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ABSTRACT. The rigid body dynamics with two particular linear controls is discussed
and some of its geometrical properties are pointed out.

1. Introduction.

There has been a great deal of work over the past decade analyzing the geometry
and the dynamics of the rigid body motion with n controls, 0 < n < 2. We can
mention here the papers of Brockett [4], Aeyels [1], Aeyels and Szafranski [2], Bloch
and Marsden [3], Holm and Marsden [6] and Puta [9], [10]. In general, in all the
above papers the involved controls are of polynomial type of degree two. The goal
of our paper is to consider the case of the linear controls. More precisely we present
some geometrical properties of the rigid body with two particular linear controls
about the minor and respectively the major axes.

2. The rigid body with two linear controls.
The rigid body equations with two controls about the minor and respectively
major axes are given by

my = aymoms + uj,
(2.1) Mz = azmims,

msy = azmims + us,

where

1 1 1 1 1 1
2.2 = — — — = - = - _
22 “TL RYTL LT LI

I; > I > I are the principal moments of inertia and uy,uz € C*°(R3 R).
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Now employ the feedbacks

(2.3) {ul = ~hkms,

Uz = kml,

where k € Ris the feedback gain parameter. We shall refer to the system (2.1)-(2.3)
as the controlled system.

Let SO(3) be the group of all linear orientation preserving orthogonal transfor-
mations of [R? onto itself. If we fix a basis of R® then SO(3) is the Lie group of all
matrices R of type 3x3 with real coefficients such that

(2.4) R'“R=1,
and
(2.5) det(R) = 1.

Its Lie algebra so(3) is the set of all sew-symmetric matrices of type 3x3, i.e.

0 a b
(2.6) s0(3) = —a 0 c|labce R,
—b —c 0

that can be identified with R? via the mapping

0 —r q
(2.7) v=pgr) R b= r 0 —p|eso3)
-q p 0

The Lie bracket is then mapped to the cross-product in the sense that

—

(2.8) [0, 0] = v X w.
Moreover, the dual of its Lie algebra, i.e. so(3)*, may be identified with so(3) via

the Killing form. Then we can prove:

Theorem 2.1. The controlled system (2.1)-(2.3) is a Hamailtonian-Poisson me-
chanical system with the phase space P = so(3)* = R, the Hamiltonian H given

by

1 2 2 2
(2.9) H(m17m27m3):§<ﬁ+@+%>+km2

and with respect to the minus-Lie-Poisson structure on so(3)*.

Proof. Firstly, let us remind ourselves that the minus-Lie-Poisson structure on
s0(3)* is in fact the Rigid-Body-Bracket on so(3)* and it is given by

(2.10) {fr9}=(ma,ma,ms) = —(m1,mz,m3) - (Vf x Vg),

where V f is the gradient of f. Now an easy computation shows us that
ml = {ml7 H}_7Z = 17 27 37

which gives the result. [



Remark 2.1. It is easy to see that the function C' given by
Loy 2 2
(2.11) Cmu,me,ms) = S(my +mj +ms)

is a Casimir of our configuration, i.e.

{C,f}-=0,

for each f € C(R* R).

3. Stability and Stabilization.

It is a classical result that a rigid body rotates stably about its major and minor
principal axes, but unstably about its intermediate axis.

We show here, via the Energy-Casimir method, that we can stabilize the rigid
body equations about the intermediate axis of inertia by certain two linear controls
about the minor and the major axes. More precisely we have:

Theorem 3.1. The controlled system (2.1)-(2.3) may be stabilized about the equi-
librium

(i) e1 = (0,M,0),M > 0, for k € (—o0, —as) U (ay,0);

(ii) e3 = (0, M,0), M <0, for k € (—o0, —ay) U (as, o).

Proof. (1) Without loss of generality, we can suppose that the equilibrium state is
er =(0,1,0).

Consider first the system linearized about (0,1,0). Its eigenvalues are given by
the solutions of

(3.1) AN+ ( + as)(k — ay)] = 0.

Hence for k € (—a3,ay), the system is unstable, but for k € (—oo, —az) U (a1, 0)
we have two imaginary and one zero eigenvalue. Is the system stable? We prove
that it i1s via the Energy-Casimir method.

Recall that the Energy-Casimir method (see, e.g. Holm, Marsden, Ratiu and
Weinstein [7]) requires finding a constant of the motion for the system, usually the
energy H. and a family C of constants of the motion, such that for some C' € C, H4+C
has a critical point at the equilibrium of interest. Often the C’s are taken to be
Casimir-functions that commute with all other functions under the Poisson bracket.
Then, in the case of finite dimension, the definiteness of §?(H + C') at the critical
point is sufficient to prove stability.

Now let us take the modified Energy-Casimir function

1 2 2 2
(3.2) He(mi,ma,ms) = = (ﬁ L %>
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where ¢ i1s an arbitrary smooth function. Then we have:
1/m? m2 m’
S(Ho)=6 2| 2+ 2+ 2 k
(He) <2<11 gt I3>+ m2>

1
46 (Lp (5 (mf —I—mg + m§)>>
m m m
— I—lléml + I—;(Smg + I—;5m3 + kémy

+ c,'o(mléml + m25m2 + m3(5m3).

At the equilibrium of interest (0, 1,0) the first variation is zero if and only if

) 1
(3.3) O(1/2) = —— + k.
I,
Then
2 1 2 1 2 1 2
$(He) = = (ma)? + = (dma)? + —(sms)
I I, I

+ c,'o'(mléml + m25m2 + m3(5m3)2 + 99[((57711)2 + ((sz)z + ((5m3)2]

At the equilibrium of interest (0,1,0) we have:

S(HEN0.1.0) = —(k + as)(bms)? — k(oma)? + G5 )(ma)? + (an — k)(bms )2
Hence for k € (—o0, —as) [resp. k € (a1,00)] and choosing ¢ > 0 [resp. ¢ < 0] the
second variation is positive [resp. negative] definite and we have nonlinear stability.

(ii) Without loss of generality, we can suppose that the equilibrium state is
ez = (0,—1,0).

Consider first the system linearized about (0,—1,0). Its eigenvalues are given by
the solutions of

(3.4) AN+ (k — as)(k + ay)] = 0.

Hence for k € (—ay,as), the system is unstable, but for k € (—oo, —ay) U (a3, o)
we have two imaginary and one zero eigenvalue. Is the system stable? We prove
that it 1s using again the Energy-Casimir method.

Let us take the modified Energy-Casimir function (3.2). Then at the equilibrium
of interest (0, —1,0) the first variation is zero if and only if

1

P(1/2) =~ — k.

Then the second variation at the equilibrium of interest is:
L1
S(HEN0.~1.0) = (k — a)(bma ) + (k- ar)(6ms )+ k(5ma)? + 302 )(6ma)”

Hence for k € (—oo,—ay) [resp. k € (a3, 00)] and choosing ¢ < 0 [resp. ¢ >
0] the second variation is negative [resp. positive] definite and we have nonlinear
stability. O
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FiGure 1. The global bifurcations for the
equilibrium state (0, 1,0)
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FiGure 2. The global bifurcations for the
equilibrium state (0, —1,0)

Remark 3.1. Let us observe that the gain parameter k causes two global bifurca-
tions where the equilibrium (0,1,0) [resp. (0,-1,0)] changes its stability, see Fig. 1
[resp. Fig. 2].

4. Alternative Poisson structures.

In section 2 we have seen that our controlled system (2.1)-(2.3) is a Hamilton-
Poisson mechanical system with the phase space P = R?, the Hamiltonian (2.9) and
the Poisson structure (2.10). In this section we shall prove that it can be realized as
a Hamiltonian-Poisson mechanical system in an infinite number of different ways.

For each a,b € R let us define the following bracket
(4.1)

{f.9}ap(mi,mg,m3) = ((;—1 + b)mlv(% + b)my + ak, (

a

=4 b ) (V1 x V)

where f,g € C(IR® R). Then a very long but straightforward computation shows
us that the bracket (4.1) is in fact a Poisson bracket on [R3. Thus we have

Theorem 4.1. The controlled system (2.1)-(2.3) is a Hamiltonian-Poisson me-
chanical system with the phase space R3, the Hamiltonian H' given by

¢ [(m? m?2 m?2 d
(4.2) H'(ml,mg,mg) =3 (I—ll + 1—22 + I—33> + ckmoy + §(mf + mg + mg),

where ¢,d € R, ad — bec = 1, and the Poisson structure (4.1).



Proof. Indeed we have successively:

{m1,H'}op = — (Iﬁ + b) (Ii —|—d> moms — ka (Ii —|—d> ms
2 3 3

a C a
‘|‘<g‘|‘b> <E+d>m2m3‘|‘k0<g‘|‘b>m3

ac be ad
= maoMmsz — —M2IM3 — — 1My

LI I I

ac
— bdmaoms — k—mg3 — kadms
3
ac be ad
maomsg + —maemg + —miams3

I 13 I I3
+ bdmaemsg + k%mg + kbems
3

_|_

1 1
= (ad — bc) | — — — | mamsz — k(ad — be)ms
ER

= d1MmoMs — km3

= 171y
and similarly

{m27Hl}a,b -

! .
) b =
{mS H }a b ms,

|
§ .

as required. [

Remark 4.1. The same richness of Hamiltonian-Poisson structures was found in
the case of the rigid body system by Holm and Marsden [6], in the case of the
rigid body system with one and respectively two quadratic controls by Holm and
Marsden [6] and respectively by Puta [9], in the case of the rigid body system with
one rotor and an internal torque by Puta [8], in the case of the Maxwell-Bloch
system by David and Holm [5], and in the case of the Maxwell-Bloch system with
one control by Puta [10].

We want to finish with the remark that for the particular case £ = 0 we refined
some results established by Holm and Marsden [6].
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