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1 Introdu
tionThis le
ture is based on 
ommon work with P. As
hieri, C. Blohmann, F. Meyer amdP. S
hupp that will be published in a forth
omming paper [1℄.Deformed 
oordinate spa
es based on algebrai
 relations have been studied exten-sively [2℄. The �-, �- and q-deformations are the best known examples [3℄. In thisle
ture we shall treat the �-deformed spa
e for simpli
ity, the formalism however ispresented in su
h a way that the generalisation to other spa
es is obvious.It is not 
lear how 
oordinate transformations 
an be de�ned on non
ommuting
oordinates su
h that this leads to a meaningful 
al
ulus. Our strategy is as follows: westart from general 
oordinate transformations of 
ommuting variables. Their algebrai
stru
ture is represented by algebra of di�eomorphisms, a Lie algebra with well de�ned
omultipli
aton rules. We shall deforme their stru
ture and take this as the basis fora deformed di�erential geometry. Our approa
h makes heavy use of the ?-produ
tformalism [4℄. In the se
ond 
hapter we show how to derive the ?-produ
t from thealgebra [5℄. For the �-deformed spa
e we arrive at the Moyal-Weyl produ
t, as expe
ted.The properties of the Moyal-Weyl produ
t are well known, nevertheless we go trougha rather detailed analysis having a generalisation to other quantum spa
es in mind.As a next step we de�ne derivatives. A di�erential 
al
ulus on non
ommutingspa
es has been established in previous work [6℄, we only have to show how that 
al
u-lus 
an be expressed in the ?-produ
t formalism. Ve
tor �elds on non
ommuting spa
esare represented in the ?-produ
t formalism as higher order di�erential operators a
tingon fun
tions of 
ommuting variables. This suggests to study higher order di�erentialoperators on the deformed and nondeformed spa
es as well. It turns out that there isan invertible map from the di�erential operator on 
ommuting variables to di�erentialoperators on non
ommuting variables preserving the algebrai
 stru
ture. When weapply this to the ve
tor �elds on 
ommuting variables we obtain higher order di�er-ential operators on non
ommuting spa
es that form the same algebra as the originalve
tor �elds. That way we found a representation of the algebra of di�eomorphismsas higher order di�erential operators on non
ommuting spa
es. The algebra remainsun
hanged, the 
omultipli
ation 
hanges. We have 
onstru
ted a deformed bialgebraof di�eomorphisms.In the last 
haper we show how this algebra a
ts on s
alar �eld and on 
ovariantand 
ontravariant ve
tor �elds. This should pave the way to a deformed di�erentialgeometry on non
ommutative spa
es that �nally leads to a deformed gravity theory.2 Properties of the deformed 
oordinate spa
esThe deformed 
oordinate spa
es Âx̂ that we have been 
onsidering, the �-, �- andq-deformed spa
es, are based on 
oordinates x̂ = fx̂1; : : : ; x̂dg and on the respe
tiverelations [7℄. The 
oordinates form an asso
iative free algebra and Âx̂ is the quotientof this algebra by the ideal generated by the relations [8℄. The spa
es mentioned abovehave additional properties that are useful for developing a di�erential 
al
ulus, a star1



produ
t formulation and for appli
ation in physi
s. We mention two of them here.2.1 ConjugationIt is possible to de�ne a 
onjugation on the 
oordinates [9℄, �̂x� su
h that �i = �i andx̂�x̂� = �̂x� �̂x� and su
h that the relations are left invariant. In this 
ase we 
an identify:�̂x� = x̂� (1)and de�ne real 
oordinates.For the �-deformed spa
e, this is the spa
e we are going to deal with in this le
ture,we have the relation [x̂�; x̂� ℄ = i��� ; (2)and 
onsequently, for real � [�̂x�; �̂x� ℄ = i��� ; (3)and thus equation (1) 
an be imposed.2.2 Poin
ar�e-Birkho�-Witt (PBW) propertyThis 
on
ept was �rst developed for Lie algebras [10℄, but it applies to the otherdeformed algebras as well. PBW demands that the dimensions of the �nite dimensionalve
tor spa
es, spanned by the homogeneous polynomials of degree r, have the samedimension as the 
orresponding ve
tor spa
es of 
ommuting variables. We shall denotethese ve
tor spa
es V̂r and Vr, respe
tively. PBW gives some information on the \size"of the algebra Âx̂ whi
h is in�nite dimensional. The �-, �- and q-deformed spa
es havePBW property.3 The algebra and the star produ
t (?-produ
t)Finite dimensional ve
tor spa
es with the same dimension are isomorphi
:V̂r � Vr: (4)To establish this isomorphism we 
hoose a basis in V̂r and map this basis on a suitablebasis in Vr. The spe
i�
 form of the isomorphism will depend on the basis 
hosen. Anatural 
hoi
e are the 
ompletely symmetrisized monomials. We denote the elementsof this basis with : : : x̂� : = x̂�;: x̂�x̂� : = 12(x̂�x̂� + x̂� x̂�); et
. (5)The ve
tor spa
e V̂ =Pr �V̂r is spanned by this basis, V is the 
orresponding ve
torspa
e of 
ommuting variables. 2



The ve
tor spa
e isomorphism ' is then de�ned by a map of the basis in thenon
ommutative spa
es on the 
orresponding basis of 
ommuting variables:' : V̂ ! V ' : C0+C1� : x̂� : +C2�� : x̂�x̂� : + : : :7!C0+C1�x� + C2��x�x� + : : : : (6)This is a ve
tor spa
e isomorphism with the inverse'�1 : C0+C1�x� + C2��x�x� + : : :7!C0+C1� : x̂� : +C2�� : x̂�x̂� : + : : : : (7)As an example 
onsider the element x̂�x̂� , it has to be expanded in the basis:x̂�x̂� = 12(x̂�x̂� + x̂� x̂�) + 12(x̂�x̂� � x̂� x̂�)= : x̂�x̂� : + i2��� : (8)By ', this element is mapped as follows:' : x̂�x̂� 7! x�x� + i2��� : (9)The same pro
edure leads to' : x̂� x̂� 7! x�x� � i2��� : (10)Thus, ' : x̂�x̂� � x̂� x̂� 7! i��� :The inverse isomorphism '�1 is straightforward'�1 : x�x� 7!: x̂�x̂� := 12(x̂�x̂� + x̂� x̂�): (11)The ve
tor spa
e isomorphism ' 
an be extended to an algebra morphism. Westart with two elements of Âx̂: ĝ(x̂) 2 Âx̂; f̂(x̂) 2 Âx̂: (12)The produ
t is well-de�ned and again an element of Âx̂:f̂(x̂)ĝ(x̂) = f̂ � ĝ(x̂) 2 Âx̂: (13)The elements of Âx̂ 
an be expanded in the basis 
hosen and mapped by ' on thealgebra of 
ommuting variables Ax:' : f̂ (x̂) 7! f(x) 2 Ax;ĝ (x̂) 7! g(x) 2 Ax; (14)f̂ � ĝ(x̂) 7! f ? g(x) 2 Ax:3



This de�nes the ?-produ
t of two fun
tions. The algebra of the non
ommuting vari-ables, Âx̂ is isomorphi
 to the algebra of 
ommuting variables with the ?-produ
t asmultipli
ation. As an example we 
onsider �rst the elements f̂(x̂) = x̂� and ĝ(x̂) = x̂� .From (5) follows f = x� and g = x� and (9) and (10) yield:x� ? x�=x�x� + i2��� ;x� ? x�=x�x� � i2��� : (15)This result 
an be written with a bidi�erential operatorx� ? x� = x�x� + i2�����x���x�= 1Xn=1� i2�n 1n!��1�1 : : :��n�n���1 : : : ��nx�����1 : : : ��nx��: (16)This is easy to see be
ause the higher derivatives vanish. We shall show that the?-produ
t of two elements of Ax 
an always be written in this form for arbitrarypolynomials f and g.f ? g (x) = 1Xn=1� i2�n 1n!��1�1 : : :��n�n���1 : : : ��nf(x)����1 : : : ��ng(x)�: (17)This way the ?-produ
t of two polynomials 
an be formally extended to the ?- produ
tof two smooth fun
tions f and g; f 2 C1, g 2 C1.We shall prove (17) by indu
tion on the degree of the polynomial f̂ (x̂). For f̂ = 1the statement is obvious. We assume that it is true for f̂ of degree r and prove it forpolynomials of degree r+1. To pro
eed we �rst prove it for f̂ linear a
ting on elementsof the basis: x̂� : x̂�1 : : : x̂�n := x̂� 1n! XPf�1:::�ng x̂�1 : : : x̂�n : (18)With the relation (2) we 
an take x̂� to any position in this produ
t. We add upall terms generated that way to obtain a polynomial symmetri
 in �; �1; : : :�n: :(n+ 1)x̂� : x̂�1 : : : x̂�n : = 1n! XPf�;�1:::�ng x̂�x̂�1 : : : x̂�n+ 1n! n(n+ 1)2 XPf�1:::�ng i2���j (x̂�1 : : : x̂�n)����j missing ; (19)or x̂� : x̂�1 : : : x̂�n : = : x̂�x̂�1 : : : x̂�n : + i2Xj ���j : x̂�1 : : : x̂�n : ����j missing : (20)4



This is exa
tly the result that we obtain from (17). The rest of the proof follows fromasso
iativity: (f ? g) ? h = f ? (g ? h): (21)For the asso
iative algebra asso
iativity holds by de�nition, for the ?-produ
t (17) ithas to be shown expli
itly, as we do not know that the ?-produ
t (17) really is theright ?-produ
t. We are in the middle of the proof. We use a spe
i�
 notation for (17)f ? g (x) = e i2 ��x� ��� ��y� f(x)g(y)���y!x: (22)In this notation the following identity holds:�x�f(x)g(x)� = ��x�f(y)g(z)���y;z!x�= � ��y + ��z�f(y)g(z)���y;z!x: (23)This is the Leibniz rule. It also holds for any power of the derivative and, therefore,for any polynomial P ( ��x)P ( ��x)�(f(y)g(z))���y;z!x � = P ( ��y + ��z )f(y)g(z)���y;z!x: (24)We rewrite the left-hand side of (22) in this notation(f ? g) ? h (x) = e i2 ��x� ��� ��z� (f ? g)(x)h(z)���z!x= e i2 ��x� ��� ��z� �(e i2 ��x� ��� ��y� f(x)g(y))���y!xh(z)����z!x= e i2 ( ��x�+ ��y� )��� ��z� e i2 ��x� ��� ��y� f(x)g(y)h(z)���y;z!x (25)= e i2( ��x� ��� ��z�+ ��y� ��� ��z�+ ��x� ��� ��y� f(x)g(y)h(z)���y;z!x :Analogouslyf ? (g ? h) (x) = e i2 ��x� ��� ��y� f(x)(g ? h)(y)���y!x= e i2 ��x� ��� ��y� f(x)�e i2 ��y� ��� ��z� g(y)h(z)���z!y� (26)= e i2( ��x� ���( ��y�+ ��z� )+ ��y� ��� ��z� )f(x)g(y)h(z)���y;z!x:The two expressions agree, asso
iativity is shown. For the rest of the proof we 
hoosein equation (22) x� for f , a polynomial of degree r for g. The right-hand side is true bythe assumption of the indu
tion, on the left-hand side f ? g is a polynomial of degreer+ 1. 5



The ?-produ
t (17) was �rst introdu
ed by H. Weyl [11℄ for his quantization pro-
edure and later by Moyal [12℄ to relate fun
tions of the phase spa
e to quantum-me
hani
al operators in Hilbert spa
e. For this reason the ?-produ
t (17) o

urs inthe literature as Moyal-Weyl produ
t. Other ?-produ
ts will o

ur for di�erent order-ings.The reality property is easily seen:f ? g = �g ? �f; (27)where �f is the 
omplex 
onjugate of f and �g is the 
omplex 
onjugate of g.The ?-produ
t (22) is a bilinear map? : Ax �Ax ! Ax(f(x); g(x)) 7! f ? g(x): (28)It de�nes a unique map ~? on the tensor produ
t (universal mapping property of thetensor produ
t): ~? : f 
 g 7! e i2 �����
��f 
 g (29)su
h that � � ~? = ?, that is ��e i2 �����
��f 
 g� = f ? g; (30)where � maps f 
 g to fg. Many 
al
ulations be
ome simpler if we use the ?-produ
tin the form (29) and (30).4 Derivatives and higher order di�erential operators4.1 DerivativesDerivatives are de�ned as maps on Âx̂ [6, 7℄:�̂ : Âx̂ ! Âx̂f̂(x̂) 7! (�̂f̂ )(x̂): (31)For the �-spa
e a natural 
hoi
e, 
ompatible with the relation (2), is[�̂�; x̂� ℄ = Æ��; [�̂�; �̂� ℄ = 0: (32)This implies the usual Leibniz rule:�̂�(f̂ ĝ) = (�̂�f̂)ĝ + f̂(�̂�ĝ): (33)By the isomorphism ' the derivatives 
an be mapped to the spa
e of fun
tions of
ommuting variables: f̂(x̂) '7�! f(x)�̂ # # � ? (34)(�̂f̂)(x̂) '7�! (� ? f)(x):6



The map �? is de�ned by this diagram. For the derivatives above we �nd(�� ? f)(x) = ��f(x): (35)The derivatives a
t as the usual derivatives. This had to be expe
ted be
ause the?-operation is x independent and thus 
ommutes with the derivatives.4.2 Ve
tor �eldsVe
tor �elds 
an be de�ned on the algebra:�̂ : f̂(x̂) 7! �̂��̂�f̂ : (36)They map elements of Âx̂ on elements of Âx̂. These, in turn, 
an be mapped to thefun
tion spa
e of 
ommuting variables:' : �̂��̂�f̂ 7! �� ? (��?)f = �� ? ��f; (37)where ' : �̂ 7! � and f̂ 7! f: (38)The ve
tor �eld on Âx̂ be
omes a higher order di�erential operator a
ting on f , if weinsert the de�nition of a star produ
t into (37):�� ? ��f = 1Xn=0� i2�n 1n!��1�1 : : : ��n�n(��1 : : :��n��)��1 : : : ��n��f: (39)This suggests to study higher order di�erential operators on the algebra Âx̂ from thevery beginning.4.3 Higher order di�erential operatorsLet X be a higher order di�erential operator a
ting on smooth fun
tion f in Ax:f 2AxXf=Xr ��1:::�rr ��1 : : :��rf 2 Ax: (40)In the same spirit X̂ is a higher order di�erential operator a
ting on elements of Âx̂f̂ 2 Âx̂X̂f̂ =Xr �̂�1:::�rr �̂�1 : : : �̂�r f̂ 2 Âx̂: (41)The homomorphism ' maps an element X̂f̂ of Âx̂ to an element �f of Ax:' : X̂f̂ 7!X ? f = �Xf 2 AxX =Xr ��1:::�rr ��1 : : :��r ; (42)�X =Xr Xn � i2�n 1n!��1�1 : : :��n�n(��1 : : : ��n��1:::�rr )��1 : : :��n��1 :::�r : (43)7



where f and �r are the images of f̂ and �̂r under ':' : f̂ 7! f and �̂r 7! �r: (44)Our aim is to study algebrai
 stru
tures of the higher order di�erential operators.As an example we 
onsider the deformed Lorentz transformations [13℄:Æ̂! = �x̂�! �� �̂� + i2���! �� �̂��̂� : (45)They represent the Lorentz algebra.[Æ!; Æ0!℄ = Æ !�!0 ;(! � !0) �� = �(! �� !0 �� � !0 �� ! �� ): (46)If we map the di�erential operator Æ̂! to the 
ommuting variables, we obtain:' : Æ̂! 7! �x�! �� ��: (47)This is the \angular momentum" representation of Lorentz transformations. It isobvious that they satisfy the Lorentz algebra (46), and this is the reason why theoperators (45) satisfy (46) as well.5 The ?-produ
t of higher order di�erential operatorsIn the previous se
tion, in equation (43), we introdu
ed the ?-produ
t of a di�erentialoperator with a fun
tion: X ? f = �Xf: (48)This is a map of higher order di�erential operatorsX 7! �X : (49)We want to show that this map is invertible. Given a di�erential operator � we 
an�nd a di�erential operator X� su
h that�f = X� ? f: (50)This is the inverse map � 7! X�: (51)We �rst de�ne the di�erential operator �:� =Xr ��1:::�rr ��1 : : : ��r : (52)For the proof we use the tensor produ
t notation and the identity��e i2 �����
��e� i2 �����
��Xr ��1:::�rr 
 ��1 : : :��rf� = �f: (53)8



We now separate the ?-produ
t:�f =��e i2 �����
��Xr Xn �� i2�n 1n!��1�1 : : : ��n�n(��1 : : :��n��1:::�rr )
 ��1 : : : ��n��1 : : : ��rf=Xr Xn �� i2�n 1n!��1�1 : : : ��n�n (��1 : : :��n��1:::�rr ) ? ��1 : : : ��n��1 : : : ��rf (54)=Xr Xn �� i2�n 1n!��1�1 : : : ��n�n (��1 : : :��n��1:::�rr )��1 : : : ��n��1 : : : ��r ? f:We have found the di�erential operator X�X� =Xr Xn � � i2�n 1n!��1�1 : : : ��n�n(��1 : : : ��n��1:::�rr )��1 : : :��n��1 : : : ��r : (55)This formula 
an be applied to the produ
t of two fun
tionsgf =Xn �� i2�n 1n!��1�1 : : :��n�n(��1 : : : ��ng)��1 : : :��n ? f = Xg ? f: (56)It immediately follows from (50) thatXg ? Xh ? f = g(Xh ? f) = ghf: (57)As a 
onsequen
e, the di�erential operators Xg and Xh 
ommute. This result 
an beused to de�ne derivative dependent gauge transformations in the ?-produ
t formalism�(x) (x) = X� ?  (x): (58)When applied to ve
tor �elds, formula (55) allowes a deformation of the di�eomor-phisms algebra. �� = ����: (59)The 
orresponding di�erential operator X� is:X� =Xn � � i2�n 1n!��1�1 : : : ��n�n(��1 : : : ��n��)��1 : : : ��n��: (60)When we 
al
ulate the 
ommutator of two su
h operators, we obtain[X� ?; X�℄ = X[�; �℄; (61)where [�; �℄ = (������ � ������)�� . The di�erential operators X have the Lie algebrastru
ture of ve
tor �elds.Ve
tor �elds of the form �! = x�! �� �� (62)form a �nite-dimensional Lie algebra:[�!;�!0 ℄ = x� [!; !0℄ �� ��; (63)9



where [!; !0℄ is the 
ommutator of the matri
es ! �� . The 
orresponding di�erentialoperators form the same algebra[X! ?; X!0 ℄ = X[!0;!℄: (64)We have found the ?-produ
t realization of the algebra of di�eomorphisms. TheLorentz algebra (45) 
an be obtained this way.6 The deformed algebra of di�eomorphisms and gaugetransformations6.1 Di�eomorphismsBy equations (50) and (61) we have lifted the algebra of di�eomorphisms to the ?-produ
t realization that, in turn, leads to a quantum spa
e realization by the inversehomeomorphism '�1. To study the 
omultipli
ation we apply the di�erential operatorX� to the ?-produ
t of two fun
tions. By the very de�nition of X� we obtain:X� ? f ? g = ����(f ? g): (65)The parameter �(x) does not 
ommute with the derivatives of the ?-produ
t, additionalterms arise. We 
al
ulate to �rst order in �:����(f ? g) = (����f) ? g + f ? (����g) + i2����(����)� ���(����)�(��f)(��g): (66)To �rst order in � this 
an be summarized in the 
omultipli
ation rule:�(X�) = X� 
 1 + 1
X� + i2����(��X�)
 �� � �� 
 ��X��: (67)This is the new 
omultipli
ation law of the bialgebra of di�eomorphisms to �rst orderin �. It needs some 
al
ulation to show that this 
omultipli
ation law is 
ompatiblewith the algebra: [�(X�) ?; �(X�)℄ = �(X[�;�℄): (68)This 
omultipli
ation rule 
an be 
al
ulated to all orders in �, the result will be pub-lished in a forth
oming paper. Equations (61), (67) and (68) allow us to treat thedeformed Lie algebra of di�eomorphisms on a purely formal level.Again, the algebra remains the same, the 
omultipli
ation is di�erent, this yields adeformed bialgebra of di�eomorphisms.6.2 Gauge transformationsDerivative valued gauge transformations have been de�ned. The parameter � will beLie algebra valued. At the 
lassi
al level we have:Æ� (x) = i�(x) (x) = i�bT b (x): (69)10



The matri
es T a are the generators of the Lie algebra in the respe
tive representationspanned by  . This 
an be lifted to a ?-produ
t realization:Æ̂� ?  = iX� ?  = i� : (70)This equation de�nes the di�erential operator X�. To �rst order in � we obtain withLie algebra valued � : X� = � � i2���(���)�� : (71)We 
al
ulate the 
ommutator of two su
h transformations:Æ̂� ? Æ̂� ?  =�X� ? X� ?  = ���[Æ̂� ?; Æ̂�℄= [�; �℄ = Æ̂[�;�℄ (72)and we see that they form a realization of the gauge group.The 
omultipli
ation 
an be derived from the appli
ation of Æ̂� to the ?-produ
t oftwo �elds  and �:X� ?  ? �=�( ? �) = �b�T b ? �+  ? T b�� (73)= (�bT b ) ? � +  ? (�bT b�)� i2����(���b)T b ? ���+ (�� ) ? (���b)T b��all to �rst order in �. We abstra
t the 
omultipli
ation rule:�(X�) = X� 
 1 + 1
X� � i2����(��X�)
 �� + �� 
 ��X��: (74)It again needs some 
al
ulation to verify dire
tly[�(X�) ?; �(X�)℄ = �([X� ?; X�℄): (75)7 FieldsFields are elements of Âx̂ with 
ertain transformation properties. We formulate theseproperties in the ?-realization of the algebra Âx̂. For a s
alar �eld we de�ne:Æ�� = �X� ? �: (76)The di�erential operator X� was de�ned in (60). It isX�=Xn �� i2�n 1n!��1�1 : : : ��n�n(��1 : : : ��n��)��1 : : : ��n��= ���� � i2����������� : : : : (77)It has the property: X� ? � = �����: (78)11



With the de�nition (76) we have lifted the di�eomorphism algebra that generatesthe general 
oordinate transformations in Ax to a realization on Âx̂. We have seen inthe previous se
tion that the 
omultipli
ation 
hanges.Finally, we 
an lift the 
on
ept of ve
tor �elds and tensor �elds to Âx̂ as well. A
ovariant ve
tor �eld in Ax has the transformation properties:Æ�V� = �����V� � (����)V�: (79)It agrees with the transformation of the derivative of a s
alar �eld.Æ���� = ��������� (����)���: (80)Equation (79) 
an be lifted to Âx̂Æ�V� = �X� ? V� �X �� ? V�: (81)where X �� is the di�erential operatorX �� = (����)� i2��� (������)�� + : : : (82)that 
an be 
omputed from (79).The same pro
edure applies to 
ontravariant ve
tor �elds as well as to tensor �eldswith an arbitrary number of indi
es. Thus, we represent the di�eomorphism algebraon these ve
tor �elds. For 
ontravariant ve
tor �elds we haveÆ�V � = �����V � + (����)V �: (83)This transformation 
an be lifted to the ?-produ
t realisationÆ�V � = �X� ? V � +X�� ? V �; (84)with the di�erential operatorX�� = (����)� i2��� (������)�� + : : : : (85)Referen
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