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Abstract. Let H be the Hill operator and let G,, = (A7, AF) and M, n > 1, be the
corresponding gaps and the effective masses for the Hill operator. Denote by F(FE) the
Lyapunov function for the Hill operator. Let A\, € [A;, A}] be such that F(A,) =0 and
h, > 0 be the solution of the equation cosh h, = (—1)"F(A,). We prove some identities
for the effective masses M*. Then we find "second order estimates” with respect to |G,
for Ay, by, ME (for example |X, — L(A; + Af)| < C|G,]*/n?), and we get ones for more
general cases (the Dirac operator with periodic coefficients etc.).

1 Introduction

Let us consider the Hill operator H = —d?/dz* + V(z) in L*(R) where V is a 1-
periodic real potential in L'(0,1). It is well known that the spectrum of H is absolutely
continuous and consists of the intervals Sy, S;,.. Let S, = [Af_, A7],..., A; < A <
A1, n > 1, and AY = 0 < A7. These intervals are separated by the gaps Gy, Gy, ...,
where G, = (A7, At). If a gap degenerates i.e. G, = () then the corresponding segments
SpySpy1 merge. The spectrum of the Hill operator consists of closed non overlapping
intervals which are called spectral bands. We introduce a parameter w,w? = E, and

numbers af = /A > 0 and gaps

Gn = (a;7 a:)v 9—n = —Gn, N > 17 do = @

Later on g, will be called a gap and G, an energy gap. Now we can define a quasimomen-
tum function (see [F1], [MO]) k(w) = arccos F(w?), we W =C\g, g = Ug,, where
F'is the Lyapunov function of the Hill operator (see Section 2). The function k(w) is
analytic and moreover k is a conformal mapping from W onto a quasimomentum domain
K = C\ U, , where I',, is an excised slit

', ={Rek =mn, |Imk|<h,}, hy,=h_, >0, n€Z, hy=0.

Any non degenerate (degenerate) slit I',, is connected in some way with the non degenerate
(degenerate) gap ¢, and the energy gap G, . With an edge of the energy gap G, having
the length L, , we associate the effective mass

M:I: _ 07 if Ln = 0,
S LB ke, i Lo £0,
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and My =0, M{ =1/E"(0), where E(k) = w(k)? and w(k) is the inverse function for
E(w). Tt is well known that if L,, # 0 then

%_”m11+qm% as B — A%

_ AZ
B(k) = AT + 3

Let us describe the main results of the present paper.

a) We prove the equality [3 V()dt = 3,1 (AT MY + A-M~) for V € L'(0,1).

b) "Second order estimates” for M=, h,. )\, with respect to L2 are obtained.

c¢) We find "second order” asymptotics of M= h,, )\, as L, — 0.

d) We extend the results b)-c) for more general cases: the Dirac operator with periodic
coefficients, the Schrodinger operator with limit periodic potentials .

The identities, the estimates and asymptotics for the effective masses M*, the gap
lengths L,, heights h, and so on were studied in many articles ( see lit. in [KK1] and
[K2]). Firsova [F2] proved that the sum of all effective masses is equal to the physical
mass. First uniform "first order” estimates for the effective masses, the heights, the gap
lengths and so on were obtained in the papers [KK1], [K1], [K2]. The estimates from
[KK1] helped to solve few inverse problems for the Hill operator [KK2]. Moreover in
[KK2] were obtained the estimates of the important parameter s = mindust(g,, g \ ¢»)
in terms of one of V,{h,},{l,.} (see (2.12)). Note that some estimates in terms of maxh,,
were obtained in [M]. Firsova found the relation between M*, L,, h, and the Fourier
coefficients of a potential V' at large integers n. In [K1], [K2] the propagation of acoustic
waves in periodic media is studied. It was shown that any spectral band (with number n)
7creates” the wave with the velocity ¢, < 1. The velocity ¢, is equal to the maximum of
the function w'(k(w)) when w? belongs to the energy band with the number n. In [K1],
[K2] the first order” estimates for ¢, in terms of M*, h, are obtained.

To prove b)-d) we consider the quasimomentum of the Hill operator as a conformal
mapping. That makes possible to reformulate the problem for the differential operator
as a problem of the conformal mapping theory (see [MO] and [KK1]). Then we use
the Poisson integral for the imaginary part of the quasimomentum and for the domain
C, UC_U g,, for some n, and then some estimates of this integral from [KK1]. We also
use the estimates of the spectral band length from [KK2]. Using the results of b)-c) we
obtain a).

2  The main results

In this section we introduce the concepts and the facts needed to formulate the theorems,
some results for the Hill operator, the Dirac operator with periodic coefficients and some
results from the conformal mapping theory.

Let us consider the case of 7 a general quasimomentum ” (see [KK1]). At first we
give some definitions and facts from the theory of conformal mappings. We call the set



K, =Cy\ Ul', the "comb” where
I, = {Rek = p,, |[Imk| < h,}, h, >0, n€Z, hy=0,

while p,, is a strongly increasing sequence of real numbers such that p,, — oo asn — foo.
We call a conformal mapping k(w) from the upper half plane C, onto some comb K, a
general quasimomentum ( GQ ) if 1) k£(0) = 0, 2) k(iv) = iv(l + o(1)) as v — oo. It is
well known that a GQ k(w) is a continuous function in w € Cy. In this case we introduce
the sets

sn = ag_y, a;] = k_l([pn—lvpn])v ne .

We call o = Us,, the spectrum of the corresponding general quasimomentum k(w). We
also denote by ¢, = (a,,al), a gap in the spectrum of GQ and we let ¢ = Ug,. It
is well known that the set o can not be the spectrum of two different GQ [L]. Note
that the function k(w) may be continued onto the domain W = C\ g by the formula
k(w) = k(w), w € W. If a gap g, is empty then the components s,,s,,1 merge. We
denote the length of the gap ¢, by [,. For GQ we introduce "reduced masses” (some
analog of the effective masses for the Dirac operator)

+ 0, lf ln - 0,
Fo =0 1w (k(aF)), it 1, #0,

It is clear that £4% > 0 if [, # 0. We emphasize that a symmetric (i.e. ¢ = —g, and
k(—w) = —k(w),w € W) GQ with p, = mn,n € Z, corresponds to the quasimomentum
for the Hill operator, GQ with p, = mn,n € Z corresponds to the quasimomentum for
the Dirac operator with periodic coefficients. Furthermore a GQ is an integrated density
of states (or the rotation number ) for the Schrodinger operator with some limit periodic
potential (see [JM]).

Later on n,m are the integers. We introduce the real functions p, g by the formula
k(w) = p(w)+ig(w) where w = u+iv, and the numbers @, = L [ u"q(u)du, m > —1.
Here and below an integral with no limits indicated denotes integration over R?,d > 1.

Let us describe the connection between GQ and the Hill operator. Let ¢(x, E), V(x, E)
be the solutions of the equation —f"+V f = Ef, FE € C,satisfying ¢'(0, E) = J(0, F) =
1 and ¢(0, F) = ¢'(0, E) = 0. Let us introduce the Lyapunov function ( the discriminant)
F(E) = 3(¢'(1,E) +9(1, E)). The quasimomentum k for the Hill operator is defined by
kE(w) = arccos F(w),w € W (see [F1], [MO]). Recall that the spectrum of H consists
of the segments S,, n € N, with the energy gaps (,. In the case of the Hill operator
the numbers aF satisfy af = \/E >0, af, = —a¥, n >0, and the gaps g, satisfy
gn = (a,,at), g-n=—gn, n€7Z, go=10.Foran energy gap GG, and a gap g, we have
the equality L, = AT — A- = l,(a} +a;), n > 1. Moreover, for the Hill operator we
have (see [M])

1

2@0:/01 V(e)de, Qi =0, 8Q2:/0 V(2)4de, ..,
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and (see [KK1])

= [atde= = [ [ W) 1Pdudo = [ V@), . (2.1)

MF =K (0)2/2 =1/20'(0)?, pE=2aEME, n>1. (2.2)

n

Let us formulate the main theorems.

Theorem 2.1.Suppose V € L'(0,1). Then

%/q(t)dt: %//Uﬂ'(w) 1 Pdudo = /01 Vie)de =2 S (AFMF + AZMD).  (2.3)

n>1

Furthermore, let V € L*(0,1) and m = 1 then

A //| w)) [Pdudv + — / (wudu = %/uzq(U)du =

/ VAede = £ SIADPME + (A7 M) - 3
8 n>1 6
and ete. for V belonging Sobolev space Wy" Y (R/Z) and m = 2.,3,.. All series converge
absolutely.

Now we present the main estimates obtained in this paper. First we introduce the
number s = mindust(g,,g \ ¢,), n > 1. This is the more small distance between two
gaps non degenerate gaps. Let us introduce the functions r,(z) = |(z — a7 )(x — a})|'/? =

(1n/2)% = (t — G%)P/Q,u € R, and

Jo(u) = l/g\gn %, u € gn. (2.4)

and the numbers J? = max.J,(u),u € g, . The maximum J? obeys the estimates (see
[KK1])
o . Qo T (1 + Qos™?) max L2
J, §m1n{8—2,ﬁ}, n>1, T= 5 :
The function F; has a zero A, in a "closed gap” [A,, Af]. It G, = 0, then A\, = A, = A}
In the case of non degenerate gap A, < A\, < A}. The function g(u),u € g, is strongly
convex and has a unique maximum at some point u? € g,,. We present the following result.

Theorem 2.2.Let V € LY(0,1),1, # 0, and hE = \/l,uE /2. Then

of a7 _ L L

|ul — | < o min{l,J'} < 32a3m2 min(1,J2), (2.5)
At + A 2 Lz . 0
|An — 5 1% Fa min{l,.J; },. (2.6)



2o l, min(1, J?) L2.J° L, min(1, J?)
+ n“n n »“n n’n n »“n
[on = B’ < 2s (1 + 8s ) = Rs3n2 (1 + 16s2n ) (2.7)

In the case L, # 0 we introduce the numbers u® = 2h%/1,, M? = 2h* /L, . Now we
consider the case of the masses.

Theorem 2.3.Suppose that V € L'(0,1) and L, # 0. Then
I+ JD) _ 120001+ D)

it A+ | < == < S (2.8)
o1+ %), 1
+ 0 « InZnl” @ ¥n/) 4 Y 2.9
i F p | < ; ( +45) (2.9)
T L NS
+ 0 LA+ L+ J) J(2s + 1)
M} F M| < L2 { B 3 (2.11)

Remark 1. In [KK2] there are the estimates of s. Let w = cosh hy, where hy = sup h,.

Then
2<sw, w<eVl h, < > 1. (2.12)
n>1

Remark 2 . By Theorem 2.2-3 we also have the asymptotics in terms of both L, — 0
and n — oo. It is important that we have the estimates of s in terms of {h,}, ||V, {l.}.

Remark 3 . It is possible to improve (2.5-11). In some estimates instead of s we can
write s,, where s, is the distance between two sets g, and g\ ¢,.

Some analogs of Theorems 2.2, 2.3 for the Dirac operator with periodic coefficients will
be considered in Theorems 2.4 .

Let us consider the case of GQ. Suppose that GQ has a gap ¢° = (a7, a™),l = |go|, in
his spectrum. Denote by ¥ the corresponding reduced masses and by A the height of the
corresponding slit. We introduce the constant A* = (/lu*/2, u® = 2h?/l. The following
statements hold true.

Theorem 2.4. Let k(z) be a general quasimomentum with a gap go = (a™,a™) and a

point a® = (a= +a*)/2, and p° = 2h*/1,hE = \Jlu® /2. Then

l I?
[u® — a®] < —min{l,2h — 1} < —min{l, J(u°)}, (2.13)
8s 8s
|h — k| < @(1 + K. {1,J°}) (2.14)
< L 5, min{l, ) :
l [?
+ — _ : 0y 70
et + ] < %(\/QZ/,L‘I' + \/—QZM )mmJi < ;(1 +J°)J (2.15)
1J°(h+h l 2J° l
0 < PO gy < o D g
s s s s



3 The estimates for the general quasimomentum

In this section we consider the case of GQ. We assume that GQ k has a gap go = (a—, ay)
in the spectrum and denote by pu* the corresponding reduced masses. It is well-known
that for any GQ k = p + 1¢q the function ¢(w) > 0,w = u 4+ iv € C4 (see [L]). Let us
introduce the gap length [ = |go| and the number a® = L(a* +a™~). We define the function
J(u),u € go, by the formula

1 q(t)dt
J(u) = —/ ————— U € go,
(=2 e = "€

r(t) = |(t = a™)(t —a®)[V2 = |(1/2)* = (= a®)|'%, 1 ER,

and let J° = max J(u),u € go. Later on we need the following formulae from [KK1]
q(u) = r(w)(1+ J(u)), u € go, (3.1)

+2uF =1(1+J%)%,  J* = J(a®). (3.2)

Let us prove some simple properties of the function J(u),u € go. Note that by the
definition of J we see that J is the real analytic function of u € gy. By the equality
1 q(t)sign(t — a®)dt

J’ = — ,
(u) m™ Jg\go T(t)|t - u|2

uEgo,

we obtain

J(u)

S

JO

|/ ()] < <

where s is the distance between the gap ¢o and the set ¢\ go, and

|J(u) — J(up)] < émaxJ(u) = E. (3.4)
S u€go S
The function ¢(u),u € go, has a unique maximum A on the segment gy and the function
K'(u),u € go has a zero u® € go. Let § = v — a® and h = ¢(u°). Now we find some
formulae. We differentiate (3.1) and get ¢’ = v'(1 + J) +rJ' = 0 at v = u°. Then by
r'r = —6 we have

S(1 + J(uo)) = r(uO)QJ'(uo). (3.5)

The function ¢(u),u € go, has a unique maximum at the point ug. Hence by (3.1), (3.7)
we get

ho=r(u®)(1+ J(u?). (3.6)

Later on we shall use a simple estimate
(I +y)min{l,y} <2y, y>0. (3.7)
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Now we consider some estimates for d, u*, [, h. We study the case of § , i.e. we study
the behavior of the zero u® ( where the function ¢ has maximum ). Let us note that if
g = go then u® = a° since q(u) = r(u),u € go, (see (3.1)).

Proof of Theorem 2.4. By (3.5-7) and 2r(u) <[, u € go, we get

r(u?)

2s

r?(u?)J (u°) < () min{1,.J(u’)} =

OI= S ) S 2

min{r(u°),h —r(u®)} <

2

Lmin{l,Zh -1} < l—min{l, J(u%)}.
8s 8s

and we have (2.13). We prove (2.14) for the case "4” | the proof for ”-” is the same.
Recall that At = {/lut /2. By (3.1-2), (3.6) and r*(u®) + 6* = (1/2)* we get

h— 0¥ = ()14 T@0) — (1 +T4)] <
POT) = T () = L1014 ),
and by (3.4), (2.17), (3.7)

2 2 + 2 70 +\ 72 3 0
|h—h+|§l—J"’—|— (1 +JH) SlJ_I_(S(l—I-J)l mm(l,J)S
2s r(u®) + (1/2) 2s (1/2) 8s
2J0 510 2J°  Imin{l,.J%)
< 14 ——F).
2s + 2s T 2s (1+ 8s )
and we have (2.14). We prove (2.15). By (3.2), (3.4) we obtain

At +pT| =1+ T+ I I =T <2+ + ) ¢25,,L++¢25,,L
and by 2u® < 1(1 4+ J°)% we get (2.15). We prove (2.16). By (3.2), (2.14) we have

=0 = 10+ 7 = 2 = G2 e =

2 2 1J° [min{1,.J°}

I(RT)? = b2 = (S)|hT = A||hT 4+ B < AT + h]—{1
(IR = B2 = (D = It + bl < F + b= 1 2y,

and by h + T <I(1 + J% and by (3.7) we get

lminéi,J}} =J {1+(1+ Z)Jo} QED

2Jo(1 4 J°

|t — ol <



4  Estimates for the Hill operator

In this chapter we shall apply the previous results for the case both the Hill operator and
the Dirac operator with periodic coefficients.
First we consider the Hill operator H = —d?/dz*+V (z) in L*(R) where V is 1-periodic
real potential and V' € L'(0,1). It is important that in this case we have estimates
Ly, Ly, Ly,

2/ A+ atr +a; = 2ns

There are some estimates for l,,, h,, pF, wu,, in Section 3. For the Hill operator we can
rewrite these results more exact. The function ¢(u),u € g,, has a maximum at the point
U, € gn, and we have h,, = q(u,). Recall that A, = u2. Now we present

Proof of Theorem 2.2. By (2.13) we obtain

2o L .
|un — Cln| S 8—Smlﬂ{1,Jg} S Wmlﬂ{l,Jg},

and by (4.1) we get (2.5). Recall 4,, = %(A: + A-). We have
daj, = (a; +af)? = AL + AY + 2a;af = 2(A; + AT) — (a; — o),
hence a? = A, — (1,/2)* = A, — (L2 /(16a2). Then by (2.5) we obtain

n —

[? 2 .
|A, — Ay — Z”| = |ai — X| = an + VAullan — /] < a, + \/)\n|£m1n{1,Jg}

and by 2a,l, = L, we obtain (2.6):

2. 3a,l L2 L2
Ay = A= ] < Onln min{1, J°} = o min{1,J) < ot min(L, J7).
Sd, s$°n

By (2.14) we get
|h, —hE| < M{l + l—nmin(l I}
T 25 8s T
and by (4.1) we obtain (2.7). QED

We give the proof of the next theorem.
Proof of Theorem 2.3. We shall prove (2.8). By (2.15), (4.1-3) we get (2.8)

e [2.J0

By (2.16) we get (2.9). Now we estimate the effective masses. By (2. 2) we have

+ ~ e + -
oM+ M| = (| Py o bt Jr|/u6n+/ubn|
at a~ a,;at at

n n

Y
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then by (3.2), (2.15) we have

_ 1+J?€LJ 1+J0 Jg 1+J0 1+J0 Jg

Then we have (2.10). We prove (2.11) for 747 , the proof of 7-” is the same. By (2.2) we
get

0 l + + _ ,,0
Cl (2%

B T apat an

and by (3.2), (2.9) we have

1 0 0 [y 51 v 1 o Jo%2 [y
-l < 2Oy ey = DR BB L, gpp

2ana; Say, 25 8a? 52
Now we prove the identity.

Proof of Theorem 2.1. In [KK1] there are the equalities (2.3) and
Qo= (ATMI +ATMT), it V€ L*(0,1), (4.2)

n>1

where the series converges absolutely. Then we have to prove (4.2) in the case V € L'(0, 1).
Indeed by L, M = a,l,put /at < l,uf we obtain |Af MY +A- M| < L, M+ A |M+
M7 <l + A7 |MF + M-| Then by (2.10) and J? < Cn~?,n > 1, for some C' > 0,
(see Section 2) we have |[AT Mt + A-M~| < C'I2/n, for some C’. Hence we have proved
(2.3). The prove for V € L*(0,1) is the same and so on. QED

Now we shall consider the Dirac operator Hp (with periodic coefficients) in the Hilbert
space H = L*(R) & L*(R)

= (% ) (4 8)

Later on we shall use the Dirac equation

L+Vifi=wf, —fi+Vafi=wf,, (4.3)
where V;, V5 are real 1-periodic functions int € R, Vi, V5 € L'(1,0). Let f(x) = { fi(x), f2(x)}

be a vector -function. The boundary value problem (4.3) with the boundary condition
F(0) = f(1)(f(0) = —f(1)) is called periodic ( antiperiodic). We denote the eigenval-
ues of the periodic problem by ai, and the eigenvalues of the antiperiodic problem by
a%tm_l,n € Z. Tt is well- known that ... < a,_; < ad,_; < a3, < ad, < ..., and a* = n(7+
o(1)), |n| — oo. Let the vector-functions ¢(z,w) = (p1(x, w), pa(z,w)), and §(z,w) =
(01(x,w),02(x,w)) be the solutions of (4.21) satisfying ¢(0,w) = (0,1), 0(0,w) = (1,0).
We introduce the Lyapunov function for the Dirac equation Fp(w) = (p1(1,w) +
f5(1,w)),w € C. The properties of the Lyapunov function for the Dirac operator and
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for the Hill operator are similar, for example F'(af) = (=1)",n € Z.. But there is one
exception. In general the function Fp(w) is not even in w € C . The spectrum of Hp is
purely absolutely continuous and is given by the set Us,,, where a interval s, = [a} |, a].

These intervals are separated by gaps g, = (a;,a}). If a gap g, is degenerate, i.e. g, = )
then the corresponding segments s,,, s,11 merge. Now we define the quasimomentum func-
tion k(w) = arccos Fp(w),w € W = C\ g, g = Ug,. The function k(w) is analytic and
moreover k is a conformal map from W onto the quasimomentum slit plane K = C\ UL,
where an excised slit is given by ', = {Rek = 7n, [Imk| < h,}, h, >0, n € Z. A lot
of estimates for the Dirac operator repeat corresponding estimates for the Hill operator.
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