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tor 101. Introdu
tionIt is widely believed that the 
harges of D-branes 
an be des
ribed in terms of(twisted) K-theory [1, 2, 3℄. For example, for the 
ase of string theory on the simply
onne
ted group G, the 
harge group is 
onje
tured to be the twisted K-group of G(for more details see for example [4, 5℄). Modulo some te
hni
al assumption, thistwisted K-group has been 
al
ulated in [5℄ (see also [6, 7℄) to bek+h_K�(G) �=Z�md(G;k) ; m = 2rk(�g)�1 ; (1.1)where h_ is the dual Coxeter number of G, k is the level of the underlying WZWmodel, and d(G; k) is the integerd(G; k) = k + h_g
d(k + h_; L) ; (1.2)where L only depends on �g, the �nite dimensional Lie algebra asso
iated to gk. ThesummandsZd(G;k) are equally divided between even and odd degree if rk(�g) > 1. For�g = su(2) the only summand is in even degree.On the other hand, D-branes 
an be 
onstru
ted in terms of the underlying 
on-formal �eld theory, and it should be possible to determine their 
harges using thismi
ros
opi
 des
ription. In parti
ular, it was shown in [8℄ how the 
harges for branesthat preserve the aÆne algebra gk (up to an automorphism) 
an in prin
iple be 
al
u-lated. For the D-branes that preserve the full algebra without any automorphism, the{ 1 {




harges were then determined for SU(N) [8, 9℄, and later for all simply-
onne
ted Liegroups [10℄, and it was found that they a

ount pre
isely for one summand Zd(G;k).More re
ently, the 
harges of the D-branes that preserve the aÆne algebra up to anouter automorphism were determined [11℄; whenever these twisted D-branes exist,they also 
ontribute one summand Zd(G;k). These D-branes therefore only a

ountat most for two of the summands Zd(G;k) in (1.1); a CFT des
ription of D-branes
arrying 
harges whi
h lie in the remaining summands is still missing.In [9℄ it was suggested that at least some of the remaining D-branes 
ould bedes
ribed by branes that only preserve the aÆne algebra h asso
iated to a Cartansubalgebra �h � �g, together with the symmetry of the 
oset gk=h. The aÆne algebrah is obviously just the algebra of r = rk(�g) free bosons, and one 
an 
hoose rNeumann or Diri
hlet boundary 
onditions independently from one another. Thereare therefore something like 2r di�erent gluing 
onditions that 
an be generated inthis manner, and one may expe
t that D-branes with these gluing 
onditions 
ana

ount for the full 
harge group (1.1). The details of this proposal were howevernot worked out. Furthermore, it was not 
lear how to 
al
ulate the 
harges that areprodu
ed by these branes.In this paper we shall give a detailed 
onstru
tion of these branes, extendingte
hniques given in [12, 13℄. Furthermore we shall explain how to determine theasso
iated 
harges, and we shall �nd that they a

ount pre
isely for the missingsummands in (1.1). We shall only 
onsider the 
ase of An in this paper, but weexpe
t that our 
onstru
tion will generalise uniformly to the other 
ases as well.Most of our dis
ussion will be phrased in terms of the purely bosoni
 theory, butit is easy to see that the branes we 
onstru
t a
tually preserve the N = 1 worldsheetsupersymmetry (provided we 
hoose the 
orresponding boundary 
onditions for thefermions); they therefore give rise to spa
etime supersymmetri
 branes.The paper is organised as follows. In the next se
tion we review the WZWmodels, and in parti
ular explain how the spa
e of states 
an be written in termsof representations of the 
oset algebra gk=h and the algebra h. The boundary statesare 
onstru
ted in se
tion 3, and in se
tion 4 we argue that these branes a
tuallygenerate the full K-theory group.2. Some details about WZW-modelsString theory on a group manifold G is des
ribed in terms of representations of theaÆne Lie algebra g at level k. For the situation where the group manifold is simply-
onne
ted (a systemati
 analysis of the D-brane 
harges on non simply-
onne
tedmanifolds was re
ently started in [14℄), the full spe
trum of the theory is thenH = M�2P k+H� 
 �H�� ; (2.1){ 2 {



where the sum runs over all integrable highest weight representations � of gk, andthe representation for the right-movers is 
onjugate to the representation of the left-movers. (This theory is therefore sometimes referred to as the `
harge-
onjugation'theory.)We are interested in 
onstru
ting boundary 
onditions that only preserve thesubalgebra h that is asso
iated to a Cartan subalgebra �h � �g, as well as the 
or-responding 
oset algebra gk=h. For this purpose it is 
onvenient to de
ompose thespa
e of states (2.1) in terms of representations of these algebras. In order to do so,we need to introdu
e some notation.By �g we mean the �nite dimensional simple Lie algebra 
orresponding to gk. Weassume for 
onvenien
e that �g is simply la
ed; the generalisation to the non simplyla
ed 
ase is straightforward. The root latti
e of �g is denoted by �R, and the weightlatti
e is �W �= ��R. A basis for the root latti
e is given by the simple roots �i,i = 1; : : : ; rk(�g), all of whose length squares are equal to 2. The 
orresponding dualbasis of the weight latti
e is given by the fundamental weights �i, i.e. �i � �j = Æij.For the 
ase of �g = su(n+ 1) the inner produ
ts of the fundamental weights are�i � �j = i(n+ 1� j)n+ 1 ; (2.2)where i � j. (For a general introdu
tion to these matters see for example [15℄.)The free bosons that make up h give rise to an extended symmetry algebra�,whose representations are parametrised by P h+ = �W=k�R; the 
orresponding repre-sentation spa
es de
ompose as bHh� = MÆ2k�RHh�+Æ ; (2.3)where Hh�+Æ is the Fo
k spa
e that is generated by the a
tion of the rk(�g) bosoni
os
illators from a ground state j� + Æi that is an eigenve
tor of the os
illator zeromodes.For the 
ase of �g = su(n+ 1) the modular S-matrix of this extended symmetryalgebra is then Sh��0 = 1pn+ 1 kn=2 e2�i���0k ; (2.4)and it leads to the usual fusion rulesNh�1�2�3 = Æ(k�R)�3;�1+�2 : (2.5)The representations of the 
oset algebra gk=h are labelled by pairs (�; �), where� 2 P k+, � 2 P h+, and � � � 2 �R. Not all of these pairs of representations are�The symmetry algebra is extended by vertex operators asso
iated to elements in k�R. Thelatter have integer 
onformal weight sin
e the 
onformal weight of the state asso
iated to � 2 �Win the free boson theory is �2=2k. { 3 {



inequivalent. For example, for gk = bsu(n+ 1)k two pairs (�1; �1) and (�2; �2) de�nethe same 
oset representation if and only if�1 = J l�2 and �1 = �2 + klJ 0 (mod k�R) ; (2.6)where J is the simple 
urrent a
ting on aÆne weights (�0;�1; : : : ; �n) of bsu(n + 1)kby J(�0;�1; : : : ; �n) = (�n;�0; : : : ; �n�1); the 
orresponding simple 
urrent of thefree bosoni
 theory a
ts on the weights by addition of the nth fundamental weightJ 0 = �n. We denote the group of these �eld identi�
ations by Gid; by 
onstru
tionit has order n + 1.Let us denote by [�; �℄ the equivalen
e 
lass of su
h pairs, i.e. the orbit [�; �℄ =Gid(�; �). Then the S-matrix of the 
oset theory is simplySg=h[�;�℄ [�0;�0℄ = (n+ 1)Sg��0 �Sh��0 : (2.7)It is easy to 
he
k that this matrix is well de�ned on the equivalen
e 
lasses, andthat it is unitary; in parti
ular, this implies that the above �eld identi�
ations arein fa
t the only �eld identi�
ations.For ea
h � 2 P k+ we 
an de
ompose the 
orresponding spa
e of states asH� = M�2�W H[�;�+k�R℄ 
Hh� ; (2.8)where the sum runs over all � for whi
h ��� 2 �R, and H[�;�+k�R℄ is the representa-tion of the 
oset algebra. The total spa
e of states therefore has the de
ompositionH = M�2P k+ M�;��2�W �H[�;�+k�R ℄ 
 �H[��;��+k�R ℄�
 �Hh� 
 �Hh��� ; (2.9)where again � � �; �� � �� 2 �R.3. Boundary 
onditionsAs we have mentioned before, we are interested in 
onstru
ting boundary statesof the above WZW model that only preserve in general the subalgebra h, as wellas the 
oset algebra gk=h. Obviously the usual `untwisted' and `twisted' boundarystates (whose 
onstru
tion is well understood) are spe
ial examples of su
h boundarystates. We want to generalise their 
onstru
tion by 
hanging the gluing 
onditionsfor the free bosons that make up the Cartan subalgebra �h; in parti
ular, we want to
onsider di�erent 
ombinations of Neumann and Diri
hlet boundary 
onditions forthese bosons.More spe
i�
ally, the usual D-branes of the WZW model are 
hara
terised bythe gluing 
onditions �Jan + !( �Ja�n)� jj!ii = 0 ; (3.1){ 4 {



where ! = id for the untwisted branes, and ! is the non-trivial outer automorphismfor the 
ase of the twisted branes. (For An the outer automorphism is simply 
harge
onjugation, ! = C.)In terms of the subalgebra gk=h, these gluing 
onditions are�Sn � (�1)hS!( �S�n)� jj!ii = 0 ; (3.2)where Sn denote the modes of a �eld in the 
oset algebra gk=h, and ! is the in-du
ed automorphism on this algebra. In parti
ular, there are therefore (at least) twodi�erent gluing 
onditions that 
an be imposed on the 
oset algebra.The gluing 
onditions for the free bosons that make up h are�H in + �ij �Hj�n� jj�; !ii = 0 ; (3.3)where � is an orthogonal matrix; for ! = id, � = 1, while for ! = C, � = �1. Wewant to generalise this 
onstru
tion by 
onsidering more general � for ea
h given
hoi
e of !, i.e. we want to 
onstru
t the boundary states that are 
hara
terised by(3.2) and (3.3), but that do not ne
essarily satisfy (3.1).For the following it will be 
onvenient to 
hoose a suitable orthogonal basis forthe Cartan subalgebra �h, and to restri
t the 
onstru
tion to those � that are diagonalwith respe
t to this basis. As before, let �i, i = 1; : : : ; n be the fundamental weightsof su(n+ 1). We de�ne~�n = �n (3.4)~�j = �j � jj + 1�j+1 ; 1 � j < n : (3.5)One then easily 
he
ks that these weights are pairwise orthogonal,~�i � ~�j = Æij jj + 1 : (3.6)If one 
onsiders the �ltration of algebras su(2) � su(3) � � � � su(n) � su(n + 1),where su(l+ 1) is generated by the �rst l fundamental roots, then ~�j is just the jthfundamental weight of su(j + 1). This is a 
onsequen
e of the fa
t that�j � ~�l =8><>: 0 if j < l or j > l + 11 if j = l� ll+1 if j = l + 1. (3.7)We shall 
onsider � that are diagonal in this basis. Sin
e � is orthogonal, thepossible eigenvalues of � are just �1. We 
hoose the 
onvention that �~�j = sj ~�jwhere sj = �1. The a
tion of � on a general �� 2 �W is then� �� =Xj sj j + 1j (~�j � ��) ~�j ; (3.8){ 5 {



where we have used that �� 
an be written as�� =Xj j + 1j (~�j � ��) ~�j : (3.9)The �rst step of the 
onstru
tion 
onsists of identifying the Ishibashi statesthat satisfy (3.2) and (3.3). The analysis will depend on whether ! is the trivialautomorphism or 
harge 
onjugation, and we will therefore have to 
onsider thesetwo 
ases in turn.3.1 The untwisted 
onstru
tionLet us �rst 
onsider the 
ase where ! = id. It then follows from (2.9) that we get anIshibashi state for every (�; �; ��) for whi
h � � �; �� � �� 2 �R and� = ���� ; � = ��� (mod k�R) : (3.10)By 
ombining these two 
onditions we therefore get pre
isely one Ishibashi state forea
h �� 2 �W for whi
h (1� �) �� 2 k�R : (3.11)If �� satis�es (3.11) then � := ���� 2 �W . Furthermore, sin
e � + �� 2 �R, � � � 2�R. Let us denote the 
orresponding Ishibashi state by j�; ��ii. Our ansatz for theboundary state is thenjj�; �ii =pj��j X�2P k+ S��pS�0 X��+�2�R0 ei ���� j�; ��ii ; (3.12)where the last sum is restri
ted to the solutions of (3.11) and j��j is the order of a�nite abelian group �� that will be de�ned below. The parameter � des
ribes theposition or Wilson line, and we shall set � = 0 from now on. The S-matrix here isthe S-matrix of gk, and we have used that ��� �� 2 �R if and only if �� + � 2 �R.In order to 
al
ulate the overlap between these boundary states, it is importantto understand how to 
hara
terise the solutions of (3.11). Using the expli
it formulae(3.8) and (3.9) we 
an rewrite (3.11) as1kXj (1 � sj)j + 1j (~�j � ��) ~�j 2 �R : (3.13)A ve
tor �
 is in the root latti
e if both �n � �
 2 Z, and if �
 is in the weight latti
e,i.e. if �j � �
 2 Zfor all j. Dotting the above equation with �n we therefore obtainthe 
onstraint that (1 � sn) �n � �� 2 kZ: (3.14)If we de�ne the n-ality of a weight � 2 �W by t(�) =Pj j�j, then (3.14) 
an simplybe written as (1 � sn) t(��) 2 k (n+ 1)Z: (3.15){ 6 {



If sn = +1, this 
ondition is empty, but if sn = �1 it implies that there are � 2 P k+for whi
h no Ishibashi state j�; ��ii exists. This suggests that the 
onstru
tion willbreak down for sn = �1, and this is indeed what will be
ome apparent below. (Ifsn = �1 one has to use the twisted 
onstru
tion instead that will be des
ribed inthe following subse
tion.) For now we therefore assume that sn = +1.This leaves us with analysing the 
ondition that (3.13) is a
tually a weight.Dotting the equation by �j and using (3.7) we obtain1k �(1 � sj)j + 1j (~�j � ��)� (1� sj�1) (~�j�1 � ��)� 2Z: (3.16)Sin
e �j = 2�j � �j�1 � �j+1 we 
an rewrite this 
ondition ash(1� sj)�j + (sj�1 � sj) ~�j�1i � �� 2 kZ: (3.17)This 
ondition has to hold for all j = 1; : : : ; n. As is explained in the appendix, one
an 
onstru
t a proje
tor P� that proje
ts any state in H onto the 
omponents forwhi
h �� satis�es (3.11). This proje
tor 
an be written asP� = 1j��j Xv2�� exp �2�i v � �H0� ; (3.18)where �� is a �nite abelian group that is a quotient of a latti
e of shift ve
tors byroots. It is important here that �� does not interse
t the weight latti
e �W ; all thisis explained in detail in the appendix.It is now easy to 
al
ulate the overlaps between two branes of the form (3.12).We �ndhh�; �1jj q 12 (L0+�L0)� 
12 jj�; �2ii = j��j X�2P k+ S���1S��2S�0 X���2�R0 �[�;�℄(� )�h�(� )= X�2P k+ S���1S��2S�0 Xv2�� ��(�; v; 0) ; (3.19)where ��(�; v; t) is the unspe
ialised aÆne 
hara
ter,��(�; v; t) = e�2�i tk TrH� �e2�i �(L0� 
24 ) e2�iv�H0� : (3.20)Under a modular transformation, the unspe
ialised 
hara
ters ��(�; v; 0) transforminto the 
hara
ters ��0+v of representations �0 + v, whi
h are twisted by inner twistsasso
iated to v [16, 17℄:��(�1=�; v; 0) = X�02P k+ S��0 ��0(�; � v;��kv2=2)= X�02P k+ S��0 ��0+v(�; 0; 0) : (3.21){ 7 {



(For a 
lear introdu
tion to twisted representations see for example [18℄.) The above
ylinder diagram therefore be
omes in the open string 
hannelhh�; �1jj q 12 (L0+�L0)� 
12 jj�; �2ii = X�2P k+ S���1S��2S�0 Xv2�� X�02P k+ S��0 ��0+v(�; 0; 0)= X�02P k+ N�2�0�1 Xv2�� ��0+v(�; 0; 0) ; (3.22)where N�2�0�1 are the fusion rules of gk. In parti
ular, this implies that these bound-ary states satisfy Cardy's 
ondition. Sin
e �� does not interse
t the weight latti
e,��+v(�; 0; 0) = ��0+v0 (�; 0; 0) if and only if � = �0 and v = v0. Thus the di�erentrepresentations that appear on the right hand side of (3.22) are in fa
t all di�erent.These boundary states therefore still de�ne a NIM-rep (for an introdu
tion intothese matters see for example [19℄), the only di�eren
e being that now the non-negative matri
es are also asso
iated to twisted representations of gk. Indeed, theabove formula simply implies that for any � that di�ers by a twist in �� from �0 2 P k+N�2��1 = N�2[�℄�1 ; (3.23)where [�℄ is the unique untwisted representation that 
an be obtained from � bya twist v 2 ��. The fusion of two twisted representations � and � both of whosetwists are inner, is simply the fusion produ
t of [�℄ and [�℄, twisted by the sum ofthe two twists [20℄. Thus it is manifest that (3.23) still de�nes a NIM-rep. (In fa
t,this NIM-rep is simply the tensor produ
t of the original NIM-rep of g, and theNIM-rep asso
iated to ��.) Sin
e all twists in question are inner, the dimension thatshould be asso
iated to a twisted representation � is simply the dimension of the
orresponding untwisted representation [�℄. One 
an thus use the same argumentsas in [8℄ to 
on
lude that the 
harges that are asso
iated to these D-branes mustsatisfy dim([�℄) q� =X�0 N���0 q�0 : (3.24)Sin
e the above NIM-rep agrees with the fusion rule, the same analysis as in [8℄applies, and we 
on
lude that ea
h su
h family of D-branes 
ontributes one summandZd(G;k) to the 
harge group.3.2 The twisted 
onstru
tionThe analysis in the twisted 
ase, i.e. when we 
hoose ! = C in (3.2), is very similar.In this 
ase we get an Ishibashi state for every (�; �; ��) provided that� = �� ; � = �� �� ; � = +�� (mod k�R) : (3.25)If we de�ne �̂ = ��, the last two 
onditions be
ome(1� �̂) �� 2 k�R ; (3.26){ 8 {



and therefore agree formally with (3.11). However, �̂ di�ers by a sign from �, andthus also the last sign of �̂, ŝn, is opposite to the last sign of �, sn. In parti
ular, the
hoi
e sn = �1 now leads to ŝn = +1; in this 
ase, the analysis of the solution spa
eto (3.26) is then identi
al to that of the previous se
tion. If we tried to perform this
onstru
tion for sn = +1 we would run into the same diÆ
ulties as in the previous
ase with sn = �1. In parti
ular, as is explained in the appendix, it is then in generalnot possible to 
hoose �� su
h that it does not interse
t the weight latti
e. In thefollowing we therefore assume that sn = �1 so that ŝn = +1.In addition to the 
ondition on �� we now only get Ishibashi states that 
omefrom a self-
onjugate �. Thus the natural ansatz for our boundary states is nowjj�; xii =pj��̂j X�2E! Ŝ�xpS�0 X��+�2�R0 ei ���� j�; ��ii ; (3.27)where the last sum is restri
ted to the solutions of (3.26) and j��̂j is the order ofthe �nite abelian group ��̂ that was de�ned before. Here E! is the set of 
harge-
onjugation invariant weights in P k+, and Ŝ�x is the twisted S-matrix that appearsin the 
onstru
tion of the twisted D-branes (see for example [19℄). These D-branesare now labelled by the twisted representations x of gk. Using the same 
al
ulationas in the previous se
tion we then �nd that these boundary states de�ne indeed aNIM-rep, and that it is simply given byNx2�x1 = NCx2[�℄x1 ; (3.28)where [�℄ is the unique untwisted representation that 
an be obtained from � bya twist v 2 ��̂, and the matrix NCx2�x1 is the usual twisted NIM-rep of gk (see forexample [19℄). Using the results of [11℄ it then follows again that ea
h su
h familyof D-branes 
ontributes one summand Zd(G;k) to the 
harge group.4. Con
luding remarksIn the previous se
tion we have 
onstru
ted one set of D-branes for ea
h orthogonalreal matrix � that is diagonal in the basis de�ned by ~�j. Depending on the valuesn = �1, the 
onstru
tion resulted in the untwisted or twisted NIM-rep. Sin
e thetwisted NIM-rep gives rise to the same 
harges as the untwisted NIM-rep [11℄, ea
h ofthese 
onstru
tions leads to a summandZd(G;k) in the 
harge group. There are rk(�g)di�erent signs in the de�nition for �, and thus we get in total 2rk(�g) 
onstru
tions.Not all of these 
hoi
es are inequivalent though. There is pre
isely one non-trivial element of the Weyl group of �g for whi
h all ~�i are eigenve
tors: it is theWeyl-re
e
tion 
orresponding to �1 whi
h a
ts as �1 on ~�1, while leaving all other~�i invariant. This Weyl transformation therefore maps a brane to one with opposites1; stri
tly speaking, it also modi�es the gluing 
onditions on the 
oset algebra, but it{ 9 {



seems very plausible that two branes that have the same gluing 
ondition on h will infa
t 
arry the same 
harge. Thus there are in fa
t only 2rk(�g)�1 branes with di�erent
harges, ea
h of whi
h leads to a summand ofZd(G;k). This a

ounts pre
isely for the
harges that were determined using K-theory arguments.It seems very diÆ
ult to prove rigorously that two given branes 
arry di�erent
harges, i.e. lie on di�erent sheets of the moduli spa
e. However, it seems plausiblethat branes that have di�erent gluing 
onditions on h (up to the Weyl symmetrymentioned before) are in fa
t inequivalent. [After all, in order to preserve supersym-metry the fermions have to satisfy the 
orresponding gluing 
onditions, and theseboundary states therefore 
ouple to di�erent RR ground states.℄ It would neverthe-less be very interesting to establish this from �rst prin
iples (for example by �ndinga numeri
al invariant that 
hara
terises the di�erent sheets).It would also be interesting to understand the geometri
al interpretation of thesebranes. We have found another realisation [21℄ of these D-brane 
harges along thelines of [22℄, for whi
h the geometri
al interpretation is more obvious. We believethat these D-branes des
ribe another point of ea
h sheet of the moduli spa
e.A
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torIn this appendix we supply some te
hni
al details, 
ompleting the argument of se
-tion 3.Re
all that in our 
onstru
tion we retain only those weights �� obeying (3.17) forall j = 1; : : : ; n. De�nevj = 1k �(1� sj)�j + (sj�1 � sj)~�j�1� : (A.1)Then for ea
h j de�ne the proje
torPj = 1Lj LjX̀=1 exp[2�i `vj � �H0℄ ; (A.2)where Lj = 8<: kj if sj 6= sj�1k if sj = sj�1 = �11 if sj = sj�1 = +1, (A.3){ 10 {



and �H0 is the operator �H0j�; ��i = ��j�; ��i. Clearly, Pj j�; ��i = j�; ��i or 0, dependingon whether or not �� satis�es the jth equation (3.16). Thus the desired proje
tor(3.18) is P� =Qj Pj .We 
an des
ribe P� additively as follows. Consider the quotient �� = �v=(�v \�R) of the Z-span �v of the ve
tors vj, by its interse
tion with the root latti
e �R.Then �� is a �nite abelian group, and P� 
an be written as in (3.18).Establishing the NIM-rep property in se
tion 3 required that we verify that P�produ
es only twisted representations. More pre
isely, we need to verify that, forany v 2 �v, v 2 �W (the weight latti
e) implies v 2 �R. This is easy to see. Re
allthat it suÆ
es to 
onsider sn = +1. Suppose v 2 �v \�W . Then v 2 �R if and onlyif �n � v 2 Z. We 
omputeXj `jvj � �n = `n (1 � sn)k = 0 ; (A.4)and the 
laim follows.The order of the a
tual group �� is a fa
tor of the produ
t of the Lj. In orderto 
ompute the a
tual order of the group ��, we observe that a linear 
ombinationPi `ivi is trivial in �� if and only if it is an element of k�R. In parti
ular, it musttherefore satisfy �j � Xi `ivi! 2 kZ (A.5)for ea
h j. It is easy to see that this leads to a triangular set of 
onditions in the `i.In parti
ular, for large k the order of �� grows likej��j � kn�m ; (A.6)where m is the number of j for whi
h sj�1 = sj = +1, j = 1; : : : ; n with s0 = +1.In
identally, this is the pla
e where we see expli
itly that the 
onstru
tion ofse
tion 3 
ollapses when sn = �1 (or equivalently if we do not 
hoose the gluing
ondition (3.2) for the 
oset algebra depending on the value of sn). When sn = �1,the requirement v 2 �R demands that 2`n 2 kZ. This will not be satis�ed in general.For a 
on
rete example take n even and � = diag(+1;+1; : : : ;+1;�1); v = `nvn willlie in �v\�W when k divides 2`n(n+1)=n, whi
h 
ertainly does not for
e k to divide2`n. Thus, when sn = �1, the 
onstru
tion will typi
ally fail to produ
e a NIM-rep.Referen
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