
ESI The Erwin S
hr�odinger International Boltzmanngasse 9Institute for Mathemati
al Physi
s A-1090 Wien, Austria
Nilpotent Extensions of Minimal HomeomorphismsGernot Gres
honigUlri
h Hab�o
k

Vienna, Preprint ESI 1639 (2005) Mar
h 29, 2005Supported by the Austrian Federal Ministry of Edu
ation, S
ien
e and CultureAvailable via http://www.esi.a
.at



NILPOTENT EXTENSIONS OF MINIMAL HOMEOMORPHISMSGERNOT GRESCHONIG AND ULRICH HAB�OCKAbstra
t. In this paper we study topologi
al 
o
y
les for minimal homeo-morphisms on a 
ompa
t metri
 spa
e. We introdu
e a notion of an essentialrange for topologi
al 
o
y
les with values in a lo
ally 
ompa
t group, and weshow that this notion 
oin
ides with the well known topologi
al essential rangeif the group is abelian. We de�ne then a regularity 
ondition for 
o
y
les andprove several results on the essential ranges and the orbit 
losures of the skewprodu
t of regular 
o
y
les. Furthermore we show that re
urrent 
o
y
les fora minimal rotation on a lo
ally 
onne
ted 
ompa
t group are always regular,supposed that their ranges are in a nilpotent group, and then their essentialranges are almost 
onne
ted.1. Introdu
tionThe aim of this paper is to study the dynami
al behaviour of topologi
al 
o
y
leswith values in a nonabelian lo
ally 
ompa
t se
ond 
ountable (l.
.s.) group G, andthroughout the paper these 
o
y
les will be de�ned over a minimal homeomorphismon a 
ompa
t metri
 spa
e. In the paper [A℄ Atkinson introdu
ed the notion ofessential values for 
ontinuous Rn-valued 
o
y
les and studied their skew produ
textensions. Later his results were extended to abelian groups by Lema�n
zyk andMentzen (see [LM℄ and also [M1℄). But if one uses this notion of an essential rangenaively in the 
ase of a non-abelian group (as has been done in [LM℄), it turns outthat one 
annot obtain mu
h insight into the dynami
al system. In fa
t, in [M2℄examples of two 
ohomologous 
o
y
les are given, one of whi
h has a non-trivialessential range while the other one has a trivial essential range.Let G be a l.
.s. group with identity 1G, let T be a minimal homeomorphism ofa 
ompa
t metri
 spa
e (X; Æ) and let f : X �! G be a 
ontinuous map. We de�nethen a map f :Z�X �! G byf(n; x) =8><>:f(Tn�1x) � � �f(Tx) � f(x) if n � 11G if n = 0f(�n; Tnx)�1 if n < 0: (1)This map satis�es that f(k; T lx) � f(l; x) = f(k + l; x) (2)for all integers k; l and every x 2 X, and is thus a 
o
y
le of the Z-a
tion on Xde�ned by (m;x) 7�! Tmx.The skew produ
t transformation of f is the homeomorphism on X �G de�nedby Tf (x; g) = �Tx; f(x) � g�; (3)2000 Mathemati
s Subje
t Classi�
ation. 37B05, 37B20.The authors were partially supported by the FWF resear
h proje
t P16004-MAT.1



2 GERNOT GRESCHONIG AND ULRICH HAB�OCKand this transformation related to the map f(n; x) by the equality thatTnf (x; g) = �Tnx; f(n; x) � g� for all n 2Z:Throughout this paper we denote the orbit 
losure of (x; g) 2 X � G under Tf by�Of (x; g) = �Tnf (x; g) : n 2Z	:A 
o
y
le is 
alled topologi
ally re
urrent if for every open neighbourhood U of1G and every open set O � X there is an integer n 6= 0 so thatT�nO \O \ �x : f(n; x) 2 U	 6= ?:This property is equivalent to the topologi
al 
onservativity (regional re
urren
e inthe terminology of [GH℄) of the skew produ
t Tf , i.e. for every open set O0 � X�Gthere is an integer n 6= 0 so that Tnf (O0) \O0 6= ?.For nonabelian extensions the following \lo
al" notion of an essential range issuitable to study the dynami
s of the system:De�nition 1.1. A group element g 2 G belongs to the essential range of the
o
y
le f at x 2 X, whi
h is denoted by Ex(f), if for every open neighbourhood Uof g and every open neighbourhood O of x there exists an integer n 6= 0 so thatT�nO \O \ �y : f(n; y) 2 U	 6= ?: (4)It is obvious from the de�nition that the essential range is a 
losed subset of G,and from the 
o
y
le equality (2) it follows that f(�n; Tnx) = f(n; x)�1 and hen
eEx(f) is symmetri
, i.e. Ex(f) = Ex(f)�1. If f is topologi
ally re
urrent then theidentity is in Ex(f) for every x 2 X.Remarks 1.2. (i) In di�eren
e to the de�nition above the topologi
al essential rangeintrodu
ed in [LM℄, denoted by E(f), does not refer to some x 2 X. For anyg 2 E(f) the equation (4) must be ful�lled for every open neighbourhood V of gand every open set O � X, and thusE(f) = \x2XEx(f):(ii) Assume that xn ! x and gn ! g are two 
onvergent sequen
es in X andG respe
tively, and assume that gn 2 Exn(f) for all positive integers n. Then thede�nition of the essential range shows that g 2 Ex(f).An important property of the lo
al essential ranges is that they are always 
on-jugate for points belonging to the same T -orbit in X:Lemma 1.3. For every x 2 X and every integer n we have the following equality:ETnx(f) = f(n; x) �Ex(f) � f(n; x)�1 (5)Proof. Let U be an open neighbourhood of g 2 f(n; x) �Ex(f) � f(n; x)�1 and O anopen neighbourhood of Tnx. We set h = f(n; x)�1 � g � f(n; x) 2 Ex(f) and 
hoosea symmetri
 open neighbourhood V of 1G so that f(n; x) � V hV 2 � f(n; x)�1 � U .We 
hoose then an open neighbourhood O0 of x so that TnO0 � O and f(n;O0) �f(n; x) � V , and as h 2 Ex(f) we 
an �nd an integer k 6= 0 and y 2 X withy 2 T�kO0 \O0 \ �x : f(k; x) 2 hV 	. It follows that Tny 2 T�kO \O whilef(k; Tny) = f(n; T ky) � f(k; y) � f(n; y)�1 2 f(n; x) � V hV 2 � f(n; x)�1 � U;and as U and O were arbitrary we obtain that g 2 ETnx(f). So we 
an 
on
lude thatf(n; x) �Ex(f) � f(n; x)�1 � ETnx(f), and by symmetry follows the assertion. �



NILPOTENT EXTENSIONS OF MINIMAL HOMEOMORPHISMS 3Remark 1.4. Obviously a 
o
y
le is re
urrent if and only if the identity is in E(f),and the Lemma above shows us that 1G 2 Ex(f) for some x 2 X implies that1G 2 ETnx(f) for all integers n. As the T -orbit of x is dense in X, it followsimmediately that 1G 2 Ey(f) for all y 2 X. Thus 1G 2 Ex(f) for some x 2 Ximplies that 1G 2 E(f) and the 
o
y
le is re
urrent.Another appli
ation of the Lemma uses that in an abelian group 
onjugationdoes not a�e
t the essential range and thus ETnx(f) = Ex(f) for all integers n.The fa
t that every T -orbit is dense now implies that Ex(f) � Ey(f) for everyy 2 X, and by symmetry it follows that Ex(f) = Ey(f) for all x; y 2 X. So weobtain that Ex(f) = E(f) for all x 2 X.It is also an easy 
onsequen
e that E(f) is always a 
losed subgroup of G, inde-pendently of whether G is abelian or nonabelian, but the situation is mu
h more
ompli
ated for Ex(f). For the study of Ex(f) we need another 
losely relatedde�nition:De�nition 1.5. For every x 2 X we setPx(f) = �g : g = limk!1 f(nk ; x) with limk!1Tnkx = x and jnkj ! 1	:Obviously Px(f) is 
ontained in Ex(f) and from the 
ontinuity of f(n; �) and the
o
y
le equality (2) it follows that Px(f) is a 
losed sub-semigroup, supposed thatit is nonempty. It is obvious that 1G 2 Px(f) if and only if (x; g) is a re
urrentpoint in the skew produ
t for any g 2 G, i.e. a point whi
h is a limit point of itsTf -orbit, and then it is easily veri�ed thatPx(f) = �g 2 G : (x; g) 2 �Of (x;1G)	:Remarks 1.6. (i) The assertion of Lemma 1.3 also holds if one repla
es Ex(f) byPx(f) and ETnx(f) by PTnx(f) respe
tively, and the proof is analogous.(ii) It is an important fa
t that the assertion (ii) in the Remarks on essentialranges does not hold any more if Exn(f) is repla
ed by Pxn(f) and Ex(f) is repla
edby Px(f) respe
tively.Proposition 1.7. The set D(f) = �x 2 X : Ex(f) = Px(f)	 
ontains a denseGÆ-set. If f is re
urrent, then for every x 2 D(f) the set Px(f) = Ex(f) is a 
losedsubgroup of G.Proof. If C is a 
ompa
t subset of G, then the set DC = �x 2 X : Ex(f) \C = ?	is open in X. Indeed, suppose that Ex(f) \ C = ? while gn 2 Exn(f) \ C for asequen
e xn ! x. As C is 
ompa
t there exists a limit point g 2 C of a 
onvergentsubsequen
e fgnkgk�1, and a 
ontradi
tion o

urs as this limit point is an elementof Ex(f) \C.Now let U be a relatively 
ompa
t open neighbourhood of 1G, and let g 2 G and" > 0 be arbitrary. Let us 
onsider then the following subset of X:G(g;U;") = DgU [ �x : f(n; x) 2 gU2 for some 0 6= n 2Zwith Æ(x; Tnx) < "	This set is open, be
ause DgU is open and the se
ond 
omponent of the union aboveis a 
ountable union of open sets. Furthermore this set is also dense in X, be
ausefor any x 2 X either x 2 DgU or otherwise, as gU2 is an open neighbourhood ofsome h 2 Ex(f), points out of the se
ond 
omponent of the union are arbitrarily



4 GERNOT GRESCHONIG AND ULRICH HAB�OCK
lose to x. If fgkgk�1 is dense sequen
e in G and fUlgl�1 is a neighbourhood baseat 1G, then by Baire's theorem the setG = \k;l;m�1G(gk;Ul;2�m)is a dense GÆ-subset ofX. Let x 2 G be arbitrary and �x g 2 Ex(f), then there existin
reasing sequen
es of integers fkmgm�1 and flmgm�1 so that the sets gkmU2lmform a neighbourhood base at g. >From Ex(f) \ gkmU lm 6= ? we 
an 
on
lude forany m � 1 and " > 0 that there is an integer n 6= 0 so that Æ(x; Tnx) < " andf(n; x) 2 gkmU2lm . Therefore we obtain that g 2 Px(f).For a re
urrent 
o
y
le f it follows that 1G 2 Ey(f) for every y 2 X, and forevery x 2 D(f) the set Px(f) = Ex(f) is a nonempty and symmetri
 sub-semigroupof G and thus it is a subgroup of G. �Now we want to give a de�nition of regularity for a 
o
y
le, and this is done inanalogy to the measure theoreti
 setting of the problem:De�nition 1.8. A 
o
y
le f is 
alled regular, if its skew produ
t transformationTf admits an orbit 
losure of a single point (x0; g0) whi
h proje
ts onto all of Xunder the �rst proje
tion. Su
h an orbit 
losure will be 
alled a surje
tive orbit
losure of Tf . 1We shall later see that for an abelian groupG our de�nition of regularity 
oin
ideswith the de�nition given in [LM℄, i.e. that the fa
tor 
o
y
le ~f (n; x) = f(n; x) �E(f)into G=E(f) does not assume the in�nity as an improper essential value.In the following two se
tions of this paper we shall investigate the stru
ture ofsurje
tive Tf -orbit 
losures and essential ranges, at �rst for 
o
y
les with valuesin arbitrary l.
.s. groups and then with values in nilpotent groups, in whi
h 
asestronger results 
an be a
hieved. We shall then state a general regularity theorem: IfT is a minimal rotation on a lo
ally 
onne
ted 
ompa
t group and f is a re
urrent
o
y
le with values in a nilpotent l.
.s. group, then f is regular. Together withthe results on regular 
o
y
les in the pre
eding this theorem generalises a result ofAtkinson in the paper [A℄ to nonabelian groups.A

ording to personal 
ommuni
ation Eli Glasner and Eyal Masad developedindependently from our work a more abstra
t approa
h to the problem of regular
o
y
les. In di�eren
e to our approa
h they use a topologi
al analogue of the ergodi
de
omposition. In parti
ular, the assertions of Theorem 2.1, but ex
ept 
ompa
tnessand minimality of C=H, as well as results out of Theorem 2.6 are 
onsequen
es oftheir work.The authors would like to thank Klaus S
hmidt for advi
e and en
ouragement.2. Regular 
o
y
les in lo
ally 
ompa
t groupsThe study of regular 
o
y
les will be mainly a

omplished in the skew produ
t,and an important role plays the 
ontinuous a
tion of G on Y = X�G via the righttranslations fRh : h 2 Gg de�ned by�h; (x; g)� 7! Rh(x; g) = (x; gh�1): (6)1This terminology is in
uen
ed by Eli Glasner and Eyal Masad, who use the term surje
tive
o
y
le for what we 
all a regular 
o
y
le.



NILPOTENT EXTENSIONS OF MINIMAL HOMEOMORPHISMS 5For any 
losed subset C of Y we denote the Stabiliser with respe
t to the righttranslations by Stab(C) = �g 2 G : Rg(C) = C	: (7)It is 
lear from the de�nition that Stab(C) is a subgroup of G. Furthermore, if gnis a sequen
e in Stab(C) with gn ! g 2 G, then for any y 2 Y it follows fromthe 
losedness of C that Rg(y) = limn!1Rgn(y) 2 C. Thus Rg(C) � C, and onthe other hand we obtain for any �xed y 2 C that Rg�1n y ! Rg�1y and hen
eRg�1y 2 C. >From Rg Æ Rg�1y = y we 
an 
on
lude that C � Rg(C), and thusStab(C) is a 
losed subgroup of G.Let H be a 
losed subgroup of G and denote by �G=H the quotient mapping fromG onto the homogeneous spa
e G=H. We shall use the notation �G=H for the map(x; g) 7! (x; gH) from X �G onto X �G=H. The skew produ
t transformation Tfa
ts on X �G=H by Tf (x; gH) = �Tx; f(x) � gH�; (8)whi
h shall 
ause no 
onfusion with Tf de�ned on X � G. In parti
ular we haveTf Æ �G=H = �G=H ÆTf . Let C be a 
losed and Tf -invariant subset of X �G anddenote H = Stab(C), then C 
ontains with any (x; g) the whole left 
oset (x; gH).Thus C itself is a subset of X �G=H and the quotient set C=H = �G=H(C) is also
losed and Tf -invariant.Theorem 2.1 (Stru
ture of surje
tive orbit 
losures). Suppose that f is a regular
o
y
le taking values in a l.
.s. group G, and let C be a surje
tive Tf -orbit 
losure.Then for every point y = (x; g) 2 C with a dense orbit in C it follows thatCx = �g0 2 G : (x; g0) 2 C	 = gH; (9)in whi
h H = Stab(C). Furthermore, the quotient set C=H = �G=H(C) is 
ompa
tand Tf : C=H �! C=H is a minimal homeomorphism. In parti
ular, for everyx 2 X there exists a 
ompa
t set Kx in G so that Cx = KxH.Remark 2.2. As a 
onsequen
e of the following Theorem 2.6 the equation (9) holdson the set D(f) = �x 2 X : Ex(f) = Px(f)	, whi
h 
ontains a dense GÆ set. Laterwe shall prove for nilpotent groups G that Cx = gxH for every x 2 X.For the proof of the statement above the following Lemmas are ne
essary.Lemma 2.3. Suppose that C is surje
tive Tf -orbit 
losure of a regular 
o
y
lef . Then every nonempty, relatively open subset OC of C proje
ts onto a set withnonempty interior under the �rst proje
tion �X .Proof. We show �rst that for any open neighbourhood U of 1G there is an openTf -invariant subset O � RU(C) = [g2URg(C) so that O \ C is nonempty anddense in C. Let V be any relatively 
ompa
t open neighbourhood of 1G so thatV �1V � U and 
hoose a sequen
e fhngn�1 whi
h is dense in G. Obviously itfollows that Sn�1RhnVC = X �G, and as V is 
ompa
t and the right translationsare isometries ea
h of the sets RhnV C is 
losed. Hen
e by Baire's theorem thereis an integer n so that RhnV C as well as RVC = Rh�1n �RhnVC� has a nonemptyinterior. Thus RV C 
ontains a Tf -invariant open set O0. Note that O0\C might beempty, however RV �1 V C 
ontains the open set O = RV �1O0 whi
h has nonemptyinterse
tion with C.Now suppose that O is open inX�G and that O\C 6= ?. Choose a smaller openset O0 and an open neighbourhood U of 1G so that O0 \C 6= ? and RU�1O0 � O.



6 GERNOT GRESCHONIG AND ULRICH HAB�OCKBy the pre
eding argument RUC 
ontains an open set whi
h is relatively dense inC, and thus �RUC�Æ \ O0 6= ?. But this implies that the set RU�1O0 \ C is openin C and its proje
tion has a nonempty interior. �Lemma 2.4. Let C be a surje
tive Tf -orbit 
losure of a regular 
o
y
le f . Thenthere exists a point (x0; g0) 2 C with a dense orbit in C so that Ex0(f) = Px0(f).Proof. By Lemma 1.7 the set D(f) = �x 2 X : Ex(f) = Px(f)	 
ontains a denseGÆ set D. It is 
lear that D1 = ��1X (D) \ C is also a GÆ set and Lemma 2.3implies that D1 is also dense in C. As C is topologi
ally transitive, the set D2 ofall topologi
ally transitive points forms a dense GÆ-set in C (
f. [GH℄, Theorem9.20). Then by Baire's theorem D1\D2 is nonempty and hen
e we 
an �nd a pointy0 = (x0; g0) 2 C for whi
h both �Of (y0) = C and x0 2 D(f) hold. �Lemma 2.5. Suppose that CH � X � C=H is a 
losed Tf -invariant set whi
hproje
ts onto all of X. Then there exists a 
ompa
t set K � G with the propertythat X = �X�CH \ (X �KH)�:Proof. Let fKngn�1 be a sequen
e of 
ompa
t sets for whi
h G=H = SnKnH.Then all the sets An = �X�CH \ (X � KnH)� are 
ompa
t subsets of X andX = SnAn. By Baire's theorem there exists an open set O � X whi
h is 
ontainedin some An0 . As CH is Tf -invariant, it follows for all integers k thatT k(O) � �X�CH \Tkf (X �Kn0H)�;but as X is 
ompa
t and minimal we 
an �nd a positive integer N so that X =SNk=1 T k(O). Thus the 
ompa
t set K = SNk=1 f(k;X) � Kn is suÆ
ient for theequality that �X�CH \ (X �KH)� = X. �Proof of Theorem 2.1. Lemma 2.4 shows that there is a point (x0; g0) 2 C with adense Tf -orbit in C and Ex0(f) = Px0(f). In parti
ular, Px0(f) is a subgroup of Gand the verti
al se
tionCx0 = Px0(f) � g0 = g0g�10 � Px0(f) � g0is a left 
oset of the subgroup H 0 = g�10 � Px0(f) � g0. It follows from the de�nitionof the stabiliser that Stab(C) � H 0, and in order to show that H 0 = Stab(C) we
hoose an arbitrary h 2 H 0 and observe thatRh(C) = Rh �Of (x0; g0) = �Of�Rh(x0; g0)� � C;sin
e Rh(x0; g0) 2 C. As H 0 is a subgroup of G, we have Rh(C) = C for everyh 2 H 0 and thus H 0 � Stab(C).>From Lemma 2.5 it follows that there exists a 
ompa
t set K � G so thatC=H \ (X �KH) proje
ts onto all of X. But for any integer n the verti
al se
tionof C=H at Tnx0 
onsists of one left 
oset of H, whi
h therefore must be 
ontainedin KH. Thus the orbit of (x0; g0H) under Tf is a subset of X �KH, and as thisorbit is also dense in C=H it follows that C=H � X �KH.For the proof of the minimality of Tf on C=H we �x a point (x; gH) 2 C=H and
hoose a sequen
e of integers fnkgk�1 for whi
h Tnkx! x0. As C=H is 
ompa
t,a subsequen
e of Tnkf (x; gH) 
onverges to a point y 2 C=H with �X(y) = x0. Butthe only point in C=H whi
h proje
ts onto x0 is (x0; g0H), and the fa
t that theorbit of (x0; g0H) under Tf is dense in C=H implies that Tf is minimal.



NILPOTENT EXTENSIONS OF MINIMAL HOMEOMORPHISMS 7It remains to prove that for any (x; g) 2 C with a dense orbit in C the verti
alse
tion Cx 
onsists only of a single left 
oset. As the orbit of (x; g) is dense in C,we 
an �nd an integer sequen
e fnkgk�1 with Tnkx ! x0 and f(nk; x) � g ! g0.Thus it follows for any h 2 Cx that f(nk; x) �h! g0g�1h and we 
an 
on
lude thatg0g�1Cx � Cx0 . By symmetry the same in
lusion holds if we inter
hange (x; g) and(x0; g0), and ultimately we obtain that Cx = gg�10 Cx0 = gH. �The following theorem shows that the topologi
ally transitive points of C 
anbe 
hara
terised by verti
al se
tions and essential ranges.Theorem 2.6 (Essential ranges and transitive points). Suppose that f is a regular
o
y
le taking values in a l.
.s. group G and let C be a surje
tive Tf -orbit 
losure.For any x 2 X we have the in
lusionsPx(f) � CxC�1x = fhk�1 : h; k 2 Cxg � Ex(f); (10)and equality between these three sets holds if and only if the orbit of some y 2 Cwith �X(y) = x is dense in C. Furthermore, for any (x; g) 2 C with a dense orbitin C we have the equality that Ex(f) = gHg�1; (11)in whi
h H = Stab(C). Thus for all x in the set D(f) = �x 2 X : Ex(f) = Px(f)	,whi
h 
ontains a dense GÆ set, the essential range Ex(f) is 
onjugate to the 
losedsubgroup H and �Of (x;1G) is a surje
tive Tf -orbit 
losure.Proof. The in
lusion Px(f) � CxC�1x follows immediately from Px(f) � g � Cx forany g 2 Cx. Assume that h; k 2 Cx and let (x0; g0) 2 C be a point with a denseorbit in C. Then we 
an �nd two sequen
es of integers fmkgk�1 and fnkgk�1 sothat Tmkf (x0; g0) ! (x; h) and Tnkf (x0; g0) ! (x; k). But this means that bothTmkx0 ! x and Tnkx0 ! x while f(nk �mk; Tmkx0) ! kh�1, and hen
e we 
an
on
lude that fkh�1 : h; k 2 Cxg � Ex(f).If (x; g) 2 C is point with Ex(f) = Px(f), then it follows from �Of (x; g) � Cthat Px(f) � Cxg�1 � Ex(f), and hen
e Px(f) = Cxg�1. >From g 2 Cx we obtainthe in
lusion gH � Px(f) � g = Cx, and from the fa
t that Tf is minimal on C=Hwe 
an 
on
lude that �Of (x; g) = C.We assume now that �Of (x; g) = C and 
hoose a

ording to Lemma 2.4 a point(x0; g0) 2 C with a dense orbit in C and Ex0(f) = Px0(f). We let fnkgk�1be a sequen
e with Tnkf (x; g)! (x0; g0) and apply Lemma 1.3 to 
on
lude thatETnkx(f) = f(nk ; x) �Ex(f) �f(nk; x)�1. But as f(nk; x)! g0g�1 while Tnkx! x0it follows from the de�nition of the essential range that g0g�1�Ex(f)�gg�10 � Ex0(f).At this point we only used that the orbit of (x; g) is dense in C and as the orbit of(x0; g0) is also dense in C, we obtain the 
onverse in
lusion by symmetry and thusEx(f) = gg�10 �Ex0(f) � g0g�1:>From f(nk; x)! g0g�1 and Tnkx! x0 it follows that g0g�1Cx � Cx0, and againby symmetry we 
an 
on
lude thatCx = gg�10 Cx0 :As both (x; g) and (x0; g0) have a dense orbit in C, we obtain that Cx = Px(f) � gand Cx0 = Px0(f) � g0, and together with the equality Ex0(f) = Px0(f) we 
an
on
lude that Cx0 = Px0(f) � g0 = Ex0(f) � g0. Thus we have thatPx(f) = Cxg�1 = gg�10 �Ex0(f) � g0g�1 = Ex(f):



8 GERNOT GRESCHONIG AND ULRICH HAB�OCKFurthermore, if the orbit of (x; g) is dense in C then Theorem 2.1 states thatCx = Px(f) � g = gH, and hen
e Ex(f) = Px(f) = gHg�1. �Let us now dis
uss some 
onsequen
es of the Theorems 2.1 and 2.6. If f isa regular 
o
y
le and x0 is any point out of D(f), then the Tf -orbit 
losure of(x0;1G) is 
ompa
t modulo the subgroup Ex0(f). Conversely, if x0 2 D(f) is a pointso that C = �Of (x0;1G) is 
ompa
t modulo Ex0(f), then its proje
tion �X(C) is anonempty 
ompa
t subset ofX and from the minimality it follows that �X(C) = X.Thus we 
an state the following 
hara
terisation of regularity:Corollary 2.7. A 
o
y
le f is regular, if and only if for one (and therefore every)point x0 belonging to D(f) = �x 2 X : Ex(f) = Px(f)	 the Tf -orbit 
losure of�x0; Ex0(f)� in X � G=Ex0(f) is 
ompa
t.For an abelian group G we already know that Ex(f) = E(f) for every x 2 X.Thus the 
o
y
le f is regular if and only its fa
tor 
o
y
le ~f (n; �) = f(n; �)�E(f) intoG=E(f) does not assume the in�nity as an extended essential value. This propertyis obviously equivalent to the 
ompa
tness of the T ~f -orbit 
losure of any point(x0; E(f)), and thus the notion of regularity given in this paper generalises thenotion used in [LM℄.Every surje
tive Tf -orbit 
losure is a right translate of any other. In fa
t, ifC1 and C2 are surje
tive Tf -orbit 
losures then for any point x 2 D(f) we haveCi = �Of (x; gi) for appropriate elements gi 2 G. Therefore C2 = Rg�12 g1C1 is a righttranslate of C1 and their asso
iated stabiliser subgroups Hi = Stab(Ci) are always
onjugate.It is an important question whether X � G is a disjoint union of surje
tive Tf -orbit 
losures. This is the 
ase if and only if every verti
al se
tion Cx of an orbit
losure C 
onsists only of one left 
oset of its stability group H. In the next se
tionit will be shown that this 
ondition is always ful�lled if G is nilpotent, but it isun
lear to the authors whether this is also true for an arbitrary l.
.s. group.3. Regular 
o
y
les in nilpotent lo
ally 
ompa
t groupsSuppose that G is a nilpotent l.
.s. group and denote by Z(G) the 
entre of G,whi
h is a 
losed normal abelian subgroup of G. If we de�ne a sequen
e of l.
.s.groups indu
tively by G0 = G and Gn+1 = Gn=Z(Gn), then Gn is trivial for somepositive integer n. We say that G is n-step nilpotent if n is the smallest integerfor whi
h Gn is trivial. It is easy to see that 
losed subgroups and homomorphi
images of nilpotent groups are also nilpotent. In the main results of the paper weshall use the following well known properties of nilpotent groups:Lemma 3.1. Let G be a nilpotent l.
.s. group and let H be a 
losed subgroup ofG. Then for every g =2 H the 
losure of the double 
oset HgH does not 
ontainthe identity 1G. Furthermore, for any g 6= 1G the 
losure of the 
onjugation 
lassC(g) = fhgh�1 : h 2 Gg of g does not 
ontain 1G.Proof. Our statement is obviously true for any 1-step nilpotent (abelian) group G.Suppose that the statement of our lemma is true for all n-step nilpotent groupsand let G be (n + 1)-step nilpotent with a 
losed subgroup H. We denote by theproje
tion of G onto ~G = G=Z(G) by �.If we have �(g) 2 ~H = �(H), then for every open neighbourhood U of 1G we
an �nd h 2 H so that h 2 Ug � Z(G), be
ause � is an open mapping. It follows



NILPOTENT EXTENSIONS OF MINIMAL HOMEOMORPHISMS 9that there exists an element k 2 Z(G) with kH � UgH, and as k is in the 
entre ofG any left translation by an element of H leaves the set kH invariant. Hen
e gH isthe limit point of a sequen
e of �xed points under the left translations by elementsof H, and thus gH is also a �xed point. We 
an 
on
lude that HgH = HgH = gH,and this set does not 
ontain 1G if g =2 H.Otherwise �(g) =2 ~H and as ~G is n-step nilpotent the identity in ~G is not 
on-tained in the 
losure of ~H�(g) ~H , and from the 
ontinuity of � it follows that also1G =2 HgH.The proof of the se
ond statement is similar: If g 2 Z(G) then C(g) = fgg,otherwise �(g) 6= 1 ~G and the statement follows from the indu
tion hypothesis on~G and the 
ontinuity of �. �Theorem 3.2 (Stru
ture of surje
tive orbit 
losures). Suppose that f is a regular
o
y
le taking its values in a nilpotent l.
.s. group G, and let C be a surje
tiveTf -orbit 
losure. We have then the following statements, in whi
h H denotes the
losed subgroup Stab(C):(i) For every x 2 X there is some gx 2 G so that Cx = gxH.(ii) The mapping 
 : X �! G=H with 
(x) = gxH is 
ontinuous.Proof. Suppose that C = �Of (x0; g0) is a surje
tive orbit 
losure, let x 2 X be anarbitrary point and let fnkgk�1 be a sequen
e with Tnkx! x0. >From Theorem 2.1we know that C=H is 
ompa
t and that Cx0 = g0H. If we 
hoose a neighbourhoodbase fUkgk�1 at 1G, then there is a subsequen
e fmkgk�1 of fnkgk�1 so thatf(mk ; x) �Cx = CTmkx � Ukg0H for all k � 1:Indeed, assume that there exists a neighbourhood Ul 2 fUkgk�1 and a sequen
efgkHgk�1 � Cx so that f(nk; x) � gkH =2 Ulg0H for in�nitely many k � 1. As Tf isa minimal homeomorphism on the 
ompa
t spa
e C=H and Tnkx! x0, it followsthat there exits a least one limit point of the sequen
e f(nk ; x) � gkH outside ofUlg0H. But su
h a limit point is an element of Cx0=H apart from g0H, and thisleads to a 
ontradi
tion.If we assume that g; g0 2 Cx theng�1g0 = g�1 � f(mk ; x)�1 � f(mk ; x) � g0 2 Hg�10 U�1k Ukg0H;and hen
e for suitably 
hosen sequen
es fhkgk�1; fh0kgk�1 � H it follows thath�1k g�1g0h0k 2 g�10 U�1k Ukg0 = Vk:The open sets fVkgk�1 also de�ne a neighbourhood base at 1G and thus 1G 2Hg�1g0H, and then Lemma 3.1 implies that g�1g0 2 H. But as g; g0 2 Cx werearbitrary the set Cx 
onsists of just one left H-
oset.The proje
tion �X from C=H to X is a 
ontinuous, open, one to one, and ontomapping, and hen
e it is a homeomorphism of the 
ompa
t spa
es C=H and X. As��1X is 
ontinuous the proof is 
omplete. �Remark 3.3. Theorem 3.2 as well as all other results of this se
tion a
tually hold forany group G satisfying the double 
oset property in Lemma 3.1. For instan
e, everydis
rete group or every group whi
h admits a biinvariant metri
 obviously satis�esthis property. Note that the double 
oset property is weaker than nilpoten
y. Forexample, if the sequen
e of groups Gn de�ned by G0 = G and Gn+1 = Gn=Z(Gn)terminates with a group whi
h admits a biinvariantmetri
 (e.g. any 
ompa
t group),



10 GERNOT GRESCHONIG AND ULRICH HAB�OCKthen G also satis�es the double 
oset property. The proof is then analogous to theproof of Lemma 3.1.Let H be any 
losed subgroup of G, and denote the set of all subgroups whi
hare 
onjugate to H over an element of G by HG = fgHg�1 : g 2 Gg. If we letStab(H) = fg 2 G : gHg�1 = Hg be the stabiliser of H in G, then the mapping' : G= Stab(H) �! HG with '(g � Stab(H)) = gHg�1 (12)is a bije
tion between G= Stab(H) and HG. We shall identify HG with G= Stab(H)and turn it into a lo
ally 
ompa
t topologi
al spa
e by means of this identi�
ation.Theorem 3.4 (Essential ranges). Suppose that f is a regular 
o
y
le taking itsvalues in a nilpotent l.
.s. group G, let C be a surje
tive Tf -orbit 
losure and letH = Stab(C). For every x 2 X we have the equality thatEx(f) = CxC�1x = gxHg�1x ; (13)in whi
h gx is determined as in Theorem 3.2. It follows that Ex(f) 2 HG for allx 2 X and that x 7! Ex(f) is a 
ontinuous map from X into HG.Proof. We want to show �rst that �X is an open mapping from C onto X, andfrom Theorem 3.2 we already know that the �rst proje
tion is an open mappingfrom C=H onto X. As every verti
al se
tion of C 
onsists of only one left 
oset ofH we 
an 
on
lude for every open subset O � X �G with O \C 6= ? that�G=H(O \C) = �G=H(O) \C=H;where the latter set is open in C=H. Therefore �X(O \C) = �X��G=H(O \C)� isopen in X.The in
lusion CxC�1x � Ex(f) is part of Theorem 2.6, and to prove the 
onversein
lusion let (x; g) 2 C and h 2 Ex(f) be arbitrary. Let U be an arbitrary openneighbourhood of 1G and 
hoose an open neighbourhood V of 1G with V hV h�1 �U . For any Æ > 0 the set �X�C \ (B(x; Æ)�V g)� is open and 
ontains an open ballB(x; Æ0) for some Æ0 > 0. As h 2 Ex(f), we 
an �nd a point x0 
ontained in B(x; Æ0)so that Tnx0 2 B(x; Æ0) and f(n; x0) 2 V h. If (x0; g0) is a point in C\ (B(x; Æ)�V g)whi
h proje
ts on x0, thenTnf (x0; g0) = �Tnx0; f(n; x0)g0� 2 B(x; Æ0) � V hg0 � B(x; Æ)� Uhg:As C is 
losed while U and Æ were arbitrary we 
an 
on
lude that (x; hg) 2 C andthus h 2 CxC�1x .Theorem 3.2 says that Cx = gxH and that the map 
 : X �! G=H with
(x) = gxH is 
ontinuous, and therefore Ex(f) = CxC�1x is equal to the 
onjugategroup gxHg�1x 2 HG, whi
h 
orresponds to the element gx �Stab(H) in G= Stab(H).The proje
tion p : G=H �! G= Stab(H) with p(gH) = g � Stab(H) is 
ontinuousand thus the map x 7! Ex(f) = ' Æ p Æ 
(x) is also 
ontinuous, in whi
h ' denotesthe homeomorphism between G= Stab(H) and HG. �4. Regularity of 
o
y
les for minimal rotationsWe suppose from now on that X is a lo
ally 
onne
ted 
ompa
t group with aminimal rotation T , and we let Æ(�; �) denote an invariant metri
 on X. It followsthat T is a minimal isometry with respe
t to Æ, and Æ(T kx; x) < " for some x 2 Ximplies that Æ(T ky; y) < " for all y 2 X. Thus integer sequen
es fkngn�1 with



NILPOTENT EXTENSIONS OF MINIMAL HOMEOMORPHISMS 11T knx! x for some x 2 X ful�l that T kn ! IdX uniformly, and su
h sequen
es areoften 
alled rigidity times.De�nition 4.1. Let H be a 
losed subgroup of G and let HG denote the set ofall subgroups 
onjugate to H. We say that a 
ontinuous map y 7! Hy from X intoHG is a 
onsistent sele
tion of subgroups in the essential ranges of the 
o
y
le f ,if it ful�ls that Hx � Ex(f) (14)for all x 2 X and in analogy to the essential ranges thatHTnx = f(n; x) �Hx � f(n; x)�1 (15)for all x 2 X and all integers n.In the following two lemmas we prove some elementary properties of su
h 
on-sistent sele
tions of subgroups.Lemma 4.2. Let U be a relatively 
ompa
t open neighbourhood of 1G so thatEz(f) \ ( �UHz rUHz) = ? for some z 2 X. Then there exists an " > 0 so that forall y 2 X and n 2Zwith Æ(y; z) < " and Æ(Tny; z) < " it holds thateither f(n; y) �Hy \ UHy 6= ? or f(n; y) �Hy \ �UHy = ?: (16)Furthermore, for every y 2 X the set Ey(f) is a subset of the quotient spa
e G=Hy,i.e for any g 2 Ey(f) we have gHy � Ey(f).Proof. Assume that there exists a sequen
e f(nk; yk)gk�1 � Z� X with yk ! zand Tnkyk ! z as well as f(nk; yk) �Hyk\U = ? and f(nk; yk) �Hyk\ �U 6= ? for allintegers k � 1. We sele
t then a sequen
e gk 2 f(nk; yk) �Hyk \ ( �U rU ) and assumeby the 
ompa
tness of �U rU that gk is 
onvergent to g0 2 �U rU . If this limit pointg0 were within UHy, then g0h 2 U for some h 2 Hy would imply that VW � U foran open neighbourhood V of g0 and an open neighbourhoodW of h. As gk 2 V andW \Hyk 6= ? for all k large enough a 
ontradi
tion to f(nk ; yk) �Hyk\U = ? wouldo

ur, and thus g0 =2 UHy. The in
lusionHyk � Eyk(f) holds for every integer k � 1and hen
e for every �xed k we 
an �nd a sequen
e f(mkl ; ykl )gl�1 � X �Zso thatykl ! yk, Tmkl ykl ! yk and f(nk; yk) � f(mkl ; ykl )! gk as l!1. By the 
ontinuityof f(nk; �) we 
an state that f(nk; Tmkl ykl ) � f(mkl ; ykl ) = f(nk + mkl ; ykl ) ! gk asl ! 1, and in the limit k ! 1 it follows that g0 2 Ez(f) \ ( �U r UHy), whi
h
ontradi
ts the assumptions of the Lemma.The se
ond assertion of the lemma also follows from the pre
eding argument,if we let f(nk; yk) ! g 2 Ey(f) and, as the map y 7! Hy is 
ontinuous, 
hoosea sequen
e fhkgk�1, hk 2 Hyk with hk ! h 2 Hy and let f(mkl ; ykl ) ! hk asl !1. �Lemma 4.3. Let U � G be an open subset and C � G a 
ompa
t subset. Thenfor any �xed integer n the sets fy 2 X : f(n; y) �Hy \ UHy 6= ?g and fy 2 X :f(n; y) �Hy \CHy = ?g are both open.Proof. If f(n; y) � h 2 U with some h 2 Hy, then we 
an 
hoose two suitable openneighbourhoods V and W of f(n; y) and h respe
tively so that V W � U . >Fromthe 
ontinuity of the maps y 7! f(n; y) and y 7! Hy it follows that there exists anopen neighbourhood W of y with f(n; y0) 2 V and Hy0 \W 6= ? for all y0 2 W,and thus f(n; y0) �Hy0 \U 6= ? for all y0 2 W. For the proof of the se
ond assertionwe assume that f(n; y) �Hy \C = ?, while there is a sequen
e fykgk�1 
onvergent



12 GERNOT GRESCHONIG AND ULRICH HAB�OCKto y so that f(n; yk) � Hyk \ C 6= ?. For every positive integer k we sele
t thenhk 2 Hyk and gk = f(n; yk) � hk 2 C, and by the 
ompa
tness of C we 
an assumethat gk ! g0 2 C. But as f(n; �) is 
ontinuous the sequen
e fhkgk�1 de�ned byhk = f(n; yk)�1 � gk 
onverges to f(n; y)�1 � g0. As the map y 7! Hy is 
ontinuousand yk ! y there is a sequen
e f(h0k; bk)gk�1 � Hz � G with bk ! 1G so thathk = bkh0kb�1k , and hen
e h0k is also 
onvergent to f(n; y)�1 � g. We obtain thatf(n; y)�1 � g 2 Hy and a 
ontradi
tion o

urs. �The following proposition is a generalisation of a result in the paper [A℄, and thefa
t that X is lo
ally 
onne
ted will be essential.Proposition 4.4. Suppose that T is a minimal rotation on a lo
ally 
onne
ted
ompa
t group X and that f : X �! G is a 
ontinuous re
urrent 
o
y
le for Twith values in a l.
.s. group G. Let y 7! Hy be a 
onsistent sele
tion of subgroupsfrom X into HG and assume that for every y 2 X there is a neighbourhood basefUn;ygn�1 of 1G, whi
h 
onsists of relatively 
ompa
t open sets, so thatEy(f) \ ( �Un;yHy r Un;yHy) = ?for all n � 1. Then for every x 2 D(f) the Tf -orbit 
losure of (x;Hx) in G=Hx is
ompa
t.Proof. We suppose that (z; gHx) is a point in the Tf -orbit 
losure of (x;Hx), andas x 2 D(f) there exists an integer sequen
e fnkgk�1 with jnkj ! 1 so thatTnkx ! z and f(nk; x) ! g as k ! 1. Furthermore it follows from f(nk ; x)! gand equation (15) in the limit that Hz = gHxg�1. We �x � > 0 and a positiveinteger l and apply Lemma 4.2 to �nd a positive " � � so that for all y 2 X andm 2Zwith Æ(y; z) < " and Æ(Tmy; z) < " we have thateither f(m; y) �Hy \ Ul;z 6= ? or f(m; y) �Hy \ �Ul;z = ?:There exists an open 
onne
ted neighbourhood O of z with O � fy : Æ(y; z) < "=2g,be
ause X is lo
ally 
onne
ted, and we 
hoose an integer k0 � 1 so that for all k � k0we have that Tnkx 2 O andf(nk; x) � f(nk0 ; x)�1 = f(nk � nk0 ; Tnk0x) 2 Ul;z ;f(nk0 ; x) � f(nk; x)�1 = f(nk0 � nk; Tnkx) 2 Ul;z :The rotation T is an isometry and thus Æ(Tnk0�nky; y) < " and Æ(Tnk�nk0y; y) < "uniformly for all y 2 X, and from the 
onne
tedness of O and Lemma 4.3 we 
an
on
lude for all k � k0 thatf(nk � nk0 ; z) �Hz \Ul;z 6= ? and f(nk0 � nk; z) �Hz \Ul;z 6= ?:Sin
e � > 0 and l were arbitrary and jnkj ! 1 the point (z;Hz) is re
urrent in theterminology of [GH℄, i.e. it is a limit point of both of the sets fTkf (z;Hz) : k � 1gand fTkf (z;Hz) : k � �1g. The right translation Rg�1 : X�G=Hz �! X�G=Hx isa homeomorphism and thus the right translate (z; gHx) = (z;Hzg) = Rg�1 (z;Hz)is also re
urrent under Tf . We observe then thatf(�nk ; z) � gHx = f(�nk0 ; Tnk0�nkz) � f(nk0 � nk; z) � gHx �� f(�nk0 ; Tnk0�nkz) � Ul;zHzgHx = f(�nk0 ; Tnk0�nkz) � Ul;zgHxfor all k � k0, and thus f(�nk; z) � gHx stays within a relatively 
ompa
t setfor all k � 1. By passing to a subsequen
e we 
an assume that f(�nk ; z)gHx is
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onvergent to a left 
oset g0Hx while T�nkz ! x, be
ause T is an isometry. Observethat (x; g0Hx) is also in the Tf -orbit 
losure of (x;Hx), and from Hx � Px(f) itfollows that g0 belongs to Px(f). But g0�1 belongs also to Px(f) whi
h means that(x;Hx) is in the Tf -orbit 
losure of (x; g0Hx), and therefore it belongs also to theorbit 
losure of (z;Hz). This proves that the orbit 
losure of (x;Hx) is minimal.>From theorem 7.05 in [GH℄ we obtain that (x;Hx) is almost periodi
 under Tfand Theorem 4.10 in [GH℄ then shows that this orbit 
losure is 
ompa
t. �Proposition 4.5. Let T be a minimal rotation on a lo
ally 
onne
ted 
ompa
t groupX and let f : X �! G be a 
ontinuous re
urrent 
o
y
le for T with values in anilpotent l.
.s. group G. Suppose that y 7! Hy is a 
onsistent sele
tion of subgroupsfrom X into HG satisfying Ey(f) � Stab(Hy) for every y 2 X. If there exists apoint x 2 X with Ex(f) = Hx, then for every y 2 X there is a neighbourhood Uyof 1G so that Ey(f) \ UyHy = Hy:Remark 4.6. Note that if we put Hx = f1Gg, then the proposition yields thatequality of the sets Ex(f) and Hx at a single point implies that the identity 1G isan isolated point of Ey(f) for in every y 2 X.In the proof of the proposition we shall need the following Lemma,whi
h requiresthe same assumptions as Proposition 4.5:Lemma 4.7. Let z 2 X be arbitrary and assume that g 2 Stab(Hz) r Hz. Thenthere exists a neighbourhood U of 1G so that for all integers nf(n; z) � gHz � f(n; z)�1 \ U = f(n; z) � g � f(n; z)�1HTnz \ U = ?:Proof. Suppose that there exists a sequen
e f(ml ; hl)gl�1 � Z� Hz whi
h ful�lsthat f(ml ; z) � ghl � f(ml ; z)�1 ! 1G as l ! 1. By the 
ompa
tness of X we 
anassume that Tmlz ! y 2 X. If we 
hoose another integer sequen
e fkigi�1 withT kiy ! z, then the 
ontinuity of f(ki; �) implies for every �xed positive integer ithat f(ml+ki; z) �ghl �f(ml+ki; z)�1 ! 1G as l !1. Thus we 
an �nd an integersequen
e fjlgl�1 with T jlz ! z and f(jl; z) � ghl � f(jl ; z)�1 ! 1G as l !1. Thena

ording to the equation (14) and the 
ontinuity of the mapping y 7! Hy we 
ansele
t a sequen
e f(gl; bl)gl�1 � Stab(Hz) � G with bl ! 1G and f(jl ; z) = blgl.Hen
e gl � ghl � g�1l ! 1G as l ! 1 and this 
ontradi
ts the se
ond assertion ofLemma 3.1, applied to the nilpotent l.
.s. group Stab(Hz)=Hz. �Proof of Proposition 4.5. We suppose that the identity 
oset Hz is an a

umulationpoint ofEz(f) in the quotient topology ofG=Hz for some z 2 X. >FromEx(f) = Hxit follows for any relatively 
ompa
t open neighbourhood U1 of 1G that there existsan open neighbourhood U of x withEy(f) \ ( �U1Hy r U1Hy) = ? (17)for all y 2 U . Indeed, as Ey(f) is a set in the quotient spa
e G=Hy for all y 2 Xwe 
ould otherwise �nd a sequen
e f(yk; gk)gk�1 � X � G with yk ! x andgk 2 Eyk(f) \ ( �U1 r U1Hyk). As �U1 is 
ompa
t we 
an assume that the sequen
efgkgk�1 is 
onvergent to g0 2 �U1. If this limit point were in the open set U1Hx, thenwe 
ould �nd an open neighbourhood V of g0 and an open neighbourhood W ofsome h 2 Hx with VW � U1. There exists a positive integer k0 with Hyk \W 6= ?and gk 2 V for all k � k0, be
ause the map y 7! Hy is 
ontinuous and gk ! g0,
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ontradi
ts that gk =2 U1Hyk for all integers k. Hen
e it follows thatg0 2 Ex(f) \ ( �U1 r U1Hx), whi
h 
ontradi
ts that Ex(f) = Hx.We 
hoose now an integer n1 with Tn1z 2 U and obtain from the equations (5),(14), and (17) that the relatively 
ompa
t open neighbourhood V1 of 1G de�ned byV1 = f(n1; z)�1 � U1 � f(n1; z) of 1G ful�ls thatEz(f) \ ( �V1Hz r V1Hz) = ?: (18)The assumption that Hz is not isolated in Ez(f) in the quotient topology impliesthat there exists a g 2 �Ez(f) \ V1� n Hz, and Lemma 4.7 shows then that thereexists a relatively 
ompa
t open neighbourhood U2 of 1G so thatf(n; z) � gHz � f(n; z)�1 \ U2 = ?for all integers n. In the same manner as above we 
an �nd an integer n2 so thatthe neighbourhood V2 = f(n2; z)�1 � U2 � f(n2; z) obeys thatEz(f) \ ( �V2Hz r V2Hz) = ?; (19)while on the other hand gHz \ V2 = ? and hen
e g 2 Ez(f) \ (V1 r �V2Hz).A

ording to the equations (18) and (19) we 
an apply Lemma4.2 to �nd " > 0 sothat equation (16) holds for the neighbourhoods V1 and V2, and we 
hoose then anopen 
onne
ted neighbourhood O of z with O � fy 2 X : Æ(y; z) < "=2g. As the setV1 r �V2Hz is a neighbourhood of g 2 Ez(f) we 
an sele
t a sequen
e f(nk; zk)gk�1inZ�O with zk ! z, Æ(Tnky; y) < 2�k" for all y 2 X, and f(zk ; nk) 2 V1r �V2Hz.>From the 
onne
tedness of O and the fa
t that TnkO � fy 2 X : Æ(y; z) < "g itfollows from Lemma 4.3 thatf(nk; y) �Hy \ V1 6= ? and f(nk; y) �Hy \ �V2 = ?for every y 2 O, be
ause f(nk; zk) 2 V1 r �V2Hz and both the sets fy 2 X :f(n; y)�Hy\Vi 6= ?g and fy 2 X : f(n; y)�Hy\ �Vi = ?g are open. The 
ompa
tnessof the set �V1, the 
ontinuity of f(nk; �), and the in
lusion Hy � Ey(f) imply in thelimit k!1 that Ey(f) \ ( �V1 r V2Hy) 6= ? (20)for every y 2 O. But as the T -orbit of x is dense in X the equation (5) shows thatthere are points y 2 O with Ey(f) = Hy, and a 
ontradi
tion o

urs. �With these prerequisites we are now able to prove the main result on regularityof 
o
y
les:Theorem 4.8. If T is a minimal rotation on a lo
ally 
onne
ted 
ompa
t group Xand f : X �! G is a 
ontinuous re
urrent 
o
y
le with values in a nilpotent l.
.s.group G, then the 
o
y
le f is regular.Proof. The proof is by indu
tion, starting with the 0-step nilpotent group G = f1Ggwhere the assertion is trivial. We suppose now that the assertion of the theoremis ful�lled for every (n � 1)-step nilpotent group and let G be a n-step nilpotentgroup. We denote the proje
tion from G onto G=Z(G) by � and let ~f = �Æf be theproje
tion of the 
o
y
le f on the (n � 1)-step nilpotent quotient group G=Z(G),whi
h is a regular 
o
y
le by the indu
tion hypothesis.Sin
e ea
h of the sets D(f) and D� ~f� 
ontains a dense GÆ-set we 
an �x apoint x 2 X with Ex(f) = Px(f) = H and Ex� ~f� = Px� ~f� = ~H. The Theorem2.6 shows then that ~C = �O ~f (x;1 ~G) is a surje
tive orbit 
losure in X � ~G with



NILPOTENT EXTENSIONS OF MINIMAL HOMEOMORPHISMS 15~H = Stab( ~C) = ~Cx = Ex� ~f� = Px� ~f� and that there is a 
ontinuous map ~
 :X �! ~G= ~H with ~
(y) = ~Cy = ~gy ~H. Suppose that g 2 H and h 2 ��1( ~H), thenthere is an integer sequen
e fkigi�1 so that T ki ! IdX and f(ki; x) ! g and asequen
e f(ml; zl)gl�1 �Z�Z(G) with Tml ! IdX and f(ml ; x) � zl ! h. For any�xed integer l � 1 it follows thatf(ml ; T kix) � f(ki; x) � f(�ml ; Tmlx)! f(ml ; x) � zlgz�1l � f(�ml ; Tmlx)as i !1. In the limit l !1 we 
an obtain that hgh�1 2 H and thus ��1( ~H) �Stab(H). Therefore the map 
 : X �! G=Stab(H) with y 7! ���1 Æ ~
(y)� �Stab(H)is well de�ned with 
(x) = Stab(H), and as � is open 
 is a 
ontinuous map. Forevery y 2 X we set Hy = gyHg�1y with some gy 2 
(y) and obtain a 
ontinuousmap from X to HG with Hx = H. >From ~
(Ty) = ��f(y)� � ~
(y) for any y 2 X itfollows that 
(Ty) = ���1 Æ ~
(Ty)� � Stab(H) = f(y) � 
(y);and hen
e the map y 7! Hy obeys equation (15). Furthermore, from Hx = H �Ex(f) it follows with equations (5) and (15) that HTkx � ETkx(f) for all integersk. If y 2 X and g 2 Hy are arbitrarily 
hosen and if fklgl�1 is a sequen
e withT klx! y, then by the 
ontinuity of the map 
 we 
an 
hoose a sequen
e fglgl�1 � Gwith gl 2 HTklx and gl ! g. We obtain that g 2 Ey(f) and hen
e both in
lusions(14) are ful�lled.Let y 2 X be arbitrary and let g 2 Ey(f), then it follows that g 2 ��1�Ey� ~f��and from Theorem 3.4 and the in
lusion ��1( ~H) � Stab(H) we 
an 
on
lude thatg 2 ��1�~
(y) � ~H � ~
(y)�1� = ��1�~
(y)� � ��1( ~H) � ��1�~
(y)��1 �� 
(y) � Stab(H) � 
(y)�1 = Stab(Hy):Proposition 4.5 shows now that for every y 2 X there is a neighbourhood Uy of1G withEy(f)\UyHy = Hy and Proposition 4.4 applies. Sin
e Ex(f) = Px(f) = HxCorollary 2.7 shows that the 
o
y
le f is regular. �In the paper [A℄ it has been proved that the essential range of 
o
y
le for aminimal rotation on a torus is 
onne
ted if it takes its values in Rd. Later in thepaper [M1℄ this result has been generalised to 
o
y
les for a minimal rotation on
ompa
t monotheti
 group (not ne
essarily 
onne
ted) with values in an abelianl.
.s. group without 
ompa
t subgroups. In the next theorem we want to explorethis problem in the 
ase of nilpotent l.
.s. groups.Theorem 4.9. Let T be a minimal rotation on a lo
ally 
onne
ted 
ompa
t groupX and let f : X �! G be a 
ontinuous re
urrent 
o
y
le with values in a nilpotentl.
.s. group G. Then for every y 2 X the essential range Ey(f) is almost 
onne
ted,i.e. the quotient group Ey(f)=(Ey(f))0 of the essential range modulo its identity
omponent is a 
ompa
t group. Furthermore, if G is a 
onne
ted and simply 
on-ne
ted nilpotent Lie group then Ey(f) is 
onne
ted for every y 2 X.Proof. Let x be a point out of the set D(f) and let H0 = (Ex(f))0 be the identity
omponent of the essential range at x. We already know from Theorem 4.8 that the
o
y
le f is regular, and from Theorem 3.4 it follows then that Ey(f) is 
onjugateto Ex(f) for all y 2 X. We set H0y = (Ey(f))0 and obtain a 
onsistent sele
tion ofsubgroups from X to (H0)G, be
ause the essential ranges are 
onjugate on any T -orbit a

ording to the equation (5), while the identity 
omponent is again mapped
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omponent under 
onjugation. Furthermore, the 
ontinuity of y 7!H0y follows from the 
ontinuity of y 7! Ey(f) in Theorem 3.4 and the in
lusionStab(H) � Stab(H0). It is well known that for any l.
.s. group H the identity
omponent H0 is normal in H with a totally dis
onne
ted quotient group H=H0,and thus the 
onsistent sele
tion of subgroups y 7! H0y ful�ls the requirements ofProposition 4.4. Now we 
an 
on
lude that the Tf -orbit 
losure of (x;H0) in X �G=H0 is 
ompa
t, and the in
lusion H0 � Px(f) implies that �G=H0��Of (x;1G)� =�Of (x;H0). Hen
e Ex(f)=H0 = Px(f)=H0 is 
ompa
t as well as Ey(f)=H0y for anyy 2 X, be
ause all essential ranges are 
onjugate.If G is a 
onne
ted and simply 
onne
ted nilpotent Lie group, then H0 is a
onne
ted and simply 
onne
ted nilpotent Lie subgroup of G. As the quotient groupof any Lie group by its identity 
omponent is a dis
rete group, it follows that the
ompa
t quotient groupEx(f)=H0 is a �nite group. If gH0 is an arbitrary element inEx(f)=H0, then we 
an 
on
lude that gk 2 H0 for some integer k. The exponentialmap is a di�eomorphism from the Lie Algebra g onto G and its restri
tion to theLie algebra h0 is a di�eomorphism onto H0. If Y is the unique element of g withexp(Y ) = g, then exp(kY ) = exp(Y )k implies that kY 2 h0, and as h0 is a linearspa
e we 
an 
on
lude that Y 2 h0 and g 2 H0. �Referen
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