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ember 21, 2004Abstra
t. Quantum energy inequalities (QEIs) are state-independent lower bounds onweighted averages of the stress-energy tensor, and have been established for several free quan-tum �eld models. We present rigorous QEI bounds for a 
lass of intera
ting quantum �elds,namely the unitary, positive energy 
onformal �eld theories (with stress-energy tensor) on two-dimensional Minkowski spa
e. The QEI bound depends on the weight used to average thestress-energy tensor and the 
entral 
harge(s) of the theory, but not on the quantum state. Wegive bounds for various situations: averaging along timelike, null and spa
elike 
urves, as well asover a spa
etime volume. In addition, we 
onsider boundary 
onformal �eld theories and moregeneral `moving mirror' models.Our results hold for all theories obeying a minimal set of axioms whi
h|as we show|aresatis�ed by all models built from unitary highest-weight representations of the Virasoro algebra.In parti
ular, this in
ludes all (unitary, positive energy) minimal models and rational 
onformal�eld theories. Our dis
ussion of this issue 
olle
ts together (and, in pla
es, 
orre
ts) variousresults from the literature whi
h do not appear to have been assembled in this form elsewhere.1 Introdu
tionIn 
lassi
al theories of matter, the stress-energy tensor T�� is usually taken to satisfy\energy 
onditions", en
oding various physi
al assumptions. For example, the dominantenergy 
ondition (DEC) requires that T ��v� be a future-pointing 
ausal (timelike or null)ve
tor whenever v� is [re
e
ting the idea that energy-momentum should be propagatedat or below the speed of light℄, while the weak energy 
ondition (WEC) requires simplythat the energy density seen by any observer is nonnegative. It is well-known that su
h
onditions usually fail in quantum theoreti
al models of matter to the extent that, at agiven spa
etime point, the expe
tation value of the energy density 
an be made arbitrarilynegative by a suitable 
hoi
e of state. If su
h negative energy densities 
ould in fa
t besustained over a suÆ
iently large region of spa
e and time, then all sorts of unexpe
ted1



physi
al phenomena ranging from exoti
 spa
etimes to violations of the se
ond law ofthermodynami
s 
ould o

ur [35, 1, 16℄.However, it has been shown that the duration and magnitude of negative energy den-sity that 
an o

ur is 
onstrained, at least in models of free �elds, by so-
alled \quantuminequalities". (We will use the more spe
i�
 term \quantum energy inequalities" (QEIs).)Results are known for the free s
alar [19, 39, 12, 6, 15℄, Dira
 [52, 13, 9℄, Maxwell andPro
a [19, 38, 10℄ and Rarita{S
hwinger �elds [54℄ in various levels of generality, in
lud-ing some quite general and rigorous results. These inequalities state that the weightedaverage of the expe
ted energy density along a worldline is bounded from below by anegative 
onstant depending only on the weighting fun
tion used in the averaging pro-
ess, but not on the quantum state. Moreover, the bounds be
ome more stringent if onein
reases the time interval over whi
h the averaging is performed. These quantum energyinequalities arguably ex
lude, or at least severely 
onstrain, the above-mentioned exoti
physi
al phenomena (see, e.g., [18, 40, 45℄).Unfortunately, quantum inequalities of the above 
hara
ter are at present only knownfor free �eld theories, leaving open the possibility that physi
ally interesting, intera
ting�eld theories might display a 
ompletely di�erent behavior in this regard. Thus, oneshould also investigate quantum inequalities for intera
ting quantum �eld theories.In the present paper, we take a �rst step in this dire
tion, by deriving a sharp quantumenergy inequality of the above 
hara
ter for arbitrary unitary, two-dimensional quantum�eld theories with 
onformal invarian
e and positive Hamiltonian1. Our derivation isbased on the realization that Flanagan's bound [14℄ for a massless s
alar �eld in twodimensions is in fa
t an argument in 
onformal �eld theory. Indeed, a 
lose inspe
tionshows that the essential part of his argument only relies upon the transformation law ofthe stress energy operator under di�eomorphisms, 
ommon to all two-dimensional unitary
onformal �eld theories with positive Hamiltonian and a stress-energy tensor. As a result,our general bound di�ers from that for a massless s
alar �eld in two dimensions onlyby a multipli
ative fa
tor of the 
entral 
harge, 
, of the 
onformal �eld theory under
onsideration (and the possibility that the left- and right-moving portions of the stress-energy tensor might have di�erent 
entral 
harges). We do not assume at any pointthat the theory is derived from a Lagrangian, nor do we invoke (but 
ertainly do notex
lude) at any point the existen
e of any �elds other than the stress-energy tensor. Thegeneral arguments establishing the bound are sket
hed in Se
tion 2, following Flanagan'sargument fairly 
losely.Some non-trivial issues of mainly te
hni
al nature have to be dealt with in order tomake the argument rigorous for the 
lass of weighting fun
tions that we want to 
onsider,and to show that the bound is sharp. These issues mainly arise from the fa
t that thestress-energy tensor in two-dimensional 
onformal �eld theory has the familiar transfor-mation property for those di�eomorphisms of the left- resp. right-moving light-ray that
an be lifted to di�eomorphisms of the unit 
ir
le S1 under the stereographi
 map. How-ever, in order to prove our quantum inequality bound for weighting fun
tions of 
ompa
tsupport (and to show that it is sharp), one formally wants to 
onsider di�eomorphismsoutside this 
lass. These diÆ
ulties were over
ome in [14℄ by an appeal to general 
ovari-1We are also assuming, of 
ourse, that the theory has a stress tensor. Not all theories with 
onformalinvarian
e ne
essarily admit a stress-energy tensor [2, 28℄.2



an
e. In the setting explored in this paper, a di�erent argument is needed, and this iselaborated in Se
tion 4.To make this argument, we need to have suÆ
ient 
ontrol over the unitary repre-sentations of the di�eomorphism group of S1 whi
h enter the transformation law of thestress-tensor in the given CFT model. We therefore begin in Se
. 3 by spe
ifying | inan axiomati
 fashion | the 
lass of models to whi
h our derivation applies. Our axiomsare fairly minimal, and parti
ular models will generally have extra stru
ture. The main
ontent of the axioms is that the theory should be 
ovariant with respe
t to D̂i�+(S1),the universal 
overing group of the group of orientation preserving di�eomorphisms ofthe 
ir
le, and invariant under gM�ob, the subgroup 
overing the M�obius transformationsof the 
ir
le. Ea
h independent 
omponent of the stress-energy tensor should 
orrespondto an independent unitary multiplier representation of D̂i�+(S1) and the stress-energytensor itself should be formed from the in�nitesimal generators of these representations.As we will see (in Se
t. 5.3), these axioms will be loose enough to embra
e a wide rangeof theories: in parti
ular, they en
ompass all unitary rational CFTs. Nonetheless, theyare suÆ
ient 
onditions for the theory to obey QEIs. We have also 
olle
ted a numberof fa
ts about D̂i�+(S1) and its representations in Se
t. 3; although mu
h of this ma-terial is regarded as well-known, 
omprehensive referen
es seem not to exist. Thus, ourpresentation may be of independent interest.In Se
tion 5, we verify that our axioms are satis�ed by models 
onstru
ted from uni-tary, highest-weight representations of the Virasoro algebra. Here, we draw on the resultsof Goodman and Walla
h [25℄ and Toledano Laredo [49℄ whi
h make pre
ise the sense inwhi
h su
h representations may be `exponentiated' to unitary multiplier representationsof D̂i�+(S1). As parti
ular models may be built as dire
t sums of tensor produ
ts ofVirasoro representations, it is also ne
essary to maintain expli
it 
ontrol of the multiplierappearing in our representations, and we show that this may be de�ned in terms of theBott 
o
y
le. We have not found a full proof of this elsewhere in the literature.We illustrate our main result by giving several appli
ations in Se
t.4.2. In parti
ular,we derive QEIs valid along worldlines, or for averaging over spa
etime volumes. A pe
u-liarity of two-dimensional 
onformal �eld theory is that QEIs also exist for averages alongspa
elike or null lines, in 
ontrast to the situation in four-dimensional theories [17, 11℄.We also show that similar results hold for 
onformal �eld theories in the presen
e of mov-ing boundaries (often 
alled `moving mirrors'). Finally, we dis
uss the failure of QEIs forsharply 
ut-o� averaging fun
tions.In 
on
lusion, we mention that it is not 
lear that quantum energy inequalities involv-ing averaging along worldlines will hold in generi
 non-
onformally invariant theories intwo dimensions, or in intera
ting quantum �eld theories in dimensions d > 2. Olum andGraham [37℄ have investigated a model with two nonlinearly 
oupled �elds, one of whi
his in a domain wall 
on�guration, and argued that a stati
 negative energy density 
an be
reated in this fashion, whi
h 
an be made large by tuning the parameters of the model.For these reasons, we suggest that spa
etime-averaged QEIs might be a more pro�tabledire
tion for future resear
h (as mentioned, su
h QEIs hold in our present 
ontext). Ifone were required to s
ale the spatial support of the averaging with the temporal support,then averages of long duration would ne
essarily sense the large positive energy 
on
en-3



trated in the domain wall, preventing the overall average from be
oming too negative.This may suggest an appropriate formulation for QEIs in more general 
ir
umstan
es.2 Stress-energy densities of s
ale-invariant theoriesin two dimensionsLet us begin by 
onsidering a general s
ale-invariant theory in two-dimensional Minkowskispa
e. The L�us
her{Ma
k theorem [32, 33, 21℄ asserts2 that if su
h a theory possesses asymmetri
 and 
onserved stress-energy tensor �eld T �� obeyingZ T �0(x0; x1) dx1 = P � ; (2.1)where P � are the energy-momentum operators generating spa
etime translations, thenT �� is tra
eless and the independent 
omponents T 00 and T 01 may be expressed in termsof left- and right-moving 
hiral 
omponents TL and TR whi
h ea
h depend on only onelightlike variable: T 00(x0; x1) = TR(x0 � x1) + TL(x0 + x1)T 01(x0; x1) = TR(x0 � x1)� TL(x0 + x1) : (2.2)These �elds have s
aling dimension two, i.e.,U(�)TL(v)U(�)�1 = �2TL(�v) (2.3)(and an analogous relation for TR) where U(�) is the unitary implementing the s
alingx� 7! �x�. Moreover, TL and TR 
ommute with ea
h other and satisfy relations of theform[TL(v1); TL(v2)℄ = i��T 0L(v1)Æ(v1 � v2) + 2TL(v1)Æ0(v1 � v2)� 
L24�Æ000(v1 � v2)11� (2.4)(and similarly for TR) where the 
onstants 
L, 
R are the 
entral 
harges of the theoryand are equal under the additional assumption of parity invarian
e. These 
ommutationrelations are 
losely related to those of the Virasoro algebra, a 
entral extension of the(
omplexi�ed) Lie algebra of Di�+(S1), the group of orientation preserving di�eomor-phisms of the 
ir
le.One of the key properties of a QFT is the spe
trum 
ondition, whi
h, in the present
ontext, requires that P 0 � P 1 be positive operators. It is easy to see thatPR := 12 �P 0 + P 1� = Z TR(u) duPL := 12 �P 0 � P 1� = Z TL(v) dv (2.5)generate translations along null light-rays, so that PR generates translations along a left-moving null ray and vi
e versa. Positivity of these operators does not, however, entail2The theorem assumes that the theory obeys Wightman's axioms [48℄.4



that the stress-energy densities themselves are everywhere nonnegative. On the 
ontrary:for any v there is a sequen
e of states  n (in the \Wightman domain" of the theory, andwith the same norm) with hTL(v)i n �! �1 as n!1 (2.6)(of 
ourse there is a similar statement for TR). It is 
learly enough to show this for v = 0.Let 
 be the va
uum state and write TL(f) = R TL(v)f(v) dv, where f is a nonnegativetest fun
tion. Now hTL(v)i
 = 0 by translation- and s
ale-invarian
e of the va
uum,while TL(f)
 6= 0 by the Reeh{S
hlieder theorem of Wightman theory (ex
luding thetrivial possibility that TL(f) = 0 for all f). De�ning '� = 
 � �TL(f)
 (� 2 R), it isnow evident that h'� j TL(f)'�i = �2�kTL(f)
k2 + �2h
 j TL(f)3
i is negative for allsuÆ
iently small positive �. Hen
e hTL(v)i'� must assume negative values for some pointv, and we dedu
e the existen
e of a state  with hTL(0)i < 0. De�ning  n = U(n)�1 and using Eq. (2.3), we obtain Eq. (2.6).Thus the stress-energy density at individual spa
etime points is unbounded from be-low, as is the 
ase in many other quantum �eld theories.3 In the following se
tions, we willformulate pre
ise 
onditions under whi
h averaged stress-energy densities su
h as TL(f)(for nonnegative f) obey state-independent lower bounds: Quantum Energy Inequalities.Our dis
ussion is based on an argument given by Flanagan [14℄ for the parti
ular 
ase ofthe massless free s
alar �eld (
orresponding to the 
ase 
L = 
R = 1). We now sket
hthe heart of the argument, pro
eeding rather formally and leaving details aside. This isbased on the transformation property of a 
hiral stress-energy density T of a 
onformal�eld theory (representing TL or TR) under reparametrisations v 7! V (v):T (v) �! V 0(v)2T (V (v))� 
24�fV; vg11 (2.7)where fV; vg = V 000(v)V 0(v) � 32 �V 00(v)V 0(v)�2 = �2pV 0(v) d2dv2 1pV 0(v) (2.8)is the S
hwarz derivative of V . That is, to any state  there is a state  V (of the samenorm) su
h that hT (v)i = V 0(v)2hT (V (v))i V � 
24� fV; vg : (2.9)(The in�nitesimal form of this transformation law is simply Eq. (2.4).)Now suppose we are given a nonnegative test fun
tion H and 
hoose a reparametrisa-tion su
h that V 0(v) = H(v)�1. Then fV; vg = �2H(v)�1=2 d2dv2H(v)1=2 andZ H(v)hT (v)i dv = Z V 0(v)hT (V (v))i V dv + 
12� Z pH(v) d2dv2pH(v)dv= Z hT (V )i V dV � 
12� Z � ddvpH(v)�2 dv ; (2.10)3Arguments similar to those given here apply to any theory (in dimension d � 2) with a s
aling limitof positive s
aling dimension|see [7℄. 5



assuming that the integration by parts in the last term may be a

omplished withoutprodu
ing any boundary terms. Sin
e the �rst term on the right-hand side is hP i V ,whi
h is nonnegative, we 
on
lude thatZ H(v)hT (v)i dv � � 
12� Z � ddvpH(v)�2 dv (2.11)for all states  . Moreover, sin
e hP i
 = 0, one expe
ts the bound to be attained for astate  su
h that  V = 
.Although the above 
onveys the essential ideas underlying the QEI derivation (anddi�ers from the s
alar 
ase only inasmu
h as the 
entral 
harge is not restri
ted to 
 = 1)one must exer
ise greater 
are to produ
e a satisfa
tory argument. There are variousreasons for this. First, the reparametrisation rule (2.7) is expe
ted to hold only for thosereparametrisations of R whi
h 
orrespond to a di�eomorphism of the 
ompa
ti�ed light-ray, and this will not generally be the 
ase for the 
oordinate V invoked above. (Indeedthe reparametrisation is not even de�ned for H vanishing outside a 
ompa
t interval.)Se
ond, it is 
learly ne
essary to dilineate the 
lass of states for whi
h the bound holds:for example, the left-hand side does not even exist for every state  ! Finally, one needs toensure that the various formal manipulations relating to pH(v) are valid|this te
hni
alpoint 
on
eals some subtle nuan
es (for example, it is not the 
ase that every smoothnonnegative fun
tion has a square root whi
h is also smooth and positive [23℄).Flanagan addressed the �rst two points for the s
alar �eld by an elegant appeal togeneral 
ovarian
e in order to 
ompare the theory on the full line with a theory restri
tedto the interior of the support of H. We have 
hosen not to make a parallel assumptionfor general 
onformal �eld theories and instead present an alternative resolution of theproblem. The upshot is that the QEI (2.11) holds (on a spe
i�ed domain of states) forany nonnegative H belonging to the S
hwartz 
lass4 S (R) and with the integrand onthe right-hand side regarded as vanishing at any point where H vanishes. The formalstatement and rigorous proof is given in Thm. 4.1.3 Axiomati
 frameworkIn this se
tion, we delineate in a mathemati
ally pre
ise manner the 
lass of models towhi
h our rigorous QEI derivation in Se
. 4 applies. We will state the required propertiesof these models in an axiomati
 fashion and demonstrate later in Se
. 5 (by drawingtogether various results in the literature) that there a
tually exists a wide 
lass of modelswith those properties.As we remarked in the previous se
tion, independent 
omponents of the stress-energyare asso
iated with independent representations of Di�+(S1), the group of orientation-preserving di�eomorphisms of the 
ir
le. It is important for the validity of our argumentsestablishing the QEI's to have suÆ
ient 
ontrol over these representations, espe
ially their
ontinuity properties, as well as the spe
tral properties of 
ertain generators. The essen
eof our axioms therefore 
onsists in spe
ifying the nature of the representations of Di�+(S1)4That is, the 
lass of fun
tions whi
h vanish, together with their derivatives, more rapidly than anyinverse power at in�nity. 6



that are allowed to o

ur in the given 
onformal �eld theory. In order to state theseproperties in a pre
ise and eÆ
ient way, we will set the stage in the following subse
tionsby re
alling the salient fa
ts about the group Di�+(S1) and its unitary representations,espe
ially the so-
alled \unitary multiplier representations". With those fa
ts at hand,we will then state our axioms for the 
onformal �eld theories 
onsidered in this paper inSubse
. 3.3.Some of our later arguments in Se
. 5 establishing the existen
e of 
onformal �eldtheories obeying our axioms will also require us to know 
ertain properties of the phasesthat o

ur in the unitary multiplier representations. Our presentation will therefore in-
lude a dis
ussion and analysis of those, even though this would not, stri
tly speaking, bene
essary in order to present our axioms.3.1 Preliminaries 
on
erning Di�+(S1)3.1.1 Group stru
tureBeginning with the 
ir
le itself, S1 will be regarded as the unit 
ir
le fz 2 C : jzj = 1g inthe 
omplex plane. Under the Cayley transform C : z 7! i(1� z)=(1 + z), the 
ir
le (less�1) is mapped onto R; we will refer to this as the `light-ray pi
ture' in what follows. Thereal line will also enter as the universal 
overing group of S1, via the map � 7! tan 12�. Wewill 
all this 
opy of R the `unrolled 
ir
le' to distinguish it from the light-ray pi
ture.A fun
tion f on S1 will be said to be di�erentiable if R 3 � 7! f(ei�) is, and thederivative f 0 will be given by iei�f 0(ei�) = dd�f(ei�) : (3.1)We may now de�ne Di�+(S1) to be the group (under 
omposition) of all di�eomor-phisms � of the 
ir
le to itself whi
h are orientation preserving, in the sense that �(z)winds on
e positively around the origin as z does. We will also be 
on
erned with itsuniversal 
overing group D̂i�+(S1), whi
h may be identi�ed with the group of di�eomor-phisms � of R obeying �(� + 2�) = �(�) + 2� ; (3.2)ea
h su
h map determining a �� 2 Di�+(S1) by��(ei�) = ei�(�) : (3.3)As examples, let us note three parti
ularly important one-parameter subgroups ofD̂i�+(S1), whi
h will appear in our dis
ussion: namely R� (� 2 R) 
orresponding torotations on the 
ir
le, and Ts (s 2 R) and D� (� > 0) 
orresponding respe
tively totranslations and dilations on the light-ray. On the unrolled 
ir
le, the rotations are de�nedby R�(�) = � + � [so that �R�(z) = zei�℄, while the translations and dilations are de�nedby Ts(�) = 2 tan�1�s+ tan �2� for � 2 (��; �) (3.4)7



and D�(�) = 2 tan�1�� tan �2� for � 2 (��; �) (3.5)and are extended to other values of � by Eq. (3.2) and 
ontinuity. In ea
h 
ase theprin
ipal bran
h of ar
tangent should be understood.The rotations and translations may be 
ombined to obtain a further one-parametersubgroup of interest, namely the spe
ial 
onformal transformations Ss = R�TsR�1� (s 2R). We also observe that the elements R2�k (k 2Z) 
onstitute the 
entre of D̂i�+(S1) asa 
onsequen
e of Eq. (3.2).Taken together, the rotations, translations and dilations generate the universal 
overgM�ob of M�ob, the group of M�obius transformations of S1. This group will be the unbrokensymmetry of 
onformal �eld theory; as we will see, these theories are only 
ovariant (ratherthan invariant) with respe
t to the di�eomorphisms. M�obius transformations of the 
ir
letake the form z 7! �z + ��z + � ; (3.6)where �; � 2 C with j�j2�j�j2 = 1. Noting the invarian
e of Eq. (3.6) under simultaneousnegation of � and �, we see that M�ob �= PSU(1; 1) = SU(1; 1)=f11;�11g. In the light-raypi
ture, elements of M�ob a
t a

ording tou 7! au+ b
u+ d ; (3.7)for real 
oeÆ
ients a; b; 
; d with ad � b
 = 1, and this provides a group isomorphismM�ob �= PSL(2;R).3.1.2 Lie group stru
tureLet C1(R;R) be the spa
e of smooth, real-valued fun
tions on R equipped with thetopology of uniform 
onvergen
e of fun
tions and their derivatives of all orders,5 whi
hmakes it into a Fr�e
het spa
e. It is not hard to show that D̂i�+(S1) is an open subset ofC1(R;R) and we endow it with the relative topology. We may also equip D̂i�+(S1) withan atlas of 
harts modelled on C12�(R;R), the (Fr�e
het) subspa
e of C1(R;R) of (2�)-periodi
 fun
tions, in su
h a way that the group multipli
ation and inversion of D̂i�+(S1)are smooth. With these de�nitions, D̂i�+(S1) be
omes a Fr�e
het Lie group, and the samestru
ture 
an be indu
ed on Di�+(S1) by the quotient map. (Cf., for example, Se
. 6of [34℄ and example 4.2.6 in [26℄.)The Lie algebra of these groups is therefore C12�(R;R), whi
h may be 
onvenientlyregarded as the spa
e of real ve
tor �elds on the 
ir
le, Ve
tR(S1). Indeed, given anysmooth one-parameter 
urve t 7! �t 2 D̂i�+(S1), we obtain a ve
tor �eld X on S1 by(Xg)(z) = ddtg(��t(z))����t=0 (g 2 C1(S1)) ; (3.8)5That is, fk ! f i� supx2Rjf (r)k (x)� f (r)(x)j ! 0 for all r � 0, where f (r) is the r'th derivative of f .8



whi
h 
orresponds to the tangent ve
tor to �t at t = 0. This ve
tor �eld is said to be realbe
ause it may be expressed in the form(Xg)(ei�) = f(ei�) dd�g(ei�) (g 2 C1(S1)) (3.9)for some real-valued f 2 C1(S1). For our purposes, however, it will be more 
onvenientto identify Ve
t(S1) and C1(S1) so that f 2 C1(S1) 
orresponds to the ve
tor �eldf 2 Ve
t(S1) with a
tion (fg)(z) = f(z)g0(z) : (3.10)With this identi�
ation, f is real if and only if f is invariant under the antilinear 
onju-gation (�f)(z) = �z2f(z). We will denote the spa
e of f 2 C1(S1) obeying �f = f byC1� (S1). As examples, it is straightforward to 
he
k that the tangent ve
tor to the 
urve� 7! R� at � = 0 
orresponds to the fun
tion z 7! iz, while those of s 7! Ts and s 7! Ssat s = 0 
orrespond to z 7! i2(1+z)2 and z 7! � i2(1�z)2 respe
tively. All three fun
tionsare invariant under �, as z = z�1 on the 
ir
le.3.1.3 The Bott 
o
y
leAs already remarked, the Virasoro algebras underlying CFT are 
entral extensions ofthe 
omplexi�ed Lie algebra of Di�+(S1). At the level of groups, these extensions aredes
ribed by the Bott 
o
y
le B : Di�+(S1)�Di�+(S1)! R given by6B(�1; �2) = � 148�Re ZS1 log((�1 Æ �2)0(z)) ddz log(�02(z)) dz ; (3.11)whi
h lifts to a 
o
y
le eB(�1; �2) = B(��1;��2) on D̂i�+(S1). Note that the logarithms donot introdu
e any ambiguity into this formula, be
ause �0(z) has winding number zeroabout the origin for � 2 Di�+(S1).Let us now 
olle
t some properties of B and eB. First, it is immediate from thede�nition thatB(id; �) = B(�; id) = 0 ; B(�; ��1) = 0 (� 2 Di�+(S1)) (3.12)and that the 
o
y
le propertyB(�1; �2) +B(�1�2; �3) = B(�2; �3) +B(�1; �2�3) (3.13)holds for all �1; �2; �3 2 Di�+(S1) (analogous results hold also for eB).Se
ond, B vanishes on M�ob �M�ob by the Cau
hy integral formula be
ause the inte-grand is holomorphi
 in the unit disk in that 
ase [47℄. Similarly, eB vanishes on gM�ob�gM�ob.Third, the following �rst derivatives are easily 
omputed:D1 eBj(id;�)(f) = � 148�Re ZS1 f 0(��(z))��00(z)��0(z) dz (3.14)6This di�ers slightly from the form usually given, to whi
h it is 
ohomologous, but whi
h 
orrespondsto the Gel'fand{Fuks (rather than Virasoro) 
o
y
le at the level of Lie algebras. The form given here isdrawn from [47℄ with some typographi
al errors 
orre
ted.9



and D2 eBj(�;id)(f) = � 148�Re ZS1 (��000(z)��0(z) ����00(z)��0(z)�2) f(z) dz ; (3.15)from whi
h the se
ond derivativeD12 eBj(id;id)(f; g) = � 148�Re ZS1 f 0(z)g00(z) dz = 12!(f; g) (3.16)follows easily, where !(f; g) = 148� ZS1 (f(z)g000(z)� f 000(z)g(z)) dz (3.17)is the Virasoro 
o
y
le, i.e., the Lie algebra 
o
y
le 
orresponding to eB. Note that theintegral in Eq. (3.17) is automati
ally real for f; g 2 C1� (S1).3.2 Unitary multiplier representations of D̂i�+(S1)Let H be a Hilbert spa
e, and suppose that ea
h � 2 D̂i�+(S1) is assigned a unitaryoperator U(�) on H so that U(�)U(�0) = ei
 eB(�;�0)U(��0) (3.18)holds for all �; �0 2 D̂i�+(S1), where eB is the Bott 
o
y
le introdu
ed above. Then themap � 7! U(�) will be 
alled a unitary multiplier representation of D̂i�+(S1) with 
o
y
leeB and 
entral 
harge 
. Representations of this type will form the main 
omponent ofour axioms for CFT and we now 
olle
t some of their properties.We begin by noting that U restri
ts to gM�ob as a bona �de unitary representationbe
ause eB vanishes on gM�ob � gM�ob. It therefore obeys U(id) = 11, and, be
ause wealso have eB(�; ��1) = 0 for all � 2 D̂i�+(S1), we easily obtain U(��1) = U(�)�1 fromEq. (3.18).Now assume, in addition, that the map � 7! U(�) is 
ontinuous for ea
h �xed 2 H , i.e., the representation is strongly 
ontinuous. This assumption permits us toobtain the in�nitesimal generators of the representation, whi
h are interpreted as smearedstress-energy densities. In more detail: for ea
h f 2 C1� (S1), let f 2 Ve
tR(S1) be the
orresponding real ve
tor �eld and de�ne a self-adjoint operator �(f) by�(f) = 1i ddsU(exp(sf)) ����s=0 (3.19)on the dense domain of  for whi
h the derivative exists.7 We then de�ne �(f) forarbitrary f 2 C1(S1) by �(f) = �(12(f + �f)) + i�( 12i(f � �f)) on the appropriate7The additive group of real numbers does not admit nontrivial smooth 
o
y
les (see, e.g., Thm. 10.38in [50℄). Thus, be
ause s 7! U (exp(sf)) is a strongly 
ontinuous unitary multiplier representation of (R;+)with a smooth multiplier, we may write U (exp(sf)) = ei�(s)V (s) where V (s) is a strongly 
ontinuous one-parameter group of unitaries and � is a smooth and real-valued. Stone's theorem and the Leibniz rulethen guarantee that Eq. (3.19) does indeed de�ne a self-adjoint operator with domain equal to the set of for whi
h the derivative exists. 10



interse
tion of domains, so that �(f)� = �(�f) (3.20)holds on D(�(f)). We will also use the informal notation�(f) = ZS1 f(z)�(z) dz (3.21)as a 
onvenient book-keeping devi
e, but �(z) should not be interpreted as an operatorin its own right. For example, let H be the generator of the 1-parameter subgroup R� ofgM�ob. Then H = 1i dd�U(R�) �����=0 = 1i dd�U(exp(�f)) �����=0 (3.22)for any  2 D(H), where f is the tangent ve
tor to � 7! R� at � = 0. As shown above,this 
orresponds to the fun
tion f(z) = iz, so we writeH = ZS1 iz�(z) dz : (3.23)Similarly, the generators P and K of the 1-parameter subgroups s 7! Ts and s 7! Ss maybe written as P = i2 ZS1(1 + z)2�(z) dz (3.24)K = � i2 ZS1(1� z)2�(z) dz ; (3.25)so that H = 12 (P +K) ; (3.26)on the interse
tion D(H) \D(P ) \D(K).One of the key properties we will require is the transformation law of the smearedstress-energy densities under di�eomorphisms, provided by the following result.Proposition 3.1 Assume that H 
arries a strongly 
ontinuous unitary multiplier repre-sentation of D̂i�+(S1) obeying Eq. (3.18). SupposeH 
ontains a dense domain D whi
h isinvariant under ea
h U(�) (� 2 D̂i�+(S1)) and 
ontained in ea
h D(�(f)) (f 2 C1(S1)).Then D is a 
ore for ea
h �(f) with f = �f . Moreover, the �(f) transform a

ording toU(�)�(f)U(�)�1 = �(f�)� 
24� ZS1f��; zgf(z) dz 11 ; (3.27)where f�(z) = ��0(���1(z))f(���1(z)) 
orresponds to the ve
tor �eld f� = Ad(�)(f), and obeythe 
ommutation relationsi[�(g);�(f)℄ = �(g0f � f 0g) + 
!(g; f)11 ; (3.28)where ! is the Virasoro 
o
y
le. Here, both Eqs. (3.27) and (3.28) are valid as identitieswhen applied to ve
tors in D , and f; g are arbitrary elements of C1(S1).11



Remark: Eq. (3.27) may also be written in the `unsmeared form'U(�)�(z)U(�)�1 = ��0(z)2�(��(z))� 
24�f��; zg11 : (3.29)Proof: That D is a 
ore follows from Theorem VIII.11 in [43℄. To obtain the statedtransformation property, 
hoose f 2 C1� (S1) and let f be the 
orresponding ve
tor �eld.Then for any  2 D and � 2 D̂i�+(S1),U(�)�(f)U(�)�1 = 1i ddsU(�)U(exp(sf))U(��1) ����s=0= 1i ddsei
'(s)U(� exp(sf)��1) ����s=0= 1i ddsei
'(s)U(exp(sf�)) ����s=0= �(f�) � 
'0(0) ; (3.30)where '(s) = eB(�; exp(sf))+ eB(� exp(sf); ��1). Using the fa
t that � exp(sf) = exp(sf�)�,the 
o
y
le relation Eq. (3.13), and the elementary properties Eq. (3.12), ' may be rewrit-ten in the form '(s) = eB(�; exp(sf)) � eB(exp(sf�); �) : (3.31)It is now a straightforward exer
ise, using the �rst derivatives of eB given in the previoussubse
tion and the de�nition (2.8) of the S
hwarz derivative, to show that'0(0) = � 124� ZS1f��; zgf(z) dz (3.32)(the integral is real be
ause �� 2 Di�+(S1) and f 2 C1� (S1)). Substituting this inEq. (3.30), we have obtained Eq. (3.27) (applied to  ). By now putting � = exp sg,where the ve
tor �eld g 
orresponds to some g 2 C1� (S1), and then di�erentiating withrespe
t to s at s = 0, we obtain the 
ommutation relations Eq. (3.28) as an identity onD . The relations Eq. (3.28) then extend by linearity to general f; g 2 C1(S1).The following are simple appli
ations of the above result:U(D�)PU(D�)�1 = �P ; U(D�)KU(D�)�1 = ��1K ; K = U(R�)PU(R�)�1 (3.33)(note that the S
hwarz derivative of a M�obius transformation vanishes). In parti
ular,we observe that K and P must have the same spe
trum, whi
h (as it is nonempty, 
losedand dilation-invariant) must be one of the four possibilities f0g, [0;1), (�1; 0℄ or R.Restri
ting attention to the �rst two 
ases, in whi
h P � 0, we �nd that H � 0 byEq. (3.26), be
ause H is thereby positive on D , on whi
h it is essentially self-adjoint.Conversely, if H � 0, we use the identity8U(D�)HU(D�)�1 = 12 ��P + ��1K� (3.34)8The fa
t that P � 0 i� H � 0 is well-known, but is usually obtained from a detailed knowledgeof the unitary representations of gM�ob. Combine, for example, the proof of Prop. 9.2.6 in [41℄ with therepresentation theory given in [31, 29, 42℄. The approa
h given here is adapted from Prop. 1 of [27℄ (notethat the 
onventions di�er slightly). 12



on D to dedu
e that P � 0 be
auseh j P i = lim�!1 ��1hU(D�)�1 j HU(D�)�1 i � 0 (3.35)for all  2 D , whi
h is again a 
ore for P . Clearly, P = 0 if and only if H = 0, sospe
 (P ) = [0;1) if and only if H is a non-zero positive operator.3.3 AxiomsWe now 
ome to the statement of the axioms we shall adopt for 
onformal �eld theory.These are to be regarded as minimal requirements: spe
i�
 models will have more stru
-ture and possibly an enlarged symmetry group. Nonetheless, the following axioms arealready suÆ
ient to establish the QEIs, and are satis�ed in models built from Virasororepresentations (see Se
t. 5). Note that, as they in
lude the assumptions of Se
t. 3.2, allthe 
on
lusions of that subse
tion apply to su
h theories, parti
ularly Prop. 3.1.For simpli
ity, we state our axioms for a 
onformal �eld theory with a single 
omponentof stress-energy; at the end of this se
tion we des
ribe the (straightforward) extension totwo independent 
omponents.A. Hilbert spa
e, di�eomorphism group and energy positivity1. The Hilbert spa
e H of the theory 
arries a strongly 
ontinuous unitary multiplierrepresentation � 7! U(�) of D̂i�+(S1) obeying Eq. (3.18), with 
entral 
harge 
 > 0.2. Up to phase there is a unique unit ve
tor 
 2 H whi
h is invariant under therestri
tion of U to gM�ob, and whi
h will be 
alled the va
uum ve
tor.3. The generator P of the one-parameter translation subgroup s 7! U(Ts) is assumed tobe a positive self-adjoint operator. (An equivalent requirement is that the generatorH of the rotation subgroup � 7! U(R�) be positive, by the remarks above.)B. Stress-energy densityThe (smeared) stress-energy density �(f) is de�ned as the generator of U(�), as de-s
ribed in the previous subse
tion, see Eq. (3.19). We assume that H 
ontains a densesubspa
e D �H su
h that:1. D is invariant under ea
h U(�), 
ontains 
 and is 
ontained in ea
h D(�(f)) for allf 2 C1(S1).2. For ea
h  2 D , the map f 7! �(f) is a ve
tor-valued distribution on C1(S1)(equipped with its usual topology of uniform 
onvergen
e of fun
tions and all theirderivatives).3. For ea
h  2 D , h�(z)i is smooth on S1.Given a theory of the above type living on a 
ir
le, we may de�ne a stress-energydensity T (v) living on a light-ray by the `unsmeared' formulaT (v) = �dzdv�2�(z(v)) = � 4(1 � iv)4�(z(v)) ; (3.36)13



where z(v) = C�1(v) = 1 + iv1� iv (3.37)mapsR to S1 (less�1, whi
h represents the `point at in�nity'). The 
lass of allowed smear-ing fun
tions in this pi
ture 
onsists of all F 2 C1(R) for whi
h z 7! i2(1+ z)2F (C(z)) issmooth on S1 [with an appropriate limiting de�nition at z = �1℄. As before, we use anintegral notation to denote su
h smearings, thus, for example, the relationship Eq. (3.24)now reads P = Z T (v) dv : (3.38)We may also dedu
e from axiom B.3 and Eq. (3.36) that hT (v)i de
ays as O(v�4) asjvj ! 1 for  2 D .Finally, suppose � 2 D̂i�+(S1) �xes the point at in�nity, i.e., ��(�1) = �1, andde�ne a reparametrisation v 7! V (v) of R impli
itly by z(V (v)) = ��(z(v)). Then thetransformation law Eq. (3.29) be
omesU(�)T (v)U(�)�1 = V 0(v)2T (V (v))� 
24�fV; vg11 : (3.39)Here, we have used the 
hain rule for S
hwarz derivativesfz; xg = fz; yg�dydx�2 + fy; xg ; (3.40)where z = z(y); y = y(x), and the fa
t that the S
hwarz derivative of a M�obius transfor-mation vanishes identi
ally, so fz(v); vg = 0.The above stru
ture is already enough to en
ompass an interesting 
lass of theories inMinkowski spa
e: namely, boundary 
onformal �eld theories (see, e.g., [55℄, or [30℄ for are
ent treatment in terms of algebrai
 quantum �eld theory). In these theories, there is asingle underlying representation U of D̂i�+(S1) with 
orresponding stress-energy densityT , and the theory lives on the right-hand half x1 > 0 of Minkowski spa
e with stress-energy tensor given by Eq. (2.2) where TL = TR = T . In parti
ular, T 01 vanishes on thetimelike line x1 = 0, re
e
ting the boundary 
ondition that no energy-momentum should
ow out of the half-spa
e x1 > 0.A more general 
lass of theories 
orresponds to the `moving mirror' models studiedin [20℄ (for parti
ular 
ase of the massless s
alar �eld). Instead of an inertial boundaryx1 = 0, we 
onsider a moving boundary with traje
tory v = p(u), where u = x0 � x1 andv = x0+x1 are null 
oordinates on Minkowski spa
e. The theory is de�ned on the portionof Minkowski spa
e to the right of this 
urve, i.e., v > p(u). Restri
ting, for simpli
ity, tothe 
ase in whi
h u 7! p(u) lifts to an element � 2 D̂i�+(S1), the stress-energy tensor isagain de�ned by Eq. (2.2), where we now putTL(v) = T (v); TR(u) = U(�)T (u)U(�)�1 : (3.41)(Boundary CFT 
orresponds, of 
ourse, to the 
ase p(u) = u and hen
e U(�) = 11.) Itfollows Eq. (3.39) and hT (v)i
 that the energy density in the va
uum state 
 is thenhT00(x0; x1)i
 = � 
24�fp; ug = 
12�pp0(u) d2du2 1pp0(u) ; (3.42)14



whi
h redu
es to the result of [20℄ in the 
ase 
 = 1. In fa
t the moving mirror spa
etimeis 
onformally related to the boundary spa
etime 
onsidered above (under the transfor-mation (u; v) 7! (p(u); v)) and this di
tates the form of Eq. (3.41), together with theboundary 
ondition that 
 should be the `in' va
uum at past null in�nity. It is intendedto dis
uss this more fully elsewhere.Conformal �eld theories on the whole of Minkowski spa
e must have two independent
omponents of stress-energy, by the L�us
her{Ma
k theorem (see Se
. 2). We now brie
yexplain the required modi�
ations to our axioms to permit the des
ription of this situ-ation. There are now two 
ommuting proje
tive unitary representations UL and UR ofD̂i�+(S1) ea
h restri
ting to gM�ob as a unitary representation. We assume the existen
eof a unique va
uum ve
tor 
 invariant under both 
opies of gM�ob and assume that thetwo translation generators PL, PR are positive. The domain D is assumed to be invariantunder both UL and UR, and ea
h representation is generated (in the sense of Eq. (3.19))by a 
orresponding stress-energy density �L, �R, ea
h of whi
h obeys the regularity as-sumptions of axiom B. Ea
h stress-energy density transforms a

ording to the Eq. (3.29)(with 
entral 
harge 
L or 
R as appropriate) under the 
orresponding representation ofD̂i�+(S1) but is invariant under the adjoint a
tion of the other 
opy. We also de�nelight-ray �elds TL and TR in the same way as above, and then de�ne the stress-energytensor by Eq. (2.2). In parti
ular, one may 
onstru
t su
h a theory as a tensor produ
tof two 
onformal �eld theories with a single 
omponent of stress-energy, but this is by nomeans the only possibility.Clearly, we 
ould envisage theories with any number of independent 
omponents ofstress-energy in a similar fashion, but the interpretation as a theory in Minkowski spa
eis no longer 
lear.4 Quantum Energy Inequalities in CFT4.1 Main resultWe are now in a position to state our main result. The notation is as in the previousse
tion.Theorem 4.1 Consider a 
onformal �eld theory with a single 
omponent T of stress-energy. For any nonnegative G 2 S (R), the quantum energy inequalityZ G(v)hT (v)i dv � � 
12� Z � ddvpG(v)�2 dv (4.1)holds for all  2 D , where the derivative d=dvpG is de�ned to be zero for points at whi
hG vanishes: ddv pG(v) = � G0(v)=(2pG(v)) G(v) 6= 00 G(v) = 0 : (4.2)Moreover, this bound is sharp: the right-hand side is the in�mum of the left-hand side as varies in D . 15



In a 
onformal �eld theory with two independent 
omponents of stress-energy, both TLand TR obey bounds of the above type (with weight fun
tions GL; GR 2 S (R)) whi
h aresimultaneously sharp in the sense that there is a sequen
e of states  n 2 D withZ GL(v)hTL(v)i n dv �! � 
L12� Z � ddvpGL(v)�2 duZ GR(u)hTR(u)i n du �! � 
R12� Z � ddupGR(u)�2 dv (4.3)as n!1.Remarks: 1) It is proved in Corollary A.2 in the Appendix that the square root pG ofa non-negative S
hwartz fun
tion is in fa
t a distribution in the Sobolev spa
e W 1(R)(i.e., has square-integrable �rst derivative) and that the above rule (4.2) for de�ning itsderivative 
oin
ides with the usual notion of the distributional (or \weak") derivative ofsu
h a distribution. In parti
ular, this formally establishes that the integral representingour QEI bound on the right side of Eq. (4.1) is a
tually �nite even for smearing fun
tionsG that are not stri
tly positive.2) As D is a 
ore for any smeared energy density the QEIs 
an be stated as operatorinequalities, e.g., Z G(v)T (v) dv � � 
12� Z � ddvpG(v)�2 dv11 (4.4)by standard quadrati
 form arguments (see, e.g., Theorem X.23 in [44℄). The fa
t thatQEIs for TL and TR are simultaneously sharp is simply the statement that the sequen
e n in Eq. (4.3) belongs to the joint spe
trum of the two operators 
on
erned.3) The above results 
an of 
ourse be transformed to give QEIs on the �eld � on the 
ir
le;one 
an also follow the general strategy given below to derive QEIs based on positivityof H (rather than P ), whi
h would be more natural in that setting. In addition, theresults 
an be extended to any number of independent stress-energy operators. We willnot pursue these dire
tions here.Proof: The proof is broken down into various stages. We start with the 
ase in whi
hthe nonnegative fun
tion G is smooth and 
ompa
tly supported, and then extend to theS
hwartz 
lass. As mentioned above, the obstru
tion to a straightforward use of theargument summarised in Se
. 2 is that the equation V 0(v) = 1=G(v) does not de�ne adi�eomorphism whi
h 
an be lifted to the 
ir
le. To 
ir
umvent this problem, we modifyG to a fun
tion H�;n depending upon regulators � and n. The fun
tion H�;n is 
onstru
tedin su
h a way that the formal argument given Se
. 2 holds rigorously, and so that thedesired bound is obtained as the regulators are removed.The two regulators have the following e�e
t. First, we add the 
onstant � to G(v),thus obtaining a reparametrisation of the whole line by V 0(v) = 1=(G(v) + �). Althoughthis reparametrisation �xes the point at in�nity, it does not lift to a di�eomorphism ofthe 
ir
le as it has a dis
ontinuous se
ond derivative at z = �1 (unless G is identi
allyzero). The remedy is to subtra
t from G(v) + � a small 
ompa
tly supported 
orre
tion,whi
h is translated to the right (and slightly res
aled) as n in
reases. We 
an then exploit16



the de
ay of hT (v)i as v ! 1 in order to 
ontrol the limit n ! 1. Other approa
hesto this issue are probably possible.9The 
onstru
tion and properties ofH�;n are summarised by the following lemma, whoseproof is deferred to the end of this se
tion.Lemma 4.2 Given a nonnegative G 2 C10 (R), let�� = 1jsuppGj Z G(v)G(v) + � dv ; (4.5)where jsuppGj denotes the Lebesgue measure of the support of G. Then �� in
reases as�! 0+, with lim�!0+ �� = 1. Let � 2 C10 (R) obey 0 � �(v) � 1=2 for all v andZ �(v)1 � �(v) dv = jsuppGj ; (4.6)and set �n;�(v) = ��v � n�� � : (4.7)Then there exists an n0 su
h that, for all n � n0 and � > 0,1. the support of �n;� lies to the right of suppG2. there is a di�eomorphism �n;� 2 D̂i�+(S1) 
orresponding to a reparametrisationv 7! Vn;�(v) of the light-ray with V 0n;�(v) = 1Hn;�(v); (4.8)where Hn;�(v) = G(v) + �(1� �n;�(v)).Now let  2 D be arbitrary. Then the formal 
al
ulation of Se
. 2 holds rigorouslyif H is repla
ed by the fun
tion Hn;� given in item (2) of the above lemma, and if  V isrepla
ed by U(�n;�) . This yieldsZ Hn;�(v)hT (v)i � � 
12� Z � ddvqHn;�(v)�2 dv; (4.9)the required integration by parts being valid be
ause Hn;� is 
onstant outside a 
ompa
tinterval. For n � n0, the supports of G and �n;� are disjoint by item (1) of the lemma, sothe integral on the right-hand side falls into two pie
es4Z � ddvqHn;�(v)�2 dv = Z G0(v)2G(v) + � dv + �Z �0n;�(v)21 � �n;�(v) dv= Z G0(v)2G(v) + � dv + ��� Z �0(v)21 � �(v) dv : (4.10)9As we were 
ompleting this paper, Carpi and Weiner released a preprint [3℄ in whi
h they point outthat 
ertain nonsmooth smearings of the stress-energy density also yield self-adjoint operators. It is likelythat one 
ould use this to �nd a unitary implementation of the reparametrisation of the line de�ned byV 0(v) = 1=(G(v) + �), removing the need for the se
ond stage of regulation.17



On the other hand, we haveZ Hn;�(v)hT (v)i = Z G(v)hT (v)i dv + �hP i � �Z �n;�(v)hT (v)i : (4.11)As n!1, �n;� is translated o� to in�nity, so the last term drops out in the limit owingto the de
ay of hT (v)i . We therefore haveZ G(v)hT (v)i dv � � 
48� Z G0(v)2G(v) + � dv � �
48��� Z �0(v)21� �(v) dv � �hP i ; (4.12)and the limit � ! 0+ yields the QEI (4.1), owing to Corollary A.2 in the Appendix andthe fa
t that  was an arbitrary element of D .We now turn to the 
ase in whi
h G is a nonnegative fun
tion of S
hwartz 
lass.A

ording to Corollary A.2, pG belongs to the Sobolev spa
e W 1(R). It follows thatwe may �nd nonnegative hk 2 C10 (R) with hk ! pG and h0k ! d=dvpG in L2(R) ask !1 (the derivative d=dvpG being understood in the sense of distributions). Thus forea
h  2 D and k, we haveZ hT (v)i hk(v)2 dv � � 
12� Z h0k(v)2 dv : (4.13)In the limit k ! 1 the right-hand side 
learly 
onverges to �
=(12�) R (d=dvpG)2 dv,while the left-hand side 
onverges to R hT (v)i G(v) dv be
ause hT (v)i is bounded in v.The QEI (4.1) therefore holds for all nonnegative G 2 S (R).To show that the bound is sharp, we employ another lemma:Lemma 4.3 If F 2 S (R) and G 2 C10 (R) are nonnegative, theninf 2D Z F (v)hT (v)i dv � � 
12� Z  ddv F (v)pG(v) + �!� ddvpG(v) + �� dv : (4.14)Proof: Using the notation of Lemma 4.2, let n > n0 and � > 0, and de�ne  n;� =U(�n;�)�1
 in terms of G. Sin
e hT (Vn;�(v))i
 vanishes identi
ally, the transformationlaw Eq. (3.39) giveshT (v)i n;� = � 
24�fVn;�; vg = 
12� 1pHn;�(v) d2pHn;�(v)dv2= 
12�  1pG(v) + � d2pG(v) + �dv2 + 1p1 � �n;�(v) d2p1 � �n;�(v)dv2 !(4.15)be
ause G and �n;� have disjoint supports. Note that the e�e
t of in
reasing n is merelyto translate the �nal term to the right. This term therefore vanishes in the limit n!1when we integrate against F , be
ause it is pushed o� into the tail of F . Thus we havelimn!1 Z F (v)hT (v)i n;� dv = 
12� Z F (v)pG(v) + � d2dv2pG(v) + � dv (4.16)18



and Eq. (4.14) is obtained after integration by parts.Now suppose thatG is a nonnegative S
hwartz-
lass fun
tion and setGn(v) = �(v=n)G(v),where � 2 C10 (R), 0 � �(x) � 1 and �(x) = 1 for jxj � 1. One may verify thatlimm!1 ddv G(v)pGm(v) + � = ddvpG(v) + � = limm!1 ddvpGm(v) + � (4.17)in L2(R). Applying Lemma 4.3 with F and G repla
ed by G and Gm respe
tively, theselimits and the 
ontinuity of the right-hand side of Eq. (4.14) in both fa
tors [it is e�e
tivelyan L2-inner produ
t℄ yieldinf 2D Z G(v)hT (v)i dv � � 
12� Z � ddvpG(v) + ��2 dv : (4.18)On taking �! 0+, we 
on
lude that the bound Eq. (4.1) is sharp.Turning to 
onformal �eld theories with two independent 
omponents of stress-energy,it is immediate from the above that both TL and TR satisfy QEIs of the form required.That the bounds are simultaneously sharp follows from the fa
t that ea
h stress-energydensity transforms under its 
orresponding 
opy of D̂i�+(S1) but is invariant under theother 
opy. Thus the 
onstru
tion used to establish sharpness of the QEI (4.1) may beadapted in a straightforward fashion to prove Eq. (4.3). This 
on
ludes the proof of ourmain theorem 4.1.It remains to establish the lemma used above.Proof of Lemma 4.2: It is 
lear (e.g., by monotone 
onvergen
e) that �� in
reases to unityas �! 0+. Thus the support of �n;� will lie to the right of suppG for all n greater thansome n0 and all � > 0. We de�neVn;�(v) = Z v0 1Hn;�(v0) dv0 ; (4.19)whi
h evidently satis�es Eq. (4.8) and, as it is smooth and stri
tly in
reasing withlimv!�1 Vn;�(v) = �1 gives a di�eomorphism of R. We wish to see that this di�eo-morphism 
an be extended to the 
ir
le. Suppose the support of G is 
ontained within[�R;R℄ for some R > 0 and that n > n0. Then, for v < �R we haveVn;�(v) = v� + � ; (4.20)where � = R� + Z �R0 1G(v) + � dv : (4.21)Now 
hoose S to the right of supp �n;�, so supp �n;� � (R;S). Then, for v > S we haveVn;�(v) = v� � S� + Z S0 1G(v) + �(1� �n;�(v)) dv= v� + � ; (4.22)19



whi
h follows after a small amount of 
al
ulation using the de�nitions of � and ��.Thus v 7! Vn;�(v) di�ers from the M�obius transformation v 7! v=� + � only ona 
ompa
t set and may therefore be lifted to �n;� 2 D̂i�+(S1) de�ned by �n;�(�) =2 tan�1 �Vn;�(tan 12�)� for � 2 (��; �) and extended to other values by 
ontinuity andEq. (3.2).4.2 Appli
ationsWe now use Theorem 4.1 to give various useful QEI bounds for 
onformal �eld theories(on two-dimensional Minkowski spa
e).4.2.1 Worldline boundsConsider a smooth 
urve �! 
�(�) in Minkowski spa
e, and set u = 
0�
1, v = 
0+
1.It is straightforward to show that�
(�) := T��(
(�)) _
�(�) _
�(�) = TR(u(�)) _u(�)2 + TL(v(�)) _v(�)2 : (4.23)To avoid te
hni
alities, let us assume that our 
urve 
 is either timelike or spa
elike,with no endpoints. The 
urve 
an then be parametrized by proper time (resp. properdistan
e) � ranging from �1 to +1, and we assume this has been done. We assumefurthermore that both _u(�) and _v(�) are bounded away from zero on the parameter rangeof the 
urve (i.e., greater or equal to some �xed " > 0), meaning that the 
urve does notbe
ome null asymptoti
ally. We also restri
t 
onsideration to 
urves that do not \wiggle"too rapidly by assuming moreover that all derivatives of _u(�) and _v(�) vanish faster thanpolynomially. Our assumptions imply that the fun
tions u(�) and v(�) 
an thereforebe inverted with smooth inverses �(u) resp. �(v), the derivatives of whi
h are S
hwartzfun
tions.Let G be a smooth, non-negative S
hwartz fun
tion. Our assumptions then ensurethat the smearing fun
tions GR(u) = G(�(u)) and GL(v) = G(�(v)) and 
onsequentlyGR(u)jd�(u)=duj�1 and GL(v)jd�(v)=dvj�1 are in the S
hwartz 
lass. Thus, using thesimultaneously sharp QEIs for both left- and right-moving stress-energy densities, weobtain the worldline QEIinf 2D Z h�
(�)i G(�) d�= � 
R12� Z  ddus GR(u)jd�(u)=duj!2 du� 
L12� Z  ddvs GL(v)jd�(v)=dvj!2 dv; (4.24)where the integrands on the right side are set to zero for points su
h that GL resp. GRvanish. This bound 
an be generalized to smooth parametrized 
urves 
� satisfying lessstringent 
onditions, but we will not go into this here. We only remark that we may alsoobtain a bound for the aÆnely parametrized left-moving null ray u = �; v = 
onst: forany non-negative G(�) in the S
hwartz 
lass. In that 
ase, �
 = TR and the worldlinebound is given by the QEI bound for the right-moving stress tensor (with GR = G)20



given in our theorem. A similar statement holds of 
ourse also for the right moving lightray. In general, therefore, averages of the null-
ontra
ted stress-energy density T��k�k�are bounded below along an aÆnely parametrised null line with tangent k�. As notedin [15℄, no other 
omponent of the stress tensor 
an be bounded below along su
h a 
urvebe
ause all other 
omponents involve TR or TL evaluated at a single point and thereforenot averaged.For the 
ase of a stati
 worldline parametrized by proper time, 
0 = x0; 
1 = x1 =
onst:, we �ndinf 2D Z hT00(x0; x1)i G(x0) dx0 = �
L + 
R12� Z ��0pG(x0)�2 dx0 (4.25)whi
h redu
es to Flanagan's bound [14℄ for the massless s
alar �eld (
L = 
R = 1) andVolli
k's bound [52℄ for the massless (
omplex) Dira
 �eld, whi
h also has 
L = 
R = 1.[The Majorana �eld has 
L = 
R = 1=2 and a 
orrespondingly tighter bound.℄It is worth noting a feature of 
onformal quantum �eld theories in two dimensions:namely that one 
an obtain a (nontrivial) worldline quantum energy inequality even alongspa
elike or null 
urves. This 
an be tra
ed ba
k to the fa
t that one is free to inter-
hange the role of spa
e and time in two-dimensional 
onformal �eld theories (by \turningMinkowski spa
e on its side") as far as the stress-tensor is 
on
erned. Neither is possi-ble in any other dimension [17, 11℄ (even for free s
alar �elds), nor for non-
onformallyinvariant �eld theories in two dimensions. In those 
ases, we expe
t however that therestill hold bounds for spa
etime averages of the stress tensor, to whi
h we now turn.4.2.2 Worldvolume boundsLet f�� be a smooth tensor �eld whose 
omponents (with respe
t to global inertial 
oor-dinates) are S
hwartz 
lass. ThenZ T��f��(x0; x1) dx0dx1 = Z TR(u)FR(u) du+ Z TL(v)FL(v) dv (4.26)where the null averages FL and FR are given byFR(u) = Z fuu(u; v) dv ; FL(u) = Z fvv(u; v) du (4.27)with fuu, fvv appropriate 
omponents in (u; v)-
oordinates, related to the 
omponents in(x0; x1) 
oordinates by fuu = f00 + f11 � f01 � f10fvv = f00 + f11 + f01 + f10 : (4.28)If f�� has nonnegative null averages10, then we have the worldvolume QEIinf 2D Z hT��f��(x0; x1)i dx0dx1= � 
L12� Z � ddvpFL(v)�2 dv � 
R12� Z � ddupFR(u)�2 du ; (4.29)10This follows of 
ourse in parti
ular if f�� satis�es the 
onditions fuu; fvv � 0 pointwise.21



where the integrands on the right side are as usual de�ned to be zero for points u (resp.,v) where FL(u) (resp., FR(v)) vanishes. In parti
ular, if s� and t� are S
hwartz-
lasstimelike ve
tor �elds, f�� = s�t� obeys the above 
ondition and so we obtain a quantumdominated energy inequality (QDEI).4.2.3 Moving mirrors and boundary CFTAs a variation on the foregoing results, let us 
onsider a moving mirror model, with 
entral
harge 
, living in the portion v > p(u) of Minkowski spa
e, where u 7! p(u) lifts to some� 2 D̂i�+(S1). As des
ribed in Se
. 3.3, the left- and right-moving 
omponents of thestress-energy density are given in terms of a single �eld T by the relations TL(v) = T (v),TR(u) = U(�)T (u)U(�)�1. If f�� is a smooth tensor �eld 
ompa
tly supported in v > p(u),then Eq. (4.26) and the transformation law (3.39) entailZ T��f�� (x0; x1) dx0dx1 = Z T (v)G(v) dv� 
24� Z fp; ugFR(u) du ; (4.30)where G(v) = FL(v) + p0(p�1(v))FR(p�1(v)) ; (4.31)and an obvious 
hange of variables has also been employed. Thus we have the modi�edworldvolume QEIinf 2D Z hT��f��(x0; x1)i dx0dx1= � 
12� Z � ddvpG(v)�2 dv � 
24� Z fp; ugFR(u) du ; (4.32)in whi
h the last term relates to the stress-energy density 
reated by the motion of themirror.If the support of f�� is su
h that the supports of FL and FR Æ p�1 (i.e., the two`null proje
tions' of f�� onto the mirror traje
tory) are disjoint, the �rst term in theabove bound splits into terms involving FL and FR separately. The term in FR may bere
ombined with the �nal term in Eq. (4.32), leading to the same overall result as inEq. (4.29). This is to be expe
ted on grounds of lo
ality, as measurements in (a diamondneighbourhood of) the support of f�� should be unaware of the presen
e of the boundary.(See also [30℄ for a detailed dis
ussion of boundary CFT in whi
h these ideas also appear.)4.2.4 Unweighted averagesFinally, we dis
uss unweighted averages of the stress-energy tensor along portions of aworldline 
. First, let us note that, if 
 is an in�nite straight line (with _u and _v 
onstant)then Z h�
(�)i d� � 0 (4.33)for all  2 D , be
ause the left-hand side is simply a weighted sum of PL and PR withpositive 
oeÆ
ients. A

ordingly, 
onformal �eld theories in Minkowski spa
e obey theaveraged weak energy 
ondition, and the averaged null energy 
ondition.22



However, unweighted averaging along a bounded, or even semi-in�nite, portion of su
ha worldline leads to very di�erent results. For simpli
ity, we 
onsider a theory with onlyone independent 
omponent of stress-energy, and averaging over (�1; 0), but it is easy toextend these arguments. We begin by 
onstru
ting a parti
ular family of states as follows.Let f 2 C10 ((�1; 1)) obey f(v) � �1, R f(v) dv = 0, and suppose f is not identi
allyzero on (�1; 0). Then the map v 7! V (v) de�ned byV (v) = v + Z v�1 f(v0) dv0 (4.34)is a di�eomorphism of the line whi
h lifts to some element � 2 D̂i�+(S1) (as it agreeswith the identity outside a 
ompa
t interval). If f obeys, additionally,�1 � d2dv2 1p1 + f(v) � 0 (4.35)for v 2 (�1; 0), then fV; vg � 0 on this interval, and no 
on
i
t need arise with our previ-ous assumptions be
ause the left-hand inequality ensures that R 0�1 f(v)dv < 1. MoreoverfV; vg must be stri
tly positive on some open subset of (�1; 0), sin
e f is not identi
allyzero there. Owing to the identityZ fV; vgpV 0(v) dv = �2Z d2dv2 1pV 0(v) dv = 0 ; (4.36)it follows that fV; vg is stri
tly negative on some open subset of (0; 1) (note that fV; vgis supported in (�1; 1)).With the above assumptions in for
e, we may use the resulting di�eomorphism to
reate a state  = U(�)�1
 by a
ting on the va
uum. The 
orresponding energy density,hT (v)i = � 
24�fV; vg ; (4.37)is smooth and 
ompa
tly supported in (�1; 1), nonpositive for v � 0, and stri
tly negative(resp., positive) on some open subset of (�1; 0) (resp., (0; 1)). In parti
ular,Z 0�1hT (v)i = � 
24� Z 0�1fV; vg dv < 0 : (4.38)We now 
onsider the family of states obtained by s
aling  , namely  � = U(D�)�1 , forwhi
h Z 0�1hT (v)i � dv = � 
�24� Z 0�1fV; vg dv! �1 (4.39)as �!1. The reason for this is that the negative energy density be
omes more and moresharply peaked near zero under the dilations, with magnitude growing like �2 and supportshrinking as ��1. Thus we have shown expli
itly that sharp averages of the stress-energydensity are not subje
t to QEI restri
tions. A related result holds for general quantum�elds with mass-gap in two dimensions, as shown by Ver
h (Prop. 3.1 of [51℄).23



However, there is no 
ontradi
tion between this observation and the QEIs provedabove. An average taken against a weight fun
tion G 2 C10 (�1; 0) in the states  �would in fa
t tend to zero as � ! 1 be
ause the negative peak eventually leaves thesupport of G. If one used a weight fun
tion whi
h did not vanish at the origin, itssupport would spill over into the right-hand half line and sense the energy density there.However, the family of states  � also has an in
reasingly sharply peaked positive energydensity within the interval (0; ��1), whi
h must at least 
ompensate for the negative
ontribution (be
ause R hT (v)i � dv is nonnegative). It is the 
ompetition between thesetwo di�erently weighted 
ontributions whi
h permits the QEI to hold.To emphasise the point, let us 
onsider averages over half the light-ray, but with asmoothed-o� end. Let G be a nonnegative, smooth and 
ompa
tly supported fun
tion,whi
h equals unity in a neighbourhood of the origin. De�ne a sequen
e of smooth fun
tionsGn by Gn(v) = #(�v)G(v=n) + #(v)G(v) ; (4.40)where # is the Heaviside fun
tion (and we take #(0) = 1=2). As n!1, these fun
tionsapproa
h H(v) = #(�v) + #(v)G(v). Now for any state  2 D we haveZ hT (v)i Gn(v) dv � � 
12� Z � ddvpGn(v)�2 dv (4.41)= � 
12� Z �#(�v)n + #(v)�� ddvpG(v)�2 dv (4.42)for ea
h n. Taking n!1 and using the fa
t that hT (v)i de
ays as O(v�4), we obtainZ hT (v)i H(v) dv � � 
12� Z 10 � ddvpG(v)�2 dv (4.43)for arbitrary  2 D . As expe
ted, the bound depends only on the way the averaging isrounded-o�.5 Highest-weight Virasoro representationsIn this se
tion, we des
ribe how CFT models satisfying our axioms may be 
onstru
tedby taking dire
t sums of unitary, highest-weight representations of the Virasoro algebra.In parti
ular, this demonstrates that our QEI applies to so-
alled minimal models and torational 
onformal �eld theories. As part of our dis
ussion we will need to 
onsider theunitary multiplier representations of D̂i�+(S1) 
arried by any su
h Virasoro representa-tion; in parti
ular, we need to show that the representation 
an be normalised so that themultiplier is of the Bott form assumed in Axiom A.1. We have not found this elsewherein the literature. 24



5.1 Highest-weight representations of the Virasoro algebraWe re
all that the Virasoro algebra is generated by elements Ln (n 2 Z) and a 
entralelement �, obeying the relations[Lm; Ln℄ = (m� n)Lm+n + 112m(m2 � 1)Æm+n;0� (m;n 2Z) (5.1)and [�;Lm℄ = 0 for all m 2 Z. A unitary highest-weight representation amounts to thespe
i�
ation of a pair (
; h) of real 
onstants, a Hilbert spa
e H(
;h), a dense domainD0 �H(
;h), a ve
tor jhi 2 D0, and operators Ln (n 2Z) de�ned on D0 su
h that1. L0jhi = hjhi and Lnjhi = 0 for n > 0.2. D0 
oin
ides with the set of ve
tors obtained from jhi by a
ting with polynomialsin the Ln with n < 0 (in
luding the trivial polynomial 11).3. L�n = L�n on D0 and Eq. (5.1) holds as an identity on D0 with � = 
11.Su
h representations are irredu
ible; moreover, the `highest weight' (
; h) is restri
tedto parti
ular values �rst 
lassi�ed in [22, 24℄. (See, e.g., Theorems 6.17(3) and 6.13in [46℄.) However, we will not need the pre
ise details of this 
lassi�
ation beyond thefa
t that both 
 and h are nonnegative, whi
h follows immediately from the observationthat 0 � kL�njhik2 = 2nh + n(n2 � 1)
=12 for all n � 1 as a 
onsequen
e of Eq. (5.1).In the 
ourse of our analysis, we will need more detailed information on the domain ofde�nition of the Ln and various other operators. Our �rst observation is that, by virtue ofthe Virasoro relations, D0 
ontains an orthonormal basis of L0-eigenve
tors. Indeed, thisfollows by the Gram{S
hmidt pro
ess applied to ve
tors of the form L�n1L�n2 � � �L�nk jhi(for n1; : : : ; nk > 0), whi
h are L0-eigenve
tors with eigenvalue h+n1+n2+ � � �+nk. ThusL0 is essentially self-adjoint on D0 and we will use L0 from now on to denote the uniqueself-adjoint extension of this operator, writing D(L0) for its domain. The above remarksalso show that L0 is a positive operator, with spe
trum 
ontained in h + N0 and �nite-dimensional eigenspa
es. Se
ondly, estimates obtained by Goodman and Walla
h [25℄11entail that kLn k � C(1 + jnj)3=2kL0 k (5.2)for all  2 D0 and n 2Z, where the 
onstant C is determined by the 
entral 
harge andis independent of both  and n. A

ordingly, the Ln may be extended uniquely to D(L0),and we now use Ln to denote these extensions. The relation Ln = L��n 
ontinues to hold,and the Virasoro relations hold as identities on D(L20). A further 
onsequen
e is that theformula �(z) = � 12�Xn2Zz�n�2Ln ; (5.3)de�nes �(�) as a ve
tor-valued distribution on C1(S1) for ea
h  2 D(L0). Furthermore,�(f)� = �(�f) (5.4)11See [2℄ for related bounds. 25



on D(L0) for f 2 C1(S1). In parti
ular, if �f = f (i.e., f 2 C1� (S1)) then �(f) issymmetri
 on D(L0) and an appli
ation of Nelson's 
ommutator theorem (Theorem X.37in [44℄12) shows that �(f) is essentially self-adjoint on any 
ore of L0. Hen
eforth we willuse �(f) to denote the unique self-adjoint extension. It is easy to verify that the �(f)'sde�ned in this way obey the 
ommutation relations Eq. (3.28) on D(L20).Finally, let us de�ne the spa
e H 1 to be the interse
tion H 1 = Tn2N0D(Ln0 ),equipped with the Fr�e
het topology indu
ed by the seminorms  7! kLn0 k (n 2 N0). AsD0 � D(Ln0 ) for ea
h n, it follows that H 1 is dense in H and is a 
ore for L0.5.2 Integration to a unitary representation of D̂i�+(S1)We now need to demonstrate that � generates a unitary multiplier representation ofG = D̂i�+(S1) as in Axiom A.1 and Eq. (3.19). The relevant results are all present in theliterature, but do not appear to have been assembled in this form before. Expli
it 
ontrolof the multiplier is ne
essary when we 
ome to assemble Virasoro representations to formmore general CFT models below: the dire
t sum of two proje
tive representations is notgenerally a proje
tive representation!Let U(
;h) be the group of unitary operators on H(
;h) and let PU(
;h) be the proje
tiveunitary group (i.e., unitaries modulo phases) PU(
;h) = U(
;h)=T). In the following wedistinguish unitary multiplier representations (whi
h take values in U(
;h)) from proje
tiveunitary representations (whi
h take values in PU(
;h)). As shown by Goodman and Wal-la
h [25℄13 and Toledano Laredo [49℄, H(
;h) 
arries a proje
tive unitary representation Uof G, so the remaining problem is to assign phases in su
h a way that Axiom A.1 andEqs. (3.18) and (3.19) are satis�ed.It is helpful (and standard) to rephrase this problem in a geometri
 fashion. Let bG bethe subgroup of G � U(
;h) de�ned bybG = f(g; V ) 2 G� U(
;h) : U(g) = p(V )g (5.5)where p : U(
;h) ! PU(
;h) is the quotient map. As shown in Proposition 5.3.1 of [49℄ bGis a 
entral extension of G by T whi
h may be given the stru
ture of a Lie group. Inparti
ular, it is a smooth prin
ipal T-bundle over G (with proje
tion �(g; V ) = g): theproblem of assigning lo
al (respe
tively, global) phases to U is then equivalent to sele
tinga lo
al (resp., global) se
tion of bG.The lo
al problem was addressed by Toledano Laredo in the 
ourse of proving theresult just mentioned. He showed that phases 
an be assigned to U in a neighbourhoodN of id to provide a lo
al unitary multiplier representation Ulo
 of G so that (i) the map(g;  ) 7! Ulo
(g) is smooth from N �H 1 to H 1 and (ii) for ea
h f 2 C1� (S1) andea
h  2H 1, ddsUlo
(ef(s)) ����s=0 = i�(f) (5.6)where s 7! ef (s) is a smooth 
urve in G with ef(0) = id and _ef(0) = f, the 
orrespondingve
tor �eld to f . [These 
urves, and Ulo
, are determined by a 
hoi
e of 
oordinates12In the notation of [44℄, set A = �(f), N = L0 + 11 and D = D0, for example.13In fa
t [25℄ addresses Di�+(S1) rather than its universal 
over.26



near id.℄ By (i) we may repla
e ef(s) by exp sf in Eq. (5.6), so Ulo
 obeys Eq. (3.19)and provides a lo
al solution to our problem. A further 
onsequen
e of (i) is that Ulo
is strongly 
ontinuous on H , be
ause H 1 is dense in H and the Ulo
(g) have unitoperator norms. Toledano Laredo also uses Ulo
 to show that the Lie algebra 
o
y
le ofbG is 
ohomologous to 
!, where ! is the Virasoro 
o
y
le of Eq. (3.17).The global assignment of phases is a
hieved by the following result.Proposition 5.1 There is a global smooth se
tion g 7! (g; U(
;h)(g)) of bG su
h that g 7!U(
;h)(g) is a strongly 
ontinuous unitary multiplier representation of G obeyingU(
;h)(g)U(
;h)(g0) = ei
 eB(g;g0)U(
;h)(gg0) (g; g0 2 G) : (5.7)Moreover, if f 2 Ve
tR(S1) is the ve
tor �eld 
orresponding to f 2 C1� (S1) then D(�(f))
onsists pre
isely of those  2 H for whi
h s 7! U(
;h)(exp sf) is di�erentiable, and wehave ddsU(
;h)(exp sf) ����s=0 = i�(f) (5.8)for su
h  .Remark: bG admits smooth global se
tions be
ause G is 
ontra
tible.Proof: By Proposition 4.2 in [36℄ bG may be des
ribed in terms of a group 2-
o
y
lemapping G � G to Twhi
h is smooth near (id; id). Be
ause G is simply 
onne
ted, theequivalen
e 
lass of group 
o
y
les des
ribing bG is �xed by the in�nitesimal 
lass of 
!(see, e.g., the long exa
t sequen
e of Theorem 7.12 in [36℄) and therefore in
ludes the Bott
o
y
le 

(g; g0) = ei
 eB(g;g0) for 
entral 
harge 
. Let g 7! (g; V (g)) be any smooth globalse
tion of bG and de�ne the 
orresponding (everywhere smooth) 
o
y
lem : G�G! TbyV (g)V (g0) = m(g; g0)V (gg0). Sin
e m and 

 are 
ohomologous there exists � : G ! T,smooth near id, su
h that m(g; g0) = 

(g; g0) �(gg0)�(g)�(g0) : (5.9)As both m and 

 are smooth it follows that � is everywhere smooth; the required globalse
tion is given by U(
;h)(g) = �(g)V (g).Near the identity, we must have U(
;h)(g) = ei�(g)Ulo
(g) for some smooth � : N ! R.It follows that U(
;h) is strongly 
ontinuous on H and has well-de�ned generators �(f)given on H 1 by i�(f) = ddsU(
;h)(exp sf) ����s=0 ; (5.10)and obeying �(f) = �(f) + �(f)11 (on H 1) where �(f) = � 0id(f) is 
ontinuous andlinear in f 2 C1� (S1) be
ause � is smooth. By Prop. 3.1, applied to U(
;h) and H 1, thegenerators � obey the same algebrai
 relations on H 1 as the �'s on H 1. In parti
ularthey obey Eq. (3.28), from whi
h it follows that �(fg0�f 0g) = 0 for all f; g 2 C1� (S1). It isnow straightforward to show that � vanishes on a basis for C1� (S1) and hen
e identi
ally.A

ordingly, Eq. (5.8) holds for  2 H 1 and, in parti
ular, on D0. Now, the argumentof footnote 7 above guarantees that the left-hand side of Eq. (5.8) de�nes a self-adjoint27



operator whose domain 
onsists pre
isely of those  for whi
h the derivative exists. Asthis operator agrees with �(f) on a 
ore, it must in fa
t be �(f).We have thus established that the stress-energy density in a unitary highest-weightVirasoro representation is the in�nitesimal generator of a unitary multiplier representationof D̂i�+(S1) with the Bott 
o
y
le. Thus H(
;h) and U(
;h) satisfy axiom A.1 of Se
t. 3.3.Moreover the algebrai
 relations Eqs. (3.27) and (3.28) hold when applied to ve
tors inH 1. Let us observe that it is not the 
ase thatU(
;h)(exp sf) = eis�(f) (FALSE) (5.11)for all s 2 R and f 2 C1� (S1) be
ause the Bott 
o
y
le does not vanish along all one-parameter subgroups (although it is of 
ourse a 
oboundary). In passing we mention thatGoodman and Walla
h [25℄ appear to 
laim that their unitary multiplier representation ofDi�+(S1) 
an be normalised in su
h a way that Eq. (5.11) holds. However, this 
annot betrue, as it is not possible for exponentiations of sl(2;R) representations with nonintegerhighest weight.Turning to axiom A.2, we note that representations with h 6= 0 do not 
ontain ava
uum ve
tor invariant under U(
;h)jgM�ob, be
ause this representation of gM�ob is generatedby L0 and linear 
ombinations of L�1, and we know that spe
 (L0) � h + N0. If h = 0the highest-weight ve
tor j0i is indeed the unique invariant ve
tor, as required by axiomA.2.14 We will return to this when 
onstru
ting more general CFT models.Continuing with general highest-weight Virasoro representations, Axiom A.3 
learlyholds, be
ause the generator of rotations H = L0 is positive. To 
he
k the remainingaxioms, we 
onstru
t a new U(
;h)-invariant domain byD(
;h) = [g2GU(
;h)(g)D0 ; (5.12)whi
h lies within H 1 (and obviously 
ontains the va
uum ve
tor j0i if h = 0). Theargument of Eq. (3.30) establishes that D(�(f)) = U(g�1)D(�(fg)); as D0 � D(�(fg)),it follows that U(g�1)D0 � D(�(f)) for any g 2 G. Thus D(
;h) � D(�(f)) for anyf 2 C1(S1), verifying axiom B.1 (apart from the statement regarding the va
uum). Inparti
ular, D(
;h) � D(L0), so �(�) is a ve
tor valued distribution on C1(S1) for ea
h 2 D(
;h) by the 
omment after Eq. (5.3). A

ordingly, H(
;h), U(
;h) and D(
;h) satisfyaxiom B.2.We also wish to see that expe
tation values of h�(z)i for  2 D(
;h) are smooth. This
an be veri�ed dire
tly for  2 D0, in whi
h 
ase the expe
tation values are polynomialin z and z�1; the extension to D(
;h) then follows from the transformation law Eq. (3.27)(whi
h holds on H 1 and hen
e on D(
;h)). Thus axiom B.3 holds.To summarise: we have established that H(
;h), D(
;h) and U(
;h) obey all the axiomsfor a CFT on S1 ex
ept those relating to the va
uum state; all the axioms are obeyed ifh = 0.14For arbitrary highest-weight h, the highest-weight ve
tor jhi obeys L0jhi = hjhi, L1jhi = 0,kL�1jhik2 = 2h. The assertion follows on taking h = 0.28



5.3 CFT models obeying the axiomsIt is now easy to 
onstru
t a large 
lass of theories obeying our axioms, simply by takingdire
t sums of Virasoro representations. Starting with CFTs with a single 
omponent ofstress-energy, we may take, for example,H = KMk=0H(
;hk) ; U = KMk=0 U(
;hk) ; (5.13)where 0 � K � 1 and 0 = h0 < h1 � h2 � h3 � � � with ea
h (
; hk) an allowed highestweight for a unitary representation of the Virasoro algebra. Here we take D to be thespa
e of ve
tors inH with only �nitely many nonzero 
omponents, ea
h belonging to theappropriate D(
;hk), and set 
 = (j0i; 0; 0; : : :). Sin
e we argued in the last subse
tion thatthe multipliers in ea
h U(
;hk) are all equal, their dire
t sum is also a unitary multiplierrepresentation with the same multiplier. In addition, by insisting on a unique summandwith h = 0, we have guaranteed the existen
e of a unique va
uum ve
tor.In a similar fashion, CFTs with two independent 
omponents of stress-energy may be
onstru
ted as dire
t sums of tensor produ
ts of the formH = KMk=0H(
L;hL;k) 
H(
R;hR;k) ; (5.14)in whi
h 0 � K � 1 as before, and we require that (hL;k; hR;k) = (0; 0) if and only ifk = 0. The va
uum is 
 = (j0i 
 j0i; 0; 0; : : :) (and is again unique) and the spa
e D is
onstru
ted as before. Thus our axioms embra
e (and are more general than) minimalmodels|in whi
h 
ase K is �nite|and rational 
onformal �eld theories|in whi
h 
aseK may be in�nite but the theory is minimal for an extended algebra, e.g., in minimalsuper
onformal models [22℄ or WZW models [53℄.A
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hwartz 
lass fun
tionsIn the body of the paper, we use various properties of square roots of fun
tions in theS
hwartz 
lass. The following results are quite probably known, but are in
luded for
ompleteness. Related results, also based on the use of Taylor's theorem, may be foundin e.g. Lemma 1 of [23℄ and p. 86 of [4℄. 29



Lemma A.1 Let G 2 S (R) be nonnegative. Then there exists M > 0 su
h thatG0(v)2 � 4MG(v)1 + v2 (A.1)for all v. In parti
ular, jd=dvpG(v)j2 �M=(1 + v2) where G(v) 6= 0.Proof: For k = 0; 2, let Mk = supv2Rj(1 + jvjk)G00(v)j. If � > 0, Taylor's theorem entailsthat 0 � G(v � �G0(v)) = G(v)� �G0(v)2 + 12�2G0(v)2G00(�) (A.2)for some � lying between v and v � �G0(v). We apply this in two ways. First, for any v,we use G00(�) < M0 and put � =M�10 to �nd0 � G(v)� �G0(v)2 + 12�2G0(v)2M0 = G(v)� G0(v)22M0 (A.3)so G0(v)2 � 2M0G(v) for all v. Se
ond, we observe that2 ����G0(v)v ���� � M21 + (v=2)2 (A.4)holds for all suÆ
iently large jvj, so setting � = (1 + (v=2)2)=M2 the � in Eq. (A.2) obeysj�j � jvj=2 and we �nd0 � G(v)� �G0(v)2 + �2G0(v)2M22(1 + (v=2)2) = G(v)� 1 + (v=2)22M2 G0(v)2 (A.5)for all suÆ
iently large jvj. Thus Eq. (A.1) holds with M = maxf12M0; 4M2g.Corollary A.2 Given 0 � G 2 S (R) de�ne'(v) = � G0(v)=(2pG(v)) G(v) 6= 00 G(v) = 0 : (A.6)Then ' 2 L2(R) and ' = d=dvpG, where d=dv denotes the derivative in the sense ofdistributions. Thus pG belongs to the Sobolev spa
e W 1(R). Furthermore,Z '(v)2 dv = lim�!0+ Z G0(v)24(G(v) + �) dv : (A.7)Proof: For � > 0 de�ne G�(v) = (pG(v) + � � p�)2. Then pG� ! pG in L2(R) as�! 0+. Moreover���� ddvpG�(v)� '(v)���� = ����� G0(v)2pG(v) + � � '(v)����� � 2� M1 + v2�1=2 ; (A.8)where M is the 
onstant furnished by Lemma A.1. (In the 
ase G(v) 6= 0, this followsfrom the triangle inequality; the 
ase G(v) = 0 is trivial as we must also have G0(v) = 0by Eq. (A.1), so the left-hand side vanishes.) Sin
e d=dvpG�(v) ! '(v) pointwise as� ! 0+, we dedu
e that the 
onvergen
e o

urs in L2(R) by the dominated 
onvergen
etheorem. Thus ' = DpG 2 L2(R). The expression for k'k2 is also proved by dominated
onvergen
e. 30
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