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THE SECOND ORDER ESTIMATES FOR THE HILL OPERATORE.KorotyaevDep. of Math.2, ETU, 5 Prof.Popov Str., St.Petersburg, 197376, RussiaSupported by Erwin Schr�odinger International Institute for Mathematical Physics,Vienna, Austria.Abstract. Let H be the Hill operator and let Gn = (A�n ; A+n ) and M�n ; n � 1; be thecorresponding gaps and the e�ective masses for the Hill operator. Denote by F (E) theLyapunov function for the Hill operator. Let �n 2 [A�n ; A+n ] be such that F 0(�n) = 0 andhn � 0 be the solution of the equation cosh hn = (�1)nF (�n): We prove some identitiesfor the e�ective masses M�n : Then we �nd "second order estimates" with respect to jGnjfor �n; hn;M�n (for example j�n � 12(A�n + A+n )j � CjGnj2=n2), and we get ones for moregeneral cases (the Dirac operator with periodic coe�cients etc.).1 IntroductionLet us consider the Hill operator H = �d2=dx2 + V (x) in L2(R) where V is a 1-periodic real potential in L1(0; 1). It is well known that the spectrum of H is absolutelycontinuous and consists of the intervals S1; S2; :: Let Sn = [A+n�1; A�n ]; :::; A�n � A+n <A�n+1; n � 1; and A+0 = 0 < A�1 : These intervals are separated by the gaps G1; G2; :::,where Gn = (A�n ; A+n ). If a gap degenerates i.e. Gn = ; then the corresponding segmentsSn; Sn+1 merge. The spectrum of the Hill operator consists of closed non overlappingintervals which are called spectral bands. We introduce a parameter w;w2 = E, andnumbers a�n = qA�n � 0 and gapsgn = (a�n ; a+n ); g�n = �gn; n � 1; g0 = ;:Later on gn will be called a gap and Gn an energy gap. Now we can de�ne a quasimomen-tum function (see [F1], [MO]) k(w) = arccosF (w2); w 2 W = C n �g; g = [gn; whereF is the Lyapunov function of the Hill operator (see Section 2). The function k(w) isanalytic and moreover k is a conformal mapping from W onto a quasimomentum domainK = C n [�n , where �n is an excised slit�n = fRek = �n; jImkj � hng ; hn = h�n � 0; n 2 Z; h0 = 0:Any non degenerate (degenerate) slit �n is connected in some way with the non degenerate(degenerate) gap gn and the energy gap Gn . With an edge of the energy gap Gn, havingthe length Ln, we associate the e�ective massM�n = ( 0; if Ln = 0;1=E 00(k(a�n )); if Ln 6= 0;1



and M�0 = 0; M+0 = 1=E 00(0); where E(k) = w(k)2 and w(k) is the inverse function fork(w). It is well known that if Ln 6= 0 thenE(k) = A�n + (k � �n)22M�n (1 + o(1)); as E ! A�n :Let us describe the main results of the present paper.a) We prove the equality R 10 V (t)dt = Pn�1(A+nM+n +A�nM�n ) for V 2 L1(0; 1):b) "Second order estimates" for M�n ; hn; �n with respect to L2n are obtained.c) We �nd "second order" asymptotics of M�n ; hn; �n as Ln ! 0.d) We extend the results b)-c) for more general cases: the Dirac operator with periodiccoe�cients, the Schr�odinger operator with limit periodic potentials .The identities, the estimates and asymptotics for the e�ective masses M�n , the gaplengths Ln, heights hn and so on were studied in many articles ( see lit. in [KK1] and[K2]). Firsova [F2] proved that the sum of all e�ective masses is equal to the physicalmass. First uniform "�rst order" estimates for the e�ective masses, the heights, the gaplengths and so on were obtained in the papers [KK1], [K1], [K2]. The estimates from[KK1] helped to solve few inverse problems for the Hill operator [KK2]. Moreover in[KK2] were obtained the estimates of the important parameter s = mindust(gn; g n gn)in terms of one of V; fhng; flng (see (2.12)). Note that some estimates in terms of maxhnwere obtained in [M]. Firsova found the relation between M�n ; Ln; hn and the Fouriercoe�cients of a potential V at large integers n. In [K1], [K2] the propagation of acousticwaves in periodic media is studied. It was shown that any spectral band (with number n)"creates" the wave with the velocity cn < 1: The velocity cn is equal to the maximum ofthe function w0(k(w)) when w2 belongs to the energy band with the number n. In [K1],[K2] the �rst order" estimates for cn in terms of M�n ; hn are obtained.To prove b)-d) we consider the quasimomentum of the Hill operator as a conformalmapping. That makes possible to reformulate the problem for the di�erential operatoras a problem of the conformal mapping theory (see [MO] and [KK1]). Then we usethe Poisson integral for the imaginary part of the quasimomentum and for the domainC+ [C� [ gn, for some n; and then some estimates of this integral from [KK1]. We alsouse the estimates of the spectral band length from [KK2]. Using the results of b)-c) weobtain a).2 The main resultsIn this section we introduce the concepts and the facts needed to formulate the theorems,some results for the Hill operator, the Dirac operator with periodic coe�cients and someresults from the conformal mapping theory.Let us consider the case of " a general quasimomentum " (see [KK1]). At �rst wegive some de�nitions and facts from the theory of conformal mappings. We call the set2



K+ = C+ n [�n the "comb" where�n = fRek = pn; jImkj � hng ; hn � 0; n 2 Z; h0 = 0;while pn is a strongly increasing sequence of real numbers such that pn ! �1 as n! �1:We call a conformal mapping k(w) from the upper half plane C+ onto some comb K+ ageneral quasimomentum ( GQ ) if 1) k(0) = 0, 2) k(iv) = iv(1 + o(1)) as v ! 1. It iswell known that a GQ k(w) is a continuous function in w 2 �C+. In this case we introducethe sets sn = [a+n�1; a�n ] = k�1([pn�1; pn]); n 2 Z:We call � = [sn the spectrum of the corresponding general quasimomentum k(w). Wealso denote by gn = (a�n ; a+n ); a gap in the spectrum of GQ and we let g = [gn. Itis well known that the set � can not be the spectrum of two di�erent GQ [L]. Notethat the function k(w) may be continued onto the domain W = C n �g by the formulak( �w) = �k(w); w 2 W . If a gap gn is empty then the components sn; sn+1 merge. Wedenote the length of the gap gn by ln. For GQ we introduce "reduced masses" (someanalog of the e�ective masses for the Dirac operator)��n = ( 0; if ln = 0;1=w00(k(a�n )); if ln 6= 0;It is clear that ���n > 0 if ln 6= 0: We emphasize that a symmetric (i.e. g = �g; andk(�w) = �k(w); w 2 W ) GQ with pn = �n; n 2 Z; corresponds to the quasimomentumfor the Hill operator, GQ with pn = �n; n 2 Z corresponds to the quasimomentum forthe Dirac operator with periodic coe�cients. Furthermore a GQ is an integrated densityof states (or the rotation number ) for the Schr�odinger operator with some limit periodicpotential (see [JM]).Later on n;m are the integers. We introduce the real functions p; q by the formulak(w) = p(w)+iq(w) where w = u+iv; and the numbersQm = 1� R umq(u)du; m � �1:Here and below an integral with no limits indicated denotes integration over Rd; d � 1.Let us describe the connection between GQ and the Hill operator. Let '(x;E); #(x;E)be the solutions of the equation �f 00+V f = Ef; E 2 C; satisfying '0(0; E) = #(0; E) =1 and '(0; E) = #0(0; E) = 0: Let us introduce the Lyapunov function ( the discriminant)F (E) = 12('0(1; E) + #(1; E)): The quasimomentum k for the Hill operator is de�ned byk(w) = arccosF (w); w 2 W (see [F1], [MO]). Recall that the spectrum of H consistsof the segments Sn; n 2 N; with the energy gaps Gn. In the case of the Hill operatorthe numbers a�n satisfy a�n = qA�n � 0; a��n = �a�n ; n � 0; and the gaps gn satisfygn = (a�n ; a+n ); g�n = �gn; n 2 Z; g0 = ;: For an energy gap Gn and a gap gn we havethe equality Ln = A+n � A�n = ln(a+n + a�n ); n � 1: Moreover, for the Hill operator wehave (see [M]) 2Q0 = Z 10 V (x)dx; Q1 = 0; 8Q2 = Z 10 V (x)2dx; ::;3



and (see [KK1]) 1� Z q(t)dt = 1� Z Z jk0(w)� 1j2dudv = Z 10 V (x)dx; ::: (2.1)M+0 = k0(0)2=2 = 1=2w0(0)2; ��n = 2a�nM�n ; n � 1: (2.2)Let us formulate the main theorems.Theorem 2.1.Suppose V 2 L1(0; 1). Then1� Z q(t)dt = 1� Z Z jk0(w)� 1j2dudv = Z 10 V (x)dx = 2Xn�1(A+nM+n +A�nM�n ): (2.3)Furthermore, let V 2 L2(0; 1) and m = 1 then14� Z Z j(w(k(w)� w))0j2dudv + 1� Z q(u)p(u)udu = 1� Z u2q(u)du =18 Z 10 V 2(x)dx = 13 Xn�1[(A+n )2M+n + (A�n )2M�n ]� 16Q20and etc. for V belonging Sobolev space Wm�12 (R=Z) and m = 2; 3; :: All series convergeabsolutely.Now we present the main estimates obtained in this paper. First we introduce thenumber s = mindust(gn; g n gn); n � 1: This is the more small distance between twogaps non degenerate gaps. Let us introduce the functions rn(x) = j(x� a�n )(x� a+n )j1=2 =j(ln=2)2 � (t� a0n)j1=2; u 2 R; andJn(u) = 1� Zgngn q(t)dtrn(t)jt� uj ; u 2 gn: (2.4)and the numbers J0n = maxJn(u); u 2 gn . The maximum J0n obeys the estimates (see[KK1]) J0n � minfQ0s2 ; Tn2g; n � 1; T = �2(1 +Q0s�2)maxL2n48s4 :The function F 0E has a zero �n in a "closed gap" [A�n ; A+n ] . If Gn = ;; then �n = A�n = A+n :In the case of non degenerate gap A�n < �n < A+n : The function q(u); u 2 gn is stronglyconvex and has a unique maximum at some point u0n 2 gn:We present the following result.Theorem 2.2.Let V 2 L1(0; 1); ln 6= 0; and h�n = qln��n =2. Thenju0n � a+n + a�n2 j � l2n8s minf1; J0ng � L2n32s3n2 min(1; J0n); (2.5)j�n � A+n +A�n2 � l2n4 j � L2n8san minf1; J0ng; : (2.6)4



jhn � h�n j � l2nJ0n2s �1 + lnmin(1; J0n)8s � � L2nJ0n8s3n2�1 + Lnmin(1; J0n)16s2n �: (2.7)In the case Ln 6= 0 we introduce the numbers �0n = 2h2n=ln;M0n = 2h2n=Ln . Now weconsider the case of the masses.Theorem 2.3.Suppose that V 2 L1(0; 1) and Ln 6= 0. Thenj�+n + ��n j � l2nJ0n(1 + J0n)s � L2nJ0n(1 + J0n)4s3n2 ; (2.8)j��n � �0nj � l2nJ0n(1 + J0n)s (1 + ln4s ): (2.9)jM+n +M�n j � L2n (1 + J0n)8a+n a2n n1 + J0n2a�n + J0ns o; (2.10)jM+n �M0nj � L2n (1 + J0n)8a3n n1 + J0na�n + J0n(2s+ ln)s2 o: (2.11)Remark 1 . In [KK2] there are the estimates of s: Let ! = cosh h+; where h+ = sup hn:Then 2 � s!; ! � ekV k; h+ � Xn�1 ln: (2.12)Remark 2 . By Theorem 2.2-3 we also have the asymptotics in terms of both Ln ! 0and n!1: It is important that we have the estimates of s in terms of fhng; kV k; flng:Remark 3 . It is possible to improve (2.5-11). In some estimates instead of s we canwrite sn, where sn is the distance between two sets gn and g n gn:Some analogs of Theorems 2.2, 2.3 for the Dirac operator with periodic coe�cients willbe considered in Theorems 2.4 .Let us consider the case of GQ. Suppose that GQ has a gap g0 = (a�; a+); l = jg0j; inhis spectrum. Denote by �� the corresponding reduced masses and by h the height of thecorresponding slit. We introduce the constant h� = ql��=2; �0 = 2h2=l. The followingstatements hold true.Theorem 2.4. Let k(z) be a general quasimomentum with a gap g0 = (a�; a+) and apoint a0 = (a� + a+)=2; and �0 = 2h2=l; h� = ql��=2: Thenju0 � a0j � l8s minfl; 2h� lg � l28s minf1; J(u0)g; (2.13)jh� h�j � l2J02s (1 + l8s minf1; J0g); (2.14)j�+ + ��j � l2s�q2l�+ +q�2l���minJ� � l2s (1 + J0)J0 (2.15)j�� � �0j � lJ0(h+ h�)s (1 + l8s minf1; J0g) � l2J0s (1 + (1 + l4s )J0): (2.16)5



3 The estimates for the general quasimomentumIn this section we consider the case of GQ. We assume that GQ k has a gap g0 = (a�; a+)in the spectrum and denote by �� the corresponding reduced masses. It is well-knownthat for any GQ k = p + iq the function q(w) > 0; w = u + iv 2 C+ (see [L]). Let usintroduce the gap length l = jg0j and the number a0 = 12(a++a�): We de�ne the functionJ(u); u 2 g0; by the formulaJ(u) = 1� Zgng0 q(t)dtr(t)jt� uj; u 2 g0;r(t) = j(t� a�)(t� a+)j1=2 = j(l=2)2 � (t� a0)2j1=2; t 2 R;and let J0 = maxJ(u); u 2 g0: Later on we need the following formulae from [KK1]q(u) = r(u)(1 + J(u)); u 2 g0; (3.1)�2�� = l(1 + J�)2; J� = J(a�): (3.2)Let us prove some simple properties of the function J(u); u 2 g0: Note that by thede�nition of J we see that J is the real analytic function of u 2 g0: By the equalityJ 0(u) = 1� Zgng0 q(t)sign(t� a0)dtr(t)jt� uj2 ; u 2 g0;we obtain jJ 0(u)j � J(u)s � J0s ; u 2 g0: (3.3)where s is the distance between the gap g0 and the set g n g0; andjJ(u)� J(u1)j � ls maxu2g0 J(u) = lJ0s : (3.4)The function q(u); u 2 g0; has a unique maximum h on the segment g0 and the functionk0(u); u 2 g0 has a zero u0 2 g0: Let � = u0 � a0 and h = q(u0): Now we �nd someformulae. We di�erentiate (3.1) and get q0 = r0(1 + J) + rJ 0 = 0 at u = u0: Then byr0r = �� we have �(1 + J(u0)) = r(u0)2J 0(u0): (3.5)The function q(u); u 2 g0; has a unique maximum at the point u0: Hence by (3.1), (3.7)we get h = r(u0)(1 + J(u0)): (3.6)Later on we shall use a simple estimate(1 + y)minf1; yg � 2y; y > 0: (3.7)6



Now we consider some estimates for �; ��; l; h: We study the case of � , i.e. we studythe behavior of the zero u0 ( where the function q has maximum ). Let us note that ifg = g0 then u0 = a0 since q(u) = r(u); u 2 g0; (see (3.1)).Proof of Theorem 2.4. By (3.5-7) and 2r(u) � l; u 2 g0; we getj�j � r2(u0)J(u0)s(1 + J(u0)) � r2(u0)2s minf1; J(u0)g = r(u0)2s minfr(u0); h� r(u0)g �l8s minfl; 2h� lg � l28s minf1; J(u0)g:and we have (2.13). We prove (2.14) for the case "+" , the proof for "-" is the same.Recall that h+ = ql�+=2. By (3.1-2), (3.6) and r2(u0) + �2 = (l=2)2 we getjh� h+j = jr(u0)(1 + J(u0))� l2(1 + J+)j �r(u0)jJ(u0))� J+)j+ jr(u0)� l2 j(1 + J+);and by (3.4), (2.17), (3.7)jh� h+j � l22sJ+ + �2(1 + J+)r(u0) + (l=2) � l2J02s + �(1 + J+)(l=2) l2min(1; J0)8s �l2J02s + �J02s � l2J02s (1 + lminf1; J0g8s ):and we have (2.14). We prove (2.15). By (3.2), (3.4) we obtain2j�+ + ��j = l(2 + J+ + J�)jJ+ � J�j � (2 + J+ + J�) l2J0s � ls(q2l�+ +q2l��)J0;and by 2�� � l(1 + J0)2 we get (2.15). We prove (2.16). By (3.2), (2.14) we havej�+ � �0j = j l2(1 + J+)2 � 2h2l j = (2l )j( l2)2(1 + J+)2 � h2j =(2l )j(h+)2 � h2j = (2l )jh+ � hjjh+ + hj � jh+ + hj lJ0s f1 + lminf1; J0g8s g;and by h+ h+ � l(1 + J0) and by (3.7) we getj�+ � �0j � l2J0(1 + J0)s f1 + lminf1; J0g8s g � l2J0s f1 + (1 + l4s)J0g:QED7



4 Estimates for the Hill operatorIn this chapter we shall apply the previous results for the case both the Hill operator andthe Dirac operator with periodic coe�cients.First we consider the Hill operator H = �d2=dx2+V (x) in L2(R) where V is 1-periodicreal potential and V 2 L1(0; 1). It is important that in this case we have estimatesLn2qA+n � ln = Lna+n + a�n � Ln2ns; n � 1: (4.1)There are some estimates for ln; hn; ��n ; un; in Section 3. For the Hill operator we canrewrite these results more exact. The function q(u); u 2 gn; has a maximum at the pointun 2 gn; and we have hn = q(un): Recall that �n = u2n: Now we presentProof of Theorem 2.2. By (2.13) we obtainjun � anj � l2n8s minf1; J0ng � L2n8s(a�n + a+n )2 minf1; J0ng;and by (4.1) we get (2.5). Recall An = 12(A+n +A�n ): We have4a2n = (a�n + a+n )2 = A�n +A+n + 2a�n a+n = 2(A�n +A+n )� (a�n � a+n )2;hence a2n = An � (ln=2)2 = An � (L2n=(16a2n): Then by (2.5) we obtainjAn � �n � l2n4 j = ja2n � �nj = jan +q�njjan �q�nj � jan +q�nj l2ns8 minf1; J0ngand by 2anln = Ln we obtain (2.6):jAn � �n � l2n4 j � 3anl2n8 minf1; J0ng = L2n8san minf1; J0ng � L2n8s2n min(1; J0n):By (2.14) we get jhn � h�n j � l2nJ0n2s f1 + ln8s min(1; J0n)g;and by (4.1) we obtain (2.7). QEDWe give the proof of the next theorem.Proof of Theorem 2.3. We shall prove (2.8). By (2.15), (4.1-3) we get (2.8)j�+n + ��n j � l2nJ0ns (1 + J0n) � L2nJ0n4s3n2 (1 + J0n):By (2.16) we get (2.9). Now we estimate the e�ective masses. By (2. 2) we have2jM+n +M�n j = j�+na+n + ��na�n j � ln��na�n a+n + j�+n + ��n ja+n ;8



then by (3.2), (2.15) we have2jM+n +M�n j � l2n1 + J0na+n f1 + J0n2a�n + J0ns g � L2n 1 + J0n4a2na+n f1 + J0n2a�n + J0ns g:Then we have (2.10). We prove (2.11) for "+" , the proof of "-" is the same. By (2.2) weget 2jM+n �M0nj = j�+na+n � �0nan j � ln�+nana+n + j�+n � �0njanand by (3.2), (2.9) we have2jM+n �M0nj � l2n (1 + J0n)22ana+n +l2n J0nsan (1+ ln2s)(1+J0n) = L2n 1 + J0n8a3n f1 + J0na+n +J0n(2s+ ln)s2 g: QEDNow we prove the identity.Proof of Theorem 2.1. In [KK1] there are the equalities (2.3) andQ0 = Xn�1(A+nM+n +A�nM�n ); if V 2 L2(0; 1); (4.2)where the series converges absolutely. Then we have to prove (4.2) in the case V 2 L1(0; 1):Indeed by LnM+n = anln�+n =a+n � ln�+n we obtain jA+nM+n +A�nM�n j � LnM+n +A�n jM+n +M�n j � ln�+n + A�n jM+n +M�n j Then by (2.10) and J0n � Cn�2; n � 1; for some C > 0;(see Section 2) we have jA+nM+n +A�nM�n j � C 0l2n=n; for some C 0: Hence we have proved(2.3). The prove for V 2 L2(0; 1) is the same and so on. QEDNow we shall consider the Dirac operator HD (with periodic coe�cients) in the Hilbertspace H = L2(R)� L2(R)HD =  0 1�1 0 ! ddx +  V1(x) 00 V2(x) ! :Later on we shall use the Dirac equationf 02 + V1f1 = wf1; �f 01 + V2f2 = wf2; (4.3)where V1; V2 are real 1-periodic functions in t 2 R; V1; V2 2 L1(1; 0): Let f(x) = ff1(x); f2(x)gbe a vector -function. The boundary value problem (4.3) with the boundary conditionf(0) = f(1)(f(0) = �f(1)) is called periodic ( antiperiodic). We denote the eigenval-ues of the periodic problem by a�2n and the eigenvalues of the antiperiodic problem bya�2n+1; n 2 Z: It is well- known that ::: < a�2n�1 � a+2n�1 < a�2n � a+2n < :::; and a�n = n(�+o(1)); jnj ! 1: Let the vector-functions '(x;w) = ('1(x;w); '2(x;w)); and �(x;w) =(�1(x;w); �2(x;w)) be the solutions of (4.21) satisfying '(0; w) = (0; 1); �(0; w) = (1; 0):We introduce the Lyapunov function for the Dirac equation FD(w) = 12('1(1; w) +�2(1; w)); w 2 C: The properties of the Lyapunov function for the Dirac operator and9



for the Hill operator are similar, for example F (a�n ) = (�1)n; n 2 Z:. But there is oneexception. In general the function FD(w) is not even in w 2 C . The spectrum of HD ispurely absolutely continuous and is given by the set [sn, where a interval sn = [a+n�1; a�n ]:These intervals are separated by gaps gn = (a�n ; a+n ): If a gap gn is degenerate, i.e. gn = ;then the corresponding segments sn; sn+1 merge. Now we de�ne the quasimomentum func-tion k(w) = arccosFD(w); w 2 W = C n �g; g = [gn: The function k(w) is analytic andmoreover k is a conformal map from W onto the quasimomentum slit plane K = C n[�nwhere an excised slit is given by �n = fRek = �n; jImkj � hng ; hn � 0; n 2 Z: A lotof estimates for the Dirac operator repeat corresponding estimates for the Hill operator.References[F1]Firsova N.: Direct and inverse problem of scattering for one dimensional perturbedHill operator. Mat. Sb. 130(172), 3(7), 349- 385(1986), Russian.[F2] Firsova N.: On the e�ective mass for one dimensional Hill operator. VestnicLGU(�zika).10, 2,13-18(1979), Russian.[KK1] Kargaev P., Korotyaev E. : E�ective masses and conformal mappings. Commun.Math. Phys. to appear.[KK2] Kargaev P., Korotyaev E. : Inverse problem for the Hill operator, the directapproach.[K1] Korotyaev E. Propagation of waves in one-dimensional periodic media. DokladyRAN, 1994, 336(2), 171-174 (Russian).[K2] Korotyaev E. Propagation of waves in one-dimensional periodic media. PreprintESI, Vienna, 152, 1994.[L] Levin B.: Majorants in the class of subharmonic functions.1-3. Theory of functions,functional analysis and their applications. 51, 3-17(1989); 52, 3-33 (1989). Russian.[M] Marchenco V.: Sturm-Liouville operator and applications. Basel: Birkh�auser 1986.[MO] Marchenco V., Ostrovski I.:A characterization of the spectrum of the Hill oper-ator. Mat Sb. 97(139), no.4(8), 540-606(1975), Russian.
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