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1. Introdu
tion and summaryThe existen
e of a duality between gravitational theories in odd dimensions and 
onfor-mal �eld theories living on the boundary was �rst indi
ated by the remarkable observationof Brown and Henneaux [1℄ that the asymptoti
 group of symmetries of 2+1 gravity witha negative 
osmologi
al 
onstant � = �2=l2 is the two-dimensional 
onformal group witha non-vanishing 
entral 
harge 
 = 3l2G:On
e it was understood that three-dimensional gravity 
an be written as a Chern-Simons(CS) theory [2℄,[3℄ and that generi
ally three dimensional CS theories are relatedto two dimensional 
onformal �eld theories [4℄, a more expli
it relation underlying theBrown-Henneaux argument be
ame available [5℄ (see [6℄ for a previous attempt).With the arrival of Malda
ena's 
onje
ture [7℄, these results be
ame spe
ial 
ases of amu
h larger 
onne
tion between gravitational and �eld theories.The three dimensional CS gravity theory has some very spe
ial features not havingpropagating degrees of freedom. Its generalization to higher (odd) dimensions [8℄ is afully intera
ting theory whi
h makes its study mu
h more diÆ
ult. The 
orrespondingsupergravity theories were formulated in [8℄[9℄ and the Hamiltonian stru
ture of the theorywas studied in [10℄.In the present work we study a few basi
 issues related to a holographi
 interpretationof higher dimensional CS theories. We 
onstru
t the holographi
 stress tensor and 
al
ulatethe 
onformal anomalies, as �rst done in [11℄ for standard gravity, of the (even dimensional)
onformal �eld theory dual to the CS theory. The 
al
ulations have rather unusual featuresdue to two 
hara
teristi
 properties of CS theories:a) Even though the CS a
tion when rewritten in metri
 form 
ontains higher powersof the 
urvatures, the equations of motion are polynomial in the 
urvatures, 
ontaining atmost se
ond derivatives of the metri
.b) The AdS solution is n-th degenerate in d = 2n + 1 dimensions and therefore theexpansion around the solution starts with a n+ 1-th order term.Due to property b) the standard Fe�erman-Graham expansion [12℄ breaks down andthe usual methods of evaluating the 
onformal anomalies 
annot be used. We 
al
ulatethe anomalies in three di�erent ways:i) We use the 
oeÆ
ients of the CS a
tion in integer dimension in dimensional regu-larization when property b) is not obeyed and then we take the limit to integer dimension.1



The values of the anomalies are obtained from the general formulae for a
tions with higherpowers of the 
urvatures [13℄[14℄[15℄.ii) We use a dimensionally 
ontinued CS a
tion where the dimension dependent 
oef-�
ients are tuned in order that a), b) are obeyed and we 
al
ulate the anomalies from theequations of motion.iii) In integer dimensions, we derive the stress tensor from the equations of motion, and�nd a general formula valid for all n. We also 
al
ulate the stress tensor in the Hamiltonianformalism.For i) and ii) we only present results for n = 2, but for iii) we give expli
it results for anyn. All the di�erent ways of 
al
ulating the anomalies agree and give the results:a) All type B anomalies vanish (we remind that their number in
reases with thedimension)b) The type A anomalies (one in ea
h even dimension) are nonzero and 
onsistentwith the universal formula of [16℄ for the spe
i�
 CS a
tion.Feature a) restri
ts a dire
t holographi
 interpretation of the CS a
tion. Throughthe di�eo Ward identities the type B anomalies are related to lower order 
orrelatorsof energy momentum tensors and one of them to the two point fun
tion. Its vanishing
annot happen in a unitary 
onformal theory. On the other hand b) shows that the CSgravitational a
tions provide the 
orre
t analogue of the CS gauge a
tions whi
h generatethe 
hiral anomalies for generating the type A tra
e anomalies.The outline of the paper is as follows. In the next se
tion we review the featuresof CS gravity whi
h are relevant for the further developments. In se
t. 3 we presentthe holographi
 analysis in the spirit of refs.[16℄[17℄[15℄. For this we need to de�ne adimensionally 
ontinued CS gravity a
tion. We do this expli
itly for the 
ase appropriateto a four-dimensional boundary theory. In integer dimensions the powerful method ofdi�erential forms, in whi
h the CS theory is most naturally formulated, leads to a veryeÆ
ient method, based on the equations of motion, to derive the holographi
 stress tensorfor Chern-Simons gravity in any odd dimension. This is done in se
t. 4. In se
t. 5 wepresent a Hamiltonian derivation of the stress tensor whi
h is appli
able for any gravitytheory. As a �rst demonstration of this method we reprodu
e the known result for ordinarygravity. Next we apply it to CS gravity whi
h turns our to be mu
h simpler. As a �nalappli
ation of our formula for the stress tensor we use it to 
ompute the mass of CS bla
kholes. 2



2. Review of Chern-Simons gravityThe a
tion of eu
lidean CS gravity in 2n+ 1 dimensions is [8℄I2n+1 = ZM2n+1 !2n+1 : (2:1)!2n+1 is a CS (2n+ 1)-form for the group SO(1; 2n+ 1), i.e.d!2n+1 = FA1A2 ^ � � � ^ FA2n+1A2n+2�A1:::A2n+2 (2:2)where FAB is the 
urvature two-form. This a
tion is invariant under gauge transforma-tions, up to a boundary term.To exhibit the gravitational 
hara
ter of the CS a
tion one splits the SO(1; 2n + 1)indi
es A = (0; a) and de
omposes the gauge potential a

ording to 1A = 12AABJAB = 12 !̂abJab + êaPa (2:3)where A0a = êa ; J0a = Pa ; (2:4)F = 12FABJAB = 12(R̂ab + êa êb)Jab + T̂ aPa (2:5)and R̂ab = d!̂ab + !̂a
!̂
b ;T̂ a = dêa + !̂abêb : (2:6)Using this de
omposition the a
tion be
omes, up to a boundary term,I2n+1 = ZM2n+1��1:::�2n+1 nXp=0 12(n � p) + 1�np�R̂�1�2 ^ � � � ^ R̂�2p�1�2p ^ ê�2p+1 ^ : : :^ ê�2n+1= ZM2n+1d2n+1xpĝ nXp=0�np�[2(n� p)℄! Ê2p : (2:7)In (2.7) the expressions Ê2n are the Euler densitiesE2n � 12nRi1j1k1l1 : : :Rinjnknln�i1j1i2j2:::injn�k1l1k2l2 :::knln= Rn + : : : (2:8)1 Hatted quantities are de�ned in the (2n + 1)-dimensional bulk. Unhatted symbols will beused to below and refer to quantities de�ned on the 2n-dimensional boundary.3



The integral of RM pg E2n over a (2n)-dimensional manifold without boundary is a topo-logi
al invariant of M . While the expression in the �rst line is only meaningful in 2ndimensions, the expression in the se
ond line 
an be de�ned in any dimension. For in-stan
e, for n = 2 one �nds expli
itlyE4 = 14RijklRmnpq�ijmn�klpq = R2 � 4RijRij + RijklRijkl : (2:9)For many purposes the form of the a
tion as written in the �rst line of (2.7) is more
onvenient, in parti
ular for formal manipulations. However it is the se
ond form whi
hallows 
ontinuation to non-integer dimensions.If one allows in (2.7) for arbitrary relative 
oeÆ
ients for the Ê2p one arrives atLovelo
k gravity. It is, however, only for the spe
ial 
oeÆ
ients, namely those of CS-gravity, that the manifest SO(2n+1) symmetry is enhan
ed to SO(1; 2n+1). This makesCS gravity in many respe
ts very `non-generi
', as we will see in the following.From (2.7) one derives the following equation of motion for the vielbein êa�:��1:::�2n+1F�1�2 ^ � � � ^ F �2n�1�2n = 0 (2:10)where F�� = R̂�� + dx� ^ dx�: (2:11)The equation of motion for the spin 
onne
tion ! is solved imposing the torsion 
onstraintT̂ = 0. This is the general solution for n = 1. In more than three dimensions there areother solutions. We will, however, always impose T̂ = 0 and thus the only degrees offreedom are those of the metri
.As it is 
lear from (2.11) the vanishing of F �� is equivalent to the 2n+ 1 dimensionalmetri
 being AdS. Then (2.10) shows that after the torsion 
onstraint is taken into a

ountAdS is an n fold degenerate solution of the equations of motion. As a 
onsequen
e anexpansion around the AdS solution will start with n+ 1 order terms.4



3. Dimensionally 
ontinued Chern-Simons gravityIn this se
tion we will restri
t ourselves to an a
tion with at most four-derivatives.This is appropriate for the dimensional 
ontinuation of �ve-dimensional CS gravity. Themost general su
h a
tion isS = Z dd+1xpG�R̂� 2�+ �R̂2 + �R̂��R̂�� + 
R̂����R̂����� : (3:1)One needs2 � = �12d(d � 1) + 12 (d � 3) ��d2(d+ 1) + �d2 + 2
d� < 0 for AdSd+1 to bea solution of the equations of motion. This is required for the AdS/CFT 
orresponden
e.The Weyl anomaly for the dual 
onformal �eld theory in d = 4 was 
omputed in [13℄[14℄[15℄with the resulthT ii i = 18 �(1� 40�� 8� + 4
)C2 � (1� 40�� 8� � 4
)E4	 : (3:2)For d = 4, � = �4� = �4
 = �1 and � = �3 (3.1) be
omes the a
tion of CS gravity in�ve dimensions. For these values of the parameters the anomaly (3.2) is purely type A.However, it is �a priori not obvious that this result is reliable sin
e it was obtained underthe 
ondition that the generi
 FG-expansion is valid.We have mentioned in the introdu
tion the two spe
ial features of this a
tion, namelythat the equations of motion 
ontain no higher than se
ond derivatives of the metri
 andthat when expanded around AdS5 the expansion starts at 
ubi
 order. The �rst feature ismaintained as long as � = �4� = �4
. This means that at ea
h order in 
urvatures theyappear in the Euler 
ombination. The se
ond feature requires� = �14d(d� 1) ; � = 
 = �14� = 12(d� 2)(d� 3) (3:3)as a tedious 
al
ulation reveals. The a
tion (3.1) with the 
hoi
e (3.3), whi
h is the dimen-sionally 
ontinued �ve-dimensional CS a
tion, will be the starting point of our analysis.We make the FG expansion for the bulk metri
 G�� , i.e. we make the Ansatz [12℄ds2 = 14 �drr �2 + 1r gij(x; r)dxidxj (3:4)with gij(x; r) = 1Xn=0 (n)gij(x)rn : (3:5)2 We use the following sign 
onvention for the Riemann tensor: [r�;r� ℄V� = R����V�.5



The 
oeÆ
ients (n)gij are to a large extent �xed by the symmetries, i.e. invarian
e of (3.4)under so-
alled PBH transformations [16℄. To �x them 
ompletely one inserts the Ansatzinto the equations of motion and solves for the (n)g ij re
ursively. They 
an be expressedin terms of 
urvature tensors 
onstru
ted from (0)g ij with a total of 2n derivatives of themetri
. For generi
 gravitational a
tions, e.g. (3.1), the (n)g ij are all lo
al as long as onestays away from integer dimensions. For instan
e, the PBH transformations 
ompletely�x the lo
al part of (1)gij to(1)g lo
ij = � 1(d� 2) �(0)Rij � 12(d� 1) (0)R (0)gij� : (3:6)The only freedom left is an additive term whi
h is a tensor built from (0)gij whi
h is invariantunder Weyl transformations of (0)g ij and transforms homogeneously of order �2 under a
onstant res
aling of the 
oordinates. Clearly this 
annot be a �nite polynomial in the
urvature tensors. Terms 
ontaining tensors 
onstru
ted from Cijkl, the Weyl tensor,multiplied with powers of pC2 have the right transformation properties . We will see thatsu
h a term is required in CS gravity.Before writing down the equations of motion we want to 
ompute the Weyl anomalyfor CS-gravity for d = 4. From [16℄ we know that it is given (in d = 2n) by the O(r�1)
oeÆ
ient of the expansion of the gravitational a
tion. For CS gravity and n = 2 one �ndshT ii iCS = 14E4 ; (3:7)whi
h agrees with what we found before. While the previous derivation used the expli
itform for (1)gij this derivation does not need the expli
it form of any of the 
oeÆ
ients (n)g .This is a 
onsequen
e of the 
hoi
e (3.3).We now return to the equations of motion. For (3.1) with the 
hoi
e (3.3) one �ndsthat at lowest orders in r the equations of motion are identi
ally satis�ed. The �rst non-trivial equations are at O(r0) for the (rr) 
omponents and at O(r) for the (ij) and (ir)
omponents. At these orders the (2)g dependen
e drops out identi
ally as a 
onsequen
e ofthe 
hoi
e (3.3).The equations 
an now be written as the de�nition of the non-lo
al 
onserved energy-momentum tensor Tij, its tra
e and 
onservation. One �ndsTij = 124(d� 4) �CiklmCjklm � 14C2gij�+ �nite as d! 4 ;riTij = 0 ;gijTij = �14(R2 � 4RijRij +RijklRijkl) (3:8)6



where Tij is the following expression in terms of (1)gij:Tij = 16 �(d� 3)�2 (1)g 2ij � 2tr((1)g) (1)gij + (tr (1)g)2gij � tr((1)g 2)gij�+2(Rik (1)gjk +Rjk (1)gik) + 2Rikjl (1)g kl + R tr((1)g)gij � 2Rkl (1)g kl gij �R (1)gij � 2 tr((1)g)Rij� :(3:9)In these expressions all 
urvature tensors are 
omputed with (0)g whi
h is also used toraise indi
es, gij stands for (0)g ij and C is they Weyl tensor whi
h is totally tra
eless ind-dimensions.3 The �rst term on the r.h.s. of eq.(3.8) be
omes 00 in d = 4 due to a spe
ialidentity.Eq.(3.8)1 together with (3.9) determine (1)g. We have not obtained a 
losed expressionfor (1)g itself but 
learly it 
annot be lo
al in d = 4 (see also the dis
ussion in [15℄). Theunique lo
al expression for (1)gij whi
h solves the PBH equation has to be augmented by anon-lo
al pie
e whi
h is invariant under Weyl transformations. We write(1)gij =(1)g lo
ij +�ij : (3:10)Using this de�nition, the (ij) 
omponent of the equation motion at O(r) 
an be writtenin the formC(d)ikjl�kl + 12(d� 3)�2�2ij � 2(tr�)�ij + (tr�)2 (0)gij � tr(�2) (0)gij�= 18(d� 4) �C(d)2ij � 14C(d)2 (0)gij� : (3:11)What we found here is reminis
ent of the situation for the generi
 gravitational a
tion:there the equations of motion determine (2)g ij whi
h is lo
al but has a pole at d = 4.However, (2)g ij 
onsists of two 
ohomologi
ally non-trivial pie
es: one term whi
h is thesame (up to an overall 
oeÆ
ient) as the r.h.s. of (3.11) and an other whi
h has a genuinepole (i.e. �nite residue) at d = 4. They are related to type A and type B anomalies.Here the 
ohomologi
ally non-trivial information resides in the expression on the r.h.s. of(3.11). The signi�
an
e of the parti
ular 
ombination of non-lo
al terms �ij is not 
learto us other that it produ
es a lo
al expression.We remark that in a holographi
 interpretation the Conformal Field Theory living onthe boundary will be ne
essarily non-unitary . This is a 
onsequen
e of the vanishing ofthe type B anomaly . As it is well known this anomaly 
an be related to the 
orrelator oftwo energy momentum tensors whi
h 
annot vanish in a unitary theory .3 On the r.h.s. of the �rst of eq.(3.8) the �nite pie
e, whi
h is tra
eless in d = 4, is absent ifone instead interprets C as the Weyl-tensor whi
h is tra
eless in d = 4 but with the range of itsindi
es extended to d. 7



4. Chern-Simons stress tensor. Integer dimensions analysisIn this and the following se
tion we will rederive the results of se
t. 3 using theequations of motion and a
tion in integer dimensions. We use in this se
tion the followingform of the Chern-Simons equations of motion (
.f. (2.10))"�����(R̂�� + dx� ^ dx�) ^ (R̂�� + dx� ^ dx�) = 0 (4:1)where R̂�� = 12 R̂����dx� ^ dx� (4:2)is the 2-form Riemann tensor. We shall see that this notation provides a powerful way toidentify the stress-tensor in Chern-Simons gravity.This se
tion is organized as follows. We �rst review some standard results and 
ontinueby making the 
onne
tion with the FG expansion (3.4) and (3.5). We then treat the�ve-dimensional 
ase and re
over the results of the previous se
tion. We then apply theformalism to three and seven dimensional CS gravity, and �nally provide a general formulafor the Chern-Simons holographi
 stress tensor valid in an arbitrary dimensionD = 2n+1.4.1. The FG expansion and Gauss-Codazzi equationsConsider the spa
e-time metri
 in normal 
oordinatesds2 = N2(r)dr2 + hij(r; xi)dxidxj (4:3)and introdu
e the standard notation Kij = � 12N h0ij (4:4)where the prime denotes derivatives w.r.t. r. The spa
e-time 
urvature 
an be de
omposedin the Gauss-Codazzi form R̂irkl = 1N (Kik=l �Kil=k) ;R̂irjr = 1NKi0j �KilKlj ;R̂ijkl = Rijkl �KikKjl +KilKjk (4:5)8



where = represents the 2n-dimensional 
ovariant derivative in the metri
 hij. Introdu
ingthe 
urvature 2-form Rij and extrinsi
 
urvature 1-form Ki = Kijdxj, these expressions
an be rewritten more 
ompa
tly asR̂ir = � 1N DKi + � 1NKi0 �KijKj�^ dr ;R̂ij = Rij �Ki ^Kj + N (Ki=j �Kj=i) ^ dr : (4:6)We now make 
onta
t with (3.4) by making a de�nite 
hoi
e of the radial 
oordinate, i.e.,N = 12r (4:7)and introdu
e the metri
 gij as hij(r; xi) = 1r gij(r; xi) : (4:8)Then, it follows, Kij = 1r gij � g0ij ) Ki = dxi � rki (4:9)where we have de�ned kij = g0ij and kij = gikg0kj :Sin
e the Christo�el symbols are invariant under 
onstant res
aling of the metri
, andmultiplying by r is a 
onstant res
aling, the 
ovariant derivatives are not altered by the�eld rede�nition hij ! gij.Re
all now the de�nition of the SO(1; 5) 
urvature whi
h enters in the CS equationsof motion (4.1)4 F�� = R̂�� + dx� ^ dx� : (4:10)By dire
t 
omputation we �ndF ir = r2[2Dki � (2ki0 + kijkj) ^ dr℄ ;F ij = r �Rij + dxi ^ kj + ki ^ dxj � rki ^ kj� + (\ ") ^ dr : (4:11)(The 
omponents along dxi ^ dr in the se
ond line will not be needed.)4 Stri
tly speaking, F�� is the SO(5) proje
tion of the SO(1; 5) 
urvature (
.f. (2.5)).9



So far we have not made any approximations. We 
an now use (3.5) from where wederive 5 kij =(1)gij + 2r (2)gij + � � � ;gij =(0)g ij � r (1)g ij + r2(� (2)g ij + ((1)g 2)ij) + � � � ;kij =(1)g ij + r�2 (2)g ij � ((1)g 2)ij�+ � � � : (4:12)On the right hand side of these expressions, indi
es are lowered and raised with (0)g.4.2. The Chern-Simons holographi
 stress tensorConsider the Chern-Simons equations of motion (2.10). Our aim is to rederive theholographi
 stress tensor found in Se
. 3 using these equations. We shall �rst give anargument based only on the stru
ture of these equations. In the next paragraph we prove,using a Hamiltonian approa
h, that our formula is in fa
t the variation of the renormalizeda
tion with respe
t to the boundary metri
.We start for illustrative purposes with the �ve-dimensional 
ase, but we shall see thatfor Chern-Simons theories of gravity the holographi
 stress tensor 
al
ulation is the samein all (odd) dimensions. We shall in fa
t provide a formula for this tensor valid on any(integer) dimension d.Five dimensional CS gravity. The equations of motion were given in (4.1). Let us studythem in the lowest non-trivial order, i.e., the equations involving (0)g and (1)g. These are"ijklF ij ^ F kl = 0 ) r2"ijkl((0)R ij + 2dxi^ (1)g j) ^ ((0)R kl + 2dxk^ (1)g l) = 0 ;4 "ijklF ij ^ F kr = 0 ) 4 r3"ijkl((0)R ij + 2 dxi^ (1)g j)^ (0)D (1)g k = 0 (4:13)where, in the se
ond 
olumn, we have rewritten the equations using (4.11) and have keptonly the lowest order terms.5 In EH gravity for D odd the FG expansion (3.5) needs to be modi�ed. Starting at O(�n)log(�) terms appear. Without the logarithmi
 terms the equations of motion for the (n)g arein
onsistent. Working in non-integer dimensions, as we did in se
t. 3, does not require the logterms for any gravitational theory. For CS gravity in integer dimensions, at least to the order weare 
onsidering here, they do not seem to be ne
essary either.10



Thanks to the Bian
hi identity (0)D^ (0)R ij = 0 the 
ovariant derivative in the se
ondequation 
an be pulled out to obtain(0)D�4"ijkl((0)R ij + dxi^ (1)g j)^ (1)g k� = 0 : (4:14)We write this equation in the form4"ijkl((0)R ij + dxi^ (1)g j)^ (1)g k = ~Tl (4:15)where ~Tl is an \integration 
onstant" 3{form that must be 
onserved D ^ ~Tl = 0. Eq.(4.15) is an algebrai
 equation for (1)g i whi
h, in prin
iple, 
an be solved, and the solutioninvolves the 
onserved tensor Tij . The index stru
ture of ~T is ~T inpq being antisymmetri
in npq. We dualize and de�ne a rank two tensorT ij = 13!"inpq ~T j npq ; (4:16)whi
h is symmetri
 thanks to (1)g ij =(1)g ji and (0)R ijkl =(0)R klij. Clearly, the 
onservationequation D ^ ~T i = 0 in terms of T ij reads T ij;j = 0.The 
onserved tensor is not 
ompletely arbitrary. In fa
t, the remaining equation ofmotion (4.13) �xes its tra
e gijT ij to be equal to the four-dimensional Euler density. Tosee this we �rst note that the tra
e gijT ij 
an also be expressed in terms of the 3-form ~Tlin a 
onvenient way. Sin
e �(dxi ^ dxj ^ dxk ^ dxl) = �ijkl it followsgijT ij = ��dxi ^ ~Ti� : (4:17)Hen
e, from the de�nition of ~Ti (
.f. (4.15)) and (4.13) we �nddxl ^ ~Tl = �4"ijkl((0)R ij + dxi^ (1)g j)^ (1)g k ^ dxl = "ijkl (0)Rij^ (0)Rkl (4:18)or, what is equivalent thanks to (4.17), gijT ij = E4.Of 
ourse, what we found here is just the set of equations (3.8)2;3 and (3.9) evaluatedat d = 4. In fa
t, this stru
ture is present for all Chern-Simons theories: the ambiguity inthe FG-expansion always o

urs in (1)g and it equals the energy-momentum tensor Tij.A general formula. The analysis of the Chern-Simons equations in other integer dimensionsreveals that the same stru
ture appears in all 
ases. In 2n+ 1 dimensions one �nds~Ti = Z 10 dt 2n �i1i2:::i2n�1i �(0)Ri1i2 + 2t dxi1^ (1)g i2�n�1^ (1)g i2n�1 ; (4:19)11



as 
an be 
he
ked for lower n 
ases, and we have, in parti
ular, 
he
ked n � 3. In(4.19), t is an auxiliary parameter and the symbol [ ℄n�1 means n� 1 fa
tors of the tensor(0)Rij + 2t dxi^ (1)g j 
ontra
ting 2n� 2 indi
es in the Levi-Cevita symbol. We now 
he
k ingeneral that (4.19) is 
onserved and its tra
e equal to E2n, as a 
onsequen
e of the 2n+ 1Chern-Simons equations of motion.Taking the 
ovariant derivative of ~Ti the integral over t drops out and we �ndD ~Ti = 2n �i1i2:::i2n�1i �(0)Ri1i2 + 2dxi1^ (1)g i2�n�2 ^D (1)g i2n�1 (4:20)whi
h is zero thanks to the 2n + 1 Chern-Simons equations. In the same way, us-ing the identity (a + b)n = an + n R dt(a + tb)n�1b and the equation of motion�i1:::i2n �(0)Ri1i2 + 2 dxi1^ (1)g i2�n = 0, we 
an 
ompute the tra
e dxi ^ ~Ti and �nd the 2n-dimensional Euler density,dxi ^ ~Ti = �i1:::i2n (0)Ri1i2 ^ � � �^ (0)Ri2n�1i2n ; (4:21)as expe
ted.5. Hamiltonian methodWe have found in the previous se
tions a general formula for the stress-tensor forChern-Simons gravity, via dimensional regularization methods, and by a dire
t use of theequations of motion in integer dimensions. In this se
tion we would like to rederive thisformula as the fun
tional variation of the e�e
tive a
tion with respe
t to the boundarymetri
, Tij = 2pg(0) ÆI[g(0)℄Ægij(0) : (5:1)In the AdS/CFT 
orresponden
e, the fun
tional I is the regularized and renormalized bulkgravitational a
tion written as a fun
tion of g(0).We shall be interested dire
tly in the stress tensor and not in the e�e
tive a
tion. TheHamiltonian formalism of gravity provides a shorter method to 
ompute Tij whi
h will beparti
ularly 
onvenient in Chern-Simons gravity.The 
omputation of holographi
 anomalies via hamiltonian methods has also been
onsidered in [18℄ and [19℄. We shall brie
y dis
uss the general idea and then apply it toChern-Simons gravity. 12



5.1. The methodIf the metri
 is put in the ADM formds2 = N2dr2 + hij(dxi +N idr)(dxj +N jdr) (5:2)the variation of the ADM a
tion, evaluated on any solution of the equations of motion isÆI = Zr=0 d2nx �ijÆhij: (5:3)In Einstein gravity, �ij = ph(Kij �Khij); Kij = � 12N h0ij : (5:4)In Chern-Simons gravity (5.3) will still be true, although the relation between the momentaand extrinsi
 
urvature will 
hange. The formula (5.3) gives the variation of the a
tiondire
tly in terms of a boundary integral evaluated at r = 0. However, there are two prob-lems with this expression. First, it diverges and needs to be regularized and renormalized.Se
ond, in FG what is �xed is (0)gij, not hij .The �rst issue 
an easily be solved by adding 
ovariant 
ounterterms. We �rst regu-larize by evaluating at some �xed �nite r. The subtra
tion will be quite straightforward.The se
ond problem is more deli
ate, but has a ni
e solution. We would like the variationof the a
tion to have the form R T ij(reg)Æg(0)ij. However, repla
ing in (5.3)hij = 1r �(0)gij + r (1)gij + r2 (2)gij + : : :� (5:5)we get ÆI = Zr d2nx�1r �ij Æ(0)gij + �ij Æ(1)gij + � � �� : (5:6)Now, the point is that the extra terms, R �ij Æ(1)gij : : :, 
an be transformed into 
ontributionsof the form R Aij Æ (0)g ij by making appropriated \integral by parts", and dis
arding totalvariations.Our pres
ription is then to expand (5.6) and make the ne
essary \integral by parts"until it has the form R T ij(reg) Æ(0)gij , plus total variations. Then, we dis
ard all total variations,identify T ij(reg), renormalize by subtra
ting the divergent terms, and �nd T ij(ren).13



The terms whi
h are total variations, Æf((0)g; (1)g; (2)g; : : :), must be dis
arded be
ause they
annot be written, by means of integrals by parts, as Aij Æ(0)g. Hen
e, the Diri
hlet problemdi
tates that we add to the a
tion a boundary term �f to 
an
el this variation.As a warm-up we will �rst treat the standard Einstein a
tion. We should and willre
over the energy momentum tensor found in [20℄. 6 From (5.4) and (4.9) we getÆI = Z pg �� 1rd=2�1 (kij � kgij) + 1� drd=2 gij� Ægij = � Z pgrd=2�1 (kij � kgij)Ægij (5:7)where the se
ond term has been dis
arded be
ause pggijÆgij = 2Æpg is a total variation.Consider �rst d+ 1 = 3. Sin
e rd=2�1 = 1 in this 
ase, the variation of the a
tion ÆIis �nite. And sin
e kij =(1)gij + :::, its non-zero part is,ÆI = � Z q(0)g �(1)g ij �Tr((1)g) (0)g ij� Æ(0)gij (5:8)giving the 
orre
t expression for T ij (see Eq. (3.10) in [20℄).Consider now d + 1 = 5. In this 
ase there is a divergent pie
e that we 
an
el bya subtra
tion. We fo
us on the �nite pie
e obtained by expanding pg(kij � kgij)Ægij toO(r). It is useful to note that pgkgijÆgij = 2kÆpg. The �nite pie
e in the variation ofthe a
tion is thenÆI�nite = Z � (1)pg (0)k ij Æ(0)gij+ (0)pg (1)k ij Æ(0)gij+ (0)pg (0)k ij Æ(1)gij � 2�(0)k Æ (1)pg + (1)k Æ (0)pg �� : (5:9)This expli
itly involves variations of (1)gij. These variations 
an be transformed into varia-tions of (0)gij by performing \integrals by parts". We give the details of one term. Re
allingthat (0)kij =(1)gij the third term is(0)pg (1)g ijÆ (1)gij =q(0)g (0)g ik (0)g jl (1)gkl Æ(1)gij= 12q(0)g (0)g ik (0)g jl Æ((1)gkl (1)gij)= �12Æ�q(0)g (0)g ik (0)g jl� (1)gkl (1)gij + total variation= �12Æ(q(0)g )Tr((1)g 2)�q(0)g Æ(0)g ij((1)g 2)ij=q(0)g �14Tr((1)g 2) (0)gij � ((1)g 2)ij� Æ(0)g ij : (5:10)6 We do not in
lude the log terms. In
luding then would simply mean a �nite renormalizationand it does not a�e
t the tra
e of Tij . 14



Pro
eeding in this way, all variations of (1)gij 
an be transformed into variations of (0)gij. Upto total variations we �nally getÆI = Z q(0)g �(2)gij � 18 (0)gij�(Tr (1)g)2 � Tr((1)g 2)� � 12((1)g 2)ij + 14 (1)gijTr (1)g � Æ(0)g ij : (5:11)in full agreement with [20℄. (Here we have used one equation of motion Tr((2)g) = 14Tr (1)g 2only to make 
onta
t with [20℄. The above pres
ription 
ertainly does not require to usethe solution to the equations of motion.)5.2. Chern-Simons gravity in Hamiltonian form and its stress-tensorWe now apply the above method to Chern-Simons gravity. The Hamiltonian form of\Lovelo
k" theories of gravity was worked out in [21℄. As we mentioned before, Chern-Simons gravity is a parti
ular family of theories on whi
h all 
oeÆ
ients are 
orrelated.This has the e�e
t of enlarging the lo
al symmetry group from SO(5) to SO(1; 5) (in �veEu
lidean dimensions).To apply our method of stress-tensor renormalization, we write the variation of thea
tion as ÆI = Z �ijÆhijwhere the relation between the momenta �ij and the extrinsi
 
urvature for the generalLovelo
k a
tion is [21℄,�ij = �14pgXp�0�p p�1Xs=0Cs(p)Æ[i1:::i2s:::i2p�1i℄[j1:::j2s:::j2p�1j℄R̂j1j2i1i2 :::R̂j2s�1j2si2s�1i2sKj2s+1i2s+1 :::Kj2p�1i2p�1 (5:12)where Cs(p) = (�4)p�ss![2(p� s) � 1℄!! (5:13)and the hatted tensors refer to d+ 1 dimensional ones (
.f. (4.5)).The 
oeÆ
ients �p depend on the theory under 
onsideration. For Chern-Simonsgravity they have to be 
hosen as �p = n![2(n� p)℄!2p�1(n� p)! : (5:14)In �ve dimensions the sum in (5.12) 
ontains three terms with 
oeÆ
ients�0 = 2� 4!; �1 = 4; �2 = 1 : (5:15)15



Inserting them in (5.12) we get7�ij = ph �4Æ[ni℄[qj℄Kqn + Æ[nmpi℄[qksj℄ ��23KqnKkmKsp + RqknmKsp�� : (5:16)Next we write this expression in terms of the FG metri
 gij de�ned as hij = 1r gij. UsingEq. (4.9) we �nd�ij = pgr2 h4Æ[ni℄[qj℄ (Æqn � rkqn) +Æ[nmpi℄[qksj℄ ��23(Æqn � rkqn)(Ækm � rkkm)(Æsp � rksp) + rRqknm(Æsp � rksp)�� : (5:17)This expression is mu
h more manageable that it appears. We need to look at �ijÆhij =�inhniÆhij = �ingniÆgij. Without making any approximations yet, we look at the di�erentpowers of r in this expression and 
on
lude:{ The 
oeÆ
ient of 1=r2 (the pie
e 
ontaining only Krone
ker deltas) gives Æ(pg) andhen
e we dis
ard it.{ The 
oeÆ
ient of 1=r has two 
ontributions. A pie
e linear in k multiplied by zero!In fa
t, there is a 
an
ellation between the linear and the 
ubi
 terms whi
h, of 
ourse,happens only for the Chern-Simons a
tion whose 
oeÆ
ients are 
orrelated. There is alsoa pie
e linear in the 
urvature. However, it is dire
t to see that this pie
e is proportionalto the Einstein tensor of the metri
 gij, hen
e it 
an be written as Æ(pgR), and we dis
ardit as well.{ Finally, the 
oeÆ
ient of r0 = 1 isÆI = �2 Z pgÆ[nmpi℄[qksj℄ �Æqnkkmksp + 12Rqknmksp� gjnÆgin : (5:18)Sin
e this term o

urs at order zero, its non-zero 
ontribution is obtained simply by re-pla
ing g ! g(0) and k! g(1). The 
oeÆ
ient is by de�nition the stress-tensor and it givesexa
tly the 
omponent version of (4.15).7 In [21℄ the signature �;+;+; ::: was assumed. A qui
k way to transfer the time 
oordinateinto hij is to set N ! iN (hen
e K ! �iK) and ph! iph.16



5.3. The bla
k hole massAs a �nal appli
ation of our formula for the stress tensor let us 
he
k that it providesthe 
orre
t value of the mass for the Chern-Simons bla
k holes. Bla
k holes for Chern-Simons gravity exists and have been found in [22℄. The metri
 in �ve dimensions isds2 = �(r2 � 
)dt2 + dr2r2 � 
 + r2d
3 (5:19)where 
 is an integration 
onstant related to the mass M in a nonlinear way,
 = �1 +p1 + �M ; (5:20)and � is a 
onstant that depends on the normalization for Newton's 
onstant. This ex-pression for M was obtained in [22℄ using the standard ADM pro
edure. The minus signin front of the square root provides a solution as well but it is not a bla
k hole. See [23℄for other impli
ations of the \wrong sign".We now put this metri
 in the FG form. This is a
hieved by the simple radial rede�-nition, r! � : r = 1+ �
2p� (5:21)whi
h brings the metri
 into the FG formds2 = d�24�2 + 1� �14(�dt2 + d
3) + 
�2 (dt2 + d
3) + 
2�24 (�dt2 + d
3)� : (5:22)Note that only three terms in the FG expansion are non zero. The boundary metri
 (0)g(< � S3) has a vanishing Weyl tensor, and hen
e this is 
onsistent with [24℄. The mass,de�ned as the integral of T0 at the sphere at in�nity is given byM = ZS3 ~T0 = ZS3 4���
((0)R�� + dx�^ (1)g �)^ (1)g 
 (5:23)where we have denoted the 
oordinates on the sphere by x�. (Here it is 
onvenient to workdire
tly with the 3-form ~Ti). The 
urvature on S3 is R�� = 4dx� ^ dx� and, from (5.22)we �nd (1)g�� = 2
 (0)g��, whi
h implies (1)g � = 2
dx�. Repla
ing in the formula for M we�nd (
3 is the volume of the three-sphere),M = 4
3(4 + 2
)(2
) = 16
3(2
+ 
2) (5:24)whi
h is equivalent to the non-linear relation (5.20).17



Using the general formula (4.19) we 
ould also �nd the mass for a generi
 theory inany number of dimensions. We do not reprodu
e the result here whi
h has been foundusing the standard ADM formalism in [22℄(see [25℄ for a re
ent dis
ussion).A
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