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LOCATION OF THE ESSENTIAL SPECTRUM OFTHE ENERGY OPERATORS OF THE QUANTUMSYSTEMS WITH NONINCREASING MAGNETIC FIELDG. ZhislinDecember 5, 1994x0. IntroductionIn this article we continue the study of the essential spectrum of n-particle hamil-tonians with magnetic �eld, which was begun in [1], [2]. As before we consider onlymagnetic �elds, having the direction of x3-axis and not depending on x3. Themain di�culty of the investigation of systems in such magnetic �elds consists inthe impossibility to separate the center-of-mass (c.m.) motion of the system in thex1; x2-plane: it is impossible even for a homogeneous magnetic �eld, if the particlesare not identical [3]. To overcome this di�culty we considered in [1], [2] �elds,which increase to +1 for all directions of x1; x2-plane and consequently do notpermit the motion of the c.m. to in�nity in this plane. For such �elds the theoremson the localization of the essential spectrum were proved in [1], [2] for a wide classof quantum systems, including arbitrary atoms and molecules.To obtain the localization theorem for nonincreasing (in x1; x2-plane) �elds wesuggested in [1] to use the SO(2) symmetry of the system, that is to study thespectrum of hamiltonians on the subspaces of functions of �xed type m of SO(2)symmetry. However, for such �elds the results [1], [2] were established only underthe condition, that the charges ej of all particles of the system have the same sign(unfortunately by the authors fault this condition was omitted in [4], [5], where ourtheorems for nonincreasing �elds were published without a proof). Later, for non-neutral system this condition was taken away, but only for homogeneous magnetic�eld and for systems without any neutral particles [6].In this paper we are returning to the investigation of the energy operators ofthe quantum systems in nonincreasing magnetic �elds for �xed type m of SO(2)symmetry. We prove a general assertion on the localization of the essential spec-trum of such systems and give a su�cient conditions for it application (Theorems2.1,2.2) .These conditions for magnetic �eld can be understood in the sense, thatThe author wishes sincerely to thank Professors I. Sigal and J. Coleman for the invitations tothe Universities of Toronto and Kingston (Canada), where this article was thought over, and Prof.T. Ho�mann-Ostenho� for the invitation to the International Erwin Schroodinger Institute formathematical physics, where this work was made. Supported by the Federal Ministry of Scienceand Research, Austria, International Science Foundation Grant N R 94000 and Russian FondFundament. Issled. Grant N 94{01{01376 Typeset by AMS-TEX1



2 G. ZHISLINmagnetic vector-potential could not be strongly "irregular" near in�nity and thatthe admissible "irregularity" depends on the ratio of the total charge of the systemto the sum of the modulus of the charges of all particles of the system (see (2.5)).The proved theorems detect the essential spectrum for the wide class of chargedsystems (the atomic and molecular ions, the systems, containing the neutral par-ticles) in nonincreasing magnetic �eld, including homogeneous magnetic �eld. Forthe neutral systems our results can not be applied and the result of [3] for homo-geneous �eld is the single one.Our method is geometrical. Similar to [1] it is based on the partition of thecon�guration space into regions, which correspond to possible decompositions ofthe system. But here (in contrast to [1]) we apply di�erent types of decompositionsfor di�erent parts of the con�guration space. From the beginning we make thedecomposition in the direction of the third axis for large values ofPi x2i3 and afterthis | the decomposition in the x1; x2 plane (for bounded values of Pi x2i3). It isespecially important, that the decomposition in the x1; x2 plane takes into accountthe possibility of motion of the c.m. of the system to in�nity in this plane.For simplicity in this article we do not take into account the permutationalsymmetry, since it can be taken into account as in [1].x1. De�nitionsx1:1: Let Z1 = (1; 2; : : : ; n) be a quantum system of n particles with the chargesej , the masses kj and coordinates rj = (�j ; xj3), �j = (xj1; xj2), in an externalmagnetic �eld with magnetic vector-potentialB = (B1; : : : ;Bn); Bj = (Bj?; 0); Bj? = B(j�j j)(�xj2; xj1);Vst(jrstj) = Vts(jrtsj)be the potentials of the interaction of particles s; t with each other, rst = rt � rs,M = nXi=1 ki; r = (r1; : : : ; rn); � = (�1; : : : ; �n); X3 = (x13; : : : ; xn3);R3n = frg; R2n = f�g;R03 = frjr 2 R3n; �j = (0; 0) j = 1; 2; : : : ; n; nXi=1 kixi3 = 0g;R0? = frjr 2 R3n; xj3 = 0 j = 1; : : : ; ng; R0 = R0? �R03:R0 is the space of the relative motion of the system Z1 in the direction of thethird axis.We introduce in R3n a new inner product and norm. Let~r = (~r1; : : : ; ~rn); (r; ~r)1 = nXi=1[(�i; ~�i)R2 + kixi3~xi3M�1]; jrj1 = (r; r)1=21



LOCATION OF THE ESSENTIAL SPECTRUM 3and P0 be the projector1 onto the subspace R0. Then q = (q1; : : : ; qn) � P0r arethe coordinates in R0, qj = (�j ; qj3), qj3 = xj3 �M�1Pns=1 ksxs3, rst = qt � qs.Let rt? = � @@xt1 ; @@xt2� ; r�t3 = k�1t @@qt3 �M�1 nXs=1 @@qs3Tt = (irt? + etBt?)2 k�1t ; T �t3 = �r�2t3kt(1.1) A = nXt=1 Tt; T �3 = nXt=1 T �t3; V (q) = 12 Xs;t;s6=tVst(jqstj)Then the energy operator of the system Z1 ( after the separation of the c.m.motion in the direction of x3) can be written in the form(1.2) H0 = A + T �3 + V (q)where all operators depend only on q.We assume that the functions Vst(jr1j) and B(j�1j) are real,(1.3) Vst(jr1j) 2 L2;loc(R3); s; t = 1; : : : ; n; B(j�1j) 2 L2;loc(R2)and limt!+1Vsp(t) = 0x1:2: For an arbitrary subsystem D = (i1; : : : ; ip) � Z1 we putR[D] = frjr 2 R3n; ri = (0; 0; 0) i 2{ Dg; R0?[D] = frjr 2 R[D]; xt3 = 0 t 2 DgR03[D] = frjr 2 R[D]; �t = (0; 0) t 2 D;Xt2D ktxt3 = 0g; R0[D] = R0?[D] �R03[D]It is clear, that R0[D] is the space of the relative motion of the cluster D. Let P0[D]be the projector in R[D] on the subspace R0[D]. Thenq[D] � P0[D]r = (q1[D]; : : : ; qn[D]); qt[D] = (�t; qt3[D]);qt3[D] = xt3 �Xj2D kjxj3M [D]�1 t 2 D;qt[D] = (0; 0; 0) for t =2 Dare the coordinates in R0[D]; here M [D] = Pj2D kj . Further, the operator ofgradient on R03 has the componentsr�t3[D] = k�1t @@qt3[D] �M [D]�1Xs2D @@qs3[D] t 2 D1all projectors in xx1.1{1.3 are projectors in the sense of (�; �)1



4 G. ZHISLINand the energy operator H0[D] of the relative motion of the cluster D (in thedirection of the third axis) can be written in the formH0[D] =Xt2D �Tt? � ktr�2t3 [D]�+ 12 Xs;t2D;s6=tVst(jrstj)x1:3: Let Z = (C1; : : : ; Cs) be an arbitrary decomposition of the initial systemZ1 into nonintersecting clusters Cj , jZj = s,VZ = sXj=1 Xp;t2Cj Vpt; IZ = V � VZ :We de�ne the spacesR0?(Z) = sXj=1�R0?[Cj] = R2n; R03(Z) = sXj=1�R03[Cj];R0(Z) = R0?(Z)�R03(Z); Rc(Z) = R03 	R03(Z)Obviously, R03(Z) and Rc(Z) are respectively the spaces of the relative motion ofs-clusters system Z and of the motion of the c.m. of clusters C1; : : : ; Cs in thedirection of the third axis. It is clear R0 = R0(Z) �Rc(Z).Let P03(Z); P0(Z) and Pc(Z) be the projectors onto R03(Z), R0(Z) and Rc(Z).It is easy to see thatP0(Z)r = sXj=1 P0[Ci]r; Pc(Z)r = (�1(Z); : : : ; �n(Z))where�j(Z) = (0; 0; �j); �j = Xi2Ct kixi3M [Ct]�1 �M�1 nXi=1 kixi3 for j 2 Ct;�j is the third coordinate of the vector, which joins the center-of-masses Z1 and thesubsystem Cs, containing j. The operator of gradient on Rc(Z) has the componentsrcj3(Z) =M [Ct]�1r�j �M�1 nX%=1r�% j 2 CtNow we can write the energy operator of the relative motion (respect to the thirdaxis) of the compound system Z in the formH0(Z) = sXt=1H0[Ct]:



LOCATION OF THE ESSENTIAL SPECTRUM 5It is easy to see, thatH(Z) � H0 � IZ = H0(Z) + nXt=1 (irct3(Z))2x1:4: Let m be the type of the irreducible representation of SO(2) group by theoperators Tg : Tg (r) =  (g�1r) fTg'(�) = '(g�1�)g g 2 SO(2) and P (m) be theprojector onto the subspace of the functions, that transform under the action ofthe operators Tg in accordance with the representation of the type m,H(m)0 = P (m)H0: H(m)0 (Z) = P (m)H0(Z)(1.4) �(m) = minZ;jZj=2 infH(m)0 (Z)x1:5: In the space R2n we introduce the inner product(�; ~�)2 = nXj=1 kj(�j ; ~�j)R2M�1and determine the projectors (in the sense of (�; �)2) P0� and Pc� onto the subspacesR0� = f�j� 2 R2n; nXj=1 kj�j = 0g; Rc� = R2n 	R0�:According to [7] (p. 125)(1.5) jP0��j22 = nXj=1 kj j�j � �cj2; jP0c�j22 =M j�cj2where �c = nXj=1 kj�jM�1:Let C � 0; � > 0 be the arbitrary constants,K(C;�) = f�j� 2 R2n; j�j2 � C; jP0��j2 � �jPc��j2gK(0;1) = R2n: D(C;�) = f'(�)j'(�) 2 P (m)C20(K(C;�))g:We close the operator A (see x1.1) from D(C;�), denote the obtained operator byA(m)(C;�) and writeA(m)1 (C;�) = �A(m)(C; �) + I��1; A(m)(�) = A(m)(0; �); A(m)1 (�) = A(m)1 (0; �)A(m) = A(m)(+1); A(m)1 = A(m)1 (+1):Let Sd be the class of all self-adjoint operators, having only pure discrete spectrumwith single limit point at +1. At last, we shall denote the essential spectrum ofan arbitrary operator h by Pess(h) .



6 G. ZHISLINx2. The resultsx2:1: In this paragraph we formulate and talk over the results of the article.Theorem 2.1.. Let for some � > 0 the operator A(m)1 (�) be compact. Then(2.1) X ess(H(m)0 ) = [�(m);+1)Remark.. Compactness of the operator A(m)1 (�) is equivalent to the inclusionA(m)(�) 2 Sd.x2:2: Let us consider the physical sense of the condition of the theorem 2.1and it di�erence from the conditions of the corresponding theorems [1],[2]. Weknow, that for each point � of Pess(H(m)0 ) there is such sequence (Weil sequence) t(r) 2 P (m)C20 (R0); jj tjj = 1, that t(r) * 0 in L2(R0); � = limt!1(H0 t;  t)It is easy to see, that for this sequence(2.2) limt!1Z
 j tj2d
 = 0for any compact region 
 � R0. It means, that  t(r) is such sequence of the statesof our system, which describes the leaving of the system of any compact region ofthe con�guration space R0. Consequently  t(r) can describe one of two cases:i) some decomposition of Z1 into two or more clusters, may be together withmotion of the c.m. to in�nityii) the motion of the c.m. of the system to the in�nity without any decomposition.It is clear, that in the case i) it is naturally to expect, that(2.3) � = limt!1(H(m)0  t;  t) � �(m);since � is the limit of the values of the energy for states  t(r), and �(m) is theminimal value of the energy over all decompositions of the system under conditionof �xation of complete angular momentum m2.In the case ii) the inequality can be not valid and it means that (2.1) can bewrong. That is why the principal problem of the localization of the essential spec-trum for the systems with magnetic �eld consists in the proof of the fact that Weilsequence can not realize case ii), that is it can not describe the motion of the c.m.of Z1 to in�nity without any kind decomposition.x2:3: It is clear, that  t(r) can not correspond to motion of the c.m. to thein�nity in the direction of the third axis, since in R0 the third coordinate of thec.m. is �xed.2the proof of the equality (2.3) for 8� 2Pess(H(m)0 is the hard part of all geometrical proofsof the assertions on localization of the essential spectrum of many particle systems, i.e. theoremsof the type HVZ-theorem.



LOCATION OF THE ESSENTIAL SPECTRUM 7The possibility of the motion of the c.m. to the in�nity in x1; x2-plane depends onthe character of the interaction of magnetic �eld with the particles. This interactiondetermines the spectral properties of the operators A(m)(�); A(m)1 (�); 0 < � � +1and in its turn these properties can determine the main features of the behavior ofthe system in magnetic �eld. So the demand of the compactness of the operatorA(m)1 for the validity of the theorem on the essential spectrum (which was introducedin [2], but in fact it has been used earlier in [1]) practically is equivalent to theprohibition of the motion of the c.m. to in�nity in x1; x2-plane, because suchmotion results in the in�nite increase of the energy. Really, if  t(r) describes thismotion, than � = limk!1 supt jj tjjj�cj�k > 0but in virtue of compactness of the operator A(m)1 the operator A(m) 2 Sd andtherefore if � > 0 we obtain the relationlim(A(m) t;  t) = +1which contradicts to the inequality � < +1 .x2:4: Unfortunately, a compactness of the operator A(m)1 prohibits to Weil se-quence to correspond to every motion of the c.m. to in�nity in x1; x2-plane, in-cluding such motion, which is accompanied by some kind of decomposition of thesystem and which does not hinder (2.3). The condition of compactness of the op-erator A(m)1 (�) in the theorem 2.1 has no this defect, since it forbids the motion ofthe c.m. to in�nity only in cone K(0; �). Out of this cone such motion is possible,but it is always accompanied with some decomposition, because out of this cone by(1.5) nXj=1 kj j�j � �cj2 � �2M j�cj2and if j�cj ! 1, then j�j � �cj ! 1 for some j, that is the system is decomposed.x2:5: The su�cient conditions of compactness of operator A(m)1 (�) are given inthe following theorem. Let Q = nXj=1 ej ; Q0 = nXj=1 jej jTheorem 2.2.. Let Q 6= 0 and the function B(t), determining the form of mag-netic vector-potential (see x1.3), satis�es to the relation(2.4) limt!1 jB(t)tj =1and at least one of the following conditions holds



8 G. ZHISLINor for some q > 0; C0 > 0; �0 > 0(2.5) jB(t)B(s)�1 � 1j � q < jQjQ�10when jts�1 � 1j � �; t; s � C0or all charged3 particles have the charges of the same sign(2.6) eiej � 0 8i; j:Then there is such ��, that for � < �� the operator A(m)1 (�) is compact.Theorems 2.1, 2.2 can be applied to extensive class of magnetic vector-potentialswith nonincreasing functionsB(t) and to wide class of nonneutral quantum systems.For example, by the theorem 2.2 the operator A(m)1 (�) is compact for small � (andconsequently the assertion (2.1) holds), whenB(t) = at�(1 + 
 sin!t);where �; 
 are such real constants, that �1 < � � 0; j
j < jQj � (2Q0 + jQj)�1,a; ! are arbitrary positive constants.Let us note, that the case 
 = � = 0 was studied in [6] for the systems withoutneutral particles. As compared with [1], [2] our theorems permit to particles tohave the charges of di�erent signs and the charge zero (that was forbided in [1],[2]).The proofs of the theorem 2.1, 2.2 are given respectively in xx3,4. Since theregion K(0; �)nK(C; �) is compact, then the operators A(m)1 (C;�) and A(m)1 (�) arecompact or noncompact simultaneously for any C. That is why further we shallconsider the operator A(m)1 (C;�) for large C > 0 instead of A(m)1 (�).x3. The proof of the theorem 2.1x3:1: The proof of the theorem 2.1 consists of veryfying the inclusions[�(m);+1) �X ess(H(m)0 )and(3.1) X ess(H(m)0 ) � [�(m);+1)The �rst inclusion is proved identically by the same manner as in [1] (xx2.7, 2.8).To prove the second inclusion it is su�cient to establish, that for any sequencefgk(r)g; gk(r) 2 P (m)C20(R0); jjgkjj = 1; supk j(H0gk; gk)j < +1;gk(r) * 0 in L2(R0), we have(3.2) lim| (H(m)0 gk; gk) � �(m)3the system can contain some neutral particles, but all particles can not be neutral since Q 6= 0



LOCATION OF THE ESSENTIAL SPECTRUM 9The proof of (3.2) consists of two parts. In the �rst part we divide the con�gurationspace R0 into the regions, corresponding to the decompositions Zs = (C1; : : : ; Cs)of the system Z1 = (1; 2; : : : ; n), arising as the result of the increasing of the dis-tances between classes Cj only in the direction of the axis x3, that is we make thedecompositions only in the spaceR03. Let us remark, that no one of the constructedregions corresponds to the motion of the c.m. to the in�nity in the direction x3,since in R03 the position of c.m. is �xed. This decomposition (3.5) is realizedby functions (3.4), which make the partition of identity. Further we estimate thequadratic form of the operator H(m)0 over all obtained regions with the exceptionof the cylinder 
 = fX3j; X3 2 R03; jX3j1 � b(1)g 
R2nwhere b(1) is some constant.The proof of this part has no di�erence from [1] (2.4, 2.5) and we give it veryshortly.In the second part of the proof we estimate the quadratic form of the operatorH(m)0 in 
. The approach of [1] can not be applied for this estimate, since now(in contrast to [1]) the operator A(m)1 is noncompact in R2n for the systems, thatcontain the particles with the charges of the di�erent signs or the neutral particles.To estimate (H(m)0 gk; gk)
 we make the special decomposition of 
. The mainfeatures of this decomposition are the following:i) it is generated by the decomposition of R2nii) in all constructed regions (except 
�1) the motion of the c.m. of the systemto in�nity in x1; x2 plane is possibleiii) only in one region-
0-such motion is theoretically possible without any thedecomposition.We realize this soecial decomposition with help the functions (3.8) and furtherestimate the quadratic form of H(m)0 over the obtained regions. Let us note, thatcompactness of the operator A(m)1 (�) is used for the estimate only in 
0: we prove,that the functions gk describe the leaving of 
0 by the considered system.x3:2: Thus from the beginning we follow to [1]. Let Zs = (C1; : : : ; Cs); P03(Zs)and Pc(Zs) be the same, as in x1.3 forZ = Zs; X3 = (x13; x23; : : : ; xn3); jX3j21 = nXi=1 x2i3ki;(3.3) �1 = jX3j1; �s = � (Zs) = jP0(Zs)Xsj � jPc(Zs)X3j�1We choose large numbers a(1) < b(1) and small numbers a(s) < b(s) s � 2as in x2.4 [1] and de�ne such real piece wise continuous di�erentiable functionsus(t); vs(t) that 0 � us(t); vs(t) � 1; us(t) = 1, for t < a(s); us(t) = 0 fort � b(s)(3.4) u2s(t) + v2s(t) = 1



10 G. ZHISLINLet uZs = us(� (Zs)); vZs = vs(� (Zs));  (r) = gk(r),(3.5)  ̂0 �  ;  ̂i =  ̂i�1(1 �XZi u2Zi)1=2;  i�1;Zi =  ̂i�1uZi i = 1; : : : ; n i =XZi  i�1;Zi i = 1; 2; : : : ; n� 1Then according to relations (2.5), (2.6) [1] we obtain for 8" > 0 and large a(1) =a(1; ")(3.6) (H0gk; gk) � n�1Xj=0 XZj+1(H(Zj+1) j;Zj+1 ;  j;Zj+1) � 2"jjgkjj2(3.7) (H(Zj+1) j;Zj+1 ;  j;Zj+1) � �(m)jj j;Zj+1 jj2 j 6= 0x3:3: Now we shall estimate (H(Z1) 0;Z1 ;  0;Z1). With the purpose we take intoaccount, that supp 0;Z1 � 
 , where
 = frjr = (r1; : : : ; rn); r 2 R0; jX3j1 � b(1)g;and decompose 
 by the partition of R2n into regions, which correspond to all pos-sible variants of the decomposition of the system Z1 in x1; x2 plane. But in contrastto situation of x3.2 our decomposition contains the regions, which correspond topossible motion of the c.m. Z1 to the in�nity in x1; x2 plane. Let us introduce inR� = R2n = f�g a new inner product and a norm(�; ~�)2 = nXi=1 ki(�i; ~�i)R2 ; j�j22 = (�; �)2; � = (�1; : : : ; �n); ~� = (~�1; : : : ; ~�n)For arbitrary decomposition Zs = (C1; : : : ; Cs) we write:R0�(Zs) = f�j� 2 R�; Xj2Ci kj�j = 0 i = 1; : : : ; sg;Rc�(Z1) = R� 	R0�(Z1); Rc�(Zs) = R0�(Z1)	R0�(Zs) s � 2Let P
�(Zs) be the projector (in the sense of (�; �)2) onto subspace R
�(Zs); 
 = 0; c,�0 = �(Z0) = j�j2,4 �s = �(Zs) = jP0�(Zs)�j2 � jPc�(Zs)�j�12 s � 1We de�ne the functions ~us(t); ~vs(t) similar to vs(t); vs(t), but now~us(t) = 1 for 0 � a(s + 1); ~us(t) = 0 for t � b(s + 1). Further, we put(3.8) ~uZs = ~us(�(Zs)); ~vZs = ~vs(�(Zs)) s = 0; 1; : : : ; n4the notation Z0 is introduced only for the unity of the notations.



LOCATION OF THE ESSENTIAL SPECTRUM 11' =  0;Z1 , '̂�1 = ', '̂i = '̂i�1(1�PZi ~u2Zi)1=2, 'i�1;Zi = '̂i�1~uZi i = 0; 1; : : : ; n.Let us remark, that the function ~uZ0 = ~u0(j�j2) describes the situation, whenall particles are in compact region in R2n (this function works similar to functionuZ1(�1) in R03) and the function ~uZ1 corresponds to possible motion of the c.m. tothe in�nity in the cone K(0; b(2)).By the choice of numbers a(s); b(s) we have thatsupp'i;Zi+1 \ supp'i;Z0i+1 = ; if Zi+1 6= Z 0i+1(see Corollary 1 of lemma 3.5 [8])x3:4: Similar to (2.3) [1] we can obtain for large b(1)(3.9)(H0';') � n�1Xi=�1XZi+1(H0'i;Zi+1; 'i;Zi+1)� Cjj'̂0j�j�1jj2 � "jj'�1;Z0(1 + j�j2)�1jj2where " is arbitrary small number, C and b(1) depend on ". If r 2 supp'i;Zi+1,then for j; t from the di�erent clusters of the Zi+1; i � 1j�j � �tj � a(1)const(see lemma 3.7 and the relations (2.18) of [8]).Therefore, for i 6= �1; 0,arbitrary "1 > 0 and large a(1)(3.10) (H0'i;Zi+1; 'i;Zi+1) � (H(Zi+1)'i;Zi+1 ; 'i;Zi+1) � "1jj'i;Zi+1jj2and similar to (3.7)(3.11) (H(Zi+1)'i;Zi+1; 'i;Zi+1) � �(m)jj'i;Zi+1jj2x3:5: Now we shall estimate (H0'i;Zi+1 ; 'i;Zi+1) for i = �1; 0.By the construction'i;Zi+1(r) = gk(r)!i(r)where !i(r) 2 C2,supr;j;k;p;l�j!i(r)j + j @!i@xjk j+ @2!i@xjk@xpl j� < +1 i = �1; 0
�1 � suppf!�1(r)g = frjr 2 R0; jX3j1 � b(1); j�j2 � b(1)g
0 � suppf!0(r)g = frjr 2 R0; jX3j1 � b(1); � 2 K(b(1); b(2))g!i(r) = 0 r 2 @
i:We denote by H0i the closure of the operator H0 in L2(
i) from the domainP (m)C20(
i).



12 G. ZHISLINLet us demonstrate, that the operators H0i belong to Sd (the de�nition Sd seein x1.5). For H0;�1 it is obviously, since 
�1 is compact. For the operator H0;0 wehave similar to lemma 2.1 [1]H(m)0;0 � h � (�1A(b(2)) � �2r203 � �3)P (m)where �i are some positive constants. Since in 
0 jX3j1 � b(1) and � 2 K(b(1); b(2))then for b(2) < � it follows from the separation of variables that h 2 Sd. Conse-quently, H(m)0;0 2 Sd also.Further, in virtue of x3.1 and of the inequality (3.6) the sequence gk(r)!i(r)possesses with the needed properties for the application of lemma 3.1 of x3.7. Bythis lemma for i = �1 and i = 0(3.12) limk!1(H0'i;Zi+1; 'i;Zi+1) = limk!1(H0gk!i; gk!i) � 0(3.13) limk!1 jj'i;Zi+1jj = limk!1 jjgk!ijj = 0x3:6: By the construction(3.14) jj 0;Z1 jj2 = jj'jj2 = n�1Xi=�1XZi+1 jj'i;Zi+1 jj2In virtue of (3.9){(3.11)(3.15) (H0 0;Z1 ;  0;Z1) � (�(m)� "2)jj 0;Z1 jj2��(m)jjgk!1jj2��(m)jjgk!2jj2+ 
kwhere 
k = (H0gk!�1; gk!�1) + (H0gk!0; gk!0), "2 is small if a(1) is large.By (3.5){(3.7),(3.15) and sincesupp j;Zj+1 \ supp j;Z0j+1 = ; if Zj+1 6= Z 0j+1(see corollary od lemma 3.5 [8]) we obtain, that(3.16) (H0gk; gk) � (�(m) � "3)jjgkjj2 � �(m)(jjgk!�1jj2 + jjgk!0jj2) + 
kwhere "3 is small.In virtue (3.12),(3.13)limk!1 
k � 0; limk!1 jjgk!ijj = 0 i = �1; 0:And the inequality (3.2) follows from (3.16).x3:7: Now we shall prove the assertion, which was used above.



LOCATION OF THE ESSENTIAL SPECTRUM 13Lemma 3.1. Let T be some self-adjoint operator in L2(R0) with the domain DTand T 2 Sd. Then for any sequence fk(r) 2 DT , jjfkjj � 1, fk * 0 in L2(R0) forwhich lim(Tfk ; fk) < +1the following relations hold:lim(Tfk; fk) � 0; limk!1 jjfkjj = 0The proof is trivial. Really, let gs(r) be the orthogonal eigenfunctions of theoperator T and �1 � �2 � � � � � �s be the corresponding eigenvalues. Thenfk(r) = 1Xs=1(fk ; gs)gs(r); jjfkjj2 = 1Xs=1 j(fk; gs)j2;(Tfk ; fk) = 1Xs=1 �sj(fk; gs)j2:By the condition of the lemma (fk; gs)! 0 if k!1, then for any �xed Nlim(Tfk ; fk) � �N 1Xs=N j(fk; gs)j2 = �N limk!1 jjfkjj2:Since �N !1 for N !1, then limk!1 jjfkjj = 0, and lemma is proved.x4. The proof of the theorem 2.2x4:1: For the validity of theorem 2.2 it is su�cient to prove that(4.1) lim(A't; 't) = +1for arbitrary sequence 't(�) 2 D(C;�), jj'jjR� = 1, for which(4.2) lim jj't(�)jj
 = 0for every compact region 
 � R�.Since 't(�) = P (m)'t(�) we can expend the function 't(�) in the eigenfunctionsof the operator of complete angular momentum which correspond to its eigenvaluem. Let '(�) � 't(�). We have(4.3) '(�) =X(m)'m1;:::;mn(�)where P(m) is the sum over all integer m1; : : : ;mn, m1 + � � �+mn = m,(4.4) 'm1;:::;mn(�) = e�i(m1
1+���+mn
n)fm1;:::;mn(%);(4.5) fm1;:::;mn(%) = (2�)�n Z 2�0 � � � Z 2�0 '(�)ei(m1
1+���+mn
n)d
1 : : : d
n



14 G. ZHISLIN% = (%1; : : : ; %n), %j ; 
j are the polar coordinates in the plane x1; x2:xj1 = %j cos 
j ; xj2 = %j sin 
j:It is evidently, that(4.6) (A';') =X(m)(A'm1 ;:::;mn ; 'm1;:::;mn)and(4.7) (A'm1;:::;mn ; 'm1;:::;mn) = (2�)n(Fm1 ;:::;mn(%)fm1 ;:::;mn ; fm1;:::;mn)Rnwhere(4.8) Fm1;:::;mn(%) = nXj=1 k�1j (m2j%�2j + 2mjejBj + e2jB2j %2j );Bj = B(%j); Rn = f%gWe consider m1; : : : ;mn as continuous parameters and minimize Fm1;:::;mn(%) for�xed % over m1; : : : ;mn under condition m1+m2+ � � �+mn =m. Then we obtainthe following inequality(4.9) Fm1;:::;mn(%) � Fm(%) � (m + nXj=1 ejBj%2j )2( nXj=1 kj%2j )�1x4:2: Now let us estimate Fm(%) for % 2 suppfm1;:::;mn(%) With the purpose wedescribe suppfm1 ;:::;mn(%). In virtue of (1.5)(4.10) j�j22 = jP0��j22 + jPc�j22If � 2 K(C;�), then by (1.5)(4.11) j%ij�cj�1 � 1j � �1; j�cj � j�j2(1 + �21)�1=2 � N1where �1 = �M1=2k�1=20 , N1 = C(1 + �21)�1=2M�1=2, k0 = minj kjIn virtue (4.11) for � 2 K(C;�)(4.12) j%i%�1j � 1j � �2; %j � (1 � �1)j�cj � N2 i; j = 1; 2; : : : ; nwhere �2 = 2�1(1 � �1)�1, N2 = (1 � �1)N1.Since supp'(�) � K(C; �) it is clear, that '(�1; : : : ; �n) � 0 for all angls
1; : : : ; 
n if for some i; j; t(4.13) j%i%�1j � 1j > �2 or %t < N2



LOCATION OF THE ESSENTIAL SPECTRUM 15By (4.5) fm1 ;:::;mn(%) � 0 if (4.13) holds, that is for each % 2 suppfm1;:::;mn(%) theinequalities (4.12) are ful�lled. Further we choose � so small and C so large , that�2 < �0 and N2 > C0.x4:3: Let us consider the case, when there are particles with the charges ofdi�erent signs in the system. For 8s and % 2 suppfm1;:::;mn(%) in virtue (4.12)(4.14) %j%�1s = 1 + �js; BjB�1s = 1 + qjswhere �js and qjs are some functions, j�jsj < �2 � 1, jqjsj � q.Using (4.14) we have for the situation (2.5):j nXj=1 ejBj%2j +mj = jBsj%2sjX 0ej(1 + qjs)(1 + �js)2 +m%�2s B�1s j �(4.15) � jBsj%2s[jQj �Q0(q + 3�2 + 3�2q +m%�2s jBsj�1Q�10 )]where P0 is the sum over all j, for which ej 6= 0, and s is one of such j.In virtue (2.4)(2.5) and (4.12) for small �2, large N2 and some q0 < q + 3�2 + 3�2q +m%�2s B�1s Q�10 � q1 < jQjQ�10 :Consequently, for some positive !1(4.16) jX 0ejBj%2j +mj � !1jBsj%2s:For the case, when all charged particles have the charges of the same sign, we obtainat once(4.17) jX 0ejBj%2j +mj � !2jBsj2%2swhere !2 = jesj2�1,jesj = minj jej j; ej 6= 0; and N2 is large.Further(4.18) nXj=1 kj�2j = �2s nXj=1 kj�2j��2s � 2M�2sUsing (4.16)-(4.17) in (4.9) we haveFm1;:::;mn(%) � !2jBsj2%2swhere !2 = minf!21; !22g(2M)�1.By (4.6),(4.7)(4.19) (A';') �X(m)!2(jBsj2%2sfm1;:::;mn ; fm1;:::;mn)(2�)n = !2(jBsj2%2s';')In virtue (4.12), (2.5) jBsj%s ! 1 if j%j = j�j ! 1. Since '(�) = 't(�) and by(4.2) the relation (4.1) holds.
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