(p,1—p,1,2). (6.2.6)

We also display the closely related amplitude

22 (] — z)Me eilp+a)n+i(i+i)ua —z(1-2)91InD(z)

<(I)+A dt. >a — <1>ae—pl’1i’1—ql’2f2 — ,
P17 402 7(1_]))7((]) 1 — etla D(Z)
(6.2.7)
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where

()_ F(p,q,p—l—q,Z) g l—p—qF(l_p71_q72_p_q7Z)

T Toton(i-p N : (6.2.8)
and )
PSR et 629

In this case

h R L h .
Mg = —hi+hy— §+(1—P—J1)(P+f])—(Jl‘l'Jz)P—f] s A =2hy— §+pq+(ﬁ+]z)p—p-
(6.2.10)
We consider finally

T eipna+i(jl+j2)u _ = s Tyt 7 +;p_1+;?_1
<(I)]-7I—,j1q)27j2>a = <1>a /Sin - — o TPTIT \/5<x1x2 1wzt $2> (6.2.11)

u=hephs (1 _ )Pk S W)U —)-20(1) g—ea(2)= 3 [ezret]”

neZ
where x = 2973 and
52 52
a(z) = %F(p,l,l—l—p7 z) b(z) = mF(l—p,l,Q—p7 z) . (6.2.12)
We now turn to the four-point open string amplitudes. The cross ratio in this case is
z= % The first amplitude we consider is

— ab ba aa aa
An17n2751752 = <¢(p7jab_n1)(1)¢(_p7jba+n2)(2) 51 (3) 59 (4)> 3 P=Db—Pa > 0. (6213)
It describes the correlation between two open strings stretched between the branes a and
b and two open strings ending on the brane a. We obtain

s1 s9 x

T 2
—pxle——<_+_>_ (s123+5274) py—n P
An17712,81752 = <1>a€ V2\za teg) V2 x5! 2(1 _ w) 12 4514

- - s34 52 s1 8 za(w wh(w 7(cot wp+cot w
|:52+51$w p:|n1 " L1+L2[2¢(p)—2¢(1)—7rcot7rpa]—%[ (w) | wh(w)  m(cot mptcot mpa) p]

4 P z(1—p) z
V2

ro et e | 5189  S1S9u”
[sin Tpa] Ly |:§(C0tﬂ'p—|—COtﬂ'pa) (s%—l—s%—l— o + " )] (6.2.14)

where w =1 — z and
a(w) = F(p, 1,14 p,w) , b(w) = F(1 - p,1,2 = p,w) . (6.2.15)
Moreover ¢ = i—g and

s2+s2 b h N
12 2—§7 I{14:h1—§—p]4. (6216)

Another interesting amplitude is

K12 =

Any o nang = <¢ﬁ;jab_m)(1)¢?ip7jba +n2)(z)ap@fﬁab_ns)(3)¢fip7jba () (6.2.17)
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which computes the correlation between four open strings stretched between the a and the

b branes. When n; = nsz = n, ng = ny = m we can use the integral (H.9) and the result is

A = €M 2558) (g 2= ot e (Lo
T m!sin 7p,
3 2(n—m)+1 x x sin wpsin Tpg
s wp ( ) xpz_Tp—xz(l—z)alogcl(Z)-l-W (6218)
R_(z)
zm:( 1)ZF(m =14+ 1/2)T(141/2) [R_|_(z)] 2 1 2(n=m) [ & sin wpsin wp, sin wpy,
— IFl+14+n-—m)(m—-0!|[R_(2) A TR (2)R_(2) 7
where
Ri(z) =ci(2)sinmpy £ ¢1(1 — 2)sinmp, , ci(z) =F(p,1—p,1,2). (6.2.19)

Moreover z = (21 — @3) (22 — 24) and
h "
K12 = hi +hy — §‘|‘P2‘|‘(21ab—n—m)l7—]’7

h 5
Kia = h1+ hy — g—l—pz—l—@]“b—n—m)p—p . (6.2.20)

For the D2 branes we showed that the H4 boundary amplitudes can be considered as
generating functions for the open string amplitudes in models with intersecting branes. In
the case of the S1 branes one can show in exactly the same way that the boundary ampli-
tudes are generating functions for the open string amplitudes in models with magnetized
branes. For instance, the amplitude between the ground states of the Hy representations,
which can be easily extracted from (6.2.18), coincides when p, = n = m = 0 with the
amplitude computed in [93]. This result is not surprising since the magnetized and the
intersecting branes in toroidal compactifications are related by the operation of charge
conjugation, as it is also the case for the S1 and the D2 branes in the Nappi-Witten
gravitational wave.

For the sake of completeness, we also present a correlator with one bulk and two
boundary vertex operators. There are four types of such correlators

<(I)-|—¢ab¢ba> 7 <(I)—|—¢aa¢aa> 7 <q)0¢ab¢ba> 7 <q)0¢aa¢aa> 7 (6221)

and the example we chose is

+ ab b [ 7 Ut etpnatifua i}
a a _ —pPr1T1—qr3r4 _ v
(@ 0000y V= joony) = (D sin 7p [Sin 7Tpa:| 1— etmua © (21 = 73)

x[gl(z)-l—%%] D(z)2 [ wsinmppa(l— 2)P~9
B(z)mt1 ™

2512 (1 _ 2)514 e

.2.22
sin wgsin wp, B(z) D(z) (6 )

(1221 514 we have also defined

The cross-ratio in this case is z =

B(z) = |:¢(1 —pa) —¥(q) — @ + %Tcot 7pcot ﬂpa] c1(z) — e2(2)
_o(p) | m

D(z) = [¢(Pa) —Yp(l-—q)— —=+ ?Cot wpcot ﬂpa] c1(z) —ea(z),  (6.2.23)

2
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and

h R h ba .
H12=2h1—§+p2+211p—p7 m4:h1+h4—§+pq—(f’ +n2)p+jig—q . (6.2.24)

7. Annulus amplitudes

All the amplitudes we discussed so far, were defined on the disc. The consistency conditions
of a boundary CFT impose a constraint also on the one-point functions of the boundary
fields on the annulus. When the boundary field is the identity, this additional constraint
reduces to the Cardy constraint, which interchanges the two equivalent interpretations of
the annulus diagram. The first is the partition function of the boundary CFT, when time
is running along the boundary. The other is as a tree-level amplitude for the propagation
of the bulk states when time is running perpendicular to the boundary. In this second case
the boundary conditions are specified by the introduction of two boundary states. Passing
from one description to the other requires an S modular transformation t — 1/t, where ¢
is the modulus of the annulus.

The Cardy constraint has been at the origin of many important insights concerning
the operator content of a rational boundary CFT [77, 80, 82]. It has also been exploited
for the investigation of some non-compact models [44, 45, 46, 47, 48]. The best way to
analyze the annulus constraint is to introduce characters for the representations of the
chiral algebra and study their modular transformations. This is a non trivial problem for
conformal o-models describing non-compact curved space-times or time-dependent branes
[47, 48, 94, 95, 96].

The characters of a generic representation « of the affine Hy algebra are defined as
follows

ol ol7) = g, [ Frem2rtehbero)] (7.1)
For the Ew[f/fp ;] representations we have

- hE R (14w)
1q PiwT 2 —27riz(A w;l:l)q:mw:t( Fw)v

Ci“w Z,0|T) = F—F———"—€ * 2 P . 7.2

prw(2:017) n(7)0:1(z|7) "

Note that C;'j,_l_ as required by (3.4). It is therefore convenient to express

everything in terms of the (. ~characters, letting w € Z. It is useful to define
p7]7w

w Cl——pj;w’

1-r

r=p+uw, t=7— 5 —w (7.3)
and rewrite the character as
C;—jw(’z? U|T) — e —27ri7rte—27rirv—27riz(t—£) ) (74)

()b (z]7)

We can derive the following S modular transformation

1 00
n z v T\ ez R +
Cp17j177~U1 <;7 e ;> = Z / de/ 42 S(pl’jl’wl);(m’j?’w?) Cp27i2,w2 (Z’U’T) ’
wo €7 0 — 00
(7.5)
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where

e tm(wi—ws _1)627ri(p2-|—w2) (jl - 1_plf_wl—7~Ul>-|-27ri(pl +wi) <f2 - w%—wﬁ

S

p1,J1,w1)3(p2.d2,w2) =
— e—iw(wl—w2—1)627ri7’1t2—|—27rit17’2 . (76)

The characters of the Ew[f/soj] representations are

2
2

L) = = > Mz T + ) (7.7)
(1) i

and they have the following modular transformation properties

0 12 0 0
51,J1;w1 <_| o _> Z / d‘]z / 52 d82 S(Sl 2015 wl) (527]27102) 52,025w2 (Z|T) ’ (7'8)

we €L 1/2
where
S = 2ri e2rilwihit i) Jo(2msysy) (7.9)

(s1,J13w1)3(s2,J25w2) —

Note that when s = 0, all the representations with 7 € R are inequivalent and their base is
one-dimensional. The corresponding characters are

e—27rij(z—|—w7’)
()

The torus vacuum amplitude of the Nappi-Witten gravitational wave [39, 97] can be

Cg,j;w(z|7—) = (710)

expressed in terms of the #4 characters. The discrete series contribution to the closed
string partition function is given by

Z"'_(T,Z;T z) = Tr{ QWZJO(]LO 24 _QMJO /dj/ dpz ‘C;']w Z,T

weZ

e L > S (r.11)

|770 | weZ

‘ 2

Changing variable in each term of the sum = j—w-— % and setting p = p 4+ w we obtain

2 Imz)2

7t = / di / dp 2rrlF+i) =Pl animz) _ 1€ _2 (7.12)
|7791 273 (06|

where we performed the rotation p — ¢p in order to evaluate the gaussian integral. Similarly
the contribution of the type-0 characters is

~ [T Va
VQZ/ / d]/ dss ‘Cgﬁw(zh)‘ = — Z 16(z +wr +k)|*, (7.13)
1/2 0

AT
wer, 2177] w,keZ

where V5 is the volume of the transverse plane. This additional volume factor is a conse-
quence of the fact that the states that belong to the continuous representations can move
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freely in the transverse plane and their wave functions are only delta function normalizable.
On the other hand the discrete states are confined around the origin of the transverse plane
and have normalizable wave functions.

We turn now to the annulus amplitudes. In the closed channel they can be constructed
using suitable boundary states. In the open channel they encode the spectrum of the open
strings ending on the two given branes. We will display the amplitudes in both channels and
investigate how they are related by the S modular transformation. In the following we will
make several assumptions and formal manipulations and the results we obtain even though
apparently consistent are not rigorous and we think that the modular properties of these
amplitudes deserve further study. We will use the short-hand notation (,(z|7) = ¢, and
Calz/T|=1/T) = Co. Boundary states for the Hy WZW model 3 can be easily constructed
using the bulk-boundary couplings derived in section 5. The boundary state for a D2 brane

localized at y is
)= WS [ s Buls o)
5=0,1/2

= <1>><V21/4/ ds {Cos(\/ixs)|s,0;0>—|—isin(\/ixsﬂs, 1/2;0)| . (7.14)

Here we have a factor of ‘/21/47 since the boundary continuous representations correspond to
one-dimensional waves. The annulus amplitude in the closed string channel for two branes

localized at y; and y, then reads

AX1X2 = <1>><1<1>><2V21/2/ dss’ Z XlB X2B*7J (7-15)
0 7=0,1/2
= W [ s st VB sVt (1116)

+ sin(v2xy s) sin (\/§X25)521/2;0}

On the other hand, since the spectrum of the BCFT contains all the Hay representations,
the annulus amplitude in the open channel reads

Avixa Z/ dp/ dy<;]w+zvl/22/ ds(w / dj %o s (7.17)

iTw

where 5% (w) = s?+ \/_U(w)

specify the domain of the integral in s. The contribution of the continuous representation

} . We introduced the quantity o(w) = |x1 — €™ x2| in order to

can also be written as

1/2

A :<1 1/2 / / Ct
X1X2 ><2 Vs er:Z J—U[w] 12 W Jw

®Boundary states for the Hy WZW model were also considered in the recent paper [98].

(7.18)

,38,



Note that the even and odd spectral-flowed continuous representations appear with different
ranges of integration in the partition function, a remnant after the Penrose limit of the
different density of the corresponding states for the AdS; branes in AdSs [76].

If we compute the modular transformation of the transverse annulus using the S matrix
n (7.9), we correctly reproduce the spectrum of the continuous representations in the direct
annulus. It is less clear how the discrete contribution should appear. By comparing the
normalization of the annulus amplitude in the direct and in transverse channel we can fix
the one-point function of the identity. We have

Iy =v2. (7.19)

The discussion for the S1 branes is similar. The boundary state for an S1 brane labeled
by (u,n) is

1/2 0o
fu, 7)) = [/ dp / 3By oo, w) + VA / L / dss "By s, w)
—1/2 0

wEZ
(7.20)
The bulk-boundary couplings with the identity are

T 62i(p+w)77—|—iu(j—w)—|—i7rw
U B s = ! i , (7.21)
\/ sin wp 1—ew

and we recall the relations u = 27 (g + a) and 25 = 7 (2¢ + 2] — 1). The annulus amplitude

in the closed channel reads

. o eZlprw)m—m2)+i(j-w)(ui —u2) -
-/41 Z/ dp/ d sin wp (1 — eiul)(l _ e—iu2) Cp,j;w

weZ

—w)(ur —u2 )+2iw(n1—n2)

RREDY / ! 16802 (uy /2) sin? (u z/z)cgvf%w’ (7-22)

weZ

where we used the fact that 7 € R also for the continuous representations when s = 0. In
the previous expression we separated the contribution of the discrete and the continuous
representations, which are weighted by different volume factors. In fact the first term has to
be considered as a regularized term without the divergences due to the almost delocalized
states in the transverse plane with p ~ w, w € Z and the second term as the term
containing all these divergences, since the continuous representations capture the behavior
of the discrete representations when p approaches an integer value. What this means is that
when manipulating the term containing the discrete representations, whenever a constraint
arises forcing to evaluate it at the boundary of the interval 0 < p < 1, the corresponding
contribution should be discarded and only the contribution coming from the continuous
representations in the second term of (7.22) retained. Equivalently, we could keep only the
first term in (7.22) and take into account the divergent behavior of the integrand when p
becomes an integer. We will show in the following that both points of view lead to the
same result.
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Let us transform the amplitude (7.22) to the open string channel using the S matrix

in (7.6), (7.9) writing for instance

1
v . L
Codss = Z/o dq/dl S(p7j;w);(q7l;a) qu;a . (7.23)

a€Z

We perform first the integration over 7 which gives the constraint

Uy — Uy

- (7.24)

g+a=

Let us suppose for the moment that ug —uy ¢ 27Z so that only the discrete representations
contribute. We can recombine the integral over p and the sum over w in a single integral

over p=p+w

i(ug —up)

Wl 222 [ [ )
= — . . dl di—_ i(2met2r(l+g)—7) ~+ 5
Atz (1 — efur)(1 — e—iu2) . psin 77[)6 Cq,l;a (7.25)

We now need a prescription to perform the integral over p. The prescription that reproduces

in the open channel the spectrum of the boundary operators is the following
p—p+(—1)%e€. (7.26)

Consider for instance the case a even. We can expand

o0

" _ . 271 (n—l— l)
- =9 g p 2
sin 7 (p + i€) 2Le Vo (7.27)

n=0

and then perform the integral over p that gives the constraint

[=-ji+jh-n, neN. (7.28)
Therefore o
_2miLa(ee T s
A = (1 - eml)(l — e—iuz) Zc%—ﬁ-l-iz—n;a : (7-29)
n=0

This is precisely the expected result for the annulus amplitude in the open string channel.
The reason is that when ug — uy = 27 (¢+ a) with 0 < ¢ < 1 and 2 — ;1 = 7(q + J), the
open string spectrum only contains discrete spectral-flowed representations

A=) ¢ . (7.30)
n=0

From the comparison of the amplitudes in the open and closed string channel, we can fix
the last structure constants required for the complete solution of the boundary H4 model,

namely the one-point functions of the identity. We obtain

(1 = \/gsin (%) . (7.31)
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When uy — uy = 2k with k € Z, the constraint (7.24) has two solutions, ¢ =0, a = k
and ¢ = 1, a = k — 1. We have two options. The first is to think as proposed before,
that the term that contains the discrete representations is a regularized term. In this case,
it does not contribute while the term containing the continuous representations after the

modular transformation gives

. i(ug —ug) o
./412 _ 27m<1>a<1>be 2 V2 / dss CO (732)
0

(1 _ eiul)(l _ e—iuQ) sin2 % s,J2—J13k *

This is the expected result, since whenever uy —u; = 27k and 1 — 1y = 7 the open string

states belong to the continuous spectral-flowed representations

V2 > 0

Arg = — 5 u/ dss Cs,j;k . (7-33)

sin” 5 Jo

The second option is to think of the continuous representations as already included

in the divergent behavior of the discrete representations for p close to an integer. It is

instructive to derive (7.32) once more, adopting this point of view, and to show explicitly

its equivalence with the previous one. In this case, we have to extract (7.32) from the

integral over the discrete representations when the integrand is evaluated at the extrema

of the interval. Performing the same steps as before and keeping both contributions ¢ = 0,
a=kand g=1,a=%k — 1, we obtain

i(ug—u2) oo
21i(1)(1)pe™ 2 n n
S R T Y pp— ;(Co,—mﬁ—n;k = Gl gtk (7.34)

Using the explicit form of the (T characters and sending k — k+i¢, the previous expression
can be rewritten as follows for e ~ 0

i(ug —ug)
S I 2mi(i2=i1)m
-/412 — (1 — eiul)(l _ e—iuQ) ;774(7_) ze:ze 5(2 + kT + m) . (735)

We should now interpret the divergence 1/€ as due to the infinite volume of the transverse
plane (consistently with the power we have of the modular parameter which is the one
commonly associated with two non-compact directions)

1 Vs

lim — = —
e—0 € sin

= yppen | (7.36)

Nl

which is the volume measured using the open string metric [89]
G = (ga+ F) galga — F)7L (7.37)

In this way, we obtain again the amplitude displayed in (7.32).

As we mentioned earlier, our aim in this section is not to provide a rigorous discussion
of the modular transformation properties of the annulus amplitudes, but rather to give
a plausible suggestion about how the standard open-closed duality should work for the
branes of the H4 model.
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7.1 Contraction of the BCFT

The Penrose limit that connects the Nappi-Witten gravitational wave and R x .52 or AdS3 x
S1 can also be extended to the branes contained in these space-times, as described in section
2. In [35] we gave a detailed description of the world-sheet equivalent of the Penrose limit
in space-time. This is the contraction of the R x SU(2); WZW model to the Hy WZW
model. Tt is interesting to perform the same contraction for the boundary CFT. Here we
shall comment on how the BCFT describing the 14 branes arises as the limit of the BCFT
describing the S% branes in S®. We first recall how to derive the affine 4 characters from
the contraction of the U(1) x SU(2)j characters [35]. It is convenient to write the latter
as follows

Xr=Y (Xf’n + X[n) : (7.1.1)

nEZ

where [ is the spin of the representations and

1 627ri(k+2)[<”+ (k+2)> T:F<n—|'(_k-l-l--7)> ] )

Xi, (2l7) = F - (7.1.2)
? Z 1
The U(1) characters are
6—27”7' —|—27rzzQ
Po(zlT) = ——— . (7.1.3)

n
The characters of the original CFT become the I, characters if we send the level k to

infinity and scale simultaneously the spin [ and the charge @ in a correlated way

¢Q(—z—2v/k|r)xfn(z|r) — Colz,0|T) . (7.1.4)

More precisely for the discrete representations we obtain

st = G 020,
Qb—k(—m-l-%)X?:— — ¢ p—j2m—1 m > 1
¢k(”+§)xl_m - Cp Ji2n n>0,

¢k(_m+§)xl_7—m — Cl—p,fﬂm—l J m2>1, (7.1.5)

with [ = %p — 3. The characters for the continuous representations require a different
scaling, namely

bknt (Xﬁn + x;_n) = Cim2m nez, \/E (7.1.6)

U k(nt1/2)+i (Xﬁn + X;_n_l) — g s new, [ = g - \/;s .

In the following, we will only discuss the contraction involving the SU(2), WZW model.
Similar relations however, can be written for the SL(2,R); characters. The boundary state
for an S? brane in S? reads

N

. S’il l
RY) = E —D ) . 1.
i, R)) T /Sol m,n(a7577)| ,m,n) (7.1.7)
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Here, we are considering the general case where the gluing condition (2.7) also involves the
adjoint action of a group element R(w,3,v) € SU(2). The D!  (a,B,7) are the matrix
elements of R in the spin [ representation and can be expressed in terms of the Jacobi
polynomials

D, Byy) = e masitemE pl(cos ) (7.1.8)

Finally S;; is the modular S matrix of the affine SU(2); algebra

2 T .
Sﬂ_\/k_l_Qsm [k+2(22—|—1)(21—|—1) . (7.1.9)

Using the fact that for R = 1 the label ¢ of the branes is related to the coordinate 1 by

p=TED Lk

— 1.1

we can derive the relation between the S1 brane parameters and the quantum numbers of
the 74 representations that is inherited from the original relations between the S? brane
parameters and the spin of SU(2). The results are summarized in the following table. In
the first column we listed the discrete H, representations. In the second and in the third
column we show the labels of the corresponding branes. Finally, in the fourth column, we
list the U(1) X SU(2)j representations they originate from in the Penrose limit

Cron b =2m(up+2n) 2y =m2up+2) = 1) UperryXe,;
Crogmoy mu=2m(up+2m—1) 2p=—7(2up+2j—1) Vk(m—152) XE(1-p)4] -

Cpion  Hu=—27(up+2n) 2= =m(2up = 2] = 1) V_p(upr) Xkpys s
Cpjam—r  HU==2m(up+2m —1) 2 =7(2up = 2] = 1) by, 1opy Nk -
In a similar fashion, one may show that the label y of the D2 branes is related to the label
[ of the original S? brane by

k X
=24 VX 1.11
T +xf27T (7.1.11)

We may now write down the annulus amplitudes for the brane configurations in R x S2,
whose Penrose limit is one of the branes in Hy4, as explained in section 2. We will show that
in the limit, the direct and the transverse annulus amplitudes become the corresponding
amplitudes for the H; model we discussed in the previous section. In order to do this, we
have to first understand for each amplitude how we can scale the quantum numbers of the
original representations and then restrict our attention to states that have finite charges
and conformal dimension in the limit.

For the D2 branes, we start with a brane with Neumann boundary conditions along
the time direction. The original annulus amplitude in the open string channel is

min(ll +12,k—ll —12)

Ay, = /OO dQ > Yo xi - (7.1.12)

- I=|l1—1y|
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The brane labels have to be scaled in the limit as [; = %—I— % i, ¢ = 1,2 and therefore the
range of the possible SU(2)j representations is

vk E VE
5 - <l == — . 1.
o X1 = xz2| <1< 5 " or Ix1 + X2l (7.1.13)

Since there is a lower bound in the range of /, we have to slightly change the way we scale
the spin in the Penrose limit. For the representations C;'j,% we simply set

k _ . _
=y vEa el Q=—k(w+2) Lyl (7.1.14)
2 27 2 27
and similarly for all the other discrete representations. For the continuous representations,

the lower bound in [ shifts the lower bound for the integral in s. It is easy to se that

X1 — xa| X1 + X2
52 W , for (F Ji2w 52 W ,  for Cg,j;2w+1 :

We observe that the different behavior of the even and odd spectral-flowed continuous

(7.1.15)

representations, arises also in a very transparent way from the contraction of SU(2)y.
Note that the minimal conformal dimension for the vertex operators Qbfjfél ish= %,
which can be ascribed to the tension of the string stretched between the two branes, as
expected. Since the original amplitude contains arbitrary U(1) charges, in the limit we

obtain an amplitude that contains all possible H, representations

Axixe Z/ dp/ dj[Ch, + )+ WVWZ/ ds/ dj ¢, . (7.1.16)

1/2

In the transverse channel we can reason in the same way. The original amplitude is

k/2

N S50 -
Ay, = %Z ’gm’?’ . (7.1.17)

Since now all the states have zero U(1) charge, according to (7.1.5-7.1.6) we can only obtain
in the limit the highest-weight continuous representations.

The discussion for the S1 branes is similar. We label the branes with their position in
time u and with the SU(2) spin [. In the open string channel, the original amplitude is

min(ll—I—IQ,k—ll —12)

‘A(uhh Yuz,l2) ¢“2 “1 Z X - (7.1.18)

I=l1 1|
We scale [; = %pi — )i, t = 1,2. As before we have to distinguish two cases. When uy — 1y
is not an integer multiple of 27, we may write

Uy — Uy
4

:k(w+§) 7 (7.1.19)

with 0 < p < 1. We then have to scale [ as [ = %(pg — p1) — j and the possible values of j

follow from the original range of [

P—nh2>2j>—-00, (7.1.20)



in integer steps and therefore j = 75 — j1 —n, n € N, as expected. On the other hand, when
ug — uy = 27 (kw — J), we may use the relations (7.1.6). In the limit, we obtain an annulus
amplitude that only involves the continuous representations.

In the closed string channel, the original amplitude is

0o k/2 S, .5
‘A(ul,h)(uz,lz) = / d@Q ezQ(w_ul)le Z 13{01121;{[ . (7,1,21)
- =0

As in the amplitude (7.1.12), we have again arbitrary U(1) charges. We thus obtain in
the limit all possible H, representations. Therefore, the annulus amplitudes, both in the
closed and in the open string channel, reproduce in the limit the results we expect for the
D2 and the S1 branes. It would be very interesting to pursue this line of thinking, in order
to gain a more detailed understanding of the contraction of the boundary CFT.

8. The DBI approach

We will study here the DBI approach for the branes described in this paper. This approach
although in most cases approximate, has the advantage of an obvious geometric interpre-
tation. We will also be able to provide an independent confirmation of the spectrum of
fluctuations for the H4 branes and justify some of the assumptions made during the solu-
tion of the BCFT. In the bosonic case the lowest state is the tachyon. In anticipation of
the supersymmetric case we will use the bosonic part of the supersymmetric DBI action
that describes the dynamics of the “massless” modes. To simplify the formulae, we use
here the background (2.1,2.2) with g = 2 so that the metric and antisymmetric tensor read

ds® = —2dudv — r’du® + dr® + r?d6? , Brg=2ur. (8.1)
We can put back p by rescaling v — pu/2, v — 2v/p.

8.1 The S1 branes and the spectrum of their fluctuations

We will find a class of solutions to the DBI equations that will contain as special cases the
S1 branes discussed in this paper. The S1 will have Dirichlet boundary conditions on the
u, v coordinates. We choose a static gauge where the brane world-volume is parameterized
by r,8. The induced metric and antisymmetric tensor is

Grr = 1= 20"V —r2u"? | Gog =1 — r?u* — 200, (8.1.1)

Gro = —u'0— ' — r?u'i , Brg=2ur. (8.1.2)

In the formulae above, a dot stands for a 6 derivative and a prime for an r derivative.

We can directly evaluate the Nambu-Goto-Dirac-Born-Infeld Lagrangian as

L= Jdet(§ + B+ F) = \[aredon — 9% + (2ur + Frg)? (8.1.3)
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where F.q is the world-volume gauge field strength. The equations of motion for the gauge
field can be integrated to

2 L, E E
% =5 = 2ur+ Fg = ﬁ\/l — 2u'v' — r2u? | (8.1.4)

where E is a constant (the “electric field”). The u, v equations are

9% (r*i +9)grr = (v +0")gro Lo, —(r%i 4 ) §ro + (0 + V') Gos _ —Er, (8.1.5)
I L
. A o h A B B

9% Wy — Wgrg 9, Ugr6 — Wges _ (8.1.6)

L L
We will from now on consider a rotationally invariant ansatz. Dropping #-derivatives the

equations simplify to
2. nNa o _l 2 s E
(r*u’ + v")ges = ( 2Er +A)L , W= 2L , (8.1.7)

with A, B integration constants and L from (8.1.3) given by

L=—n=v1-2uv —r2u?. 8.1.8
2y (5.1

Massaging (8.1.7,8.1.8) we obtain

B? " —Ert424
riu? = T2 (1—2u"v" — rzu’Q) . 4 U—/ = 77‘B—|— , (8.1.9)
24 — (B + E)? B
! / 12

= = . 8.1.10
’ B Yo Y T W (BYE)?)r 1 4AB (8.1.10)

We will look here for solutions where u is a constant corresponding to the symmetric S1
branes discussed in this paper. u =constant implies that B = 0 and

, ( L +A> 2 Er? LA
v =\|—=Lr — ) — V=11 —
2 Vi_ E? O OVA_E2  JVA-E?

r
2

logr . (8.1.11)

Since the class variable is £ = 2usinu — r*cosu, we learn that the symmetric S1 branes
have also A = 0. Comparison with (2.12) and (2.14) gives

cot ug = Ve & = 2upsin ug . (8.1.12)
The fluctuations around the classical embedding are in one-to-one correspondence with
on-shell open marginal deformations. Although for a single S1 brane this is not very rich,
it is still useful to verify it explicitly. The richer case of two branes at a non-zero distance
in light-cone is much harder to analyse and we will not do it here.
In appendix (F) we analyse the action for the fluctuations u, V, I’ around the S1 solution
that turns out to be

r2u2

4— F?

4— F2
167

Sur
4 — F2

2
Ly = ) + 8(aV + r2u'V') 4 32 (8.1.13)

—(4 - E% (F—|—
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The equations of motion that ensue are

1 L.
Ou=0= ;(ru’)'—l—r—Qu:O , (8.1.14)
oV = (V) 4 5T L out o) (8.1.15)
=—(r —V=-———2u 1.
r r? 4 — E? '
with the gauge field satisfying
E* 2C
F‘I’Qur_ 4_E27‘ U/: mr (8116)

with C' a constant.

The regular solution of (8.1.14) is u = wug constant. On the other hand, the solution
of (8.1.15) is
2ug+C'
1-E?
In order to be regular at r = oo, the electric field fluctuation and the u fluctuation must
be related by

V="V - (8.1.17)

C'=—2up . (8.1.18)

This is indeed implied by (8.1.12). In the non-symmetric case where (8.1.12) is no longer
valid, (8.1.18) must still be in effect for the fluctuations to be continuum normalizable and
thus physical states of the theory.

The two physical states obtained correspond to K_y|s = 0 > and J_q|s = 0 > in
the bosonic case and ¥X,|s = 0 > and %7 ,|s = 0 > in the supersymmetric case [99] in
accordance with the BCF2T discussion. Notg that here, unlike the D-brane case, including
the contribution of the additional coordinates of the ten-dimensional string theory does
not change our results. The reason is that the world-sheet is Euclidean and the physical

states conditions are very restrictive, implying the vanishing of all momenta.

8.2 The D2 branes and the spectrum of their fluctuations

The cartesian coordinates on the plane (z,y) are more convenient here. The metric and
antisymmetric tensor read
ds* = —2dudv — (2* + y*)du* + da® + dy* |, By, =2u . (8.2.1)

Putting Dirichlet boundary conditions on y we obtain the following induced metric

d&* = (—2® —y* +y2)du? +y2dv? —2(1 — yu o ) dudv + 2y, Y dudz + 2y, y, dvde + (1 +y2) da?
(8.2.2)
while

~

B = 2u(y,dz A du + y,da A dv) . (8.2.3)

The action is

Spo = /dwdudv\/l + Loy, (8.2.4)
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with
L2 - _Qyuyu‘l’ ($2‘|’y2)(y12/+ (_2uy’U+F’U1’)2) +y§ _2(_2uyu+Fux)(_2uyv+va) (825)

—F2 2 — F2 (14 y?) + 2F 0 Fooypuie + F2 0% 4+ 2F0 Fuwtoye — 2F w0 Fowtiu Yo -

We will now search for solutions where the D2 brane is sitting at y = yo constant that
contain the symmetric D2 solutions studied in this paper.

Setting y = yo we obtain the following equations to be solved

F, F, F,
Du—" 40, (g +2*) = - == =0 8.2.6
A e (5.2
F, F, F,
0,22 g (g2 4 22y ee _ Tue| 8.2.7
A [ (827
F, F,
Oy—=+0,— =0, 8.2.8
T T (8.2.8)
with
L= /1= F2, —2FFout (a2 + y3)F2, (8.2.9)
while the y equation gives?
Frp=0. (8.2.10)
Equations (8.2.6-8.2.8) are then solved by
. = fuw = constant |, Fu. = —yo + fus = constant . (8.2.11)

The symmetric solution corresponds to fu. = fuw = 0. The gauge field can be dualized to
a scalar here as follows

F’U/U Fux F’Ul’

_ _ (2 2 __
7 = J:A 7 = O A — (yy +27)0,A 7 0, A . (8.2.12)
Solving for the gauge field strength we obtain
o uA B 2 5 ’UA ’UA
po=ZA g, A @ Aw)0A %A (8.2.13)
L L L

Such expressions solve equations (8.2.6)-(8.2.7) but now the Bianchi identity gives

xA ’UA - uA 2 5 ’UA
9,2 _ g 0A | g ZOAL T HW0)0A (8.2.14)
L L
where
L= \/1-20,A0,A+ (9:A)2 + (22 + 92) (0,4)° . (8.2.15)
Using (8.2.10), (8.2.14) becomes
0: A
0,22 0 . 9,4=0. (8.2.16)
L
*There is another possibility here, namely F,, = —2/yo , but this does not correspond to a symmetric

solution.
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Thus the A corresponding to our previous solution is

A= fuv z+ (fuac - yO)u
V 1- 31}
We will now study the spectrum of fluctuations around the simplest solution y = yo,

va — Lfyy — 07 Fux = —¥Yo- Setting y—yo+Y, F’Ul’ _>va7 Fuv _>Fuvv Fux — _yO‘I’FuaL’
and expanding the action to quadratic order we obtain

(8.2.17)

Se=5 [ 220000+ O + 22 @u)* - Flo+ 2 (P — 20~ (328)

=2(Fup — 2uyy) (Foy — 2uy,)] -

The ensuing equations of motion are

20,0,y — 02y — 2202y — 2(Fyp — 2uy,) =0, (8.2.19)
OuFuy + 0u[2* (Fop — 2uyy) — Fup + 2uy,] =0, (8.2.20)
Ou(Fop — 2uy,) — Oy [2* (Fpe — 2uyy) — Fup + 2uy,] =0 , (8.2.21)
Oy Fruy 4 0y (Fup — 2uy,) =0 . (8.2.22)

Introducing a dual scalar field A by

Fup=0,A |, Fup=2uy,+ 0,A—220,A |, F,,=—-0,A+2uy,, (8.2.23)
the equations read
O0A4A=2y, , Oy=-20,4, (8.2.24)
where
0 = 20,0, — 02 — 2202 . (8.2.25)

In terms of the dual variable, the quadratic action can be written as
1 1
Se = /dudvdw [§ADA + §yDy - QA&Jy] . (8.2.26)
Defining a new complex scalar field as ® = (A + iy)e™™ we find
1. 1 N
Sy = /dudvdw [Z(P ao + Z@D@ ] . (8.2.27)

Thus, @ is a massless scalar. Its solutions are in one-to-one correspondence with the discrete
and the continuous representations in accordance with the BCFT discussion.

Since here the world-volume has Minkowski signature it is the eigenvalues of the Lapla-
cians that are relevant when we include 6 extra flat coordinates in order to study strung
theory in the Hy x R® background. Thus we need to solve

O = Ed . (8.2.28)
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We parameterize,
P = P-utipHv, (8.2.29)

and z satisfies the harmonic oscillator equation
(-2 + pia?] 2= 2pyps )=, (8.2.30)
with quantized values of p_. For p; = 0 the equation becomes
02z = —Fz, (8.2.31)

and the solutions for z are plane waves in one dimension.
Thus, the spectrum is in agreement with the BCFT findings in section 4.

9. Conclusions and generalizations

In this paper we provided the complete solution for the BCFT pertaining to the two classes
of symmetric branes of the Hy model, the D2 and the S1 branes. In both cases we solved
the consistency BCFT conditions [78, 79] and obtained the BCFT data, namely the bulk-
boundary and the three-point boundary couplings.

The bulk-boundary couplings for the D2 branes can be found in Eq. (5.1.6) and (5.1.9)
while the three-point boundary couplings are in Eq. (5.1.12), (5.1.16), (5.1.22) and (5.1.24).
The bulk-boundary couplings for the S1 branes are in Eq. (5.2.7) while the boundary three-
point couplings can be found in Eq. (5.2.22) (5.2.25) and (5.2.27). To our knowledge, with
the notable exception of the Liouville model [42, 43, 49, 50, 51], this is the first complete
tree-level solution of D-brane dynamics in a curved non-compact background.

Our solution of the H4 model with and without a boundary should help to clarify
the properties of the non-compact WZW models and the closed and open string dynamics
in curved space-times. Among other results we provided the first example of structure
constants for twisted symmetric branes in a WZW model (the D2 branes) and of open
four-point functions in a curved background.

There are two aspects of our work we think deserve further study. The first is to
perform a more detailed analysis of the four-point amplitudes and the second to clarify the
relation between the open and closed string channel of the annulus amplitudes. There are
also several other issues it would be worth pursuing and we mention here a few. One is the
study of the symmetric branes of the other WZW models based on the Heisenberg groups

Hyq9,, n > 2. Their generators satisfy the following commutation relations
(PP =20k, [P = Fip P (9-1)

with ¢ = 1,...,n. It will be interesting to generalize our results to the higher dimensional
analogues of the D2 and the S1 branes as well as to extend them to encompass other classes
of symmetric branes. In fact whenever two or more of the y; parameters in (9.1) coincide,
the higher dimensional Heisenberg algebras have additional outer automorphisms which
permute the corresponding pairs of PZ»i generators. The existence of additional outer auto-
morphisms parallels the enhancement of the isometry group of these pp-wave backgrounds
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when some of the p; parameters coincide [36]. As a consequence these models display a
richer set of symmetric branes, some of them similar to the oblique branes discussed in
[56, 54, 75].

It should also be possible to study less symmetric branes which can be obtained by
performing a T-duality along the Cartan torus, following [100]. Also the supersymmetric
Hyppo WZW models should be analyzed and brane configurations preserving some or none
of the bulk supersymmetries. An interesting brane is the Hy brane in the Hg gravitational
wave [60, 61], the Penrose limit of the AdSy x S? brane in AdSs3 x S®. The dynamics of
the open strings ending on this brane should be described by a direct generalization of our
results for the D2 branes.
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Appendices

A. H, representations

The Heisenberg group H4 has three types of unitary representations.

1) Lowest-weight representations Vp"'j7 where p > 0. They are constructed starting
from a state |p, ) which satisfies PT|p,7) = 0, K|p, 7 = ip|p,)) and J|p,J) = ¢j|p,)). The
spectrum of J is given by {j+ n}, n € N and the value of the Casimir is C = —2pj+p .

2) Highest-weight representations V., where p > 0. They are constructed starting

P.J’
from a state |p, 7) which satisfies P~ |p,}) = 0, K|p,J) = —ip|p,)) and J|p,J) = ij|p, ). The
spectrum of J is given by {j— n}, n € N and the value of the Casimir is C = 2pj+ p. The

representation V=, is the representation conjugate to Vp"'j.

3) Continuous representations Vs?j with p = 0. These representations are characterized
by Kls,3) = 0, J|s,3) = ijls,7) and P%|s,}) # 0. The spectrum of J is then given
by {j+ n}, with n € Z and [j| < % The value of the Casimir is C = s%. The one
dimensional representation can be considered as a particular continuous representation,

where the charges s and ) are zero.

For the study of the Hy WZW model, three types of highest-weight representations of
the affine H4 algebra will be relevant. Affine representations Vpij based on Vpij representa-
tions of the horizontal algebra, with conformal dimension

P
h=pj+ 51 =p), (A.1)

and affine representations VS% based on VS% representations, with conformal dimension

h="2 (A.2)

Highest-weight representations of the current algebra lead to a string spectrum free from

negative norm states only if they satisfy the constraint
0<p<l. (A.3)

States with larger values of p belong to new representations resulting from spectral flow of
the original highest-weight representations [31, 38]. In fact the spectral-flowed representa-
tions are highest-weight representations of an isomorphic algebra whose modes are related

to the original ones by

P::P:—wv Pn_:Pn_-kwv jn: n s
K, =K, —iwd,p , L,=1L,—iwl, . (A.4)
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An important piece of information for understanding the structure of the three-point cou-

plings is provided by the decomposition of the tensor products of the H4 representations

o0
+ + +
Vphfl ® Vp27f2 - val-l-pmfl-l-fz-l-n ?
n=0
o0
+ o +
P1,J1 szjz - Vp1+p2,j1—|—j2—n ’ P1 > P2,
n=0
o0
i OVin =2V
Vphfl szjz o Vp1+p2,j1—|—j2+n ) P <pz,
n=0
o0
+ - 0
Vp 2J1 ® Vpdb - /0 SdSVS,fl-I-Jb )
o0
Ta OV = D Vi
Vphjl ® V57]2 B Vp1+p27f1+f2+n : (A5)
n=—oo

The fusion rules for the primary vertex operators of the H; model can be obtained from
the previous tensor products. When the representations involved are spectral-flowed rep-

resentations, one has to use the relation [101]

Loy [P0 ] © B, [P ] = By 4 [Py © Py ] - (A.6)

B. Fusing matrices

Consider the correlator (vi(z1)p;(22)pr(23)¢i(24)) and let Fi*(2) denote the conformal
blocks in the s-channel z;~zy and ]—'é”k(l — z) the conformal blocks in the u-channel z;~zy,

where z = % We use the following convention for the fusing matrices

Fikl(z) =3 F,, [Z ﬂ FUk(1—2) . (B.1)

F,, defines a linear transformation

ik i i
R [1)] e v Ve v (52

where V;k is the space of the three-point couplings. Moreover,

jk Ik
> Fyy [l 1] L j] =Jpy (B.3)
q

Since in our non-compact CFT the conformal blocks are labeled either by discrete or
continuous indexes, in the previous expressions we will have a sum or an integral, according
to the case. The following are the fusing matrices we used in section 5 to compute the
structure constants. We set v = — Zle Ji- For correlators of the form (+ + +—) we have
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F N o (=pa,ja) (p1,00)| _
(prbp2 fitdobn) (pr=pe b3t m) | (g, ja) (p2,Ja)|

(v —n)! [F(P2+P3)F(P1 -I-Pz)]y [ I'(p2)'(pa) !
m!l(v—n—m+1) I'(p2)L'(p4) 71+ p2)I'(1 = p1)T'(ps)
LF'(p2)l(pa "
v(p2 + p:E)F)(p:E)F)(l - p1)] Flom=my =n=m+1,6), (B4)
where . .
0 — s?n P2 s?n TP (B.5)
sin 7py sin wp3
For correlators of the form (+ — +—) we have
F o o [(—P4,j4) (p1, 1) ] _
(p1—p2,j1+i2—n),(p1—p4,j1+ja—m) (ps,js) (—pz,jz)
(m+n+v)! [7(191 —pz)F(pz)F(l—m)]”[ L(p2)l'(1 = pa) "
nlm o)l | 0T - o) T2 — po) T (1— p1)
[ [(p2) (1 — p4) ]UH F(=n,—m,—n—m - 1,8) , (B.6)
(1 = p1+ p2)T(p2 — p3)
where . .
g _ Sinmpysinmps B7)

sin wpy sin wps

F, .- L [(—q,ﬁ) (pajl):| — L [F(P)F(l_f])]yﬂ
(s{itieDe=aiitis=n) | (4. 55) (=p, jn) 1) T —q)

n 2 % o2 2
[%] [%] e‘?(w(p)-l—w(l—q)—W(l))L; [%(ﬂ'ctgﬂ'q—ﬂ'Ctgﬂ'p)] . (B.8)
F_ . o L [(—p,jz) (p, jl):| o [M] V41
(pmaditin=m o3 b)) | (¢, 33) (g, 4a) T(1—p+q)
— nr21s o 9
[W] [%] e 5 (@) +o(l-p)—24(1 [% ﬂctgﬂ'q—ﬂ'Ctgﬂ'p)] . (B.9)

(=p,ja) (P 1) ] - 6’2552<w<p>+w<1—p>—zw<1>>JV( st ) . (B.10)

F(s,{j1+j2}),(t,{j1+j4}) |: (p,73) (=p,32) sin 7p sin 7p

Similar expressions hold for correlators of the form (+ + ——).

(—pa, Ja) (pujl)]

F(p1+p27f1+f2+n)7(p1—p47f1+i4—m) |:(—p3,j3) (p2, 32)

(m+n+v)! [ I'(p)l(ps) ]n Y [ I'(p)l(ps) ]m

m!(m+v)! [y(p1+ p2) (1 = p2) (1 = pa) Y(p3 — p2)L(p2) L (pa)
I'(p1)L(ps) v AU — =T — ™

[F(Pl + p2)L(p3 — Pz)] Fl=ntv,=m, 0 (B.11)
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where . .
sin wpq sin wps3

P m7ps (B.12)
sin wpy sin wpy
~ ~ v+1
(=P, ja) (p,h)] [F(P)F(Q)]
Foyo S h A A =(n-v)l|——=~ B.13
(s.{51+52}),(p+a,51+iat+n) [(—q,js) (4,32) ( ) T(p+q) ( )
n=v T2 5 2 52
F . . . . |: (QajZ) (pajl) :| — i [F(l_q)r(l_p)]l"l'l (B 14)
(p+a.d1+i2+n),(s{Js+ia}) (—=q,Js) (=p,j4) n! T(l—p—q)
n—v . 21% 2 2
[%] |:%:| e—?W(1—q)+¢(1—p)—2¢(1))[/;_y [%(ﬂctgﬂ'p _I_ ﬂctgﬂ'q)] .
For correlators of the form (+ — 00) we have
F Gutia) o |:(54aj4) (pajl) :| — e 2224 cospo(p)t+ T3t j:;'v—inap+inu (B15)
(s, {71+72}),(p.J1+ia+n) (53,j3) (—p,jz) )
o o (_pajZ) (pajl) _ ; 2224 cospo(p)— Tt j:;'¢+intp—inu
F(P7]1+]4+n)(5,{]1+]2}) [(Sg,jg) (84,j4) - 75354 Sing@e ) (B16)

where o(p) = ¥ (p) + ¥ (1 —p) = 2¢(1), s> = 5 + 5] + 25354 cos p and € = 753+Z46i¢.

C. Bases of conformal blocks

In this appendix we collect various bases of conformal blocks for correlators of the form
(+—+4+-), (+ + ——) and (+ — 00). Using the global conformal and H4 symmetries, the

four-point amplitudes can be written as follows

Az iz, 8) = [ |zij|2hi+2hﬂ—%/c<xi)’(@)an(z)fn(z). (C.1)

j>i:1

The kinematical functions K and K are completely fixed by the Ward identities of the left
and right Hy algebras and we chose the standard gauge for the global conformal trans-
formations. The conformal blocks F,,(z, ) thus depend only on the cross-ratio z = %

and a suitable combination z of the four charge variables. In the following v = — Zle Ji-

Consider first the correlator

(@F . (21,21,21, 1)@ . (29, %2, @2, T9) D) . (23,23, 23, T3) D7 . (24, 24,24, 74)) . (C.2)
The Hy Ward identities require
P1+p2+p3s=pa, (C.3)
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and give the function K
]C(xl) — 6—904(p1901+p2902+p3903)(x3 _ xl)l/ , (C4)

as well as the invariant combination

Ty — X1

=T (C.5)
We set F = 22 (1 — 2)"4 F(z, ) where
h . .
K12 = hy + hy — 3 T P2~ 2P~ ip2
h . .
K1a = hi+hy — 3 TPipa—Japr+ Jipa—prt v(p2 +p3) - (C.6)
We then arrive at the following form for the KZ% equation
1
0. F(z,z) = ~ [— (12 + paa(l — 2)0;) — vpaz] F(z, )
1
-1 [(1 = 2)(p2x +p3)0s —vpa(l —2)| F(z,2) . (C.7)
The correlator vanishes when v < 0. In the s-channel we have the (I);—1+p2,j1 iyt TEDTESEN-
tations with 0 < n < y. The conformal blocks are
Fn(va):fn(z7$)(g(z7x))y_n ’ (C8)
where
flz,2) = P3 PP o0 (2) — w2 PP (2)
L—p1—p2
LP2
z,x) = volz) — z), C.9
9(z,2) = 0(2) = 2= (2) (C.9)
and
wo(z) = F(1 = p1, 14+ p3,2 = p1 — p2, 2)
991(2) = F(l — P1,P3, 1 —P1— P272) 3
70(2) — F(P27p47]71 ‘|‘P27Z) )
71(2) = F(1+ p2,pa, L+ p1+p2,2) (C.10)

In the u-channel we have the representations @ . .. .

0 <m < v and their confor-
mal blocks read

Ep(uyz) = f/7™ (u, ) (§(u, 2))™ (C.11)

where

Flusz) = w7277 (Go(u) — 2 (u)) |

- IZ3 P2 .
z,x) = u) + u) C.12
9z ) P2+P370( ) P2+P3%( ) ( )
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and

P1y—Pa, L — p2 — p3, u)

L —pa,p1, L = pa — pa,u),

P2, P4, L+ p2 +p3,u)

Y1(u) = F(1+4 p2, pa, 1 + p2 + pa, u) . (C.13)

Consider now the correlator

<(I>;'17j1 (2’17217$17fl)q)];’]b(,z’%gg,$27f2)q);;7j3(237237$37fg)q);hﬁ (24, Za, x4, Z4)) . (C.14)
The Hy Ward identities require
PL+p3s=p2+tpa, (C.15)
and give the function K
K(z;) = eP2m1027paga@a—(P1=p2)oi®s (g, _ go)v (C.16)
In this case the invariant combination is
r=(x1 —a3)(r2 — 24) . (C.17)

We set F = 2712 (1 — 2)"4 F'(z, ) where
h ~ ~
K12 = hi 4 hy = 5+ pip2 — Japr+Jip2 = p2

h R R
K1a = hi+ hy — 5 T PP = Japr+ Jipa = pa - (C.18)
We then arrive at the following form for the KZ% equation
21— 2)0.F(z,2) = [202+ (g1 - p2)ar + 1+ ) 0,] F(z,0)
+ 2[=(p1 +p3)20s + apaps — (L +v)ps] F(z,2) . (C.19)
_I_

When p; > ps in the s-channel we have L S
with m > 0 for v < 0. The conformal blocks are

withn > 0forv > 0and n=m—v

eacgl(z)
F.(z,2) =v,—————L; (zyy(z z)" neN, C.20
(2:2) = oy L () 6(E) (€20
where L? is the n-th generalized Laguerre polynomial,
f2(2) n!
z) = , Z:—Zl—Zaln s Vp = y
g1(2) = zps — z(1 — 2)d1n f1 , (C.21)

and

fi(2) = F(ps, 1 —p1, 1 —p1 +p2, 2)
f2(2) = 2P F(pg, 1 — po, 1 — pa +p1,2) (C.22)
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2:2—p17f1+f2+n
n=m+4+v with m > 0 for v > 0 and n > 0 for v < 0. The conformal blocks are very

When p; < pg, the intermediate states belong to the & representation with

similar. Finally when py = ps = p and p3 = p4 = ¢ the intermediate representation is (I>2J
and the conformal blocks read

ev91(z) 2 v
Fiei) = (e S sl = 20 (5 E) (€29
where
P =25 =900, (C21)
and
CI(Z) = F((L 1L —p, 172) )
co(2) = [Inz+2¢(1) = ¥(g) = ¥(1 = p)ler ()
4 3 O Py ) w1 pbm) — 2 D) (C25)
where r
(a), = (ff (Z)") (C.26)
Moreover
g1(2) =qz— z2(1 = 2)0.In¢; . (C.27)

In the u-channel when p; > ps we have the representations & with n € N for

P1—p4,)1+ia—n
v>0and n=m— v, m> 0 for v <0. The conformal blocks are

exgl(u) v e
Fo(u,z) = VnWLn(ij(u))zb(u) , neN, (C.28)
where
_ L u) =u(l —u)dln v :771’
¢(u) - fl(u) ) PWJ( )_ (1 )81 (o n (p2 —p:a)” )
g1(u) = (1 —w)ps +u(l —u)dln f , (C.29)
and

filu) = F(ps3, 1 —p1, 1 —pa+p3,u),
f2(u) = w7 F(pz, 1 — pa, 1+ pa — ps,u) (C.30)

Pa—p1,J1+iatn
n=m+4+v with m > 0 for v > 0 and n > 0 for v < 0. The conformal blocks are very

When p; < pg4, the intermediate states belong to the & representation with

similar. Finally, when py = p4 = p and ps = p3 = ¢ the intermediate representation is (I>2J
and the conformal blocks read

e®a1(v) 2

F0,) = ¢ oz O el = 0)0p) 50 (sv/27) (©3)
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where

plo) =20 = 1= u)opl). (€32
and
Cl(u) = F((],l _pvlvu) )
co(u) = [Inu+2¢(1) = ¥(q) — &(1 = p)ler(u)
4 S Py ) 4w pn) 204 DI (C33)
Moreover
gi(u)=(1—qu+u(l —u)d,Inc . (C.34)

We will also need correlators of the form

D373

(@,

1,71 (227227$27j2)¢

(217217$17i1)¢+

P2.,72 (237237$37j3)¢;47j4 (2’47247$47f4)> . (C35)

In this case the H, symmetry requires
P1+p2=p3+ps, (C.36)

and gives
K(x;) = e—p3$11’3—p2732734—(p1—p3)1’11’4(xl —23)", (C.37)

as well as ¢ = (21 — 22) (23 — 24). Proceeding as before we pass to the conformal blocks
and we set F = z2(1 — )M F(z, x) where

M2 = —K12 — Kia — (L4 v)pe
= —hi+hy - %‘I‘ (L=p)(pr+p2) +p1(J3 4+ Ja) = 1i(pr +p2) — (1 +v)p2
AMa = Kia = hy + by — % + p1pa — japr + J1pa — pa - (C.38)
We then arrive at the following form for the KZ% equation

2(1=2)0.Fu(z,2) = 2 [202 4+ (p1 — p3)a + L+ v) 0y — (L +v)p2] Fu(z,2)
+ [—(p1 + p2)20s + xpaps] Fr(z, 2) . (C.39)

In the s-channel, the representations (I);—1+p2,j1 it with n —v € Nwhen v > 0 and n € N

when v < 0. In the first case with m = n — v the conformal blocks are

el’gl(z) v m
Fo(z,2) = VmWLm($7¢(Z))¢(Z) ) m e N, (C.40)
where
= f2(Z) Z) = — -z n V., — L
¢(Z) - fl(Z) ) PWJ( ) - (1 )81 v, m (1 — _pz)m )
91(z) = p2 = (1= 2)0In fy (C.41)

,59,



and

fl(Z) = F(P27p47]71 ‘|‘P27Z) y
f2(2) = 212 P(L = pry 1= p3, 2 — p1 — P2, 2) - (C.42)

When v < 0 the conformal blocks are given by the same expression except that now n > 0.

Using

n!

Ly_,(z) = m(—ﬂf)

“VL=V(2) (C.43)

and the wronskian

W(fi, fa) = (1 —¢)z7%(1 = z)e7270=1 (C.44)
they can be rewritten as

69”91(2)
WLlf'(ww(Z))w(z)” : neN.
(C.45)

Fn(Z, x) — Z”(p1+p2)(1 _ Z)—V(p1+p4)x—lfyn

In the u-channel, when p; > p4, we have the representations @;’1_])4 Htja—n The conformal
blocks are
F Y n N C.46
n(z, ) = U () n@n(2)x(2)" neN, (C.46)
where
az(z) n!
x(z) = —=, z)=wudln y , Up= — |
=) a1(2) (e) (p3 — p2)"
bi(z) = p2+udlnay , (C.47)
and
a1(z) = F(p2, pay 1 +p2 — ps,u)
az(z) = uP P2 F(ps, p1, 1 — pa + pa, u) - (C.48)

Here n > 0 when v > 0 and n = m — v with m > 0 when v < 0. When p; < ps we have
the representations (I>;4_p1 et with n > 0 when v < 0 and n = m 4+ v with m > 0
when v > 0. The conformal blocks are similar to the ones already displayed. Finally

when p; = py = p and py = p3 = ¢ the intermediate states belong to the continuous
representations (I>2 it Let us now turn to correlators of the form
<¢Z-7I—7]A1 (217 217 T, jl)Q;Jb (227 227 T9, j2)¢27j3 (237 237 T3, jZ’))Qgﬁ (247 247 e j4)> . (C49)
In this case
x < t x
K(z;) = e‘p““‘T%<a+a>‘722(“’3+“’4)xgl—”2 , (C.50)
_ 1’_4 . . _I_ .
and z = o The conformal blocks corresponding to the propagation of q)(p,j1+j4+n) in the

u-channel are F = w4 (1 — u)™2 F(u, 2) where

s 4+ t? h h
_ = =hi — — — pia4 . C.51
5 3 K14 1 3 P4 ( )

K12 =
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They solve the following KZ equation

1 t 1 st 1
Oy (u,2) = - (pw@w + %) F,(u,z)— . u% (x + 5) F,(u,z) . (C.52)

Their explicit form is

s za(u ub(u
Fo(u,z) = x”u_”p6_7t<41v_l+r(l—p)>

(C.53)

where

a(u) = F(p, 1,1+ p,u) , b(u)=F(1—-p,1,2—p,u) . (C.54)

ot ia—m AT€ given by F,y,,. In the s-channel the

Similarly the blocks pertaining to ®

blocks for the representation ®° with

) ter®
r? =8+t 4+ 2stcos o, e = stte? , p€0,27), (C.55)
T
are
F, (27 $) — 6—;—t[cosapcr(p)—isinamrcotwp]—l—inu Z e—imp]_-n(u7 $) ) (C56)
neZ

D. Sewing constraints

In this appendix we outline with an example the main steps that are necessary in order
to verify that the structure constants given in section 5 solve the sewing constraints. We
consider the bulk-boundary couplings for the S1 branes and study the factorization of the
following bulk two-point functions: (@F&F), (®f®) and (®f®2). The first correlator

gives

apgs aps Caaa,l — Z C(P‘['qyjl‘hﬁ-l-n) aBl o F o |:(_pa _jl) pajl):| . (Dl)
p,J1 Fq,j2ss J1)3(a,52 p+q,j1tiztnt (p+g.jitiztn)s | - -
o el (—q,—J2) (q,]2)
The second correlator gives
apgs aps Caaa,l — Z C(ijyjl-l-j%—n) aBl o Fr - - |:(_pa _jl) (pajl) :|
p.J1 T —q,d2 " ss J1)i(=a,52 p—q,j1t+jz—nt (P—q.Jr1+j2—n),s _a P )
— (p.31)i(=a,72) (¢,=32) (—4a,72)
(D.2)
when p > ¢ and
apgs aBs_ . Cgﬁa,l :/ dttc(t’ijl,-l—ﬁ}} aBl . F s [314is |:(_pa _Ajl) (paj{) :| ’ D.3
P, P2 o (pd1)i(=p.j2)  CtAG+i} T 6 (s i) (p,—Jj2) (=p,j2) (D-3)
when p = ¢. Finally the third correlator gives
anps ans aaa,l __ Oo (p,j1t+i24n) a pl o (_p’ _jl) (p’jl)
o B, O = Z Cip i yi(sorga)  BojrtiztnF (pjr+iztn),s [(52 “a) (sa,70)] (D.4)
n=0 3 3
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Using the bulk three-point couplings in (5.12 — 5.15) and the fusing matrices in appendix

B the previous equations become

2
aBZi]laB;]z =V 0p7q67(w( ZL ( 20 2) B;+q7]1+]2+n ) (D'5)

2
aps aps / = (1— E 1
Bp J1 B—q7f2 = 0_p’qe Tkt L (0—p,q 2 ) Bp—q,j1-|-j2—n )

T 2 st
aps aps : 67(¢(p)+¢(1—p)—2¢(1)) dt . : aBlA .
P P =p.2 sin 7p o O\ sin ™ tji+iz
iﬂs% sin 6 )
6_2tan(7'rp) sl(l—cose)
aps: apsy  _ =)ty (1-p)—2¢(1)) ind apl
Bijl Bsmé - 778% sin f € : Z Bp7]1+]2+77- J
neZ

where 8, , = 7 cot 7p + 7 cot mg and s3 = 257 (1 — cos ).
We make the following ansatz

aps _ | T £2ipn+ S [ () + (1= p) — 20 (1)] 1.5
B, ;= me P+ [ (up) +4(1—pp) —2¢(1)] 4w (D.6)

with 63 5., (u) = e™ub% (u). The constraints then simplify

+p.j
_iTr[cot(Trpp)—cot(Tqu)]S2 bl R R (u)
an( 57 4 +
b;vﬂ( )bs—q7]2( u) =e Hen() % )

o mst 1
S S a
bpm( )b—mz( u) /0 dt tJo (sin ﬂ'p) Bijiti s
iﬂs% sin @
6_2tan(7'rp)

_ 1

b;?ﬁ( ) Bjijz T xs2¢inf elmbp,Jl-I-Jz-I-n( ) ’ (D-7)
1 neZ
Zju:F ims2 o
and are solved by b5 ;(u) = e ¢ tan(mup) tan (7)) |
Therefore
+2ipn+iju 2 _ _ ims2
aps  _ T ¢ o TRl (=ue) =20 (DIF ey
20 7 \sinwpp 1 — eFine '
6iju

“Bj; = m%’&(uu -9, t? = 25%(1 — cos ) . (D.8)

Here we show some explicit examples of the relation (5.2.10) for the S1 branes of the
H, model. We have

abe,(p+q.js) _ o o
(pi ) (a52) T (=poda—jetna),(pta.ji+i2+k) (

(P, J1)  (4,72) ]

paaja) (—Pc, _jc)
where J1 = Jap — N1, J2 = Joe — N2, J3 = Jac — n3 and k = ny + ny — n3z > 0. Similarly

(p,1)  (=9,02)

abe,(p—g,j3) _ F
( paaja) (—Pc, _jc)

(».51)(—0:32) ] o P>q,

—Ppij2—je—n2),(p—a,1+i2—k) |:(
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where 1 = Jup — N1, J2 = Jbe + N2, J3 = Jue — 13 and k = n3 + ny — ng > 0. We also have

abc,(—(q—p),j ) _ (pajl) (_QajZ)
(p,1)(—a,32) V= F(—pbdb—fc—m)7(p—q7f1+f2+k) (pa,ja) (—pc,—jc) v P<q,

where ji = Jop — 11, J2 = Joe + 12, )3 = Juc + 13 and k =n3 +ny —ng > 0.

E. Penrose limit of the SU(2) and SL(2,R) branes

In this appendix we discuss the Penrose limit of the symmetric branes in S® and in AdSs
using coordinate systems adapted to their world-volume. For S® we use spherical coordi-
nates

ds* = k [—dt* + dy® + sin® ¢ (df” + sin® 8dp?)] Hyp, = 2ksin® ¢sing . (E.1)

The symmetric branes sit at ¢, = wn/k. The integer n, 0 < n < k, parameterizes a

uniform world-volume flux F' = —n/2sin 6, which stabilizes the brane [73]. When n =0 or

n = k, the brane world-volume degenerates to a point. In order to describe the S'1 branes
we make the following change of variables

+ - +
JTE x JTE x p

t=—+ —, = —, f=—. E.2

v v (€:2)

This leads in the limit & — oo to the Nappi-Witten wave in Rosen coordinates. We can

easily see that the flux on the brane world-volume becomes
.
.7:EB—|—27TF:—§SIH$ pdp N\ dy | (E.3)

as expected. Moreover we can exploit the relation between the brane location % and the
spin of the SU(2) representations

¥ = T(2j +1)

_— E.4
E+2 ' (E4)

, k
J = 07 ceey 5
to derive an analogous relation between the labels of the Hy conjugacy classes (u,n) and
the quantum numbers of the H4 representations. If we scale the spin of SU(2) in such a
way as to obtain a discrete representation Vi, ; [35]

.k .
Jj=35p¥], p>0, (E.5)
we obtain
pu =127 (up + n) , 2n=n(2jL£2pF1). (E.6)
For the D2 we set
iz pu o 2v X 7 £ 7
= — =— - — = =+ — f=—"—+ — E.
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and take the limit & — oo, which leads to the Nappi-Witten wave in Brinkman coordinates.
In this case we focus on S? branes very close to the equator of S® and scale the SU(2) spin
as

k X
=+ VE - E.8
J=gtVEg (E.8)
As expected, the twisted-branes are in one-to-one correspondence with the representations
invariant under the action of the external automorphism €2, VS% and VSOL- Note that in the

first case, the null geodesic used to take the limit intersects the brane world-volume while
in the second case it is contained within the brane world-volume.

The limit of the AdS, branes is better described using the following coordinate system
for AdSs; x St

ds?® = kdy*+k cosh? o (dw2 — cosh? wdrz) +kdz? | Hyr = 2kcosh? Ycoshw . (E.9)

The AdS; branes are surfaces with constant ¢» and a world-volume flux F,,; = —5= coshw.

ki
2
The Penrose limit is

L b 20 pu X §

+_7 =7, = T W= —,
2 pk 2 v Vi VEk

with & — oo. In the process, the AdS; brane at constant ¢ (with Neumann boundary

(E.10)

condition along S') becomes the D2 brane at constant y, with a null world-volume flux

F.¢ = &¢, as expected. Similarly, the limit of the H; branes is more easily described if we

use hyperbolic coordinates for AdSs writing

ds* = —kd7* + ksin? 7(dA\? + sinh? Ad¢?) + kdz? | H:yy = 2ksin® Fsinh A, (E.11)
with 7 € [-7, 7], A > 0. The H, branes are surfaces with constant 7 and a world-volume
flux Fyy\ = —g—fr sinh A. In the limit & — oo the change of coordinates

+ + -
.Uz Hx 2z P
— S e A== =— E. 12
T 2 1 T 2 l,[/k 1 \/E 1 ¢ SO 1 ( )

leads to the Nappi-Witten wave in Rosen coordinates (here p* = yi + y3). The Hy branes
with Dirichlet boundary conditions along S! become the S1 branes with the flux given in
(2.13).

F. The DBI approach

In this appendix we will study the more general class of rotationally invariant solutions
found in section 8. We consider B # 0. It is convenient to distinguish the following cases:
(I) |B+ E| < 2. In this case the brane embedding can be written as

= Bl g gy froe —2B | (F.1)
U = 4—(B—|—E)2 og |r r 4—(B—|—E)2 uo .
4 — BE — E? 4AB
=vo + 24 1 oyt | - F.2
v = Vg (4—(B—|—E)2)% og (7 \/r (Bt E) (F.2)
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B+ F 5 4AB
— rWirc+ ——
2\/4— (B+E)? 4—(B+E)?

(I) |B + E| = 2. Here the embedding simplifies to

B
u:\/Hr—l—uo (F.3)

/B 3Ar £ 3
Uzvo-l— Z ST (F4)

(I11) |B 4+ E| > 2. In this cases we obtain a trigonometric embedding

B B+ E)2—-4
U= ug + 1] arcsin | - (B +E) (F.5)
(B+LE)? -4 4AB
| B| 5 4AB
V=1 — ryf—r*+ —e—d F.6
° 2 (B+E)?—4 (B+FE)?—4 (F-6)

2A(E* + BE — 4)
(B+E)?—4):

Solving for r and substituting we obtain that the points on the brane are on the curve

arcsin

4AB

r (B—|—E)2—4]

) E?+4+ BE -4 B
[(B+ FE)* —4](v—1vy) — 24 Biir 4(u— ug) = (F.7)

_ _%\/W sin [\/m%]

Using the embedding equations (8.1.9,8.1.10) we can calculate the induced metric as

4 — E?

/\2_
ds” = [E

2
r2u?dr? + r2de* = r? [4 L du® + dOQ] (F.8)

B2
while the antisymmetric tensor is B,g = 2ur. The induced two-dimensional curvature is

R~ 4 ru” (F.9)
The induced metric is flat when A = 0, when the solution is

| B] B+ L 2

U= logr +ug , v=1wg— r
Ji—(BrEe T 9 /Ai- (Bt E)?

Our symmetric branes are a special case of the flat branes with B = 0.
The open string metric is the induced metric rescaled by (detg + B)/detg. We find

(F.10)

4B%y? + (4 - Ez)r2u’2 4 - E2
2 2 12 2 2 2
dslpen = (BT [ " u*dr® +r°do ] (F.11)
4B%y? 4— F?
_ 2 2 2
N (r + (4—E2)u'2> [ B2 du +d0]

,65,



For the symmetric branes this is again flat.

The critical electric field case ¥ = £2 is a bit special and we will discuss it here,
separately. The gauge field equation implies in this case

riu + 2u'' =1 (F.12)
while the others

A
2r2u’:B|2ur—|—F| . iy +0' = (:Fl—l——2> |2ur 4+ F| (F.13)
r

The previous equations can be massaged into

| B 1 B+4
Y _ = Rsi — F.14
u 4A\/E:>r sin 5 (u uo)] ( )

44
R B£2 r2 r
v =1+ r — — £+ Rarcsin — F.15
T /BBL4) | 2 R? R] (.15)
This class of solutions describes an embedding with a compact support 0 < r < R with
R = B4—j:14' The induced metric here is degenerate

d&* = r?d6? (F.16)

These are the null branes mentioned (but not analyzed in detail) in the main body of
this paper.

F.1 51 fluctuations
Expanding around the classical solution u.,v., Fx satisfying (8.1.8)-(8.1.10)
U= ust+u , vov.tv , F=F4+F (F.17)
we obtain to quadratic order
L= L.+ Ly 4+ O(u®, 0%, ) (F.18)

1
213

Ly (1= 2ulv] — r?u)r®(2ur + F)*+ (F.19)

+2r2 (2uer + F)[(vl + r2ul)u’ + vl o' |Qur + F) — LEu?0% 4 (r? + )i 4 2(1 — v’ vl) i)
—rtulZo — Y r? 02 + Quar + F)Pu = 20 [(2uar + F) + 1% (1 — wlol)]] o’
From equations (8.1.8)-(8.1.10)

4-F? E?
77‘21/*2 o Quar + F)? = —r?u?  (F.20)

2
L. 2wl 1= 200l —rtu? = Bz U

= —7r7u,
| B

follow and we can rewrite Ly as
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(4—E2)\/4AB—|— (4—(B+E)?*)r? E[(2A — Ert)u’ + Bv'] 2
Ly = P42 —
2 1612 o 14— L2
(F.21)
4(A% — AEr? + rY)4? + B?20? + 2(2AB - [(E(B + E) — 4)r%)aw
4r2\/AAB+ (4 — (B + E)¥)r?
—V4AB+ (4 — (B+ E)?)r? x
y 4(A? — AEr? +rHu/? + B20"? 4 2(2AB — [(E(B + E) — 4]r?)u/v’
4(4 — E%)r?
Specializing to the symmetric solutions A = B =0
. o Er? I 2r 5 LF Er
Uy = cOnst. , UV, — Vg — ——— = ————— , 2u,r = ———
S VZ o 1- L7 1 B2
(F.22)
we obtain.
4 _ |2 5 5 5 o 16r2 .
Ly = BETTES —(4 = F5)Qur+ F)* 4 2E*r u’(2ur—|—F) + . EQU + 8uv+  (F.23)
+(4 + E*)rtu? + 8r2u/v']
We redefine ) ) s
2r Ereu
V—U+mu s A@—}A@+m (F24)

and rewrite the action (after performing an integration by parts) as

Sur r2y2

2
(A _ 2 Y 2, 0y/!
(4 E)<F+4_E2> +8(aV +r uV)—|—324_E2 (F.25)

4 — E?

Lo =
2 167

It is obvious from the Lagrangian above that u satisfies the flat two-dimensional Laplace

equation.
1 I L.
Du:0:>;(ru) +r—2u:0 (F.26)
The solution to the equation for the gauge fluctuation is
E* 2C
F—I—Qur—4_E2ru :mr (FQ?)
with C' a constant.
Finally the u equation reads
WV = (V) + T L (ut0) (F.28)
=—(r —V=—-——2u .
r r2 4 — F?

Thus the V field is a free field subject to a source linear in u and C.
The regular solution of (F.26) is u = ug constant. On the other hand in order that
(F.28) has a regular solution we must have C'= —2ug and then V = V{ constant.
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In the critical case , we take I/ — 2 and rescale F' — F//v/4 — E?, (u,v) — (u,v)v4 — E?

to obtain

_ VAAB+ (4 - B)r?
N 1672

Sy (E = 2) (F + 2ur + 2[2(A — r?)d + Bo'])* - (F.29)

VAAB + (4 — B2)r2
4r2

This system is degenerate. The solution to its equation of motion is

[2(A = r®)u’ + BY'] :

F42ur=- NZEY: j_cgf_ 5 2(A—r*)u' + Bv' = NV 1—|(_)C(]4r2_ .2 (F.30)
G. Bulk one-point couplings from the DBI action
We can compute the coupling to the bulk metric from
guv = 25081 (G.1)

= 5G .,

1 ~ ~ N N af N “ af
[ _ _ _ H v
S _4\/ det(G + B + F) [(G—|—B—|—F) +(G B F) ]8aac 952" (G.2)
For the D2-branes at y = yo we obtain the following coupling

Suv 1 SUY — _fgx + $2 + Qyofim’

= G.3
21— f2, 21— f2, (G:3)
vr fuv(fux_yO) zr \/1_ 31/
SV = S =X =7
21— 2, 2
all others being zero. In summary,
_ 1
0 T 0 0
_ 1 _f2m+l’2+2y0fu.r fuv(fu.r_yo)
S — 2\/1_va 2\/1_va 2\/1_va G4
0 fuv(fu.r_yo) \Y l_fgv 0 ( )
2/1-f2, 2
0 0 0 0
At the symmetric point
0 —-100
1{-12200
S == y (G.5)
2 0 010
0 000
For the D1 branes
B 4 — E*
S = Hrz&,x“&w” + W' gzt Ogx” (G.6)
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For the symmetric configurations we obtain

E%3 E r 4— F?
vy vro rr  __ _ 2 60 J—
SDI - 4\/@ ) SDI - 4 r ) SDI - 4-F 4 SDI - Ar (G7)
The coupling to the antisymmetric tensor is given by
8S
A = Z2DB1 (G.8)

0B,

A = %\/— det(G + B + F) [(G+B + F)aﬁ ~(G-B- F)aﬁ] Doz sz’ (G.9)

By direct calculation for the D1 case we obtain that the only non-zero components are

E
A@u:_ l A@v:_ A@r:_ 1
S “ : (G.10)
For the particular case of symmetric D1 branes we have
E?r K
Alv=0 |, AWM= — | br — — G.11
44 — F? 4 ( )
For the D2 branes we obtain
0 fu'u 0 0
1 _ wv uz — Y0 1 _
PUNES By Vi, = 100w (GL12)
_ fuz—yo lim =0 2 0 0 0 0
0 0 0 f Y
VI=fi 00 0 0
0 0 0 0
The one-point coupling to the dilaton is given by
_ 0SpBI .
F:W:—\/—det(GJrBJrF) (G.13)
We obtain
2r%u’ 2r? 2
Fp=-LX = s — - (e
B V(@4 — (B+ E)?)r24+4AB  symmetric 4 _ F2
—
Fps = —/1— f2 -1 G.15
b2 “ symmetric ( )
H. Some useful series and integrals
= o n 6;_21
ZLn($)Z = m . (Hl)
n=0
G z" a z -2
Z ml/n(w) =€ (xz) 2 Ja(2\/ xz) . (HQ)
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Oodwe_BxZ)w”HL;; ax®)J,(zy) =277 (B—a e LY
/ (), (xy) = 277 5= (-a)"y T
° -z _afa a _ (a+n+1)
/0 dee” 2Ly ()L, (2) = 0pm — ) (H.4)
/ dead,, (s2) T (tz) = 5(35,_t) , (H.5)
0
> —oxr _aro o _ F(m+n+a+1) (O._)\)n(o._lu)m
/0 dee” "z L (Aa) LS, (pe) = p— - e F=m,—n,—-m—n—a,T1) ,
(H.6)
where
olo=Ar=p) (H.7)

e

/ dug’tlemov L= (aa®) LG (ax?) ], (zy)
0

(_1)m+n(2a) v— lyue Lcr—m-l—n y_2 Lu—cr-l—m—n y_2 . (H8)
m 4a) " 4o

2
v _m

Y
p— I'in4+ 1+ I//Q)W

oo v 2
/ . —51’ %(O&$2)} Jl,($y)d$:
0

T(n— 14+ 1/2T(1+1/2) (20— 58\ ay?
e e I 1 ] L

Mz

=0
_56_z£1m_+y) (21 /xyz) (1.10)

— L2(2)L2(y)z"  (xyz)
1—-2z2

Zn! =
I'(n+a+1) 1—=2

n=0
> e L T bren) G T LT (baea) = €72 (o1 + )" L [(by + b2) (1 + c2)] . (H.11)
7=0
o0 279—s—m+n 2 _ 2
/ drre_aé T‘_ Lgn_m ﬂ L?_S bT‘ Lq—l—nk m=s 7(61 b)r (—1)5+n k
0 2 2 2 ) Tmtk-n 2
(k+ @tk +m)! (a—b)" o a
) F (—k. —s,—q—k, E) X (H.12)

- m!stk!(k + m — n)!

F(—k,—m—k{—n,—m—k,L) .
a—1b
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o V2
. (q1—4q2)
— n+m
Vi e H,(q1) Hin(2)
2 m!
o0 1V sIn E ﬁ
) a2 — b2

> _ax? 1 s 82 2
J LT, (2
/0 e (Ba)dx 2\/;e sal, (8_a> ,Re(a) >0,8>0,Re(v) > —1.

/ ds cos(bs)Jo(as) = L
0 Vaz — 2’
z dve™® " J, _ L5
/0 o(zy) 200 &
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