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eAbstra
tThe Virasoro minimal models with boundary are des
ribed in the Landau-Ginzburg theory by introdu
ing a boundary potential, fun
tion of the boundary�eld value. The ground state �eld 
on�gurations be
ome non-trivial and arefound to obey the soliton equations. The 
onformal invariant boundary 
ondi-tions are 
hara
terized by the reparametrization-invariant data of the boundarypotential, that are the number and degenera
ies of the stationary points. Theboundary renormalization group 
ows are obtained by varying the boundarypotential while keeping the bulk 
riti
al: they satisfy new sele
tion rules and
orrespond to real deformations of the Arnold simple singularities of Ak type.The des
ription of 
onformal boundary 
onditions in terms of boundary poten-tial and asso
iated ground state solitons is extended to the N = 2 supersym-metri
 
ase, �nding agreement with the analysis of A-type boundaries by Hori,Iqbal and Vafa.



1 Introdu
tionLarge 
lasses of 
onformal invariant boundary 
onditions have been found in rational
onformal �eld theories over the re
ent years by developing several algebrai
 methods.The simplest, fully symmetry-preserving 
onformal boundary states are the so-
alledCardy states, that exist for left-right symmetri
 se
tors in the bulk [1℄. Conformalboundaries have also been found in the 
ase of non-diagonal bulk se
tors or in presen
eof partial symmetry breaking at the boundary (still preserving 
onformal invarian
e)[2℄. For many theories, like the Virasoro minimal models, the 
onformal boundarystates have been 
ompletely 
lassi�ed [3℄.Far less is known about non-
onformal boundary 
onditions, where a relevant inter-a
tion breaks s
ale invarian
e at the boundary and leads to a renormalization group(RG) 
ow toward another 
onformal boundary of the same bulk 
riti
al theory. Tworelevant 
ases have been extensively studied during the last de
ade: the Kondo prob-lem of magneti
 impurities in a diamagneti
 metal [4℄ and the resonant s
atteringof edge ex
itations in the quantum Hall e�e
t [5℄. The main present motivation forstudying boundary RG 
ows 
omes from open string theory, where the de
ay of an un-stable brane (or of a sta
k of branes) 
an be modeled by boundary intera
tions in the
orresponding world-sheet 
onformal theories { the so-
alled \ta
hyon 
ondensation"[6℄.Although the boundary renormalization group 
ows are formally and perturba-tively analogous to the bulk 
ows, they may have spe
i�
 features, and it is usefulto have physi
al des
riptions of the boundary dynami
s, su
h as that of Ref. [7℄. Inthe 
ase of the bulk RG 
ows, the Landau-Ginzburg mean-�eld theory has been avaluable sour
e of intuition: here, the multi
riti
al points are obtained by �ne-tuningthe parameters in the s
alar potential, and the 
ows to lower 
riti
al points follow bydetuning. This des
ription yields a qualitative 
hart of the spa
e of 
ows, basi
allyits topology, that survives quantum 
orre
tions even in two dimensions [8℄.Furthermore, the Landau-Ginzburg (LG) theory be
omes exa
t in presen
e of N=2supersymmetry, due to the non-renormalization theorems. The beautiful works byMartine
, Vafa, Warner and others [9℄ have shown that the study of the multi
riti-
al points of Landau-Ginzburg potentials 
an be mapped into Arnold's 
lassi�
ationof singularities of analyti
 fun
tions modulo reparametrizations [10℄. This relationalso provides a physi
al explanation to the fa
t that the Virasoro minimal models,the simpler multi
riti
al points in two dimensions, are 
lassi�ed by A-D-E Dynkindiagrams, as well as the Arnold simple singularities [11℄.The present understanding of boundary multi
riti
ality and boundary RG 
ows isbased on the study of integrable systems, both in the 
ontinuum and on the latti
e,1



and on numeri
al analyses. For many theories with 
riti
al points of known 
onformaltype, integrability has been extended in the presen
e of boundary 
onditions andboundary intera
tions. For example, latti
e statisti
al models are known to realizeall the boundary 
onditions of the Virasoro minimal models [12℄ and examples ofboundary integrable RG 
ows have been obtained by spe
ializing integrable bulkintera
tions to the boundary [7℄. Known numeri
al methods, su
h as the trun
ated
onformal spa
e approa
h [13℄ and the thermodynami
 Bethe ansatz [14℄, have beenapplied to the study of boundary intera
tions. In some approa
hes, su
h as integrables
attering theory at the boundary, the boundary dynami
s is des
ribed by quantumme
hani
al degrees of freedom that must be added at the boundary for 
ompleteness[7℄. Upon integrating them out, one may generate 
ompli
ate non-lo
al intera
tionsat the boundary.In this paper, we des
ribe the generalization of the Landau-Ginzburg theory inpresen
e of a boundary. We do not introdu
e new degrees of freedom at the boundary,but rather des
ribe the dynami
s in terms of a tunable s
alar boundary potentialVb('o), fun
tion of the boundary value 'o of the s
alar �eld ', whereby impli
itlyassuming lo
ality�. Using these rather restri
tive assumptions, but 
onsistent with theresults of the 
orresponding latti
e models [12℄, we obtain a 
omprehensive des
riptionof the boundary 
onditions and RG 
ows in the Virasoro models of the so-
alled(A,A)-series. The out
ome is a rather simple extension of the LG des
ription ofmulti
riti
ality by �ne-tuning, showing again deep relations with Arnold's work. Ouranalysis also applies to the 
orresponding N = 2 supersymmetri
 minimal modelswith A-type boundary 
onditions, where it mat
hes the earlier inspiring results ofRef.[16℄.In Se
tion two we introdu
e the LG theory with boundary: we 
onsider the m-thVirasoro minimal model in the (A,A) series, that 
orresponds to a (m� 1)-fold 
rit-i
al generalization of the Ising model and is des
ribed by the LG theory with bulkpotential V = �'2(m�1) [8℄. The allowed boundary potentials turn out to be of theform Vb = a'm�2o +b'm�3o + : : : , 
orresponding to the real deformations of the Arnoldsingularity xm, asso
iated to the Am�1 Dynkin diagram [10℄. We study the non-trivialground state solutions generated by the boundary term and show that they are relatedto the solitons of the bulk potential. At bulk 
riti
ality, we divide the solutions intoequivalen
e 
lasses modulo �eld reparametrizations at the boundary, and argue thatea
h 
lass models (i.e. renormalizes to) one 
onformal invariant boundary 
ondition,whose properties mat
h the known data from 
onformal �eld theory [1℄[3℄ and inte-grable latti
e models [12℄. We then �nd that ea
h 
onformal boundary 
ondition 
anbe asso
iated to a sub-diagram of the Am�1 Dynkin diagram, that spe
i�es the type�This is the traditional approa
h of LG studies in (4� �) dimensions [15℄.2



of stationary point of the boundary potential. In this des
ription, the non-degeneratesolutions of the boundary 
onditions mat
h the stable 
onformal boundaries, whilethe degenerate solutions 
orrespond to unstable boundaries, possessing a number ofrelevant boundary �elds equal to the order of degenera
y. The extension of this anal-ysis to the (A,D) and (A,E) series (Potts model and generalization and ex
eptional
ases), presents some limitations inherited from the bulk LG theory [17℄: these issuesare dis
ussed in the Appendix A, using the Potts model as an example.In Se
tion three, the boundary RG 
ows are des
ribed by detuning the boundarypotential out of one degenerate stationary point to produ
e less degenerate points |the same me
hanism of bulk RG 
ows working in a ri
her nested pattern. We then�nd new sele
tion rules for the RG 
ows out of a Cardy boundary, that are simplyobtained by breaking the asso
iated Dynkin diagram into small diagrams representingthe boundaries rea
hed in the infrared limit; these rules 
on�rm and extend the resultsof Ref.[18, 19℄. Moreover, the topology of the spa
e of RG 
ows 
an be dedu
ed fromthe parameter spa
e of real deformations of Arnold singularities. The analysis of thetri- and tetra-
riti
al Ising models are worked out expli
itly, �nding agreement withearlier results from integrable models [20℄ and perturbative 
al
ulations [13℄.In Se
tion four, we extend the analysis of ground state solutions with non-trivialboundary to the LG theory with N=2 supersymmetry [9℄; earlier des
riptions of theA-type supersymmetri
 boundary 
onditions had already established a 
onne
tionwith soliton equations and singularity theory [16℄. The supersymmetri
 boundary
onditions are again determined by the form of the boundary s
alar potential and havea regular des
ription at bulk 
riti
ality, namely they �t the pi
ture established in thenon-supersymmetri
 
ase. However, the detailed aspe
ts of the boundary solutionsare di�erent in the supersymmetri
 
ase and their pattern of RG 
ows remains to beunderstood.1.1 Boundary 
onditions in the Virasoro minimal modelsWe start by re
alling the properties of the Ising and Tri
riti
al Ising models, that willbe used for introdu
ing the main points of our approa
h. The bulk 
onformal theoryof the Ising model 
ontains three left-right symmetri
 se
tors and, 
orrespondingly,there are three Cardy 
onformal boundary 
onditions [1℄: they are 
alled (+), (�),representing �xed spin values, and (f) for the free 
onditions. The 
orrespondingindex pairs in the Ka
 table are, (r; s) = (1; 1), (1; 2) and (2; 2), respe
tively. Byswit
hing on a boundary magneti
 �eld Hb, one obtains a RG 
ow between the freeand the �xed boundary 
onditions. Therefore, (�) are stable boundary 
onditionsand (f) is on
e unstable, namely there is one relevant boundary �eld 
ompatible3



with the boundary 
ondition. The allowed boundary �elds are listed in the partitionfun
tion on the upper-half plane, that is 
onformally equivalent to that of the stripwith equal boundaries on the two sidesy [1℄,Zaja =Xb nbaa �b ; a � (r; s); b � (r0; s0); (1.1)where nbaa are the fusion 
oeÆ
ients and �r;s the Virasoro 
hara
ters. In parti
ular,Zf jf = �1;1 + �1;3.The phase diagram is shown in Figure 1. We also sket
h the magnetization pro�le inall the regions: in the broken phase, the magnetization vanishes at the free boundary,while it is enhan
ed by a boundary magneti
 �eld. Two fa
ts are relevant for thefollowing dis
ussion:i) In more than two dimensions, there is spontaneous magnetization at the bound-ary, 
aused by another parity-invariant, relevant boundary parameter, the boundaryspin 
oupling, and there is an asso
iated boundary tri-
riti
al point [15, 21℄. Thetwo-dimensional boundary phase diagram is mu
h simpler, be
ause spontaneous mag-netization 
annot o

ur on the one-dimensional boundary (for Hb <1).ii) At bulk 
riti
ality, T = T
, the free boundary 
ondition 
orresponds to a van-ishing boundary �eld value, that is manifestly 
onformal invariant. The boundary
onditions for Hb 6= 0 instead 
orrespond to non-vanishing boundary values that arenot invariant. Here the (�) 
onformal boundary 
onditions 
an be identi�ed as fol-lows: one should 
onsider the 
ontinuum limit �x! 0 of the Ising model near T = T
and in the presen
e of the boundary 
ondition. Sin
e the renormalized spin �eld �Ra
quires a positive s
aling dimension Æ, any non-vanishing boundary spin value �orenormalizes to in�nity, �R = �o=�xÆ ! �1: the 
onformal boundary 
onditions(�) are in fa
t (�1) [22℄.The Tri
riti
al Ising model is another well-studied example: the tri
riti
al bulkpoint is des
ribed by the m = 4 Virasoro minimal model, having six left-right sym-metri
 bulk se
tors. The 
orresponding six 
onformal boundary 
onditions have beeninterpreted in the spin model and their boundary RG 
ows have been found by usingthe results of integrable models [23℄, numeri
al analyses [13℄ and perturbative 
al
ula-tions [18℄. In the latti
e des
ription of an Ising model with va
an
ies, there naturallyare three stable boundary 
onditions, 
orresponding to �xed spin values:(+) = (1; 1); (�) = (3; 1); (0) = (2; 1) (no spin): (1.2)Next there are the boundaries (0+), (0�), 
orresponding to partially �xing the spinson the boundary, and �nally the free 
onditions (f) (also 
alled (d) for \degenerate"):(0+) = (1; 2); (0�) = (1; 3); (f) = (2; 2) : (1.3)yWe follow the notations of Ref.[3℄. 4
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HbFigure 1: Phase diagram of the Ising model with boundary in two dimension: T isthe bulk temperature and Hb the boundary magneti
 �eld. Magnetization pro�lesM(x) are drawn in the insets, with x measuring the distan
e from the boundary.We report their partition fun
tions for later use:Z(0+)j(0+) = Z(0�)j(0�) = �1;1 + �1;3 ;Z(f)j(f) = �1;1 + �1;2 + �1;3 + �1;4 : (1.4)The �elds �1;2 and �1;3 are relevant, so the boundaries (0�) and (f) are on
e andtwi
e unstable, respe
tively.The spa
e of RG 
ows is reported in Figure 2 [24℄. There are two relevant dire
tionsout of (f), one is Z2 even (y axis, �1;3 �eld) and the other one is odd (x axis, �1;2�eld). All 
ows verify the 
onje
tured \g-theorem" that establishes that the bound-ary entropy g should de
rease along the 
ow [25℄. A novel feature, �rst observedperturbatively in Ref.[18℄, is that one 
an 
ow from a single Cardy state, (f), to asuperposition of them, (+)�(�). The latter boundary has one relevant perturbation,given by the se
ond identity �eld: the superposition 
an be disentangled by applyinga boundary magneti
 �eld leading to a �rst-order phase transition at the boundary(namely a dis
ontinuous jump in the boundary magnetization) [24℄.The boundary dynami
s in the higher Virasoro models is only partly known. The
riti
al points in the bulk follow the so-
alled A-D-E 
lassi�
ation, namely ea
h model
an be asso
iated to a pair of simply-la
ed Dynkin diagrams (A,G), where G 
an beA, D or E, su
h that one has two models for ea
h value of 
(m) = 1 � 6=m(m+ 1),m = 5; 6; : : :, of type (A,A) and (A,D), and a third one of type (A,E) for some spe
ialm values [11℄. 5
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Figure 2: Spa
e of boundary RG 
ows in the Tri
riti
al Ising model from Ref.[24℄:the dashed lines represent �rst-order transitions; the driving �eld is reported for ea
h
ow.We shall mostly deal with the (A,A) series of multi
riti
al Ising models, that 
an berealized by the solid-on-solid integrable latti
e models [26℄. The bulk 
onformal theorypossesses left-right diagonal partition fun
tion and the properties of the 
onformalboundaries 
an be easily obtained from Cardy's analysis [1℄. The partition fun
tionson the upper half plane Z(r;s)j(r;s), is of the form Eq.(1.1), with indexes 1 � r � m�1,1 � s � m, and (r; s) � (m� r;m+ 1� s).We 
an read the boundary operator 
ontent from the partition fun
tion and 
ountthe number of relevant �elds for ea
h boundary. In Figure 3, we report this numberin the 
orresponding (r; s) box of the Ka
 table for the m = 6 model (penta-
riti
alIsing). One sees the pattern of two \Azte
 pyramids", with even (resp. odd) numberof relevant �elds: there are (m � 1) stable boundaries, with indexes (r; 1), 1 � r �m � 1, then (m � 2) on
e unstable boundaries (1; s), 2 � s � m � 1, next (m � 3)twi
e unstable ones and so forth, up to a total of m(m� 1)=2 
onformal boundaries.These boundary 
onditions have been des
ribed in the latti
e model as follows [12℄.The bulk spin or \height" 
on�gurations 
an take m values, say h = 1; : : : ;m, jump-ing by �1 on neighbor sites, a

ording to the adja
en
y rule of the points on the AmDynkin diagram; thus, there are (m � 1) bulk phases of �xed magnetization and a
orresponding number of �xed boundary 
onditions. The other, unstable 
onformalboundaries have also been uniquely identi�ed in the latti
e model by 
he
king the fu-6
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Figure 3: Number of relevant �elds for ea
h boundary 
ondition of Ka
's indexes(r; s) for m = 6.sion of pairs of boundaries [29℄. The 
orresponding latti
e 
onditions partially �x thespin at the boundary, that 
an span in
reasingly larger ranges of values, as given bythe \fusion" of adja
ent points in the Dynkin diagram [12℄. In 
on
lusion, all bound-ary 
onditions are lo
al in the spin variable and, moreover, they allow 
u
tuationsgradually raising from nothing (�xed) to full (free): this suggests the asso
iation ofthe degree of boundary 
u
tuations with that of RG instability, a fa
t that will belater implemented in the LG des
ription.Another interesting property of the (A,A) models is the Z2 spin parity, that a
tson the boundary states as follows:P : (r; s) �! (m� r; s) � (r;m+ 1 � s) ; (1.5)su
h that the boundaries 
an be 
lassi�ed in singlets and doublets: moreover, bound-ary �elds have a de�nite parity if they appear on invariant boundaries, otherwise theydo not. Let us report the results of the analysis in Ref.[27℄.For m odd, the invariant boundaries are, a = (r; (m+ 1)=2), r = 1; : : : ; (m� 1)=2,and the sign of the �elds that 
an appear in Zaja is:P : �r;s �! (�1)(r+1)(m+12 +1)+ s�12 �r;s ; s odd: (1.6)For m even, the invariant boundaries are, a = (m=2; s), s = 1; : : : ;m=2, and the signof the �elds is: P : �r;s �! (�1)(s+1)(m2 +1)+ r�12 �r;s ; r odd: (1.7)Note �nally that boundaries related by theZ2 symmetry have equal boundary entropy,g(r;s) = g(m�r;s) = g(r;m+1�s). 7



2 Landau-Ginzburg theory with boundary2.1 Bulk 
riti
al theories and bulk renormalization group
owsLet us start by re
alling the LG des
ription of the (A,A) Virasoro minimal models inthe boundaryless 
ase [8℄. We 
onsider a real s
alar �eld with a
tion:S = Z d2x 12 (��')2 + V (') : (2.1)The m-th minimal model 
orresponds to the multi
riti
al point of (m� 1) 
oexistingphases; therefore, the Z2 symmetri
 potential should have (m � 1) minima mergingat the 
riti
al point, namely:V (') = V
rit (') � � '2(m�1) ; (at 
riti
ality): (2.2)The 
oupling � is relevant near the ultra-violet (UV) point and drives the s
alar theoryto the intera
ting infra-red (IR) �xed point 
orresponding to the minimal model; atthis point, � be
omes marginal.Further RG 
ows to lower-
riti
al models are des
ribed as follows: the theory(2.1,2.2) at the IR point still possesses the relevant �eld 'n, n = 1; : : : ; 2(m � 2),
orresponding to detuning the potential (2.2) out of the multi
riti
al point (the �eld'2m�3 is redundant due to the equation of motion). The 
ow to the k-th minimalmodel, k < m, is obtained by adding the term '2(k�1) to the potential:VUV = � '2(m�1) + � '2(k�1) �! VIR = � '2(k�1) ; (2.3)At the k-th infrared �xed point, the 
oupling � be
omes itself marginal, while theoriginal 
oupling � be
omes irrelevant and should be dis
ardedz.Although this 
lassi
al theory gets very strong quantum 
orre
tions in two dimen-sions, the qualitative pi
ture remains valid and it des
ribes the 
hain of multi
riti
alpoints in the Virasoro minimal models. It also explains the irreversibility of the RG
ow in terms of the detuning of a highly degenerate minimum of the potential. Fur-ther eviden
e for the LG theory is found by mat
hing the relevant �elds in the twotheories, and by analyzing their symmetries, fusion rules and RG 
ows, as ni
elyshown in the Refs.[8℄.zThis is the 
ase � > 0; for � < 0 one 
learly 
ows to a 
ompletely massive phase.8



2.2 Landau-Ginzburg theory with boundary and soliton equa-tionsWe now 
onsider the theory on the Eu
lidean half-plane with 
oordinates x � 0 and� , and add a boundary potential Vb to the Lagrangian as follows,S = Zx>0 d2x 12 (��')2 + V (') + Z dt Vb ('o) ; 'o � '(x = 0) : (2.4)This is a
tually the traditional approa
h in (4� �) dimensions [15℄. We assume thatthe bulk potential V possesses up to (m�1) distin
t minima ' = vi, i = 1; ; : : : ;m�1,at the same height, V (vi) = 0, sin
e we are interested in the bulk multi
riti
al pointand the nearby region of 
oexisting phases. The ground state �eld 
on�guration isobtained by extremizing the a
tion: we 
onsider a stati
, �nite-energy solution, withthe �eld approa
hing a minimum of V (') in the bulk, limx!1 '(x) = '1 = vi, withvanishing derivative. The stationary 
onditions read:0 = �2'�x2 � �V�' ; (2.5)0 = Æ'o� �'�x ����0 � �Vb�'o� : (2.6)We re
all that the variational prin
iple let us 
hoose whether to vary the �eld at thespatial boundary or not: sin
e the (target) �eld spa
e is represented by the real line,we may 
onsider boundary 
onditions 
orresponding to D0 branes, i.e. given pointson the line, or to one D1 brane 
orresponding to the 
omplete line. In the �rst 
ase,we do not vary the boundary �eld, Æ'o = 0 and get no 
onditions from the boundarypotential: the solutions are (m� 1) 
onstant �eld pro�les �xed at the bulk minima,' � vi. These are stable boundary 
onditions by de�nition.In the 
ase of D1 branes, we do vary the boundary �eld and obtain a boundary
ondition depending on the tunable Vb. This is the interesting and generi
 situation,sin
e the D0 branes will be re
overed from lo
alization by the boundary potential.The equation of motion (2.5) 
an be solved following the well-known analysis of thesolitons in the multi-valley V ('): it des
ribes a 
lassi
al parti
le moving in the upsidedown potential U = �V , having at least two maxima at the same height, V (v1) =V (v2) = 0. The parti
le start at \time" x = 1 from one of the bulk minima withvanishing velo
ity and energy, and rea
hes the boundary 'o, with velo
ity determinedby the boundary 
ondition (2.5). This non-trivial �eld 
on�guration 
orresponds tothe 
lassi
al ground state of the system in the presen
e of the boundary, and shouldbe distinguished from the usual solitons in the bulk that 
orrespond to ex
ited states.Let us �rst 
onsider the simplest 
ase of the Ising model, m = 3, with just two9



minima v1 = �v2 = v (� = 1=2):V = 12 �'2 � v2�2 ; (Ising model): (2.7)The ground state �eld pro�le is given by a soliton of the bulk theory 
ut at somepoint (Figure 4): we may have the trivial solitons, ' = �v, the usual soliton, ' =�v tanh (v(x� �)), and the singular solitons involving the 
otangent. We 
an also
onsider superpositions of ground state solutions if degenerate in energy.Our task here is to represent the 
onformal-invariant boundary 
onditions at bulk
riti
ality in terms of 
arefully 
hosen solitons solutions for v ! 0 (
f. Figure 1). Itis natural to divide them into \universality 
lasses" whose 
hara
teristi
 proprietiessurvive the limit v ! 0. Part of the motivations for 
arrying out this program are
oming from the analysis of the N=2 supersymmetri
 
ase [16℄, where it was shownthat the A-type supersymmetri
 boundary 
onditions are in one-to-one relation withthe solitons of the bulk theory and that these form universality 
lasses whose 
riti
allimits mat
h the (supersymmetri
) 
onformal boundaries.
x'

�v
v

Figure 4: Ground state �eld pro�le 
orresponding to a 
ut soliton.We thus formulate the following hypothesis:
onformal boundary � universality 
lass of ground state profiles� universality 
lass of soliton solutions (2.8)The equation of motion (2.5) 
an be integrated on
e to obtain the 
onservation of theparti
le energy, �'�x = � p2 (V (')� V ('1)) ; (2.9)10



that determines the �eld pro�le by further integration. Upon evaluating the energyat the boundary, we get another boundary 
ondition that 
an be 
ombined with (2.6):�'�x ����0 = �Vb�'o = � p2 (V ('o)� V ('1)) : (2.10)The se
ond and third terms give an algebrai
 equation for the boundary value 'o,that will be very important in the following; this in turns determines the boundaryderivative (the �rst term in (2.10)), sin
e the equation of motion has one boundary
ondition left to be set.One important property of the 
lasses of soliton solutions is given by their asymp-toti
 value in the bulk. We shall disregard boundary phases di�erent from that of thebulk (boundary interfa
es or \surfa
e wetting" [15℄) that 
an be presumably dis
ussedby tensoring boundaries [29℄. Moreover, the absen
e of spontaneous magnetization atthe one-dimensional boundary suggests us to dis
ard solutions with boundary 
riti
alpoints of higher order than that in the bulk.In the Ising 
ase, we 
an identify two 
lasses of solitons, one for ea
h asymptote'1 = �v, having 'o a �xed non-vanishing value of the same sign of v (
f. Figure 1);these solitons solve Eq. (2.10) with an appropriate value of Vb = �a'0, and naturallyhave v! 0 limit in the two �xed 
onformal boundaries (�) (keeping in mind that thes
aling limit would naturally drive 'o !1). The two type of solitons ex
hange underparity as the 
onformal boundaries do. Ea
h type exists in the respe
tive phase, andthey are simultaneously present at phase 
oexisten
e 
lose to bulk 
riti
ality. Theydes
ribe stable boundaries be
ause small variations of 'o do not 
hange the 
lass ofsolutions.As for the free 
onformal 
ondition (f), we should 
onsider the tanh soliton with'o = 0; there are two of them, '�(x) approa
hing '1 = �v. Sin
e the (f) boundaryis parity invariant, we should 
onsider a superposition of the two solutions, of theform Z = Z['+(x)℄ + Z['�(x)℄, where Z['℄ = exp (�S
l['℄). Next, we remark thatone parity-invariant solution is possible at bulk 
riti
ality, v = 0, in the 
ase of Vb = 0:�'�x ����0 = 0 = � '2o : (2.11)This solution is degenerate and 
an be thought of as the v ! 0 limit of the previoussuperposition Z = Z['+(x)℄+Z['�(x)℄. The instability of this boundary 
ondition isrelated to its degenera
y, sin
e any addition of Vb 6= 0 would lead to a non-degeneratesolution 'o 6= 0 breaking the parity invarian
e (and altering the superposition Z =Z['+(x)℄ + Z['�(x)℄ for v 6= 0). Indeed, the boundary equations (2.10) with a non-vanishing boundary magneti
 �eld have the solutions, for v = 0:Vb = �Hb 'o �! ( 'o =pjHbj Hb > 0 ;'o = �pjHbj Hb < 0 : (2.12)11



The two solutions are representative of the (�) 
onformal 
onditions, as said before.In 
on
lusion, we have des
ribed the three Ising 
onformal boundaries in termsof 
lasses of ground state pro�les at bulk 
riti
ality (and in the neighbors of it), inagreement with the known fa
ts and the expe
ted boundary RG 
ows. We remarkthat in more than two dimensions the Z2 even term, Vb = a '2o, 
an be added tothe boundary potential [15℄, 
ausing spontaneous magnetization at the boundary, i.e.simultaneous solutions 'o = 0 and 'o 6= 0 of the algebrai
 equation (2.10); this termshould be dis
arded in two dimensions and indeed it will be found to be redundant.2.3 Conformal boundary 
onditions and Arnold's singulari-tiesWe 
an now formulate the general strategy for �nding the 
lasses of solutions mat
hingthe Virasoro 
onformal boundaries:� Take the 
riti
al limit in the bulk, su
h that all ground state solutions aresimultaneously present in the LG equations.� Study the solutions of the algebrai
 equation for 'o (2.10), that 
an be rewrittenas the stationary 
ondition of the \superpotential" W :�W�'o = 0 ;W = �Z 'o0 d'p2V
rit + Vb= �'mom + am�3 'm�2om� 2 + am�4 'm�3om� 3 + � � � + a0 'o : (2.13)� Identify stationary points of W up to �eld reparametrizations at the boundary'o ! 'o + �('o).� Map stationary points to 
onformal boundaries as follows:non � degenerate stationary points of W $ stable boundariesn�fold degenerate stationary points of W $ n�fold unstable boundaries(2.14)In this approa
h, the boundary multi
riti
ality is re
ast into a form similar to thebulk 
ase, where the RG 
ows out of a 
onformal boundary is asso
iated to thedetuning of a degenerate 
riti
al point [8℄. The hypothesis of �eld reparametrization12



invarian
e is similarly justi�ed (\universality") and it leads to the pattern of theVirasoro boundaries des
ribed in Se
tion 1.1, as we now dis
uss.The stationary points of W ('o) 
an be analyzed by using some results of theArnold theory of singularities (of the inverse map), here in the real domain [10℄. Thedeformations of the w = xm singularity are des
ribed by adding the polynomials p(x),w! w+p(x), and should be identi�ed modulo reparametrizations x! x+q(x); theyform the ring, Q = p(x)=(q(x)dw=dx) = f1; x; x2; : : : ; xm�2g of dimension (m�1) [9℄.This mat
hes the number of relevant �elds of the most unstable Virasoro boundary(see Se
tion 1.1), plus one for the identity �eld. Thus, we asso
iate this boundary withthe most degenerate stationary point of (2.13) for Vb = 0. Note that the redundantperturbation xm�1 is dis
arded (as in the Ising 
ase), and there are no boundarystates of higher 
riti
ality than that in the bulk.The other 
onformal boundaries are related to the less degenerate stationary points.The polynomial w = xm+ p(x) has at most m� 1 su
h points: let us �rst take themto be all distin
t on the real line, where they 
an be ordered by numbering themfrom 1 to m � 1. These points 
an be moved upon varying the parameters in w; apair of neighbor points 
an meet to form a degenerate stationary point, and furtherdeformations move them into the 
omplex plane, i.e. they disappear in pairs; there areno ex
hanges of singularities in the real 
ase, thus ordering always hold. Therefore, we
an 
ount, besides them�1 simple stationary points,m�2 on
e degenerate ones,m�3two-fold degenerate ones and so forth, till the unique (m� 2)-fold degenerate point.This is pre
isely the pattern of RG instability of the Virasoro 
onformal boundaries(Figure 3), be
ause the (n�1)-fold degenerate point (merging of n stationary points)has n � 1 unfolding parameters | the relative distan
es between the points. Notethat this des
ription of the stationary points on the real line is stable under smoothreparametrizations of x, that 
an move the points but 
annot 
hange the order of thesingularities.The pattern of stationary points 
an be visualized by using Dynkin diagrams. InArnold's theory, the singularity w = xm is asso
iated to the Am�1 diagram (Figure5): the ordered m � 1 points 
an be drawn on the real line representing the non-degenerate stationary points of w; two points joined by a segment 
an represent aon
e degenerate point, further joining gives the higher degenerate points, up to thefull diagram representing the highest degenerate point.Further support for this des
ription of Virasoro boundaries is provided by theidenti�
ation of the relevant �elds of the most unstable boundary and their paritysymmetry. Let us take the m = 6 
ase for example (Figure 3). The most unstableboundary state (r; s) = (3; 3) is represented here by the most degenerate solution ofthe stationary equation (2.13), namely '5o = 0 for Vb = 0. The deformations of this13
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(f)Figure 5: Am�1 Dynkin diagram and asso
iated subdiagrams for m = 4, the Tri
rit-i
al Ising model. The labels of the 
onformal boundaries are reported next to thediagrams.singularity are parametrized by the terms in the boundary potential Vb: '0; '20; '30; '40.On the other hand, the relevant boundary 
onformal �elds are listed in the partitionfun
tion Z(3;3)j(3;3) (1.1): they are on the �rst two diagonals of the Ka
 table, oneevery se
ond �eld: �(3;3), �(5;5), and �(3;2), �(5;4). The mat
hing of the �elds in thetwo des
riptions is shown in Figure 6. The Z2 symmetry of the 
onformal �eldswas dis
ussed in Se
tion 1.1, Eqs. (1.6,1.7), and is found to agree with that of
orresponding LG �eld powers.In the m-th minimal model, the identi�
ation of the relevant �elds for the mostunstable boundary state, (r; s) = (m=2;m=2), for m even (resp. (r; s) = ((m �1)=2; (m + 1)=2), for m odd), is:m even : 'k0 � �2k+1;2k+1 k = 0; 1; : : : ; m�22 ;'(m�2)=2+k0 � �2k+1;2k k = 1; 2; : : : ; m�22 ;m odd : 'k0 � �2k+1;2k+1 k = 0; 1; : : : ; m�32 ;'(m�1)=2+k0 � �2k+2;2k+1 k = 0; 1; : : : ; m�32 : (2.15)The identi�
ation of the relevant �elds of the other boundaries is more subtle andwill be dis
ussed for spe
i�
 
ases in the next Se
tion.In the rest of this Se
tion, we show how to 
ompute the ground state �eld pro�le atbulk 
riti
ality and its 
lassi
al a
tion (free energy) for ea
h solution of the algebrai
equation (2.13). The pro�le is obtained from Eq.(2.9) with 
riti
al bulk potential(2.2) (� = 1=2): 'sol(x) = � [(m� 2) (x+ C)℄�1=(m�2) : (2.16)The integration 
onstant C should be positive in order to avoid singularities at �nitex > 0. Furthermore, we should 
hoose the bran
h that monotoni
ally approa
hes' = 0 for x ! +1: this relates the sign of the boundary �eld value, 'o = 'sol(0),with that of the boundary derivative, as follows:0 > 'o �'sol�x ����0 = 'o �Vb�'o = � 'mo : (2.17)14
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Figure 6: LG des
ription of the relevant �elds for the most unstable boundary (r; s) =(3; 3) of the m = 6 model.Here we used both equations (2.10) to determine the sign of the derivative.Equation (2.17) �xes the free sign in Eq.(2.13) to be (�) for m even, and (�) for'o > 0 (resp. (+) for 'o < 0) for m odd. The fun
tionW is thus 
ompletely spe
i�ed:W = Z 'o0 d'p2V
rit + Vb = 'mom + am�3 'm�2om� 2 + � � � + a0 'o ; (m even);W = Z 'o0 d' ���p2V
rit���+ Vb = ����'mom ����+ am�3 'm�2om� 2 + � � � + a0 'o ; (m odd):(2.18)The redu
tion of the boundary problem to the stationary 
ondition for W is notsurprising, be
ause this quantity is a
tually proportional to the 
lassi
al a
tion eval-uated on the soliton solution. Indeed, following the standard steps for 
omputing thesoliton energy, we �nd:S ['sol℄ = T E ['sol℄ + T Vb ('o)= T Z 10 dx (�x'sol)2 + T Vb ('o) = T W ('o) : (2.19)Note that the soliton energy 
an be written as a boundary term of the same type asthe 
ontribution from the boundary potential.The o

urren
e of the non-analyti
 modulus fun
tion inW ('o) form odd, Eq.(2.18),might seem to spoil the reparametrization invarian
e advo
ated in the study of itsstationary points: 'o = 0 is a spe
ial point on the line, and it breaks translationinvarian
e that is part of the reparametrization group. As a 
onsequen
e, the 
riti
al15



points would be 
hara
terized by their degenera
ies and relative positions, as well asby their positions with respe
t to 'o = 0. A
tually, this is not the 
ase: for odd m,the stationary equations for W ('o) amount to a pair of reparametrization-invariantproblems,I : 0 = + 'm�1o + am�3 'm�3o + � � � + a1 'o + a0 ; 'o > 0 ;II : 0 = � 'm�1o + am�3 'm�3o + � � � + a1 'o + a0 ; 'o < 0 ; (m odd):(2.20)to be 
ombined together with the '0 restri
tion. Ea
h equation allows the identi�
a-tion of the solutions with the boundaries a

ording to the reparametrization-invariantrules dis
ussed before; moreover, the se
ond equation is equal to the �rst one at there
e
ted point (�a1; : : : ;�am�2) of the parameter spa
e. Thus, we 
an study a singleequation at ea
h point (a1; : : : ; am�2), say Eq. I, �rst identify the solutions to theboundaries, then keep the positive solutions 'o > 0, and get the negative ones fromthe re
e
ted point. As the examples of the next Se
tion will 
larify, the re
e
tionof points by the origin in the parameter spa
e (a1; : : : ; am�2) will make it di�erentfrom the moduli spa
e of Am�1 singularities, but nonetheless the singularities remainwell identi�ed: ambiguities 
an only arise for the solution 'o = 0, but they 
an beresolved by relying on 
ontinuity from 'o = 0+ and 'o = 0�.3 Boundary renormalization group 
owsWe have seen that the most unstable boundary is represented by the stationary point�W=�'o = 'm�1o = 0 in Eq.(2.13), i.e. by vanishing boundary potential. The RG
ows from this point are des
ribed by swit
hing on the terms in Vb: it results intoone or several stationary points of lower degenera
y, whose nature depends on theparameters (a1; : : : ; am�2). One (or some) of these new stationary points will beidenti�ed with the boundary at the infrared point of the RG 
ow. Further detuning ofthe latter 
an 
ontinue the 
ow until the stable boundaries (non-degenerate stationarypoints of W ) are rea
hed. Therefore, the boundary RG 
ows are 
ertain motions inthe Rm�2 moduli spa
es of deformations of Arnold's singularities.3.1 Sele
tion ruleBefore entering into the detailed analysis of some examples of these spa
es, we 
anderive a sele
tion rule for the 
ows. In the LG pi
ture, a degenerate singular pointis made by 
ollapsing neighbor points of lower singularity; these break apart by theopposite move of detuning, 
orresponding to the RG 
ow. We 
an represent thedetuning in terms of the breaking of the Dynkin diagram asso
iated to the singular16



point. First des
ribe the diagrams by the 
oordinates of their ending points, (n1; n2),1 � n1 � n2 � m � 1; let (n1; n2) be the diagram of the UV boundary, and let us
onsider the RG 
ow ending into a superposition of IR boundaries, whose diagramshave 
oordinates �m(�)1 ;m(�)2 � for some � values. The breaking of the UV Dynkindiagram into proper sub-diagrams imply the following bounds on the 
oordinates ofthe IR diagrams:(n1; n2) �! M� �m(�)1 ;m(�)2 � ; n1 � m(�)1 � m(�)2 � n2 : (3.1)This sele
tion rule implies that the boundary RG 
ows form nested patterns.We 
an use this rule to identify the 
onformal boundaries one-to-one with theDynkin diagrams, i.e. relate the indexes (n1; n2) to the Ka
 labels (r; s) of the bound-aries. The (m� 1) stable boundaries (r; 1), r = 1; : : : ;m� 1, are naturally ordered inr � height (also 
on�rmed by theZ2 a
tion r! m�r), as mu
h as the non-degeneratestationary points on the real line: thus, n1 = n2 = r for s = 1. The unstable bound-aries 
an be lo
alized by using their RG 
ows to superpositions of stable boundariesunder the �(1;3) perturbationx, that has been dis
ussed in the Refs.[18, 13, 19℄:(r; s) + �(1;3) �! min(r;s)M̀=1 (r + s+ 1 � 2`; 1) ;(r; s) � �(1;3) �! min(r;s�1)M̀=1 (r + s� 2`; 1) : (3.2)In these 
ows the UV Dynkin diagram gets broken into its smaller pie
es, the points,that all o

ur on
e. Using the 
ow sele
tion rule, the position of the UV diagram istied to that of its points, whose Ka
 indexes where already identi�ed.The result of the mat
hing is, for boundaries with even number of relevant �elds(1 � n1 � n2 � m� 1):s = n2 � n12 + 1 ; r = n2 + n12 ; (s � r � m� s) ; (3.3)and for an odd number of relevant �elds,s = n2 � n1 + 12 ; r = n2 + n1 + 12 ; (r < s < m+ 1� r) : (3.4)In Ref.[19℄, a similar des
ription of the 
onformal boundaries in terms of Dynkin di-agrams has been proposed, that is based on the relation between CFT and latti
eintegrable models [12℄. The m-th Virasoro model was a
tually related to the AmxThe following formulae do not respe
t the re
e
tion symmetry of the Ka
 table, and thus stri
tlyhold for r; s� m. 17



Dynkin diagram, rather than the Am�1 one 
onsidered here: however, the two dia-grams are related by the latti
e \duality", mapping the points of the Am�1 diagramto the bonds of the Am one. After duality, one �nds that the two proposed iden-ti�
ations diagrams-boundaries agree 
ompletely. In Ref. [19℄, the sele
tion rule ofbreaking the diagrams was already observed in some examples of perturbative RG
ows (m!1): our results generalize these �ndings.Moreover, the opposite move of joining diagrams were also observed in Ref.[19℄ for
ows starting from superpositions of Cardy states, for example (in diagram 
oordi-nates):(n� 2; n� 1) � (n; n+ 1) �! (n� 2; n + 1) ; (n� m!1): (3.5)Further 
ows from that IR point anyhow 
orresponded to splittings, e.g.(n�2; n+1) �! (n�2; n�1) � (n+1; n+1) �! (n�1; n�1) � (n+1; n+1) : (3.6)In the 
ows (3.5) the two UV diagrams are joined by adding a bond between neighborpoints: this amounts to a deformation of W bringing two stationary points together;su
h �ne-tunings are forbidden for 
riti
al phenomena, but allowed for �rst-orderphase transitions. Therefore, these 
ows are likely to be weak �rst-order transitions,not distinguishable from se
ond order in the perturbative regime, that are driven bythe se
ond identity �eld present in the UV superposition of boundaries.Let us �nally mention another labelling of boundary states by pairs of Dynkindiagrams. In Ref.[3℄, the boundary states of the Virasoro minimal models have been
ompletely 
lassi�ed: for any model 
hara
terized by the pair of diagrams (Ah�1; Gn),with G = A;D;E, the boundary states are labelled by the indexes (r; a), denoting thenodes of the respe
tive diagrams in the pair{, r = 1; : : : ; h � 1 and a = 1; : : : ; n. Inthe (A;A) series 
onsidered so far, the boundaries are asso
iated to the nodes of oneA diagram and have an extra number atta
hed to it (for the other diagram), whilewe used both nodes and bonds of a single diagram.{For the diagramsG = A;Dodd; E6 presenting aZ2 re
e
tion symmetry, a! 
(a), the boundariesshould be identi�ed in pairs, (r; a) � (h� r; 
(a)) .
18



3.2 Renormalization group spa
es versus moduli spa
es ofAm�1 singularities3.2.1 Tri
riti
al Ising model and A3 spa
eThe algebrai
 equation for the LG boundary 
ondition (2.13) 
orresponds to thedeformations of the A3 singularity (m = 4),0 = �W�x = x3 � a x + b : (3.7)This gives rise to the two-dimensional parameter spa
e (a; b) shown in Figure 7. Theparameter a is parity even, while b is odd; the two-fold degenerate stationary pointsits at the origin and the on
e degenerate points live on the wings of the 
usp,�b2�2 = �a3�3 ; xIo = �2�a3�1=2 ; xIIo = �a3�1=2 ; (3.8)where xIo and xIIo denote the positions of the non-degenerate and degenerate stationarypoints, respe
tively. Three non-degenerate solutions exists to the right of the wingsand one to the left. It may be useful to s
hemati
ally draw the shape of the freeenergy S('o) = T W ('0) in ea
h region of the (a; b) plane. The stationary pointsof W 
an be identi�ed with the Tri
riti
al Ising 
onformal boundaries by using therules in Figure 5 and paying attention to the 
ontinuity of solutions w.r.t. parameter
hanges (see Figure 7).
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Figure 7: LG des
ription of the boundary RG 
ows in the Tri
riti
al Ising model.Let us start by dis
ussing the deformations of the most unstable boundary (f) and
ompare them with the known RG 
ows summarized in Figure 2. The parity-odd19




ows, (f) � �1;2 �! (�) ; (3.9)mat
h the deformation to a single non-degenerate 
riti
al point made by the b term,�W=�x = x3 + b = 0.The parity even 
ows,(f) � �1;3 �! (0) ; (f) + �1;3 �! (+)� (�) : (3.10)
orrespond to the even a deformation, x3 � ax = 0. A
tually, for a > 0 all threestable stationary points appear and we should understand whi
h ones are 
hosen forthe IR �xed point.Here, we should remark an important di�eren
e with respe
t to the usual mean�eld theories [15℄. In the presen
e of spontaneous symmetry breaking, the poten-tial barriers separating the di�erent stationary points get renormalized to in�nityby volume e�e
ts, su
h that any minimum of the potential 
orresponds to a stableground state. In the present 
ase of absen
e of spontaneous symmetry breaking, thetunnelling barriers remain �nite and thus none of the minima (and maxima) of thee�e
tive a
tion are stable at the semi-
lassi
al level. One stationary point 
an only besingled out by tuning some of the parameters of W to in�nity: therefore, the IR �xedpoints of the RG 
ow should be found at in�nity in the (a; b) parameter spa
e, takinglimits along 
ertain 
urves while sele
ting spe
i�
 stationary points. Su
h limits alsosend 'o !1 (with spe
i�
 speed) in agreement with 
onformal invarian
e.The identi�
ation of the 
onformal boundaries (�xed points) with the stationarypoints of W reported in Figure 7 indeed holds for asymptoti
 values of the (a; b)parameters. It is thus 
onsistent to mat
h the unique stationary point on the leftof the wings to three di�erent boundaries, namely (+); (0); (�), in the respe
tiveasymptoti
 regions: (a; b) = (�1;�1); (�1; 0); (�1+1).In 
on
lusion, the se
ond RG 
ow in Eq.(3.10) is obtained by letting a ! +1and sitting on the degenerate pair of minima (+); (�). The superposition of Cardyboundaries survives the IR limit be
ause the Z2 symmetry is preserved at all stages.The plot of W along the wing b > 0 shows a degenerate stationary point 
orre-sponding to (0+) and the stable minimum (�). The mixed 
ow,(f) + � �1;2 + � �1;3 �! (0+) ; (3.11)is thus reprodu
ed by going to in�nity along the wing while sitting on x = xIIo (a; b)of W . These examples show that the LG des
ription of the 
ows involves both a
hoi
e of deformation parameters, su
h as (a; b), and a 
hoi
e of ground state; thus,the deformation parameters 
an be related to the 
oupling 
onstants of the perturbedCFT, su
h as �; �, but ea
h 
ow requires spe
i�
 identi�
ations.20



We now perform the limit a; b ! 1 on the wing b > 0 for des
ribing the further
ows: (0+) + 
 �1;3 �! (0) ; (0+) � 
 �1;3 �! (+) : (3.12)Using parameters that blow up the region around the wing,b = 2�a3�3=2 +eb ; x = �a3�1=2 + ex ; a� ex;eb ; (3.13)we �nd: W (x) = 
onst: + ex44 + �a3�1=2 ex3 + eb ex : (3.14)In the limit a ! 1, we 
an negle
t the highest power, redu
ing the problem to thedeformation of the A2 singularity ex3 = 0 already dis
ussed in the Ising 
ase. However,we should pay attention to the 
onvexity of the s
aled free energy, fW � ex3 + ebex, atlarge ex: we 
an take the limit ex! +1, but not to �1. We 
an 
ure this problemby further translating ex for eb < 0, su
h that one of the two stable stationary pointsalways sits at ex = 0 (the (0) boundary) and the other one (+) is at exo > 0.3.2.2 Tetra
riti
al model and the \swallow tail" singularityThe stationary equations (2.20) for the m = 5 LG theory are:I : 0 = +'4o + a2 '2o + a1 'o + a0 ; 'o > 0 ;II : 0 = �'4o + a2 '2o + a1 'o + a0 ; 'o < 0 : (3.15)We shall �rst dis
uss the parameter spa
e of the A4 singularity,0 = x4 + a x2 + b x+ 
 ; (3.16)and later implement the extra 
onditions in (3.15). The A4 parameter spa
e is drawnin Figure 8, together with the Dynkin diagrams asso
iated to the singularities in allthe regions. For a > 0 a surfa
e roughly orthogonal to the 
 axis divides the regionswith two and no singular points, respe
tively. The �gure is symmetri
 with respe
tto the plane b = 0. For a < 0 the surfa
e folds in a way similar to the tail of theswallow and 
reates a three-sided wedge with the tip at the origin of the axis; theregion inside the wedge 
ontains four non-degenerate singularities. The two loweredges of the wedge, with equations,b2 = ��2a3 �3=2 ; 
 = �a212 ; (a < 0) ; (3.17)extend in the region 
 < 0; a < 0, and lo
ate the two-fold degenerate singularities;the three surfa
es of the wedge 
ontain a on
e degenerate singularity and two non-degenerate ones. On the 
urve at the pin
hing of the surfa
e, there are two on
edegenerate singularities, one of whi
h disappears in the surfa
es above the pin
hing.21
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Figure 8: A4 parameter spa
e: the Dynkin sub-diagrams of the singularities are drawnin ea
h region; open dots indi
ate the missing (
omplex) roots and are reported forlo
ating the sub-diagrams w.r.t. the A4 diagram.The nature of the stationary points 
an be unambiguously identi�ed in all theregions of the parameter spa
e; besides their Dynkin diagram, let us 
hara
terize thepoints by the following names:(4) ; (3�) ; (3+) ; (2�) ; (2) ; (2+) ; (1=) ; (1�) ; (1+) ; (1++) ; (3.18)where the number denotes the degree of degenera
y plus one, and the plus and minusesthe ordering of the points on the real line.Let us pro
eed to mapping the solutions of equation (3.16) with those of (3.15).First we remark that the re
e
tion 
ondition form odd (2.20) implies that the physi
alparameters in Vb have oppositeZ2 parities than those of theA4 singularity: a1 is parityinvariant, while a2 and a0 are partially and 
ompletely parity breaking, respe
tively;on the other hand, looking to the Eq.(3.16) we see that the a and 
 deformations areeven and the b one is odd. 22
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Figure 9: 
 = 0 plane of the A4 parameter spa
e, with identi�
ation of the singularitiesusing 
ontinuity from the neighbor regions 
 = 0+ and 
 = 0�.The 
ow obtained by swit
hing on the parameters a2; a1; a0 in Vb is found by solvingthe system (3.15) as follows: we 
onsider the A4 singularities (3.16) at the same point,(a2; a1; a0) = (a; b; 
), sele
t the positive solutions, 'o = xo > 0, and dis
ard thenegative ones; then, we 
onsider the re
e
ted point, (a2; a1; a0) = (�a;�b;�
), andtake the negative solutions of (3.16). For example, 
onsider the �1;3 
ow dis
ussedearlier, Eq. (3.2) [18℄:(4) + �1;3 �! (1�) � (1++) ; (4) � �1;3 �! (1=) � (1+) : (3.19)It is reprodu
ed by moving along the a-axis inside the wedge, a2 = a < 0, a1 = b = 0,a0 = 
 = 0+: the positive singularities (1+); (1++) are kept and the negative ones,(1=); (1�), are negle
ted; instead, from the re
e
ted point a = �a2 > 0; b = �a1 =0; 
 = �a0 = 0�, (1�) is taken and (1+) dis
arded. The superposition of IR boundariesin the �rst of Eqs. (3.19) is then reprodu
ed: (1++) and (1�) 
orrespond to two minimaof W that 
an be tuned to the same height.The solutions involving 'o = 0 lay on the 
 = 0 plane and need a detailed dis-
ussion. The spe
ialization of the A4 parameter spa
e (Figure 8) to the 
 = 0 planeis drawn in Figure 9. The stationary points of W are identi�ed with the 
onformalboundaries using 
ontinuity from the regions 
 = 0+ and 
 = 0�: the underlinedsymbols 
orrespond to the solution 'o = 0. One ambiguity o

urs near the b axis,where the vanishing solution indi
ated by (1) is the limit of (1+) from 
 = 0+ andof (1�) from 
 = 0�: it 
an be interpreted as one of the two 
ases or as their parityinvariant 
ombination (1+)� (1�). 23



a1a2 1�1=1�1++ 1=2 1=1�1+2�1+1=1�1++1=1�1++ 1�2 1++1=1+1++ 1�1+1++ 1�2+Figure 10: RG 
ow spa
e of the Tetra
riti
al Ising model for a0 = 0: it has beenobtained from Figure 9 by re
e
ting the negative solutions as explained in the text;the boundary (1+)� (1�) is indi
ated by (1�).This ambiguity is resolved after re
e
tion of the negative solutions, as required byEq. (3.15), leading to Figure 10. On the a1 axis, 
orresponding to W = j'5o=5j +a1'2o=2, one should take the parity invariant 
ombination, (1) � (1+)�(1�), and in theneighbor regions as well. Inside the wings, the identi�
ation is di�erent, (1) � (1+)or (1) � (1�), by 
omparing with the re
e
ted solutions. In 
on
lusion, the analysisof the A4 theory 
on�rms that the potential ambiguities in the interpretation of the'o = 0 solution 
an be resolved by using 
ontinuity arguments.3.3 Remarks on the (A,D) and (A,E) seriesThe Landau-Ginzburg des
ription of the bulk Virasoro models in the (A,D) and (A,E)series has been dis
ussed in the Refs.[8℄[17℄. The best known example is the three-state Potts model (A4;D4) for m = 5, that has been des
ribed by a two-
omponents
alar theory with Z3-symmetri
 potential:V
rit ('1; '2) = � Re ('1 + i '2)3 : (3.20)The �ve relevant �elds of the Potts model, �; �; ";  ;  , have been identi�ed as follows:� = '1 + i '2 ; " = '21 + '22 ;  = ('1 + i'2) �'21 + '22� ; (3.21)where the �rst and third �elds are 
omplex and the se
ond one is real. On theother hand, there are three deformations modulo reparametrizations of the Arnold24



D4 singularity, with real parameters a; b; 
:W = x3 � 3 x y2 + a x + b y + 
 �x2 + y2� : (3.22)A
tually, after the identi�
ation ('1 � x; '2 � y), the fermion �elds  ,  
orre-sponds to deformations of W under reparametrizations of the (x; y) plane, of theform �W=�x f + �W=�y g. Note also that the s
aling dimension of  is two, i.e. it ismarginal at the 
lassi
al level, but it be
omes relevant at the quantum level due theextra anomalous dimension a
quired by 
omposite �elds.In 
on
lusions, the quantum theory of the Potts model possesses more relevant�elds that those o

urring in the semi
lassi
al LG theory, thus signaling a violationof reparametrization invarian
e. The LG 
lassi
al theory is only exa
t in the super-symmetri
 
ase [9℄, where also 
omposite �elds do not a
quire extra anomalous dimen-sions. These renormalization e�e
ts are also present in the other non-supersymmetri
(A,D) and (A,E) Virasoro models that presents roughly twi
e relevant �elds thanthose found from the reparametrization-invariant deformations of the LG potentialk.It turns out that the bulk LG des
ription is nevertheless useful for des
ribing theCFT results on �eld symmetries and fusion rules [17℄.On the 
ontrary, the LG des
ription of boundary states in this paper is tied tothe hypothesis of reparametrization invarian
e of deformations of Arnold's singular-ities and is a�e
ted by the mismat
h in the set of relevant �elds. The Potts modelboundaries are des
ribed in Appendix A: the deformations of the D4 singularity doreprodu
e all boundary states of the model, but their degree of instability is lower,la
king the pair of the relevant deformations 
orresponding to  ; . The resulting re-du
ed, three-dimensional spa
e of boundary RG 
ows is nevertheless 
onsistent withthe known results from CFT and integrable models [30℄.4 N=2 supersymmetri
 Landau-Ginzburg theoryand minimal modelsThe minimalmodels of N=2 super
onformal symmetry have re
eived a lot of attentionover the years due to their relevan
e for String Theory model building [31℄ (for a reviewsee [32℄). In the last few years, the allowed supersymmetri
 boundary 
onditions havebeen found [33℄ and several papers have investigated their geometri
 interpretation[34℄ [35℄. As shown in the paper by Hori, Vafa and Iqbal [16℄, the Landau-Ginzburgtheory 
an provide an interesting geometri
al des
ription of the boundary 
onditions,kThe dimensions of the ring of deformations 
an be 
omputed in all 
ases by using a formulagiven in Ref.[28℄. 25



building on the ri
h mathemati
al properties of the bulk theory already establishedin Ref. [36℄. After introdu
ing these results, we shall show that our LG des
riptionof the N=0 boundary 
onditions 
an be extended to the supersymmetri
 
ase, whereit is found to be equivalent to the Hori et al. analysis. We shall then 
on
lude withsome observations on the supersymmetri
 boundary RG 
ows that are quite di�erentfrom the N=0 
ase.4.1 Introdu
tion: BPS solitons and A-type boundary 
ondi-tionsThe N=2 minimal 
onformal �eld theories 
an be realized by the 
oset\SU(2)k=[U(1)4
[U(1)2k+4, with 
entral 
harge 
 = 3k=(k + 2), k = 1; 2; : : :. Their bulk se
tors arelabelled by the triples (`;m; s), with m modulo 2(k + 2) and s modulo 4, subje
tedto one identi�
ation and one 
ondition,` = 0; 1; : : : ; k ; m = �k � 1; : : : ; k + 2 ; s = �1; 0; 1; 2 ;(`;m; s) � (k � `;m+ k + 2; s + 2) ;` +m+ s = 0 mod 2 ; (4.1)su
h that there are (k + 2)(k + 1) states both in the Neveu-S
hwarz (NS) (s = 0; 2)and in the Ramond (R) (s = 1;�1) se
tors. The dimensions and U(1) 
harges of thesuper
onformal �elds are:hm̀;s = `(` + 2)�m24(k + 2) + s28 + Z; qm̀;s = mk + 2 � s2 + 2 Z: (4.2)Ea
h minimal model is 
hara
terized by a single A-D-E Dynkin diagram: we shallonly deal with the simplest models of the A series that 
ontains all the bulk se
torson
e.The N=2 supersymmetry is generated by the four super
urrents G�; G� whosezero modes are the super
harges Q�; Q�. The boundary 
onditions 
an respe
t N=2supersymmetry in two di�erent ways, 
alled (A) and (B) types, 
orresponding to thefollowing linear 
ombinations:(A) : Q = Q+ + � Q� ; Qy = Q� + � Q+ ; � = �1 ;(B) : Q = Q+ + � Q� ; Qy = Q+ + � Q� ; (4.3)these amount to real and holomorphi
 identi�
ations of the in�nitesimal supersym-metri
 parameters, (A): "� = �"+ and (B): "� = ��"+, respe
tively. The signs� = �1; 1 pertain to the NS and R se
tors, respe
tively.26



The (A)-type boundary states 
an be interpreted as D1 branes and the (B)-typeones 
an be either D2 or D0 branes [33℄[35℄. The (A)-type boundary states weredes
ribed by Hori et al. [16℄ in terms of the BPS solitons of the LG theory�. In the
onformal theory, the (A) boundaries are (generalized) Cardy states and are labelledby the same quantum numbers (`;m; s) of the bulk se
tors. The basi
 generators ofthe Zk+2 and Z2 symmetries of the theory a
t on these states by shifting m! m+ 2and s ! s+ 2, respe
tively. Owing to the symmetries of their labels, the boundarystates of the Ramond se
tor, s = �1, 
an be asso
iated to the following diagrams:draw a regular polygon with k + 2 verti
es, zn = exp(i2�n=(k + 2)), inside the unit
ir
le; the oriented sides and all the 
hords of the polygon, between pairs of verti
es(n1; n2) mod k+2, represent the (k+2)(k+1) boundaries a

ording to the followingidenti�
ationy, ` + 1 = jn2 � n1j ; 0 � n1; n2 � k + 1 ;m = n1 + n2 ;s = sign(n2 � n1) ;g`;m;s = g` / sin �(`+ 1)k + 2 : (4.4)Note that the boundary entropy g`;m;s is proportional to the length of the 
hords. Weremark that the interplay with the N=0 models is through m � k + 2: indeed, the(n1; n2) labelling of Dynkin (sub)-diagrams proposed for the N=0 boundary states inSe
tion 3 (Figure 5) be
omes equal to that of the N=2 boundary states (4.4) uponrepla
ing the Ak+1 Dynkin diagram with that of the 
orresponding aÆne Lie algebrabA(1)k+1, whi
h 
ontains one extra point and two bonds to 
lose the 
hain into a polygon.The bulk N=2 Landau Ginzburg theory is des
ribed by the a
tion [16℄:S = Z d2x �d2� d2� K ��;�� + Z d2� W (�) + Z d2� W ���� ; (4.5)where W is the holomorphi
 superpotential and the K�ahler potential is quadrati
 inthe 
hiral �eld � at the UV point, K ��;�� = ��. The theory with superpotentialgiven by the (
omplex) A-D-E polynomial is known to 
ow to the 
orresponding A-D-E minimal model [9℄: for the k-th model in the A series, one should 
onsider asingle 
hiral �eld and the polynomial of the Ak+1 singularity:W
rit = � �k+2 : (4.6)As originally dis
ussed in Ref.[28℄, the powers �`, ` = 0; 1; : : : ; k; generate the ringof deformations of the singularity and 
orrespond to the 
hiral �elds of the N=2�The D2 branes have also been des
ribed in the LG theory by adding degrees of freedom at theboundary [37℄.yA drawing with 2k+4 points on the 
ir
le 
an also be used to represent both NS and R boundaries[35℄. 27



algebra, (`;m; s) = (`; `; 0), the spe
ial �elds with s
aling dimensions proportionalto the 
harge that obey a non-singular operator-produ
t algebra; their 
lassi
al LGdimensions h = `=(k + 2) do not get renormalized.The bulk LG theory with non-
riti
al W possesses non-trivial solutions that areBPS solitons preserving half of the supersymmetry [36℄: upon expanding the super-�eld � = �+� + � � �, the energy of a soliton extending between two stationary pointsof the potential, W(a) and W(b), 
an be written,E = 12 Z dx��x� �x� + �W�� �W�� � == 12 Z dx��x�� !�W�� ���x�� !�W�� � + Re [! W (�)℄ba ; (4.7)with ! a 
onstant phase. The vanishing of the �rst term in the energy gives thesoliton equation, that possesses the �rst integral:Im[! W (�)℄ = 
onst: : (4.8)Therefore, the soliton are straight lines in the 
omplex W plane 
onne
ting the twostationary pointsW(a) andW(b), with slope Arg(!) = Arg (W(b)�W(a)); along theline, the energy Re [! W (�)℄ is monotoni
ally in
reasing (or de
reasing). The type ofsupersymmetry preserved by the soliton 
an be found by expressing the super
hargesin terms of the LG �elds [16℄; the result is that the stati
 solitons with ! = �i yieldthe invariant states:�x� = � i �W�� $ QjBPSi = QyjBPSi = 0 : (4.9)The supersymmetri
 
harges Q and Qy are a
tually the same 
ombinations (4.3)earlier 
onsidered for the (A)-type boundary 
onditionsz.The results of the Refs. [16℄[38℄ have shown that this relation between solitons and(A)-type boundary 
onditions is indeed general. For the theory de�ned on the halfspa
e (t; x > 0), the state 
onditions (4.9) 
an be read as 
onditions for the boundarystates at x = 0 in the formulation in whi
h spa
e and time are inter
hanged, i.e.evolution takes pla
e in x. By rotating ba
k to the ordinary setting, one �nds:(A)� type b: 
: : �t� = � �W�� $ ImW(�) = 
onst: : (4.10)Therefore, the (A)-type D1 brane is a 
urve 
 in the 
omplex � plane whi
h obeys thissoliton equation and is 
hara
terized by a 
onstant value of the imaginary part of thezThe most general (A) and (B) boundary 
onditions 
an also 
ontain a free phase but this shouldbe 
onventionally �xed on
e for all in de�ning the boundary theory.28



superpotentialx. The 
areful analysis of the supersymmetri
 variation of the LG a
tion(4.5) on half spa
e has been 
arried out in Ref.[38℄, in
luding all the supersymmetri

onsisten
y 
onditions; the result is the boundary term,ÆSusy(A)S / Z
 dt �t (ImW(�)) ; (4.11)that indeed vanishes on the same type of 
urves.Another 
ondition for the boundary 
urves 
 is that they should start and end att�1 into a stationary point � = a of W: these instantoni
 
on�gurations give riseto the 
orre
t value of the Witten index [16℄. As a 
onsequen
e, the (A) boundaries
an be depi
ted in the W plane as straight half-lines parallel to the real axis, thatstart from a stationary point W(a) and go to +1 not 
rossing any other stationarypoint by assumption (Figure 11):
a : ImW(�) = ImW(a) ; ReW(�) > ReW(a) : (4.12)Sin
e a soliton 
onne
ts two stationary points, these 
urves are topologi
ally equiv-alent to half-solitons and are 
alled vanishing 
y
les [36℄: the interse
tion number oftwo vanishing 
y
les 
ounts the number (with sign) of solitons that 
an extend be-tween the 
orresponding stationary points and the Pi
ard-Lefshetz theory des
ribeshow this number 
hanges under monodromy transformations of the 
y
les in the
omplexW plane [16℄.4.2 Landau-Ginzburg des
riptions of A-type super
onformalboundary 
onditionsIn order to visualize the D1 brane in �eld spa
e, i.e. the vanishing 
y
le, we shouldinvert the relation between W and � in (4.12). Let us 
onsider the theory withnon-
riti
al potential W = �4=4 � �� for de�niteness: at ReW = +1, there arefour solutions 
orresponding to the rays � = � exp(ik�=2), k = 0; : : : ; 3; from theseasymptotes, four 
urves 
ome to �nite values of � (Figure 12). On the other hand,around one stationary point, say a1, the relation is quadrati
, Re(W(�)�W(a1)) �Re(W 00 (� � a1)2=2). Therefore, the vanishing 
y
le is the 
urve made by the twobran
hes starting from � = a1 and approa
hing two of the four asymptotes; it is
hara
terized by the pair of numbers (n1; n2) mod k + 2 labelling its asymptotes(n1 6= n2). Two further vanishing 
y
les 
orrespond to the other stationary points ofW in Figure 12.xFor theories with more than one 
hiral �eld, the general result is that the boundary is a (middle-dimensional) Lagrangian sub-manifold of the target spa
e for whi
h ImW=
onst. [16℄.29
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ImW
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Figure 11: Vanishing 
y
les of the massive �4 LG theory in the W plane.We may 
onsider a general massive deformation of the Ak+1 model, W = �k+2 +� � �, showing k + 1 distin
t stationary points, fa1; : : : ; ak+1g; if ReW(a1) < � � � <ReW(ak+1), their vanishing 
y
les will not interse
t in the W plane and thus theywill not do either in the � plane. Therefore, this massive theory possesses k + 1(A)-type boundaries, ea
h one 
hara
terized by a pair of asymptote numbers. In thebulk 
riti
al limit, e.g. � ! 0, all these boundary 
onditions remain present, their
urves sti
k to the asymptotes and be
ome non-smooth at � = 0. Moreover, di�erentmassive deformations may produ
e di�erent set of vanishing 
y
les and their unionprodu
es all the (k + 2)(k + 1) boundaries that exist in the super
onformal theory,being all the pairs of distin
t k + 2 asymptotes.This is the LG des
ription of super
onformal boundary 
onditions found by Horiet al. [16℄: indeed, the 
urves have lost any 
hara
terization of the original massivetheory and are just labelled by the universal data of the asymptote numbers (n1; n2).Sin
e the k+2 asymptotes mat
h one-to-one the verti
es of the regular polygon drawnbefore, the numbers (n1; n2) 
an be identi�ed with the same labels used in (4.4) torepresent the CFT boundaries in the Ramond se
tor. In this framework, Hori etal. 
ould identify the Witten index, namely the overlap of two RR boundary states,with the interse
tion number of the 
orresponding vanishing 
y
les, and 
ould also
ompute other CFT quantities from path-integral expressions in the LG theory.We now present a slightly improved des
ription of the A-type boundaries by ex-tending the N=0 approa
h of Se
tion 2 and 3. As shown in the Refs.[38℄, a analyti
,30
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Figure 12: Vanishing 
y
les in the � plane for the LG theory with superpotentialW = �4=4���. Ea
h 
y
le 
ontains one stationary point ai of W and interse
ts thedotted lines either on
e, �o, or twi
e, �o1; �o2.polynomial boundary potential Vb(�) 
an be 
onsistently added to the supersymmet-ri
 a
tion (4.5): S = Sbulk N=2 + Z
 dt Im(Vb(�)) : (4.13)The supersymmetri
 variation of the a
tion (4.11) with A-type boundary 
onditionsnow implies a 
ondition on the sum of the bulk and boundary potentials at theboundary:
 : ImfW(�) = 
onst: ; fW � W + Vb $ �t� = � �fW�� : (4.14)We 
an take the 
riti
al limit in the bulk, W ! W
rit = �k+2=(k + 2) and 
onsidertunable boundary potentials of the form Vb(�) = ak �k + � � � + a1� + a0, i.e. thedeformations of the Arnold singularity, as done in Se
tion 2. All the previous analysison vanishing 
y
les and boundary 
onditions remains valid upon repla
ing the non-
riti
al W(�) with fW(�) = W
rit(�) + Vb(�), be
ause the two polynomials W andfW are of the same type. Furthermore, by 
hoosing di�erent forms of Vb we 
anrealize all the smooth vanishing 
y
les and obtain a non-singular des
ription of thesupersymmetri
 boundary 
onditions at bulk 
riti
ality. As in the N=0 
ase, these31



boundary 
onditions are not manifestly 
onformal invariant, but they be
ame so inthe s
aling limit j�j
 ! 1; their universal information is given by the data of the
urves that survives the limit, i.e. by the asymptote labels (n1; n2).Next we study the ground state �eld 
on�gurations that are allowed in the bulk
riti
al theory with boundary potential (4.13). The 
lassi
al equations of motion yieldthe bulk soliton equations and the following boundary term:0 = �x� � i �W
rit�� ; (4.15)0 = Re �Æ���x� � i �V b�� ��
 : (4.16)The fermioni
 
onditions 
an be obtained from these equations by appropriate super-symmetri
 transformations; note also that the Cau
hy-Riemann equations were usedfor Vb in the se
ond equation. The boundary variation should be taken parallel to the
 
urve of the D1 branes, Æ� / �t�j
, whose parametrization satis�es (4.14). Thuswe 
an rewrite (4.16) as follows:0 = Re ��� (W
rit + Vb)�� �� i �W
rit�� � i �V b�� ��
 ; (4.17)this equation is satis�ed by properly 
hoosing the orientation of the bulk soliton.In summary, the boundary potential allows non-trivial ground state �eld 
on�gura-tions at bulk 
riti
ality that are stati
 half solitons satisfying the (A)-type boundary
onditions; on the other hand, the boundary 
onditions for any �eld 
on�gurationare spe
i�ed by the 
 
urves in the � plane, that are parametrized by the other,orthogonal solitons evolving in time. The bulk and boundary soliton 
urves interse
tboth in the � and W planes; in the � plane, the bulk solitons (4.15) are straight linesstemming from � = 0:Re ��k+2� = 0 ; Im ��k+2� > 0 ; $ Arg(�) = (2j + 1)�2(k + 2) ; j = 0; 2; : : : ; (4.18)namely they are rays from the origin that interpose themselves between the asymp-totes of the vanishing 
y
les (the dotted lines in Figure 12). One sees that a \short"
y
le, jn1 � n2j = 1, ` = 0, interse
ts on
e the rays of the bulk solitons at the point�o, resulting into a single ground state pro�le; the longer 
y
le, jn1�n2j = 2 has twointerse
tions, i.e. two ground state pro�les, respe
tively ending at �o1 and �o2.In the general 
ase, the stationary 
onditions for the 
lassi
al a
tion with (`;m; s)boundary state yield ` + 1 ground state pro�les: 
ontrary to the N=0 
ase, thesemultiple stationary points should not be thought of as representatives of independentboundary 
onditions, sin
e they lay on the same D1 brane 
, and the free energy32



should be obtained by summing over them,Z = e�S
l(�o1) + � � �+ e�S
l(�o(`+1)) = (`+ 1) e�S
l(�o1) ;S
l (�oi) = T Im(W (�oi) + Vb (�oi)) : (4.19)Note that the 
ontributions are all equal be
ause the points �oi lay on the same van-ishing 
y
le (4.14). Moreover, the ground state energy, E = S
l=T , 
an be shifted tozero by using the 
onstant term in Vb, thus showing that supersymmetry is preserved.As des
ribed in Se
tion 3, individual stationary points are not stable semi
lassi
ally,unless they are separated by in�nite potential barriers that 
an be produ
ed in thelimit of some parameters of Vb to in�nity. In the N=2 
ase, we 
annot single out onepoint out of `+1, say �o1, and send the others to in�nity without deforming the 
y
le
 su
h that its asymptotes are e�e
tively 
hanged, resulting into another boundary
ondition 
 0. Let us �nally note that the variation of the parameters in Vb displa
esthe stationary points fW(ai) and the 
orresponding vanishing 
y
les 
hange a

ordingto the Pi
ard-Lefshetz theory (Figure 11) [16℄.4.3 Remarks on the supersymmetri
 renormalization group
owsThe LG des
ription of the N=2 boundary states presented here is 
onsistent with theanalysis of the N=0 
ase and it improves the earlier study of Hori et al. by providinga smooth des
ription at bulk 
riti
ality. On the other hand, the N=2 and N=0 
asespresent some di�eren
es: for N=2, we do not see the parametri
 �ne-tuning of Vbthat indi
ates the RG instability of boundary 
onditions. A
tually, the Cardy-likebranes (`;m; s) 
onsidered so far are all stable under the renormalization group 
owspreserving supersymmetry, be
ause they 
arry no relevant boundary �eld (besides theidentity) [35℄.In the Refs.[39℄, some examples of N=2 RG 
ows were dis
ussed that start fromsuperpositions of Cardy branes, e.g. in the (n1; n2) notation of the polygon,(n; n+ 1)� (n+ 1; n + 2) �! (n; n+ 2); (4.20)and similar 
ases where 
onse
utive sides of the (k+2) polygon are added as ve
torsof the plane to form a single 
hord. These 
ows are due to the extra identity �eldsthat o

ur in the superposition of Cardy states; a
tually, the identity �eld 
arriesvanishing U(1) 
harge and does not break supersymmetry.Furthermore, the supersymmetri
 
ows are subje
ted to the sele
tion rules of the
onservation of the K-theory 
harges forming a Zk+1 latti
e [35℄: these 
harges aredetermined by 
omputing the matrix of Witten indi
es I(a; b) for all pairs of RR33



boundaries (a) and (b); the (k + 1)-dimensional ve
tor of 
harges is assigned to ea
helementary Cardy branes by analyzing the sub-matrix of maximal rank k + 1.It would be interesting to �nd the LG des
riptions of the RG 
ows and the 
hargeassignments, but we 
annot presently provide them. We remark that in terms ofthe 
lassi
al free energy, the superposition of boundary states at the UV point inEq.(4.20) is not qualitatively di�erent from the IR boundary, be
ause both amountto superpositions of pairs of ground state solitons. However, the ones in the UV pairhave di�erent energies, while those in the IR pair have it equal (
f. (4.19)). We hopethat further analysis will reveal the parametri
 instability that is 
hara
teristi
 of RG
ows in the LG approa
h.5 Con
lusionsIn this paper, we studied the Landau-Ginzburg theory of two-dimensional systemswith boundary and obtained a rather simple pi
ture of the RG 
ows between theboundary states of the Virasoro minimal model. This des
ription predi
ts some se-le
tion rules for the 
ows that would be interesting to 
he
k numeri
ally. Severalrelated issues would be worth pursuing: the 
ase with two di�erent boundaries inthe strip geometry, the des
ription of boundary �elds and fusion rules, the study ofdefe
ts, or kinks [29℄, that allow partial re
e
tion and transmission and 
orrespondsto doubles of the boundary states dis
ussed here (i.e. to full solitons). Finally,the boundary entropy g 
ould be 
omputed in this approa
h from the semi
lassi
alquadrati
 
u
tuations around the LG ground state in the geometry of the dis
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is diagonal in terms of the six 
hara
ter of the extended 
hiral algebra W3 and non-diagonal w.r.t. the Virasoro 
hara
ters, showing eight left-right symmetri
 terms.Therefore, the 
onformal boundary 
onditions are expressed in terms of six Cardystates, whi
h also respe
t the W3 symmetry, and two boundaries that are just 
on-formal invariant [1℄[30℄. The Cardy states form two triplets: they 
orrespond to the�xed boundary 
onditions, (A); (B); (C), that are stable, and to the mixed 
ondition(AB); (BC); (AC), that are on
e unstable. The 
orresponding boundary partitionfun
tions are [3℄: Z(A)j(A) = Z(B)j(B) = Z(C)j(C) = �I ;Z(AB)j(AB) = Z(BC)j(BC) = Z(AC)j(AC) = �I + �" : (A.2)The two other states are Z3 singlets that are respe
tively 
alled (f) and (n) for freeand \new" boundary 
onditions: they are twi
e and �ve-fold unstable, respe
tively,Z(f)j(f) = �I + � 1 + � 2 ;Z(n)j(n) = �I + �" + � 1 + � 2 + ��1 + ��2 : (A.3)Several boundary RG 
ows have been found in Ref. [30℄: for example, the Z3 breaking
ow indu
ed by the boundary magneti
 �eld,(f) �! (AB) �! (A) ; (A.4)and the Z3-preserving 
ow indu
ed by ":(n) �! (f) : (A.5)Other RG 
ows have been obtained by exploiting the self-duality of the model.The Landau-Ginzburg des
ription is based on a s
alar �eld with two real 
ompo-nents and again a boundary potential:S = Zx>0 d2x 12 2Xi=1 (��'i)2 + V ('i)! + Z dt Vb ('oi) ; 'oi � 'i(x = 0) :(A.6)The stationary 
onditions are:0 = �2'i�x2 � �V�'i ; i = 1; 2 ; (A.7)0 = Æ'oi� �'i�x ����0 � �Vb�'oi� : (A.8)The boundary 
onditions on the two-dimensional �eld plane may 
orrespond to D0,D1 and D2 branes and the boundary �elds 'oi should be varied a

ordingly: as inthe one-dimensional 
ase, we will 
onsider the maximal 
ase of D2 branes, Æ'oi 6= 0,35



hoping to �nd the other 
ases from lo
alization by the boundary potential. Theequation of motions 
an be integrated on
e leading to the 
onservation of energy fora \parti
le" starting from one asymptote in the bulk and rea
hing the boundary withvelo
ity spe
i�ed by Vb:2Xi=1 � �'i�x ����0�2 = 2 V ('oi) � 2 V ('i(1)) = 2Xi=1 � �Vb�'oi�2 : (A.9)Upon inserting the standard LG 
ubi
 bulk potential (3.20), V
rit = � Re('1+ i'2)3,one �nds that this equation 
annot be dis
ussed in terms of deformations of theArnold singularity D4, be
ause the 
orresponding polynomial appears inside a squareroot.Therefore we shall modify the bulk potential into the N=1 supersymmetri
 form:V = 12 2Xi=1  �eV�'i!2 ; eV = � Re('1 + i'2)3 + deformations : (A.10)At the same time, we shall restri
t the solutions of the equations of motion (A.7) tothe solitons, �'i�x = � �eV�'i ; (A.11)su
h that the deformations of the bulk potential, the set of relevant �elds and the Z3symmetry are the same in the two des
riptions.We 
an now analyze the equations (A.8) and (A.11) along the same steps of Se
tion2, �nding a relation with the deformations of the Arnold singularity and dis
ussingthe new features of the two-dimensional problem. We 
onsider bulk 
riti
ality, eV =eV
rit = Re('1 + i'2)3=3, and integrate the soliton equations (A.11). They admit the�rst integral (see Se
tion 4):Im(')3 = 0 ; ' � '1 + i'2 = � ei� ; (A.12)namely the solitons des
ribe rays in �eld spa
e emanating from the origin at an-gles � = �k=3, k = 0; 1; : : : ; 5. Furthermore, the boundary 
onditions (A.8) 
om-bined with the soliton equations (A.11) evaluated at the boundary yield an algebrai
equation for the boundary �eld values that 
an be written again as the stationary
onditions for the fun
tion:0 = �W�'i ; W = �eV
rit + Vb : (A.13)The sign is �xed by requiring that the modulus of the soliton solution de
reases insidethe bulk: 0 > ��x �'21 + '22� = �Xi 'i� eV
rit�'i = �Re('1 + i'2)3 : (A.14)36



The result depends on the ray spanned by the soliton solution:W = +eV
rit + Vb ; on ' = � ei2k�=3 ; k = 0; 1; 2;W = �eV
rit + Vb ; on ' = � ei(2k+1)�=3 : (A.15)The 
lassi
al a
tion evaluated on the soliton solution takes the familiar form (
f.(2.19)): S = T ����eV
rit��� + Vb� : (A.16)The stationary problem (A.13) involves the study of the deformations of the sin-gularity D4, W = x3 � 3 x y2 + a x + b y + 
 �x2 + y2� ; (A.17)we shall �rst dis
uss the solutions of this problem and later impose the restri
tions tothe rays (A.15). The pattern of stationary points 
an be des
ribed in the parameterspa
e (a; b) at �xed 
 values (Figure 13). Let us �rst dis
uss the Z3 preservingdeformation along the 
 axis: the three-fold singularity at the origin splits for 
 6= 0into a singlet (x = y = 0) and a triplet (jx+ iyj = 2j
j) of non-degenerate stationarypoints, that 
an be identi�ed with the four nodes of the D4 Dynkin diagram (D4is made by a 
entral node 
onne
ted to ea
h of the three other nodes). For smalla; b 6= 0 these solutions slightly move but remain non-degenerate; when the 
entralnode meets one of the three others, one eigenvalue �� of the Hessian of the stationarypoint dW = 0 vanishes. In 
omplex notations, z � x+iy, � � a+ib, these 
onditionsare: d W = 0 �! �� = z2 + 2 
 z ;�+ or �� = 0 �! jzj = j
j : (A.18)Upon repla
ing z = 
 exp(i�), say for 
 > 0, one obtains a 
urve in the (a; b) planein parametri
 form, (a(�); b(�)) 
orresponding to a 
y
loid (Figure 13): at the three
usps � = �3
2 exp(i2n�=3), n = 0; 1; 2, one �nds a twi
e degenerate stationary pointobtained by merging the 
entral point with two other points, again in agreement withthe form of a three-node sub-diagram of the Dynkin diagram. For 
 < 0 the same
urve is obtained with a shift of the parameter � ! � + �. Two solutions exist inthe region outside the 
y
loid.In 
on
lusion, the pattern of deformations of the D4 singularity is again des
ribedby the sub-diagrams of the asso
iated Dynkin diagram, and is summarized in the37



a

b

Figure 13: Se
tion 
 = 
onst: of the parameter spa
e of the D4 singularity.following table:degenera
y type Potts name deformationsLG CFT LG CFT3 5 singlet (n) (
) � "; (a; b) � (�1; �2); 1;  22 = triplet = =1 1 triplet (AB); (AC); (BC) (a+ b) � "0 2 singlet (f)  1;  20 0 triplet (A); (B); (C) = (A.19)In this table, we also identify the stationary points of W with the boundary states ofthe Potts model a

ording to the following dis
ussion.The 
onditions 
oming from Eq. (A.15) restri
t the solutions found before to layon one of the rays from the origin at angles k�=3, for example on ' = � > 0: a pair ofsolutions 
an be found on that ray for 
 < 0 and spe
i�
 values of (a; b), that merge atone point into a on
e-degenerate solution; however, the simultaneous merging of threepoints 
annot be realized for the parameters at one 
usp of the 
y
loid, be
ause twosolutions would be 
oming from outside the ray. Otherwise said, two dire
tions out ofthe twi
e degenerate points are frozen by the 
onditions (A.15), and thus these pointsare e�e
tively ordinary stable points. As for the detuning of the highest singularityat ' = 0, the restri
tion of the solutions on the rays put 
onditions on the phase ofa+ ib, su
h that the one out of the two real parameters is a
tually dis
rete.After imposing these 
onditions, the LG des
ription of the boundary states of thePotts model is rather satisfa
tory, see Table (A.19); besides the Z3 symmetry, theidenti�
ation is based on the sets of deformations as given by operator 
ontent, Eqs.38



(A.2,A.3), on one side, and by the parameters (a; b; 
) on the other side, keepingin mind that the deformations 
orresponding to the  i �elds are missing in the LGdes
ription, as explained in Se
tion 3.3. Note that the RG 
ows of the Potts model,(n) �! (AB) �! (A) ; (n) �! (f) ; (A.20)are reprodu
ed, but the 
ow (A.4) is not, be
ause (f) is stable in the LG des
ription.In 
on
lusion, it seems that the  i ! 0 proje
tion of the spa
e of boundary RG
ows of the Potts model is reprodu
ed: however, our analysis has been rather limitedand has relied on a number of additional hypotheses.Referen
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