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1 Introdu
tionThere are many 
ases in whi
h �rms a
quire their rivals' sto
k as passive investments that givethem a share in the rivals' pro�ts but not in the rivals' de
ision making. For example, Mi
rosofta
quired in August 1997 approximately 7% of the nonvoting sto
k of Apple, its histori
 rival inthe PC market, and in June 1999 it took a 10% stake in Inprise/Borland Corp. whi
h is oneof its main 
ompetitors in the software appli
ations market.3 Gillette, the international andU.S. leader in the wet shaving razor blade market a
quired 22.9% of the nonvoting sto
k andapproximately 13:6% of the debt of Wilkinson Sword, one of its largest rivals.4 Investments inrivals are often multilateral; examples of industries that feature 
omplex webs of partial 
rossownerships in
lude the Japanese and the U.S. automobile industries (Alley, 1997), the globalairline industry (Airline Business, 1998), the Dut
h Finan
ial Se
tor (Dietzenba
her, Smid, andVolkerink, 2000), the Nordi
 power market (Amundsen and Bergman, 2002), and the global steelindustry (Gilo and Spiegel, 2003). There are also many 
ases in whi
h a 
ontroller (majority ordominant shareholder) makes a passive investment in rivals. For instan
e, during the �rst halfof the 90's, National Car Rental's 
ontroller, GM, passively held a 25% stake in Avis, National'srival in the 
ar rental industry, while Hertz's 
ontroller, Ford, had a
quired 100% of the preferrednonvoting sto
k of Budget Rent a Car (Purohit and Staelin, 1994 and Talley, 1990).5While horizontal mergers are subje
t to substantial antitrust s
rutiny and are often op-posed by antitrust authorities, passive investments in rivals were either granted a de fa
toexemption from antitrust liability or have gone un
hallenged by antitrust agen
ies in re
ent
ases (Gilo, 2000).6 This lenient approa
h towards passive investments in rivals stems from the3See "Mi
rosoft Investments Draw Federal S
rutiny," Pittsburgh Post-Gazette, August 10, 1997, B-11, and"Corel Again Buys a "Vi
tim" of Mi
rosoft Juggernaut," The Ottawa Citizen, February 8, 2000, C1.4United States v. Gillette Co., 55 FR 28312 (1990).5See also \Will Ford Be
ome The New Repo Man?; Finan
ial Powerhouse Takes Aim at Bad Credit Risks,"N.Y Times, De
ember 15, 1996, Se
tion 3, p. 1. For additional examples of investments by �rms and their
ontrollers in rivals, see Gilo (2000).6To the best of our knowledge, Mi
rosoft's investments in the nonvoting sto
ks of Apple and Inprise/BorlandCorp. were not 
hallenged by antitrust agen
ies while Gillette's 22:9% stake in Wilkinson Sword was approvedby the DOJ after the DOJ was assured that this stake would be passive (see United States v. Gillette Co. 55Fed. Reg. at 28,312). The FTC approved TCI's 9% stake in Time Warner (TCI's main rival in the 
able TVindustry at the time) and even allowed TCI to raise its stake in Time Warner to 14:99% in the future, after beingassured that TCI's stake would be 
ompletely passive (see Re Time Warner In
., 61 FR 50301, 1996). The FTCalso agreed to a 
onsent de
ree approving Medtroni
 In
.'s almost 10% passive stake in SurVivaLink, one of theonly two rivals of Medtroni
's subsidiary in the automated External De�briallators market (see Re Medtroni
,2




ourts' interpretation of the exemption for sto
k a
quisitions \solely for investment" in
ludedin Se
tion 7 of the Clayton A
t.In this paper we wish to examine whether this lenient approa
h of 
ourts and antitrustagen
ies towards passive investments in rivals is justi�ed. Like other horizontal pra
ti
es (e.g.,horizontal mergers), (passive) partial 
ross ownership (PCO) arrangements raise two main an-titrust 
on
erns: 
on
erns about unilateral 
ompetitive e�e
ts and 
on
erns about 
oordinated
ompetitive e�e
ts. We fo
us on the latter and study the e�e
t of PCO on the ability of �rmsto engage in ta
it 
ollusion. To this end, we 
onsider an in�nitely repeated Bertrand oligopolymodel in whi
h �rms and/or their 
ontrollers a
quire some of their rivals' (nonvoting) shares.This setting allows us to deal with the 
omplexity generated by the 
hain-e�e
ts of multilateralPCO. This 
omplexity arises sin
e in general, the pro�t of ea
h �rm, both under 
ollusion aswell as under deviation from 
ollusion, depends on the whole set of PCO in the industry and notonly on the �rm's own stake in rivals. Another advantage of this model is that PCO does nota�e
t the equilibrium in the one shot 
ase. Consequently, the 
ompetitive e�e
t of PCO 
omesonly from its e�e
t on the in
entive of �rms to engage in ta
it 
ollsuion. We say that PCOarrangements fa
ilitate ta
it 
ollusion if they expand the range of dis
ount fa
tors for whi
hta
it 
ollusion 
an be sustained.It might be thought that sin
e PCO allows �rms to internalize part of the harm theyimpose on rivals when deviating from a 
ollusive s
heme, any in
rease in the level of PCO in theindustry will ne
essarily fa
ilitate ta
it 
ollusion. This intuition, however, ignores the fa
t thatPCO arrangements 
reate an in�nite re
ursion between the pro�ts of �rms who hold ea
h other'sshares, both under 
ollusion as well as following a deviation from 
ollusion. Consequently, PCOarrangements a�e
t the in
entive of ea
h �rm to 
ollude in a 
omplex and subtle way.Despite this 
omplexity, we are able to prove that an in
rease in the stake of �rm rin a rival �rm s never hinders 
ollusion. Moreover, we show that su
h an in
rease will surelyfa
ilitate ta
it 
ollusion provided that (i) ea
h �rm in the industry holds a stake in at least onerival, (ii) the maveri
k �rm in the industry (the �rm with the strongest in
entive to deviateIn
., FTC File No. 981-0324, 1998). 3



from a 
ollusive agreement)7 has a dire
t or an indire
t stake in �rm r;8 and (iii) �rm s is notthe industry maveri
k. If either one of these 
onditions fail, the in
reased stake of �rm r in �rms will not a�e
t ta
it 
ollusion. In addition, we show that a 
ontrolling shareholder (whether aperson or a parent 
orporation) 
an fa
ilitate ta
it 
ollusion further by making a dire
t passiveinvestment in rival �rms. Su
h investment parti
ularly fa
ilitates 
ollusion if the 
ontroller hasa relatively small stake in his own �rm.The unilateral 
ompetitive e�e
ts of PCO have been already studied in the 
ontext ofstati
 oligopoly models by Reynolds and Snapp (1986), Bolle and G�uth (1992), Flath (1991,1992), Reitman (1994), and Dietzenba
her, Smid, and Volkerink (2000).9 Our paper by 
ontrast,fo
uses on the 
oordinated 
ompetitive e�e
ts of PCO and examines a repeated Bertrand model.The distin
tion between the unilateral and 
oordinated 
ompetitive e�e
ts of PCO is important.In parti
ular, PCO arrangements that may be unpro�table in stati
 oligopoly models are shownto be pro�table in our model on
e their 
oordinated e�e
ts are taken into a

ount. For example,given that in a perfe
tly 
ompetitive 
apital market the pri
e of the rival's shares re
e
ts theirpost-a
quisition value, an investing �rm 
an gain only if its own shares in
rease in value. AsFlath (1991) shows, this is the 
ase only when produ
t market 
ompetition involves strategi

omplements.10 By 
ontrast, our results show that on
e repeated intera
tion is taken intoa

ount, �rms may bene�t from investing in rivals even if su
h investments have no e�e
t in oneshot intera
tions. Reitman (1994) shows that symmetri
 �rms may not wish to invest in rivalsbe
ause su
h investments bene�t noninvesting �rms more than they bene�t the investing �rms.7The Horizontal Merger Guidelines of the US Department of Justi
e and FTC de�ne maveri
k �rms as \�rmsthat have a greater e
onomi
 in
entive to deviate from the terms of 
oordination than do most of their rivals," seewww.usdoj.gov/atr/publi
/guidelines/horiz book/hmg1.html. In pra
ti
e, antitrust agen
ies identify industrymaveri
ks a

ording to various 
hara
teristi
s, in
luding their past behavior in the industry (see e.g., FederalTrade Commission, v. Ar
h Coal In
., 329 F. Supp. 2d 109, 146 (2004)). For an ex
ellent dis
ussion of the rolethat the 
on
ept of maveri
k �rms plays in the analysis of 
oordinated 
ompetitive e�e
ts, see Baker (2002).8Firm i has an indire
t stake in �rm r if it either has a stake in a �rm that has a stake in �rm r; or if it hasa stake in a �rm that has a stake in a �rm that has a stake in �rm r; and so on.9See also Bresnahan and Salop (1986) and Kwoka (1992) for a related analysis of stati
 models of horizontaljoint ventures. Alley (1997) and Parker and R�oller (1997) provide empiri
al eviden
e on the e�e
t of PCOon 
ollusion. Alley (1997) �nds that failure to a

ount for PCO leads to misleading estimates of the pri
e-
ostmargins in the Japanese and U.S. automobile industries. Parker and R�oller (1997) �nd that 
ellular telephone
ompanies in the U.S. tend to 
ollude more in one market if they have a joint venture in another market.10Charl�ety, Fagart, and Souam (2002) study a related model but 
onsider PCO by 
ontrollers rather than by�rms. They show that although a 
ontroller's investments in rivals lower the pro�t of the 
ontroller's �rm,they may in
rease the rival's pro�t by a larger amount and thereby bene�t the 
ontroller at the expense of theminority shareholders in his own �rm. 4



In our model, there is no su
h free-rider problem sin
e when �rms are symmetri
, all of themneed to invest in rivals to sustain ta
it 
ollusion (i.e., ea
h �rm is \pivotal").We are aware of only one other paper, Malueg (1992), that studies the 
oordinated e�e
tsof PCO. His paper di�ers from ours in at least three important ways. First, Malueg 
onsidersa repeated Cournot game and �nds that in general, PCO has an ambiguous e�e
t on 
ollusion.The ambiguity arises be
ause in the Cournot model, PCO has two 
on
i
ting e�e
ts. On theone hand, PCO imply that �rms internalize part of the losses that they in
i
t on rivals whenthey deviate. On the other hand, PCO also soften produ
t market 
ompetition following abreakdown of the 
ollusive s
heme and hen
e strengthen the in
entives of �rms to deviate. Webelieve that in pra
ti
e, the �rst e�e
t is likely to dominate the se
ond e�e
t, otherwise �rmswould have no in
entive to invest in rivals. The Bertrand framework that we use allows us toneutralize the negative e�e
t of PCO on 
ollusion and fo
us attention on the �rst positive e�e
t.Se
ond, Malueg 
onsiders a symmetri
 duopoly in whi
h the �rms hold identi
al stakes in oneanother, while we 
onsider an n �rm oligopoly in whi
h �rms need not have similar stakes in oneanother. Third, Malueg e�e
tively 
onsiders passive investments in rivals by 
ontrollers ratherthan by �rms; 
onsequently, his analysis does not feature the 
omplex 
hain-e�e
t intera
tionbetween the pro�ts of rival �rms whi
h is a main fo
us of our paper.The rest of the paper is organized as follows: Se
tion 2 examines the e�e
t of PCO onthe ability of �rms to a
hieve the fully 
ollusive out
ome in the 
ontext of an in�nitely repeatedBertrand model with symmetri
 �rms. Se
tion 3 shows that PCO by �rms' 
ontrollers mayfurther fa
ilitate 
ollusion. We 
on
lude in Se
tion 4. All proofs are in the Appendix.2 Partial 
ross ownership (PCO) by �rmsIn this se
tion we examine the 
oordinated 
ompetitive e�e
ts of PCO in the 
ontext of thefamiliar in�nitely repeated Bertrand oligopoly model with n � 2 identi
al �rms that produ
e ahomogenous produ
t at a 
onstant marginal 
ost 
: In every period, the n �rms simultaneously
hoose pri
es and the lowest pri
e �rm 
aptures the entire market. In 
ase of a tie, the set oflowest pri
e �rms get equal shares of the total sales. Using Q(p) to denote the demand fun
tion,5



the monopoly pri
e is de�ned by pm � limp Q(p)(p� 
);and the monopoly pro�t is �m � Q(pm)(pm � 
):As is well-known (e.g., Tirole, 1988, Ch. 6.3.2.1), the fully 
ollusive out
ome in whi
h all�rms 
harge pm and ea
h �rm gets an equal share in the monopoly pro�t, �m, 
an be sustainedas a subgame perfe
t equilibrium of the in�nitely repeated game provided that the intertemporaldis
ount fa
tor, Æ, is suÆ
iently high: Æ � bÆ = 1� 1n . (1)Taking 
ondition (1) as a ben
hmark, we shall examine the 
ompetitive e�e
ts of PCOby looking at its e�e
t on the 
riti
al dis
ount fa
tor, bÆ, above whi
h the fully 
ollusive out
ome
an be sustained. In other words, bÆ will be our measure of the ease of 
ollusion.11 We will saythat PCO arrangements fa
ilitate ta
it 
ollusion if they lower bÆ and thereby widen the set ofdis
ount fa
tors for whi
h the fully 
ollusive s
heme 
an be sustained. Conversely, we will saythat PCO hinder ta
it 
ollusion if they raise bÆ.2.1 The a

ounting pro�ts under PCOLet �ij be �rm i's ownership stake in �rm j. We assume that the pri
ing de
isions of ea
h �rmare e�e
tively made by its 
ontroller (i.e., a 
ontrolling shareholder) whose ownership stake is
i. Now, suppose that all 
ontrollers adopt the same trigger strategy whereby ea
h �rm 
hargesthe monopoly pri
e, pm, in every period unless at least one �rm has 
harged a di�erent pri
ein any previous period; from that point onward, all �rms use marginal 
ost pri
ing and make0 pro�ts in every period.12 To write the 
ondition that ensures that this trigger strategy 
an11Of 
ourse, the repeated game admits multiple equilibria. We fo
us on the fully 
ollusive out
ome and on bÆbe
ause this is a standard way to measure the notion of \ease of 
ollusion."12Sin
e ea
h �rm 
an guarantee itself a payo� of at least 0 in ea
h period (say by setting a high enough pri
eto ensure that it makes no sales), the Nash reversion is the most severe punishment that �rms 
an impose on6



support the fully 
ollusive s
heme as a subgame perfe
t equilibrium, we �rst need to express thepro�t of ea
h �rm under 
ollusion and following a deviation from the fully 
ollusive s
heme.If all �rms 
harge the monopoly pri
e, then ea
h �rm earns �mn dire
tly. In addition,ea
h �rm gets a share in its rivals' pro�ts due to its ownership stake in these �rms.13 The pro�tof �rm i is therefore �i = �mn +Pj 6=i �ij�j. The ve
tor of 
ollusive pro�ts in the industry,� = (�1; �2; :::; �n)0, is therefore given by the solution of the following equation:� = k +A�; (2)where k = (�mn ; :::; �mn )0 is an n� 1 ve
tor andA = 0BBBBBB� 0 �12 � � � �1n�21 0 � � � �2n... ... . . . ...�n1 �n2 � � � 0 1CCCCCCA ;is an n�n PCO matrix whose i-th row spe
i�es �rm i's ownership stakes in its n� 1 rivals (thediagonal terms in A are all 0 be
ause �rms do not hold dire
t stakes in themselves).However, if �rm i deviates from the fully 
ollusive s
heme and slightly under
uts themonopoly pri
e, then the dire
t pro�t of all �rms but i (ex
luding their share in the rival'spro�ts) is 0; while �rm i's dire
t pro�t is arbitrarily 
lose to �m; to simplify matters, we simplywrite it as �m. After taking into a

ount the shares that �rms have in their rival's pro�ts, thepro�t of the deviant �rm i is �i = �m +Pk 6=i �ik�k and the pro�t of ea
h nondeviant �rm jis �j = Pk 6=j �jk�k. Consequently, the ve
tor of �rms' pro�ts in the period in whi
h �rm i's
ontroller deviates, �di = (�di1 ; �di2 ; :::; �din )0; is given by the solution of the following equation:�di = kdi +A�di; (3)ea
h other.13We study here \pure" pri
e �xing: �rms �x a pri
e and let 
onsumers randomize their pur
hases between then �rms. There 
ould be more elaborate 
ollusive s
hemes in whi
h �rms also divide the market (not ne
essarilyin equal shares) among themselves. Su
h s
hemes however will require some �rms to ration their sales and willtherefore be harder for the �rms to enfor
e and easier for antitrust authorities to dete
t.7



where kdi = (0; :::; 0; �m; 0; :::; 0)0 is an n� 1 ve
tor with �m in the i-th entry and 0's in all otherentries. In all subsequent periods following a deviation from the fully 
ollusive s
heme, all �rmsuse marginal 
ost pri
ing and make 0 pro�ts.Equations (2) and (3) reveal that in general, the pro�t of ea
h �rm depends on the pro�tsof all other �rms and on the stru
ture of PCO in the industry. For instan
e, �rm 1 may get ashare �12 of �rm 2's pro�t, whi
h may re
e
t �rm 2's share, �25, in the pro�t of �rm 5; whi
hin turn may re
e
t �rm 5's share, �51, in the pro�t of �rm 1. The fa
t that ea
h �rm's pro�tdepends on the whole PCO matrix is striking. It implies for instan
e that a �rm's pro�t andin
entive to 
ollude may be a�e
ted by a 
hange in PCO levels among rivals even if this 
hangedoes not a�e
t the �rm dire
tly (i.e., even if the �rm's PCO levels in rivals or the rivals' PCOin that �rm remain un
hanged).To solve (2) and (3), note that the PCO matrix, A, is nonnegative and the sum of ea
hof its 
olumns is stri
tly less than 1. Consequently, (2) and (3) are Leontief systems and haveunique solutions �(A) � 0 and �di(A) � 0 (see Ber
k and Syds�ter, Ch. 21.1 - 21.22, p. 111)de�ned by �(A) = Bk; �di(A) = Bkdi; (4)where B � (I � A)�1 is the inverse Leontief matrix. Using bij to denote the entry in the i-throw and j-th 
olumn of the inverse Leontief matrix B; (4) implies that the a

ounting 
ollusivepro�t of �rm i is �i(A) = �mn Pnk=1 bik, its one time pro�t in the period in whi
h it deviatesfrom the fully 
ollusive s
heme is �dii (A) = bii�m, and its one time pro�t when �rm j deviatesis �dji (A) = bij�m.Sin
e the inverse Leontief matrix,B, plays an important role in what follows, we establishsome of its important properties in the following lemma. The proof of the lemma, as well as allother proofs, appear in the Appendix.Lemma 1: The inverse Leontief matrix B has the following properties:(i) B is invertible, bii � 1 for all i; and 0 � bij < bii for all i and all j 6= i.(ii) Let i and j be two distin
t �rms. Then, bij = 0 if and only if �rm i does not have a dire
t8



or an indire
t stake in �rm j.14Sin
e bii � bij for all i and all j 6= i, Lemma 1 implies that the pro�t of ea
h �rm iwhen it deviates from the fully 
ollusive s
heme, �dii (A) = bii�m, ex
eeds its 
ollusive pro�t,�i(A) = �mn Pnk=1 bik, and its pro�t when �rm j deviates, �dji (A) = bij�m. Noti
e that sin
ebii � 1; in general Pnk=1 �i(A) > �m and Pnk=1 �djk (A) > �m, so the aggregate a

ountingpro�ts under 
ollusion and following a deviation by some �rm j will overstate the �rms' 
ash
ows.15 Nonetheless, if premultiply both sides of (2) by the summation 1 � n ve
tor (1; :::; 1)and rearrange terms, we get 1�Xk 6=1 �k1! �1 + 1 �Xk 6=2 �k2!�2 + � � �+ 1 �Xk 6=n �kn!�n = �m; (4)where �1�Pk 6=i �ki� is the aggregate ownership stake held by �rm i's 
ontroller and the �rm'soutside equityholders. Thus, the 
ollusive payo�s of the 
ontrollers and outside investors (i.e.,equityholders that are not rival �rms) do sum up to �m and are therefore not overstated. Asimilar 
omputation shows that this is also the 
ase following a deviation by some �rm j fromthe fully 
ollusive s
heme.16Lemma 1 also reveals that, unlike the traditional repeated Bertrand model without PCO,here, so long as bij > 0, �rm i still earns a positive pro�t in the period in whi
h a rival �rm jdeviates from the fully 
ollusive s
heme. Part (ii) of the lemma shows that bij > 0 whenever�rm i has a dire
t or an indire
t stake in the deviant �rm j. In fa
t, �rm i's pro�t following14That is, �rm i has no stake in �rm j; and has no stake in a �rm that has a stake in �rm j, and has no stakein a �rm that has a stake in a �rm that has a stake in �rm j and so on.15See Dietzenba
her, Smid, and Volkerink (2000) and Ritzberger and Shorish (2003) for additional dis
ussionof this e�e
t of PCO.16To illustrate, suppose that there are only 2 �rms that hold 25% stakes in ea
h other; the rest of the 75%ownership stakes in �rms 1 and 2 are held by 
ontrollers 1 and 2, respe
tively. Assuming further that �m = 100,the 
ollusive pro�ts are �1 = 1002 + 0:25�2 and �2 = 1002 + 0:25�1. Solving this system, we get �1 = �2 = 66:66,implying that the 
ollusive payo� of ea
h 
ontroller is 66:66� 0:75 = 50. Consequently, the 
ontrollers' payo�ssum up to 100 (the real 
ash 
ow) despite the fa
t that the a

ounting pro�ts sum up to 133:33. If �rm 1's
ontroller, say, deviates, the pro�ts be
ome �1 = 100+0:25�2 and �2 = 0+0:25�1, so �1 = 106:66 and �2 = 26:66.Now, the 
ontrollers' payo�s are 80 and 20, respe
tively. Again, these payo�s sum up to 100 despite the fa
tthat the �rms' pro�ts sum up to 133:33. It is worth noting that due to the fa
t that �rm 1 re
eives part of it
ash 
ow ba
k from �rm 2, 
ontroller 1 
aptures 80% of the industry pro�ts despite the fa
t that he holds onlya 75% stake in �rm 1. 9



a deviation by �rm j 
an ex
eed its pro�t under 
ollusion if bij > 1nPnk=1 bik. For instan
e, ifthere are n �rms in the industry and only �rm i has a stake �ij in �rm j while all other �rmshave no stakes in ea
h other, then the 
ollusive pro�t of �rm i is (1 + �ij) �mn , while its pro�twhen �rm j deviates is �ij�m; the latter ex
eeds the former whenever �ij > 1n�1 .2.2 Collusion with PCOGiven the pro�ts of the n �rms under 
ollusion and following a deviation from the fully 
ollusives
heme, the 
ondition that ensures that the fully 
ollusive out
ome 
an be sustained as a subgameperfe
t equilibrium is 
i�i(A)1� Æ � 
i�dii (A); i = 1; :::; n: (6)When (6) holds, the share of ea
h �rm i's 
ontroller in the in�nite dis
ounted 
ollusive pro�tsof �rm i ex
eeds his share in the one time pro�t that �rm i earns when it deviates from the
ollusive s
heme. Given (6), no 
ontroller wishes to unilaterally deviate from the fully 
ollusives
heme.Re
alling that �i(A) = �mn Pnk=1 bik and �dii (A) = bii�m, 
ondition (6) gives rise to thefollowing result:Lemma 2: With PCO, the fully 
ollusive out
ome 
an be sustained as a subgame perfe
t equi-librium of the in�nitely repeated game provided thatÆ � bÆpo(A) � maxnbÆ1(A); :::;bÆn(A)o ; (7)where bÆi(A) � 1� �i(A)�dii (A) = 1� 1nPnk=1 bikbii : (8)The intuition for Lemma 2 is as follows. Although the n �rms produ
e a homogenousprodu
t and have the same marginal 
ost, their in
entives to 
ollude are not ne
essarily identi
aldue to their possibly di�erent ownership stakes in rivals. Lemma 2 shows that whether the fully
ollusive s
heme 
an be sustained or not depends entirely on the �rm (or �rms) with the minimalratio between the 
ollusive pro�t, �i(A), and the pro�t from deviation, �dii (A). We shall refer10



to this �rm as an industry maveri
k (there may be more than one industry maveri
k if several�rms are tied for the minimal ratio between �i(A) and �dii (A)).Sin
e part (i) of Lemma 1 implies that bij � 0 for all i and all j, it follows immediatelyfrom equation (8) that bÆi(A) � bÆ � 1 � 1n : in the presen
e of PCO, �rms either have thesame or stronger in
entives to 
ollude than they have absent PCO. Moreover, if �rm i does notinvest in any rival, then bij = 0 for all j 6= i, so �rm i is ne
essarily an industry maveri
k andbÆi(A) = bÆ � 1� 1n :The question however is whether, starting from a given PCO stru
ture, an in
rease inone �rm's stake in a rival �rm fa
ilitates or hinders 
ollusion. Addressing this question is aformidable task sin
e in general, even a single 
hange in the PCO matrix, A; will a�e
t allentries in the inverse Leontief matrix, B. From an e
onomi
 standpoint, that means that anin
rease in, say, �rm r's stake in rival �rm s, may a�e
t the in
entives of all �rms to 
ollude bya�e
ting their pro�ts both under the fully 
ollusive s
heme and following a deviation from thats
heme. From a purely mathemati
al standpoint, things are 
ompli
ated be
ause we are notsimply interested in the 
omparative stati
s properties of the matrixB. Rather, we wish to knowhow the lowest ratio between the average value of the entries in row i of B, 1nPnk=1 bik, and thediagonal term in that row, bii; 
hanges following a 
hange in the PCO matrix A. Nonetheless,in Theorem 1 below, we are able to show that an in
rease in �rm r's stake in rival �rm s neverhinders ta
it 
ollusion, and moreover, we establish the pre
ise 
onditions under whi
h su
h anin
rease will surely fa
ilitate ta
it 
ollusion. For the purpose of this result, it does not matterwhether �rm r in
reases its stake in �rm s at the expense of outside shareholders or at theexpense of �rm s's 
ontroller (as long as the 
ontroller retains 
ontrol).Theorem 1: Starting with a PCO matrix A, suppose that �rm r in
reases its stake in �rm sby some ! > 0, so that the new PCO matrix A0 di�ers from A only with respe
t to the rs-thentry whi
h is in
reased by !. Then,bÆi(A0) � bÆi(A); i = 1; :::; n;with equality holding if and only if bir = 0 or i = s.11



Theorem 1 may be of independent interest for those interested in the 
omparative stati
properties of Leontief systems (these systems play an important role in many areas in e
onomi
s,e.g., input-output analysis). In our 
ontext, Theorem 1 has the following important impli
ation:Corollary 1: An in
rease in �rm r's stake in �rm s never hinders ta
it 
ollusion.Corollary 1 follows immediately from the fa
t that for ea
h �rm i, bÆi(A0) � bÆi(A): Giventhat PCO never hinders ta
it 
ollsuion, one may wonder when will it surely fa
ilitate ta
it
ollusion. In the next 
orollary of Theorem 1, we address this question.Corollary 2: An in
rease in �rm r's stake in �rm s surely fa
ilitates ta
it 
ollusion if and onlyif (i) an industry maveri
k has a dire
t or an indire
t stake in �rm r; and (ii) �rm s is not theindustry maveri
k.Re
alling that a �rm that does not invest in rivals is an industry maveri
k, an importantimpli
ation of Corollary 2 is that PCO 
an fa
ilitate ta
it 
ollusion only if every �rm in theindustry has a stake in at least one rival. So long as at least one �rm does not invest in rivals,this �rm is an industry maveri
k, and by part (i) of the 
orollary, all other PCO in the industrywill have no e�e
t on ta
it 
ollusion. From a poli
y perspe
tive, this implies that in industrieswith similar �rms, antitrust authorities should not be too 
on
erned with unilateral PCO sin
eonly multilateral PCO arrangements 
an fa
ilitate ta
it 
ollusion.17However, in the presen
e of multilateral PCO arrangements, Corollary 2 implies thatin general, an in
rease in �rm r's stake in a rival �rm s will have anti
ompetitive 
oordinatede�e
ts and should therefore raise antitrust 
on
erns. The only two ex
eptions to this 
on
lusionare 
ases in whi
h an industry maveri
k has no dire
t or indire
t stake in the investing �rm r;or the rival �rm s is itself an industry maveri
k.To illustrate Corollary 2, suppose that there are 10 �rms in the industry and �rms 1� 4invest only in ea
h other so that none of them has dire
t or indire
t stakes in �rms 5 � 10.Then, any in
rease in the stakes that �rms 5 � 10 hold in rivals, in
luding their stakes in �rms1 � 4, will surely fa
ilitate ta
it 
ollusion unless (i) the industry maveri
k is either �rm 1, 2, 3,17In Gilo and Spiegel (2003), we showed that when �rms are not similar, even a unilateral investment by themost eÆ
ient �rm in its rivals 
an fa
ilitate ta
it 
ollusion.12



or 4, or (ii) the in
reased ownership stake is in a maveri
k �rm. When either (i) or (ii) hold, thein
reased stake of �rms 5� 10 in rivals will not a�e
t ta
it 
ollusion and will therefore justify alenient treatment by antitrust authorities.Condition (ii) in Corollary 2 implies that investment in a maveri
k �rm has no e�e
ton ta
it 
ollusion. This result is striking be
ause the Horizontal Merger Guidelines of the USDepartment of Justi
e and FTC state that the \a
quisition of a maveri
k �rm is one way inwhi
h a merger may make 
oordinated intera
tion more likely."18 This 
on
ern indi
ates thatthere may be a fundamental di�eren
e between horizontal mergers in whi
h �rms obtain 
ontrolover their rivals and passive investments in rivals that we study here. In parti
ular, while gaining
ontrol over a maveri
k �rm via a horizontal merger is espe
ially problemati
 from an antitrustperspe
tive, Corollary 2 shows that a mere passive investment in a maveri
k �rm should notraise any antitrust 
on
erns.2.3 The symmetri
 PCO 
aseTo obtain further insights about the e�e
t of PCO on ta
it 
ollusion, we now 
onsider thesymmetri
 
ase in whi
h all �rms hold exa
tly the same ownership stake, �, in ea
h other.Sin
e some of the shares of ea
h �rm are held by its 
ontroller and potentially other outsideshareholders, it must be the 
ase that the aggregate stake of rivals in ea
h �rm i, (n � 1)�, isless than 1Proposition 1: Consider the symmetri
 
ase in whi
h �ij = � < 1n�1 for all i and all j 6= i.Then, as n in
reases, ta
it 
ollusion is hindered if the aggregate stake of rivals in ea
h �rm issmall, i.e., (n� 1)� < 12, and is fa
ilitated otherwise:As equation (1) shows, absent PCO, an in
rease in the number of �rms hinders 
ollusion.Proposition 1 shows that in the presen
e of PCO, this is no longer true: when the aggregate stakeof rivals in ea
h �rm ex
eeds 50%, an in
rease in the number of �rms fa
ilitates 
ollusion ratherthan hinders it.19 The reason for this surprising result is that, holding � �xed, an in
rease in n18See www.usdoj.gov/atr/publi
/guidelines/horiz book/hmg1.html19Note that sin
e we 
onsider passive investments in rivals, the fa
t that rival �rms have a 
ombined share ofmore than 50% in the pro�ts of ea
h �rm does not prevent the �rm's 
ontroller from 
ontrolling more than 50%of the voting rights. 13



implies that ea
h �rm re
eives a larger fra
tion of its pro�ts from rivals. Hen
e, deviation fromthe fully 
ollusive s
heme whi
h hurts rivals may be
ome unattra
tive. To illustrate, supposethat ea
h �rms holds a passive stake of 10% in rivals. Then, moving from 6 to 7 �rms willfa
ilitate 
ollusion whereas moving from 4 �rms to 5 will hinder it.Next, we ask how a deviation from the symmetri
 stakes 
ase 
onsidered in Proposition1 a�e
ts ta
it 
ollusion. To this end, suppose that one �rm, say �rm 1, 
hanges its aggregatestake in rivals by ! so that Pk 6=1 �1k = (n� 1)� + !. To ensure that the aggregate stake thatrivals hold in ea
h �rm j is less than 1, we will assume that ! < 1 � (n � 1)�. All �rms otherthan �rm 1 
ontinue to hold an ownership stake � in ea
h of their rivals.Proposition 2: Starting from the symmetri
 
ase in whi
h �ij = � < 1n�1 for all i and allj 6= i, suppose that �rm 1 
hanges its aggregate stake in rivals by !, where ! < 1 � (n � 1)�.(i) If ! > 0; then ta
it 
ollusion is fa
ilitated, i.e., bÆpo < bÆ, provided that ! is spread over atleast two of �rm 1's rivals, and the in
entives to 
ollude are strongest when ! is spreadevenly among all of �rm 1's rivals.(ii) If ! < 0; then ta
it 
ollusion is hindered, i.e., bÆpo > bÆ. Moreover, only the aggregate
hange in �rm 1's stake in rivals matters and not how it is spread among �rm 1's rivals.Proposition 2 indi
ates that if we start from a symmetri
 PCO 
on�guration, a unilateralin
rease in PCO by one �rm raises more antitrust 
on
erns the more evenly it is spread amongthe rival �rms. Intuitively, the �rm in whi
h �rm 1 has invested the most be
omes the industrymaveri
k sin
e its 
ontroller gains the most from deviation as a larger fra
tion of its pro�t fromdeviation 
ows ba
k to the �rm via its stake in �rm 1. Obviously, an even spread of ! among allrivals minimizes �rm 1's stake in the industry maveri
k and therefore minimizes the in
entiveof the maveri
k's 
ontroller to deviate from the fully 
ollusive s
heme.20Proposition 2 assumes impli
itly that when �rm 1 in
reases its stake in rivals, it buysadditional shares from outside investors or from 
ontrollers. The next proposition 
onsiders20One 
an show that if we start from an asymmetri
 PCO 
on�guration, then an even spread of ! among �rm1's rivals does no longer ne
essarily lead to a more 
ollusive out
ome than an uneven spread of !.14



a transfer of ownership from one rival �rm to another. A re
ent example of su
h a transfero

urred in the steel industry, where Luxembourg based Ar
elor, the world's largest steelmakerat the time, in
reased its stake in Brazilian CST, one of the world's largest steelmakers, from18:6% to 27:95% by buying shares from A
esita, another Brazilian steelmaker.21Proposition 3: Starting from the symmetri
 
ase in whi
h �ij = � < 1n�1 for all i and allj 6= i, suppose that �rm 1 buys a stake ! � � in �rm 3 from �rm 2, so after the transa
tion,�rm 1's stake in �rm 3 in
reases to � + ! while �rm 2's stake in �rm 3 falls to � � !. This
hange in the PCO 
on�guration hinders ta
it 
ollusion and more so when ! in
reases.Proposition 3 di�ers from Proposition 2 in that the in
rease in �rm 1's ownership stake
omes at the expense of �rm 2's stake. Hen
e, the aggregate amount of shares held by rival�rms in ea
h other does not in
rease as in Proposition 2. While before the transfer of ownership,all �rms were maveri
ks, following the transfer of ownership, �rm 2 be
omes the only industrymaveri
k sin
e it now has the smallest stake in rivals and, moreover, it be
omes more eager thanbefore to deviate from 
ollusion. This is why ta
it 
ollusion is hindered. Together, Propositions2 and 3 suggest that with identi
al �rms, symmetri
 PCO 
on�gurations are the most 
ondu
iveto ta
it 
ollusion and should therefore raise parti
ular anti
ompetitive 
on
erns.3 PCO by 
ontrollersIn this se
tion we 
onsider the possibility that 
ontrollers will dire
tly a
quire (passive) owner-ship stakes in rival �rms. As mentioned in the Introdu
tion, a 
ase in point is the 
ar rentalindustry in the �rst half of the 90's where National Car Rental's 
ontroller, GM, passively helda 25% stake in Avis, National's rival, while Hertz's 
ontroller, Ford, had a
quired 100% of thepreferred nonvoting sto
k of Budget Rent a Car. The question that we address in this se
tionis what e�e
t, if any, su
h investments have on ta
it 
ollusion, above and beyond the e�e
t thatwe have already identi�ed in the previous se
tion.21Prior to the sale, A
esita held a 18.7% stake in CST but sold its entire stake in CST to Ar
elor and toCVRD, whi
h is a large Brazilian miner of iron and ore. In addition to its stake in CST, Ar
elor also ownsstakes in A
esita and in Belgo-Mineira whi
h is another Brazilian steelmaker (see "CVRD, Ar
elor Team up forCST," The Daily Deal, De
ember 28, 2002, M&A; "Minister: Steel Duties Still Under Study - Brazil," BusinessNews Ameri
as, April 8, 2002.) 15



To this end, let 
ij be the stake that �rm i's 
ontroller holds in �rm j 6= i, in addition tohis 
ontrolling stake in �rm i, 
i (in terms of the new notation, 
i � 
ii). Of 
ourse, if �rm i's
ontroller does not hold a stake in rival �rm j; then 
ij = 0. To avoid triviality, we assume that
ij represents a 
ompletely passive investment (e.g., non-voting shares) that gives the 
ontrollera share 
ij of �rm j's pro�t but no 
ontrol over its a
tions. Then, the 
ondition that ensuresthat 
ollusion 
an be sustained be
omes
i�i(A) +Pk 6=i 
ik�k(A)1� Æ � 
i�dii (A) +Xk 6=i 
ik�dik (A); i = 1; :::; n: (9)Condition (9) generalizes 
ondition (6) to the 
ase where 
ontrollers hold dire
t stakes in rival�rms. The left-hand side of (9) is the share of �rm i's 
ontroller in the in�nite dis
ounted pro�tsof all �rms. The right-hand side of (9) is the 
ontroller's share in the one time pro�ts that all�rms make when the �rm he 
ontrols, �rm i, deviates from the fully 
ollusive s
heme (re
allfrom Lemma 1 that �dij (A) > 0 if �rm j has a dire
t or an indire
t stakes in �rm i.)Using (9) and re
alling that �i(A) = �mn Pnj=1 bij and �dij (A) = bji�m, it follows that withPCO by 
ontrollers, the fully 
ollusive s
heme 
an be sustained as a subgame perfe
t equilibriumof the in�nitely repeated game provided thatÆ � bÆ
(A) � maxnbÆ
1(A); :::;bÆ
n(A)o ; (10)where bÆ
i (A) = 1 � 1n
iPnk=1 bik + 1nPj 6=i 
ijPnk=1 bjk
ibii +Pj 6=i 
ijbji : (11)Without PCO by �rms (i.e., when A = 0), B = I so bii = 1 and bij = 0 for all iand all j 6= i. Hen
e, (12) implies that PCO by 
ontrollers fa
ilitates 
ollusion as bÆ
i (0) =1� 1n � 1nPj 6=i 
ij
i � 1� 1n . The following theorem proves that this 
ontinues to be the 
ase evenwhen A > 0.Theorem 2: PCO by 
ontrollers fa
ilitates ta
it 
ollusion in the sense that bÆ
i (A) � bÆi(A) forall i, with stri
t inequality holding whenever 
ij > 0 for some j 6= i. Moreover, bÆi(A) � bÆ
i (A)in
reases as 
i falls; hen
e, PCO by �rm i's 
ontroller is more e�e
tive in strengthening the16




ontroller's in
entive to 
ollude the smaller is the 
ontroller's stake in his own �rm.Theorem 2 shows that when �rm i's 
ontroller invests in at least one rival �rm, the
ontroller is willing to parti
ipate in the fully 
ollusive s
heme for a wider set of dis
ount fa
tors.Moreover, this set be
omes even wider as the 
ontroller's stake in the �rm he 
ontrols, i.e., �rmi, be
omes smaller. This implies in turn that �rm i's 
ontroller 
an lower bÆ
i (A) either by raisinghis stake in rival �rms or by diluting his stake in �rm i (subje
t of 
ourse to retaining 
ontrolover the �rm's a
tions). Su
h dilution e�e
tively raises the weight that the 
ontroller assignsto rivals' pro�ts and therefore weakens the 
ontroller's in
entive to deviate from the 
ollusives
heme. This implies in turn that even relatively small dire
t passive investments by 
ontrollersin rival �rms 
an raise 
onsiderable antitrust 
on
ern. It should also be noted that bÆ
i (A) dependsonly on the stakes that �rm i's 
ontroller has in rival �rms but is 
ompletely independent of thestakes that other 
ontrollers have in rival �rms.An important impli
ation of Theorem 2, that to the best of our knowledge has beenoverlooked in antitrust 
ases involving PCO by 
ontrollers, is that antitrust agen
ies need tobe 
on
erned not only with a 
ontroller's stakes in rival �rms, but also with the 
ontroller'sstake (
urrent or future) in his own �rm. This suggests in turn that 
onsent de
rees approvingpassive investment by 
ontrollers should stipulate that the 
ontrollers will abstain from furtherdiluting their stakes in their own �rms.22 For example, shortly after it a
quired a passive stakein Budget, Ford diluted its 
ontrolling stake in Hertz from 55% to 49% by selling shares toVolvo.23 Theorem 2 suggests that su
h dilution by Ford may have promoted 
ollusion in the 
arrental industry. Similarly, the FTC has approved TCI's passive 9% stake in Time Warner andeven allowed this stake to in
rease to 14:99% in the future despite the fa
t that TCI 
ontrolledmovie networks Starz and En
ore (with an 80% stake) while Time Warner wholly owned rivalmovie networks HBO and Cinemax.24 Theorem 2 suggests that the FTC should have been
on
erned not only with TCI's stake in Time Warner, but also with its stake in movie networks22In �rms that are 
ontrolled by managers, 
ompensation that is linked to the pro�ts of rivals may play thesame role as investments in rivals. This suggests that exe
utive 
ompensation should re
eive similar antitrusts
rutiny as investments of 
ontrollers in rival �rms.23See "Chrysler Buying Thrifty Rent-A-Car," St. Louis Post-Dispat
h, May 19, 1989, Business, 8C.24See Proposed Consent Agreement, Time Warner, In
., 61 Fed. Reg. 50,301 (Sept. 25, 1996) for the FTC'sde
ision and Waterman and Weiss (1997) for details about the 
able TV industry.17



Starz and En
ore. In parti
ular, it suggests that the 
onsent de
ree approving TCI's stake inTime Warner should have stipulated that TCI should refrain from diluting its stake in Starzand En
ore in the future sin
e su
h dilution may fa
ilitate ta
it 
ollusion in markets in whi
hthese movie networks 
ompete against ea
h other.25Theorem 2 also has impli
ations for the re
ent de
ision of the Brazilian antitrust au-thorities to allow Tele
om Italia (TI) to raise its stake in Tele
om Brazil (TB) from 19% to37:3% provided that TI would be a passive investor as far as TB's 
ellular and long distan
eoperations are 
on
erned. TI holds a 56% 
ontrolling stake in Tele
om Italia Mobile (TIM),Brazil's se
ond largest 
ellular provider while TB had a
quired a 
ellular li
ense and will be
ompeting with TIM in Brazilian 
ellular markets.26 Theorem 2 suggests that stipulating thatTI will be a passive investor in TB was not enough to alleviate anti
ompetitive 
on
erns in theBrazilian 
ellular market, and moreover, it implies that the fa
t TI's 
ontrolling stake in TB ismerely 56% (rather than 100%) exa
erbates these 
on
erns.Interestingly, the ability of �rms to 
ollude is greatly diminished when a �rm's 
ontrollerinternalizes the interests of the minority shareholders and a
ts to maximize total �rm value ratherthan only the value of his own stake. This is be
ause su
h behavior has the exa
t opposite e�e
tof dilution of the 
ontroller's stake: a 
ontroller who a
ts to maximize total �rm value a
ts as if
i = 1 in whi
h 
ase bÆ
i (A) is maximized. In this sense, minority shareholders would prefer the
ontroller to disregard their interests when 
hoosing the �rm's pri
ing de
isions. Thus, 
ontraryto 
onventional wisdom that sees the disregard of minority shareholders as a value de
reasing\agen
y 
ost," here su
h disregard is a
tually bene�
ial to all shareholders.One may wonder if Theorem 1 
ontinues to hold when 
ontrollers hold stakes dire
tly inrival �rms. That is, is it still true that any in
rease in one �rm's stake in a rival �rm will neverhinder 
ollusion? The following example shows that the answer is no.Example (an in
rease in a �rm's stake in rivals may hinder 
ollusion): Consider anindustry with 2 �rms and let �12 be �rm 1's stake in �rm 2 and �21 be �rm 2's stake in �rm 1.25See Gilo (2000) for more details on these and similar examples.26See "Spying Be
omes an Issue In Brazilian Phone Dispute", N.Y Times, July 23, 2004, Se
tion W; Column3; http://www.
ompany.tim.it/investor/
p dettaglio/0,,29 94 97,00.html; "Tele
om Italia Refo
uses in Brazil,"Finan
ial Times, August 29, 2002, London Edition 1, p. 26, "2 From Europe Make Brazil Phone Deal," N.YTimes, January 17, 2003, Se
tion C; Column 4, p. 13.18



Moreover, suppose that the 
ontroller of �rm i = 1; 2 has a stake of 
i1 in �rm 1 and 
i2 in �rm 2.It is straightforward to verify that the inverse Leontief matrix is su
h that �b11 = b22 = 11��12�21 ,b12 = �121��12�21 , and b21 = �211��12�21 . Using equation (11) we get:bÆ
1(A) = 1 � 
11 (1 + �12) + 
12 (1 + �21)2 (
11 + 
12�21)= 12 � 
11�12 + 
122 (
11 + 
12�21) :It is easy to see that bÆ
1(A) de
reases with �12: an in
rease in �rm 1's stake in �rm 2strengthens the in
entive of �rm 1's 
ontroller to 
ollude. However, so long as 
12 > 0; bÆ
1(A)in
reases with �21; implying that an in
rease in �rm 2's stake in �rm 1 weakens the in
entiveof �rm 1's 
ontroller to 
ollude. Consequently, whenever bÆ
1(A) > bÆ
2(A) (the 
ontroller of �rm1 is the industry maveri
k) and 
12 > 0 (�rm 1's 
ontroller holds a stake in �rm 2), an in
reasein �rm 2's stake in �rm 1 will hinder 
ollusion rather than fa
ilitate it. Moreover, this e�e
tbe
omes stronger as the stake that �rm 1's 
ontroller holds in �rm 2, 
12, in
reases. Hen
e,Theorem 1 is no longer true in this 
ase. �Finally, Corollary 2 above implies that absent PCO by 
ontrollers, an in
rease in �rmr's stake in �rm s a�e
ts neither �rm s's in
entive to 
ollude nor the in
entive of ea
h �rm i forwhi
h bir = 0, i.e., ea
h �rm i that does not have a dire
t or an indire
t stake in �rm r. Thefollowing result shows that this is no longer true in the presen
e of PCO by 
ontrollers.Proposition 4: Starting with a PCO matrix A, suppose that �rm r in
reases its stake in �rms by some ! > 0, so that the new PCO matrix A0 di�ers from A only with respe
t to the rs-thentry whi
h is in
reased by !.(i) The 
hange weakens �rm s's in
entive to 
ollude if �rm s's 
ontroller has a dire
t oran indire
t stake in �rm r, i.e., 
sbsr +Pk 6=s 
skbkr > 0, but leaves �rm s's in
entivesun
hanged otherwise.(ii) The 
hange does not a�e
t �rm i's in
entive to 
ollude if �rm i's 
ontroller does not havea dire
t or an indire
t stake in �rm r, i.e., bir = 0 and Pk 6=i 
ikbkr = 0.19



To illustrate Proposition 4, 
onsider an industry with 10 �rms su
h that �rms 1�4 investonly in ea
h other (none of them has a stake in �rms 5 � 10), while ea
h of �rms 5 � 10 haseither dire
t or indire
t stakes in all rivals. Now suppose that �rm 5 in
reases its stake in �rm4. Part (i) of Proposition 4 shows that the in
entive of �rm 4's 
ontroller to 
ollude will remainun
hanged if he has no stake in other �rms or has stakes only in �rms 1�4. If �rm 4's 
ontrollerhas a stake in at least one of �rms 5 � 10; then his in
entive to 
ollude would be weakened.Part (ii) of Proposition 4 shows that the in
rease in �rm 5's stake in �rm 4 will not a�e
t thein
entives of �rms 1 � 3 to 
ollude, provided that their 
ontrollers do not have stakes in �rms5� 10.In the 
ontext of the 
ar rental industry 
ase mentioned above, Proposition 4 implies thathad Budget made a passive investment in Hertz, Hertz's in
entive to engage in ta
it 
ollusionwould have be
ome weaker given that Hertz's 
ontroller, Ford, already held a passive stake inBudget. Similarly, a passive investment by Avis in National would have weakened National'sin
entive to engage in ta
it 
ollusion given that its 
ontroller, GM, also held a passive stake inAvis. This suggests in turn that �rms have no in
entive to a
quire stakes in rivals when someof their own shares are held by the 
ontrollers of these rivals. Indeed, in the 
ases involvingPCO by 
ontrollers dis
ussed here and in Gilo (2000), PCO by 
ontrollers in rivals was nevera

ompanied by PCO by the �rms themselves in rivals.4 Con
lusionA
quisitions of one �rm's sto
k by a rival �rm have been traditionally treated under Se
tion 7of the Clayton A
t whi
h 
ondemns su
h a
quisitions when their e�e
t \may be substantiallyto lessen 
ompetition." However, the third paragraph of this se
tion e�e
tively exempts invest-ments made \solely for investment." As argued in Gilo (2000), antitrust agen
ies and 
ourts,when applying this exemption, did not 
ondu
t full-blown examinations as to whether su
hpassive investments among rivals may substantially lessen 
ompetition.2727We are aware of only two 
ases in whi
h the ability of passive investments to lessen 
ompetition was a
-knowledged: the FTC's de
ision in Golden Grain Ma
aroni Co. (78 F.T.C. 63, 1971), and the 
onsent de
reerea
hed with the DOJ regarding US West's a
quisition of Continental Cablevision (this de
ree was approved bythe distri
t 
ourt in United states v. US West In
., 1997-1 Trade 
ases (CCH), {71,767, D.C., 1997).20



In this paper we have shown that an a
ross the board lenient attitude towards passiveinvestments in rivals may be misguided. These investments may fa
ilitate ta
it 
ollusion, es-pe
ially when they are multilateral, are in �rms that are not industry maveri
ks, and are by�rms in whi
h maveri
ks hold either dire
t or indire
t stakes. In addition, we showed that di-re
t investments by �rms' 
ontrollers in rivals may either substitute investments by the �rmsthemselves or fa
ilitate 
ollusion further, espe
ially when the 
ontrollers have small stakes intheir own �rms. On the other hand, if a �rm's 
ontroller holds a stake in a rival �rm, passiveinvestment by this rival in the 
ontroller's �rm warrants a lenient antitrust approa
h. We believethat antitrust 
ourts and agen
ies should take a

ount of these fa
tors when 
onsidering 
asesinvolving passive investments among rivals.Throughout the paper we have fo
used ex
lusively on the e�e
t of PCO on the ability of�rms to engage in (ta
it) pri
e �xing. However, if in addition to pri
e �xing �rms 
an also dividethe market among themselves, then they would 
learly be able to sustain 
ollusion for a larger setof dis
ount fa
tors sin
e they would have more instruments (the 
ollusive pri
e and the marketshares). In parti
ular, it would be possible to relax the in
entive 
onstraints of maveri
k �rmsby in
reasing their market shares at the expense of �rms with nonbinding in
entive 
onstraints.This suggests in turn that in the presen
e of market sharing s
hemes, �rmsmay have an in
entiveto be
ome industry maveri
ks in order to re
eive a larger share of the market. As our analysisshows, one way to be
ome an industry maveri
k is to avoid investing in rivals.28 Interestingly,this implies that beside the fa
t that market sharing s
hemes are harder to enfor
e (�rms needto 
ommit to ration their sales) and are more sus
eptible to antitrust s
rutiny, they have anotherdrawba
k, whi
h is that they provide �rms with a disin
entive to invest in rivals and therebyfa
ilitate ta
it 
ollusion.Finally, throughout the paper we made two simplifying assumptions. The �rst assump-tion is that �rms produ
e a homogeneous produ
t and have the same 
ost fun
tions. In Gilo andSpiegel (2003) we began looking at the 
ase where �rms have asymmetri
 
osts. We showed thateven unilateral PCO by the most eÆ
ient �rm in its rivals may fa
ilitate ta
it 
ollusion and the28Indeed, in a previous version of the paper, we showed that under market sharing s
hemes and 
ost asymme-tries, only the most eÆ
ient �rm in the industry has an in
entive to invest in rivals to sustain 
ollusion while allother �rms �nd it optimal to not invest in rivals. 21



resulting 
ollusive pri
e is higher than it would be absent PCO. Moreover, we showed that themost eÆ
ient �rm prefers to �rst invest in its most eÆ
ient rival both be
ause this is the moste�e
tive way to promote ta
it 
ollusion and be
ause su
h investment leads to a 
ollusive pri
ethat is 
loser to the most eÆ
ient �rm's monopoly pri
e. The se
ond simplifying assumptionthat we made in this paper was that the level of PCO in the industry is exogenously given. In asense then our analysis is done from the perspe
tive of antitrust authorities: when 
an you allowa �rm to a
quire a passive stake in a rival �rm and when should you disallow su
h a
quisition.In future resear
h we wish to also look at PCO from the perspe
tive of �rms: that is, we wishto endogenize the 
on�guration of PCO in the industry and examine when a �rm should try toa
quire a passive stake in rivals and when it should not.5 AppendixFollowing are the proofs of Lemma 1, Theorems 1 and 2, Corollary 2, and Propositions 1-4.Proof of Lemma 1: Sin
e A is a Leontief matrix, B = (I � A)�1 = I + A + A2 + : : : (seeBer
k and Syds�ter, Ch. 21.22, p. 111). Hen
e, bij � 0 for all i and all j and bii � 1 for all i:To prove that bij � bii, let Ck and ek, respe
tively, be the k-th 
olumns of B and I.Sin
e (I � A)B = I, we have (I � A)(Ci � Cj) = ei � ej. Moreover, sin
e the i-th 
oordinateof Ci � Cj is bii � bij, Cramer's rule implies that bii � bij = det(I�A(ij))det(I�A) , where the matrix A(ij)is obtained by repla
ing the i-th 
olumn of A by ej. To establish that bii � bij > 0, note thatif A is a Leontief matrix, then for ! 2 [0; 1℄, !A is also a Leontief matrix. Hen
e, (I � !A)�1is invertible and det(I � !A), whi
h is a 
ontinuous fun
tion of !, is di�erent from 0 for all! 2 [0; 1℄. This implies that det(I�!A) never 
hanges sign so det(I�A) and det(I) must havethe same sign. But sin
e det(I) > 0, we also must have det(I�A) > 0. Similar arguments showthat det(I �A(ij)) > 0. Hen
e, bii > bij.(ii) To prove the result, note that �rm i does not have a dire
t or an indire
t stake in�rm j if and only if there is a partition (X;Y ) of the set of �rms f1; 2; : : : ; ng (i.e., X \ Y = ?,X [ Y = f1; 2; : : : ; ng, X;Y 6= ?) su
h that i 2 X, j 2 Y and �rk = 0 for ea
h r 2 X, k 2 Y .That is, no �rm in the subset X has a stake in a �rm that belongs to Y . However, the existen
eof su
h partition is equivalent to the property that the ij � th entry in Ak is 0 for ea
h k (see22



Frobenius (1912) and Jones, Klin, and Moshe (2002)). The proof is 
ompleted by noting thatbij = 0 if and only if the ij � th entry of Ak is 0 for ea
h k. �Let Bi and Ii, respe
tively, denote the k-th rows of the inverse Leontief Matrix B andthe identity matrix I, and let S(Bi) �Pnk=1 bik be the sum of entries in Bk. In order to proveTheorem 1, we begin with the following three lemmata.Lemma A1: Let A and A0 be two PCO matri
es su
h that A0 is generated from A by addingsome 
onstant ! > 0 to the rs-th entry of A: Let B and B 0, respe
tively, be the inverse matri
esof I �A and I �A0. Then, !bsr < 1 and the i-th row of B 0 is given by B 0i = Bi + "iBs, where"i = !bir1�!bsr � 0:Proof: B is an invertible matrix and therefore B1; : : : ; Bn is a basis of Rn. Thus we maywrite B0i = Pnk=1 �kBk for some �1; : : : ; �n 2 R. Note that Bi(I � A) = B 0i(I � A0) = Ii andBi(A0 �A) = !birIs. Thus,Ii = � nXk=1 �kBk�(I �A0)= � nXi=1 �kBk�(I �A) + � nXk=1 �kBk�(A�A0)= nXk=1 �kIk � � nXk=1 !�kbkr�Is:Sin
e I1; : : : ; In are independent, we get �k = 0 for ea
h k 6= i; s. If i 6= s then �i = 1 and�s = !bir1�!bsr , otherwise, �i = 11�!bsr . Thus, B 0i = Bi + !bir1�!bsrBs and in parti
ular, !bsr 6= 1. Thesame reasoning shows that !0bsr 6= 1 for ea
h !0 � !. Thus we must have !bsr < 1. �Lemma A2: Let A;A0; B be as in Lemma A1. Then for every i,Æ̂i(A)� Æ̂i(A0) = "in(bii + "ibsi) �S(Bs)� bsibiiS(Bi)� : (A-1)23



Proof: By Lemma A1, the i-th row of B 0 is Bi + "iBs. Thus,Æ̂i(A)� Æ̂i(A0) = 1n (S(Bi) + "iS(Bs))bii + "ibsi � 1nS(Bi)bii= "ibiiS(Bs) � "ibsiS(Bi)n(bii + "ibsi)bii= "in(bii + "ibsi) �S(Bs)� bsibiiS(Bi)� : �Lemma A3: For every distin
t pair of �rms, i; s we haveS(Bs)� bsibii S(Bi) � 1:Proof: Let M � BE, where E is a diagonal n�n matrix with Eii = 1� S(Bi)bii and Ekk = 1 fork 6= i. That is,M is obtained by multiplying the i-th 
olumn of B by 1� S(Bi)bii . Let S(Mk) be thesum of the k-th row of M and 
onsider the 
olumn ve
tor given by m = (S(M1); : : : ; S(Mn))0:The de�nition of M implies that S(Ms) = S(Bs)� bsibiiS(Bi): We need to prove that S(Ms) � 1.Note that u � (I �A)m = (I �A)BE0BBBBBBBBB�111...11CCCCCCCCCA = E0BBBBBBBBB�111...11CCCCCCCCCA =0BBBBBBBBB� 1...1� S(Bi)bii...1 1CCCCCCCCCA ;where 1� S(Bi)bii is the i-th entry of u (and ea
h other entry of u equals 1).Let A; I �A denote the (n � 1) � (n � 1) matri
es obtained from A; I � A by omittingthe i-th row and i-th 
olumn, and let m, u be the 
olumn ve
tors obtained from m;u byomitting the i-th entry (note that u is an n� 1 unit ve
tor). Sin
e u = (I �A)m and S(Mi) =S(Bi)� biibiiS(Bi) = 0; we obtain u = (I �A)m: (A-2)Denote B = (I �A)�1 and observe that B = I +A+A2+ � � � � I. Multiplying (A-2) by B, weobtain Bu = m. Thus, m � u. Re
alling that u is a unit ve
tor, we obtain S(Ms) � 1. �24



Proof of Theorem 1: First, note that if bir = 0; then "i = !bir1�!bsr = 0: Se
ond, note that ifi = s; then S(Bs) = bsibii S(Bi). In both 
ases, equation (A-1) above implies that Æ̂i(A) = Æ̂i(A0).Next, assume that i 6= s and bir 6= 0. In Lemma A1 we show that !bsr < 1 and hen
eget "i > 0. By Lemma A3, Bs � bsibiiS(Bi) > 0, so Æ̂i(A) > Æ̂i(A0). This immediately implies thatÆ̂po(A0) < Æ̂po(A). �Proof of Corollary 2: By Theorem 1, we 
an prove the 
orollary by proving that an in
reasein �rm r's stake in �rm s has no e�e
t on ta
it 
ollusion if and only if (i) there exist an industrymaveri
k,m; without a dire
t or an indire
t stake in �rm r; or (ii) �rm s is an industry maveri
k.(\If" part) Let �rm m be an industry maveri
k, i.e., Æ̂po(A) = Æ̂m(A). If bmr = 0 (�rmm has no dire
t or indire
t stake in �rm r) or m = s (�rm s is an industry maveri
k), thenTheorem 1 implies that bÆm(A0) = bÆm(A) and bÆj(A0) � bÆj(A0) for all j 6= m. Hen
e, �rm mremains an industry maveri
k (i.e., the �rm with the highest bÆ) so Æ̂po(A0) = Æ̂m(A0): Altogetherthen, Æ̂po(A0) = Æ̂po(A).(\Only if" part) Assume that Æ̂po(A0) = Æ̂po(A). Sin
e by Theorem 1, Æ̂i(A0) � Æ̂i(A) forall i, we must have Æ̂m(A0) = Æ̂m(A) for some m with Æ̂po(A) = Æ̂m(A). By Theorem 1 then, itmust be the 
ase that bmr = 0 or m = s. �Proof of Proposition 1: If �ij = � for all i and all j 6= i, then equation (2) has a symmetri
solution �i = �mn (1� (n� 1)�) ; i = 1; :::; n: (A-3)If �rm i's 
ontroller deviates from the fully 
ollusive s
heme, then system (3) 
an be written as�dii = �m + (n � 1)��dij ;�dij = ��dii + (n� 2)��dij ; j = 1; :::; n; j 6= i:Solving this system for �dii yields,�dii = (1� (n� 2)�)�m(1 � (n� 1)�) (1 + �) : (A-4)25



Substituting from (A-3) and (A-4) into equation (8) reveals thatbÆi = 1� 1 + �n (1� (n� 2)�) ; i = 1; :::; n: (A-5)It is straightforward to verify that this expression in
reases with n if (n � 1)� < 12 , and de
reaseswith n otherwise. �Proof of Proposition 2: Given that �ij = � for all i 6= 1 and all j 6= i, and sin
e by symmetry,�2 = ::: = �n, system (2) 
an be written as�1 = �mn + ((n� 1)� + !)�j;�j = �mn + ��1 + (n� 1)��j; j = 2; :::; n:Solving this system yields�1 = (1 + � + !) �mnH � �! ; (A-6)�j = (1 + �) �mnH � �! ; j = 2; :::; n;where H � (1� (n� 1)�) (1 + �).We now need to 
ompute the pro�t that ea
h �rm obtains when its 
ontroller deviatesfrom the fully 
ollusive s
heme. If �rm 1's 
ontroller deviates, then system (3) be
omes�d11 = �m + ((n� 1)� + !)�d1j ;�d1j = ��d11 + (n � 1)��d1j ; j = 2; :::; n:Solving for �d11 yields, �d11 = (1� (n� 2)�)�mH � �! : (A-7)>From (A-6) and (A-7) it follows thatbÆ1 � 1� �1�d11 = 1� 1 + �+ !n (1 � (n� 2)�) : (A-8)26



If the 
ontroller of some �rm i 6= 1 deviates from the fully 
ollusive s
heme, then system (3) 
anbe written as �di1 = �1i�dii + (�(n� 1) + ! � �1i) �dij ;�dii = �m + ��di1 + (n� 2)��dij ;�dij = ��di1 + ��dii + (n� 3)��dij ; j = 2; :::; n; j 6= i:Solving this system for �dii yields,�dii = (H � �! + � (1 + �1i))�m(1 + �) (H � �!) ; i 6= 1: (A-9)>From (A-6) and (A-9) it follows thatbÆi � 1� �i�dii = 1 � (1 + �)2n (H + � (1 + �1i � !)) : (A-10)To 
ompare bÆ1 and bÆi, note that holding ! 
onstant, bÆi in
reases with �1i and hen
e isminimized at �1i = �, i.e., when the in
rease in �rm 1's PCOs is in �rms other than i. Now,for all i 6= 1, bÆi����1i=� � bÆ1 = ! (H � �!)n (1� (n� 2)�) (H � �! + � (1 + �)) : (A-11)If ! � 0, then bÆi > bÆ1 for all values of �1i and all i 6= 1. Now suppose that �rm1's largest PCO is in �rm i so that �1i � �1j for all j 6= 1: Sin
e bÆi in
reases with �1i,maxnbÆ2;bÆ3; :::;bÆno = bÆi. That is, �rm i is the industry maveri
k and bÆpo = bÆi. When ei-ther ! = 0 (�rm 1 does not in
rease its stake in rivals so that �1i = �) or �1i = � + ! (�rm1 in
reases its ownership stake only in �rm j), bÆi 
oin
ides with the expression in equation(A-5). Otherwise, sin
e bÆi de
reases with !, ta
it 
ollusion is fa
ilitated when �rm 1 in
reasesits aggregate stake in rivals. Sin
e bÆi in
reases with �1i, ta
it 
ollusion is parti
ularly fa
ilitatedwhen ! is spread evenly among all of its rivals in whi
h 
ase, for every !, �1i is minimal andequal to � + !n�1 .By 
ontrast, if ! < 0, then bÆi is maximized at �1i = �, i.e., whenever �rm 1 lowers itsownership stake in �rms other than �rm i. Moreover, (A-11) shows that bÆi < bÆ1 for all i 6= 1.27



Consequently, bÆpo = bÆ1. From (A-8) it is easy to see that bÆ1 in
reases as ! falls, implying thatta
it 
ollusion is hindered. �Proof of Proposition 3: Given the transfer of ownership stake in �rm 3 from �rm 2 to �rm1, system (2) be
omes�1 = �mn + ��2 + (�+ !) �3 + � � �+ ��n;�2 = �mn + ��1 + (�� !) �3 + � � �+ ��n; (A-12)�j = �mn + �Xk 6=j �k; j = 3; :::; n:By symmetry, �3 = ::: = �n; hen
e, the solution of the system is given by�1 = (1 + � + !)�mnH ; �2 = (1 + �� !) �mnH ; (A-13)�i = �mn (1 � (n� 1)�) ; i = 3; :::; n:If the 
ontroller of �rm 1 deviates from the fully 
ollusive s
heme, then system (A-12)needs to be modi�ed by repla
ing �mn with �m in the �rst line of the system and repla
ing �mnwith 0 in all other lines. Solving the modi�ed system for �rm 1's pro�t yields,�d11 = ((1 � (n� 2)�) (1 + �) + �!)�mH (1 + �) : (A-14)Using (A-13) and (A-14) yieldsbÆ1 (!) � 1 � �1�d11 = 1� (1 + �) (1 + �+ !)n ((1� (n� 2)�) (1 + �) + �!) :Likewise, if �rm 2's 
ontroller deviates, the solution to the modi�ed system (A-12) is su
h that�d22 = ((1� (n� 2)�) (1 + �)� �!) �mH (1 + �) : (A-15)28



Using (A-13) and (A-15) yieldsbÆ2 (!) � 1� �2�d22 = 1� (1 + �) (1 + � � !)n ((1 � (n � 2)�) (1 + �) � �!) :And, if the 
ontroller of some �rm i = 3; :::; n deviates, the solution to the modi�ed system (2)shows that its pro�t, �dii , is equal to the right-hand side of (A-4). Sin
e the 
ollusive pro�t of�rm i = 3; :::; n in (A-13) is equal to the right-hand side of (A-3), it follows that bÆi (!) = bÆpo forall i = 3; :::; n, where bÆpo is given by the right-hand side of (A-5).Now note that (i) bÆ1 (!) = bÆ2 (�!) ; (ii) bÆ1 (0) = bÆi (!), and (iii) bÆ01 (!) < 0. Sin
e ! > 0,it follows that bÆ2 (!) > bÆi (!) > bÆ1 (!) : Hen
e, the 
riti
al dis
ount fa
tor above whi
h the fully
ollusive out
ome 
an be sustained as a subgame perfe
t equilibrium of the in�nitely repeatedgame is bÆ2 (!). Sin
e bÆ2 (!) > bÆi (!) = bÆpo, it follows that ta
it 
ollusion is hindered. �Proof of Theorem 2: Using equations (11) and (8) and re
alling that S(Bi) �Pnk=1 bik;bÆi(A)� bÆ
i (A) = 1nPj 6=i 
ijS(Bj)� 1nS(Bi)bii Pj 6=i 
ijbji
ibii +Pj 6=i 
ijbji (A-16)= 1nPj 6=i 
ij �S(Bj)� bjibiiS(Bi)�
ibii +Pj 6=i 
ijbji :By Lemma A3, S(Bj)� bjibii S(Bi) > 0 for every distin
t pair of �rms, i; j. Hen
e, bÆ
i (A) < bÆi(A) if
ij > 0 for some j 6= i and bÆ
i (A) = bÆi(A) otherwise. Finally, note that ��
i �bÆi(A)� bÆ
i (A)� < 0:�Proof of Proposition 4: Let B 0 = (I �A0)�1 and suppose that i = s or i is su
h that bir = 0.Using (A-16) and re
alling from Theorem 1 that Æ̂i(A0) = Æ̂i(A) for all i su
h that bir = 0 ori = s yieldsÆ̂
i (A0)� Æ̂
i (A) = �bÆi(A)� bÆ
i (A)�� �bÆi(A0)� bÆ
i (A0)� (A-17)= 1nPj 6=i 
ij �S(Bj)� bjibiiS(Bi)�
ibii +Pj 6=i 
ijbji � 1nPj 6=i 
ij �S(B 0j)� b0jib0iiS(B 0i)�
ib0ii +Pj 6=i 
ijb0ji :Noti
e that sin
e Æ̂i(A0) = Æ̂i(A), equation (8) implies that S(B0i)b0ii = S(Bi)bii (re
all that29



Pnj=1 bij � S(Bi)). Hen
e,S(B0j)� b0jib0ii S(B 0i) = S(B 0j)� b0jibiiS(Bi)= S(Bj) + "jS(Bs)� bji + "jbsibii S(Bi) (A-18)= S(Bj)� bjibiiS(Bi) + !bjr1� !bsr �S(Bs)� bsibii S(Bi)� ;where the se
ond equality follows sin
e by Lemma A1 in the Appendix, b0ji = bji+ "jbsi, and thethird equality follows sin
e "j = !bjr1�!bsr : Similarly,
ib0ii +Xj 6=i 
ijb0ji = 
i�bii + !bir1 � !bsr bsi�+Xj 6=i 
ij �bji + !bjr1� !bsr bsi�=  
ibii +Xj 6=i 
ijbji!+ 
i !bir1� !bsr +Xj 6=i 
ij !bjr1 � !bsr! bsi (A-19)=  
ibii +Xj 6=i 
ijbji!+ !bsi1 � !bsr  
ibir +Xj 6=i 
ijbjr! :To prove part (i) of the proposition, suppose that i = s. Then equation (A-18) im-plies that S(B 0j) � b0jsb0ssS(B 0s) = S(Bj) � bjsbssS(Bs), while equation (A-19) implies that 
sb0ss +Pj 6=s 
sjb0js � 
sbss +Pj 6=s 
sjbjs with stri
t inequality whenever 
sbsr +Pj 6=s 
sjbjr > 0. To-gether with (A-17), it follows that Æ̂
s(A0) � Æ̂
s(A): Clearly, if 
sj = 0 for all j 6= s (�rm s's
ontroller does not invest in any of �rm s's rivals), then by (A-17), bÆ
i (A0) = bÆ
i (A). If 
sj > 0for some j 6= s, then the inequality is stri
t unless 
sbsr +Pj 6=s 
sjbjr = 0.To prove part (ii) of the proposition, suppose that i 6= s but i is su
h that bir = 0: Ifin addition Pj 6=i 
ijbjr = 0, then by (A-19), 
ib0ii +Pj 6=i 
ijb0ji = 
ibii +Pj 6=i 
ijbji. Moreover,
30



using (A-18),Xj 6=i 
ij �S(B 0j)� b0jib0iiS(B 0i)� = Xj 6=i 
ij �S(Bj)� bjibiiS(Bi)�+ !1� !bsr Xj 6=i 
ijbjr �S(Bs)� bsibii S(Bi)�= Xj 6=i 
ij �S(Bj)� bjibiiS(Bi)� :Hen
e, it follows from (A-17) that Æ̂
i (A0) = Æ̂
i (A). �
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