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FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVEBASESIMRE B�ALINT AND KORN�EL SZLACH�ANYIAbstra
t. We study Galois extensions M (
o-)H � M for H-(
o)module al-gebrasM if H is a Frobenius Hopf algebroid. The relation between the a
tionand 
oa
tion pi
tures is analogous to that found in Hopf-Galois theory for �nitedimensional Hopf algebras over �elds. So we obtain generalizations of various
lassi
al theorems of Kreimer-Takeu
hi, Doi-Takeu
hi and Cohen-Fis
hman-Montgomery. We �nd that the Galois extensionsN � M over some FrobeniusHopf algebroid are pre
isely the balan
ed depth 2 Frobenius extensions. Weprove that the Yetter-Drinfeld 
ategories over H are always braided and theirbraided 
ommutative algebras play the role of non
ommutative s
alar exten-sions by a slightly generalized Brzezi�nski-Militaru Theorem. Contravariant"�ber fun
tors" are used to prove an analogue of Ulbri
h's Theorem and toget a monoidal embedding of the module 
ategory ME of the endomorphismHopf algebroid E = End NMN into NMopN .1. Introdu
tionThe problem of extending Hopf Galois theory to quantum groupoids has beenattra
ting some attention in re
ent years. That this theory should possess inter-esting new appli
ations even for �nite quantum groupoids is manifest already fromthe pioneering work of D. Nikshy
h and L. Vainerman [19℄. A pure algebrai
 Ga-lois theory for weak Hopf algebras has been proposed by S. Caenepeel and E. deGroot [8℄. As a di�erent generalization, whi
h maintains �niteness of the totalalgebra over the base but lets the base algebra to be unrestri
ted, this paper is de-voted to developing a Galois theory for Frobenius Hopf algebroids. These quantumgroupoids 
an be thought as the analogues of �nite dimensional Hopf algebras overa �eld or Frobenius Hopf algebras over a 
ommutative ring k in whi
h k is repla
edwith a non
ommutative base ring R. Therefore it is not surprising, but also nottrivial, that we obtain generalizations of the 
lassi
al theorems of Kreimer-Takeu
hi[16℄, Doi-Takeu
hi [11℄ and Cohen-Fis
hman-Montgomery [10℄ (see Theorems 3.3and 3.6). Our results partly overlap with those of the re
ent paper [2℄ by G. B�ohmwho studies Galois theory for general Hopf algebroids using previous results fromthe theory of 
orings [5, 7℄. In our approa
h the double algebrai
 stru
ture [25℄ ofFrobenius Hopf algebroids is parti
ularly useful e. g. in proving that Yetter-Drinfeld
ategories are braided (Proposition 4.9), in this way generalizing a result of [9℄, orin obtaining an instrinsi
 
hara
terization of Galois extensions as being the depth2, balan
ed, Frobenius extensions (Theorem 3.7).As far as bialgebroids are 
on
erned, their Galois theory is not so well under-stood. There exist generalizations of 
ertain notions and theorems of Hopf-Galoistheory and, therefore, hints toward the proper de�nition of Galois bialgebroidSupported by the Hungarian S
ienti�
 Resear
h Fund, OTKA T-034 512 and T-043 159.1



2 I. B�ALINT, K. SZLACH�ANYI[15, 24, 14℄. For example, the depth 2 balan
ed extensions N � M of algebrasseem to be the Galois extensions in the very non
ommutative sense. Unfortu-nately, in the absen
e of antipode, even in the �nitely generated proje
tive 
ase,many results of 
lassi
al and Hopf Galois theory are far from rea
h. Nevertheless,
ertain results, e. g. [13, Theorem 5.1℄, indi
ate that the theory of Galois 
oringswill prove to be useful in developing su
h a theory in the future.In the rest of this Introdu
tion we would like to 
on
entrate on two topi
s thatare 
ru
ial for the present paper. At �rst we dis
uss 
omodules over bialgebroidsand then we summarize the basi
 properties of distributive double algebras, thestru
ture that is always present in a Frobenius Hopf algebroid if a Frobenius integralis 
hosen.1.1. Modules and 
omodules over bialgebroids. Let k be a 
ommutative ring.We 
hoose the 
ategory M = Mk of k-modules as our base 
ategory. This meansthat all obje
ts and morphisms we use have an underlying k-module or k-modulemorphism, respe
tively. In parti
ular, algebras are always meant to be k-algebrasand unadorned 
 means tensor produ
t in Mk.Let T be an algebra and let T e := T op 
 T be its enveloping algebra. A rightbialgebroid over T 
onsists of� an algebra A� a T e ring stru
ture on A, i.e., an algebra morphism tr 
 sr : T e ! A� and a T -
oring stru
ture hATe ;�T ; 'T isubje
t to axioms, see e.g. [15℄.IfA is a right bialgebroid over T then a right module over A is the same thing as aright module over the k-algebra A and a right A-module map is de�ned a

ordingly.The T e-ring stru
ture T e ! A endows the 
ategory MA of right A-modules witha (monadi
) forgetful fun
tor U : MA ! TMT by identifying MTe with TMT .The 
oring stru
ture of A serves to make MA a monoidal 
ategory. The monoidalprodu
t of the A-modules V and W is the k-module V 
T W together with the rightA-a
tion (v 
T w) / a := (v / a(1)) 
T (w / a(2)). In this way the forgetful fun
tor Ube
omes stri
t monoidal.Left bialgebroids and their 
ategory of left modules 
an be de�ned by passingto the opposite algebra in all o

uren
es of an algebra in the de�nition of a rightbialgebroid and their right modules. So let B be an algebra whi
h stands for T opand let Be := B 
Bop. Then a left bialgebroid over B 
onsists of� an algebra A� a Be-ring stru
ture on A, i.e., an algebra morphism sl 
 tl : Be ! A� and a B-
oring stru
ture hBeA;�B; 'Bi.The 
ategory of left A-modules has a monoidal produ
t V 
B W su
h that theforgetful fun
tor AV 7! BeV � BVB is stri
t monoidal.Right 
omodules 
an be de�ned for both left and right bialgebroids as follows.Let A be a right bialgebroid over T . Then a right A-
omodule 
onsists of� a right T -module X� a right T -module map Æ : X ! X 
T A



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 3su
h that (Æ 
T A) Æ Æ = (X 
T �T ) Æ Æ(X 
T 'T ) = Xsuppressing the 
oheren
e isomorphisms of TMT . A morphism of 
omodules � :hX; 
i ! hY; Æi is a right T -module map � : X ! Y satisfying (� 
T A) Æ 
 = Æ Æ � .The 
ategory of right A-
omodules is denoted MA.The above de�nition of 
omodules disguises the fa
t that MA is monoidal witha stri
t monoidal forgetful fun
tor MA ! TMT . Noti
e that although M is not aleft T -module,M 
T A is by setting t � (x 
T a) = x
T sr(t)a.Proposition 1.1. Let hX; Æi be a right 
omodule over the rigt bialgebroid A. ThenX has a unique left T -module stru
ture su
h that Æ is a left T -module map. Withthis left module stru
ture(1) X is a T -T -bimodule,(2) Æ is a T -T -bimodule map,(3) Æ(X) � X �T A,(4) and every arrow � 2 MA is a T -T -bimodule map.In (3) we used Takeu
hi's �-produ
t whi
h is de�ned byX �T A := fXi xi 
T ai 2 X 
T A jXi t � xi 
T ai =Xi xi 
T tr(t)ai 8t 2 Tg:Proof. If X is a left T -module and Æ is a left T -module map thent � x = (t � x)(0) � 'T ((t � x)(1))= x(0) � 'T (sr(t)x(1))This proves uniqueness. If we use the above formula to de�ne t �x then we �nd thatit is a left a
tion be
ause sr : T ! A is an algebra homomorphism. It 
ommuteswith the right T -a
tiont � (x � t0) = x(0) �'T (sr(t)asr(t0)) = (t � x) � t0so X is a T -T -bimodule and the 
oa
tion is a bimodule map,Æ(t � x � t0) = x(0) 
T sr(t)x(1)sr(t0):Now the Takeu
hi property (3) holds automati
ally,t � x(0) 
T x(1) = x(0) � 'T (sr(t)x(1))
T x(2)= x(0) 
T 'T (tr(t)x(1)) � x(2)= x(0) 
T tr(t)x(1) :If � : X ! Y is a 
omodule morphism then� (t � x) = � (x(0)) �'T (sr(t)x(1)) = � (x)(0) � 'T (sr(t)� (x)(1))= t � � (x) : �



4 I. B�ALINT, K. SZLACH�ANYIThe tensor produ
t of right 
omodules X and Y 
an now be de�ned as X 
T Ywith 
oa
tion(1.1) (x
T y)(0) 
T (x
T y)(1) = (x(0) 
T y(0))
T x(1)y(1) :This makes the 
ategory of right A-
omodules MA monoidal and the forgetful fun
-tor MA ! TMT stri
t monoidal.For left bialgebroids A over B a right 
omodule is an arrow ÆA :M !M 
B A 2MB satisfying 
oasso
iativity and 
ounitality. A right 
omodule 
arries a left B-module stru
ture su
h that ÆA is a B-B-bimodule map and su
h that MA is amonoidal 
ategory with stri
t monoidal forgetful fun
tor to BMB. The monoidalprodu
t of two right 
omodules X and Y has 
oa
tion(1.2) (x 
B y)(0) 
B (x
B y)(1) = (x(0) 
B y(0))
B y(1)x(1) :Note the di�erent order 
ompared to (1.1).1.2. Double algebras. A double algebra is a k-module A equipped with two as-so
iative unital multipli
ations: the verti
al multipli
ation, denoted a Æ a0, has unitelement e and the horizontal multipli
ation, denoted a ? a0, has unit element i.So we have the horizontal and verti
al algebras H = hA; ?; ii and V = hA; Æ; ei,respe
tively. The multipli
ations with the wrong unit, i.e.,'L(a) := a ? e 'R(a) := e ? a'B(a) := a Æ i 'T (a) := i Æ amap onto subalgebras L and R of V and B and T of H. Assuming for X =L;R;B; T that the algebra extensions X � A are Frobenius with Frobenius homo-morphism'X we obtain the notion of Frobenius DA's. In this way A has Frobeniusalgebra stru
tures in all the bimodule 
ategories XMX for X = L;R;B; T whi
himplies four 
omultipli
ationshA;�B; 'Bi is a 
omonoid in BMB , where �B(a) � a(1) 
B a(2) = a ? uk 
B vk,hA;�L; 'Li is a 
omonoid in LML, where �L(a) � a[1℄ 
L a[2℄ = a Æ xj 
L yj ,hA;�T ; 'T i is a 
omonoid in TMT , where �T (a) � a(1) 
T a(2) = a ? uk 
T vk,hA;�R; 'Ri is a 
omonoid in RMR, where �R(a) � a[1℄ 
R a[2℄ = a Æ xj 
R yj .where note the spe
ial notation for the dual bases of the base homomorphisms 'X .It turns out [25, Proposition 3.2℄ that verti
al multipli
ation with the horizontaltype of 
omultipli
ations �B and �T obey bialgebroid like relations. However, ifwe also postulate the distributivity rulesa Æ (a0 ? a00) = (a(1) Æ a0) ? (a(2) Æ a00)(1.3) a ? (a0 Æ a00) = (a[1℄ ? a0) Æ (a[2℄ ? a00)(1.4) (a0 ? a00) Æ a = (a0 Æ a(1)) ? (a00 Æ a(2))(1.5) (a0 Æ a00) ? a = (a0 ? a[1℄) Æ (a00 ? a[2℄)(1.6)in whi
h 
ase we say that hA; Æ; e; ?; ii is a distributive double algebra (DDA), thenV and H be
ome Hopf algebroids [3℄ in duality. The underlying left bialgebroidsare hV;B; 'LjB; 'RjB;�B; 'Bi and hH;L; 'BjL; 'T jL;�L; 'Li



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 5and the right bialgebroids arehV; T; 'RjT ; 'LjT ;�T ; 'T i and hH;R;'T jR; 'B jR;�R; 'RiThe notation means e.g. that V over T has sour
e map sr : t 7! 'R(t), target maptr : t 7! 'L(t) and 
ounit 'T . Or, H over R has sour
e map sr : r 7! 'T (r), targetmap tr : r 7! 'B(r), and 
ounit 'R. The antipode of V { 
alled the antipode of thedouble algebra { is an antiautomorphism S whi
h is also an antiautomorphism ofH but the antipode of H is S�1. (There is a regrettable mistake in [25, Theorem7.4℄ where H was 
laimed to have antipode also S; see arXiv: math.QA/0402151v2 for the 
orre
ted version.) The verti
al Hopf algebroid has Frobenius integral iand H has e. 2. Modules and 
omodules over DDA's2.1. Modules. Let hA; Æ; e; ?; ii be a double algebra. A right A-module is a k-moduleM together with an asso
iative unital a
tionM
RH !M of the horizontalalgebra H = hA; ?; ii denoted m 
R h 7! m / h.Equivalently, a right A-module 
an be formulated in the 
ategory MB
T as anobje
t MB
T and an arrow M 
B
T A ! M satisfying asso
iativity and unitalityw.r.t the algebra H in B
TMB
T . The T and B-a
tions are denoted by m : t andm: b, respe
tively.Analogously one 
an de�ne left A-modules as left modules over H and bottomand top A-modules as "left", respe
tively "right", modules over the verti
al algebraV = hA; Æ; ei.2.2. Comodules. A right A-
omodule over a Frobenius double algebra 
onsists ofan obje
t M and two arrows ÆM : M ! M 
B A, ÆM : M !M 
T A in MB
T su
hthat � hMB ; ÆM i is a right 
omodule over the left bialgebroid V over B,� hMT ; ÆMi is a right 
omodule over the right bialgebroid V over T� and the two 
oa
tions satisfy the mixed 
oasso
iativity 
onditionsm(0)(0) 
B m(0)(1) 
T m(1) = m(0) 
B m(1)(1) 
T m(1)(2)(2.1) m(0)(0) 
T m(0)(1) 
B m(1) = m(0) 
T m(1)(1) 
B m(1)(2)(2.2)where we used the notation ÆM (m) = m(0) 
B m(1)ÆM (m) = m(0) 
T m(1)for m 2M .A right A-
omodule morphism � : X ! Y is a right B
T -module map whi
h is aright 
omodule morphism for both the left bialgebroid VB and the right bialgebroidVT . The 
ategory of right A-
omodules is denoted by MV . The o

uren
e of two
ompatible 
oa
tions in the de�nition of an A-
omodule is pre
isely what we needto identify MV and MH in 
ase of DDA's.



6 I. B�ALINT, K. SZLACH�ANYILemma 2.1. Let A be a DDA and let ÆM and ÆM be two 
oa
tions of VB , respe
-tively VT , on M . They then determine two right H-a
tions on M ,m /B h = m(0) : 'B(m(1) ? h)(2.3) m /T h = m(0) : 'T (m(1) ? h) :(2.4)The two a
tions 
oin
ide if and only if the two 
oa
tions satisfy the mixed 
oasso-
iativity 
ondition (2.1) and (2.2).Proof. The inverses of (2.3) and (2.4) 
an be given in terms of the dual bases of 'Band 'T as m(0) 
T m(1) = m /T uk 
T vk(2.5) m(0) 
B m(1) = m /B uk 
T vk(2.6)Therefore if /B = /T thenm(0)(0) 
B m(0)(1) 
T m(1) = (m /T uk) /B ul 
B vl 
T vk = m /B (uk ? ul)
B vl 
T vk= m /B ul 
B vl ? uk 
T vk = m(0) 
B m(1)(1) 
T m(1)(2)and similarly for (2.2). On the other hand, if mixed 
oasso
iativity holds thenm /T h = (m /T h)(0) : 'B((m /T h)(1)) = m(0)(0) : 'B(m(0)(1) ? 'T (m(1) ? h))= m(0) : 'B(m(1)(1) ? 'T (m(1)(2) ? h)) = m(0) : 'B(m(1) ? h)= m /B h �If M is a right module over the DDA A then it is a right V -
omodule MV anda right H-moduleMH at the same time. The invariants of MH ,MH :=fn 2M jn / h = n / 'T'R(h); h 2 Hg(2.7) = fn 2M jn / h = n / 'B'R(h); h 2 Hg(2.8)and the 
oinvariants of MV ,M 
o-V :=fn 2M jn(0) 
T n(1) = n 
T eg(2.9) = fn 2M jn(0) 
B n(1) = n
B eg;yield one and the same k-submodule of M . This is an instan
e of the moregeneral identi�
ation between the 
ategories of H-modules, VB-
omodules, andVT -
omodules. Sin
e 'T and 'B restri
t to algebra isomorphisms R ! T andRop ! B, respe
tively [25, Lemma 2.2℄, the identi�
ations between H-modulesand V -
omodules provide a monoidal 
ategory isomorphism MVT �= MH and theantimonoidal 
ategory isomorphismMVB �= MH . We 
an use these isomorphisms tointrodu
e 
R both in MVT and MVB as the monoidal produ
t while keeping 
T and 
Bto appear in the 
oa
tions. One advantage of this 
onvention is that the di�eren
ebetween (1.2) and (1.1) disappears, viz. (2.10) and (2.11). Now the R be
omes amonoidal unit in three senses: As a right ideal in H it is the trivial right H-module,



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 7r / h = r ? h. But it is also a right 
omodule over VT via r(0) 
T r(1) = e 
T r and aright 
omodule over VB via r(0) 
B r(1) = e 
B r.2.3. Module (
o)algebras. Comodule algebras over V are monoids in MV andtherefore they are the same as monoids in MH , i.e., module algebras over H.Hen
e a right H-module algebra M 
onsists of an algebra map � : R ! Mindu
ing the bimodule stru
ture RMR and a bimodule map � : M 
R M ! M ,m
R m0 7! mm0, satisfying (mm0) / h = (m / h[1℄)(m / h[2℄). In the language of theV -
oa
tions (2.5), (2.6) these 
orrespond to the right 
omodule algebra relations(mm0)(0) 
T (mm0)(1) = m(0)m0(0) 
T m(1) Æm0(1) 1(0) 
T 1(1) = 1
T e(2.10) (mm0)(0) 
B (mm0)(1) = m(0)m0(0) 
B m(1) Æm0(1) 1(0) 
B 1(1) = 1
B e(2.11)respe
tively. Just as in the 
ase of Hopf algebras the invariants of a module algebraform a subalgebra. More pre
isely we have the followingLemma 2.2. For any right H-module M there is a unique k-module mapHomH (R;M )!MH that makes the diagramHomH(R;M ) Hom('R ;M)��������! HomH (H;M )??y ??yf 7!f(i)MH �����! M
ommutative. This k-module map is an isomorphism. If MH is a module algebrathen the diagram is in the 
ategory of k-algebras. In parti
ular, MH � M is asubalgebra whi
h is isomorphi
 to the 
onvolution algebra HomH (R;M ).The smash produ
t H#M for a right H-module algebra is de�ned to be tok-module H 
R M equipped with multipli
ation(2.12) (h#m)(h0#m0) = h ? h0[1℄#(m / h0[2℄)m0and unit element i#1.Next we 
onsider extensions. Let N !MH � M be an algebra map. Then wehave left a
tions � of N and � ofMH on M . Denoting E := End(NM ) we have analgebra map H#M ! E by(2.13) m0 � (h#m) := (m0 / h)mso that M be
omes an N -(H#M )-bimodule. We have the in
lusions(2.14) �(N ) � EndE(M ) � EndH#M (M ) = �(MH )where the last equality 
an be proven exa
tly as in the Hopf algebra 
ase [18, 8.3.2℄.De�nition 2.3. An algebra homomorphism � : N ! M is 
alled a right A-extension for some DDA A if M is a right module algebra over A and � fa
torizesthrough MH �M via an algebra isomorphism N �!MH .Later on an A-extension will be meant in the narrower sense that N =MH butsometimes, as in Se
tion 5 we need this more 
ategori
al de�nition.Lemma 2.4. Let A be a DDA and N !M be a right A-extension. Then



8 I. B�ALINT, K. SZLACH�ANYI(1) NM is balan
ed, i.e., BiEnd(NM ) = �(N ) and(2) NMH#M is faithfully balan
ed i� the 
anoni
al map H#M ! E given by(2.13) is an isomorphism.Proof. Both statements are immediate 
onsequen
es of the fa
t that all the in
lu-sions in (2.14) redu
e to equalities in 
ase of A-extensions. �3. Galois extensions3.1. The 
oa
tion pi
ture. Let M be a right 
omodule algebra over the Hopfalgebroid V and let N :=M 
o-V . Then the maps
M :M 
N M !M 
T V ; m
N m0 7! mm0(0) 
T m0(1)(3.1) 
M :M 
N M !M 
B V ; m
N m0 7! m(0)m0 
B m(1)(3.2)are M -M -bimodule maps if we endow M 
T V and M 
B V with the stru
turem0 � (m
T v) �m00 = m0mm00(0) 
T v Æm00(1) ;(3.3) m0 � (m
B v) �m00 = m0(0)mm00 
B m0(1) Æ v ;(3.4)respe
tively. They are also right V -
omodule maps, i.e., belong to MV , be
ausethey 
an be written as 
omposites of �M and ÆM , respe
tively �M and ÆM .Lemma 3.1. Let M be a right V -
omodule algebra over the Hopf algebroid V .Then 
M is epimorphism i� 
M is and 
M is isomorphism i� 
M is.Proof. Let � denote the 
ompositeM 
T V ÆM
T V����! M 
B V 
T V M
BV
S������! M 
B V 
R V M
B�V�����! M 
B V(3.5) m 
T v 7! m(0) 
B m(1)S(v)where S is the antipode of the Hopf algebroid V . Then � has inverse��1(m
B v) = m(0) 
T S�1(v)m(1) :and one obtains that � Æ 
M = 
M . �The next result is an immediate generalization of [18, Theorem 8.3.1℄.Proposition 3.2. Assume that V is a Frobenius Hopf algebroid and M is a rightV -
omodule algebra with 
oinvariant subalgebra N . Then 
M being epi implies that
M is an isomorphism and MN is �nitely generated proje
tive.Proof. Let V and H be the verti
al and horizontal Hopf algebroid of a distributivedouble algebra hA; Æ; e; ?; ii. Then M is a right H-module algebra and e, the unitof V , is an integral for H, therefore m / e 2 N , m 2 M . By the hypothesis thereexists Pj mj 
N m0j 2M 
N M su
h thatXj mjm0(0)j 
T m0(1)j = 1
T i :



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 9Therefore we 
an write for arbitrary m 2M thatXj mj((m0jm) / e) =Xj mj(m0j / e[1℄)(m / e[2℄)=Xj mj �m0(0)j : 'T (m0(1)j ? e[1℄)� (m / e[2℄)= (1 / (i Æ e[1℄))(m / e[2℄) = (1 / i[1℄)(m / i[2℄)= m / i = mproving that (m0j ) / e is a dual basis of mj for MN , thus MN is fgp.Next we show that 
M is mono. Suppose Pi zi 
N wi 2 Ker 
M . ThenXi zi(0)wi 
B zi(1) = 0 :Using the dual bases for MN we �nd thatXi zi 
N wi =Xi Xj mj((m0jzi) / e) 
N wi=Xj mj 
N Xi �m0j (0)zi(0) : 'B((m0j (1) Æ zi(1)) ? e)�wi=Xj mj 
N Xi m0j (0)zi(0)wi : 'B(m0j (1) Æ zi(1))= 0 :Therefore 
M is mono. But it is also epi be
ause 
M is. Therefore 
M is iso, andso is 
M . �3.2. The a
tion pi
ture. For a right bialgebroid H over R and an H-modulealgebra M there are 
anoni
al maps�M :M 
R H ! End(MN ) m 
R h 7! fm0 7! m(m0 / h)g(3.6) �M : H 
R M ! End(NM ) h
R m 7! fm0 7! (m0 / h)mg(3.7)being algebra maps from the smash produ
ts M#Hop and H#M , respe
tively,where in the latter 
ase End(NM ) is 
onsidered with multipli
ation that arisesfrom its natural right a
tion on M .Note that if H is the horizontal Hopf algebroid of a DDA and the right H a
tionarises from a right V -
oa
tion as in Lemma 2.1 then M being a left Hop-modulealgebra is in 
omplete agreement with the familiar Hopf algebrai
 situation sin
e itis Hop whi
h is the dual of V .Theorem & De�nition 3.3. Let A be a distributive double algebra and M a rightH-module algebra, equivalently a right V -
omodule algebra, over the horizontal,resp. verti
al Hopf algebroid of A. Let N = MH � M 
o-V . Then N � M is
alled an A-Galois extension if any one of the following equivalent 
onditions hold:(1) 
M is epi. (2) 
M is epi.(3) 
M is iso. (4) 
M is iso.(5) �M is iso and MN is fgp. (6) �M is iso and NM is fgp.



10 I. B�ALINT, K. SZLACH�ANYIProof. Equivalen
e of the �rst four 
onditions follows from Proposition 3.2 andLemma 3.1.(3)) (5) Considering it as a rightM -module map, 
M indu
es the isomorphism(of left M -modules)
M � : Hom�M (M 
T V;M ) �! Hom�M (M 
N M;M ) :If � 2 Hom�M(M 
T V;M ) then �(1
T ) 2 Hom(VT ;MT ) be
ause�(1
T v ? t) = �(1
T v Æ 'R(t))= ��j('R(t))(0) 
T v Æ j('R(t))(1)�= �(1
T v)j('R(t)) :Thus we have a well de�ned map (of left M -modules)Hom�M (M 
T V;M )! Hom(VT ;MT )(3.8) � 7! �(1
T )We 
laim that this map is an isomorphism with inverse� 7! fm
T v 7! �(v Æ S�1(m(1)))m(0)gThis follows from the 
omputation�(m
T v) = �(m(0) 
T 'T (m(1)) ? v) = �(m(0) 
T v Æ 'L'T (m(1)))= �(m(0) 
T v Æ S�1(m(1)(2)) Æm(1)(1))= �(m(0)(0) 
T v Æ S�1(m(1)) Æm(0)(1))= �(1
T v Æ S�1(m(1)))m(0)on the one hand and on the other hand from ÆM (1) = 1
B e. Composing the map(3.8) with the isomorphismHom(VT ;MT )!M 
R H(3.9) � 7! �(xj)
R yjwhere xj 
R yj � �R(e) is the dual basis of 'R, we obtain the left verti
al arrow inthe diagram(3.10) Hom�M(M 
T V;M ) 
M�����! Hom�M(M 
N M;M )??y ??yM 
R H �M����! End(MN )The verti
al arrow on the right is the isomorphism � 7! �( 
N 1) therefore the
omposite along the top and right is � 7! �( 
T e). The other two 
ompose to give� 7! �(1 
T xj) 
R yj 7! �(1
T xj)( / yj ) :



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 11In order to see 
ommutativity of the diagram we need a 
al
ulation.�(1
T xj)(m / yj) = �(1
T xj)m(0) :'T (m(1) ? yj)= �(m(0) 
T xj Æm(1) Æ 'R'T (m(2) ? yj ))= �(m(0) 
T xj Æ (m(1) ? 'T (m(2) ? yj))= �(m(0) 
T xj Æ (m(1) ? yj )= �(m(0) 
T 'L'T (m(1)))= �(m(0) : 'T (m(1))
T e) = �(m 
T e) ;where in the �fth equality we used [25, Equation (4.16)℄. So (3.10) is 
ommutativeand therefore �M is an isomorphism.The proof of (4)) (6) goes similarly by proving 
ommutativity of the diagram(3.11) HomM�(M 
B V;M ) 
M �����! HomM�(M 
N M;M )??y ??yH 
R M �M����! End(NM )with the left hand side arrow being the isomorphism � 7! xj 
R �(1 
B yj) and theone on the right hand side being � 7! �(1
N ).(5)) (4) Consider the diagram(3.12) M 
N M 
M����! M 
B V??y x??HomM�(End(MN );M ) �M�����! HomM�(M 
R H;M )The lower horizontal arrow is an isomorphism sin
e �M is. The verti
al arrow onthe left, mapping m 
N m0 to the homomorphism � 7! �(m)m0, is an isomorphismbe
ause MN is fgp. The other verti
al arrow is the 
omposite of two maps,HomM�(M 
R H;M ) ����! Hom(RH; RM ) ����! M 
B Vwhere the se
ond one is the isomorphism � 7! �(uk) 
B vk with uk 
B vk � �B(i)denoting the dual basis of 'B . The �rst one, � 7! �(1 
R ), is obviously invertible(in 
ontrast to the similar map in the (3) ) (5) part) be
ause the left M -modulestru
ture ofM
RH we need here is the trivial one. It remains to show 
ommutativityof (3.12). So we 
ompute the a
tion of the lower three arrows,m
N m0 7! f� 7! �(m)m0g 7! fm00 
R h 7! m00(m / h)m0g7! fh 7! (m / h)m0g 7! (m / uk)m0 
B vkwhi
h is indeed 
M if we 
ompare the right H-a
tion with the right V -
oa
tion ÆM .This proves that 
M is invertible.



12 I. B�ALINT, K. SZLACH�ANYIThe proof of the impli
ation (6)) (3) 
an be done similarly by using the diagram(3.13) M 
N M 
M����! M 
T V??y x??Hom�M (End(NM );M ) �M�����! Hom�M (H 
R M;M )where on the left hand side we have the map m 
N m0 7! f� 7! m�(m0)g whi
h isan isomorphism be
ause NM is fgp. �Remark 3.4. The terminology "right A-Galois extension" where A is a distributivedouble algebra does not, by any means, imply that the 
hoi
e of the integral i inthe verti
al Hopf algebroid V plays any role. This is 
lear from the 
oa
tion pi
turethat uses 
M alone. Therefore we might as well 
all it "right V -Galois extensions"whi
h would then be in 
omplete agreement with the Hopf-Galois terminology.Saying "A-Galois" we try to put the 
oa
tion and a
tion pi
tures on equal footing.For example, "bottom A-Galois" and "top A-Galois" extensions 
orrespond to theleft and right H-Galois extensions in the Hopf-Galois language if H denotes thehorizontal Hopf algebroid of A.3.3. Weak and strong stru
ture theorems. For a Frobenius Hopf algebroid Alet M be a right H-module algebra and N = MH . The 
ategory (MH )M of rightM -modules in MH (by the identi�
ation MH = MV being the analogue of relativeHopf modules) is nothing but the 
ategory of right modules over the smash produ
t,(3.14) (MH )M = MH#M :Indeed, for any a
tion X 
R M ! X, x 
R m 7! x � m in MH one has the smashprodu
t a
tion X 
 (H#M )! X; x
 (h#m) 7! (x / h) �m:Vi
e versa, anyH#M -module is an H-module and anM -module and theM -a
tionis anH-modulemap. ConsideringM as an N -H#M bimodule, it de�nes an adjointpair F a U of fun
torsF : MN ! MH#M X 7! X 
N MU : MH#M ! MN Y 7! HomH#M (M;Y )with 
ounit and unit�Y : HomH#M (M;Y )
N M !M �
N m 7! �(m)#X : X ! HomH#M (M;X 
N M ) x 7! fm 7! x
N mgWe note that UY is isomorphi
 to the submodule of invariants via(3.15) HomH#M (M;Y ) �! HomH (R; Y ) �! Y H :Lemma 3.5. For any A-extension N �M(1) if MH#M is fgp then # is invertible,(2) if NM is fgp and �M is invertible then � is invertible.



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 13Proof. (1) Apply [1, 20.10℄ to the last arrow in the de
omposition of #XX �����! X 
N M �����! X 
N HomH#M (M;M ) ����! HomH#M (M;X 
N M )(2) Apply [1, 20.11℄ to the �rst arrow in the de
omposition of �YHomH#M (M;Y )
N M??yHomH#M (HomN�(M;M ); Y ) Hom(�M;Y )��������! HomH#M (H#M;Y ) �����! Y �Theorem 3.6. Let A be a distributive double algebra.(1) For an A-extension N �M the following 
onditions are equivalent:(a) � : FU ! MH#M is an isomorphism.(b) N �M is A-Galois.(
) NM is fgp and NMH#M is faithfully balan
ed.(d) MH#M is a generator.(2) For an A-Galois extension N �M the following 
onditions are equivalent:(a) F a U is an adjoint equivalen
e.(b) # : NM! UF is an isomorphism.(
) NMH#M is a Morita equivalen
e bimodule.(d) MH#M is fgp.(e) NM is a generator.(f) NN � NM is a dire
t summand.Proof. (1a) , (1b): The ( follows from Lemma 3.5 (2). As for the ) dire
tion
onsider �Y for Y =M 
T V whi
h is a H#M -module via(m0 
T v) � (h#m) := m0m(0) 
T (v ? h) Æm(1) :This is a well-de�ned a
tion due to(m / h)(0) 
T (m / h)(1) = m(0) 
T m(1) ? h :Now 
onsider the map(3.16) Y H !M Xj mj 
T wj 7!Xj mj :'T (wj)whi
h has inverse m 7! m 
T e. As a matter of fa
t,m : 'T (e) = m�'R'T (e) = m�(e) = mXj mj : 'T (wj)
T e =Xj mj 
T 'L'T (wj) =Xj mj 
T (i Æwj) ? e=Xj mj 
T (i ? e[1℄) Æ (wj ? e[2℄)=Xj mj 
T e[1℄ Æ (wj ? 'B'R(e[2℄))=Xj mj 
T e[1℄ Æ 'R(e[2℄) Æwj =Xj mj 
T wj :



14 I. B�ALINT, K. SZLACH�ANYIComposing �Y with the inverses of (3.15) and (3.16) we obtain the mappingm 
N m0 7! (m 
T e) 
N m0 7! (m 
T e) �m0 = mm0(0) 
T m0(1) = 
M (m
N m0)Therefore 
M is invertible.(1b), (1
): This is Lemma 2.4 (2) together with the Theorem 3.3 (6).(1
), (1d): Sin
e N �M is an extension, NM is balan
ed by Lemma 2.4 (1).So (
) is equivalent to that NM is fgp and MH#M is faithful and balan
ed. Butthese are the ne
essary and suÆ
ient 
onditions for (d) by [1, Theorem 17.8℄.(2a), (2b): This is 
lear from the equivalen
e of (1a) and (1b).(2b), (2
): Consider the 
ompositeHomN (N;X) HomN (M 
H#M Hom(NM; NN ); X)??yo ox??X #����! HomH#M (M;X 
N M )of natural isomorphisms where the last isomorphism exists be
ause NM is fgp. Bythe Yoneda lemma this determines an isomorphismM 
H#M Hom(NM; NN ) ! N 2 NMwhi
h is nothing but the evaluation asso
iated to the right dual of the bimoduleNMH#M . Postulating the usual right N -module stru
ture on Hom(NM; NN ) itbe
omes in fa
t an N -N -bimodule isomorphism. Another hom-tensor relation forfgp NM and the isomorphism �M 
ompose to giveHom(NM; NN ) 
N M �! Hom(NM; NM ) �! H#M 2 H#MMH#M :Thus Hom(NM; NN ) is the inverse equivalen
e of NMH#M . It follows fromMoritatheory that both NM and MH#M are progenerators whi
h prove that (2
)) (2d)and (2
)) (2e).(2d), (2b) follows from Lemma 3.5 (1).In order to show (2e) ) (2f) we use that an N -module M is a generator i� a�nite dire
t sum of M 's 
ontains the regular obje
t as a summand, i.e., there existN -module maps N �k�! M �k�! N su
h that Pk �k Æ �k = N . In this 
ase fm 7!Pk �k(m�k(1))g 2 Hom(NM; NN ) splits the in
lusion N � M . The impli
ation(2f)) (2e) is now obvious.Finally (2e)) (2d) follows from that NMH#M is faithfully balan
ed by Lemma2.4. �The se
ond part of the Theorem has also a formulation in terms of Doi's totalintegral. By the isomorphism MV �= MH a total integral is an H-module map� : A!M su
h that �(e) = 1. By 
y
li
ity ofAH su
h �'s are uniquely determinedby the "total element" m = �(i) 2M satisfying m / e = 1. As we shall see in thenext subse
tion the map  : M ! N , m 7! m / e is a Frobenius homomorphism.Therefore one 
an extend the list of equivalent 
onditions in part (2) of Theorem3.6 with two more:(g) There is a total integral � on M .(h) NN �MN is a dire
t summand.
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ial 
ase when the total element m is in the 
entralizer MN we obtainthat NNN � NMN is a dire
t summand, i.e., the extension is split. In the morespe
ial 
ase m = �(r) for some r 2 R we have1 = m / e = 1 / 'T (r) ? e = 1 / 'L'T (r) = 1 / 'T'R'L'T (r)= �(r ? e) :Therefore if � is mono (e.g. if MR is faithful) then we 
on
lude from [25, Theorem4.2℄ that the k-algebra H is a separable extension of B or, equivalently, of T .3.4. An intrinsi
 
hara
terization of �nitary Galois extensions.Theorem 3.7. For an algebra extension N � M the following 
onditions areequivalent.(1) There is a Frobenius Hopf algebroid V and a 
oa
tion of V on M su
h thatN �M is V -Galois.(2) N �M is of depth 2 and Frobenius and MN is balan
ed.Proof. (1)) N �M is Frobenius: Consider the 
omposite(3.17) M 
N M 
M����! M 
T V M
S����! M 
R H �M����! End(MN )where the middle arrow is meaningful in the double algebrai
 pi
ture be
ause V andH have the same underlying k-module A and S(t ?a) = S(a)?'B'R(t) = 'R(t)Æaholds for all a 2 A, t 2 T , see [25, Lemma 5.4℄. Computing the value of the map(3.17) on m 
N m0 we obtainmm0(0)(m00 / S(m0 (1))) = mm0(0)m00(0) : 'T (m00(1) ? S(m0(1)))= mm0(0)m00(0) : 'T'L(m0(1) Æm00(1))= m(m0m00)(0) : 'T ((m0m00)(1) ? e)= m((m0m00) / e)Therefore (3.17) has the familiar form m 
N m0 7! m m0 in terms of the N -N -bimodule map  = /e fromM into N . Sin
e (3.17) is isomorphism it follows that is a Frobenius homomorphism with dual basis obtained from idM by applyingthe inverse of (3.17) .(1) ) N � M is D2 : Sin
e TV is fgp and 
M provides an M -N -bimoduleisomorphismM 
N M �! (MMN )
T V , it follows that N �M is right D2. Similarly,the existen
e of the isomorphism 
M and the BV being fgp imply that N � M isleft D2.(1)) N �M is balan
ed : This follows from that every V -extension is balan
ed,see Lemma 2.4.(2)) (1): The endomorphism algebra Hop := End(NMN ) has a natural stru
-ture of a Frobenius Hopf algebroid, see [25, Subse
tion 8.6℄ or [4℄. Moreover, thenatural a
tion ofHop onM makes it a leftHop-module algebra and the 
orrespond-ing smash produ
t M#Hop is isomorphi
 to End(MN ) via �M by [15, Corollary4.5℄. So N � M will be V -Galois, for V the dual of Hop, provided N =MH . Butthis is equivalent to MN being balan
ed. �



16 I. B�ALINT, K. SZLACH�ANYINote that in the presen
e of the Frobenius 
ondition left D2 is equivalent to rightD2 and in the presen
e of the D2 Frobenius 
ondition MN is balan
ed i� NM isbalan
ed. 4. Non
ommutative s
alar extensionsThe Hopf algebroid V making a given algebra extension V -Galois is highlynonunique. This phenomenon 
an be observed already for Hopf Galois extensions.As Greither and Pareigis have shown [12℄ 
ertain separable �eld extensions 
anbe H-Galois for two di�erent Hopf algebras H and H 0. By an appropriate exten-sion k � K of the s
alars, however, they be
ome isomorphi
, K 
 H �= K 
 H 0,as K-Hopf algebras. The k-Hopf algebras H, H 0 for whi
h su
h a (
ommutative,faithfully 
at) k-algebra K exists are 
alled forms of ea
h other [20℄.If we admit Hopf algebroids to appear in pla
e of Hopf algebras then an in-teresting generalization of s
alar extension is provided by the Brzezi�nski-Militarutheorem [6℄ 
onstru
ting a Hopf algebroid stru
ture on the smash produ
t M#HifM is a braided 
ommutative algebra in the Yetter-Drinfeld 
ategory HYDH overthe Hopf algebra H. As we shall see the Brzezi�nski-Militaru theorem holds also forH a bialgebroid or Frobenius Hopf algebroid. Sin
e the base algebra ofM#H is justM , the braided 
ommutative algebras (BCA's) play the role of (non
ommutative)s
alars.If N � M is a Galois extension for some Frobenius Hopf algebroid H thenthe 
enter C = MN of the extension is a BCA over H (Corollary 4.5) and thes
alar extension H#C is the endomorphism Hopf algebroid E (Proposition 4.12).Therefore all Frobenius Hopf algebroids H for whi
h N �M is H-Galois are formsof ea
h other.4.1. Braided 
ommutative algebras. Yetter-Drinfeld modules over bialgebroidshave been introdu
ed in [23℄. They form a prebraided monoidal 
ategory, theweak 
enter of the 
ategory of modules over the bialgebroid. In this subse
tion weadapt the weak 
enter 
onstru
tion to the double algebrai
 notation and des
ribethe (braided) 
enter Z(MH ) as `double' Yetter-Drinfeld modules HYDHH with tworelated 
oa
tions.For a right bialgebroid H over R the weak 
enter �!Z (MH ) is de�ned as follows.The obje
ts hZ; �i are H-modules equipped with a natural transformation �Y :Z 
R Y ! Y 
R Z satisfying(4.1) �X
RY = (X 
R �Y ) Æ (�X 
R Y ) and �R = Zwhere the 
oheren
e isomorphisms are not written out expli
itly. An arrow hZ; �i !hZ0; �0i is an H-module map � : Z ! Z 0 su
h that(4.2) (Y 
R �) Æ �Y = �0Y Æ (�
R Y )for all obje
ts Y 2 MH . This 
ategory has a monoidal produ
t whi
h is de�ned forobje
ts by hZ; �i 
R hZ0; �0i = hZ 
R Z 0; (�� 
R Z0) Æ (Z 
R �0�iand for arrows by taking the ordinary tensor produ
t in MH . The 
ategory �!Z (MH )is prebraided with �hZ;�i;hZ0 ;�0i = �Z0 :
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t hZ; �i 2 �!Z (MH ) one 
an introdu
e(4.3) � : Z ! H 
R Z ; � (z) := �H (z 
R i) = zh�1i 
R zh0iwhi
h, as being the 
omposite(4.4) Z �����! Z 
R R Z
R'B����! Z 
R H �H����! H 
R Z ;preserves the left R-module stru
tures inherited from MH . By naturality of �, the� determines �X for all X by the formula(4.5) �X (z 
R x) = x / zh�1i 
R zh0i :Using this formula it is easy to show that (4.1) implies that � is 
oasso
iativeand 
ounital, thereby making Z a left H-
omodule. We not only have Takeu
hi's
entrality property'T (r) ? zh�1i 
R zh0i = 'T (r) / zh�1i 
R zh0i = �H (z 
R 'T (r))= �H ((z 
R i) / 'T (r)) = � (z) / 'T (r)= zh�1i 
R zh0i / 'T (r) r 2 R; z 2 Z(4.6)but also'B(r) ? zh�1i 
R zh0i = 'B(r) / zh�1i 
R zh0i = �H (z 
R 'B(r))= �H (z / 'T (r)
R i) = � (z / 'T (r)) = � (z � r) :(4.7)The latter means that the right R-a
tion we 
ould 
onstru
t from the left R-a
tion- in analogy with the left a
tion we had in Proposition 1.1 for right 
omodules -would be the same as the original right R-module stru
ture inherited from (4.4). Inother words, the requirement for (4.4) to be an R-R-bimodule map de�nes a rightR-a
tion on H 
R Z whi
h is 
onveyed by naturality of � and not by �H being anarrow in RMR.Given a left H-
omodule Z whi
h is also a right H-module (with the sameunderlying R-R-bimodule stru
ture) the 
ondition for (4.5) to determine an H-module map is pre
isely the Yetter-Drinfeld 
ondition given below.Summarizing, one has a prebraided monoidal isomorphism �!Z (MH ) �= HYDHwith the following Yetter-Drinfeld 
ategory:De�nition 4.1. For a right bialgebroid hH; ?; i; R; 'T ; 'B;�R; 'Ri the 
ategoryHYDH has obje
ts hZ; /; � i where(1) hZ; /i is a right H-module, hen
e also an R-R-bimodule via r � z � r0 =z / ('B(r) ? 'T (r0)).(2) hZ; � i is a left H-
oa
tion, that is to say,(a) � : Z ! H 
R Z is an R-R-bimodule map in the sense of(4.8) (r � z � r0)h�1i 
R (r � z � r0)h0i = 'B(r0) ? zh�1i ? 'B(r) 
R zh0i ;



18 I. B�ALINT, K. SZLACH�ANYI(b) � is 
oasso
iative and 
ounital,zh�1i 
R zh0ih�1i 
R zh0ih0i = zh�1i[1℄ 
R zh�1i [2℄ 
R zh0i'R(zh�1i) � zh0i = z(
) � fa
torizes through H �R Z � H 
R Z, i.e., (4.6) holds.(3) The a
tion and 
oa
tion satisfy the Yetter-Drinfeld 
onditionh[2℄ ? (z / h[1℄)h�1i 
R (z / h[1℄)h0i = zh�1i ? h[1℄ 
R zh0i / h[2℄ :The arrows are the H-module H-
omodule maps Z ! Z 0. The monoidal produ
tof two Yetter-Drinfeld modules Z and Z 0 is Z 
R Z 0 equipped with(z 
R z0) / h = (z / h[1℄)
R (z0 / h[2℄)(z 
R z0)h�1i 
R (z 
R z0)h0i = z0h�1i ? zh�1i 
R (zh0i 
R z0h0i)The monoidal unit is R with r / h = r ? h and rh�1i 
R rh0i = 'B(r) 
R e. Theprebraiding is de�ned by�Z;Z0 : Z 
R Z 0 ! Z 0 
R Z; z 
R z0 7! z0 / zh�1i 
R zh0i :There is a 
oopposite version  �Z (MH) = �!Z (M
oopH ) = �!Z (MH
oop ) of the leftweak 
enter, 
alled the right weak 
enter, in whi
h an obje
t hZ; ��i has naturaltransformation ��Y : Y 
R Z ! Z 
R Y satisfying ��X
RY = (��X 
R Y ) Æ (X 
R ��Y ). Thisdetermines a right 
oa
tion�� : Z ! Z 
R H ; z 7! zh0i 
R zh1i = ��H (i
R z)and is determined by this 
oa
tion,(4.9) ��Y (y 
R z) = zh0i 
R y / zh1i :The 
enter Z(MH ) is the full sub
ategory of�!Z (MH ) in whi
h the obje
ts hZ; �i haveinvertible �. For su
h obje
ts hZ; ��1i is an obje
t in �Z (MH ) in whi
h �� is invertible.The 
enter is braided monoidal. In the language of Yetter-Drinfeld modules theobje
ts of the 
enter are two-sided Yetter-Drinfeld modules hZ; /; �; ��i 2 HYDHH inwhi
h the two 
oa
tions are inverse to ea
h other, i.e.,zh0ih0i 
R zh�1i ? zh0ih1i = z 
R i(4.10) zh1i ? zh0ih�1i 
R zh0ih0i = i
R z :(4.11)De�nition 4.2. For a right bialgebroidH the 
ommutativemonoids in Z(MH ) are
alled BCA's (braided 
ommutative algebras) over H. The 
ommutative monoidsin �!Z (MH ) and  �Z (MH ) are 
alled left and right pre-BCA's over H, respe
tively.
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onsists of an algebraQ with an algebra map � : R! Qand a Yetter-Drinfeld module stru
ture hQ; /; � i 2 HYDH su
h that�(r) q �(r0) = r � q � r0(4.12) (qq0) / h = (q / h[1℄)(q0 / h[2℄)(4.13) 1 / h = � 'R(h)(4.14) (qq0)h�1i 
R (qq0)h0i = q0h�1i ? qh�1i 
R qh0iq0h0i(4.15) �(r)h�1i 
R �(r)h0i = 'B(r)
R 1(4.16)and the prebraided 
ommutativity(4.17) (q0 / qh�1i)qh0i = qq0holds. If Q is a BCA then there exists also a right 
oa
tion �� with whi
h hQ; /; ��i 2YDHH and whi
h is inverse to � in the sense of equations (4.10), (4.11).We note that the ground ring R of the bialgebroid is always a BCA with thestru
ture hR;�R; Ri that 
omes from R being the monoidal unit of �!Z (MH ).4.2. The 
entralizer of a Galois extension. Interesting examples for BCA'sare obtained from 
onsidering 
entralizers MN of Galois extensions.Proposition 4.3. Let M be a monoid in MH over the right bialgebroid H and letN = MH . Assume that HR is fgp and that the 
anoni
al map �M : H#M !End(NM ) is an isomorphism. Then the 
entralizer MN = f
 2M jn
 = 
n; n 2Ng of the extension N � M is a left pre-BCA over H with H-module algebrastru
ture inherited from MN � M (the Miyashita-Ulbri
h a
tion) and with left
oa
tion � (
) := ��1M (�M (
)) where �M (
) = fm 7! 
mg.Proof. For ea
h h 2 H the a
tion / h is an N -N -bimodule map. ThereforeMH � M is a sub-H-module algebra. As su
h the unit � : R ! M has imagein MH . Sin
e �M is an N -N -bimodule map, it restri
ts to an isomorphism (H 
RM )N �! End(NMN ) between the 
entralizers. The HR being fgp we have (H 
RM )N = H 
R MN . Sin
e �(
) for 
 2 MN belongs to End(NMN ), the � is a mapMN ! H 
R MN . The � is uniquely determined by the equation(4.18) (m / 
h�1i)
h0i = 
m ; m 2Mfrom whi
h the bimodule property (4.8) and the 
entrality (4.6) easily follow. The
al
ulation
(mm0) = ((mm0) / 
h�1i)
h0i = (m / 
h�1i(1))(m0 / 
h�1i(2))
h0i(
m)m0 = (m / 
h�1i)
h0im0 = (m / 
h�1i)(m0 / 
h0ih�1i)
h0ih0iwill imply 
oasso
iativity after verifying the next



20 I. B�ALINT, K. SZLACH�ANYILemma 4.4. Under the assumptions of the Proposition and with the notationsE := End(NMN ), C :=MN the mapsE 
C E ! HomN-N (M 
N M;M )(4.19) �
C �0 7! fm
N m0 7! �(m)�0(m0)gH 
R H 
R C ! HomN-N (M 
N M;M )(4.20) h
R h0 
R 
 7! fm
N m0 7! (m / h)(m0 / h0)
gare isomorphisms.Proof. Using both the isomorphism �M and its restri
tion H#C �! E we have asequen
e of isomorphismsE 
C E �! (H 
R C)
C E �! H 
R E = H 
R HomN-N (M;M )�! HomN-N (M;H 
R M ) �! HomN-N (M;HomN-(M;M ))�! HomN-N (M 
N M;M )The a
tion of these isomorphisms 
an be 
omputed by inserting � = ( / h)
 and�0 = ( / h0)
0:�
C �0 7! (h
R 
) 
C �0 7! h
R 
 �0( ) 7! fm 7! h
R 
 �0(m)g7! fm 7! fm0 7! �(m0)�0(m)gg 7! fm0 
N m 7! �(m0)�0(m)gThis proves that (4.19) is an isomorphism. The map in (4.20) is the 
ompositeH 
R H 
R C HomN-N (M 
N M;M )H
R�??y x??�=H 
R E �=����! H 
R C 
C E �
CE����! E 
C Eof isomorphisms. �Returning to the proof of the Proposition 
ounitality of � 
an be seen as'R(
h�1i) � 
h0i = (1 / 
h�1i)
h0i = 
1 = 
 :As for the Yetter-Drinfeld 
ompatibility 
ondition it suÆ
es to verify the equality(m / 
h�1i ? h(1))(
h0i / h(2)) = �(m / 
h�1i)
h0i� / h = (
m) / h= (
 / h(1))(m / h(2)) = �m / h(2) ? (
 / h(1))h�1i� (
 / h(1))h0iIn order to see 
ompatibility of � with multipli
ation and unit in C it suÆ
es to
he
k 
0
m = 
0(m / 
h�1i)
h0i = (m / 
h�1i ? 
0h�1i)
0h0i
h0i :Finally, braided 
ommutativity (
0 / 
h�1i)
h0i = 

0 follows from the more generalrelation (4.18). �Corollary 4.5. If N � M is a right A-Galois extension for a distributive doublealgebra A then MN is a BCA over the horizontal Hopf algebroid H.
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es to prove that the prebraiding is invertible. De�ne the right 
oa
-tion ��(
) := (�M)�1(�M (
)) where �M is right multipli
ation on M . This is equiv-alent to �� (
) = 
h0i 
R 
h1i satisfying(4.21) 
h0i(m / 
h1i) = m
 ; m 2M :Applying (4.18) to (4.21) we obtain(m / i)
 = m
 = (m / 
h�1i ? 
h0ih�1i) 
h0ih0ifrom whi
h equation (4.11) follows. Equation (4.10) 
an be seen similarly. �Noti
e that this proof does not use very mu
h from the Hopf algebroid stru
ture.Therefore the Corollary holds true for any right bialgebroid for whi
h both HR andRH are fgp and for all extensions for whi
h both �M and �M are invertible.4.3. Extensions by BCA's. For any H-module algebra Q over the right bialge-broid H the 
ategory MH#Q of modules over the smash produ
t 
an be identi�edwith the 
ategory of (internal) Q-modules (MH )Q in MH .If Q is also a pre-BCA then every right Q-module in MH is also a left Q-moduleby pre-braided 
ommutativity. This de�nes an embedding of 
ategories(4.22) MH#Q = (MH )Q ,! Q(MH )Qinto the monoidal 
ategory of internal Q-Q-bimodules. Sin
e the Q-Q-bimoduletensor produ
t of diagonal bimodules X;Y 2 (MH )Q is again diagonal due to oneof the hexagons, this embedding is a
tually strong monoidal. Composing (4.22)with the strong monoidal forgetful fun
tor Q(MH )Q ! QMQ we obtain a strongmonoidal fun
tor(4.23) MH#Q = (MH )Q ! QMQ :This fun
tor is pre
isely the forgetful fun
tor asso
iated to the algebra map(4.24) Qop 
 Q! H#Q ; q 
 q0 7! qh�1i#qh0iq0therefore, by a theorem of S
hauenburg [22℄, there is a unique bialgebroid stru
tureon H#Q su
h that the given monoidal stru
ture of MH#Q is that of the module
ategory of a bialgebroid. This is the Brzezi�nski-Militaru Theorem in disguise. Morepre
isely this is the "only if" part of [6, Theorem 4.1℄ generalized to bialgebroidsH.Theorem 4.6. Let H be a right bialgebroid over R and let Q be a left pre-BCAover H. Then the smash produ
t G := H#Q is a right bialgebroid over Q withstru
ture maps sG(q) = i#q(4.25) tG(q) = qh�1i#qh0i(4.26) �G(h#q) = (h[1℄#1)
Q (h[2℄#q)(4.27) "G(h#q) = �("H (h))q(4.28)where � : R ! Q is the unit of Q. Moreover, h 7! h#1 is a bialgebroid map� : H ! G.If H is a Frobenius Hopf algebroid with Frobenius integral e then G is also aFrobenius Hopf algebroid with eG = �(e) a Frobenius integral.



22 I. B�ALINT, K. SZLACH�ANYIProof. The observation made before the formulation of the Theorem, in parti
ularequation (4.24) implies the formulae for sG and tG. In order to obtain the expres-sions for �G and "G at on
e, and also to prove the Frobenius Hopf algebroid 
ase,the next Proposition, however simple, is very useful.Proposition 4.7. If H is a right bialgebroid over R and Q is a left pre-BCA overH then the fun
tor 
R Q : MH ! (MH )Q is strong monoidal.Proof. The natural transformation(Y 
R Q)
Q (Y 0 
R Q)! (Y 
R Y 0) 
R Q(y 
R q)
Q (y0 
R q0) 7! (y 
R y0 / qh�1i)
R qh0iq0has inverse (y 
R y0)
R q 7! (y 
R 1)
Q (y0 
R q). The H#Q-module mapQ! R 
R Q ; q 7! e
R qis the unit part of the monoidal stru
ture and is obviously invertible. �Continuing the proof of the Theorem we take the 
omonoid hH;�H ; "Hi in MHand apply the strong monoidal fun
tor 
R Q. It is easy to 
he
k that the result ispre
isely hG;�G; "Gi whi
h is then ne
essarily a 
omonoid in MG. This 
omonoidis obviously strong [26℄ proving that hG;Q; sG; tG;�G; "Gi is a bialgebroid. It isstraightforward to verify that the pair h�; �i satis�es the four axioms [24, 26℄ for abialgebroid map H ! G.If H is a Frobenius Hopf algebroid then it has a distributive double algebrastru
ture [25℄. Therefore we may assume that H is the horizontal Hopf algebroidof hA; Æ; e; ?; ii. Then hH;�R; 'R; Æ; R ,!Hi is a Frobenius algebra in MH , so it ismapped by the strong monoidal fun
tor of Proposition 4.7 to a Frobenius algebrain MG. The 
omonoid part of this Frobenius algebra has already been determinedto be hG;�G; "Gi. The monoid part will provide a 
onvolution produ
t with uniton G whi
h, together with the smash produ
t algebra stru
ture, will make G adistributive double algebra. This 
onvolution produ
t (verti
al multipli
ation) isobtained as the 
omposite(h#q)
Q (h0#q0) 7! (h
R h0 ? qh�1i)
R qh0iq0 7! h Æ (h0 ? qh�1i)#qh0iq0and its unit element eG is the image of 1 2 Q under the mapQ �! R
R Q! H#Q :So eG = e#1 is a two-sided Frobenius integral in G. �Remark 4.8. The 
onstru
tion of a verti
al multipli
ation on H#Q suggests thenew interpretation of the smash produ
t as a double algebrai
 one. If hA; Æ; e; ?; iiis a DDA and Q is a BCA over the bialgebroid H over R then there is a smashprodu
t double algebra A#Q with� underlying k-module A
R Q,� horizontal multipli
ation (a#q) ? (a0#q0) = a ? a0[1℄#(q / a0[2℄)q0 ;� horizontal unit i#1,� verti
al multipli
ation (a#q) Æ (a0#q0) = a Æ (a0 ? qh�1i)#qh0iq0 ;
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al unit e#1.As a biprodu
t of the double algebrai
 pi
ture we obtain the following result.Proposition 4.9. For Frobenius Hopf algebroids H the prebraiding of the left weak
enter �!Z (MH ) is a braiding. Therefore �!Z (MH ) = Z(MH ) =  �Z (MH ) and everypre-BCA is a BCA over H.Proof. We 
laim that the inverse braiding en
oded in the right 
oa
tion �� by (4.9)is given by(4.29) qh0i 
R qh1i = �Q'R'T (xj ? qh�1i)qh0i 
R yj :The proof is motivated by the double algebrai
 stru
ture on H#Q given in theabove Remark but we do not use that the given stru
ture maps satisfy the axiomsof a DDA. Let us 
ompute the would-be 'R of H#Q. It is�R(h#q) := (e#1) ? (h#q) = e#�Q'R(h)q :One 
onje
tures (xj#1)
Q (yj#1) to be its dual basis. Instead of proving that weprove its spe
ial 
ase�R((i#q) Æ (xj#1)) Æ (yj#1) = (e#�Q'R'T (xj ? qh�1i)qh0i) Æ (yj#1)= yj ? ('R'T (xj ? qh�2i) Æ qh�1i)#qh0i= yj ? qh�1i ? 'B'R'T (xj ? qh�2i)#qh0i= 'R(i Æ 'R(qh�1i)[1℄) Æ 'R(qh�1i)[2℄#qh0i= i Æ 'R(qh�1i)#qh0i= i#q :Comparing the �rst row with the Ansatz (4.29) and then using the verti
al multi-pli
ation of H#Q we arrive ati#q = (e#qh0i) Æ (qh1i#1)= qh1i ? qh0ih�1i#qh0ih0iwhi
h is equation (4.11). The veri�
ation of (4.10) is a bit longer,qh0ih0i 
R qh�1i ? qh0ih1i = �Q'R'T (xj ? qh�1i)qh0i 
R qh�2i ? yj= �Q'R'T (S�1(qh�2i) ? xj ? qh�1i)qh0i 
R yj= �Q'R'T (S�1(xk) ? xj ? (yk Æ qh�1i))qh0i 
R yj= �Q'R'T ((S�1(yk) Æ (S�1(xk) ? xj)) ? qh�1i)qh0i 
R yj= �Q'R'T ((xk Æ (yk ? xj)) ? qh�1i)qh0i 
R yj= �Q'R'T ('R'T (xj) ? qh�1i)qh0i 
R yj



24 I. B�ALINT, K. SZLACH�ANYI= �Q'R('T (xj) ? qh�1i)qh0i 
R yj= �Q'R(qh�1i)qh0i / 'T (xj)
R yj= q 
R 'R'T (xj) Æ yj= q 
R i : �Extensions of quantum groupoids by BCA's are transitive in the following sense.Proposition 4.10. For a bialgebroid H if Q is a pre-BCA over H and P is a pre-BCA over H#Q then P is a pre-BCA over H, too. Furthermore, (H#RQ)#QP �=H#RP as bialgebroids.Proof. Composing the units of Q and P we obtain the algebra map � = �P Æ �Q :R! P whi
h is going to be the unit of P as a monoid in �!Z (MH ). The H-modulestru
ture on P is de�ned by restri
ting the H#Q-a
tion, i.e., p / h := p / (h#1).The more 
ompli
ated pie
e of stru
ture is the H-
omodule HP given bypf�1g 
R pf0g := (H 
R �P )(ph�1i)ph0i � ph�1iH 
R ph�1iQ � ph0iwhere ph�1i 
Q ph0i denotes the given H#Q-
oa
tion on P and we introdu
ed thenotation gH 
R gQ for elements g 2 H#Q.Counitality:"H (pf�1g) � pf0g = "H (ph�1iH ) � (ph�1iQ � ph0i)= ("H (ph�1iH ) � ph�1iQ) � ph0i = "H#Q(ph�1i) � ph0i = p :Coasso
iativity:pf�1g 
R pf0gf�1g 
R pf0gf0g == ph�1iH 
R (ph0ih�1itH#Q(ph�1iQ))H 
R (ph0ih�1itH#Q(ph�1iQ))Q � ph0ih0i= ph�1iH 
R ph0ih�1iH ? ph�1iQh�1i 
R ph�1iQh0iph0ih�1iQ � ph0ih0i= ph�2iH 
R ph�1iH ? ph�2iQh�1i 
R ph�2iQh0iph�1iQ � ph0i= ph�2iH 
R ph�2iQ � (ph�1iH 
R ph�1iQ) � ph0i= ph�1iH[1℄ 
R ph�1iH[2℄ 
R ph�1iQ � ph0i= pf�1g[1℄ 
R pf�1g[2℄ 
R pf0g :Takeu
hi property:pf�1g 
R pf0g / sH (r) = ph�1iH 
R ph�1iQ � (ph0i / (sH (r)#1))= ph�1iH 
R ph�1iQ � (ph0i / sH#Q(�Q(r)))= sH (r) ? pf�1g 
R pf0g :



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 25Yetter-Drinfeld 
ondition:h[2℄ ? (p / h[1℄)f�1g 
R (p / h[1℄)f0g == h[2℄ ? (p / (h[1℄#1))h�1iH 
R (p / (h[1℄#1))h�1iQ � (p / (h[1℄#1))h0i= ph�1iH ? h[1℄ 
R (ph�1iQ / h[2℄) � (ph0i / h[3℄)= pf�1g ? h[1℄ 
R pf0g / h[2℄ :Hen
e we have P as an obje
t in �!Z (MH ) and it remains to show that its k-algebrastru
ture indu
es a 
ommutative monoid stru
ture in the weak 
enter.Bimodule property:r � p � r0 = p / (tH (r) ? sH (r0)#1) = p / tH#Q(�Q(r))sH#Q(�Q(r0))= �P (�Q(r)) p �P (�Q(r0)) = �(r) p �(r0) :The P is 
learly an H-module algebra. The multipli
ativity of the 
oa
tion 
an beseen as(pp0)f�1g 
R (pp0)f0g = p0h�1iH ? ph�1iH[1℄ 
R (p0h�1iQ / ph�1iH[2℄)ph�1iQ � ph0ip0h0i= p0h�1iH ? ph�2iH 
R ph�2iQ(p0h�1iQ / ph�1iH )ph�1iQ � ph0ip0h0i= p0h�1iH ? ph�1iH 
R ph�1iQ � (�P (p0h�1iQ / ph0ih�1i)ph0ih0ip0h0i= p0h�1iH ? ph�1iH 
R �P (ph�1iQ)ph0i�P (p0h�1iQ)p0h0i= p0f�1g ? pf�1g 
R pf0gp0f0gwhile its unitality, 1f�1g 
R 1f0g = i 
R 1, and prebraided 
ommutativity(p0 / pf�1g)pf0g = (p0 / ph�1i)ph0i = pp0;are obvious. Now one 
an easily see that h
R q
Q p 7! h
R q �p is a map of bialgebroidsfrom the iterated smash produ
t to H#P and it is an isomorphism. �A sort of 
onverse to the previous Proposition is the following:Proposition 4.11. If � : Q! P is a monoid morphism in �!Z (MH ) between 
om-mutative monoids (i.e., pre-BCA's over H) then there is a unique pre-BCA stru
-ture on P over H#Q whi
h returns the original pre-BCA over H when Proposition4.10 is applied to it.Proof. Uniqueness: The unique H#Q-a
tion on P whi
h restri
ts to the givenH-a
tion and whi
h 
an be an H#Q-module algebra with unit � is(4.30) p / (h#q) = (p / h)�(q) :The unique left H#Q-
oa
tion on P whi
h proje
ts to the given pf�1g 
R pf0g is(4.31) ph�1i 
Q ph0i = (pf�1g 
R 1Q)
Q pf0g :



26 I. B�ALINT, K. SZLACH�ANYIAs a matter of fa
t, if ph�1iH 
R ph�1iQ � ph0i = pf�1g 
R pf0g then(pf�1g#1Q)
Q pf0g = (ph�1iH#ph�1iQ)
Q ph0i = ph�1i 
Q ph0i :Existen
e: That (4.30) is asso
iative and unital is 
lear from that � is an H-modulemap and an algebra homomorphism. In order to show that (4.31) is a left H#Q-
oa
tion we pro
eed as follows.Bimodule property: At �rst we show that the bimodule stru
ture indu
ed fromthe H#Q -a
tion is the same as the one indu
ed by �. For the right a
tion,p / sH#Q(q) = p�(q), is obvious. For the left a
tion we use braided 
ommuativityin MH to get�(q)p = (p / �(q)f�1g)�(q)f0g = (p / qh�1i)�(qh0i) = p / tH#Q(q) :Now the bimodule property (4.8) 
an be obtained as(q � p � q0)h�1i 
Q (q � p � q0)h0i == (�(q) p �(q0))f�1g#1
Q (�(q) p �(q0))f0g= �(q0)f�1g ? pf�1g ? �(q)f�1g#1
Q �(q)f0gpf0g�(q0)f0g= q0h�1i ? pf�1g ? qh�1i#1
Q �(qh0i)pf0g�(q0h0i)= q0h�1i ? pf�1g[1℄ ? qh�1i#1
Q �(qh0i)(�(q0h0i) / pf�1g[2℄)pf0g= q0h�1i ? pf�1g[1℄ ? qh�1i#qh0i(q0h0i / pf�1g[2℄) 
Q pf0g= q0h�1i ? pf�1g[1℄ ? qh�2i#(q0h0i / pf�1g[2℄ ? qh�1i)qh0i 
Q pf0g= (q0h�1i#q0h0i)(pf�1g#1)(qh�1i#qh0i)
Q pf0g= tH#Q(q0)ph�1itH#Q(q) 
Q ph0i :Coasso
iativity and 
ounitality of (4.31) are 
onsequen
es of the spe
ial form of the
oalgebra stru
ture (4.27) and (4.28) of the smash produ
t. The Takeu
hi propertyfollows asph�1i 
Q ph0i / (i#q) = pf�1g#1
Q pf0g�(q) = pf�2g#1
Q (�(q) / pf�1g)pf0g= pf�1g[1℄#q / pf�1g[2℄ 
Q pf0g = (i#q)ph�1i 
Q ph0iand the Yetter-Drinfeld 
ondition as(h[2℄#q)(p / h[1℄)h�1i 
Q (p / h[1℄)h0i == h[2℄ ? (p / h[1℄)f�2g#q / (p / h[1℄)f�1g 
Q (p / h[1℄)f0g == h[2℄ ? (p / h[1℄)f�1g#1
R (p / h[1℄)f0g�(q) == pf�1g ? h[1℄#1
Q (pf0g / h[2℄)�(q) == ph�1i(h#q)[1℄ 
Q ph0i / (h#q)[2℄ :



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 27Thus P is a Yetter-Drinfeld module over H#Q. The multipli
ation of P is anH#Q-module map sin
e(p / (h[1℄#1))(p0 / (h[2℄#q)) = (p / h[1℄)(p0 / h[2℄)�(q)and an H#Q -
omodule map sin
e(pp0)h�1i 
Q (pp0)h0i = (pp0)f�1g#1
Q (pp0)f0g= p0f�1g ? pf�1g#1
Q pf0gp0f0g= p0h�1iph�1i 
Q ph0ip0h0i :The unit � is easily seen to be both a module and a 
omodule map and prebraided
ommutativity holds. �The above results redu
e the study of (su

essive) s
alar extensions of a givenH to the study of 
ommutative monoids in the weak 
enter of MH .The next proposition shows that for a given Galois extension of algebras there isalways a maximal quantum groupoid with respe
t to whi
h the extension is Galois.Proposition 4.12. Let N � M be a Galois extension over the Frobenius Hopfalgebroid H. Then the restri
tion of the Galois map �M provides an isomorphismof Hopf algebroids H#C �= E where E is the endomorphism Hopf algebroid of theextension.Proof. The stru
ture maps (4.25), (4.26), (4.27) and (4.28) of the smash produ
tare mapped by �M tosE : C ! E 
 7! fm 7! m
g(4.32) tE : Cop ! E 
 7! fm 7! 
mg(4.33) �E : E ! E 
C E su
h that �[1℄(m)�[2℄(m0) = �(mm0)(4.34) "E : E ! C � 7! �(1)(4.35)respe
tively, where note that multipli
ativity of �E uniquely �xes it by Lemma4.4, (4.19). Now it is easy to 
he
k that �M : H#C ! E satis�es the axioms ofbialgebroid maps. �5. Contravariant fiber fun
torsIn this se
tion we study fun
tors from the module 
ategory of a Hopf algebroidA that 
orrespond to A-Galois extensions of a given algebra N . In this sensewe study generalizations of Ulbri
h's Theorem [27℄ relating Hopf-Galois extensionsto �ber fun
tors. Te
hni
ally speaking, however, the fun
tors we study here arevery di�erent from the usual �ber fun
tors. They are 
ontravariant hom-fun
torsHomH ( ;M ) from MH to NMN . So they are 
olimit preserving but rarely faithfuland exa
t. Still they have some properties that are worthy of dis
ussion. As apreparation we proveLemma 5.1. For H a Frobenius Hopf algebroid the full sub
ategory MfgpH of MHthe obje
ts of whi
h are the �nitely generated proje
tive H-modules is a monoidalsub
ategory.



28 I. B�ALINT, K. SZLACH�ANYIProof. It suÆ
es to show that H 
R H, the tensor square of the regular obje
t inMH is a fgp module. This in turn follows from the existen
e of the isomorphism[25, (4.1)℄ �RB : H 
R H �! A
B H ; a
R a0 7! a(1) 
B a(2) Æ a0 :whi
h happens to be an H-module map,�RB(a / h[1℄ 
R a0 / h0[2℄) = a ? h[1℄ ? uk 
B vk Æ (a0 ? h[2℄)= a ? uk 
B (vk Æ a0) ? hthanks to right distributivity in A. Sin
e AB is fgp, the statement is proven. �Theorem 5.2. Let N be an algebra and A a distributive double algebra. As usual,H denotes the horizontal Hopf algebroid of A.(1) The mappingsM 7! F = HomH( ;M ) respe
tively F 7!M = F (HH)provide mutually inverse 
ategory equivalen
es between the following two
ategories.� The 
ategory of H-module algebras M equipped with an algebra map�̂ : N ! MH � M . The arrows from hM; �̂i to hM 0; �̂0i are theH-module algebra maps � :M !M 0 for whi
h � Æ �̂ = �̂0.� The 
ategory of opmonoidal fun
tors F : MfgpH ! NMopN as obje
ts andmonoidal natural transformations as arrows.(2) M is an A-extension of N i� F is normal opmonoidal.(3) M is an A-Galois extension of N i� F is strong (op)monoidal.(4) The full sub
ategories A-Gal(N ) and F(MfgpH ; NMopN ) of those in (1) sele
tedby the 
onditions of (3), respe
tively, are groupoids.In this way (1) and (3) establish a 
ategory equivalen
e A-Gal(N ) � F(MfgpH ; NMopN )between A-Galois extensions of N and strong monoidal fun
tors MfgpH ! NMopN .Proof. The 
onstru
tion of the fun
torM 7! F goes as follows. Given hM; �̂i theMis an N e-H-bimodule so HomH( ;M ) is a 
ontravariant fun
tor from H-modulesto NMN .The monoid stru
ture hM;�; �i de�nes an opmonoidal stru
ture on thisfun
tor1HomH(Y;M )
N HomH (Y 0;M )! HomH (Y 
R Y 0;M ) � 
N �0 7! � Æ (� 
R �0)N ! HomH (R;M ) n 7! fr 7! n�(r)gAn arrow � is mapped to the monoidal natural transformation HomH( ; �).Now we 
onstru
t the fun
tor F 7! M . Any opmonoidal fun
tor hF; F 2; F 0i :MfgpH ! NMopN maps 
omonoids to 
omonoids. Therefore it maps hHH ;�R; 'Ri toa monoidM := F (HH) in NMN . The unit of this monoid is the 
omposite�̂ := N F0����! FR F ('R)����! Mwhi
h be
omes a k-algebra map by prolongation of the multipli
ation�̂ := M 
N M FH;H����! F (H 
R H) F (�R)����! M1The arrows between N -N -bimodules are always 
onsidered in NMN and never in NMopN .
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ation. TheM also inherits a right H-module stru
ture fromleft multipli
ation �h = h ? via H ��! End(HH) F�! End(NMN ). We haveF�h Æ �̂ = F ('R Æ �h) Æ F 0 = F ('R Æ �'T'R(h)) Æ F 0= F�'T'R(h) Æ �̂implying that �̂ fa
tors uniquely through the in
lusion MH � M . For ea
h h thea
tion F�h is an N -N bimodule map whi
h makes M an N e-H-bimodule. Bymeans of the isomorphism � : m 7! fh 7! m / hg the monoid hNMN ; �̂; �̂i be
omesisomorphi
 to the 
onvolution monoid HomH (H;M ) asso
iated to an H-modulealgebra hM;�; �i stru
ture on M . Of 
ourse, the monoid hM;�; �i arises from thek-algebra stru
ture of M just as the monoid hM; �̂; �̂i does.(5.1) FH 
 FH �
�����! HomH(H;M )
HomH(H;M )??y ??yFH 
N FH �
N�����! HomH(H;M )
N HomH(H;M )FH;H??y ??y�Æ( 
R )F (H 
R H) HomH (H 
R H;M )F�R??y ??y Æ�RFH �����! HomH(H;M )This yields the obje
t map of the fun
tor F 7!M . As for the arrow map take anymonoidal natural transformation � : F ! F 0 and de�ne � := �H :M !M 0. Thenby the multipli
ativity 
onstraint for F the � is an H-module algebra morphismand the unit 
onstraint implies thatN F0����! FR F'R����! M


 ??y�R ??y�N F 00����! F 0R F 0'R����! M 0is 
ommutative, i.e., � Æ �̂ = �̂0.Now we 
onstru
t a natural isomorphism � from the identity fun
tor F 7! F tothe 
omposite F 7!M 7! F . Choosing a dire
t summand diagram Y �k�! H �k�! Yfor ea
h fgp H-module Y the isomorphism � : M ! HomH (H;M ) for M = FHextends to a natural isomorphism � : F ! HomH( ;M ) byFY F�k����! FH F�k����! FY�Y??y ??y� ??y�YHomH(Y;M ) Æ�k����! HomH(H;M ) Æ�k����! HomH (Y;M )This natural isomorphism will then be automati
ally monoidal due to the interplaybetween the multipli
ations �̂ and � seen on the diagram (5.1) .The natural isomorphism from the identity fun
tor M 7! M to the 
ompositeM 7! F 7! M is just � : M ! HomH(H;M ) viewed as a map of monoids in



30 I. B�ALINT, K. SZLACH�ANYINMN . So in parti
ular � Æ �̂ is equal to F'R Æ F 0 for the opmonoidal fun
torF = HomH ( ;M ). This 
ompletes the proof of the equivalen
e in (1).By Lemma 2.2 the unique arrow N ! MH fa
torizing �̂ is an isomorphism i�F 0 is an isomorphism, i.e., i� F is normal. This proves (2).Strong (op)monoidality of F is equivalent to invertibility of F 0 and FH;H . Bythe natural isomorphism F �= HomH (H;M ) the latter is equivalent to invertibilityof the left verti
al arrow in the next diagram.HomH(H;M )
N HomH(H;M ) � ���� M 
N M�Æ( 
R )??y ??y
MHomH (H 
R H;M ) �����! M 
T Awhere the lower horizontal arrow is given by a 
omposition of isomorphismsHomH(H 
R H;M ) �����! HomH(H;M 
R H) �����! M 
R H M
S�1�����! M 
T Vperforming the mappings� 7! �( 
R xj)
R yj 7! �(i
R xj)
R yj 7! �(i
R uj) 
T vj :Commutativity of the diagram now follows from the simple 
al
ulation(m / i)(m0 / uk)
T vk = mm0(0) 
T m0(1) = 
M (m
N m0)Therefore 
M is invertible i� FH;H is invertible. Adding the 
ondition that N �Mis an A-extension we obtain (3).Sin
e HH is a Frobenius algebra, it is a selfdual obje
t in MH . Therefore anymonoidal natural transformation between strong monoidal fun
tors from MfgpH isinvertible at HH [21℄ and therefore it is invertible everywhere. This proves (4). �Corollary 5.3. The map M 7! HomH ( ;M ) is a 
ategory equivalen
e between the
ategory A-Gal(N ) of A-Galois extensions of N and the 
ategory F(MH ; NMopN ) of
olimit preserving opmonoidal fun
tors the restri
tions of whi
h to MfgpH is strong(op)monoidal.Proof. If F : MH ! NMopN is 
olimit preserving then the 
orresponding F op :MopH ! NMN is limit preserving and HH is a 
ogenerator for MopH . The 
onditionsfor the spe
ial adjoint fun
tor theorem [17℄ hold, so F op has a left adjoint. Itfollows that F op is a hom-fun
tor, F �= HomMopH (M ), i.e., F �= HomH ( ;M ). NowTheorem 5.2 implies that F has a strong restri
tion to the fgp modules pre
iselywhen N � M is A-Galois. Vi
e versa, every Galois extension M gives rise to a
olimit preserving opmonoidal fun
tor HomH ( ;M ) the resri
tion of whi
h to MfgpHis strong. �As an appli
ation of the strong monoidal fun
tor Hom( ;M ) we present hereanother 
hara
terization of Galois extensions over DDA's. In order to understandthe terminology "left distributivity" let us look at multipli
ation ofM as a verti
alone and the rightH-a
tion / as a partially de�ned horizontal multipli
ation betweenM and H.



FINITARY GALOIS EXTENSIONS OVER NONCOMMUTATIVE BASES 31Proposition 5.4. Let A be a DDA and M be a right A-module algebra with N =MH . Then N � M is A-Galois if and only if  = / e : M ! N is a Frobeniushomomorphism and the "left distributivity" rulem / (a Æ a0) = (m[1℄ / a)(m[2℄ / a0)holds for all m 2M and a; a0 2 A. Here m[1℄ 
N m[2℄ is the 
oprodu
t asso
iated tothe Frobenius stru
ture on N �M de�ned by  .Note that "right distributivity" (mm0) / a = (m / a[1℄)(m0 / a[2℄) holds for allright module algebras. Note also that Æ for H plays the role of 
onvolution produ
twhile the ordinary produ
t is ?.Proof. Ne
essity: Consider the 
ontravariant fun
tor HomH( ;M ) : MH ! NMN .It is strong monoidal, so maps monoids to 
omonoids, 
omonoids to monoids, andFrobenius algebras to Frobenius algebras. Therefore it maps hA;�R; 'R; �V ; R ,!Ai to some Frobenius algebra stru
ture on HomH (A;M ) �= M 2 NMN . Sin
e aFrobenius algebra stru
ture in NMN is uniquely determined by the algebra stru
tureand by the Frobenius homomorphism, the 
ounit, it is suÆ
ient to 
he
k that theimage of hA;�R; 'Ri is the 
onvolution algebra HomH (A;M ) and the image of theunit R ,! A is  . Then the 
oprodu
t must have the form�M(m) � m[1℄ 
N m[2℄ =Xi mei 
N fiwhere Pi ei 
N fi is the dual basis of  . This means that the 
omposite(5.2) HomH (A;M ) Hom(�V ;M)��������! HomH(H 
R H;M )o??y[�Æ( 
R )℄�1HomH(A;M )
N HomH (A;M )must be the map (m / ) 7! (m[1℄ / )
N (m[2℄ / )Applying � Æ ( 
R ) we obtain left distributivity.SuÆ
ien
y: Consider the mapM
T A!M
NM de�ned bym
T a 7! m[1℄
Nm[2℄/a.Then
M (m[1℄ 
N m[2℄ / a) = m[1℄(m[2℄ / a)(0) 
T (m[2℄ / a)(1)= (m[1℄ / i)(m[2℄ / uk)
T vk ? a = (m / (i Æ uk))
T vk ? a= m
T 'T (uk) ? vk ? a = m 
T aproves that 
M is epi. �6. A monoidal dualityGiven a right bialgebroid H over R, an H-module algebra M and an algebramap N !MH we 
an look for a duality between - full sub
ategories of - MH and



32 I. B�ALINT, K. SZLACH�ANYINMN in the following form. The M being an N e-H-bimodule, it determines twofun
tors J : NMopN ! MH X 7! HomNe (X;M )(6.1) K : MH ! NMopN Y 7! HomH (Y;M );(6.2)the M -dual fun
tors, that are in adjun
tion K a J . The 
ounit and unit of theadjun
tion are just the natural homomorphism to the double dual,�X : X ! HomH (HomNe (X;M );M ) 2 NMN�Y : Y ! HomNe (HomH (Y;M );M ) 2 MHBy de�nition they are isomorpisms pre
isely for theM -re
exive modules [1℄. Eitherone of theM -dual fun
tors map relexive modules to re
exive ones, so the restri
tionof J and K to the M -re
exive modules provides an adjoint equivalen
e(6.3) MM-refH � (NMM-refN )op ;that is to say, a duality between the re
exive modules themselves.Sin
eM has monoid stru
tures both in MH and NMN , the fun
tor J is monoidaland K is opmonoidal,JX;X0 : JX 
R JX 0 ! J(X 
N X 0) (� 
R �0) 7! �̂ Æ (� 
N �0)J0 : R! JN r 7! fn 7! �̂(n) / rg) 2 MHKY;Y 0 : KY 
N KY 0 ! K(Y 
R Y 0) (� 
N �0) 7! � Æ (� 
R �0)K0 : N ! KR n 7! fr 7! n � �(r)g9=; 2 NMNThey are mates under the given adjun
tion K a J , that is to say,KJX;JX0 Æ (�X 
N �X0) = KJX;X0 Æ �X
NX0(6.4) K0 = KJ0 Æ �N(6.5) JKY;KY 0 Æ (�Y 
R �Y 0) = JKY;Y 0 Æ �Y
RY 0(6.6) J0 = JK0 Æ �R(6.7)These equations are simple 
onsequen
es of the fa
t that the two monoid stru
tureson M 
ome from the same k-algebra stru
ture,M 
M ����! M 
R M??y ??y�M 
N M �̂����! M k ����! R??y ??y�N �̂����! MWe have, as in Theorem 5.2 (2), that K is normal i� the map N ! MH is anisomorphism and J is normal i� the map R!MN is an isomorphism.In order to �nd monoidal sub
ategories inMH and NMN that be
ome monoidallydual under (6.3) we have to make further assumptions. Assume that the rightbialgebroid H is that of the horizontal Hopf algebroid of a distributive doublealgebra A and assume that N � M is A-Galois. We know from Lemma 5.1 andTheorem 5.2 that MfgpH is a full monoidal sub
ategory and the restri
tion of K tothis sub
ategory is strong opmonoidal. Therefore the restri
tion of K will providea monoidal equivalen
e i� all the fgp H-modules are M -re
exive. Sin
e the 
lass
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exive modules is 
losed under taking dire
t summands and �nite dire
t sums,this happens pre
isely when the regular obje
t HH is M -re
exive. Now�H : H ! HomNe (HomH (H;M );M ) �! End NMNbeing just the 
anoni
al embedding to the endomorphism Hopf algebroid E we areleft with 
onsidering the 
ase when H is E and a
ts 
anoni
ally on M .Theorem 6.1. Let E be the endomorphism Hopf algebroid asso
iated to the bal-an
ed depth 2 Frobenius extension N �M . Then the fun
torHomE( ;M ) : MfgpE ! NMopNprovides a monoidal duality between the 
ategories of all fgp E-modules and thoseN -N -bimodules that are dire
t summands of �nite dire
t sums of M 's.Proof. EE is M -re
exive by 
onstru
tion. Thus MfgpE is a full sub
ategory of the
ategory of re
exive modules and (6.3) restri
ts to a 
ategory equivalen
e F . Sin
eMfgpE is generated by dire
t sums and dire
t summands from EE, the same holds forthe N -N -bimodules in the image of F and for F (EE) �= M . The extension N �Mis E-Galois therefore HomE( ;M ) is strong monoidal on fgp modules. �Depending on the appli
ations the 
ontent of the theorem varies from trivialitiesto nontrivial statements. For example, if k � K is a separable �eld extension -in
luding the 
ase of 
lassi
al Galois �eld extensions - then E = EndKk is the Hopfalgebroid version of the weak Hopf algebra 
onstru
ted in [24℄ and its representation
ategory is trivial: The theorem redu
es to the statement that the 
ategory of �nitedimensional k-ve
tor spa
es is selfdual.If N is a strongly G-graded k-algebra for a �nite group G and Ne � N has
entralizer k � 1 then 
hoosing M = N#(kG)� we obtain that E is the groupalgebra kG a
ting 
anoni
ally on the smash produ
t M .If N is the observable algebra in rational quantum �eld theory and M is thealgebra of 
harge 
arrying �elds then NM is freely generated by �nitely many �eldsf iq 2M ea
h of them implementing a lo
alized endomorphism �q of N , i.e., f iqn =�q(n)f iq, n 2 N , i = 1; : : : ; Iq. The Dopli
her-Haag-Roberts 
ategory DHR(N ) isthe full sub
ategory of EndN the obje
ts of whi
h are �nite dire
t sums of �q 's andis a monoidal 
ategory by 
omposition of endomorphisms. One has a 
ontravariantmonoidal equivalen
e between DHR(N ) and the 
ategory of N -N -bimodules thatare �nite dire
t sums of the bimodules Nf iq . Hen
e Theorem 6.1 gives a monoidalequivalen
e MfgpE ' DHR(N ) and therefore the Hopf algebroid E 
an be interpretedas the global gauge symmetry of the supersele
tion se
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