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Bands and gapsfor periodic magnetic Hamiltonians.Rainer Hempel 1) 2) and Ira Herbst 3) 4)Erwin Schr�odinger International Institute for Mathematical PhysicsPasteurgasse 4/7, A-1090 Vienna, Austria1. Introduction.In this contribution, we wish to present some recent results and to discuss an openproblem in the spectral theory of magnetic HamiltoniansH(~a) = (�ir� ~a(x))2 ;acting in L2(Rn), with n � 2, and ~a 2 C1(Rn;Rn). Here we focus on the caseswhere(1) the �eld B = d~a is periodic with respect to some discrete lattice � spanningRn, e. g., � = Zn,or where, more strongly,(2) the vector potential ~a is periodic with respect to the lattice �.In the second case, H(~a) commutes with translations 2 �, and we may applyFloquet theory to obtain a direct �ber integral decomposition. In the �rst case,after going through any translation 2 � n f0g, the operator will in general di�erfrom the original one by a non-trivial gauge transformation.Periodicity of the vector potential ~a implies periodicity of the magnetic �eld, pluscertain conditions on the magnetic 
ux. For example, it is easy to see that indimensionn = 2, the total 
ux through a period parallelogramvanishes. In general,it follows from some basic results in cohomology theory that periodicity of B plus1) On leave from Univ. of Alabama, Birmingham, AL 35294, USA. Address after August 1, 1994:Institut f�ur Analysis, TU Braunschweig, Pockelsstr. 14, D-38106 Braunschweig, Germany.2) Research partially supported by USNSF grant DMS-9401417.3) On leave from Univ. of Virginia, Charlottesville, VA 22903, USA.4) Research partially supported by USNSF grant DMS-9307147.



2 Bands and gaps for periodic magnetic Hamiltonians.certain 
ux conditions are equivalent to the existence of an associated periodicvector potential; cf. Proposition 1.Let us now �rst give some basic results on bands and gaps; Section 2 will bedevoted to the problem of absolute continuity of H(~a).It is well known that the magnetic Hamiltonian with constant �eld B 6= 0 indimension n = 2 has pure point spectrum consisting of isolated eigenvalues ofin�nite multiplicity. One may think of this type of spectrum as a version of band{ gap structure, with bands degenerated into points. However, constant �elds inodd dimensions do not produce gaps.There is a remarkable recent result due to Br�uning and Sunada [BrS2] (cf. also[BrS1]) which says that for periodic �eldB the spectrum ofH(~a) has band structurein the sense that there are at most a �nite number of gaps in any given boundedinterval [0; R].In a recent paper, it was shown by Hempel and Herbst ([HH; Corollary 3.10]) thatgaps can be produced in any dimension n � 2 by a periodic array of \magneticbarriers", with periodic vector potential or just periodic �eld. In order to describethis result (plus some generalizations) we again de�ne for ~a 2 C1(Rn;Rn) theclosed sets M = fx 2 Rn;B(x) = 0g; M~a = fx 2 Rn;~a(x) = 0g;note that M~a nM has measure zero whileM nM~a can be large. The condition thatM nM~a have measure zero is essential for most of the results in [HH]; Section 4in [HH] gives a discussion of what this condition means.Theorem 1. Let ~a be periodic with respect to the lattice � and assume that M nM~ahas measure zero. Suppose there exists a compact set M0 with non-empty interiorsuch that, writing Mj = M0 + j for j 2 �, we have Mj \Mk = ;, for all k 6= jand M = [j2�Mj , up to a set of measure zero. Let E1 < E2 < : : : < Ek < : : :denote the eigenvalues of the (Dirichlet) Laplacian ��M0 on the closed set M0,as de�ned in [HH].Finally, let " > 0 and E > 0, and suppose that EK < E < EK+1. Then thereexists m = m(";E) such that for j�j � m the following holds:(1) �(H(�~a)) \ (Ek � ";Ek + ") 6= ;, for k = 1; : : : ;K.(2) �(H(�~a)) \ [0; E] � [Kk=1(Ek � ";Ek + ").(3) The spectrum of H(�~a) inside any of the intervals (Ek � ";Ek + "), k =1; : : : ;K, consists of a �nite number of disjoint closed intervals (which may degen-erate into points).(4) H(�~a) has no singular continuous part.



R. Hempel and I. Herbst 3(5) For all but a discrete set of �'s, H(�~a) is absolutely continuous in the interval[0; E]. In particular, there are no eigenvalues inside [0; E] and the intervals ofspectrum occuring in (3) are non-degenerate, for all but a discrete set of �'s.Proof. Since we assume that M nM~a has measure zero, it follows from [HH] thatH(�~a) converges in norm resolvent sense to the (Dirichlet) Laplacian ��M on theset M , as j�j ! 1. By periodicity, ��M is nothing but an in�nite direct sum ofcopies of ��M0 and the spectrum of ��M consists of the sequence of eigenvaluesEk, each eigenvalue having in�nite multiplicity. Now, since norm resolvent conver-gence for self-adjoint operators implies convergence of spectra, statements (1) and(2) follow.By Floquet theory, the spectrum of H(�~a) is given by the union of the ranges ofthe band functions, which are continuous functions on a fundamental cell of thedual lattice, and (3) follows (note that, by compactness, only a �nite number ofband functions have values in a given bounded interval, for any �xed �).Claims (4) and (5) are a direct consequence of Theorems 2 and 4 in Section 2.As a corollary, we obtain a version of Theorem 1 where the assumptions are madein terms of the �eld B. Let g1; : : : ; gn denote a set of linearly independent vectorsin Rn spanning the lattice �. We �rst prepare an auxiliary result.Proposition 1. Suppose B is a 2-form on Rn which is C1 (or C1) and �-periodicin the sense that B(x + gj) = B(x) for j = 1; : : : ; n and for all x 2 Rn. SupposedB = 0 and that the 
ux conditionsZCij B = 0 ; 1 � i < j � n ; (1)are satis�ed, where Cij : [0; 1]� [0; 1]! Rn is given byCij(t; s) = tgi + sgj : (2)Then there is a �-periodic 1-form ~a of class C1 (or of class C1) such that B = d~a.This result can be proved without using cohomology theory, but the proof is some-what lengthy and we refrain from reproducing it here. On the other hand, an appli-cation of de Rham's theorem to the case of a smooth closed 2-form on the n-torusTn reduces the proof of Proposition 1 to the problem of determining an explicitbasis for the module of 2-cycles; it is easy to see that such a basis is convenientlygiven by the 2-tori de�ned via eqn. (2) (cf., e.g., [StZ; pp. 334 and 239]).Combining Theorem 1 and Proposition 1, we now obtain the following corollary:Corollary 1. Let B be a smooth �-periodic magnetic �eld (more precisely, asmooth, �-periodic, exact two-form on Rn) satisfying the 
ux conditions described



4 Bands and gaps for periodic magnetic Hamiltonians.in eqns. (1) and (2). Furthermore, suppose that there exists a compact set M0 asin Theorem 1 such that, in addition, the interior int(M0) is a simply connectedLipschitz domain and M0 is the closure of its interior.Let ��M and Ek be as above. Then, for any given " > 0, E > 0 and K as inTheorem 1, there exists m = m(";E) such that the statements (1) { (5) hold truefor j�j � m.Proof.We have to produce a smooth vector potential ~a such that d~a = B, satisfy-ing the conditions of Theorem 1. As a �rst step, Proposition 1 yields the existenceof a periodic vector potential ~a0 2 C1(Rn;Rn) such that d~a0 = B. In general, ~a0will not vanish on M0, however. Following the construction at the end of Section4 in [HH] and using Stein [St; p. 181], we next �nd a function f 2 C1(Rn) suchthat df(x) = ~a0(x) for x 2 int (M0). Pick a (real-valued) function ' 2 C10 (Rn)which is 1 in a neighborhood of M0, and which vanishes in a neighborhhood ofeach Mj , for all j 2 �, j 6= 0. De�ne F 2 C1(Rn) byF (x) =Xj2�('f)(x � j); x 2 Rn:Then ~a(x) = ~a0(x)� dF (x) is periodic and satis�es d~a = B; furthermore ~a(x) = 0for almost every x 2M .2. On the absolute continuity of periodic Hamiltonians.The central question of this note is to determine the nature of the spectrum sep-arating gaps of H(~a) and of H(�~a), for � 2 R. Here the strongest result onemight head for is to show that for periodic ~a the spectrum of H(~a) is absolutelycontinuous:Conjecture. Suppose ~a 2 C1(Rn;Rn) is periodic with respect to the lattice �.Then H(~a) is absolutely continuous.Below, we will present some evidence in support of this conjecture. We shall notpersue the case of periodic �eld B here; note, however, that the constant �eldcase in 2-dimensions provides only a weak example, and one might still ask forthe nature of the spectrum in cases where B is periodic, but non-constant. In thisdirection, Iwatsuka [Iw] has announced some results on line-broadening.Let us now sketch how far one can get in the question of absolute continuityby using the approach of L. Thomas [Th] (reproduced in [RS-IV]) or some moreabstract results on the structure of the \Bloch-variety", the union of the graphsof the band-functions. We �nd that H(~a) has no singular continuous part, sothe only obstacle in proving absolute contiunity is the possibility of eigenvalues.Furthermore, H(~a) is absolutely continuous for small ~a, and H(�~a) is a. c. in any



R. Hempel and I. Herbst 5given interval [0; R] for all but a discrete set of �'s (which we expect to be empty).We begin with results which exploit the fact that the Bloch variety associatedwith H(~a) can we viewed as the zero set of a suitable real-analytic function ofseveral variables; cf. G�erard [G], Wilcox [W], Kuchment [Ku] for related methodsand results in the case of periodic ��+ V .The Floquet decomposition of H(~a) is fundamental to our analysis (cf., e. g., [RS-IV]): Let Q denote a fundamental cell of the dual lattice spanned by the vectorsKj (note that our Q corresponds to ~Q in [RS-IV; p. 305]). De�ning a new Hilbertspace H via a direct �ber integral of `2-spaces,H = Z �Q `2(Zn)dk;there exists a unitary operator U : L2(Rn)! H such thatUH(~a)U�1 = Z �Q Hk(~a)dk; (3)with suitable operators Hk(~a), acting in `2(Zn). We are now ready to state thefollowing theorem:Theorem 2. Suppose that ~a 2 C1(Rn;Rn) is periodic with respect to the lattice�. Then:(a) The singular continuous spectrum of H(~a) is empty.(b) The eigenvalues of H(~a) form a discrete subset of R.(c) If � is an eigenvalue of H(~a), then � is an eigenvalue of Hk(~a) for all k 2 Q.Proof.We start from the direct �ber decomposition (3). Using regularized deter-minants, one can construct a real analytic function F (�; k) on R � Q with theproperty that E is an eigenvalue of Hk(~a) i� F (E; k) = 0; cf. [G], [Ku], [W].We �rst prove (b) and (c). By the direct �ber decomposition of H(~a), �0 is aneigenvalue of H(~a) i� there exists a set M0 � Q of positive measure such that �0is an eigenvalue of Hk(~a) for all k 2 M0 i� F (�0; k) = 0 for all k 2 M0. It nowfollows from Theorem A that the set of eigenvalues is discrete.Furthermore, if �0 is an eigenvalue of H(~a), then F (�0; k) = 0 for all k 2 Q (byLemma A.1), so �0 is an eigenvalue of Hk(~a) for all k 2 Q.In order to prove that the singular continuous spectrum of H(~a) is empty, it isenough to show that for any Borel set � � R n �pp(H(~a)) of measure zero, andany f 2 L2(Rn), we have jjP�(H(~a))f jj2 = 0, whereP�(H(~a)) = ��(H(~a))



6 Bands and gaps for periodic magnetic Hamiltonians.is the spectral projection associated with H(~a) and �. By [RS-IV; Thm. XIII.85(c)], we see that jjP�(H(~a))f jj2 = ZQ jjP�(Hk(~a))fk jj2̀2 dk:The integrand on the RHS will vanish at k unless � contains an eigenvalue ofHk(~a). But the setfk 2 Q; � \ �(Hk(~a)) 6= ;g = fk 2 Q;F (�; k) = 0 for some � 2 �ghas measure zero by Theorem A, and we are done.Remark. There is not much new in Theorem 2 beyond what can already befound in Kuchment [Ku], G�erard [G], or in Wilcox [W]. In particular, it is shownby G�erard [G] that the resolvent of a periodic Schr�odinger operator H = ��+V ,with V relatively bounded with respect to the Laplacian with bound < 1, can beanalytically continued through the real axis (in a suitable sense), outside a discreteset of points. This establishes the absence of singular continuous spectrum, butleaves the possibility of a discrete set of eigenvalues. Below and in the Appendix, wegive a self-contained introduction into the required machinery, keeping the use ofalgebra to a strict minimum. Note that G�erard seems to share our belief that thereactually shouldn't be any such eigenvalues, for relatively bounded perturbations[G; p. 48].L. Thomas' celebrated proof of the absolute continuity of periodic Schr�odingeroperators �� + V can be adapted to the magnetic case as long as the vectorpotential is not too large.Theorem 3. ([HH; Thm. 3.12]) For any given lattice � there exists a constantc > 0 such that H(~a) is absolutely continuous for all �-periodic vector potentials~a 2 C1(Rn;Rn) satisfying supx j~a(x)j < c:Proof. By Theorem 2(a), it is enough to �nd a constant c > 0 such that H(~a)has no eigenvalues if sup j~a(x)j < c. By Theorem 2(c), � is an eigenvalue of H(~a)if and only if � is an eigenvalue of Hk(~a), for all k = (k1; : : : ; kn) 2 Q if and onlyif � is an eigenvalue of Hk(~a) for all k 2 Cn. We now take take Im k1 to in�nity,along suitable lines. As in the original proof of Thomas [Th], we �nd by a directcalculation that lim infIm k1!1 ����(Hk(~a) + 1)�1���� = 0;provided sup j~aj is small. But then no eigenvalue of the family Hk(~a) can beconstant.



R. Hempel and I. Herbst 7Remark. In the the case of periodic Hamiltonians��+V , with mild assumptionson V ([RS-IV; p. 305 �]), a similar calculation reveals that ����(Hk + 1)�1���� tends tozero as Im k1 !1. It is interesting to point out why a smallness conditions seemsto be unavoidable in the magnetic case:Let P (k) = k +PmjKj , acting in `2(Zn), where mj 2 Z and the vectors Kj ,j = 1; : : : ; n span the dual lattice. We then �nd that controlling the term comingfrom ~a � r requires control of ����P (k)(P (k)2 + 1)�1����, for Im k1 !1 on some line.It turns out that lim infIm k1!1 ����P (k)(P (k)2 + 1)�1���� is a certain �nite number,which is independent of the lines along which k1 tends to1, but, alas, this numberis not zero.We �nally introduce a coupling � 2 R and ask for the absolute continuity ofH(�~a).Theorem 4. Suppose that ~a 2 C1(Rn;Rn) is periodic with respect to the lattice�. Then:(a) For any �xed R > 0, the set of coupling constants � 2 R for which H(�~a) isnot absolutely continuous in the interval [0; R] is discrete.(b) The set of coupling constants � 2 R for which H(�~a) is not absolutely contin-uous is at most countable.Proof. Let R > 0, and suppose for a contradiction that there exist sequencesf�jg � R with �j ! �0 2 R, �j 6= �k for j 6= k, and f�jg � [0; R] such that �j isan eigenvalue of H(�j~a), for all j 2 N. Without restriction we may assume thatthe sequence f�jg converges. Let M � 0 be such that j�j j �M . We �rst concludefrom Theorem 2(c) that �j is an eigenvalue of Hk(�j~a), for all k 2 Q.For each �xed k 2 Q, (Hk(�~a); � 2 C) is a self-adjoint holomorphic family of type(A) in the sense of Kato. Furthermore,Hk(�~a) has compact resolvent for all �. By[K; Thm. VII-3.9], there exists a countable family of functions �m(k; �), m 2 N,real-analytic in � 2 R, which describe the eigenvalues of Hk(�~a). In addition, aneasy compactness argument (using the standard bound given in [K;p. 391] for thederivatives @@��(k; �)) implies that for each �xed k 2 Q there exists at most a�nite number of indices m such that �m(k; �) 2 [0; R] for some j�j �M .We now pick any k0 2 Q. Since �j is an eigenvalue of Hk0(�j~a), for all j 2 N, andsince only �nitely many functions �m(k0; �) meet the interval [0; R], for j�j �M ,there exists an index m(k0) such that�j = �m(k0)(k0; �j) (4)for an in�nite number of j's. Without restriction, we may assume that (4) holdsfor all j 2 N. Write �0 = �m(k0)(k0; 0). Suppose k 2 Q. As above there exists anindex m(k) such that �j = �m(k)(k; �j)



8 Bands and gaps for periodic magnetic Hamiltonians.for in�nitely many j. By unique continuation, �m(k)(k; �) = �m(k0)(k0; �) for all�, in particular for � = 0. Thus for each k 2 Q�m(k)(k; 0) = �0so that �0 is an eigenvalue of Hk(0) for all k 2 Q. But this implies that H(0) = ��has an eigenvalue, in contradiction with the absolute continuity of ��.Appendix.TheoremA. Suppose I � R is an open interval and O � Rn is an open connectedset. Suppose f : I � O ! C is real analytic and not identically zero. De�ne themeasure � on the Borel sets � of R by�(�) = measfk 2 O; f(�; k) = 0 for some � 2 �g):Then � has no singular continuous component and, in addition, the set of purepoints of � has no accumulation point in I.We �rst prove two lemmas.Lemma A.1. Suppose O � Rn is an open connected set and h : O ! C is realanalytic. Then if meas (h�1(0)) > 0 it follows that h � 0.Proof. Let k0 be a point of density of the zero set of h. Then it easily follows byinduction that all derivatives of h vanish at k0. By unique continuation, h is zero.Lemma A.2. Suppose O � Rn is open and connected and the map f : O ! Ris real analytic. Then, if f is not constant, it follows that if � � R is a Borel setwith meas (�) = 0 we have meas (f�1(�)) = 0.Remark. Lemma A.2 is a special case of Theorem A with f(�; k) = �� f(k).Proof.We can assume O = J1�� � ��Jn where J` is an open interval. The lemmais easy to prove if n = 1 so we assume n > 1. Let�1 = f(k2; : : : ; kn) 2 J2� � � ��Jn; f(k1; k2; : : : ; kn) is constant in the variable k1g:It is easy to see that �1 is measurable. By Lemma A.1, if meas (�1) > 0 it followsthat for any k1, k01 2 J1f(k1; k2; : : : ; kn) � f(k01; k2; : : : ; kn) = 0for all (k2; : : : ; kn) 2 J2�� � ��Jn, in other words, f(�; k2; : : : ; kn) is constant for all(k2; : : : ; kn) 2 J2� � � � � Jn. Similarly, we de�ne �j , j = 2; : : : ; n. If meas (�j ) > 0



R. Hempel and I. Herbst 9for all j, it then easily follows that f is constant. Without loss of generality we cantherefore assume meas (�1) = 0. Write k = (k1; k0) and fk0 (k1) = f(k1; k0) withk1 2 J1, k0 2 J2 � � � � � Jn. By Fubini's theorem we havemeas (f�1(�)) =Zf�1(�) dk = ZJ2�����Jn  Zk0=a; k2f�1(�) dk1! da=ZJ2�����Jn  Zf�1a (�) dk1! da:But for almost every a 2 J2 � � � � � Jn, fa is non-constant so by the result forn = 1, f�1a (�) has measure zero for almost every a. The result follows.Proof of Theorem A. If �(f�jg) > 0 for a sequence �j ! � 2 I then byLemma A.1, f(�j ; k) = 0, for all k 2 O, and thus f = 0. This contradiction provesthe second statement.Let M = fk 2 O; f(�; k) = 0 for all � 2 Ig:Then by Lemma A.1, M is a set of measure zero, closed in the relative topology.Suppose � � R has Lebesgue measure zero and contains no pure points of �. It isenough to show that every point (�0; k0) 2 I� (OnM) has an open neighborhoodI0 �O0 with O0 � O nM such thatfk 2 O0; f(�; k) = 0 for some � 2 � \ I0ghas measure zero. Clearly we can assume f(�0; k0) = 0. For notational simplicity inwhat follows we take (�0; k0) = 0. Then there is a neighborhood U1 of 0 containedin I � (O nM) and functions pj , j = 1; : : : ; `, real analytic on U1, and integersr1; : : : ; r` � 1 so that on U1 f = pr11 � � � pr`` :In addition, pj is prime (j = 1; : : : ; `) in the sense that if on any neighborhood of 0we have pj = h1h2 with h1 and h2 real analytic and h1(0) = 0 then h2(0) 6= 0. Thisfollows from the unique factorization property of the germs of analytic functions at0 ([F; p. 116]). We can assume U1 = I1�O1 where I1 is an interval of R and O1 isan open subset of Rn. By the Weierstrass Preparation Theorem ([F; Thm. 3.23])and the fact that f(�; 0) 6� 0, we can write (after shrinking U1 perhaps)f = h~pr11 � � � ~pr`` on U1 = I1 �O1 ;where h is non-zero on U1 and ~pj is a Weierstrass polynomial:~pj(�; k) = �nj + aj1(k)�nj�1 + : : :+ ajnj (k);



10 Bands and gaps for periodic magnetic Hamiltonians.with ajm(k) real analytic on O1, ajm(0) = 0. In addition, ~pj is prime.The discriminant Dj(k) of ~pj is real analytic on O1 and is not identically zero([vdW], [GrFr; Thm. 6.11]) because ~pj is prime. The set Mj where Dj is zero is aclosed set of measure zero and ~pj has distinct roots on O1 nMj . It is enough to�nd for each j and each point (�00; k00) 2 I1 � (O1 nMj) a neighborhood I2 � O2of (�00; k00) such thatfk 2 O2; ~pj(�; k) = 0 for some � 2 I2 \ �ghas measure zero. We can assume ~pj(�00; k00) = 0. By the Implicit Function Theo-rem there exists a neighborhood I2 �O2 of (�00; k00) and nj functions �1; : : : ; �nj ,real analytic on O2, such that for (�; k) 2 I2 �O2~pj(�; k) = 0 () � = �i(k); for some i 2 f1; : : : ; njg:We can assume that O2 is an open rectangle. We havefk 2 O2; ~pj(�; k) = 0 for some � 2 I2 \ �g= [nji=1fk 2 O2;� = �i(k) for some � 2 I2 \ �g:The set fk 2 O2;� = �i(k) for some � 2 I2 \ �g = ��1i (I2 \ �)will have non-zero measure only if Im�i(k) = 0, for all k 2 O2 (Lemma A.1) andif for some �0 2 I2 \ �, �i(k) = �0 for all k 2 O2 (Lemma A.2). But the lattercondition implies f(�0; k) = 0 for all k 2 O2 and thus for all k 2 O. But � waschosen to be free of pure points of �, so this is a contradiction.Acknowledgements. The authors are most grateful to S. Agmon for bringing Chr.G�erard's paper [G] to their attention. They would also like to thank P. Michor(Vienna) for several useful conversations.References.[BrS1] J. Br�uning and T. Sunada, On the spectrum of gauge-periodic elliptic operators.Soc. Math. France Ast�erisque 210 (1992), 65|74.[BrS2] J. Br�uning and T. Sunada, in preparation.[F] M. Field, Several complex variables and complex manifolds I. CambridgeUniversitypress, Cambridge 1982.[G] Chr. G�erard,Resonance theory for periodic Schr�odinger operators. Bull. Soc. Math.France 118 (1990), 27|54.[GrFr] H. Grauert and K. Fritzsche, Several complex variables. Springer Verlag, 1976.



R. Hempel and I. Herbst 11[HH] R. Hempel and I. Herbst, Strong magnetic �elds, Dirichlet boundaries, and spectralgaps. Preprint 1994. To appear in Commun. Math. Phys.[Iw] A. Iwatsuka, On Schr�odinger operators with magnetic �elds. In: Lecture Notes inMathematics, vol. 1450 (Conf. Proc., ed. by H. Fujita, T. Ikebe, S. T. Kuroda),pp. 157|172. Springer Verlag, Berlin 1990.[K] T. Kato, Perturbation theory for linear operators. Springer Verlag, New York 1966.[Ku] P. Kuchment, Floquet theory for partial di�erential equations. Birkh�auser, Basel1993.[RS-IV] M. Reed and B. Simon,Methods of Modern Mathematical Physics, Vol. IV. Anal-ysis of Operators. Academic Press, New York 1978.[St] E. Stein, Singular Integrals and di�erentiability properties of functions. PrincetonUniversity Press, Princeton 1986.[StZ] R. St�ocker und H. Zieschang, Algebraische Topologie. Teubner, Stuttgart 1989.[Th] L. E. Thomas, Time dependent approach to scattering from impurities in a crystal.Commun. Math. Phys. 33 (1973), 335|343.[vdW] B. L. van der Waerden, Modern Algebra, vol. I. Frederick Unger 1966[W] C. H. Wilcox, Theory of Bloch waves. J. Analyse Math. 33 (1978), 146|167.


