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1. INTRODUCTION

The current group G¥, where X is a smooth manifold with a finite continuous measure
m and G is a Lie group, is the collection of bounded piecewise continuous or, more generally,
Borel G-valued functions on X. The group operation is the pointwise multiplication. The
general approach to representations of current groups in the Fock space was suggested in
the pioneering paper [1], but the most important case of semisimple groups and the notion
of canonical states were first considered in the series of papers [14, 15, 16, 17, 5, 13], in
which irreducible unitary representations of the current groups GX for some simple Lie
groups G were constructed that are invariant under any m-preserving transformations of
the space X':in the first paper of this series [14], this was done for ¢ = SL(2,R), and in
[15, 5], for G = SO(n,1) and SU(n,1). We called them the basic representations of the
current groups GX and described several models of these representations. Note that basic
representations are uniquely determined by their spherical functions, which in [14] were
called canonical states; see [5].

As shown in [15] (see also [18, 12]), the series G = SO(n,1) and SU(n,1) exhaust all
simple Lie groups GG for which such representations of the current groups do exist (in other
words, groups with nontrivial first homology with coeflicients in some irreducible unitary
representation). Canonical states for a close group, the group of automorphisms of an
infinite homogeneous tree, were considered in [10]. See also [11], where canonical states on
the group U(oo) are considered.

In this paper, we present a detailed study of the so-called commutative model of the
basic representation of the group GX for the series G = O(n,1). We will return to the
analysis of the series U(n, 1) elsewhere. For convenience, we replaced the groups SO(n, 1)
with O(n, 1).

Among different realizations of the same unitary representation 7 of an arbitrary metriz-
able topological group G, of special interest are commutative models. Namely, let Go C G
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pbe a comimutatlive subgroup such that the restriction ol 7 1o (yg 1S CyclliC. 10en, Dy an
isometric operator, one can bring the operators w(a), a € Gy, to diagonal form, i.e., real-
ize the Hilbert space of the representation = as the space of square-integrable measurable
functions with respect to the spectral measure of the representation 7|¢,, in which the rep-
resentation operators corresponding to elements of the subgroup Gy act as multiplicators.
We call such a realization the commutative model of the representation © with respect to
the subgroup Gy. The commutative models of irreducible unitary representations of the
group SL(2,R) with respect to its commutative subgroups — orthogonal, unipotent, and
diagonal — are well known; see, for example, [4]. Clearly, it makes sense to choose the
subgroup Gy so that the representation operators corresponding to other elements of the
group G will have simple expressions.

In what follows, such subgroups are the unipotent subgroups Z and Z¥ of the groups
O(n,1) and O(n, 1)%, respectively. The subgroup Z is commutative (in contrast to the
maximal unipotent subgroup in U(n, 1)) and isomorphic to the additive group R”~!. The
case n = 2, more exactly, that of the group SL(2,R), was earlier considered in [16, 13].

The interest to this realization is also due to the fact that the diagonalization of op-
erators corresponding to the chosen commutative subgroup leads to remarkable infinite
o-finite measures v in the space of distributions, which have a large group of linear sym-
metries. In the case of SL(2,R), this measure v turned out to be related to the well-known
gamma process; see [16] and, for more details, [13]. More exactly, this is a o-finite measure
equivalent to the law of the gamma process and invariant under the multiplication of real-
izations of the process by functions with zero integral of the absolute value of logarithm (an
analog of the linear transformation corresponding to a diagonal matrix with determinant
1), which allows one to call it the Lebesgue measure in the infinite-dimensional space.

In the general case G = O(n, 1) considered in this paper, this measure v is concentrated
on vector distributions, and in addition to the above property it is also invariant under
the pointwise action of the group O(n—l)X. In all cases, the measure v is concentrated on
distributions that are linear combinations of d-functions.

From the viewpoint of representation theory, the advantage of the model constructed in
this paper is that the representation operators have an explicit description, in contrast to
the realization in the Fock space (see [5]). Moreover, this model implicitly suggests certain
advantages of the similar realization of unitary representations of the Lie group O(n,1)
itself.

In the appendices we briefly discuss additional properties of the measures arising in the
construction of commutative models of representations and describe the limiting case of
the group O(oo, 1).

The short version of the paper was published in Funct.Anal.et Appl. v 39(2),2005. The
author express their gratitude to N.Tsilevich for the help in the preparaton of this text.

2. STARTING DEFINITIONS AND FORMULAS

2.1. Current groups. In this and the next sections we recall some definitions from papers
of the 60s and 70s (see [14, 18, 12, 10, 19, 9] and references therein).

The current group G, where X is a smooth manifold with a finite continuous measure
m and G is a Lie group, is the collection of bounded Borel G-valued functions on X. The



group operation 1s the pointwise multiplication. At INrst we do not introduce any topology
on G¥.

The problem is to construct irreducible unitary representations of current groups that
are invariant under m-preserving transformations of the space X. Such (invariant) repre-
sentations are nonlocal, and one usually constructs them in some or other realization of
the Fock space, more exactly, in a Hilbert space with factorization structure. It can be not
only the ordinary Fock space realized as the L? space over the standard Gaussian mea-
sure, but also the L? space over another measure corresponding to a Lévy process, i.e., a
process constructed from an infinitely divisible distribution on R or R™; for information
on factorizations, see [19]. In this paper, such measures will be multidimensional analogs
of the classical gamma process and o-finite measures constructed from them.

2.2. Canonical states. A state on a topological group is a positive definite continuous
complez-valued Hermitian (f(z~') = f(z)) function normalized to the unity at the group
identity; a state is called infinitely divisible if it can be included into a continuous one-
parameter semigroup of states. In the representation-theoretic language, the condition
of infinite divisibility means that the group representation corresponding to this state
(according to the GNS construction) can be included into an arbitrarily high tensor power
of some representation of the same group.

It is easy to show that the generator of the semigroup, i.e., the derivative of the one-
parameter family at the group identity, is a conditionally positive definite function on the
group (sometimes it is called a function of negative type); at the same time, it is the
squared norm of some 1-cocycle of the group with values in some unitary representation.
This cocycle is cohomological to zero if and only if the generator, regarded as a function on
the group, is bounded in absolute value. In this case, it coincides, up to sign and constant
summand, with a positive definite function. That is why we are interested in unbounded
conditionally positive definite functions and the corresponding nontrivial 1-cocycles with
values in irreducible unitary representations. Such cocycles do not always exist and must
lie in representations “glued” to the identity representation.

A canonical state on a group is an infinitely divisible state such that the generator of the
corresponding semigroup is an unbounded conditionally positive definite function.

Given a canonical state on a group G, we construct an irreducible unitary nonlocal
representation (integral) of the corresponding current group — the group of G-valued
measurable functions. Conversely, each invariant (see above) representation of the current
group realized in the Fock space is generated by some canonical state on G.

Thus a canonical state is the exponential of the squared norm of a nontrivial cocycle of
the group with values in an irreducible unitary representation of the group. The complete
list of groups for which a canonical state does exist is not yet known; however, there is a
number of examples, the most important of which are some classical semisimple Lie groups,
nontrivial 1-cocycles on which were first found in [15, 14]. Another example — the group
of automorphisms of a tree — is considered in [10].

In the case of semisimple groups, one requires additionally that a canonical state should
be constant on a chosen maximal compact subgroup. This condition leads to a unique (up
to the choice of a positive degree) canonical state; namely, the corresponding one-parameter
subgroup is the subgroup of spherical functions, and its generator is the derivative of the



lamily Ol spherical Tunctions ol compilementary series withh respect to the parameter at the
group identity. Thus, among semisimple groups, canonical states and the corresponding
nonlocal representations of current groups exist only on groups of rank 1 (and not all at
that), namely, on SO(n,1) and SU(n, 1)%).

It is clear from above that the restriction of a canonical state to any commutative sub-
group is an infinitely divisible characteristic (=positive definite) function, i.e., the Bochner-
Fourier transform of an infinitely divisible measure on the group of characters of the com-
mutative subgroup; hence this measure determines a Lévy process with values in the group
of characters. In our case of the group SO(n, 1), the commutative subgroup and its group
of characters is R™™!, and the representation of the current group is realized in the L2
space over some vector Lévy process.

Let ¢(-) be a canonical state on some group (; considering its restriction to a commu-
tative subgroup, we can write the Fourier transform of the law of the corresponding Lévy
process as

B(g()) = exp( | ~log pla(o)ir).

2.3. The group G = O(n,1). In this paper the group ¢ = O(n, 1) is realized as the
collection of all real matrices of order n 4 1 preserving the quadratic form

221241 + x% + ...+ xi

In another formulation, GG is the group of all real matrices satisfying the relation

gsg* = s, 5= (2.1)

== ]
o o O
oo =

where e is the identity matrix of order n — 1 and * stands for transposition.
We write elements g € (G as block matrices

g1 912 413
g= 1921 922 G231},
931 9g32 ¢33

where the diagonal blocks are quadratic matrices of orders 1, n — 1, and 1, respectively.

Dt is possible to define a canonical state on groups with the Kazhdan property (= the identity represen-
tation is an isolated point in the space of all irreducible unitary representations, as in a semisimple group
of rank more than one), but in this case we must omit the positivity condition and, consequently, allow
considering nonunitary representations. For example, for SL(n, R), n > 2, the derivative of the family of
spherical functions of complementary series representations makes sense, but it will not be a conditionally
positive function on the group. Thus the exponential of this function will not be a state on the group in
the true sense, but nevertheless it still determines an invariant bilinear form on the group algebra, which is
interesting for further construction of nonunitary representations of current groups. Note that F. A. Berezin
[3] considered presumably similar notions, but the relation between his construction and our notions is still
not clear.



Londitlon (4.1} 1s equlivalent 10 the lollowing relations between the elements ol these
matrices:
913931 + 911933 + 912032 = 1, 923931 + 921933 + 922032 = €,
2911013+ 912012 = 0, 2931933 + 93203, = 0,
911923 + 913921 + 922012 = 0, 931923 + 933921 + 922932 = 0.
The group (& contains as a subgroup the group 7 of all block matrices of the form

1 0 0
z = —7*2 e 0, yeR™!,
-y

where |y| = (32 7:2)!/2. The group Z is commutative and isomorphic to the additive group
R"™ ! and it is the maximal unipotent subgroup of G. We identify elements z € Z with
vectors ¥ € R™™! and write z(7) or simply v instead of 2.

By D we denote the subgroup of block diagonal matrices from G, and by B the subgroup
of all block lower triangular matrices. Elements of the subgroup D are matrices of the form

d=diag(e ", u,e), e€R\0, ucO(n-1).

The group B is the semidirect product B = Z X D, and the group D is the direct product
of the groups R* and O(n—1).
The canonical state ¢(g) on the group G is given by the following formula:

el =50 )

where 10y is the spherical function of the complementary series representation of the group
G with parameter A, the value A = 0 corresponding to the special representation of GG glued
to the identity representation; see [14] and [5].

Note that the special representation of the group G' corresponding to A = 0 has a
nontrivial 1-cocycle and is the unique irreducible unitary representation of GG with this

property.

2.4. The current group GX = O(n, 1)X. We consider the group G = O(n, 1) in the
realization described above. Denote by ZX, DX and B¥ the subgroups of functions g(z) €
GX with values in the subgroups Z, D, and B, respectively. Note that the group Z¥ is
isomorphic to the additive group (R"~*)* of bounded Borel functions on X with values
in R, and the group B¥ is the semidirect product BX = ZX x\ DX,

In [15, 5], for each group O(n, 1)X, an irreducible unitary representation was constructed
that is invariant under m-preserving transformations of the space X. It was called the basic
representation; several models of this representation were described.

In the chosen realization of the group O(n, 1), the spherical function W(g(-)) (canonical
state) on the current group G* that determines this representation is given by the following
formula:

W(g() = eXp(—% /X log ‘911(95) + g33(2) ; g13(2) — gs1(2) ‘ dm(m)), (2.2)



where g, ; are elements ol the bIoCK maltrix g © & . 11S reésiriction to the infnite-dimensional
commutative current group Z¥ is given by the formula

xp(y(-)):exp(—%/Xlog(HW)dm(x)), (2.3)

where 7 is the function determining the block matrix

1 0 0
2= -7 e 0] ez,
bR
5 7

Automatically, this restriction is the characteristic function of an infinitely divisible distri-
bution, because the canonical state on the group G is infinitely divisible.

We construct a commutative model of the basic representation of the group O(n, 1)X.
It is realized in the Hilbert space L?(v) of functions on the space of vector distributions
square-integrable with respect to the measure v introduced below. By the properties of
this measure, on L?(v) there is a natural unitary representation U, of the block triangular
subgroup BX, where elements z € Z* act as diagonal operators. The desired commu-
tative model of the basic representation of the group G is obtained by extending this
representation from the subgroup BX to the whole group O(n, 1)X.

The measure v is determined by its density with respect to another measure p introduced
in this paper. By definition, p is the finite measure on the space of vector distributions
whose Fourier transform is the functional W(y(-)) given by (2.3).

Note that the measure p is the law of the Lévy process obtained by the canonical
construction from the infinitely divisible measure a on the additive group R™™! whose

2
Fourier transform is (1+ %)1_”, v € R™ 1. The density of this measure a with respect to
the standard Lebesgue measure is given, up to constant factor, by the following formula:

B(E) = 1617 Kaza (20€]),

where K, (z) is the modified Bessel function of the third kind, see [2]. In particular, QZ(f) =
e~ 2l in the case n = 2. The measure « is O(n—1)-invariant, and it is a multidimensional
generalization of the symmetrized gamma distribution.

2.5. Several integral relations. In further constructions we will use formulas for the

Fourier transform of the functions (1 + %)‘A/z and |y|™ on R"7!, where |y| =
(3015 )/ Namely,

N2 e g 2 (=nt1)/2 1
/R"_l (1 + T) € dPy = Cn F(}\/Q) |€| I((n—l—/\)/2(2|€|)7 (24)

: 270 ((n—1-X)/2
[ i iy = o 2 s (2.5

where the coefficient ¢,,, the same in (2.4) and (2.5), depends only on n.
The Bessel function K, is given by the following equation (see [2]):

(I-,(22) = 1,(22)), (2.6)

K,(2z) = Ssin(mp)
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Ip(22) :mz::Om!F(m—l—p—l— 1)

2.7)

It is important for the sequel that this function is continuous and strictly positive on
the half-line 0 < z < 0.

Remark. For integer values of p, the series for K, contains terms with log z; for half-integer
values of p, the expression for K, can be simplified:

K= (5)" X e

It is convenient to write equation (2.4) in another form. Namely, setting A = 2p+n — 1,
we obtain

|7| TP it g2 .

Let us give a brief derivation of formulas (2.4) and (2.5) for n > 2. In spherical coordi-
nates the first integral takes the form

0 e 2y =-N/2 .
Jy=c / / (1 + %) elleleosw pn=2 gjpn=> pdedr.
o Jo

Integrating with respect to ¢ yields (see [8, formula 3.915.5])

_n=a [ r2N=A2 ao
i =clg] /0 (1+5) " Jusa ) dr

where .J,(7) is the Bessel function of the first kind (see [2]). Similarly, for the integral (2.5)
we obtain

Ja= el F [P (e dr
0

Integrating with respect to r yields the expressions (2.4) and (2.5) for J; and .J;, respec-
tively; see [8, formulas 6.565.4 and 6.561.14].

Theorem 2.1 (Multidimensional analog of the Lévy-Khintchin formula). The function

log(1 4 ﬁ) on R™™1 has the following integral representation:

2 . n—1
op (14 05) = [ (e 1) gt e, where (€)= I617F K ] (29

Indeed, it follows from (2.4) that

[ 5567 1) s ol = eriag (1 ) ),

As A — 0, we obtain (2.9).



9. LhHE COMMUIATIVE MODEL OF THE COMPLEMENTARY SkRIES OF [RREDUCIBLE
UNITARY REPRESENTATIONS OF THE GROUP O(n, 1)

3.1. The action of the group G on R™"™! and the l-cocycle. Let Y be the manifold
of one-dimensional subspaces in R™*! lying inside the light cone

2$1$n+1+$§+...+$i:0.

The group G = O(n, 1), regarded as a group of linear transformations in R"*!, acts
transitively on Y. We use the right notation for this action: y — yg. Note that in another
interpretation Y is the absolute of the n-dimensional Lobachevsky space realized as the
collection of one-dimensional subspaces in R”™! lying inside the light cone.

Let us realize Y \ yo, where yo = (A,0,...,0), as the intersection of the cone with the
hyperplane z,4; = 1, i.e., as the set of points in R”*! of the form

v]?
(_777i7 <o Yn—1, 1)7

where v = (4, ..., ¥n—1) € R" ™V and |y] = (3 7:2)'/2. According to this realization, there
is a natural bijection ¥ \ yo — R"™!; hence the action of the group G on Y induces an
action v — vg of G on the space R"™!. We emphasize that this action is not linear.

It follows from the definition that the vector vg is given by the following formula:

_(_hP L P
g = —79134—7923—%933 —7912+7922+9327 (3.1)

where g;; are elements of the block matrix ¢. In particular,
Yg=7+7 for g=z(vn)€ 7
Vg = e tyu for ¢ =diag(e !, u,e);

2y
[v]?

Now let us define a function 5(v, g) by the formula

Ys

2
Blv.9) = —%913%-7923%-933 ., YER™! gedq. (3.2)
In particular,
Blr,9)=1 for g e 7;
B(v,9)= |6|2 for g =diag(e™", u,€);
_ Il
5(77 S) - 2 °

It follows from the definition that (v, g) is a 1-cocycle of the group G with values in R™,
i.e.,

B(v, 9192) = B(7,91) B(vg1,92) forany v € R™”' and g1,92 € G. (3.3)



2.2. 1 he standara model ol the complementary series representations. rach ir-
reducible unitary complementary series representation of the group G' = O(n, 1) is deter-
mined by a number A from the interval 0 < A < n — 1. In the standard realization, the
representation 7% with parameter A acts in the Hilbert space Ly of real-valued functions
f(v) on R"™! ~ 7 with scalar product

<fiyfo> = / Y =AY () dy dy (3.4)
Rn—lan—l

where dy = dv, ...dv,_; is the Lebesgue measure on R”7!. The operators of this repre-
sentation have the form

A
T, () = f(v9) B "2 (7, 9), (3.5)
where vg and (v, ¢) are given by equations (3.1) and (3.2), respectively. In particular,
T f(y) = f(v+7) for z=z(y) € Z; (3.6)
T3 F(y) = el 75 (e qu) for d = diag(e™",u, €); (3.7)
) 2 1nid 00 1
T f(y) = f(——l) (m) *for s=[0 e 0 (3.8)
7] 2 1 0 0

The group property of these operators follows immediately from the property (3.3) of
the function 8(v,¢g), and their unitarity follows from the relations

d(vg) = B'""(y,9)dy forany g€ G, (3.9)
where dvy = dvy...dvy,_1, and
@ = y|* = |eg — ygI* B(x,9) B(y, 9) (3.10)

for any 2,y e R and g € G.

Relations (3.9) and (3.10) are easily verified for elements from Z and D and the element
s. It follows from the properties of the l-cocycle 5(v,g) that they hold for any element
ged.

3.3. Construction of the commutative model of complementary series represen-
tations. Let us describe the commutative model of a complementary series representation
T* of the group G = O(n, 1) with respect to the subgroup Z, i.e., the model in which the
operators T\, z € Z, act as multiplicators.

This model is obtained by passing from functions f(v) in the standard model to their
Fourier transforms

p@) = [ e an,

Theorem 3.1. In the commutative model, the complementary series representation T* is
realized in the Hilbert space Ly of complez-valued functions on R™™1 with the norm

—A n—1— _n
ol = Lt [ e P, g =<se> @




saLisfying tne conailion

P(&) = »(=). (3.12)
The operators of the representation are given by the formula
Dol = [ AN ) el de. (313
where
AMEE g) = / ¢! (SEn>=<ng>) gl=rtA2(y g) dy. (3.14)
Rn—l

In particular,

TRp(€) = ei<E1> (&) for == z(y) € Z;
Tro(€) = |e[M2p(e€u)  for d=diag(e™!, u,e).

Proof. In the new model, the squared norm is given by the formula

lelP = [ Ri€) o0 FE de e

Rn—l <R n—1

where

R(&,¢) = / [y = | el E T dy g = b(¢ - €) / |7t et<e> de.
Rn—l ><]Rn—l Rn_l
This implies (3.11) in view of (2.5).
Relation (3.12) is equivalent to the condition that the original space is real.
The formulas for representation operators in the new model can be obtained directly

from the formulas for these operators in the original model by passing from functions f(y)
to their Fourier transforms. O

Proposition 3.1. In the commutative model of the representation T, the kernel A(£,¢') =

0 01
AN (&, s) of the operator T2 corresponding to the element s = |0 e 0| has the fol-
1 00
lowing form:
oo 2 !
Al ) = 21_%/ cos(fw—l— i) ¥z for n=2, (3.15)
0 x

A E) = .27 /OorA_”|r€—|—2r_1§’|_n2;3J@(Vf—l—%‘lﬂ)dr (3.16)
0 2

Jor n > 2, where Jn-s is the Bessel function of the first kind.
2

[v/?

_|7|Z and B(v,s) = 77, it follows from (3.14) that

Indeed, since v5 =

i 1,2
A€, &) = 2m1=M2 /Rn_1 o (SEPHELE>) | 2-2n0 g



ror n = 4, {o9.19) 10lIOWS 1mmedilately. For n ~ 2, 111 spherical coordinates we oblaln

A&, € = c 2 M2 / / eilrér2riEcos g Aon ;=3 pdedr.
o Jo

Integrating with respect to ¢ yields (3.16).

Remark. For n = 2, the kernel A(£,&’) can be expressed in terms of Bessel functions:

A€ = c(cos%)‘l M Lo @168 = Joa@HEE] for €€7 <0,

A€ = c(cos%)‘l CE D (2°P16e)) - A @PP1Ee))] for €€ > 0.

The representation 7% is uniquely determined by its spherical function

a(g) =< T, Iy, I, >,

where T, € L) is a vector of norm 1 that is invariant under the maximal compact subgroup
of G (vacuum vector). In the chosen realization of the group &, this spherical function takes
the form

N2

¥alg) = g11(z) + gss(x) ; g13(7) — g31()

where g;; are elements of the block matrix ¢. In particular,

7 (3.17)

2\ =)/2
il
) = (14 5™
Let us introduce the following vector in the space Ly:

INSEX

€175 K (20¢1) %, (3.18)

where K ,(z) is the Bessel function defined above.

Proposition 3.2. The vector f\ is invariant under the mazimal compact subgroup of the
group G, hence it is proportional to the vacuum vector .

Corollary. The following equation holds:
< TN S >= AP Oaz(7),

€.,

' - 2\ =)/2
[ e i K el i = 100 1+ 25) 7 @ag)
Rn—l 2 4
an —)/2
Proposition 3.3. We have ||f\||? = ['(A/2) (1 + %) .

Indeed, it follows from (2.4) that the left-hand side of (3.19) is equal to (2¢,) "' '(A\/2).



9.2, L he embeading L) — (X)), L.

Proposition 3.4. For any positive real numbers Ay, ..., A\, Y- A\; < n — 1, there exists an
isometric embedding

l
T:L/\_>®L/\i7 )\:Z)\Z’,
=1

that commutes with the action of the group G'. In the standard realization of representations
it is given by the formula

Tty = F(Y H S(vt =), (3.20)

and in the commutative model, by the formula

T, .. &) =&+ ...+ &). (3.21)

Proof. First let us consider the standard model of representations. Let <, > and <, >; be
the scalar products in the spaces Ly and ®§:1 L,,, respectively. Then it is obvious that

l
<ThTf > = / [T =" ) " dy' dy =< £, f >
Rn—l ><]Rn—l =1
Thus the mapping 7 is isometric. Obviously, it commutes with the action of G.

Now let us consider the commutative model of representations. Let ¢(&) be the Fourier
transform of a function f(v). Then, according to (3.20), the image of ¢ under this embed-
ding is equal to

l l
/f('n) [T6n =) JLe" <5 dvi= (& +...+&).

g

3.5. The commutative model of the special representation of the group O(n,1).
The special representation of the group O(n,1) is the irreducible unitary representation
of this group glued to the identity representation. It is obtained from the complementary
series representations in the A — 0 limit. Thus Theorem 3.1 implies the following result.

Theorem 3.2. In the commutative model, the special representation T° of the group
O(n, 1) is realized in the Hilbert space of complex-valued functions on R"™! with the norm

el = [l e e (3.22)

w(—=&). Operators of the representation are given by the

satisfying the condition (&)
formula

Tol€) = [ A0 € e (3.23)
where

AO(€7€/79) _ /Rn_1 6i(<fﬂ>—<£/ﬂ§>) 51—71(779) d’y. (3‘24)



in parvicuLar,

T.p(§) = e8> (&) for z=z(y) € Z;
Typ(§) = ple&u) Jor d=diag(e™ ", u,e).

The special representation 7° has a nontrivial 1-cocycle 3 : G — Lo, where Lg is the
space of T°. Namely, set fo(£) = limy_o f1(£), where f\(€) € L, is given by (3.18), i.e.,

fol) = (1&]"F Kzt (20€])) 12

This vector is invariant under the maximal compact subgroup of &, but it does not belong
to the space Lg of the special representation. The desired nontrivial 1-cocycle G — Lg is
given by the equation

B(v,9) = Tffo(f) — fo(&).

It is known that 7V is the unique irreducible unitary representation of the group G' pos-
sessing a nontrivial 1-cocycle.

4. THE MEASURES 1 AND v ON THE SPACE OF VECTOR DISTRIBUTIONS

4.1. The spaces F and ®. The construction of the commutative model of the basic
representation of the current groups G¥ will be based on two remarkable measures in the
space of vector distributions.

Denote by F' the space of smooth bounded real-valued functions on X and by ® the
dual space with the ordinary topology (the space of distributions on X'). We will denote
by <, > the pairing of elements from F and .

Let us introduce the space F"~! of vector functions v(z) = (y1(2), ..., va_1(2)), v € F,
and denote by ®”~! the dual space. Elements from ®”~! are realized as vector distributions

(z) = (&1(2),...,&—1(2)), & € ®, with the pairing

n—1
<€77>:Z<€k77k> .
k=1
For example, if £ = ¢§,,, where ¢ = (c1,...,¢c,1) € R"™! and §,, is a é-function on X,

~1
then <&y >=3737) cxvk(wo).
Since in what follows we will consider only the spaces F"~! and ®"~!, we will omit the
index » — 1 in their notation.

4.2. The measure ;. on ®. Let us introduce the following function on R™!:

2\ -1/2
i) = (1+ %) , yER™L (4.1)

It is known that this function is positive definite. According to (2.4), its Fourier transform
equals

m 172 i <Ey> _ 2 (—n+2)/2 1~

Let us introduce a functional L(v(-)) on I by the formula

L6 () = e [ ozt () dm(o)),



L3 () = exp(= [ 1o (14 @) dm(a)) (4.2)

Note that L(v(-)) = ¥(v(:)), where W(v(-)) is the restriction of the spherical function of
the basic representation of the group G* to the subgroup Z¥, see (2.3). This functional
is positive definite and continuous (see [6]); hence, by the Minlos theorem on measures on
the space of distributions [6], it is the Fourier transform of a finite normalized measure
on P, i.e.,

uw»=éw<wm@» (4.3)

Theorem 4.1. The measure p is concentrated on the set @y C & of distributions of the
form

&= Zci 8py = (ch, .. ) €ER™TL where Z|cl| < 00. (4.4)

Proof. The series in (4.4) converges if and only if the series for each coordinate converges;
hence it suffice to verify the condition for the one-dimensional processes obtained by pro-
jecting to coordinates. The characteristic functions of these processes are the restrictions
of the function [(-) (given by (4.1)) to the one-dimensional subspaces; but all of them de-
termine the classical gamma process, which satisfies the convergence condition (see [13];
for a general convergence condition for one-dimensional Lévy processes, see [7]). (|

Let us introduce the space F D F of real bounded Borel vector functions on X. Since
p-almost every distribution £ € & is of the form (4.4), each function v € F corresponds to
a measurable linear functional < &,v > on ® defined p-almost everywhere on .

Note that on F and & there are two natural operations :

1) the multiplication by a bounded Borel R*-valued function e(z) on X:

Ty, § e

2) the action of the group O(n—1)* of Borel functions on X with values in the compact
group O(n—1):

v = yu, € —&u, ueOmn-1)%.
According to this definition,
<e,y>=<&ey> and <&u,y>=<Evyu> forany ~vyeF, €.
The following proposition follows from the definition of the measure pu.

Proposition 4.1. The measure p is invariant under the transformations & — &u, u €

O(n—1)%.

Remark. In fact, we construct a vector gamma process such that the measure in the space
of trajectories of this process enjoys the additional property as compared with the sym-
metrized gamma process: it is invariant under pointwise orthogonal transformations.



4.0, FFrojections ol tie measure (U to linite-dimensional quotient spaces. Let us

consider all finite partitions X = Ui’:1 X; of the space X such that m(X;) < n — 1 for

all elements of the partition. Let us associate with each partition o : X = Ui’:l X;, where

m(X;) < n— 1, the subspace F, = (R"™!)! of vector functions y(z) € F that are constant

on elements of «, and the dual space ®, = (]R”_l)l7 realized as a quotient space of ®.
Denote by i, the projection of the measure p to the quotient space ®,.

Proposition 4.2. The measure y, on ®, = (R"™ ) has the form

{
a6 = T1 (57 - el K Qi) 4g). (45)
k=1

where & € R™ Y, d¢; is the Lebesgue measure on R™™, Ay = m(Xy), and K, is the
modified Bessel function of the third kind defined above.

Proof. For every v(z) € F, we have

(- [ o+ 2 o) [0+ 20,

where v/ = y(2)|x, and A; = m(X;).
Therefore, in view of (4.3), for every v(z) € F, we have

/ ei<£,w>dua(€) :/q>ei<£,w>dlu(€) — li[(l_l_ |7;|2)_/\i/2‘

=1

Hence dp, (€., 8 = Hi’:1 P(€Y) d€t, where (£) is the Fourier transform of the function
(1+ #)—A,‘/z on R™"™*. Now (4.5) follows from (2.4). a

4.4. The function V,(z) and the measure v on ®. For p > 0, introduce a function
V,(2) on the half-line 0 < 2 < oo by the formula

V(o) = (

In particular, Vi 5(z) = €

2 Kp(20)) = (D(1= p)a’ [1_(22) — ,(22)]) . (4.6)

2
I'(p)

2z

Theorem 4.2. The Fourier transform of the function Vp_1(|€|) on R™ ! equals

e r(p) 22y 25—
vt 1T ¢ = ¢, 1+ = : 4.7
[ e e = g s (1) (4.7)
In particular,
» L) () lely
-1 1 <&, x> de = 2 1 Ll I
/Rn_l Ve ([€]) € §=cn F(n—l)( T )
Indeed, according to (2.8),
L(25t+p) 2\ -2
-1 _ 1 2 Ll I 1 <&,x>
v =t = /Rn_l (1+ : ) e da. (4.8)

Applying the inverse Fourier transform yields (4.7).
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(Since its Fourier transform has a Lévy—Khintchin representation; see (2.9).)

Proposition 4.3. The function V,(x) is continuous and strictry positive on the half-line
0 < 2 < oo, satisfies V,(0) =1 for every p > 0, and has the following asymptotic estimates
as x — 0:
L+a?T(1—p)/T(1+p) forp <1,
Vo(z) ~ {1222 log() forp =1, (4.9)
1+22%/(p—1) Jor p > 1.

Proof. Let us prove (4.9). If p ¢ Z, then we use the estimate for the functions /_, and I,
that follows from their power series representation:
—p z2=r 5 zP

e~ ry e P Fiy

Hence we have

- 'l —p) 'l —p)
Vol z)~1+ z? — x 2P,
@I R G ) T T it )
This estimate implies (4.9) for p ¢ Z.

If p € Z, then we use the series representation of K, (2z), see [2, §7.2.5, formula (37)].

This representation implies the estimate

- —n 2—n 2(_1)n+1 n
2K,2z) ~ (n—1la™"+ (n—=2)12*7" + —2" log x.
n!
Therefore , »
-1 < 2(—1)" 2n
~ 1 1
Vo () +n—1+n!(n—1)!x 8L
whence V1_1 ~ 1+ 2$210g96 and Vn_1 ~ 1+ % for n > 1. d

Corollary. For every p > 1/2, the infinite product [[;2, V,(z;) converges provided that the
Series y .| &; CONverges.

Definition. Consider the infinite o-finite measure v on the space of vector distributions

® whose density v = 3—: with respect to the measure p is defined on the support @y C @

of it by the following formula:

o0

v() o) =27 [ Vazr (1)), ¢ e R, (4.10)
=1

=1

where V,(z) is given by (4.6). In particular, for n =2

U(Zcitsxi) = exp(22:|ci|)7 ¢ €R.

Since > 77 |¢'| < oo on the support of p, it follows from Proposition 4.3 that the infinite
0 7
product [[;2; Va1 (|¢!]) converges.
2
By definition, the measure v is absolutely continuous with respect to p, and its density
is positive p-almost everywhere.



4.0. Approximative construction ol the measure V. Let « @ A = | ), _; A; DE an
arbitrary finite partition of the space X, ®, be the quotient space of ® associated with «,
and p, be the projection of the measure p to ®,. Let us introduce a new measure v, on
®,, with density

l

dl/ol(€17 * 75)
Q€8 H (n—1-2)72(1€").-

(By the condition imposed on «, we have n — 1 — )\k > 0 for all k.)
It follows from the explicit formula for dpu, (€', ..., &") that this measure is of the form

Ty
dva (€', .. 1:[2 it A/Q) AI2) it gei (4.11)

where ¢ € R™™ and \; = m(X;).

Let us write 5 > « if 5 is a refinement of a partition «. For 5 > «, there is a natural
embedding F, — Fs and a natural epimorphism ®3 —+ ®,. Obviously, the measure ug on
®5 and the measure u, on ®, are coherent with respect to this epimorphism.

Proposition 4.4. The measures v, on the quotient spaces ®,, are coherent, i.e., the epi-
morphism ®3 — ®,, 8 > «, sends vg to v,.

Proof. 1t suffices to prove that
/ e8> dyy (€) = / e dug (&) for every v € F.
o @ﬂ

Let w: X =), X;and §: X = U, ; Xijs where [J; Xyj = Xy, 0= 1,...,1. By (2.5), it
follows from the expression (4.11) for dl/a and dy, that

l
/ e dv, (€)= [, where i =1lx, A= m(X));
Aeméwd%(g) = JIW¥I™, where 59 =xlx,, X;=m(Xj).
, ]

Since v% = * for all 7 and j and Z]‘ Aij = Ay, o= 1,...,1, the right-hand sides of these
equations coincide. O

Definition. Let us define a o-finite measure v on ® as the weak limit of the coherent
family of measures v,.

Theorem 4.3. The measure v coincides with the measure v, i.e., on the support of u,

Z—:(Zc 8p,) = an ey, ¢ eR™Y (4.12)

where V,(z) is given by (4.6).

Proof. 1t suffices to prove (4.12) only for finite sums £ = Zle ¢ Oy



Llven such a sum, consider partitions « : A = | J,_; A4 sucil thal each element ol &
contains at most one point z;. For definiteness, let z; € X;, ¢+ = 1,...,k. Then, since
V,(0) = 1, we have

dva (o~ —m(X) - i
(Zc 51,1.) =2 HVn—12—>\i(|C ).
=1

dty \
=1
Taking the inductive limit with respect to «, we obtain
v (& u
av i _ 5—m(X) i
du(zc%) =2 [T Ve (lei)-
=1 =1
O

4.6. The Fourier transform of the measure v. If v € F,, where o is an arbitrary
finite partition of the space X, then by (2.5) we have

l
[esang = [ e an© =TT
® o =1

where v¢ = |y, and \; = m(X;). The right-hand side of this equation can be represented

in the form
d .
[T =exo(= [ togly @)l dmo)).
Thus -
Aei<£”> dv(§) = exp(— /X log |v(z)| dm(ac)) (4.13)

Equation (4.13) determines the Fourier transform of the measure v whenever the integral
in the right-hand side is finite.

Remark. One can take this equation as the definition of the measure v.
4.7. The invariance properties of the measure v.

Theorem 4.4. The measure v is invariant under the action of the group O(n—1)* and
projective invariant under the multiplication by bounded Borel functions e(z) € (R*)X such
that the integral [y log|e(x)] dm(x) converges. Namely,

dv(¢u) = dv(&) for every u(z) € O(n—1)%; (4.14)
dv(e€) = elxlogle@ldm@) gy, (g, (4.15)
In particular, v is invariant under the subgroup of multiplications by functions e(x) satys-
fying [y log|e(z)| dm(x) = 0.
Proof. 1t suffices to establish this property for the projections dv,(§) = dv, (&, ..., &) of
v to the quotient spaces @, of the space ®. Let u(z) € O(n—1)* and ¢(z) € (R*)X be
constant on the elements of a partition «. By definition,
dvo (§u) = dvo(§ur, ..., Gw),
dvo (e§) = dva(€1&y, - - -, adi),



where u; = u|x,, ¢ = €|X,;, A are elements ol a.
It follows immediately from the explicit expression (4.11) for dv, that dv,(§u) = dv,(€)

l
and du, (e€) = [Ti2 &1 dvg(e€), where A; = m(X;). It suffices to observe that H &N =

=1

/ log |e(z)| dm(z) dv(§). O
X

5. CONSTRUCTION OF THE BASIC REPRESENTATION OF THE CURRENT GROUP GX

5.1. The basic representation of the block triangular group B*. First let us de-
scribe the representation of the subgroup BY = Z¥ X\ DX of block triangular matrices.
We will write elements of this subgroup as triples

g() = (uy), c€ ®)Y, ul) €Om-1%, ye®HY.
In this notation, the product of group elements takes the form

(€1, ut,71) (€2, u2,72) = (€r€2, untia, 71 + €1 y2u7 ).
The representation of the group B is realized in the Hilbert space L?(v) of all functions
on @ square-integrable with respect to the measure v introduced above.

Let us associate with elements of the subgroup BX the following operators U, in the
space of functions f(£) on ®:

Usuy f(€) = €2 I los @AmE <60 pe gu). (5.1)
In particular, elements z = z(v) € Z¥ give rise to the operators

U.f(&) = e <47 [(9),

where v € (R™ N is the parameter of the block matrix 2, and elements d =
diag(e, u, ¢) € DX, to the operators

Udf(f) — 61/2fxlog|e(x)|dm(x) f(ﬁfU)

Note that the integral [, logle(z)|dm(z) converges, because the elements ¢(z) and
e1(z) of the matrix d are bounded functions on X.

Theorem 5.1. The operators Uy, g € BX, given by (5.1) are unitary with respect to the
norm in L*(v) and form an irreducible representation of the group BX in L?(v).

Indeed, the group property of the operators U, follows immediately from their definition,
and the unitarity follows from the invariance properties of the measure v established in
Theorem 4.4. The representation U, is irreducible, because the action of the subgroup zX
in L?(v) is ergodic and the algebra of multiplicators is maximal.

5.2. Extension of the representation U, to the whole group GX. In order to extend
the representation U, from the subgroup BX to the whole group G, we use the following
obvious lemma.

)X

Lemma. The group O(n,1)* is algebraically generated by the subgroup BX and the unique

element g(z) = s.



ror example, every clement g ol the block upper triangular subgroup can be represented
in the form ¢ = s¢g*s, where g* € BX.

By this lemma, every operator U,, g € GX, can be represented as the product of an
operator from the subgroup BX described above and the operator U,: hence, in order to
define the representation of the whole group G, it suffices to describe only the operator
Us.

We call U, the involution operator in the space L?(v) and denote it by I.

Proposition 5.1. The operator I = U, and the operators Uy, g € BX, satisfy the following
relations:

TU; = UsqsI for every de DX, (5.2)
Ul = Uy LUy LU, 4y for every z(y) € zx,
where jy = —ﬁ% (involution) and d(v) € DX is given by
. 2 ol 277y
d(v) =diag| ——=, u~, ———, Uy = € — . 5.4
( ) ( |7|2 W 9 ) W |7|2 ( )
Indeed, (5.2) is obvious and (5.3) follows from the corresponding relation in the group

O(n, 1)%:

2(y) s =d(v) s 2(=7) s 2(j7)-

Note that for every € X the matrix w,(z) determines the reflection in R"™! with
respect to the hyperplane orthogonal to the vector v(z).

Relations (5.2) and (5.3) uniquely determine the operator I; however, they do not give
an explicit expression for this operator.

An explicit descriprion for I can be obtained from the description of the operator T
in the commutative model of complementary series representations of the group O(n, 1).
Namely, let us associate with each partition o : X = Ui’:l X; the Hilbert space L*(v,) C
L%(v) of functions on ®, square-integrable with respect to the measure v,. The spaces
L*(v,) are invariant under I, and in order to describe the operator I on the whole space
L%(v), it suffices to describe its action on each of these subspaces. By construction, each
space L2(v,) is isomorphic to the tensor product of finitely many spaces on which the
commutative model of a complementary series representation of the group O(n, 1) acts.

Proposition 5.2. On each subspace L?*(v,), the involution operator I coincides with the
operator T of the representation of the group O(n, 1) in this subspace.

Starting from formulas (3.15) and (3.16) for the operator T in the commutative model of
complementary series representations of the group O(n, 1), we obtain the following theorem.

Theorem 5.2. For every partition o : X = Ui’:1 X, the action of the operator I on the
subspace L*(v,) is given by the following formula:

l
@) = [(76 D TI A6 D). &R A= m(X)),
=1

(R =1



wnere
AA<575’>=cn2—W/ PAT e £ 20T Jama (P + 207 ¢)) dr
0 2

We see that the operator I is well defined on the whole space L?(v), because on all
subspaces L?(v,) it is unitary and satisfies the required relations. Thus we have constructed
an irreducible unitary representation of the group G in the space L%(v).

Theorem 5.3. The constructed representation U, of the group GX is equivalent to the
basic representation of this group introduced in [5].

Proof. The representations are equivalent, because their spherical functions coincide on
the subgroup Z¥. Namely, set (&) = v=/2(¢&), where v(€) is the density of the measure
v with respect to u. The function ¢ belongs to the space L?(v), is of norm 1, and satisfies
the equation

< Uz(w) U_1/27 U_l/z > = qj(V())? 2(7) € ZX7
where W(v(-)) is the restriction of the spherical function of the basic representation of GX
to ZX. Indeed,

Uo7 s = [ e g vl = [ du() = W),
0} 0}
O

Remark. One can also construct a commutative model of the basic representation of the
group GX in the L? space over the probability measure y. However, u is only quasi-
invariant under the transformations & — €£, € € (R*)X. Thus, in order to obtain a unitary
representation, one must introduce an additional factor. In the case of the o-finite measure
v, there is no need to to this.

6. APPENDICES

6.1. Approximative construction of the commutative model. Let us give another,
independent construction of the commutative model of the basic representation of the
group GX. With each finite partition a : X = Ui’:1 X; of the space X associate the Hilbert
space L%(v,) of functions on @, introduced above and the subgroup GX C GX of functions
constant on the elements of a.

For 8 > a, there is a natural embedding of groups GX — Gé( and a natural isometric
embedding of spaces L?(v,) — L*(v3). Denote by Lo the inductive limit of the subspaces
L*(v,), and by Gff the inductive limit of the subgroups GX. Note that the group G§ is
everywhere dense in G¥.

We will define a unitary representation U, of the group G¥ on the completion L of the
space Lo with respect to the norm of Lg. In order to define it, it suffices to describe the
action of the operators U, g € Gé(, on the subspace Lyg.

Proposition 6.1. The space L?(v,,) is the tensor product

l
L (vy) = ®LM i = m(X5), (6.1)
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Starting from the decomposition (6.1), define a unitary representation U, of the group
G%X in L*(v,) by the formula

where T%¢ are operators of the complementary series representations of the group G =
O(n, 1) in the spaces L), defined in Theorem 3.1.

Proposition 6.2. For 8 > «, the embedding L?(vs) — L*(v3) commutes with the repre-
sentations U, of the groups GY and Gé( in these spaces.

Corollary. The unitary representations U, of the groups GX in the spaces L%(v,) are
coherent and hence generate a unitary representation of the group Gé( mn L.

Theorem 6.1. The contructed representation U, of the group G¥ is irreducible and equiv-
alent to the basic representation of this group defined in [15, 5].

6.2. The dual description of the representation U,. Let us give a description of
the representation U, in terms of the Fourier transform sending functions f(§) on ¢ to
functions () on F:

RF(7) = /(I)f@)w<m> aw(E), e F.

The operator R is defined on an everywhere dense subset of functions f € L%(v); in
particular, if the integral [y |f(£)| dv(§) converges, then the function R f(7) is defined on
the whole space F.

Theorem 6.2. Let fi € L*(v), g € GX, and f, = Uy fi. Then on the subset of v € F for
which the functions R fy and R fy are defined, they satisfy the relation

Rf2(vy) = Rfi(vg) e ? Jx log B(r(2)9(w)) dim(z) (6.3)
where, according to formulas (3.1) and (3.2) for the group G = O(n, 1),

v(x) g(x)
= (— W(;C” g13(z) +7(2)g23(x) + 933(96))_1 (—@912(90) + v(2)g22(z) + 932(90))7
511,90 = |- g0 0) 90 g0a(0) + ga(o)|

In particular,

RA()=RAG+7) for g=z(y) € Z%; (6.4)
Rfa(y) = Rfl(e_lfyu) ¢~1/2 [x loge(2) | dm(z) for g= diag(e‘l7 u,€) € DX;

2
sz(’Y) — 21/2m(X)Rf1<_#) e~ Jx log |v(z)| dm(x) for g(x) =



L£/rooj. 1L sullices Lo prove (9.o) 1or functions fiiq) = jil\¢ »...,¢ ) rom L~{Vy), wWhere

@ Ui’:l X; is an arbitrary finite partition of the space X, and matrices g(z) that are
constant on the elements of a.

We have

RfZ(P)/):RfZ(P)/17“‘7P)/l): & fi(€17"'7€l)ei<£7,y>dya(€17"'751)7 i:1727

where the measure dv, (¢!, ..., &' is given by (4.11). Since

I
| e e =TI A =mix)),
=1

a

it follows that
{

Rfi(yl,...,fy’):/ wil¢h SO T = ¢, i=1,2, (6.5)
a =1
where
l
wil¢h = T s A
Fo =1
The equation f; = U,fi and formula (3.5) for operators of the complementary series

representations of O(n, 1) imply that the functions ¢; satisfy the relations

l

992((17 .. '7Cl) = @1(C1g17 .- '7Clgl) Hﬁl_n—l—%(Pyivgi%

=1
where ¢; = g|x,. Thus

l

Rf2(717 sy 71) = /}_ @1((1!717 ] Clgl) Hﬁl_n—l—%(vzvgz) |72 - Ci|_/\i dCZ

=1
Applying the transformation (;g; — (;, we obtain
l l
RGN =87 g) = /f er(Ch Y [T g = ¢ dd,
=1 a =1

i.e.,

l .

RO o) = (T18 20000 RAG 9 - 91,

=1
It remains to observe that

!
Hﬁ—Ai/2(7i7gi) — o~ 1/2 [xlog B(v(w),9(w)) dm(x)
i=1



worollary. umn ine sel of a7y © /7 Jor Wwhich tne juncuions /jcf, f < L-\V), ana /ol f are
defined, they satisfy the relation

RIf(y) =2 R (—%) e~ Jxlogh@)ldm(=) g5, g(z) = s. (6.6)

6.3. On the properties of the measures p and v.

6.3.1. Consider the subgroup O(n—1)* of the current group O(n, 1)*. For n = 2, this is
the group of functions on X taking values +1 and —1.

The subgroup O(n—l)X acts pointwise in the space of vector distributions of dimension
n—1 on the manifold X, and the measures p and v are invariant under this action.

Note that this action is not free. Indeed, since almost every, with respect to p and v,
realization is a linear combination of a countable family of d-measures, it follows that for
every distribution &, only the compact quotient group of O(n—l)X that consists of the
restrictions of currents to the countable support of & acts freely on £. Therefore the orbit
is compact as the product of a countable family of (n—1)-dimensional spheres and hence
has an invariant (product) measure.

Thus almost every ergodic component of the action of O(n—1)% consists of distributions
with equal values of the norm at all points of their common support, i.e., the function

z = |le(@)ll,  elz) = (er(2), .. os en(@)),

is an invariant of the orbit.

At the same time, as noted above, the action of the group of homotheties together with
rotations, i.e., the group (R x O(n—1))%, on the space ® is already ergodic. Recall that,
as was proved in [13] for the case n = 2, v is the unique, up to normalization, measure that
is invariant and ergodic (Theorem 5). Apparently, a similar theorem holds for an arbitrary
n.

6.3.2. The results of this paper can be translated to the infinite-dimensional group
O(o00,1)*, because (as observed by G. Olshanski) all our products involve the dimension
n in a controllable way. In other words, for different n only the natural dimension n — 1
of the space of vector distribution changes, but the form of the restriction of the spherical
function to the subgroup Z*, and hence the characteristic functionals of the measures p
and v remain the same. Therefore our theory can be considered for infinite n.

In this case, p-almost every vector distribution is still a countable linear combination of
d-measures on X, but taking values in an infinite-dimensional Hilbert space equipped with
a mixture of Gaussian measures with some weight.

The role of the group O(n—1)* is played by the group O(00)* of orthogonal matrices of
the form I + K, where K is a finite-dimensional operator. Remarkably, the decomposition
into ergodic components under the action of the group O(oo)X is the decomposition into the

—c|l=l?

Gaussian measures with characteristic functionals of the form e , where cis distributed

on (0, 00) according to the measure with density e°.

6.4. Remark on the group U(n, 1)X. The above construction of an irreducible unitary
representation of the subgroup BX of O(n,1)* in the space L%(y) can also be used for the
group U(n, 1)X. However, in this case there appears a new phenomenon.



Ligke Uln, 1), werealize¢ v \n, L} as thie group ol linear translorimationsin = - preserving
the Hermitian form

21Tp1 + 2202+ ...+ T Ty
and represent its elements as block matrices. In this realization, BX C U(n,1)* is the
semidirect product BX = ZX X DX where Z¥ is the group of matrices of the form

1 0 0
o _7* e 0 7 tERX, ’YE(Cn_l)X
2
it—% v 1

(the Heisenberg group) and DX is the subgroup of block diagonal matrices
d = diag(e ' uye), e€(CHY, welU(n-1)7~.

Accordingly, elements of the group BX are 4-tuples b = (t,v,€u). If we now try to use a
formular similar to (5.1),

U, f(f) — 61/2fx log |e(z)| dm(z) + 7 Re<&,v> f(ﬁfU), h= (t, v, €, u)7

for representation operators in the space L%(v), where the measure v is constructed as
above, then we will find out that this representation is not a faithful representation of
the group BX, and it is faithful only on the quotient group with respect to the center
of the Heisenberg subgroup, since the operators of the representation do not involve the
parameter t. Thus the direct translation of the construction does not use the simplectic
structure on C"~! x C"~!, which is used in the definition of the group U(n, 1), and cannot
be extended to the whole group U(n, 1)X. Nevertheless, the construction can be modified
appropriately; we will return to this question elsewhere.
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