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1 IntroductionThe existence of localized states for a two-dimensional gas of non-interactingelectrons in a constant magnetic �eld is a main ingredient in various discus-sions and proofs of the integer quantum Hall e�ect (see e.g. [1], [2], [3], [4] and[7]). It is generally believed that localization occurs near the band edges forlarge magnetic �elds and bounded, random potentials of arbitrary disorder.According to Halperin's argument [1], the localization length should divergenear the Landau levels. This is in contrast to the situation with no magnetic�eld. For two dimensional random systems, localization is expected to holdat all energies for arbitrary disorder and the eigenfunctions are expected todecay exponentially.In this paper, we study the family H! of two-dimensional Landau Hamil-tonians with Anderson-type potentials, having mean zero, on L2(IR2). Weprove that localization does occur in all energy intervals In(B) � [(2n+1)B+O(B�1); (2n+3)B�O(B�1)]; n = 0; 1; 2; : : : at large magnetic �eld strengthsB and for arbitrary disorder. Recall that �(H!) is contained in bands aboutthe Landau levels En(B) � (2n + 1)B; n = 0; 1; 2; : : :, of width jjV jj1, in-dependent of B. We follow the approach of [8] developed to study randomSchr�odinger operators on L2(IRd). This work [8] extends to continuous sys-tems the techniques of Howland [9], Simon-Wol� [10], von Dreifus-Klein [11],and Spencer [12].For large magnetic �elds, we justify a one Landau band approximation(of [13]) uniformly in n and obtain exponential decay estimates in x andB on the Green's function for �nite-area Hamiltonians. The key to theseestimates is showing that equipotential lines don't percolate with high prob-ability. For potentials with zero averages, this holds at all energies except theLandau levels, which correspond to the critical percolation threshold. In ad-dition to this restriction, there is a small region of energy of O(B�1) aroundeach Landau level where small denominators in the interband perturbationexpansion can't be controlled by our method. Although this is in agree-ment with an earlier conjecture of Laughlin [14], it remains an open questionwhether these small bands of energies about the Landau levels correspond toextended states.In section 2 below, we describe the model and state the main results.We also give some elementary estimates needed later to justify the one Lan-dau band approximation. In section 3, we prove Wegner estimates for the1



quantum Hall Hamiltonian restricted to �nite boxes. As a by-product, weobtain the Lipschitz continuity of the integrated density of states away fromthe Landau energies. The proofs of the exponential decay of the �nite-areaGreen's function are given in section 4. The results of section 3 on the Weg-ner estimate and section 4 on the decay of the �nite volume Hamiltoniansare used in section 5, together with results of [8], to prove the main theorem.We prove some technical lemmas in the appendix.We have recently learned of some related results on localization for themodels studied here by J. Pul�e [23] and by W. M. Wang [17].AcknowledgmentsWe thank T. Ho�mann-Ostenhof and W. Thirring for their hospitality at theErwin Schr�odinger Institute in Vienna where most of this work was done. Wethank R. Seiler and V. Jaksic for helpful discussions on the quantum Halle�ect.2 The Model and the Main ResultsWe consider a one-particle Hamiltonian which describes an electron in two-dimensions (x1; x2) subject to a constant magnetic �eld of strength B > 0 inthe perpendicular x3-direction, and a random potential V!. The HamiltonianH! has the form H! = (p�A)2 + V!; (2.1)on the Hilbert space L2(IR2), where p � �ir, and the vector potential A isA = B2 (x2;�x1); (2.2)so the magnetic �eld B = r�A is in the x3-direction. The random potentialV! is Anderson-like having the formV!(x) = Xi2ZZd �i(!)u(x� i): (2.3)We make the following assumptions on the single-site potential u and thecoupling constants f�i(!)g. 2



(V1) u � 0; u 2 C2; supp u � B(0; 1p2), and 9C0 > 0 and r0 > 0 s.t.ujB(0; r0) > C0.(V2) f�i(!)g is an independent, identically distributed family of random vari-ables with common distribution g 2 C2([�M;M ]) for some 0 < M <1,s.t. R �g(�)d� = 0 and g(�) > 0 Lebesgue a.e. � 6= 0.We denote by HA � (p � A)2, the Landau Hamiltonian. As is well-known, the spectrum of HA consists of an increasing sequence fEn(B)g ofeigenvalues, each of in�nite multiplicity, given byEn(B) = (2n+ 1)B; n = 0; 1; 2; : : : (2.4)Note that D(H!) = D(HA) 8 ! 2 
. We will call En(B) the nth Landaulevel and denote by Pn the projection onto the corresponding subspace. Theorthogonal projection is denoted by Qn � 1�Pn. LetM0 � supx;! jV!(x)j <1.Then, �(H!) � [n�0 �n, where �n � [En(B)�M0; En(B)+M0], which we callthe nth Landau band. We show that �(H!) is deterministic. The magnetictranslations are de�ned for a 2 ZZ2 byUa � e�iBx^ae�ip�a (2.5)where x ^ a � x2a1 � x1a2. We then haveUaH!U�1a = HTa!; (2.6)where Ta : 
 ! 
 is the ZZ2-translation. Standard results (cf. [15]) showthat H! is a ZZ2-ergodic self-adjoint family of operators and consequently itsspectrum is deterministic. Note that �(H!) is not necessarily equal a.s. to[n�0 �n. Provided some V!; ! 2 
0 and j
0j > 0, lifts the degeneracy of theLandau level, then ergodicity implies that the spectrum consists of bandseach of which lies in some interval about En(B), which might be strictlycontained in �n.Theorem 2.1 Let H! be the family given in (2.1) with vector potential Asatisfying (2.2), B > 0, and the random potential V! as in (2.3) and satisfy-ing (V1)-(V2). LetIn(B) � hEn(B) +O(B�1); En+1(B)�O(B�1)i :3



There exists B0 � 0 such that for B > B0 and all n = �1; 0; 1; 2; : : : ;�(H!) \ In(B)is pure point almost surely and the corresponding eigenfunctions decay expo-nentially. The integrated density of states is Lipschitz continuous away from�(HA).Let us make two remarks about the theorem. First, we note that theabove theorem holds at arbitrary disorder. For large disorder, the techniquesof [8] apply directly to show that, without the percolation estimates, �(H!)is almost surely pure point in each Landau band. This regime, however,is of little interest as the quantum Hall conductivity vanishes in this case.Secondly, we show, in fact, that the localization length, for energies near theband edges as in Theorem 2.1, is a decreasing function of the �eld strengthB so that the wave functions are strongly localized. We also show thatthe localization length increases as the energy approaches the Landau levels.The precise manner in which this occurs follows from Proposition 5.1 andTheorem 5.2. However, our method fails to give an estimate of the powerlaw divergence of the localization length near the Landau level.As is clear from the Wegner estimate, Theorem 3.1, our method failsto give information about the integrated density of states at the Landauenergies. However, we can improve the result if we make a stronger hypothesisin (V1) on supp u.Corollary 2.1 If, in addition to the hypothesis of Theorem 2.1, we haveu � C0��1(0); C0 > 0, then the integrated density of states is Lipschitzcontinuous.If the hypothesis of Corollary 2.1 does not hold, then a large portionof con�guration space is una�ected by the potential. It is not, therefore,surprising that there is a discontinuity in the integrated density of states atthe Landau energies as there is for the Landau Hamiltonian. A phenomenonof this type has been observed by Brezin et. al. [6] for a Poisson distributionof impurities at low energy. So we do not expect that the IDS is Lipschitzcontinuous at the Landau energies without a condition of the support of uwhich implies that the zero set of V! is in some sense \small".We mention that W.M. Wang [16] has obtained an asymptotic expansionin the semi-classical limit for the density of states at large magnetic �eld4



strengths away from the Landau levels, partially justifying the one-bandapproximation.We conclude this section with some simple observations on the Landauprojections Pn.The projection Pn on the nth Landau level of HA has a kernel given byPn(x; y) = Be� iB2 x^ypn �B 12 (x� y)� ; (2.7)where pn(x) is of the formpn(x) = nnth degree polynomial in xo e� jxj22 ; (2.8)and independent of B. We will make repeated use of the following elementarylemma, the proof of which follows by direct calculation using the kernel (2.7)-(2.8).Lemma 2.1 Let �1; �2 be functions of disjoint, compact support with j�ij �1 and let � � dist (supp �1; supp �2) > 0. Then,(1) jj�1Pn�1jj1 � CnBjsupp �1j2 ;(2) jj�1Pn�1jjHS � CnBjsupp �1j ;(3) jj�1Pn�2jjHS � CnBjpn �B 12 �� j 12 fjsupp �1jjsupp �2jg 12 ;(4) jj�1PnjjHS � CnB;where Cn varies from line to line and depends only on �i and n, and HSdenotes the Hilbert Schmidt norm. Note that jpn �B 12 �� j 12 � C0e��B, for any� > 0 and B large enough.3 Wegner EstimateWe de�ne local Hamiltonians as relatively compact perturbations of the Lan-dau Hamiltonian HA = (p�A)2, as de�ned in section 2. Let � � IR2 denotean open connected region in IR2. We let �`(x) denote a square of side `centered at x 2 IR2,�`(x) � ny 2 IR2j jxi � yij < `; i = 1; 2o :5



Given � � IR2, the local potential V� is de�ned as follows. Freeze all�j(!) 2 ZZ2 \ (IR2n�) and consider eV so obtained. This potential dependson the external, �xed coupling constants and on all �i(!) 2 ZZ2 \ �. Wede�ne V� � eV j� and de�ne H� � HA + V� on L2(IR2). These Hamiltoniansare not independent of the external con�gurations but we will prove esti-mates uniform in the external random variables. We will use the conditionalprobability law P (A \ B) � P (A)P (B); (3.1)where P is the probability conditioned on the external variables and A & Bare any two events in �. Note that �ess(H�) = �ess(HA), since V� is relativelycompact.We prove the following theorem.Theorem 3.1 9B0 > 0 and a constant CW > 0 such that for all B > B0and for any E 62 �(HA),IPfdist (�(H�); E) < �g � CW [dist (�(HA); E)]�2jjgjj1�Bj�j:This theorem will follow from the properties of the spectral projectors forHA and a spectral averaging theorem. Since H� depends analytically on thecoupling constants �i, we need only a simple version which we state withoutproof (cf. [8], [18], [19]).Lemma 3.1 Let H� � H0 + �u; � 2 IR, be a self-adjoint family on D(H0)with C0D2 � u �M <1. Let E�(�) be the spectral family for H�. For anyh � 0, supp h compact, and h 2 L1(IR), and for any L � IR measurable,we have jj ZIR h(�)DE�(L)Dd�jj � C�10 jLj jjhjj1:For simplicity, we will work with the case n = 0, the �rst Landau band,although the calculation is uniform in n. As can be easily checked, thecalculations depend only on the di�erence between the energy E that we areconsidering and the nearest Landau energy En(B) and hence is independentof n. To begin the proof of Theorem 3.1, we need a simple estimate. Let �be an interval in the �rst Landau band �0. Let E� be the spectral projectorfor H� associated with �.Lemma 3.2 jjE�Q0E�jj � d� 12� (1 � (2d�)�1j�j)� 12 M 12 , whered� � dist (�(HA)nfBg; �) = O(B). 6



ProofLet Em 2 � be the center of the interval. We then can writeE�Q0E� � dist (�(HA)nfBg; �)�1(E�(HA � Em)Q0E�)� d�1� fE�(H� � Em)Q0E� + E�V�Q0E�g:This implies thatjjE�Q0E�jj � d�1� ( j�j2 jjE�Q0E�jj+M0jjQ0E�jj) :Since d� = O(B), it is clear that for all B su�ciently large (2d�)�1j�j � 1,so jjE�Q0E�jj � d�1� �1� (2d�)�1j�j��1M0jjE�Q0E�jj 12 ;and the result follows.Note that as d� = O(B), we obtainjjE�Q0E�jj = O �B� 12 � : (3.2)Proof of Theorem 3.1We can assume without less of generality that the closest point in �(HA)to E is E0(B) = B. All the calculations below hold for any band. Let� � �0nfE0(B)g be a connected interval containing E and let E� be thespectral projection for H� and �. Recall from Chebyshev's inequality thatIP�fdist (�(H�); E) < �g � IE�(TrE�); (3.3)where IP� and IE� denote the probability and expectation with respect tothe variables in � \ ZZ2 and Tr denotes the trace on L2(IR2). We �rst notethat TrE� � 2Tr(P0E�P0): (3.4)This follows from the identityTrE� = TrE�P0E� + TrE�Q0E�;and the bound TrE�Q0E� � jjE�Q0E�jj(TrE�);7



since E�Q0E� � 0. Now by Lemma 3.2, jjE�Q0E�jj = O �B� 12 � so (3.4)follows for all B su�ciently large. Let us now suppose inf � > B for de�-niteness. From (3.4), and positivity we obtainTrE�P0E� � Tr(E�(H� �B)P0(H� �B)E�) � dist (�; B)�2� Tr(P0V�E�V�P0) � dist (�; B)�2: (3.5)Writing V� =Xi �iui for short, the trace in (3.5) isXi;j �i�jTr(P0uiE�ujP0); (3.6)where i; j 2 � \ ZZ2. De�ning Aij � u 12i Au 12j for any A 2 B(H), we havefrom (3.6), Xi;j �i�jTr �P ij0 Eij�� : (3.7)We must estimateIE� 0@Xi;j �i�jTr �P ij0 Eij��1A �Xi;j IE� �j�i�j j jTr �P ij0 Eij�� j�� 12M2Xi;j jjP ij0 jj1IE� njjEii�jj+ jjEjj� jjo :(3.8)Since Eii� � u 12i E�u 12i � 0 and self-adjoint, we haveIE� (jjEii�jj) � sup ; jj jj=1 fIE� (h ; Eii� i)g� C�10 jjgjj1j�j;by Lemma 3.1. Consequently, (3.8) is bounded above by12C�10 M2jjgjj1j�jXi;j jjP ij0 jj1: (3.9)To evaluate the trace norm, we �rst note that for i = j; P ii0 > 0 so byLemma 2.1, Xi=j jjP ij0 jj1 = C0Bjsupp uj2j�j: (3.10)8



Next, suppose uiuj 6= 0; i 6= j. Let �ij be the characteristic function onsupp uiuj. Then, if i \ j denotes the set of such pairs,Xi\j jju 12i P0u 12j jj1 �Xi\j jj�ijP0�ijjj1 � C1Bj�j jsupp uj2; (3.11)where we used sup ui � 1. Finally, for uiuj = 0, let f�2̀g be a partition ofunity covering � so that �`jsupp u` = 1 and �`�n = 0; ` 6= m. Using theinequality jjABjj1 � jjAjjHSjjBjjHS; (3.12)we obtain jju 12j P0u 12j jj � X̀ jju 12j P0�`jjHSjj�`P0u 12j jjHS: (3.13)As in Lemma 2.1 with � � ji� `j � 2ru, we easily computejju 12i P0�`jjHS � C2Be�B(ji�`j�2ru); (3.14)where 0 < ru < 1p2 is the radius of supp ui (and �`) (see (V1)). Summingover fijg0, the set of pairs with uiuj = 0, we get from (3.13)-(3.14),Xfijg0 jjP ij0 jj1 � C3B2 Xfijg0` e�B(ji�`j�2ru)e�B(jj�`j�2ru)� C4B2j�je��B; (3.15)for same � > 0. Combining (3.10), (3.11) and (3.15) in (3.9) we obtain anupper bound for all B large enough,IE(TrE�) � CW jjgjj1j�jBj�j;where CW depends on M2; C�10 , and jsupp uj2. This proves the theorem.The estimate of Theorem 3.1 su�ces to prove the Lipschitz continuity ofthe integrated density of states away from the Landau levels, as stated inTheorem 2.1. With regard to Corollary 2.1, let us show how the additionalhypothesis on supp u allows the improvement. For M0 � jjV!jj1 as insection 2, de�ne H0 = HA + 2M0(1� ��);9



and the �nite-area Hamiltonian byH� = H0 + V�:Beginning with (3.4), we have for � � �0 and Em � center of �,TrE� � 2Tr fE�(HA + 2M0 � Em)P0(B + 2M0 � Em)�1g� 2(B + 2M0 �Em)�1 fTrE�(H� � Em)P0+ TrE�(2M0�� � V�)P0g :Since 2M0�� � V� > M0�� and jj(H� � Em)E�jj � j�j2 , we obtainTrE� � 2(B + 2M0 �Em)�1 ( j�j2 TrP0E� +M0TrE���P0) :As (B + 2M0 � Em)�1j�j < j�jM0 � 1, we arrive atTrE� � 4M0C�11 (B + 2M0 � Em)�18<: Xi2�\ZZ2 Tr(E�uiP0)9=; :Here we used the fact that Xi2ZZ2\�ui � C1��. The remaining steps are thesame as above. In light of this calculation one might speculate that thesingularity at the Landau energies of the IDS is due to the existence of largeregions where there is no potential. Indeed, numerical studies on the Poissonmodel [6] seem to also support this idea.4 Percolation Theory and Decay EstimatesIn this section, we prove the technical estimates required to justify the one-Landau band approximation. We consider for simplicity the �rst Landauband �0 � [B�M0; B+M0], but all other bands can be analysed using thesame techniques. The results are uniform in the band index n. Formally, ifone neglects the band interaction, the e�ective Hamiltonian for an electronat energy E is E = B + V (x). Consequently, in this approximation, theelectron motion is along equipotential lines V (x) + B � E = 0. Since V10



is random, it is natural to estimate the probability that these equipotentiallines percolate through a given box. If not, the electron will remain con�nedto bounded regions. One can expect that the interband interaction will notchange this picture. We will do this in the second part of this section byshowing that the Green's function decays exponentially in x and B throughregions where jV (x) + B � Ej > a > 0. The �rst part of this section isdevoted to reformulating our problem as a problem in bond percolation.4.1 Percolation EstimatesWe �rst show that in annular regions between boxes of side ` and `=3 thereexist closed, connected ribbons where the condition jV (x)+B�Ej > a > 0 issatis�ed, provided E 6= B, with a probability which converges exponentiallyfast to 1 as ` tends to in�nity. Obviously, the existence of such a ribbon isequivalent to the impossibility for equipotential lines at energy E to percolatefrom the center of the box to its boundary. Although this is a classicalmatter, let us recall how one can formulate the above condition in terms oftwo-dimensional bond percolation.Recall that V!(x) = Xi2ZZ2 �i(!)u(x � i), where the single-site potentialu � 0 and has support inside a ball of radius ru < 1p2. We de�ne ru tobe the smallest radius such that supp u � B(0; ru). Consider a new squarelattice � � ei�=4p2ZZ2. The midpoint of each bond of � is a site of ZZ2 (seeFigure 1). We will denote by bj the bond of � having j 2 ZZ2 as it's midpoint.For de�niteness, we assume E 2 (B; B +M0). The other energy intervalcan be treated similarly.De�nition 4.1 The bond bj of � is occupied if �j(!) < E�B2 . The prob-ability IP n�j(!) < E�B2 o � p is the probability that bj is occupied (p isindependent of j by the iid assumption).Let us assume that the bond bj is occupied and consider (see Figure 2),Rj � (xjdist (x; bj) < 1p2 � ru � r1) : (4.1)Obviously,Rj does not intersect the support of the other single-site potentialscentered on ZZ2nfjg so that V (x) = �j(!)u(x� j) 8 x 2 Rj. Then, if bj is11



occupied, one has V (x) < E�B2 8 x 2 Rj (recall that E�B2 > 0). We nowassume that there is a closed circuit of occupied bonds C � [j2
 bj; 
 � ZZ2(i.e. a connected union occupied bonds). We call R � [j2
 Rj the closedribbon associated with C. For all x 2 R, we have V (x) < E�B2 . If we takea � E�B2 , then V (x) +B �E < �a 8 x 2 R: (4.2)The existence of a closed ribbon R so that V satis�es condition (4.2) is aconsequence of the existence of a closed circuit C in � of occupied bonds. Inorder to estimate the probability that C exists, we use some standard resultsof percolation theory (see, e.g. [20] and [21]) which we now summarize.Let ZZ2 be the square lattice (the length of the side plays no role in thecalculations). A bond (edge) of ZZ2 is said to be occupied with probabilityp; 0 � p � 1, and empty with probability 1 � p. We are interested in thecase when the bonds are independent (called Bernoulli bond percolation).The critical percolation probability pc is de�ned as follows. Let P1(p) bethe probability that the origin belongs to an in�nite (connected) cluster ofoccupied bonds. Then, we de�nepc � inffpjP1(p) > 0g:For 2-dimensional Bernoulli bond percolation, pc = 12. Hence if p > pc,occupied bonds percolate ; that is, we can �nd a connected cluster of occupiedbonds running o� to in�nity with non-zero probability.Of importance for us are the results concerning the existence of closedcircuits of occupied bonds. Let rn;` be a rectangle in ZZ2 of width ` andlength n`. Let Rn;` be the probability that there is a crossing of rn;`, the longway, by a connected path of occupied bonds. A basic result isTheorem 4.1 For p > pc; Rn;` � 1 �C0n`e�m(1�p)`, for some constant C0.The exponential factor m(q) is strictly positive for q < pc and m(q)& 0as q% pc. This factor measures the probability that the origin 0 is connectedto x 2 ZZ2 by a path of occupied bondsP0x(p) � e�m(p)jxj:Let us write r` for r1;`, the box of side `. An annular region between twoconcentric boxes is denoted by a` � r3`nr`. A closed circuit of occupied bonds12



in a` is a connected path of occupied bonds lying entirely within a`. UsingTheorem 4.1 and the FGK inequality, one can compute the probability A`of a closed circuit of occupied bonds in a` for p > pc.Theorem 4.2 For any p 2 [0; 1]; A` � [R3;`(p)]4. In particular, if p >pc; 90 < C0 <1 as in Theorem 4.1, such thatA` � 1 � 12C0e�m(1�p)`: (4.3)We now apply these results to our situation as follows. On the lattice �de�ned above, the probability that any bond is occupied is given byp = Z a�M g(�)d�;so, under our assumptions on the density g, if a > 0 then p > pc = 12 , andwe are above the critical percolation threshold pc = 12. Note that when E =B; a = 0 so p = 12 = pc, the critical probability. It follows from Theorem 4.2that any annular region a` � r3`nr` in � of diameter p2` � 12(3p2` �p2`)and sides parallel to the bonds of � (see Figure 3) contains a closed circuitof occupied bonds with probability given by (4.3). By the argument above,there is a ribbon R associated with C in a` whose properties we summarizein the next proposition.Proposition 4.1 Assume (V1) and (V2). Let ru � 12diam (supp u); ` >p2; E 2 �0nfBg, and a > 0. Then for m(q) and C0 as in Theorem 4.2, 9 aribbon R satisfying diamR � 2 1p2 � ru! ; (4.4)dist (R; @r3`); dist (R; @r`) � 1p2 + ru;R � a`; (4.5)and s.t. V (x) +B � E < �a; 8 x 2 R; (4.6)with a probability larger than1 � 12C0e�m(1�p)`; (4.7)where p � Z a�M g(�)d�: (4.8)13



4.2 Decay EstimatesThe e�ective one Landau band Hamiltonian B + V localizes electrons atenergies E where the equipotential lines E = V (x) + B don't percolate toin�nity. The e�ect of the interband interaction is to induce some tunnelingthrough the \Classically Forbidden" ribbon R of Proposition 4.1. As a con-sequence, instead of localization in the compact subsets of IR2 bounded byR,one expects exponential decay of the Green's function in x and B across suchribbons R. Such an estimate is the starting point of the inductive, multi-scale analysis detailed in section 5. By the geometric resolvent equation, weshow there that it su�ces to consider the following ideal situation, where forsome a > 0, V (x) +B � E < �a; 8 x 2 IR2; (4.9)or, alternately, V (x) +B � E > a; 8 x 2 IR2: (4.10)A condition such as (4.9) with E > B is satis�ed, with a probability given inProposition 4.1, by a smoothing (see section 5) of the potential VR de�nedas VR(x) = ( V (x) x 2 R0 x 2 IR2 n R: (4.11)Here we obtain decay estimates onH = HA + Vwith V having compact support with non-empty interior and satisfying (4.9)or (4.10).Let O be an open, bounded, connected set in IR2 with smooth boundaryand de�ne �(x) = dist (x;O). Let � 2 C10 (IR2) with � > 0 and supp � �B1(0). For any � > 0, de�ne ��(x) = �(x=�). We consider the smootheddistance function ��(x) � (�� ? �)(x); supp �� � IR2 n fxjdist (x;Oc) < �g. We�x � > 0 small and write � for �� below for simplicity. We have jjr�jj1 <C0=� and jj��jj1 < C1=�2; for constants C0; C1 > 0 depending only on �and O. This � will play no role in the analysis below and, consequently, weabsorb it into the constants C0 and C1. We consider one-parameter familiesof operators de�ned for � 2 IR asHA(�) � ei��HAe�i��; (4.12)14



H(�) � HA(�) + V ; (4.13)P (�) � ei��Pe�i��; etc.; (4.14)and similarly for the local HamiltonianH�(�) � HA(�)+V�. Here, we writeP for the projector P0. For � 2 IR, these families are unitarity equivalentwith the � = 0 operators.Lemma 4.1. The family H(�) (and similarly for H�(�)); � 2 IR, hasan analytic continuation into the stripS � f� 2 C j jIm �j < ��B1=2; g (4.15)as a type A analytic family with domain D(H). The positive constant ��depends only on the distance function �. Furthermore, in this strip S, onehas P (�)2 = P (�) and for some constant C1 independent of �,jjP (�)jj < C1 (4.16)and jjQ(�)(HA(�)� z)�1jj < C1B�1; if dist (z;B) � B: (4.17)Proof. For � 2 IR, one hasHA(�) = (�ir� �r��A)2= HA � �[r� � (p�A) + (p�A) � r�] + �2jr�j2= HA + �2jr�j2 + i���� 2�r� � (p�A): (4.18)By a standard unitary equivalence argument, it su�ces to show thatf�2jr�j2 + i���� 2�r� � (p�A)g(HA � z)�1;has norm less than 1 for some z 62 �(HA) and � purely imaginary (cf [22]).For later purposes, we choose z 2 C(B) � fzj jz �Bj = Bg, circle of radiusB centered at B. Since jr�j2 and �� are bounded, we can choose �0� suchthat jj(�2jr�j2 + i���)(HA � z)�1jj < 1=2;15



for j�j < �0�B1=2 and for all z 2 C(B). Hence, it is enough to show that8 j�j < �00�B1=2, for a possibly smaller constant �00� ,2j�j jjr� � (p �A)(HA � z)�1jj < 1=2; (4.19)for some z 2 C(B). Since jjr�jj1 < C0, we easily �nd that jjr� � (p �A)(HA � z)�1jj < C1B�1=2. This implies (4.19) for all B su�ciently large.We take �� to be the smallest of these two constants. From these estimatesand (4.18) for � 2 S we have that for B large enough,jj(HA(�) � z)�1jj < C2B�1; z 2 C(B); (4.20)for some constant C2 uniform in � 2 S and z 2 C(B). Next, note that theeigenfunctions of HA are analytic vectors for the family ei��; � 2 S. It is aconsequence of this, the analyticity of HA, and the eigenvalue equation, that�(HA(�)) is independent of �; � 2 S. The family P (�); � 2 IR, has ananalytic continuation in S given by the contour integralP (�) = �12�i ZC(B)(HA(�) � z)�1 dz: (4.21)The boundedness of P (�) follows from (4.20) and (4.21). The idempotentproperty of P (�) follows from this analyticity and the identity P (�)2 = P (�),which holds for real �. Furthermore, the function � 2 S ! Q(�)(HA(�) �z)�1 is holomorphic on and inside C(B). By the maximummodulus principle,it follows thatjjQ(�)(HA(�) � z)�1jj � supz2C(B) jjQ(�)(HA(�)� z)�1jj; (4.22)and the bound (4.17) follows from this, (4.16) and (4.20). 2We next prove the main estimate of this section.Theorem 4.3. Assume that (V;E;B) satisfy (4.9) or (4.10) for some a > 0and E 2 �0 n fBg. Furthermore, assume that supp V is compact with non-empty interior. There exists constants C2 � ��, C3, and B1, dependingonly on M0 � jjV jj1; jjr�jj1; and jjrV jj1; such that if we de�ne 
 �C2 min fB1=2; aBg; and u is a solution of(HA + V � z)u = v; z � E + i�; � > 0; E > 0; (4.23)16



for some v 2 D(e
�), then for B > B1; 8 � 2 C ; jIm �j < 
, we haveu 2 D(ei��); (4.24)jje��Pujj � C3a�1jje��vjj; (4.25)and jje��Qujj � C3B�1jje��vjj: (4.26)Proof. Let v(�) = ei��v, so that v(�) is analytic in the strip jIm(�)j < 
.Let u(�) = ei��u; � 2 IR, i.e.,u(�) = (H(�) � z)�1v(�) � ((H � z)�1v)(�); (4.27)with H � HA + V , as above. Since V is HA-compact by assumption, H haspoint spectrum, and according to Lemma 4.1 and standard arguments, H(�)has real spectrum independent of � in the strip S de�ned in (4.15). Then,u(�) has an analytic continuation in jIm(�)j < 
, which proves (4.24).Projecting the equation (4.23) for u along P (�) gives(B + V � z)(Pu)(�) = (Pv)(�) + ([QV P � PV Q]u)(�): (4.28)Taking the scalar product of (4.28) with (Pu)(�) results in the inequality,ajj(Pu)(�)jj2 � jj(Pu)(�)jj jj(Pv)(�)jj+fjj(P �Q)(�)jj jj(QV P )(�)jjgjj(Pu)(�)jj2+jj(PV Q)(�)jj jj(Pu)(�)jj jj(Qu)(�)jj: (4.29)In the appendix, we prove that for B large enough,jj(QV P )(�)jj � C4B�1=2;and jj(P �Q)(�)jj � C5 jIm�j B�1=2:With these estimates, we obtain from (4.29,)(a�C6
B�1)jj(Pu)(�)jj2 � jj(Pu)(�)jj jj(Pv)(�)jj+C7B�1=2jj(Pu)(�)jj jj(Qu)(�)jj; (4.30)17



where the constants C6 and C7 depend only on jjV jj1, jjrV jj1, and jjr�jj1.To estimate jj(Qu)(�)jj, it follows from the resolvent equation and (4.27) thatjj(Qu)(�)jj � jj(Q(HA � z)�1v)(�)jj+ jjfQ(HA � z)�1QV (Q+ P )ug(�)jj� C1B�1jjv(�)jj+ C1B�1M0jj(Qu)(�)jj+C1B�1M0jj(QV Pu)(�)jj; (4.31)withM0 � jjV jj1 <1. Using the estimate on QV P derived in the appendixand taking B > 2M0C1, we obtain,jj(Qu)(�)jj � 2C1B�1jjv(�)jj+ C8B�3=2jj(Pu)(�)jj; (4.32)where C8 � 2M0C1C2. Substituting (4.32) into (4.30), we obtain(a� C6
B�1 � C7C8B�2)jj(Pu)(�)jj � (C1 + 2C1C7B�3=2)jjv(�)jj: (4.33)This proves (4.25) for B large enough. Inserting (4.25) into (4.32) yields(4.26). 2Corollary 4.1. Let O be an open, connected, bounded subset of IR2 withsmooth boundary and suppose E � IR2 n O. Let E 2 �0 n fBg and assumethat (B;E; V ) satisfy (4.9) or (4.10) for some a > 0. Let �X; X = O andE, be bounded functions with support in X and s.t. jj�Xjj1 � 1. Then,sup�6=0 jj�E(HA + V �E � i�)�1�Ojj � Cmax fa�1; B�1ge�
d; (4.34)where C and 
 are as in Theorem 4.3 and d � dist (O; E).Proof. This is an immediate consequence of Theorem 4.3. We set �(x) �dist (x;O) and choose v � �Ov. Then, ei��v = v; 8� 2 C. For u a solutionof (HA + V � E � i�)u = �Ov, one has 8 � 2 C; jIm�j < 
,jj�E(HA + V � E � i�)�1�Ovjj = jj�E(P +Q)ujj� e�d(Im �)fjje��Pujj+ jje��Qujjg� e�d(Im �)C max fa�1; B�1gjjvjj;by Theorem 4.3. Taking Im�! 
, we obtain (4.34). 218



5 Proof of the Main TheoremWe will show below that Corollary 4.1 implies hypothesis [H1](
0; `0) of [8].This hypothesis, along with Wegner's estimate, Theorem 3.1, are the mainstarting points of the multi-scale analysis described in [8]. The goal of thisanalysis is to verify the main assumption (A2) of Theorem 3.2 of [8], whichgives su�cient conditions for pure point spectrum in an interval and ex-ponential decay of eigenfunctions. A version of Kotani's trick, necessary tocontrol the singular continuous spectrum for the models studied here, followsfrom Lemma 3.2.In order to make this paper more self-contained, we recall the main pointsof this analysis here and refer to [8] for the details. To reduce the family H!in (2.1) to a one parameter family, we consider variations !0 2 
 for whichonly �0 changes. For ! �xed and � � �0(!0)� �0(!), we haveH!0 = H! + �u � H0 + �u = H�; (5.1)with u satisfying (V1). Let R�(z) � (H�� z)�1. We �rst check the compact-ness condition, (A1), of [8]. By the diamagnetic inequality,e�H�(A)t � e�H�(0)t; t � 0 (5.2)and it is clear that u 12 e�H�(0)tu 12 ; t > 0, is compact. Using the integralrepresentation R�(x) = Z 10 e�(H�(A)�x)tdt; x < 0; (5.3)it follows from the norm-convergence of the integral and inequality (5.2) thatu 12R�(z)u 12 is compact for Imz 6= 0; 8 �. This, for � = 0, is condition (A1)of [8].The second condition (A2) is that 9I0 � I; I some interval, and jI0j = jIjs.t. 8 E 2 I0, sup�6=0 jjR0(E + i�)u 12 jj <1: (5.4)The multi-scale analysis is used to verify this condition for a.e. ! (recallH0 = H!). The main theorem, which we recall in the present context,concerning condition (5.4), is the following.19



Theorem 5.1 (Theorem 2.3 of [8]). Let 
0 > 0. 9 a minimum length scale`? � `?(
0; CW ), s.t. : if [H1](
0; `0) holds at energy E for `0 > `?, then forIP - a.e. ! 9 a �nite constant d! > 0 s.t.sup�6=0 jj(H! � E � i�)�1u 12 jj < d!�(u);where �(u) depends only on u.We prove below that [H1](
0; `0) holds at each energy in [B �M0; B �O(B�1)] [ I0(B) \ �0 with a suitable 
0 (see Proposition 5.1) and for all `0large enough provided B is large. By Theorem 3.2 of [8], this theorem andthe compactness result shown above imply that H� in (5.1) has pure pointspectrum in this set for a.e. �. By the probabilistic arguments of [8], weconclude that H! has only pure point spectrum in this set for IP - a.e. !.The second main theorem which we recall here allows us to prove expo-nential decay of the eigenfunctions.Theorem 5.2 (Theorem 2.4 of [8]). Let �x be the characteristic function ofa unit cube centered at x 2 IR2. Under the assumptions of Theorem 5.1, forIP - a.e. ! 9 a �nite constant d! > 0 s.t. for all x, jjxjj large enough,sup�>0 jj�x(H! � E � i�)�1u 12 jj � d!e�
1jjxjj;where 
1 � (1=6p2)
0, 
0 as in Theorem 5.1.Let us remark that for our problem, 
0 � B�, for some � > 0 so there isexponential decay in theB-�eld also. We now turn to the proof of [H1](
0; `0).To begin, we introduce some geometry. In this section, we work withsubregions of the lattice � � ei�=4p2ZZ2, introduced in section 4, rather thanin ZZ2. Recall that there is a 1:1 correspondence between bonds bj 2 � andvertices j 2 ZZ2. We arbitrarily choose a vertex of � as the origin and de�neboxes �` � � relative to this point,�` � nx 2 IR2jjxij � `=2 for i = 1; 2o :For convenience, we �x points so the bond b0 has one of its ends at 0 2 �.For any � > 0, consider �`;� � fx 2 �`jdist(x; @�`) < �g. Let �`;� be theC2-function which satis�es �`;� � 0, jr�`;�j � �`n�`;� and �`;�j�`;� = 1. Let20



W (�) � [�;HA], for any � 2 C2. Let V� � V j�, � � IR2 and H� � HA+V�,as in section 4.We apply the multi-scale analysis to H� relative to the lattice �. We verifycondition [H1](
0; `0) of [8] using Corollary 4.1 and the geometric resolventequation (GRE). We must show that for E 2 [B�M0; B�O(B�1)][I0(B)\�0 and for all `0 su�ciently large, that the following holds:[H1] (
0; `0) For some 
0 > 0; `0 > 1; 9� > 4 s.t.IP (sup�>0 jjW (�`;�)R�`0 (E + i�)�`0=3jj � e�
0`0) � 1� `��0 :We begin with a simple lemma which allows us to control the gradientterm in W (�`;�).Lemma 5.1 Let H� � (p�A)2+V� and write R� � R�(E+i�); � 6= 0; E 2IR. For any u 2 L2(IR2); jjujj = 1, we have for i = 1; 2,jj(p�A)iR�ujj2 � jjR�ujj+ (2M0 + jEj)jjR�ujj2; (5.5)where M0 � jjV�jj1 > 0. Moreover, for any bounded � 2 C1, we have,2Xi=1 jj�(p�A)iR�ujj2 � jj�R�ujj +(2M0 + jEj)jj�R�ujj2+2 2Xi=1 jj(@i�)ujj jj�(p�A)iR�ujj:(5.6)ProofThe inequality (5.4) follows directly from the equalityhR�u; HAR�ui = hR�u; ui � hR�u; (V� � E � i�)R�ui;and the Cauchy-Schwartz inequality. The inequality (5.5) follows in the sameway by writing out jj�(p�A)iR�ujj2.We now prove the main result of this section. Recall that R denotes theribbon de�ned in section 4. 21



Proposition 5.1 Let �2 be any function, jj�2jj1 � 1, supported on �` \ExtR, where ExtR � fx 2 IR2j�x 62 R 8 � � 1g, so that, in particular,supp �2 \ R = ;. For any E 2 �0nfBg; � > 0; � > 0; and a > 0, we havesup�6=0 jj�2R�`(E + i�)�`=3jj � Ce�
dmaxfa�1; B�1g �maxf��1;(2M0 + jEj)��2g ; (5.7)where C and 
 are as in Theorem 4.3 and d � r1� 3� (r1 � diamR), witha probability larger than1 � nCe�m` + CW [dist (E;B)]�2jjgjj1�B`2o : (5.8)In particular, for �`;� de�ned above and E 2 �0 with a = E�B2 = O (B�1+�),any � > 0, we have that for any `0 > p2 and large enough, and any� > 4; 9 B(`0) > 0 s.t. 8 B > B(`0), [H1] (
0; `0) holds for some
0 > 
d=4`0 > 0, so that 
0 = Ofmin(B1=2; B�)g:Proof1. By Corollary 4.1, 9 B0 s.t. B > B0 implies 9 a ribbon R � �`n�`=3(with a probability given by (4.7)) satisfyingdist (R; @�`); and dist(R; @�`=3) > 1p2 + ru > 0; (5.9)and r1 � diamR > 2 1p2 � ru! ; (5.10)and such that V (x) +B � E > �a 8 x 2 R; a = E �B2 � (5.11)(We assume E > B ; similar arguments hold for E < B). For any� > 0; 3�� r1, de�ne the border of R byR� � fx 2 Rj dist (x; @R) < �g :Then R� � R+� [ R�� , where R�� are two disjoint, connected subsets of R.Let C � fx 2 Rjdist (x;R+� ) = dist (x;R�� )g ; C is a closed, connected pathin R. Let C� � fx 2 Rjdist (x; C) < �g � R anddist �C�;R�� � � r1 � 3�: (5.12)22



This is strictly positive. Because of this, we can adjust C� so that @C� issmooth. We need two, C2, positive cut-o� functions. Let �R > 0 sa-tisfy �RjC� = 1 and supp jr�Rj � R�. Let �1 satisfy �1j�`=3 = 1 andsupp jr�1j � C� (see Figure 4). By simple commutation, we have (with �2as in the proposition),�2R�`(E + i�)�`=3 = �2R�`�1�`=3= �2R�`W (�1)R�`�`=3= �2R�`�RW (�1)R�`�`=3: (5.13)Next, denote by RR the resolvent of HR de�ned in section 4.2. The GRErelating R�` and RR isR�`�R = �RRR +R�`W (�R)RR: (5.14)Substituting (5.13) into (5.12) and noting that �2�R = 0, we obtain�2R�`�`=3 = �2R�`W (�R)RRW (�1)R�`�`=3: (5.15)Note that from (5.11) and the choice of �R and �1, we obtain thatdist (supp W (�R); supp W (�1)) � r1 � 3�: (5.16)We apply Wegner's estimate, Theorem 3.1, to control the two R�` factorsin (5.14), and the decay estimate, Corollary 4.1, to control the factor RR,which is possible due to the localization of W (�R) and W (�1) and (5.16).2. To estimate the RR(E + i�) contribution, we use Corollary 4.1 withO � C� and E = R�. Let �X; X = O and E, be a characteristic functionon these sets. Then W (�R)�E = W (�R) and �OW (�1) = W (�1). Insertingthese localization functions into (5.15), we obtain from Corollary 4.1,jj�ERR(E + i�)�Ojj � Cmaxna�1; B�1o e�
d; (5.17)with probability larger than 1� Ce�m`; (5.18)23



for some m = m(1� p) > 0 and 0 < C <1. The factor d satis�esd � r1 � 3�; (5.19)where r1 � diamR as in (5.10).3. Next, we turn to W (�1)R`(E + i�)�`=3; (5.20)and �2R`(E + i�)W (�R); (5.21)where we write R` for R�` for short. We will bound R` by Wegner's estimateand the terms (5.20)-(5.21) via Lemma 5.1. From Theorem 3.1, we have forany � > 0, jjR`(E + i�)jj < ��1; (5.22)with probability larger than1� CW [dist (E;B)]�2jjgjj1�B`2: (5.23)From (5.22) and Lemma 5.1, both (5.20) and (5.21) are bounded above by2 12 maxn��12 ; (2M + jEj) 12 ��1o ; (5.24)with probability at least (5.23).4. Using the estimate P (A \ B) � P (A) + P (B) � 1, and (5.17)-(5.18)and (5.23)-(5.24), we �ndjj�2R`(E + i�)�`=3jj � 2Cmaxfa�1; B�1g �maxf��1;(2M0 + jEj)��2g � e�
d; (5.25)with probability at least1 � nCe�m` + CW [dist (E;B)]�2jjgjj1�B`2o : (5.26)This proves the �rst part of the proposition.24



5. To estimate W (�`;�)R`�`=3, we use the second formula of Lemma 5.1,(5.6), which givesjj�2(p �A)iR`�`=3jj2 � jj�2R`�`=3jj+ (2M + jEj)jj�2R`�`=3jj2+2 maxi=1;2 jj(@i�2)R`�`=3jj jj�2(p�A)iR`�`=3jj:(5.27)Since @i�2 satis�es the same condition as �2, the factor jj(@i�2)R`�`=3jjin (5.27) satis�es the estimate (5.24) with possibly a di�erent constant. Sol-ving the quadratic inequality (5.27), we obtainjj�2(p�A)iR`�`=3jj � maxi=1;2 �jj(@i�2)R`�`=3jj+ hjj(@i�2)R`�`=3jj2 + �jj�2R`�`=3jj+(2M0 + jEj)jj�2R`�`=3jj2�i1=2� ; (5.28)which can be estimated as in (5.25). Finally, we writejjW (�`;�)R`�`=3jj � jj (��`;�)R`�`=3jj+ 2 2Xj=1 jj (@j�`;�) (p �A)jR`�`=3jj;(5.29)which can be estimated from (5.25) with �2 � ��`;� and (5.27) with �2 �(@j�`;�).6. We now show that for any `0 large enough, 9B0 � B0(`0) such that forall B > B0, condition [H1](`0; 
0) is satis�ed with 
0 = Ofmin(B1=2; B�)g.We take E 2 [B�M0; B�O(B�1)][ I0(B)\�0 and a = E�B2 = O (B�1+�),for any � > 0. First, we require that (5.25) be bounded above by e�
d=2.This leads to the conditionC��2B2��e�
d � e�
d=2; (5.30)where 
 = C2minfB 12 ; B�g. This condition implies that we must choose �in (5.22) to satisfy � > B1�(�=2)e�
d=4: (5.31)If we now de�ne 
0 � 
d=4`025



we �nd that jjW (�`;�)R`�`=3jj � e�
0`0 :Next, the probability estimate (5.26) leads to the conditionCe�m`0 + C2B3�2��`20 � `��0 ; (5.32)or, for all `0 large, C3B3�2��`20 � `��0 ; (5.33)for some � > 4. We can choose � so that both conditions (5.31) and (5.33)are satis�ed provided the condition`�+20 < B3=2�(5=2)�e
d=4; (5.34)is satis�ed for some � > 4. It is clear from the de�nition of 
, that for any`0, there exists a B0 � B0(`0) such that condition (5.34) is satis�ed for allB > B0. This completes the proof of the theorem.
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6 AppendixThe following estimates hold for all B su�ciently large.Lemma A.1. Let V 2 C2b (IR). 9 constant C > 0 depending only onjj@�V jj1; j�j = 0; 1; 2, such that 8 � 2 S,jjP (�)V Q(�)jj � CB�1=2: (6.1)Proof. Let z � B � 1, so z 2 �(HA(�)) for � 2 S. We haveP (�)V Q(�) = P (�)(HA(�)� z)(HA(�)� z)�1V Q(�)= P (�)(HA(�)� z)V (HA(�) � z)�1Q(�)+P (�)(HA(�) � z)(HA(�)� z)�1[V;HA(�)](HA(�) � z)�1Q(�):(6.2)Recall that P (�) is analytic in � 2 S. AsP (�)(HA(�)� z) = P (�)(B � z)= P (�); (6.3)for � 2 IR, the identity principle for analytic funct ions implies this holdsfor � 2 S. This result (A.3) and estimates (4.16)-(4.17) imply that the �rstterm on the right in (A.2) is bounded asjjP (�)(HA(�) � z)V (HA(�)� z)�1Q(�)jj � C0jjV jj1B�1;8 � 2 S. As for the second term, the commutator is (see (4.18))[V;HA(�)] = 2i(p � �r��A) � rV ��V:The resulting term in (A.2) involving �V is treated as above. As for thederivative term, it su�ces to showjj(HA(�)� z)�1(pi � �@i� �Ai)jj � C1B1=2; (6.4)27



for all � 2 S. To see this, let Vi(�) � (pi��@i��Ai) and R(�) � (HA(�)�z)�1. For u = R(�)v; v 2 L2(IR2), we have2Xi=1 jjVi(�)ujj2 = hu; fHA(�) + 2i(Im�)r� � V (�)gui= hR(�)v; vi+ zjjujj2 + 2i(Im�)hu;r� � V (�)ui:This leads to a quadratic inequality for each i = 1; 2,jjVi(�)R(�)vjj2 � jjR(�)vjj(jjvjj+ jzj jjR(�)vjj)+2jIm�j jjr�jj1jjR(�)vjj�maxj=1;2 jjVj(�)�R(�)vjjg :Solving this, and noting that jIm �j � B1=2; jzj = O(B), and, for thisz; jjR(�)jj < C0 by (4.16)-(4.17), we getjjVi(�)R(�)jj � C1B1=2; (6.5)which is (A.4). 2Lemma A.2. Let � be the distance function de�ned in section 4. 9 constantC > 0 depending only on jj@��jj1; j�j = 0; 1; 2, such that 8 � 2 S,jjP (�)?Q(�)jj � CB�1=2jIm�j; (6.6)for jIm�j � B1=2.Proof. We can assume that � is purely imaginary by a standard unitaryequivalence argument (note that when � is real, jjP (�)?Q(�)jj = 0.) Letz � B � 1, as in Lemma A.1. We then have by (6.3),P (�)?Q(�) = P (�)?(H?A(�)� z)�1Q(�)= P (�)?f(H?A(�)� z)�1 � (HA(�) � z)�1gQ(�)+P (�)?(HA(�)� z)�1Q(�): (6.7)28



The last term is O(B�1) by (4.16){ (4.17). Let us write � � i�, with � real.Then by the resolvent equation, we have(H?A(�)�z)�1�(HA(�)�z)�1 = �2i�(H?A(�)�z)�1[2(p�A)�r�+i��](HA(�)�z)�1:(6.8)Using (6.8) in (6.7), we obtain the bound,jjP (�)?Q(�)jj � 2jIm(�)j jjf2(p�A) � r�+ i��gP ?(�)jj jj(HA(�)� z)�1gQ(�)� C1jIm(�)jB�1(jj2(p�A) � r�P ?(�)jj+ C2); (6.9)where the constants are bounded as in the lemma. We again used (4.16){(4.17) and the boundedness of ��. The proof will follow from (6.8) once weshow that jjjp�AjP ?(�)jj � C1B1=2: (6.10)Inequality (6.10) follows directly as in (6.4) if we write(H?A(�)� z)�1(pi �Ai) = (H?A(�)� z)�1f(pi+ i�@i��Ai)� i�@i�g; (6.11)and note that � � B1=2. This proves (6.10). 2
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