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Abstract

We prove the existence of localized states at the edges of the bands for
the two-dimensional Landau Hamiltonian with a random potential, of arbi-
trary disorder, provided that the magnetic field is sufficiently large. The cor-
responding eigenfunctions decay exponentially with the magnetic field and
distance. We also prove that the integrated density of states is Lipschitz
continuous away from the Landau energies. The proof relies on a Wegner es-
timate for the finite-area magnetic Hamiltonians with random potentials and
exponential decay estimates for the finite-area Green’s functions. The proof
of the decay estimates for the Green’s functions uses fundamental results
from two-dimensional bond percolation theory.
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1 Introduction

The existence of localized states for a two-dimensional gas of non-interacting
electrons in a constant magnetic field is a main ingredient in various discus-
sions and proofs of the integer quantum Hall effect (see e.g. [1], [2], [3], [4] and
[7]). It is generally believed that localization occurs near the band edges for
large magnetic fields and bounded, random potentials of arbitrary disorder.
According to Halperin’s argument [1], the localization length should diverge
near the Landau levels. This is in contrast to the situation with no magnetic
field. For two dimensional random systems, localization is expected to hold
at all energies for arbitrary disorder and the eigenfunctions are expected to
decay exponentially.

In this paper, we study the family H, of two-dimensional Landau Hamil-
tonians with Anderson-type potentials, having mean zero, on L*(IR*). We
prove that localization does occur in all energy intervals I,,(B) = [(2n+1)B+
O(B™Y), (2rn+3)B—0O(B™')],n =0,1,2,... at large magnetic field strengths
B and for arbitrary disorder. Recall that o(H, ) is contained in bands about
the Landau levels E,(B) = 2n+ 1)B, n = 0,1,2,..., of width ||V, in-
dependent of B. We follow the approach of [8] developed to study random
Schrodinger operators on L2(IR?). This work [8] extends to continuous sys-
tems the techniques of Howland [9], Simon-Wolff [10], von Dreifus-Klein [11],
and Spencer [12].

For large magnetic fields, we justify a one Landau band approximation
(of [13]) uniformly in n and obtain exponential decay estimates in x and
B on the Green’s function for finite-area Hamiltonians. The key to these
estimates is showing that equipotential lines don’t percolate with high prob-
ability. For potentials with zero averages, this holds at all energies except the
Landau levels, which correspond to the critical percolation threshold. In ad-
dition to this restriction, there is a small region of energy of O(B~!) around
each Landau level where small denominators in the interband perturbation
expansion can’t be controlled by our method. Although this is in agree-
ment with an earlier conjecture of Laughlin [14], it remains an open question
whether these small bands of energies about the Landau levels correspond to
extended states.

In section 2 below, we describe the model and state the main results.
We also give some elementary estimates needed later to justify the one Lan-
dau band approximation. In section 3, we prove Wegner estimates for the



quantum Hall Hamiltonian restricted to finite boxes. As a by-product, we
obtain the Lipschitz continuity of the integrated density of states away from
the Landau energies. The proofs of the exponential decay of the finite-area
Green’s function are given in section 4. The results of section 3 on the Weg-
ner estimate and section 4 on the decay of the finite volume Hamiltonians
are used in section 5, together with results of [8], to prove the main theorem.
We prove some technical lemmas in the appendix.

We have recently learned of some related results on localization for the

models studied here by J. Pulé [23] and by W. M. Wang [17].
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2 The Model and the Main Results

We consider a one-particle Hamiltonian which describes an electron in two-
dimensions (@1, x2) subject to a constant magnetic field of strength B > 0 in
the perpendicular x3-direction, and a random potential V,. The Hamiltonian

H_, has the form

H,=(p—-A)?+V, (2.1)

on the Hilbert space L?(IR?), where p = —iV, and the vector potential A is
B

A = 5(1’2, —:1;1), (22)

so the magnetic field B = V x A is in the x3-direction. The random potential
V. 1s Anderson-like having the form

Vi(z) = > Ai(w)u(z —1). (2.3)

VA

We make the following assumptions on the single-site potential v and the
coupling constants {A;(w)}.



(V1) w > 0, w € C* supp u C B(O,%), and 3Cy > 0 and rg > 0 s.t.
U|B(O,T0) > Co.
(V2) {Xi(w)} is an independent, identically distributed family of random vari-

ables with common distribution g € C?*([—M, M]) for some 0 < M < oo,
s.b. [ Ag(A)dA =0 and g(A) > 0 Lebesgue a.e. X # 0.

We denote by Hy = (p — A)?, the Landau Hamiltonian. As is well-
known, the spectrum of H,4 consists of an increasing sequence {£,(B)} of
eigenvalues, each of infinite multiplicity, given by

E.(B)=(2n+1)B, n=0,1,2,... (2.4)
Note that D(H,) = D(H4) V w € Q. We will call £,(B) the n't Landau

level and denote by P, the projection onto the corresponding subspace. The
orthogonal projection is denoted by ), = 1—P,. Let My = sup |V, ()] < 0.
Then, o(H,) C L>J0 on, where o, = [E,(B)— My, E,.(B)+ M), which we call
the nth Landau band. We show that o(H,) is deterministic. The magnetic
translations are defined for a € Z? by

U, = e Brrag=iva (2.5)
where z A ¢ = 7901 — T1a2. We then have

U iU = Hr,,, (2.6)

where T, :  — € is the Z*-translation. Standard results (cf. [15]) show
that H,, is a Z*-ergodic self-adjoint family of operators and consequently its
spectrum is deterministic. Note that o(H,) is not necessarily equal a.s. to
nL>Jo 0,. Provided some V,,, w € Qg and |Q| > 0, lifts the degeneracy of the

Landau level, then ergodicity implies that the spectrum consists of bands
each of which lies in some interval about F,(B), which might be strictly
contained in o,,.

Theorem 2.1 Let H, be the family given in (2.1) with vector potential A
satisfying (2.2), B > 0, and the random potential V,, as in (2.3) and satisfy-
ing (V1)-(V2). Let

L(B) = [E.(B)+ O(B™"), Eua(B)—O(B™)].
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There exists By > 0 such that for B > By and alln =—-1,0,1,2,...,
o(H,)N1,(B)

is pure point almost surely and the corresponding eigenfunctions decay expo-
nentially. The integrated density of states is Lipschitz continuous away from

O'(HA).

Let us make two remarks about the theorem. First, we note that the
above theorem holds at arbitrary disorder. For large disorder, the techniques
of [8] apply directly to show that, without the percolation estimates, o(H,)
is almost surely pure point in each Landau band. This regime, however,
is of little interest as the quantum Hall conductivity vanishes in this case.
Secondly, we show, in fact, that the localization length, for energies near the
band edges as in Theorem 2.1, is a decreasing function of the field strength
B so that the wave functions are strongly localized. We also show that
the localization length increases as the energy approaches the Landau levels.
The precise manner in which this occurs follows from Proposition 5.1 and
Theorem 5.2. However, our method fails to give an estimate of the power
law divergence of the localization length near the Landau level.

As is clear from the Wegner estimate, Theorem 3.1, our method fails
to give information about the integrated density of states at the Landau
energies. However, we can improve the result if we make a stronger hypothesis
in (V1) on supp u.

Corollary 2.1 If, in addition to the hypothesis of Theorem 2.1, we have
u > Coxa,0), Co > 0, then the inlegrated density of states is Lipschitz
continuous.

It the hypothesis of Corollary 2.1 does not hold, then a large portion
of configuration space is unaffected by the potential. It is not, therefore,
surprising that there is a discontinuity in the integrated density of states at
the Landau energies as there is for the Landau Hamiltonian. A phenomenon
of this type has been observed by Brezin et. al. [6] for a Poisson distribution
of impurities at low energy. So we do not expect that the IDS is Lipschitz
continuous at the Landau energies without a condition of the support of u
which implies that the zero set of V,, is in some sense “small”.

We mention that W.M. Wang [16] has obtained an asymptotic expansion
in the semi-classical limit for the density of states at large magnetic field
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strengths away from the Landau levels, partially justifying the one-band
approximation.

We conclude this section with some simple observations on the Landau
projections FP,.

The projection P, on the n*h Landau level of H4 has a kernel given by

Pu(x,y) = Be™Fp, (BE(x—v)). (2.7)

where p, () is of the form

.r|2

pa(x) = {nth degree polynomial in :1;} e 2, (2.8)

and independent of B. We will make repeated use of the following elementary
lemma, the proof of which follows by direct calculation using the kernel (2.7)-

(2.8).

Lemma 2.1 Let x1, x2 be functions of disjoint, compact support with |y;| <
L and let § = dist (supp x1, supp xz) > 0. Then,

(1) lIx1Paxalh < CpBlsupp xal* ;

(2) |Ix1Puxallrs < CnBlsupp xi ;

(3) |lxiPaxellis < CuBlpa (B56) % {supp xallsupp xal}? :
(4) i Pallus < C.B,

where C, varies from line to line and depends only on x; and n, and HS
denotes the Hilbert Schmidt norm. Note that |p, (B%(S) |% < Coe™B, for any
e >0 and B large enough.

3 Wegner Estimate

We define local Hamiltonians as relatively compact perturbations of the Lan-
dau Hamiltonian Hy = (p— A)?, as defined in section 2. Let A C IR* denote
an open connected region in IR*. We let Ay(z) denote a square of side ¢
centered at x € IR?,

Afx)={y € | |o; — il < £, i =1,2}.
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Given A C IR?, the local potential V}, is defined as follows. Freeze all
Ai(w) € Z* N (IR*\A) and consider V so obtained. This potential depends
on the external, fixed coupling constants and on all A\;(w) € Z* N A. We
define V) = \7|A and define Hy = H + Vi on L*(IR?*). These Hamiltonians
are not independent of the external configurations but we will prove esti-
mates uniform in the external random variables. We will use the conditional

probability law
P(AN B) < P(A)P(B), (3.1)

where P is the probability conditioned on the external variables and A & B
are any two events in A. Note that oess(Ha) = 0ess(Ha), since Vy is relatively
compact.

We prove the following theorem.

Theorem 3.1 4By > 0 and a constant Cyw > 0 such that for all B > By
and for any E ¢ o(Ha),

P{dist (o(Hy), E) <8} < Cyldist (o(H4), B)]"2|lg]|-dB|A.

This theorem will follow from the properties of the spectral projectors for
H 4 and a spectral averaging theorem. Since H, depends analytically on the
coupling constants A;, we need only a simple version which we state without

proof (cf. [8], [18], [19]).

Lemma 3.1 Let Hy = Hy + Au, A € IR, be a self-adjoint family on D(Hy)
with CoD?* < u < M < co. Let E\(-) be the spectral family for Hy. For any
h >0, supp h compact, and h € L*(IR), and for any L C IR measurable,
we have

1] BOVDE(L) DA < C|E] 1]

For simplicity, we will work with the case n = 0, the first Landau band,
although the calculation is uniform in n. As can be easily checked, the
calculations depend only on the difference between the energy F that we are
considering and the nearest Landau energy F,(B) and hence is independent
of n. To begin the proof of Theorem 3.1, we need a simple estimate. Let A
be an interval in the first Landau band oq. Let Ea be the spectral projector
for H, associated with A.

L 1
2 M3, where

Lemma 3.2 [|EaQoEx|| < di? (1 — (2da)~1|A])
ds = dist (o(Ha)\{B}, A) = O(B).



Proof
Let E,, € A be the center of the interval. We then can write

EaQoEa < dist (o(Ha)\{B}, A)7H(Ea(Ha — En)QoEa)
< dx'{Ea(Hy = En)QoBa + EaVaQoEa}.
This implies that

Al

IE2Qusl < a5t { 5 1EaQuEsll + MeliQuEl-

Since da = O(B), it is clear that for all B sufficiently large (2da)7'A] < 1,
SO

-1 1
[EaQoEall < d3' (1= (2da)'A]) Mo||[EaQoEall?,

and the result follows. m

Note that as da = O(B), we obtain

1EaQoBall = 0 (B72). (3.2)

Proof of Theorem 3.1
We can assume without less of generality that the closest point in o(H4)

to F is Fo(B) = B. All the calculations below hold for any band. Let
A C oo\{Fo(B)} be a connected interval containing £ and let EA be the
spectral projection for Hy and A. Recall from Chebyshev’s inequality that

Py {dist (o(Hyp), E)<n} < IEA(TrEA), (3.3)

where [Py and IE, denote the probability and expectation with respect to
the variables in A N Z? and Tr denotes the trace on L?(IR?*). We first note
that

TrEA <2Tr(PoEARy). (3.4)

This follows from the identity
TTEA = TTEAPOEA + TTEAQOEA,

and the bound
TrEAQoEA < ||EAQoEA|[(TrEA),

7



since FaQola > 0. Now by Lemma 3.2, ||EAQoFAl| = O (B_%) so (3.4)
follows for all B sufficiently large. Let us now suppose inf A > B for defi-
niteness. From (3.4), and positivity we obtain

TTEAPOEA S TT(EA(HA — B)PO(HA — B)EA) - dist (A, B)_2

(3.5)
< Tr(PoVaEAVAP,) - dist (A, B)™%
Writing V = Z Ait; for short, the trace in (3.5) is
Z)\Z’)\]‘TT(POUZ'EAU]‘PO), (36)

]

where i,7 € AN Z?%. Defining AV = u? Au? for any A € B(H), we have
from (3.6),

SoANTr (R ER) . (3.7)
We must estimate -
Ey (Z AT (PSjEZ)) < By (1T (P ES) 1)
w S%Z?WQZXJNIP?IMIEA{IIEZIH||ng||}.

(3.8)
Since E% = u? Eau? > 0 and self-adjoint, we have
Pa(El) = sup AEa((, PLe))}
< C5  lglleol AL

by Lemma 3.1. Consequently, (3.8) is bounded above by

1, i

5Co Mgl ALY o[- (3.9)

27]

To evaluate the trace norm, we first note that for 1 = 5, P > 0 so by
Lemma 2.1, -

> 1P ][1 = CoBlsupp ul*[A]. (3.10)

=7



Next, suppose u;u; # 0, 1 # 7. Let x;; be the characteristic function on
supp w;uj. Then, if ¢+ Ny denotes the set of such pairs,

S olu? Pou? [ln <Y [IxijPoxijlls < CiBIA| [supp ul?, (3.11)

ing ing

where we used supu; < 1. Finally, for wsu; = 0, let {x7} be a partition of
unity covering A so that y|supp u, = 1 and x,x, = 0, £ # m. Using the
inequality

ABIl < [[Allzs]|Bllms, (3.12)

we obtain ) ) ) )
w2 Pou? || <> |[u? Poxellmsl|xePou?||ms. (3.13)
¥

As in Lemma 2.1 with § = | — /| — 2r,, we easily compute

||u?P0Xg||HS S CQBG_B(“_Q_QT“), (314)

where 0 < r, < % is the radius of supp u; (and y/) (see (V1)). Summing
over {i7}', the set of pairs with w;u; = 0, we get from (3.13)-(3.14),

> IP ] < CyB? > o~ Blli—t=2r4) ,~B(li—{|-2r.)
< C4B*Ale™*P,

for same ¢ > 0. Combining (3.10), (3.11) and (3.15) in (3.9) we obtain an
upper bound for all B large enough,

where Cyy depends on M2, Cj', and |supp u|®. This proves the theorem. m

The estimate of Theorem 3.1 suffices to prove the Lipschitz continuity of
the integrated density of states away from the Landau levels, as stated in
Theorem 2.1. With regard to Corollary 2.1, let us show how the additional

hypothesis on supp u allows the improvement. For My = ||V, || as in
section 2, define

HO = HA —|— 2M0(1 — XA),



and the finite-area Hamiltonian by
Hy = Ho + Vi
Beginning with (3.4), we have for A C 0¢ and F,, = center of A,
TrEx <2Tr{Es(Hs+2My— E,,)Po(B+2My — E,,)"'}
<2AB+2My— E,,) " {TrEA(Hy — E,,) P
+ TrEA(2Moxa — Vo) Po} .

Since 2Moxp — Va > Moxa and ||[(Ha — En)Eall < |§—|, we obtain
A
TrEs < 2B +2My — Ep )" {%TrPOEA + MOTrEAXAPO} .

As (B+2My — E,)HA| < % < 1, we arrive at

TrEx < AMyC7 (B + 2My — E,,)™! { S Tr(EAuiPo)} .

1€EANZ2

Here we used the fact that Z u; > Cixa. The remaining steps are the
(EZ2NA

same as above. In light of this calculation one might speculate that the

singularity at the Landau energies of the IDS is due to the existence of large

regions where there is no potential. Indeed, numerical studies on the Poisson

model [6] seem to also support this idea.

4 Percolation Theory and Decay Estimates

In this section, we prove the technical estimates required to justify the one-
Landau band approximation. We consider for simplicity the first Landau
band og = [B— My, B+ M|, but all other bands can be analysed using the
same techniques. The results are uniform in the band index n. Formally, if
one neglects the band interaction, the effective Hamiltonian for an electron
at energy F is £ = B + V(x). Consequently, in this approximation, the
electron motion is along equipotential lines V(x) + B — £ = 0. Since V

10



is random, it is natural to estimate the probability that these equipotential
lines percolate through a given box. If not, the electron will remain confined
to bounded regions. One can expect that the interband interaction will not
change this picture. We will do this in the second part of this section by
showing that the Green’s function decays exponentially in  and B through
regions where |V(z) + B — E| > a > 0. The first part of this section is
devoted to reformulating our problem as a problem in bond percolation.

4.1 Percolation Estimates

We first show that in annular regions between boxes of side £ and (/3 there
exist closed, connected ribbons where the condition |V (z)+B—FE| > a > 0 is
satisfied, provided £ # B, with a probability which converges exponentially
fast to 1 as /£ tends to infinity. Obviously, the existence of such a ribbon is
equivalent to the impossibility for equipotential lines at energy F to percolate
from the center of the box to its boundary. Although this is a classical
matter, let us recall how one can formulate the above condition in terms of
two-dimensional bond percolation.

Recall that V,(z) = > X(w)u(x — i), where the single-site potential

€22

u > 0 and has support inside a ball of radius r, < % We define 7, to
be the smallest radius such that supp v C B(0,r,). Consider a new square
lattice I' = e™/4\/2Z?. The midpoint of each bond of I is a site of Z? (see
Figure 1). We will denote by b; the bond of I having j € Z? as it’s midpoint.
For definiteness, we assume E € (B, B 4+ My). The other energy interval
can be treated similarly.
Definition 4.1 The bond b; of T is occupied if \;(w) < Z52. The prob-
ability ]P{)\j(w) < EQ;B} = p is the probability that b; is occupied (p is
independent of 7 by the iid assumption).

Let us assume that the bond b; is occupied and consider (see Figure 2),

R; = {:z;|dist (z, b)) < % e = rl} . (4.1)

Obviously, R; does not intersect the support of the other single-site potentials
centered on Z*\{j} so that V(z) = \;(w)u(z — j) ¥V = € R,. Then, if b; is
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occupied, one has V(z) < # V x € R; (recall that % > 0). We now

assume that there is a closed circuit of occupied bonds C = U b;, v C Z?
J€Y

(i.e. a connected union occupied bonds). We call R ELGJ R; the closed
JE€Y

ribbon associated with C. For all © € R, we have V() < E;B. If we take
a= %, then

Vie)+ B-FE < —aVaxeR. (4.2)

The existence of a closed ribbon R so that V satisfies condition (4.2) is a
consequence of the existence of a closed circuit C in I' of occupied bonds. In
order to estimate the probability that C exists, we use some standard results
of percolation theory (see, e.g. [20] and [21]) which we now summarize.

Let Z? be the square lattice (the length of the side plays no role in the
calculations). A bond (edge) of Z? is said to be occupied with probability
p, 0 < p <1, and empty with probability 1 — p. We are interested in the
case when the bonds are independent (called Bernoulli bond percolation).
The critical percolation probability p. is defined as follows. Let P..(p) be
the probability that the origin belongs to an infinite (connected) cluster of
occupied bonds. Then, we define

pe = inf{p|Po(p) > 0}.

For 2-dimensional Bernoulli bond percolation, p. = % Hence it p > p,,
occupied bonds percolate ; that is, we can find a connected cluster of occupied
bonds running off to infinity with non-zero probability.

Of importance for us are the results concerning the existence of closed
circuits of occupied bonds. Let r,, be a rectangle in Z? of width ¢ and
length nl. Let R, ; be the probability that there is a crossing of r,, s, the long

way, by a connected path of occupied bonds. A basic result is
Theorem 4.1 Forp>p., R,;,>1— Conﬁe_m(l_p)f, for some constant Cy.

The exponential factor m(q) is strictly positive for ¢ < p. and m(q) \, 0
as q /" p.. This factor measures the probability that the origin 0 is connected
to x € Z* by a path of occupied bonds

Po(p) < e~ mp)le|

Let us write r, for r1 4, the box of side /. An annular region between two
concentric boxes is denoted by a, = r3,\rs. A closed circuit of occupied bonds

12



in ay is a connected path of occupied bonds lying entirely within a,. Using
Theorem 4.1 and the FFGK inequality, one can compute the probability A,
of a closed circuit of occupied bonds in a, for p > p..

Theorem 4.2 For any p € [0,1], Ay > [Ra.(p)]*. In particular, if p >
pe, 30 < Cy < 00 as in Theorem 4.1, such that

Ay > 1 —12C e m1-P)E, (4.3)

We now apply these results to our situation as follows. On the lattice T’
defined above, the probability that any bond is occupied is given by
pz/ g(A)dA,
-M

so, under our assumptions on the density g, if @ > 0 then p > p. = 1,

we are above the critical percolation threshold p. = % Note that when F =
B, a=0s0p= % = p,, the critical probability. It follows from Theorem 4.2
that any annular region a; = r3/\ry in I' of diameter /2 = %(3\/55 — \/ﬂ)
and sides parallel to the bonds of I' (see Figure 3) contains a closed circuit
of occupied bonds with probability given by (4.3). By the argument above,
there is a ribbon R associated with C in a, whose properties we summarize
in the next proposition.

Proposition 4.1 Assume (V1) and (V2). Let r, = Fdiam (supp u), { >
V2, E € oo\{B}, and a > 0. Then for m(q) and Cy as in Theorem 4.2, 3 a
ribbon R satisfying

and

diamR > 2 (% - ru) ; (4.4)
dist (R, Ors), dist (R, Or) > == + ry;
v (4.5)
R C ayg,
and s.t.
Vie)+ B—FE < —a, Y2 €eR, (4.6)
with a probability larger than
1 — 12Cpe~ =P, (4.7)
where

pE/a g(N)dA. (4.8)

-M
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4.2 Decay Estimates

The effective one Landau band Hamiltonian B 4+ V localizes electrons at
energies I where the equipotential lines £ = V() + B don’t percolate to
infinity. The effect of the interband interaction is to induce some tunneling
through the “Classically Forbidden” ribbon R of Proposition 4.1. As a con-
sequence, instead of localization in the compact subsets of R? bounded by R,
one expects exponential decay of the Green’s function in  and B across such
ribbons R. Such an estimate is the starting point of the inductive, multi-
scale analysis detailed in section 5. By the geometric resolvent equation, we
show there that it suffices to consider the following ideal situation, where for
some a > 0,

V(z)+B—-E< —a, Yo € R, (4.9)

or, alternately,

Vie)+ B—E>a, Ya¢€ R?. (4.10)

A condition such as (4.9) with £/ > B is satisfied, with a probability given in
Proposition 4.1, by a smoothing (see section 5) of the potential Vz defined
as

Vr(z) = { (‘)/(“') v e \R. (4.11)

Here we obtain decay estimates on
H=H;+V

with V having compact support with non-empty interior and satisfying (4.9)
or (4.10).

Let O be an open, bounded, connected set in IR? with smooth boundary
and define p(z) = dist (x,0). Let n € C5°(R*) with n > 0 and suppn C
B1(0). For any ¢ > 0, define n.(x) = n(x/e). We consider the smoothed
distance function p.(x) = (n.xp)(x); supp p. C R*\ {z|dist (z,0°) < €}. We
fix € > 0 small and write p for p. below for simplicity. We have ||Vp||o <
Co/e and ||Ap||ee < C1/€?%, for constants Cy, €y > 0 depending only on 7
and O. This e will play no role in the analysis below and, consequently, we
absorb it into the constants Cy and €. We consider one-parameter families
of operators defined for a € R as

Hi(a) = € P H et (4.12)
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H(a) = Ha(a) + V; (1.13)
Pla) = e Pe™?" etc., (4.14)

and similarly for the local Hamiltonian Hp (o) = Ha(o) + Vi. Here, we write
P for the projector Fy. For o € IR, these families are unitarity equivalent
with the o = 0 operators.

Lemma 4.1. The family H(«) (and similarly for Hy(a)), o € R, has
an analytic continuation into the strip

S={aecC||Imal <n,BY%} (4.15)

as a type A analytic family with domain D(H). The positive constant 1,
depends only on the distance function p. Furthermore, in this strip S, one
has P(a)? = P(a) and for some constant Cy independent of «,

1P(e)]] < Cy (4.16)

and

|1Q(a)(Ha(a) — 2)7Y| < 1B, if dist (2, B) < B. (4.17)

Proof. For o € R, one has
Hala) = (~i¥ —aVp— A
= Ha—a[Vp-(p—A)+(p—A)- Vo] + o?|Vp]? (4.18)
= 4+ |Vp|* +ialp —2aVp - (p - A).
By a standard unitary equivalence argument, it suffices to show that
[0?[VpP + ialp — 2a¥p- (p— AV}(Hs — =),

has norm less than 1 for some z ¢ o(H,4) and o purely imaginary (cf [22]).
For later purposes, we choose z € C'(B) = {z] |z — B| = B}, circle of radius
B centered at B. Since |Vp|* and Ap are bounded, we can choose 1, such
that

(0?6l + iadp)(Ha — =71 ]| < 1/2.
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for |a| < 77;)31/2 and for all z € C(B). Hence, it is enough to show that
Vel < n;’Bl/z, for a possibly smaller constant 57,

20a] Vp- (p— A)(Ha - 2)7'] < 12, (1.19)

for some z € C(B). Since ||[Vpl|lo < Co, we easily find that ||[Vp - (p —
A)(Hy — 2)7Y| < CyB~Y2. This implies (4.19) for all B sufficiently large.
We take 1, to be the smallest of these two constants. From these estimates
and (4.18) for a € S we have that for B large enough,

(Ha(a) — 2)7Y| < CoB™', 2z € C(B), (4.20)

for some constant Cy uniform in « € S and z € C(B). Next, note that the
eigenfunctions of H, are analytic vectors for the family ¢, a € S. It is a
consequence of this, the analyticity of H4, and the eigenvalue equation, that
o(H4(a)) is independent of o, o € S. The family P(a), a € R, has an
analytic continuation in S given by the contour integral
—1

Pla) = /C(B)(HA(Q) — ) e (4.21)
The boundedness of P(«) follows from (4.20) and (4.21). The idempotent
property of P(a) follows from this analyticity and the identity P(a)?* = P(«),
which holds for real a. Furthermore, the function o € S — Q(a)(Ha(a) —
z)~!is holomorphic on and inside C'( B). By the maximum modulus principle,
it follows that

1Q(e)(Hala) = 2) 7| < sup [|Q(a)(Hala) = 2) 7], (4.22)

z€C(B)

and the bound (4.17) follows from this, (4.16) and (4.20). O

We next prove the main estimate of this section.

Theorem 4.3. Assume that (V, E, B) satisfy (4.9) or (4.10) for some a > 0
and E € og \ {B}. Furthermore, assume that supp V is compact with non-
emply interior. There exists constants Cy < n,, Cs, and By, depending
only on My = ||V]]eos |IVPloes and ||VV ||, such that if we define v =
Cy min {BY?,aB}, and u is a solution of

(Ha+V -2z u=v, z=F+1e, ¢>0, £>0, (4.23)
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for some v € D(e??), then for B> By, YVa € U, |Ima|<~, we have

u € D(e), (4.24)
€% Pul] < Csa™"|[e*v]], (4.25)

and
le”"Qul] < CaB™!|e™ v]]. (4.26)

Proof. Let v(a) = €“fv, so that v(a) is analytic in the strip [Im(a)| < 7.
Let u(a) = e*u, a € IR, i.e.,

ua) = (H(a) - 2)™o(a)

(H — 2)"")(a), (4.27)

with H = H4 + V, as above. Since V' is H4-compact by assumption, H has

point spectrum, and according to Lemma 4.1 and standard arguments, H(«)

has real spectrum independent of « in the strip S defined in (4.15). Then,

u(a) has an analytic continuation in [Im(«a)| < «, which proves (4.24).
Projecting the equation (4.23) for u along P(«) gives

(B+V —z)(Pu)(a) = (Pv)(a) + ([QVP — PVQJu)(a). (4.28)
Taking the scalar product of (4.28) with (Pu)(«) results in the inequality,
al|(Pu)(e)[]* < [[(Pu)(a)]| [I(Pv)(e)]]

HIPQ)@HIQV P) ) HI(Pu)(e)]]® (4.29)

PV Q) () [|(Pu)(e)]] [[(Qu)(a)]].
In the appendix, we prove that for B large enough,
1(QVP)(a)]| < C4B7Y2,

and
(P Q)(e)l| < C5 |[Ima| B7V2.
With these estimates, we obtain from (4.29,)
(a = CeyBTHII(Pu)(a)]]* < [[(Pu)(e)[[ [[(Pv)(a)]]
(4.30)
+CO7 BTV (Pu) ()| [[(Qu)(a)],
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where the constants Cg and C7 depend only on ||V||w, [|VV||s, and ||V |-
To estimate ||(Qu)(«)||, it follows from the resolvent equation and (4.27) that

(Qu)(e)ll < [(Q(HA — )~ o) ()|l + [{Q(Hs — 2)7'QV(Q + P)u}(a)]
< CiB7H[v(a)|l + CLB™ Mol [(Qu)(a)]

+C1 BT Mol [(QV Pu)(a)]],
(4.31)
with My = ||V]]ec < o0. Using the estimate on QV P derived in the appendix
and taking B > 2My(, we obtain,

1(Qu) ()| < 2C, B |v(a)|| + CsB=*/2||(Pu)(a)], (4.32)
where Cs = 2MyC1Cy. Substituting (4.32) into (4.30), we obtain
(a = Cey B~ — C7Cs B7?)||(Pu)(@)]| < (Cy +2C,C7B7)|[v(a)]]. (4.33)

This proves (4.25) for B large enough. Inserting (4.25) into (4.32) yields
(4.26). O

Corollary 4.1. Let O be an open, connected, bounded subset of IR? with
smooth boundary and suppose & C R*\ O. Let E € oo\ {B} and assume
that (B, E, V) satisfy (4.9) or (4.10) for some a > 0. Let xx, X = O and
E, be bounded functions with support in X and s.t. ||xx||ee < 1. Then,

sup ||xe(Ha+V — E — ie)_lon < Cmax {a™*, B_l}e_wd, (4.34)
e£0

where C and v are as in Theorem 4.3 and d = dist (O, €).

Proof. This is an immediate consequence of Theorem 4.3. We set p(x) =
dist (z, 0) and choose v = xpv. Then, ¢*?v = v, Ya € C. For u a solution
of (Hs+V — E —i€)u= yov, one has Va € C,|[Imal < 7,

Ixe(Ha +V = E —ie)™ xovl| = [[xe(P + Q)ull

< emtmal{[]ee” Pul| + [|le**Qul[}

< emdma)r max {a=t, B~ }|v]],

by Theorem 4.3. Taking Im o — ~, we obtain (4.34). O
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5 Proof of the Main Theorem

We will show below that Corollary 4.1 implies hypothesis [H1](~o, ¢o) of [8].
This hypothesis, along with Wegner’s estimate, Theorem 3.1, are the main
starting points of the multi-scale analysis described in [8]. The goal of this
analysis is to verify the main assumption (A2) of Theorem 3.2 of [8], which
gives sufficient conditions for pure point spectrum in an interval and ex-
ponential decay of eigenfunctions. A version of Kotani’s trick, necessary to
control the singular continuous spectrum for the models studied here, follows
from Lemma 3.2.

In order to make this paper more self-contained, we recall the main points
of this analysis here and refer to [8] for the details. To reduce the family H,
in (2.1) to a one parameter family, we consider variations «’ € € for which
only Ag changes. For w fixed and A = Ag(w’) — Ao(w), we have

HW/ZHW—I-)\UEHO—I-)\UZH/\, (51)

with u satisfying (V1). Let Ry(z) = (H)—z)~'. We first check the compact-
ness condition, (A1), of [8]. By the diamagnetic inequality,

e~ A < =HNO0 > (5.2)

Hy(0)t

and it is clear that uze~ u%, t > 0, is compact. Using the integral

representation

Ri(z) = / Tty < g, (5.3)

it follows from the norm-convergence of the integral and inequality (5.2) that
U%R/\(Z)u% is compact for I'mz # 0, ¥V A. This, for A = 0, is condition (A1)
of [8].
The second condition (A2) is that 3y C I, [ some interval, and |Iy| = |/|
st. V E € Iy,
sup | Ro(E + ie)u?|| < oc. (5.4)
e#£0
The multi-scale analysis is used to verify this condition for a.e. w (recall
Hy = H,). The main theorem, which we recall in the present context,
concerning condition (5.4), is the following.
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Theorem 5.1 (Theorem 2.3 of [8]). Let yo > 0. 3 a minimum length scale
0 = 0*(v0, Cw), s.t. : if [H1](y0,00) holds at energy E for lo > *, then for
IP - a.e. w 3 a finite constant d, > 0 s.t.

sup ||(Hy — E —ie) ™ uz|| < d,6(u),
e£0

where §(u) depends only on u.

We prove below that [H1](7o, %) holds at each energy in [B — My, B —
O(B Y] U Is(B) N o with a suitable v, (see Proposition 5.1) and for all
large enough provided B is large. By Theorem 3.2 of [8], this theorem and
the compactness result shown above imply that H, in (5.1) has pure point
spectrum in this set for a.e. A. By the probabilistic arguments of [8], we
conclude that H, has only pure point spectrum in this set for IP - a.e. w.

The second main theorem which we recall here allows us to prove expo-
nential decay of the eigenfunctions.

Theorem 5.2 (Theorem 2.4 of [8]). Let x, be the characteristic function of
a unit cube centered at x € IR*. Under the assumptions of Theorem 5.1, for
IP - a.e. w3 a finite constant d,, > 0 s.t. for all x, ||z|| large enough,

sup ||xo(Hy — E —i¢) " u?]] < dyenlell,
e>0

where y; = (1/6\/5)70, Yo as in Theorem 5.1.

Let us remark that for our problem, v ~ B?, for some o > 0 so there is
exponential decay in the B-field also. We now turn to the proof of [H1](~o, {o).

To begin, we introduce some geometry. In this section, we work with
subregions of the lattice I' = ¢/4\/2Z?, introduced in section 4, rather than
in Z*. Recall that there is a 1:1 correspondence between bonds b; € T’ and
vertices j € Z*. We arbitrarily choose a vertex of I' as the origin and define
boxes A, C I' relative to this point,

Ar={x € RY|ai <12 for i=1,2}.

For convenience, we fix points so the bond by has one of its ends at 0 € I'.
For any § > 0, consider Ays = {x € Ay|dist(x,0As) < }. Let o5 be the
C*-function which satisfies x,5 > 0, |Vxes| C Ad\Ars and xp5/Ass = 1. Let
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W(x) =[x, Hal, for any y € C*. Let Vo = V|A, A C IR* and Hy = H4+ Vi,
as in section 4.

We apply the multi-scale analysis to Hy relative to the lattice I'. We verify
condition [H1](7o, %) of [8] using Corollary 4.1 and the geometric resolvent
equation (GRE). We must show that for £ € [B— My, B—O(B™1)]UIs(B)N
oo and for all /y sufficiently large, that the following holds:

[H1] (70, lo) For some v > 0, o > 1, 3¢ >4 s.t.

e {sup W () gy (B + i€l < } > 1 g

e>0

We begin with a simple lemma which allows us to control the gradient
term in W (xus).

Lemma 5.1 Let Hy = (p— A)*+ Vi and write Ry = Ra(E+ic), e £0, E €
IR. For any u € L*(IR*), ||u|| = 1, we have fori=1,2,

|(p = A)iRaul[* < ||Raul| + (2Mo + |E])|[ Raul %, (5.5)
where My = ||[Vi||leo > 0. Moreover, for any bounded x € C*, we have,
2
D (= A)iBaul]* < |IxBaull +(2Mo + |E])||x Raul

=1
2

+23_ @ull llx(p = A)iRaul].
- (5.6)

Proof
The inequality (5.4) follows directly from the equality

<RAU, HARAU> == <RAU, u> — <RAU, (VA - F - ie)RAu>,

and the Cauchy-Schwartz inequality. The inequality (5.5) follows in the same
way by writing out ||x(p — A); Rau||*. =

We now prove the main result of this section. Recall that R denotes the
ribbon defined in section 4.
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Proposition 5.1 Let xy be any function, ||x2|lee < 1, supported on Ay N

ExtR, where ExtR = {x € IR*}|Ax ¢ RY A > 1}, so that, in particular,
supp Y2NR =0. For any £ € ao\{B}, § >0, ¢ >0, and a > 0, we have

sup || x2 B, (F 4 ie) x| < Ce " max{a™', B~'} - max {57},
e£0

(5.7)
(2Mo + |E])67},

where C' and ~ are as in Theorem 4.3 and d = r4 — 3¢ (r1 = diamR), with
a probability larger than

1—{Ce™™ + Cyldist (£, B)]7|g||0 B} . (5.8)

In particular, for x5 defined above and F € oy with a = % = O (B~ 1),

any o > 0, we have that for any ly > /2 and large enough, and any
£ >4, 3 B(l) > 0st. ¥V B > B(l), [HI] (70, lo) holds for some
Yo > vd/4ly > 0, so that v = O{min(B? B7)}.

Proof
1. By Corollary 4.1, 3 By s.t. B > By implies 3 a ribbon R C A/\Ay/3
(with a probability given by (4.7)) satisfying

dist (R,0A,), and dist(R, M) > % fr >0, (5.9)
and
ri = diamR > 2 (% - ru) : (5.10)
and such that
V(z)+ B—E> —a ‘v’xER,a:E;B- (5.11)

(We assume E > B ; similar arguments hold for £ < B). For any
e >0, 3e < rq, define the border of R by

Re ={x € R| dist (x,0R) < €}.

Then R. = R}Y URZ, where RE are two disjoint, connected subsets of R.

Let C = {z € R|dist (,R}) = dist (x,R])} ; C is a closed, connected path
in R. Let C. = {x € R|dist (¢,C) < ¢} C R and

dist (C.,RE) >r1 — 3e. (5.12)
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This is strictly positive. Because of this, we can adjust C. so that dC. is
smooth. We need two, C?, positive cut-off functions. Let yg > 0 sa-
tisfy yr|Cc = 1 and supp |Vxr| C Re. Let xy satisfy xi|Ays = 1 and
supp |Vxi| C C. (see Figure 4). By simple commutation, we have (with v
as in the proposition),

X2RA/3(E + iﬁ)Xﬁ/:a = XQRAzXIXUS
= x2FBa, W (x1) Ra,Xes3 (5.13)
= X2 B, XxrRW (x1) B, X/3-

Next, denote by Rz the resolvent of Hp defined in section 4.2. The GRE
relating Ry, and Rg is

Ry, xr = xrEBR + BA,W(xr)ER. (5.14)
Substituting (5.13) into (5.12) and noting that y,xz = 0, we obtain
X2 B, Xeps = XaBa, W(xr)RrW (x1) B, Xo/3- (5.15)
Note that from (5.11) and the choice of yz and yi, we obtain that
dist (supp W(xx), supp W(x1)) = r — 3e. (5.16)

We apply Wegner’s estimate, Theorem 3.1, to control the two R,, factors
in (5.14), and the decay estimate, Corollary 4.1, to control the factor Rz,
which is possible due to the localization of W (xz) and W (y;) and (5.16).

2. To estimate the Rzr(FE + i€) contribution, we use Corollary 4.1 with
O =C. and &€ = R.. Let yx, X = O and &, be a characteristic function
on these sets. Then W (xzr)xe = W(xr) and xoW (x1) = W(x1). Inserting
these localization functions into (5.15), we obtain from Corollary 4.1,

lIxe Br(E +i€)xo|| < Cmax{a_l,B_l}e_Wd, (5.17)
with probability larger than

1 —Ce™™, (5.18)
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for some m = m(1 —p) > 0 and 0 < C < co. The factor d satisfies
d > ry — 3e, (5.19)
where r1 = diamR as in (5.10).
3. Next, we turn to
Wx1)Be(E 4 t€)x4/3, (5.20)

and

X2Ro(E +ie)W (xr), (5.21)

where we write Ry for R,, for short. We will bound R, by Wegner’s estimate
and the terms (5.20)-(5.21) via Lemma 5.1. From Theorem 3.1, we have for
any 6 > 0,

||Re(E +ie)|| < 671, (5.22)

with probability larger than
1 — Cwldist (E, B)]™?||g]|-.0 BE*. (5.23)
From (5.22) and Lemma 5.1, both (5.20) and (5.21) are bounded above by
27 max {07, (2M + |E|)757'} (5.24)
with probability at least (5.23).

4. Using the estimate P(AN B) > P(A) + P(B) — 1, and (5.17)-(5.18)
and (5.23)-(5.24), we find

[[X2Re(E +1€)xess|| < 2Cmax{a™", B7'} - max {67,

(5.25)
(2Mo + [B[)67%} - e,

with probability at least
1= {Ce™ + Cyw[dist (£, B)72||gl|0 B} (5.26)

This proves the first part of the proposition.
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5. To estimate W (xss) Rixe/3, we use the second formula of Lemma 5.1,
(5.6), which gives

lIx2(p — A)iRoxess||* < |Ix2Rexessll + 2M + | E))|[x2Roxessl|?

+2 max [[(Gixz) Rexess|| - [Ixa(p = A)iBexys||-

(5.27)
Since O;x2 satisfies the same condition as 3, the factor ||(dix2)Roxs/sl|
in (5.27) satisfies the estimate (5.24) with possibly a different constant. Sol-
ving the quadratic inequality (5.27), we obtain

halp = AiRexsll < mass {11(00) Roxegs|

+ [1100ix2) Roxags| [P + (I Boxugsll - (5.28)

1/2
+H2Mo + [ED]eRexsl )]

which can be estimated as in (5.25). Finally, we write

2
W (xes) Rexepsll < N1 (Axes) Boxessll +2 311 (9ixes) (p— A)j Rexeysl,

7=1
(5.29
which can be estimated from (5.25) with y2 = Axys and (5.27) with 2 =
(anM)-

6. We now show that for any ¢y large enough, 3By = By({y) such that for
all B > By, condition [H1]({y, o) is satisfied with vo = O{min(B'2, B%)}.
We take E € [B— My, B—O(B™")|UIy(B)Nog and a = EQ;B = O (B~!*),
for any o > 0. First, we require that (5.25) be bounded above by e™%/2,
This leads to the condition

C§72B* e < 72 (5.30)

where v = Cgmin{B%, B?}. This condition implies that we must choose §
in (5.22) to satisfy
§ > B/l (5.31)

If we now define
Yo = vd /44y
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we find that
W (Xes) Rexesal] < e,

Next, the probability estimate (5.26) leads to the condition
Ce™™ 4+ CLB> 27602 < (5°, (5.32)

or, for all /y large,

CsB¥27602 < (3¢, (5.33)

for some £ > 4. We can choose § so that both conditions (5.31) and (5.33)
are satisfied provided the condition

584—2 < B:)>/2—(5/2)crewd/47 (5.34)

is satisfied for some ¢ > 4. It is clear from the definition of ~, that for any
ly, there exists a By = By({y) such that condition (5.34) is satisfied for all
B > By. This completes the proof of the theorem. m
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6 Appendix

The following estimates hold for all B sufficiently large.

Lemma A.1. Let V € CZR). 3 constant C > 0 depending only on
10°V]|oo, |a] =0,1,2, such that Vo € S,

1P()VQ(a)|| < CBY2 (6.1)

Proof. Let z = B— 1, s0 z € p(H4()) for a € 5. We have
P(a)VQ(a) = P(a)(Ha(a) — 2)(Ha(a) = =) VQ(a)
= P(a)(Ha(a) = 2)V(Ha(a) = 2)"'Q(a)
+P(0)(Ha(o) = 2)(Hala) = =)™V, Ha(o))(Ha(a) - z);égga»
Recall that P(a) is analytic in o € S. As
Pla)(Ha(0) —z) = P(a)(B — ) o

for @ € R, the identity principle for analytic funct ions implies this holds

for a € S. This result (A.3) and estimates (4.16)-(4.17) imply that the first
term on the right in (A.2) is bounded as

|1P(e)(Hala) — 2)V(Hala) = 2)7' Q)] < Co| V[l B,
Vo € S. As for the second term, the commutator is (see (4.18))
[V,Ha(a)] =2i(p —aVp—A)-VV — AV.

The resulting term in (A.2) involving AV is treated as above. As for the
derivative term, it suffices to show

I(Ha(a) = )~ (ps — adip — A)|| < C1 B2, (6.4)
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for all @ € S. To see this, let Vi(a) = (p; — adip — A;) and R(a) = (Ha(o) —
z)7 For u = R(a)v, v € L*(R?), we have

S [IVita)ull* = (u, {Ha(a) + 2i(lm a)Vp- V(a)}u)

= (Rla)o, ) + [lul P + 2i(Im a){u, Vo - V().
This leads to a quadratic inequality for each 1 = 1,2,

Vi) Ba)el - < [RG@)ell(lell + |2 | (ol
+2[1m al [Vpllecl| Re)ell {ma [1V;(a)

X R(a)vl|}.

Solving this, and noting that [Im o] < BY2%, |z| = O(B), and, for this
z, ||R(a)]] < Co by (4.16)-(4.17), we get

[Vi(a) R(a)]| < C1BY?, (6.5)

which is (A.4). O

Lemma A.2. Let p be the distance function defined in section 4. 3 constant
C > 0 depending only on ||09p||ee, |a] =0,1,2, such that Vo € S,

1P() Q)| < CB™2|Imal, (6.6)

for |[Ima| < B'Y/2.

Proof. We can assume that « is purely imaginary by a standard unitary
equivalence argument (note that when « is real, ||P(a)*Q(«a)|| = 0.) Let

2= B -1, as in Lemma A.1. We then have by (6.3),
Pa)Q(a) = Pla)(Hj(a) - 2)7'Q(a)
= Pla){(Hila) = 2)7" = (Ha(e) = 2)7}Q(e)  (6.7)
+P(a) (Ha(a) — 2)7'Q(a).
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The last term is O(B™') by (4.16)— (4.17). Let us write o = i3, with 3 real.

Then by the resolvent equation, we have

(Hila)=2)"" =(Ha(a)=2)"" = —Qiﬁ(HX(a)—Z)_l[2(p—A)'V,0+iAP](H(%(g))—z)_l-
Using (6.8) in (6.7), we obtain the bound, ‘

1P(a)Qe)ll < 2lm(a)] [{2(p — A) - Vp +iAp} P (a)|] [[(Hala) — 2)71}Q(e)

< Colm(@)| B (200 — A) - VpP(a)l| + Ca),

(6.9)

where the constants are bounded as in the lemma. We again used (4.16)-

(4.17) and the boundedness of Ap. The proof will follow from (6.8) once we
show that

llp— AIP*(@)]] < €y B2, (6.10)

Inequality (6.10) follows directly as in (6.4) if we write

(Hila) = =) (pi — Aj) = (Hi(a) — )" {(pi +iB0ip — A;) — iB0ip}, (6.11)

and note that 3 < B2, This proves (6.10). O
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