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es 251. Introdu
tionThe 
urrent group GX , where X is a smooth manifold with a �nite 
ontinuous measurem and G is a Lie group, is the 
olle
tion of bounded pie
ewise 
ontinuous or, more generally,Borel G-valued fun
tions on X . The group operation is the pointwise multipli
ation. Thegeneral approa
h to representations of 
urrent groups in the Fo
k spa
e was suggested inthe pioneering paper [1℄, but the most important 
ase of semisimple groups and the notionof 
anoni
al states were �rst 
onsidered in the series of papers [14, 15, 16, 17, 5, 13℄, inwhi
h irredu
ible unitary representations of the 
urrent groups GX for some simple Liegroups G were 
onstru
ted that are invariant under any m-preserving transformations ofthe spa
e X : in the �rst paper of this series [14℄, this was done for G = SL(2;R), and in[15, 5℄, for G = SO(n; 1) and SU(n; 1). We 
alled them the basi
 representations of the
urrent groups GX and des
ribed several models of these representations. Note that basi
representations are uniquely determined by their spheri
al fun
tions, whi
h in [14℄ were
alled 
anoni
al states; see [5℄.As shown in [15℄ (see also [18, 12℄), the series G = SO(n; 1) and SU(n; 1) exhaust allsimple Lie groups G for whi
h su
h representations of the 
urrent groups do exist (in otherwords, groups with nontrivial �rst homology with 
oeÆ
ients in some irredu
ible unitaryrepresentation). Canoni
al states for a 
lose group, the group of automorphisms of anin�nite homogeneous tree, were 
onsidered in [10℄. See also [11℄, where 
anoni
al states onthe group U(1) are 
onsidered.In this paper, we present a detailed study of the so-
alled 
ommutative model of thebasi
 representation of the group GX for the series G = O(n; 1). We will return to theanalysis of the series U(n; 1) elsewhere. For 
onvenien
e, we repla
ed the groups SO(n; 1)with O(n; 1).Among di�erent realizations of the same unitary representation � of an arbitrary metriz-able topologi
al group G, of spe
ial interest are 
ommutative models. Namely, let G0 � G1)key words: 
urrent groups, 
anoni
al state, spe
ial representation2)Supported by RFBR, proje
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2 JUNE 10, 2005be a 
ommutative subgroup su
h that the restri
tion of � to G0 is 
y
li
. Then, by anisometri
 operator, one 
an bring the operators �(a), a 2 G0, to diagonal form, i.e., real-ize the Hilbert spa
e of the representation � as the spa
e of square-integrable measurablefun
tions with respe
t to the spe
tral measure of the representation �jG0 , in whi
h the rep-resentation operators 
orresponding to elements of the subgroup G0 a
t as multipli
ators.We 
all su
h a realization the 
ommutative model of the representation � with respe
t tothe subgroup G0. The 
ommutative models of irredu
ible unitary representations of thegroup SL(2;R) with respe
t to its 
ommutative subgroups | orthogonal, unipotent, anddiagonal | are well known; see, for example, [4℄. Clearly, it makes sense to 
hoose thesubgroup G0 so that the representation operators 
orresponding to other elements of thegroup G will have simple expressions.In what follows, su
h subgroups are the unipotent subgroups Z and ZX of the groupsO(n; 1) and O(n; 1)X, respe
tively. The subgroup Z is 
ommutative (in 
ontrast to themaximal unipotent subgroup in U(n; 1)) and isomorphi
 to the additive group Rn�1. The
ase n = 2, more exa
tly, that of the group SL(2;R), was earlier 
onsidered in [16, 13℄.The interest to this realization is also due to the fa
t that the diagonalization of op-erators 
orresponding to the 
hosen 
ommutative subgroup leads to remarkable in�nite�-�nite measures � in the spa
e of distributions, whi
h have a large group of linear sym-metries. In the 
ase of SL(2;R), this measure � turned out to be related to the well-knowngamma pro
ess; see [16℄ and, for more details, [13℄. More exa
tly, this is a �-�nite measureequivalent to the law of the gamma pro
ess and invariant under the multipli
ation of real-izations of the pro
ess by fun
tions with zero integral of the absolute value of logarithm (ananalog of the linear transformation 
orresponding to a diagonal matrix with determinant1), whi
h allows one to 
all it the Lebesgue measure in the in�nite-dimensional spa
e.In the general 
ase G = O(n; 1) 
onsidered in this paper, this measure � is 
on
entratedon ve
tor distributions, and in addition to the above property it is also invariant underthe pointwise a
tion of the group O(n�1)X . In all 
ases, the measure � is 
on
entrated ondistributions that are linear 
ombinations of Æ-fun
tions.From the viewpoint of representation theory, the advantage of the model 
onstru
ted inthis paper is that the representation operators have an expli
it des
ription, in 
ontrast tothe realization in the Fo
k spa
e (see [5℄). Moreover, this model impli
itly suggests 
ertainadvantages of the similar realization of unitary representations of the Lie group O(n; 1)itself.In the appendi
es we brie
y dis
uss additional properties of the measures arising in the
onstru
tion of 
ommutative models of representations and des
ribe the limiting 
ase ofthe group O(1; 1).The short version of the paper was published in Fun
t.Anal.et Appl. v 39(2),2005. Theauthor express their gratitude to N.Tsilevi
h for the help in the preparaton of this text.2. Starting definitions and formulas2.1. Current groups. In this and the next se
tions we re
all some de�nitions from papersof the 60s and 70s (see [14, 18, 12, 10, 19, 9℄ and referen
es therein).The 
urrent group GX , where X is a smooth manifold with a �nite 
ontinuous measurem and G is a Lie group, is the 
olle
tion of bounded Borel G-valued fun
tions on X . The



June 10, 2005 3group operation is the pointwise multipli
ation. At �rst we do not introdu
e any topologyon GX .The problem is to 
onstru
t irredu
ible unitary representations of 
urrent groups thatare invariant under m-preserving transformations of the spa
e X . Su
h (invariant) repre-sentations are nonlo
al, and one usually 
onstru
ts them in some or other realization ofthe Fo
k spa
e, more exa
tly, in a Hilbert spa
e with fa
torization stru
ture. It 
an be notonly the ordinary Fo
k spa
e realized as the L2 spa
e over the standard Gaussian mea-sure, but also the L2 spa
e over another measure 
orresponding to a L�evy pro
ess, i.e., apro
ess 
onstru
ted from an in�nitely divisible distribution on R or Rn; for informationon fa
torizations, see [19℄. In this paper, su
h measures will be multidimensional analogsof the 
lassi
al gamma pro
ess and �-�nite measures 
onstru
ted from them.2.2. Canoni
al states. A state on a topologi
al group is a positive de�nite 
ontinuous
omplex-valued Hermitian (f(x�1) = �f(x)) fun
tion normalized to the unity at the groupidentity; a state is 
alled in�nitely divisible if it 
an be in
luded into a 
ontinuous one-parameter semigroup of states. In the representation-theoreti
 language, the 
onditionof in�nite divisibility means that the group representation 
orresponding to this state(a

ording to the GNS 
onstru
tion) 
an be in
luded into an arbitrarily high tensor powerof some representation of the same group.It is easy to show that the generator of the semigroup, i.e., the derivative of the one-parameter family at the group identity, is a 
onditionally positive de�nite fun
tion on thegroup (sometimes it is 
alled a fun
tion of negative type); at the same time, it is thesquared norm of some 1-
o
y
le of the group with values in some unitary representation.This 
o
y
le is 
ohomologi
al to zero if and only if the generator, regarded as a fun
tion onthe group, is bounded in absolute value. In this 
ase, it 
oin
ides, up to sign and 
onstantsummand, with a positive de�nite fun
tion. That is why we are interested in unbounded
onditionally positive de�nite fun
tions and the 
orresponding nontrivial 1-
o
y
les withvalues in irredu
ible unitary representations. Su
h 
o
y
les do not always exist and mustlie in representations \glued" to the identity representation.A 
anoni
al state on a group is an in�nitely divisible state su
h that the generator of the
orresponding semigroup is an unbounded 
onditionally positive de�nite fun
tion.Given a 
anoni
al state on a group G, we 
onstru
t an irredu
ible unitary nonlo
alrepresentation (integral) of the 
orresponding 
urrent group | the group of G-valuedmeasurable fun
tions. Conversely, ea
h invariant (see above) representation of the 
urrentgroup realized in the Fo
k spa
e is generated by some 
anoni
al state on G.Thus a 
anoni
al state is the exponential of the squared norm of a nontrivial 
o
y
le ofthe group with values in an irredu
ible unitary representation of the group. The 
ompletelist of groups for whi
h a 
anoni
al state does exist is not yet known; however, there is anumber of examples, the most important of whi
h are some 
lassi
al semisimple Lie groups,nontrivial 1-
o
y
les on whi
h were �rst found in [15, 14℄. Another example | the groupof automorphisms of a tree | is 
onsidered in [10℄.In the 
ase of semisimple groups, one requires additionally that a 
anoni
al state shouldbe 
onstant on a 
hosen maximal 
ompa
t subgroup. This 
ondition leads to a unique (upto the 
hoi
e of a positive degree) 
anoni
al state; namely, the 
orresponding one-parametersubgroup is the subgroup of spheri
al fun
tions, and its generator is the derivative of the



4 JUNE 10, 2005family of spheri
al fun
tions of 
omplementary series with respe
t to the parameter at thegroup identity. Thus, among semisimple groups, 
anoni
al states and the 
orrespondingnonlo
al representations of 
urrent groups exist only on groups of rank 1 (and not all atthat), namely, on SO(n; 1) and SU(n; 1)4).It is 
lear from above that the restri
tion of a 
anoni
al state to any 
ommutative sub-group is an in�nitely divisible 
hara
teristi
 (=positive de�nite) fun
tion, i.e., the Bo
hner{Fourier transform of an in�nitely divisible measure on the group of 
hara
ters of the 
om-mutative subgroup; hen
e this measure determines a L�evy pro
ess with values in the groupof 
hara
ters. In our 
ase of the group SO(n; 1), the 
ommutative subgroup and its groupof 
hara
ters is Rn�1, and the representation of the 
urrent group is realized in the L2spa
e over some ve
tor L�evy pro
ess.Let '(�) be a 
anoni
al state on some group G; 
onsidering its restri
tion to a 
ommu-tative subgroup, we 
an write the Fourier transform of the law of the 
orresponding L�evypro
ess as �(g(�)) = exp�ZX � log '(g(x))dx�:2.3. The group G = O(n; 1). In this paper the group G = O(n; 1) is realized as the
olle
tion of all real matri
es of order n+ 1 preserving the quadrati
 form2x1xn+1 + x22 + : : :+ x2n:In another formulation, G is the group of all real matri
es satisfying the relationgsg� = s; s = 0�0 0 10 e 01 0 01A ; (2.1)where e is the identity matrix of order n � 1 and � stands for transposition.We write elements g 2 G as blo
k matri
esg = 0�g11 g12 g13g21 g22 g23g31 g32 g331A ;where the diagonal blo
ks are quadrati
 matri
es of orders 1, n � 1, and 1, respe
tively.4)It is possible to de�ne a 
anoni
al state on groups with the Kazhdan property (= the identity represen-tation is an isolated point in the spa
e of all irredu
ible unitary representations, as in a semisimple groupof rank more than one), but in this 
ase we must omit the positivity 
ondition and, 
onsequently, allow
onsidering nonunitary representations. For example, for SL(n;R), n > 2, the derivative of the family ofspheri
al fun
tions of 
omplementary series representations makes sense, but it will not be a 
onditionallypositive fun
tion on the group. Thus the exponential of this fun
tion will not be a state on the group inthe true sense, but nevertheless it still determines an invariant bilinear form on the group algebra, whi
h isinteresting for further 
onstru
tion of nonunitary representations of 
urrent groups. Note that F. A. Berezin[3℄ 
onsidered presumably similar notions, but the relation between his 
onstru
tion and our notions is stillnot 
lear.



June 10, 2005 5Condition (2.1) is equivalent to the following relations between the elements of thesematri
es: g13g31 + g11g33 + g12g�32 = 1; g23g�21 + g21g�23 + g22g�22 = e;2g11g13 + g12g�12 = 0; 2g31g33 + g32g�32 = 0;g11g23 + g13g21 + g22g�12 = 0; g31g23 + g33g21 + g22g�32 = 0:The group G 
ontains as a subgroup the group Z of all blo
k matri
es of the formz = 0� 1 0 0�
� e 0� j
j22 
 11A ; 
 2 Rn�1;where j
j = (P
i2)1=2. The group Z is 
ommutative and isomorphi
 to the additive groupRn�1, and it is the maximal unipotent subgroup of G. We identify elements z 2 Z withve
tors 
 2 Rn�1 and write z(
) or simply 
 instead of z.By D we denote the subgroup of blo
k diagonal matri
es from G, and by B the subgroupof all blo
k lower triangular matri
es. Elements of the subgroup D are matri
es of the formd = diag(��1; u; �); � 2 R n 0; u 2 O(n�1):The group B is the semidire
t produ
t B = Z hD, and the group D is the dire
t produ
tof the groups R� and O(n�1).The 
anoni
al state '(g) on the group G is given by the following formula:'(g) = exp�d �(g)d� ����=0�;where  � is the spheri
al fun
tion of the 
omplementary series representation of the groupG with parameter �, the value � = 0 
orresponding to the spe
ial representation of G gluedto the identity representation; see [14℄ and [5℄.Note that the spe
ial representation of the group G 
orresponding to � = 0 has anontrivial 1-
o
y
le and is the unique irredu
ible unitary representation of G with thisproperty.2.4. The 
urrent group GX = O(n; 1)X. We 
onsider the group G = O(n; 1) in therealization des
ribed above. Denote by ZX , DX , and BX the subgroups of fun
tions g(x) 2GX with values in the subgroups Z, D, and B, respe
tively. Note that the group ZX isisomorphi
 to the additive group (Rn�1)X of bounded Borel fun
tions on X with valuesin Rn�1, and the group BX is the semidire
t produ
t BX = ZX hDX .In [15, 5℄, for ea
h group O(n; 1)X, an irredu
ible unitary representation was 
onstru
tedthat is invariant underm-preserving transformations of the spa
e X . It was 
alled the basi
representation; several models of this representation were des
ribed.In the 
hosen realization of the group O(n; 1), the spheri
al fun
tion 	(g(�)) (
anoni
alstate) on the 
urrent group GX that determines this representation is given by the followingformula: 	(g(�)) = exp��12 ZX log ���g11(x) + g33(x)� g13(x)� g31(x)2 ��� dm(x)�; (2.2)



6 JUNE 10, 2005where gij are elements of the blo
k matrix g 2 GX . Its restri
tion to the in�nite-dimensional
ommutative 
urrent group ZX is given by the formula	(
(�)) = exp��12 ZX log�1 + j
(x)j24 �dm(x)�; (2.3)where 
 is the fun
tion determining the blo
k matrixz = 0� 1 0 0�
� e 0� j
j22 
 11A 2 ZX :Automati
ally, this restri
tion is the 
hara
teristi
 fun
tion of an in�nitely divisible distri-bution, be
ause the 
anoni
al state on the group G is in�nitely divisible.We 
onstru
t a 
ommutative model of the basi
 representation of the group O(n; 1)X.It is realized in the Hilbert spa
e L2(�) of fun
tions on the spa
e of ve
tor distributionssquare-integrable with respe
t to the measure � introdu
ed below. By the properties ofthis measure, on L2(�) there is a natural unitary representation Ug of the blo
k triangularsubgroup BX , where elements z 2 ZX a
t as diagonal operators. The desired 
ommu-tative model of the basi
 representation of the group GX is obtained by extending thisrepresentation from the subgroup BX to the whole group O(n; 1)X.The measure � is determined by its density with respe
t to another measure � introdu
edin this paper. By de�nition, � is the �nite measure on the spa
e of ve
tor distributionswhose Fourier transform is the fun
tional 	(
(�)) given by (2.3).Note that the measure � is the law of the L�evy pro
ess obtained by the 
anoni
al
onstru
tion from the in�nitely divisible measure � on the additive group Rn�1 whoseFourier transform is (1+ j
j24 )1�n, 
 2 Rn�1. The density of this measure � with respe
t tothe standard Lebesgue measure is given, up to 
onstant fa
tor, by the following formula:e (�) = j�jn�12 Kn�12 (2j�j);where K�(x) is the modi�ed Bessel fun
tion of the third kind, see [2℄. In parti
ular, e (�) =e�2j�j in the 
ase n = 2. The measure � is O(n�1)-invariant, and it is a multidimensionalgeneralization of the symmetrized gamma distribution.2.5. Several integral relations. In further 
onstru
tions we will use formulas for theFourier transform of the fun
tions (1 + j
j24 )��=2 and j
j�� on Rn�1, where j
j =(Pn�1i=1 
2i )1=2. Namely,ZRn�1�1 + j
j24 ���=2 e i <�;
> d
 = 
n 2�(�=2) j�j(��n+1)=2K(n�1��)=2(2j�j); (2.4)ZRn�1 j
j�� e i <�;
> d
 = 
n 2�� �((n� 1� �)=2)�(�=2) j�j��n+1; (2.5)where the 
oeÆ
ient 
n, the same in (2.4) and (2.5), depends only on n.The Bessel fun
tion K� is given by the following equation (see [2℄):K�(2z) = �2 sin(��) (I��(2z)� I�(2z)); (2.6)



June 10, 2005 7where I�(2z) = 1Xm=0 z2m+�m! �(m+ �+ 1) : (2.7)It is important for the sequel that this fun
tion is 
ontinuous and stri
tly positive onthe half-line 0 < x <1.Remark. For integer values of �, the series for K� 
ontains terms with log z; for half-integervalues of �, the expression for K� 
an be simpli�ed:Kn+ 12 (z) = � �2z�1=2 e�z nXk=0 (n+ k)!k!(n� k)!(2z)k :It is 
onvenient to write equation (2.4) in another form. Namely, setting � = 2�+n� 1,we obtain ZRn�1�1 + j
j24 ��n�12 �� e i <�;
> d
 = 
n 2�(n�12 + �) j�j�K�(2j�j): (2.8)Let us give a brief derivation of formulas (2.4) and (2.5) for n > 2. In spheri
al 
oordi-nates the �rst integral takes the formJ1 = 
 Z 10 Z '0 �1 + r24 ���=2 e ij�j 
os' rn�2 sinn�3 'd' dr:Integrating with respe
t to ' yields (see [8, formula 3.915.5℄)J1 = 
 j�j�n�32 Z 10 �1 + r24 ���=2 r n�12 Jn�32 (j�jr) dr;where J�(
) is the Bessel fun
tion of the �rst kind (see [2℄). Similarly, for the integral (2.5)we obtain J2 = 
 j�j�n�32 Z 10 r n�12 �� Jn�32 (j�jr) dr:Integrating with respe
t to r yields the expressions (2.4) and (2.5) for J1 and J2, respe
-tively; see [8, formulas 6.565.4 and 6.561.14℄.Theorem 2.1 (Multidimensional analog of the L�evy{Khint
hin formula). The fun
tionlog(1 + j
j24 ) on Rn�1 has the following integral representation:log�1 + j
j24 � = ZRn�1�e i<�;
> � 1� g(�) d�; where g(�) = j�j�n�12 K�n�12 (2j�j): (2.9)Indeed, it follows from (2.4) thatZRn�1�e i<�;
> � 1� j�j��n+12 K��n+12 (2j�j))1=2d� = 
�(�=2)��1 + j
j24 ���=2 � 1�:As �! 0, we obtain (2.9).



8 JUNE 10, 20053. The 
ommutative model of the 
omplementary series of irredu
ibleunitary representations of the group O(n; 1)3.1. The a
tion of the group G on Rn�1 and the 1-
o
y
le. Let Y be the manifoldof one-dimensional subspa
es in Rn+1 lying inside the light 
one2x1xn+1 + x22 + : : :+ x2n = 0:The group G = O(n; 1), regarded as a group of linear transformations in Rn+1, a
tstransitively on Y . We use the right notation for this a
tion: y ! y�g. Note that in anotherinterpretation Y is the absolute of the n-dimensional Loba
hevsky spa
e realized as the
olle
tion of one-dimensional subspa
es in Rn+1 lying inside the light 
one.Let us realize Y n y0, where y0 = (�; 0; : : : ; 0), as the interse
tion of the 
one with thehyperplane xn+1 = 1, i.e., as the set of points in Rn+1 of the form��j
j22 ; 
i; : : : ; 
n�1; 1�;where 
 = (
i; : : : ; 
n�1) 2 Rn�1 and j
j = (P 
i2)1=2. A

ording to this realization, thereis a natural bije
tion Y n y0 ! Rn�1; hen
e the a
tion of the group G on Y indu
es ana
tion 
 ! 
�g of G on the spa
e Rn�1. We emphasize that this a
tion is not linear.It follows from the de�nition that the ve
tor 
�g is given by the following formula:
�g = ��j
j22 g13 + 
g23 + g33��1 ��j
j22 g12 + 
g22+ g32�; (3.1)where gij are elements of the blo
k matrix g. In parti
ular,
g = 
 + 
0 for g = z(
0) 2 Z;
g = ��1
u for g = diag(��1; u; �);
s = � 2
j
j2 :Now let us de�ne a fun
tion �(
; g) by the formula�(
; g) = ����j
j22 g13 + 
g23+ g33���; 
 2 Rn�1; g 2 G: (3.2)In parti
ular, �(
; g) = 1 for g 2 Z;�(
; g) = j� j for g = diag(��1; u; �);�(
; s) = j
j22 :It follows from the de�nition that �(
; g) is a 1-
o
y
le of the group G with values in R�,i.e., �(
; g1g2) = �(
; g1) �(
�g1; g2) for any 
 2 Rn�1 and g1; g2 2 G: (3.3)



June 10, 2005 93.2. The standard model of the 
omplementary series representations. Ea
h ir-redu
ible unitary 
omplementary series representation of the group G = O(n; 1) is deter-mined by a number � from the interval 0 < � < n � 1. In the standard realization, therepresentation T� with parameter � a
ts in the Hilbert spa
e L� of real-valued fun
tionsf(
) on Rn�1 ' Z with s
alar produ
t< f1; f2 > = ZRn�1�Rn�1j
 0� 
 00j�� f1(
 0) f2(
 00) d
 0d
00; (3.4)where d
 = d
1 : : : d
n�1 is the Lebesgue measure on Rn�1. The operators of this repre-sentation have the form T�g f(
) = f(
�g) �1�n+�2 (
; g); (3.5)where 
�g and �(
; g) are given by equations (3.1) and (3.2), respe
tively. In parti
ular,T�z f(
) = f(
 + 
0) for z = z(
0) 2 Z; (3.6)T�d f(
) = j�j1�n+�2 f(��1
u) for d = diag(��1; u; �); (3.7)T�s f(
) = f�� 2
j
j2�� j
j22 �1�n+�2 for s = 0� 0 0 10 e 01 0 01A : (3.8)The group property of these operators follows immediately from the property (3.3) ofthe fun
tion �(
; g), and their unitarity follows from the relationsd(
�g) = �1�n(
; g) d
 for any g 2 G; (3.9)where d
 = d
1 : : : d
n�1, andjx� yj2 = jx�g � y�gj2 �(x; g) �(y; g) (3.10)for any x; y 2 Rn�1 and g 2 G.Relations (3.9) and (3.10) are easily veri�ed for elements from Z and D and the elements. It follows from the properties of the 1-
o
y
le �(
; g) that they hold for any elementg 2 G.3.3. Constru
tion of the 
ommutative model of 
omplementary series represen-tations. Let us des
ribe the 
ommutative model of a 
omplementary series representationT� of the group G = O(n; 1) with respe
t to the subgroup Z, i.e., the model in whi
h theoperators T�z , z 2 Z, a
t as multipli
ators.This model is obtained by passing from fun
tions f(
) in the standard model to theirFourier transforms '(�) = ZRn�1 e i<�;
>f(
) d
:Theorem 3.1. In the 
ommutative model, the 
omplementary series representation T� isrealized in the Hilbert spa
e L� of 
omplex-valued fun
tions on Rn�1 with the normk'k2 = 2�� �((n�1��)=2)�(�=2) ZRn�1 j�j1�n+� j'(�)j2 d�; j�j =< �; � >1=2; (3.11)



10 JUNE 10, 2005satisfying the 
ondition '(�) = '(��): (3.12)The operators of the representation are given by the formulaT�g '(�) = ZRn�1 A�(�; �0; g)'(�0) d�0; (3.13)where A�(�; �0; g) = ZRn�1 e i (<�;
>�<�0;
g>) �1�n+�=2(
; g) d
: (3.14)In parti
ular, T�z '(�) = e�i<�;
0> '(�) for z = z(
0) 2 Z;T�d '(�) = j�j�=2'(� �u) for d = diag(��1; u; �):Proof. In the new model, the squared norm is given by the formulak'k2 = ZRn�1�Rn�1R(�; �0)'(�)'(�0) d� d�0;whereR(�; �0) = ZRn�1�Rn�1j
 � 
 0j��e i(<�;
>�<�0 ;
0>) d
 d�0 = Æ(� � �0)ZRn�1 j
j�� e i<�;
> d�:This implies (3.11) in view of (2.5).Relation (3.12) is equivalent to the 
ondition that the original spa
e is real.The formulas for representation operators in the new model 
an be obtained dire
tlyfrom the formulas for these operators in the original model by passing from fun
tions f(
)to their Fourier transforms. �Proposition 3.1. In the 
ommutative model of the representation T�, the kernel A(�; �0) =A�(�; �0; s) of the operator T�s 
orresponding to the element s = 0�0 0 10 e 01 0 01A has the fol-lowing form:A(�; �0) = 21��2 Z 10 
os��x+ 2�0x � x��2 dx for n = 2; (3.15)A(�; �0) = 
n2��=2 Z 10 r��n jr� + 2r�1�0j�n�32 Jn�32 (jr� + 2r�1�j) dr (3.16)for n > 2, where Jn�32 is the Bessel fun
tion of the �rst kind.Indeed, sin
e 
s = �2
j
j2 and �(
; s) = j
j22 , it follows from (3.14) thatA(�; �0) = 2n�1��=2 ZRn�1 e i (<�;
>+<�0 ; 2
j
j2>) j
j2�2n+� d
:
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al 
oordinates we obtainA(�; �) = 
n2��=2 Z 10 Z �0 e i jr�+2r�1�0j 
os' r��n sinn�3 'd' dr:Integrating with respe
t to ' yields (3.16).Remark. For n = 2, the kernel A(�; �0) 
an be expressed in terms of Bessel fun
tions:A(�; �0) = 
�
os ��2 ��1 j�0��1j1=2 [J��1(23=2j��0j)� J1��(23=2j��0j)℄ for ��0 < 0;A(�; �0) = 
�
os ��2 ��1 j�0��1j1=2 [I��1(23=2j��0j)� I1��(23=2j��0j)℄ for ��0 > 0:The representation T� is uniquely determined by its spheri
al fun
tion �(g) =< T�g 1I�; 1I� >;where 1I� 2 L� is a ve
tor of norm 1 that is invariant under the maximal 
ompa
t subgroupof G (va
uum ve
tor). In the 
hosen realization of the group G, this spheri
al fun
tion takesthe form  �(g) = ���g11(x) + g33(x)� g13(x)� g31(x)2 �����=2; (3.17)where gij are elements of the blo
k matrix g. In parti
ular, �(z(
)) = �1 + j
j24 ���=2:Let us introdu
e the following ve
tor in the spa
e L�:f�(�) = �j�j���n+12 K��n+12 (2j�j)�1=2; (3.18)where K�(x) is the Bessel fun
tion de�ned above.Proposition 3.2. The ve
tor f� is invariant under the maximal 
ompa
t subgroup of thegroup G, hen
e it is proportional to the va
uum ve
tor 1I�.Corollary. The following equation holds:< T�z
f�; f� >= kf�k2  �(z(
));i.e., ZRn�1 e i<�;
> j�j��n+12 K��n+12 (2j�j))1=2d� = kf�k2 �1 + j
j24 ���=2: (3.19)Proposition 3.3. We have kf�k2 = 
�(�=2)�1 + j
j24 ���=2:Indeed, it follows from (2.4) that the left-hand side of (3.19) is equal to (2
n)�1 �(�=2).



12 JUNE 10, 20053.4. The embedding L� !Nli=1 L�i.Proposition 3.4. For any positive real numbers �1; : : : ; �l, P�i < n � 1, there exists anisometri
 embedding � : L� ! lOi=1 L�i ; � =X�i;that 
ommutes with the a
tion of the group G. In the standard realization of representationsit is given by the formula �f(
1; : : : ; 
l) = f(
1) lYi=2 Æ(
1� 
i); (3.20)and in the 
ommutative model, by the formula�'(�1; : : : ; �l) = '(�1 + : : :+ �l): (3.21)Proof. First let us 
onsider the standard model of representations. Let < ; > and < ; >l bethe s
alar produ
ts in the spa
es L� andNli=1L�i , respe
tively. Then it is obvious that< �f; �f >l = ZRn�1�Rn�1 lYi=1 j
 0� 
 00j��i f(
0) f(
 00) d
0d
 00 =< f; f > :Thus the mapping � is isometri
. Obviously, it 
ommutes with the a
tion of G.Now let us 
onsider the 
ommutative model of representations. Let '(�) be the Fouriertransform of a fun
tion f(
). Then, a

ording to (3.20), the image of ' under this embed-ding is equal to Z f(
1) lYi=2 Æ(
1 � 
i) lYi=1 e i <�i;
i> d
i = '(�1 + : : :+ �l): �3.5. The 
ommutative model of the spe
ial representation of the group O(n; 1).The spe
ial representation of the group O(n; 1) is the irredu
ible unitary representationof this group glued to the identity representation. It is obtained from the 
omplementaryseries representations in the �! 0 limit. Thus Theorem 3.1 implies the following result.Theorem 3.2. In the 
ommutative model, the spe
ial representation T 0 of the groupO(n; 1) is realized in the Hilbert spa
e of 
omplex-valued fun
tions on Rn�1 with the normk'k2 = ZRn�1 j�j1�n j'(�)j2 d� (3.22)satisfying the 
ondition '(�) = '(��). Operators of the representation are given by theformula Tg'(�) = ZRn�1 A0(�; �0; g)'(�0) d�0; (3.23)where A0(�; �0; g) = ZRn�1 e i (<�;
>�<�0 ;
g>) �1�n(
; g)d
: (3.24)
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ular, Tz'(�) = e�i<�;
0> '(�) for z = z(
0) 2 Z;Td'(�) = '(� �u) for d = diag(��1; u; �):The spe
ial representation T 0 has a nontrivial 1-
o
y
le � : G ! L0, where L0 is thespa
e of T 0. Namely, set f0(�) = lim�!0 f�(�), where f�(�) 2 L� is given by (3.18), i.e.,f0(�) = (j�jn�12 Kn�12 (2j�j))1=2:This ve
tor is invariant under the maximal 
ompa
t subgroup of G, but it does not belongto the spa
e L0 of the spe
ial representation. The desired nontrivial 1-
o
y
le G ! L0 isgiven by the equation �(
; g) = T 0g f0(�)� f0(�):It is known that T 0 is the unique irredu
ible unitary representation of the group G pos-sessing a nontrivial 1-
o
y
le.4. The measures � and � on the spa
e of ve
tor distributions4.1. The spa
es F and �. The 
onstru
tion of the 
ommutative model of the basi
representation of the 
urrent groups GX will be based on two remarkable measures in thespa
e of ve
tor distributions.Denote by F the spa
e of smooth bounded real-valued fun
tions on X and by � thedual spa
e with the ordinary topology (the spa
e of distributions on X). We will denoteby < ; > the pairing of elements from F and �:Let us introdu
e the spa
e Fn�1 of ve
tor fun
tions 
(x) = (
1(x); : : : ; 
n�1(x)), 
i 2 F ,and denote by �n�1 the dual spa
e. Elements from �n�1 are realized as ve
tor distributions�(x) = (�1(x); : : : ; �n�1(x)), �i 2 �, with the pairing< �; 
 >= n�1Xk=1 < �k; 
k > :For example, if � = 
 Æx0, where 
 = (
1; : : : ; 
n�1) 2 Rn�1 and Æx0 is a Æ-fun
tion on X ,then < �; 
 >=Pn�1k=1 
k 
k(x0):Sin
e in what follows we will 
onsider only the spa
es Fn�1 and �n�1, we will omit theindex n� 1 in their notation.4.2. The measure � on �. Let us introdu
e the following fun
tion on Rn�1:l(
) = �1 + j
j24 ��1=2; 
 2 Rn�1: (4.1)It is known that this fun
tion is positive de�nite. A

ording to (2.4), its Fourier transformequals ZRn�1�1 + j
j24 ��1=2 e i <�;
> d
 = 
n 2�(1=2) j�j(�n+2)=2K(n�2)=2(2j�j):Let us introdu
e a fun
tional L(
(�)) on F by the formulaL(
(�)) = exp�ZX log l(
(x))dm(x)�;



14 JUNE 10, 2005i.e., L(
(�)) = exp��12 ZX log�1 + 14 j
(x)j2� dm(x)�: (4.2)Note that L(
(�)) = 	(
(�)); where 	(
(�)) is the restri
tion of the spheri
al fun
tion ofthe basi
 representation of the group GX to the subgroup ZX , see (2.3). This fun
tionalis positive de�nite and 
ontinuous (see [6℄); hen
e, by the Minlos theorem on measures onthe spa
e of distributions [6℄, it is the Fourier transform of a �nite normalized measure �on �, i.e., L(
(�)) = Z� e i<�;
> d�(�): (4.3)Theorem 4.1. The measure � is 
on
entrated on the set �0 � � of distributions of theform � =X 
i Æxi ; 
i = (
i1; : : : ; 
in�1) 2 Rn�1; where X j
ij <1: (4.4)Proof. The series in (4.4) 
onverges if and only if the series for ea
h 
oordinate 
onverges;hen
e it suÆ
e to verify the 
ondition for the one-dimensional pro
esses obtained by pro-je
ting to 
oordinates. The 
hara
teristi
 fun
tions of these pro
esses are the restri
tionsof the fun
tion l(�) (given by (4.1)) to the one-dimensional subspa
es; but all of them de-termine the 
lassi
al gamma pro
ess, whi
h satis�es the 
onvergen
e 
ondition (see [13℄;for a general 
onvergen
e 
ondition for one-dimensional L�evy pro
esses, see [7℄). �Let us introdu
e the spa
e F � F of real bounded Borel ve
tor fun
tions on X . Sin
e�-almost every distribution � 2 � is of the form (4.4), ea
h fun
tion 
 2 F 
orresponds toa measurable linear fun
tional < �; 
 > on � de�ned �-almost everywhere on �.Note that on F and � there are two natural operations :1) the multipli
ation by a bounded Borel R�-valued fun
tion �(x) on X :
 ! �
; � ! ��;2) the a
tion of the group O(n�1)X of Borel fun
tions on X with values in the 
ompa
tgroup O(n�1): 
 ! 
u; � ! �u; u 2 O(n�1)X :A

ording to this de�nition,< ��; 
 >=< �; �
 > and < �u; 
 >=< �; 
u > for any 
 2 F ; � 2 �:The following proposition follows from the de�nition of the measure �.Proposition 4.1. The measure � is invariant under the transformations � ! �u, u 2O(n�1)X .Remark. In fa
t, we 
onstru
t a ve
tor gamma pro
ess su
h that the measure in the spa
eof traje
tories of this pro
ess enjoys the additional property as 
ompared with the sym-metrized gamma pro
ess: it is invariant under pointwise orthogonal transformations.
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tions of the measure � to �nite-dimensional quotient spa
es. Let us
onsider all �nite partitions X = Sli=1Xi of the spa
e X su
h that m(Xi) < n � 1 forall elements of the partition. Let us asso
iate with ea
h partition � : X = Sli=1Xi, wherem(Xi) < n� 1, the subspa
e F� �= (Rn�1)l of ve
tor fun
tions 
(x) 2 F that are 
onstanton elements of �, and the dual spa
e �� �= (Rn�1)l, realized as a quotient spa
e of �.Denote by �� the proje
tion of the measure � to the quotient spa
e ��.Proposition 4.2. The measure �� on �� �= (Rn�1)l has the formd��(�1; : : : ; �l) = lYk=1� 2�(�k=2) j�kj(�k�n+1)=2Kn�1��k2 (2j�kj) d�k�; (4.5)where �i 2 Rn�1, d�i is the Lebesgue measure on Rn�1, �k = m(Xk), and K� is themodi�ed Bessel fun
tion of the third kind de�ned above.Proof. For every 
(x) 2 F� we haveexp��12 ZX log�1 + j
(x)j24 �dm(x)�= lYi=1�1 + j
ij24 ���i=2;where 
i = 
(x)jXi and �i = m(Xi).Therefore, in view of (4.3), for every 
(x) 2 F� we haveZ�� e i<�;
>d��(�) = Z� e i<�;
>d�(�) = lYi=1�1 + j
ij24 ���i=2:Hen
e d��(�1; : : : ; �l) = Qli=1 (�i) d�i, where  (�i) is the Fourier transform of the fun
tion(1 + j
ij24 )��i=2 on Rn�1. Now (4.5) follows from (2.4). �4.4. The fun
tion V�(x) and the measure � on �. For � > 0, introdu
e a fun
tionV�(x) on the half-line 0 6 x <1 by the formulaV�(x) = � 2�(�)x�K�(2x)��1 = ��(1� �) x� [I��(2x)� I�(2x)℄��1: (4.6)In parti
ular, V1=2(x) = e2x.Theorem 4.2. The Fourier transform of the fun
tion V �1� (j�j) on Rn�1 equalsZRn�1 V �1� (j�j) e i<�;x> d� = 
n �(�)�(n�12 + �) �1 + jxj24 ��n�12 ��: (4.7)In parti
ular, ZRn�1 V �1n�12 (j�j) e i<�;x> d� = 
n �(n�12 )�(n � 1) �1 + jxj24 ��n+1:Indeed, a

ording to (2.8),V �1� (j�j) = 
�1n �(n�12 + �)�(�) ZRn�1�1 + jxj24 ��n�12 �� e i <�;x> dx: (4.8)Applying the inverse Fourier transform yields (4.7).



16 JUNE 10, 2005Corollary. The measure V �1n�12 (j�j) d� is an in�nitely divisible measure on Rn�1.(Sin
e its Fourier transform has a L�evy{Khint
hin representation; see (2.9).)Proposition 4.3. The fun
tion V�(x) is 
ontinuous and stri
try positive on the half-line0 6 x <1, satis�es V�(0) = 1 for every � > 0, and has the following asymptoti
 estimatesas x! 0: V�(x) � 8><>:1 + x 2� �(1� �)=�(1 + �) for � < 1;1� 2x 2 log(x) for � = 1;1 + 2x 2=(�� 1) for � > 1: (4.9)Proof. Let us prove (4.9). If � =2Z, then we use the estimate for the fun
tions I�� and I�that follows from their power series representation:I��(2x) � x���(1� �) + x2���(2� �) x2; I�(2x) � x��(1 + �) :Hen
e we have V �1� (x) � 1 + �(1� �)�(2� �) x2 � �(1� �)�(1 + �) x 2�:This estimate implies (4.9) for � =2Z.If � 2 Z, then we use the series representation of Kn(2x), see [2, x7.2.5, formula (37)℄.This representation implies the estimate2Kn(2x) � (n� 1)!x�n + (n� 2)! x2�n + 2(�1)n+1n! xn log x:Therefore V �1n (x) � 1 + x2n� 1 + 2(�1)n+1n!(n� 1)!x2n log x;when
e V �11 � 1 + 2x2 log x and V �1n � 1 + x2n�1 for n > 1. �Corollary. For every � > 1=2, the in�nite produ
t Q1i=1 V�(xi) 
onverges provided that theseries P1i=1 xi 
onverges.De�nition. Consider the in�nite �-�nite measure � on the spa
e of ve
tor distributions� whose density v = d�d� with respe
t to the measure � is de�ned on the support �0 � �of � by the following formula:v� 1Xi=1 
iÆxi� = 2�m(X) 1Yi=1Vn�12 (j
ij); 
i 2 Rn�1; (4.10)where V�(x) is given by (4.6). In parti
ular, for n = 2v�X 
iÆxi� = exp(2X j
ij); 
i 2 R:Sin
eP1i=1 j
ij <1 on the support of �, it follows from Proposition 4.3 that the in�niteprodu
t Q1i=1 Vn�12 (j
ij) 
onverges.By de�nition, the measure � is absolutely 
ontinuous with respe
t to �, and its densityis positive �-almost everywhere.
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onstru
tion of the measure �. Let � : X = Sli=1Xi be anarbitrary �nite partition of the spa
e X , �� be the quotient spa
e of � asso
iated with �,and �� be the proje
tion of the measure � to ��. Let us introdu
e a new measure �� on�� with density d��(�1; : : : ; �l)d��(�1; : : : ; �l) = 2�m(X) lYk=1V(n�1��k)=2(j�kj):(By the 
ondition imposed on �, we have n � 1� �k > 0 for all k.)It follows from the expli
it formula for d��(�1; : : : ; �l) that this measure is of the formd��(�1; : : : ; �l) = lYi=1 2��i �((n� 1� �i)=2)�(�i=2) j�ij�i�n+1 d�i; (4.11)where �i 2 Rn�1 and �i = m(Xi).Let us write � > � if � is a re�nement of a partition �. For � > �, there is a naturalembedding F� ! F� and a natural epimorphism �� ! ��. Obviously, the measure �� on�� and the measure �� on �� are 
oherent with respe
t to this epimorphism.Proposition 4.4. The measures �� on the quotient spa
es �� are 
oherent, i.e., the epi-morphism �� ! ��, � > �, sends �� to ��.Proof. It suÆ
es to prove thatZ�� e i<�;
> d��(�) = Z�� e i<�;
> d��(�) for every 
 2 F�:Let � : X = Sli=1Xi and � : X = Si;j Xij , where Sj Xij = Xi; i = 1; : : : ; l. By (2.5), itfollows from the expression (4.11) for d�� and d�� thatZ�� e i<�;
> d��(�) = lYi=1 j
ij��i ; where 
i = 
jXi; �i = m(Xi);Z�� e i<�;
> d��(�) = Yi;j j
 ij j��ij ; where 
 ij = 
jXij ; �ij = m(Xij):Sin
e 
 ij = 
i for all i and j and Pj �ij = �i; i = 1; : : : ; l, the right-hand sides of theseequations 
oin
ide. �De�nition. Let us de�ne a �-�nite measure e� on � as the weak limit of the 
oherentfamily of measures ��.Theorem 4.3. The measure e� 
oin
ides with the measure �, i.e., on the support of �,de�d��X 
iÆxi� = 2�m(X)YVn�12 (j
ij); 
i 2 Rn�1; (4.12)where V�(x) is given by (4.6).Proof. It suÆ
es to prove (4.12) only for �nite sums � =Pki=1 
i Æxi .



18 JUNE 10, 2005Given su
h a sum, 
onsider partitions � : X = Sli=1Xi su
h that ea
h element of �
ontains at most one point xi. For de�niteness, let xi 2 Xi, i = 1; : : : ; k. Then, sin
eV�(0) = 1, we have d��d��� kXi=1 
iÆxi� = 2�m(X) kYi=1Vn�1��i2 (j
ij):Taking the indu
tive limit with respe
t to �, we obtainde�d�� kXi=1 
iÆxi� = 2�m(X) kYi=1Vn�12 (j
ij): �4.6. The Fourier transform of the measure �. If 
 2 F�, where � is an arbitrary�nite partition of the spa
e X , then by (2.5) we haveZ� e i <�;
> d�(�) = Z�� e i <�;
> d��(�) = lYi=1 j
ij��i ;where 
i = 
jXi and �i = m(Xi). The right-hand side of this equation 
an be representedin the form lYi=1 j
ij��i = exp�� ZX log j
(x)j dm(x)�:Thus Z� e i <�;
> d�(�) = exp�� ZX log j
(x)j dm(x)�: (4.13)Equation (4.13) determines the Fourier transform of the measure � whenever the integralin the right-hand side is �nite.Remark. One 
an take this equation as the de�nition of the measure �.4.7. The invarian
e properties of the measure �.Theorem 4.4. The measure � is invariant under the a
tion of the group O(n�1)X andproje
tive invariant under the multipli
ation by bounded Borel fun
tions �(x) 2 (R�)X su
hthat the integral RX log j�(x)j dm(x) 
onverges. Namely,d�(� u) = d�(�) for every u(x) 2 O(n�1)X ; (4.14)d�(� �) = e RX log j�(x)j dm(x) d�(�): (4.15)In parti
ular, � is invariant under the subgroup of multipli
ations by fun
tions �(x) satys-fying RX log j�(x)j dm(x) = 0.Proof. It suÆ
es to establish this property for the proje
tions d��(�) = d��(�1; : : : ; �l) of� to the quotient spa
es �� of the spa
e �. Let u(x) 2 O(n�1)X and �(x) 2 (R�)X be
onstant on the elements of a partition �. By de�nition,d��(�u) = d��(�1u1; : : : ; �lul);d��(��) = d��(�1�1; : : : ; �l�l);



June 10, 2005 19where ui = ujXi , �i = �jXi , Xi are elements of �.It follows immediately from the expli
it expression (4.11) for d�� that d��(�u) = d��(�)and d��(��) = Qli=1 j�ij�i d��(��), where �i = m(Xi). It suÆ
es to observe that lYi=1 j�ij�i =ZX log j�(x)j dm(x) d�(�): �5. Constru
tion of the basi
 representation of the 
urrent group GX5.1. The basi
 representation of the blo
k triangular group BX . First let us de-s
ribe the representation of the subgroup BX = ZX h DX of blo
k triangular matri
es.We will write elements of this subgroup as triplesg(x) = (�; u; 
); � 2 (R�)X ; u(x) 2 O(n�1)X ; 
 2 (Rn�1)X :In this notation, the produ
t of group elements takes the form(�1; u1; 
1) (�2; u2; 
2) = (�1�2; u1u2; 
1 + �1
2u�11 ):The representation of the group BX is realized in the Hilbert spa
e L2(�) of all fun
tionson � square-integrable with respe
t to the measure � introdu
ed above.Let us asso
iate with elements of the subgroup BX the following operators Ug in thespa
e of fun
tions f(�) on �:U�;u;
f(�) = e 1=2RX log j�(x)jdm(x)+i <�;
> f(� �u): (5.1)In parti
ular, elements z = z(
) 2 ZX give rise to the operatorsUzf(�) = e i <�;
> f(�);where 
 2 (Rn�1)X is the parameter of the blo
k matrix z, and elements d =diag(��1; u; �) 2 DX , to the operatorsUdf(�) = e 1=2RX log j�(x)jdm(x) f(� �u):Note that the integral RX log j�(x)j dm(x) 
onverges, be
ause the elements �(x) and��1(x) of the matrix d are bounded fun
tions on X .Theorem 5.1. The operators Ug, g 2 BX , given by (5.1) are unitary with respe
t to thenorm in L2(�) and form an irredu
ible representation of the group BX in L2(�).Indeed, the group property of the operators Ug follows immediately from their de�nition,and the unitarity follows from the invarian
e properties of the measure � established inTheorem 4.4. The representation Ug is irredu
ible, be
ause the a
tion of the subgroup ZXin L2(�) is ergodi
 and the algebra of multipli
ators is maximal.5.2. Extension of the representation Ug to the whole group GX . In order to extendthe representation Ug from the subgroup BX to the whole group GX , we use the followingobvious lemma.Lemma. The group O(n; 1)X is algebrai
ally generated by the subgroup BX and the uniqueelement g(x) � s.



20 JUNE 10, 2005For example, every element g of the blo
k upper triangular subgroup 
an be representedin the form g = sg�s, where g� 2 BX .By this lemma, every operator Ug, g 2 GX , 
an be represented as the produ
t of anoperator from the subgroup BX des
ribed above and the operator Us; hen
e, in order tode�ne the representation of the whole group GX , it suÆ
es to des
ribe only the operatorUs.We 
all Us the involution operator in the spa
e L2(�) and denote it by I .Proposition 5.1. The operator I = Us and the operators Ug, g 2 BX, satisfy the followingrelations: I Ud = Us d s I for every d 2 DX ; (5.2)Uz(
) I = Ud(
) I Uz(�
) I Uz(j
) for every z(
) 2 ZX ; (5.3)where j
 = � 2
j
j2 (involution) and d(
) 2 DX is given byd(
) = diag�� 2j
j2 ; u 
 ; �j
j22 �; u
 = e� 2
�
j
j2 : (5.4)Indeed, (5.2) is obvious and (5.3) follows from the 
orresponding relation in the groupO(n; 1)X: z(
) s = d(
) s z(�
) s z(j
):Note that for every x 2 X the matrix u
(x) determines the re
e
tion in Rn�1 withrespe
t to the hyperplane orthogonal to the ve
tor 
(x).Relations (5.2) and (5.3) uniquely determine the operator I ; however, they do not givean expli
it expression for this operator.An expli
it des
riprion for I 
an be obtained from the des
ription of the operator Tsin the 
ommutative model of 
omplementary series representations of the group O(n; 1).Namely, let us asso
iate with ea
h partition � : X = Sli=1Xi the Hilbert spa
e L2(��) �L2(�) of fun
tions on �� square-integrable with respe
t to the measure �a. The spa
esL2(��) are invariant under I , and in order to des
ribe the operator I on the whole spa
eL2(�), it suÆ
es to des
ribe its a
tion on ea
h of these subspa
es. By 
onstru
tion, ea
hspa
e L2(��) is isomorphi
 to the tensor produ
t of �nitely many spa
es on whi
h the
ommutative model of a 
omplementary series representation of the group O(n; 1) a
ts.Proposition 5.2. On ea
h subspa
e L2(��), the involution operator I 
oin
ides with theoperator Ts of the representation of the group O(n; 1) in this subspa
e.Starting from formulas (3.15) and (3.16) for the operator Ts in the 
ommutative model of
omplementary series representations of the group O(n; 1), we obtain the following theorem.Theorem 5.2. For every partition � : X = Sli=1Xi, the a
tion of the operator I on thesubspa
e L2(��) is given by the following formula:If(�1; : : : ; �l) = Z(Rn�1)l�f(�01; : : : ; �0l) lYi=1A�i(�i; �0i) d�i�; �i 2 Rn�1; �i = m(Xi);



June 10, 2005 21where A�(�; �0) = 
n 2��=2 Z 10 r ��n jr� + 2 r�1�0j�n�32 Jn�32 (jr� + 2 r�1�0j) dr:We see that the operator I is well de�ned on the whole spa
e L2(�), be
ause on allsubspa
es L2(��) it is unitary and satis�es the required relations. Thus we have 
onstru
tedan irredu
ible unitary representation of the group GX in the spa
e L2(�).Theorem 5.3. The 
onstru
ted representation Ug of the group GX is equivalent to thebasi
 representation of this group introdu
ed in [5℄.Proof. The representations are equivalent, be
ause their spheri
al fun
tions 
oin
ide onthe subgroup ZX . Namely, set '(�) = v�1=2(�), where v(�) is the density of the measure� with respe
t to �. The fun
tion ' belongs to the spa
e L2(�), is of norm 1, and satis�esthe equation < Uz(
) v�1=2; v�1=2 >= 	(
(�)); z(
) 2 ZX ;where 	(
(�)) is the restri
tion of the spheri
al fun
tion of the basi
 representation of GXto ZX . Indeed,< Uz(
)v�1=2; v�1=2 >= Z� e i<�;
> v�1(�) d�(�) = Z� e i<�;
> d�(�) = 	(
(�)): �Remark. One 
an also 
onstru
t a 
ommutative model of the basi
 representation of thegroup GX in the L2 spa
e over the probability measure �. However, � is only quasi-invariant under the transformations � ! ��, � 2 (R�)X . Thus, in order to obtain a unitaryrepresentation, one must introdu
e an additional fa
tor. In the 
ase of the �-�nite measure�, there is no need to to this. 6. Appendi
es6.1. Approximative 
onstru
tion of the 
ommutative model. Let us give another,independent 
onstru
tion of the 
ommutative model of the basi
 representation of thegroup GX . With ea
h �nite partition � : X = Sli=1Xi of the spa
e X asso
iate the Hilbertspa
e L2(��) of fun
tions on �� introdu
ed above and the subgroup GX� � GX of fun
tions
onstant on the elements of �.For � > �, there is a natural embedding of groups GX� ! GX� and a natural isometri
embedding of spa
es L2(��)! L2(��). Denote by L0 the indu
tive limit of the subspa
esL2(��), and by GX0 the indu
tive limit of the subgroups GX� . Note that the group GX0 iseverywhere dense in GX .We will de�ne a unitary representation Ug of the group GX on the 
ompletion L of thespa
e L0 with respe
t to the norm of L0. In order to de�ne it, it suÆ
es to des
ribe thea
tion of the operators Ug, g 2 GX0 , on the subspa
e L0.Proposition 6.1. The spa
e L2(��) is the tensor produ
tL2(��) = lOi=1 L�i ; �i = m(Xi); (6.1)



22 JUNE 10, 2005where L�i are the Hilbert spa
es introdu
ed in Theorem 3.1.Starting from the de
omposition (6.1), de�ne a unitary representation Ug of the groupGX� in L2(�a) by the formulaUg(x) = T�1g1 
 : : :
 T�lgl ; gi = g(x)jXi; (6.2)where T�i are operators of the 
omplementary series representations of the group G =O(n; 1) in the spa
es L�i de�ned in Theorem 3.1.Proposition 6.2. For � > �, the embedding L2(��) ! L2(��) 
ommutes with the repre-sentations eUg of the groups GX� and GX� in these spa
es.Corollary. The unitary representations Ug of the groups GX� in the spa
es L2(��) are
oherent and hen
e generate a unitary representation of the group GX0 in L0.Theorem 6.1. The 
ontru
ted representation Ug of the group GX is irredu
ible and equiv-alent to the basi
 representation of this group de�ned in [15, 5℄.6.2. The dual des
ription of the representation Ug. Let us give a des
ription ofthe representation Ug in terms of the Fourier transform sending fun
tions f(�) on � tofun
tions '(
) on F : Rf(
) = Z� f(�) e i<�;
> d�(�); 
 2 F :The operator R is de�ned on an everywhere dense subset of fun
tions f 2 L2(�); inparti
ular, if the integral R� jf(�)j d�(�) 
onverges, then the fun
tion Rf(
) is de�ned onthe whole spa
e F .Theorem 6.2. Let f1 2 L2(�), g 2 GX, and f2 = Ugf1. Then on the subset of 
 2 F forwhi
h the fun
tions Rf1 and Rf2 are de�ned, they satisfy the relationRf2(
) = Rf1(
g) e�1=2 RX log�(
(x);g(x))dm(x); (6.3)where, a

ording to formulas (3.1) and (3.2) for the group G = O(n; 1),
(x) g(x)= ��j
(x)j22 g13(x) + 
(x)g23(x) + g33(x)��1��j
(x)j22 g12(x) + 
(x)g22(x) + g32(x)�;�(
(x); g(x)) = ����j
(x)j22 g12(x) + 
(x) g22(x) + g32(x)���:In parti
ular,Rf2(
) = Rf1(
 + 
0) for g = z(
0) 2 ZX ; (6.4)Rf2(
) = Rf1(��1
u) e�1=2 RX log j�(x)jdm(x) for g = diag(��1; u; �) 2 DX ;Rf2(
) = 2 1=2m(X)Rf1�� 2
j
j2� e� RX log j
(x)jdm(x) for g(x) � s:
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es to prove (6.3) for fun
tions f1(�) = f1(�1; : : : ; �l) from L2(��), where� : Sli=1Xi is an arbitrary �nite partition of the spa
e X , and matri
es g(x) that are
onstant on the elements of �.We haveRfi(
) = Rfi(
1; : : : ; 
l) = Z�� fi(�1; : : : ; �l) e i<�;
> d��(�1; : : : ; �l); i = 1; 2;where the measure d��(�1; : : : ; �l) is given by (4.11). Sin
eZ�� e i<�;
> d�(�1; : : : ; �l) = lYi=1 j
ij��i ; �i = m(Xi);it follows thatRfi(
1; : : : ; 
l) = ZF� 'i(�1; : : : ; �l) lYi=1 j
i� �ij��i d�i; i = 1; 2; (6.5)where 'i(�1; : : : ; �l) = ZF� lYi=1 e i<�i ;�i> fi(
1; : : : ; 
l) d�i:The equation f2 = Ugf1 and formula (3.5) for operators of the 
omplementary seriesrepresentations of O(n; 1) imply that the fun
tions 'i satisfy the relations'2(�1; : : : ; �l) = '1(�1�g1; : : : ; �l�gl) lYi=1 �1�n+�i2 (
i; gi);where gi = gjXi. ThusRf2(
1; : : : ; 
l) = ZF� '1(�1�g1; : : : ; �l�gl) lYi=1 �1�n+�i2 (
i; gi) j
i� �ij��i d�i:Applying the transformation �i�gi ! �i, we obtainRf2(
1; : : : ; 
l) = lYi=1 ���i=2(
i; gi) = ZF� '1(�1; : : : ; �l) lYi=1 j
i�gi � �ij��i d�i;i.e., Rf2(
1; : : : ; 
l) = � lYi=1 ���i=2(
i; gi)�Rf1(
1�g1; : : : ; 
l�gl):It remains to observe thatlYi=1 ���i=2(
i; gi) = e�1=2 RX log �(
(x);g(x))dm(x): �



24 JUNE 10, 2005Corollary. On the set of all 
 2 F for whi
h the fun
tions Rf , f 2 L2(�), and RIf arede�ned, they satisfy the relationRIf(
) = 2 1=2m(X)Rf�� 2
j
j2� e� RX log j
(x)jdm(x) for g(x) � s: (6.6)6.3. On the properties of the measures � and �.6.3.1. Consider the subgroup O(n�1)X of the 
urrent group O(n; 1)X. For n = 2, this isthe group of fun
tions on X taking values +1 and �1.The subgroup O(n�1)X a
ts pointwise in the spa
e of ve
tor distributions of dimensionn�1 on the manifold X , and the measures � and � are invariant under this a
tion.Note that this a
tion is not free. Indeed, sin
e almost every, with respe
t to � and �,realization is a linear 
ombination of a 
ountable family of Æ-measures, it follows that forevery distribution �, only the 
ompa
t quotient group of O(n�1)X that 
onsists of therestri
tions of 
urrents to the 
ountable support of � a
ts freely on �. Therefore the orbitis 
ompa
t as the produ
t of a 
ountable family of (n�1)-dimensional spheres and hen
ehas an invariant (produ
t) measure.Thus almost every ergodi
 
omponent of the a
tion of O(n�1)X 
onsists of distributionswith equal values of the norm at all points of their 
ommon support, i.e., the fun
tionx! k
(x)k; 
(x) = (
1(x); : : : ; 
n�1(x));is an invariant of the orbit.At the same time, as noted above, the a
tion of the group of homotheties together withrotations, i.e., the group (R+ �O(n�1))X , on the spa
e � is already ergodi
. Re
all that,as was proved in [13℄ for the 
ase n = 2, � is the unique, up to normalization, measure thatis invariant and ergodi
 (Theorem 5). Apparently, a similar theorem holds for an arbitraryn.6.3.2. The results of this paper 
an be translated to the in�nite-dimensional groupO(1; 1)X, be
ause (as observed by G. Olshanski) all our produ
ts involve the dimensionn in a 
ontrollable way. In other words, for di�erent n only the natural dimension n � 1of the spa
e of ve
tor distribution 
hanges, but the form of the restri
tion of the spheri
alfun
tion to the subgroup ZX , and hen
e the 
hara
teristi
 fun
tionals of the measures �and � remain the same. Therefore our theory 
an be 
onsidered for in�nite n.In this 
ase, �-almost every ve
tor distribution is still a 
ountable linear 
ombination ofÆ-measures on X , but taking values in an in�nite-dimensional Hilbert spa
e equipped witha mixture of Gaussian measures with some weight.The role of the group O(n�1)X is played by the group O(1)X of orthogonal matri
es ofthe form I +K, where K is a �nite-dimensional operator. Remarkably, the de
ompositioninto ergodi
 
omponents under the a
tion of the groupO(1)X is the de
omposition into theGaussian measures with 
hara
teristi
 fun
tionals of the form e�
 kxk2 , where 
 is distributedon (0;1) a

ording to the measure with density e�
.6.4. Remark on the group U(n; 1)X. The above 
onstru
tion of an irredu
ible unitaryrepresentation of the subgroup BX of O(n; 1)X in the spa
e L2(�) 
an also be used for thegroup U(n; 1)X. However, in this 
ase there appears a new phenomenon.



June 10, 2005 25Like O(n; 1), we realize U(n; 1) as the group of linear transformations in C n+1 preservingthe Hermitian form x1xn+1 + x2x2 + : : :+ xnxnand represent its elements as blo
k matri
es. In this realization, BX � U(n; 1)X is thesemidire
t produ
t BX = ZX hDX , where ZX is the group of matri
es of the formz = 0� 1 0 0�
� e 0it � j
j22 
 11A ; t 2 RX ; 
 2 (C n�1)X(the Heisenberg group) and DX is the subgroup of blo
k diagonal matri
esd = diag(���1; u; �); � 2 (C �)X ; u 2 U(n� 1)X :A

ordingly, elements of the group BX are 4-tuples b = (t; 
; �; u). If we now try to use aformular similar to (5.1),Ub f(�) = e 1=2RX log j�(x)jdm(x)+ i Re<�;
> f(� �u); b = (t; 
; �; u);for representation operators in the spa
e L2(�), where the measure � is 
onstru
ted asabove, then we will �nd out that this representation is not a faithful representation ofthe group BX , and it is faithful only on the quotient group with respe
t to the 
enterof the Heisenberg subgroup, sin
e the operators of the representation do not involve theparameter t. Thus the dire
t translation of the 
onstru
tion does not use the simple
ti
stru
ture on C n�1�C n�1, whi
h is used in the de�nition of the group U(n; 1), and 
annotbe extended to the whole group U(n; 1)X. Nevertheless, the 
onstru
tion 
an be modi�edappropriately; we will return to this question elsewhere.Referen
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