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ABSTRACT. The classical and quantum dynamics of noncanonically coupled oscil-
lators is considered. It is shown that though the classical dynamics is well-defined
for both harmonic and anharmonic oscillators, the quantum one is well-defined in a
harmonic case, admits a hidden (super)hamiltonian formulation, and thus, preserves
the initial operator relations, whereas a naive quantization of the anharmonic case
meets with principal difficulties.

[. INTRODUCTION

The classical and quantum dynamics of hamiltonian systems is often described by
remarkable algebraic structures such as Lie algebras, their nonlinear generalizations
and (quantum) deformations [1]. It seems that not less important objects govern a
behaviour of the interacting hamiltonian systems and that they maybe unravelled in
a certain way. There exist several forms of an interaction of hamiltonian systems:
often it has a potential character, sometimes it is ruled by a deformation of the
Poisson brackets; however, one of the most intriguing, physically important but
mathematically less explored forms is a nonhamiltonian (noncanonical) interaction,
which can not be described by deformations of the standard hamiltonian data
(Poisson brackets and hamiltonians). Sometimes, such interaction may be realized
by a dependence of the Poisson brackets of one hamiltonian system on the state
of another. The pair of noncanonically coupled oscillators is one of the simplest
and the most crucial examples of the nonhamiltonian interaction [2]; this paper
is devoted to an investigation of the related classical and quantum dynamics. It
is shown that though the classical dynamics is well-defined for both harmonic
and anharmonic case, the quantum one is well-defined for noncanonically coupled
harmonic oscillators, admits a hidden (super)hamiltonian formulation, and hence,
preserves the initial operator relations (cf.[3]), whereas a naive quantization of
anharmonic oscillators meets with principal difficulties.
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nian interaction, Lie superalgebras.
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II. ISOTOPIC PAIR OF NONCANONICALLY
COUPLED OSCILLATORS.

2.1. General algebraic definitions. Let’s describe algebraic objects underlying
the dynamics, which we are interested in.

Definition 1 [2]. The pair (V3,V3) of linear spaces is called an isotopic pair iff
there are defined two mappings my : Vo ® /\2 VieViandms : VI ® /\2 Vo — Vo
such that the mappings (X, V) — [X,Y]4 =m1 (4, X,)Y) (X, Y € V4, A € V;) and
(A,B) — [A,B]x = ma(X,A,B) (A,B € V3, X € V1) obey the Jacobi identity for
all values of a subscript parameter (such operations will be called socommutators
and the subscript parameters will be called usotopic elements) and are compatible
to each other, i.e. the identities

(X, Y48, =3([X, Z]4, Y]+ [X,Y]4,Z]5 + [[Z,Y]4, X]B—

[[sz]va]A_[[va]sz] [[Z Y]37 ]A)v
[A, Blix,v]. =3([[4,Clx, Bly + [[A, Blx,Cly + [[C, B]x, Aly —
[[4,Cly, Blx — [[4, Bly,C]x — [[C, Bly, A]lx)

(X,Y,Z € Vl, A,B,C € VQ) hold.

Let’s discuss this defintion. First, it may be considered as a result of an axiom-
atization of the following trivial construction: let A be an associative algebra (f.e.
any matrix one) and Vi, V2 be two linear subspaces in it such that V; is closed un-
der the isocommutators (X,Y ) — [X,Y]4 = XAY — YV AX with isotopic elements
A from V3, whereas V3 is closed under the isocommutators (A, B) — [A, B]x =
AXB — BX A with isotopic elements X from V.

Second, one may compare def.1 with the definition of "anti-Jordan pairs” [4].
Namely,

Definition 2 (cf.[4]). The pair (V4, V) of linear spaces is called an anti-Jordan pair
iff there are defined two mappings m; : Vo ® /\2 Vi, Viandm,; : Vi ® /\2 Vo= Vs
such that the mappings (X, V) — [X,Y]4 =m1 (4, X,)Y) (X, Y € V4, A € V;) and
(A,B) — [A,B]x = ma(X, A, B) (A, B € V3, X € V1) are compatible to each other

in the following manner

(X, Y)ia,8), =X, Z]a, Y] +[[Z,Y]a, X]p — [[X,Y]B, Z] 4,
[A, B]ix v]. =[[4.Clx,Bly +[[C, Blx, Aly — [[A, Bly.C]x

(X,Y,Z € Vl, A,B,C € VQ) hold.

It can be easily verified that isotopic pairs are always anti-Jordan pairs (to obtain
it one should use the Jacobi identity linearized by subscript parameters), and that
the anti—Jordan pairs with a multiplication, obeying Jacobi identity if a subscript
parameter is fixed in any way, are just the isotopic pairs. So the isotopic pairs may
be considered as a particular case of the anti-Jordan pairs. Note that there exist
examples of anti-Jordan pairs, which are not isotopic ones [4].

Anti-Jordan pairs are closely related to the (polarized) anti-Lie triple systems
and Lie superalgebras [4]. Namely,



Definition 3. The ternary algebra V with product [zyz] is called an anti-Lie
triple system if

(1) [zyz] = [x2y],
(2)  [ryz] + [zey] + [yzz] = 0,
(3) [[ryz]uv] = [[ruv]yz] + [z[yvu]z] + [zy[zuv]].

An anti-Lie triple system V is polarized iff V =V & V; and [zyz] =0 for y,z € V)
or y,z € V5.

If V is an anti-Lie triple system let’s put R,. € End(V) : R,.x = [zyz]. The
operators R,. are closed under commutators so that go(V) = span(Ry.;y,z €
V) is a Lie algebra. The space go(V') & V possesses a natural structure of a Lie
superalgebra with the even part go(V') and the odd part V' [4]. It will be denoted
by g(V). Polarized anti-Lie triple systems V = V; & V, produce polarized Lie
superalgebras g(V') = go(V) & (V1 & V2) such that [V;, V] =0, [g(V), Vi]= CV; (it
should be marked that there is sometimes asserted that Vo ~ V;* as go(V )—modules,
however, we shall not do it in general).

An arbitrary anti-Jordan pair (so an isotopic pair, in particular) has a structure
of a polarized anti-Lie triple system. Namely, one should put [zyz] = [z, 2], (iff #
belongs to the same space V; as ) and [y, z], (iff y belongs to the same space V;
as x).

Remark. Let’s summarize the relations between the concepts of "isotopic pair”,
7anti—Jordan pair”, "polarized anti-Lie triple system” and ”polarized Lie superal-
gebra” once more.

(1) Each isotopic pair is an anti—Jordan pair, though there exist anti-Jordan
pairs, which are not isotopic. It means that isotopic pairs form a proper
subclass of the class of anti-Jordan pairs.

(2) Categories of anti-Jordan pairs and polarized anti-Lie triple systems are
equivalent. It means that each anti-Jordan pair defines a polarized anti—
Lie triple system and vice versa.

(3) Categories of polarized anti-Lie triple systems and polarized Lie superalge-
bras are equivalent. On the other hand polarized anti—Lie triple systems and
polarized Lie superalgebras are particular cases of anti—Lie triple systems
and Lie superalgebras respectively and the marked equivalency of categories
is a particular case of the equivalency of categories of anti—Lie triple systems
and Lie superalgebras.

(4) As a consequence of (2) and (3) categories of anti-Jordan pairs and polarized
Lie superalgebras are equivalent.

(5) As a consequence of (1) and (4) each isotopic pair defines a polarized Lie
superalgebra but not vice versa. There exist complementary strong condi-
tions, which extract a proper subclass of polarized Lie superalgebras such
that the corresponding anti—Jordan pairs are isotopic pairs.

An illustrative example to the construction of a Lie superalgebra by an isotopic
pair is convenient. Ezample: let Hy and Hy be two linear spaces, (Hom(Hy, Hy);
Hom(H;, Hy)) is an isotopic pair, the corresponding Lie superalgebra is isomorphic
to gl(n|m), n = dim Hy, m = dim H,.
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2.2. Nonlinear dynamical equations associated with isotopic pairs. Note
that the isocommutators in an isotopic pair (V1, V2) define families of compatible
Poisson brackets {-,-} 4 and {-,-}x (A € V5, X € V1) in the spaces S'(V7) and
S°(Vy), respectively. The compatibility means that a linear combination of any two
Poisson brackets is also a Poisson bracket.

Definition 4 (cf.[2]). Let’s consider two elements H; and Hsz ( "hamiltonians”) in
S (V1) and S°(V3), respectively. The equations

Xt = {H17Xt}At7 At == {H27At}Xt7

where X; € V; and A; € V, are called the (nonlinear) dynamical equations asso-
ciated with the wsotopic pair (Vi,Va) and “hamiltonians” Hy and Hy (it should be
marked that "hamiltonians” are not even integrals of motion in a general situation).

2.3. Isotopic pair of noncanonically coupled oscillators. Let’s now con-
sider the isotopic pairs of noncanonically coupled oscillators [2,5]. The space Vj is
spanned by the elements p, ¢ and r and the space V5 is spanned by the elements a,
b and ¢. The isocommutators have the form

P, qla = 2219 [p.qle = 2c1p [P, qle = e3r

[pvr]a = &7 [pvr]b =0 [pvr]c =0
[Q7r]a = 0 [Q7r]b = —&ar [Q7T]C - 0
[a,b], = 2610 [a,b], = 2&1a [a,b], = &sc
[avc]p = &¢ [avc]q =0 [bv c]r =0
[bv C]P =0 [bv C]q = —é&ac [avc]r -

where
&1 —|—5~1:0, 52—52 251—51, 5353—5252:0.
The corresponding Lie algebra go(Vy & V2) is spanned (for generic ¢;, &;) by 6
operators Ry o, Ry, By a, Ryp, Brp = E_ZRP’@ R, .= 2R, ., which have the form

€3

2¢9 0 O 0 0 0 0 —2¢ 0
Roa=| 0 0 0}, Row=[2:1 0 0), Ru=[0 0 o0},
0 0 & 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
Ry={0 —20 0 ), Boe=[0 00}, Ro=[0 0 o
0 0 —&9 &3 0 0 0 —&3 0
in the basis (¢, p,r) and the form
0 O 0 0 0 0 0 25 0
Rya={0 25 0}, Row=1[-250 0 0|, Ru={0 0 o0},
0 0 & 0 0 0 0 0 0
-2 0 0 0 0 0 0 0 0
Ro=| 0 o o), Bo=[ 0 00), R.=[0 0 0
0 0 —& —g2 0 0 0 & 0



in the basis (a, b, ¢).
The Lie superalgebra g(V; &V53 ) has a (super)dimension (6]6) and is generated by
Ry o, Ry, Ryas Ry, Rpc, Ryco Py ¢, 75 @, b, ¢ with (super)commutation relations

g, p]+ = [, 7]+ = [Pa rly =la, b4 = [a cly = [bc]4 = [r,c]y =0,
[p,al+ = Ry.a, [¢:a]l4+ = Ryas [P, 0]+ = Ry,
[%b] Ryp, [p,cl+ = Rpe, g.cl+ = Ry,c,
[r, a]_|_ = _2Rq,07 [T b+ = i_ZRp,d

=0, [Rpq,7]- = e,
= _251Q7 [Rq,avr]— = 07

[RP,(MQ]— = 2€1Q7 [
[Rq,(MQ]— = 07 [ q,a9
[

[Rp b, q]— = 2e1p, [Ry, =0, [Rpp,7]— =0,
[Rgb.q]— =0, [Ryp.pl— = —2e1p, [Ryp,7]— = —e2r,
[Rpc,ql— = ¢e3r, [Rpe,pl- =0, [Rpe,r]- =0,
[Ryc,q]—- =0, [Rye,pl- = —esr, [Rye,r]- =0,
[Rpa,al— =0, [Ry,q,b]— =261, [Rp.a,c]- = Ez¢,

[Rg.a,a]l—- =0, [Rya,b— =2&1a, [Rya,c]- =0,

[Rpp,a]l— = —2&1b, [Rpp,b]—- =0, [Rpp,c]- =0,
[Rgp,al- = =2&1a, [Ryp,b]- =0, [Ryp,c]- = —&zc,
[Rpc,al— = —éz¢, [Rp e, b— =0, [Ry e c]l- =0,
[Ry.c,al- =0, [Ryc, b =ézc, [Ryc,c]- =0;
[Rp.a, Bppl- = =2e1Rp 5, [Rp,as Ryal- =261Rqa, [Rpa; Rpp]- =0,
[Rp,as Bp,cl- = 2Ry e, [Bpa, Rype]- = 52Rq,07 [Bpbs Byal— = 2e1(Ryp + Rpa),
[Rp,vaq,b]— =2e1Rp b, [Rpp, Byl =0, [Rpp, Ryc]- =221 Ry,
[Ry,a, Byp]- 251Rq ar [Rga, Bp,c]- = _251Rp e [Rga: Ryl =0,
[Rq,vap,C]— = —e2Rp ¢, [Ryp: Ryl = —E2Ryg e, [Bpes Byl = 0.

The even part of the Lie superalgebra g(V; & V3) is isomorphic to the semidirect
sum of gl(2,C) and C. On the other hand g(V; @ V) may be considered as a
semidirect product of the Lie superalgebra sl(2|1,C) generated by R, 4, Rp.p, Ry.a,
Ryb, P, 4, a, b and the (2[2)-dimensional vector superspace V212 generated by R, ..,
Ry, r,c

ITI. CLASSICAL AND QUANTUM DYNAMICS OF
NONCANONICALLY COUPLED OSCILLATORS.

3.1. Classical dynamics of noncanonically coupled harmonic oscilla-
tors. First of all, let’s describe the classical dynamics of noncanonically coupled
harmonic oscillators (the several misprints of signs of [3] are corrected). The dy-
namical equations with "hamiltonians” H; = P? 4+ Q? and H, = A? 4 B? have the
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form

P =—4:(Q*A+ PQB) — 2:3RQC A =—48/(B*P + ABQ) — 2:5CBR
Q) =4¢,(PQA + P?B) + 2e3RPC B =4&,(ABP + A?Q) + 26;C AR
R =2¢9(PRA — QRB) C =25,(ACP — BCQ)

Note that "hamiltonians” Hy = Z? and Hy = 73 are integrals of motion here, so
it is rather convenient to put P =77 cosp, Q@ = Iy sinp, A = Ty cosp, B = Iy sin .
Then
{ o =23 RC 4 46111 T5 sin(p + ) { R =2¢, cos(p + )R

b =26 RC 4 46, T L sin(p + ) | € =22, cos(p + 1)C

Let’s introduce ¥ = ¢ + %, x = €31 — €3¢ and mark that 1 +&; = 0, then

J =2(e3 + £3)RC
X =—4e1Z1Ts(e3 — €3)sind)

Also (RC) = 2(e3 + £2) cos J(RC), therefore,

(RC),y = —costv, and RC =L+ =2 —I_F:z

€3 +¢&3 €3 +¢&3

1112 sin 19,

whereas

19 = 2,6(63 + 53) + 21112(52 + ég)sin J.

Here £ = RC'—2122(Q A+ PB) is an integral of motion. Note that (R¥2C'~2)" = 0,

€3+és

so 1t is convenient to put A = Rex+&z (=242,

Then
R=AL - 27277, 6ny)=i=
€3+ ¢3
1 €2 + &2 ) _f2_
C=—(L - T, T V)2t
A( P 172 sind)

71, Iy, £ and A form a complete set of integrals of motion for generic values of ¢,
£;.
Let’s also denote

£ = (g2 4+ &2)x + 2e1(e3 — E3)0
= [(e2 + &2)es + 221(e3 — )]0 — [(22 + 82)8 + 281(53 — &),

then
f = 4£(€§ — gg)a’flt + 50.
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3.2. Classical dynamics of noncanonically coupled anharmonic oscilla-
tors. The dynamical equations with anharmonic "hamiltonians” H; = P?+V(Q?)

and Hy = A% + V(Bz) have the form
P =—V'"(Q%)(4e,(Q*A + PQB) 4+ 2:3RQC)
Q) =4¢1(PQA + P?B) 4 2¢3RPC
R =2¢5(PRA — QRBV'(Q?))
A=—V'(B?)(4&(B*P + ABQ) 4+ 2:3CBR)
B =42,(ABP + A%Q) + 28;C AR
C =2&,(ACP — BCQV'(B?))
Let’s put S = RC, T = AQ + BP, then
{ S =25((ey 4 &9)PA — QB(,V'(Q?) + £, V'(B?)))

T =25((e5 + £3)PA — QB(esV'(Q?) + &5V'(B?)))
At the same time
P=—QV'(Q*)(4e1T + 2395) A =— BV'(B?)(45,T + 25, 5)
{ Q =4, PT + 2e3PS { B =4 AT + 25 AS

Let’s consider the case ¢3 = e (and, hence, é3 = &3). Then £ = S — T is an
integral of motion. Therefore,

Q =P(2:3L + (225 + 4e1)T) B =A(255L + (285 + 461)T)
P=—QV'(Q*)(4e3L + (2e5 + 4e1)T) | A =— BV'(B?)(485L + (255 4 45,)T)
Note that the “hamiltonians” H; = I? are integrals of motion so put P =

VI -V(Q?), A= /I — V(B?) and, hence
Q =\/T7 — V(Q?)(4esL + (2e5 +421)T)

B =\/I2 — V(B2)(4&3L + (283 + 4&,)T)

where T' = /12 — V(B2)Q + \/I? — V(B2?)B. Put Fy(x) = [ \/%V() then

Fi(Q) =4e3L + (265 + 4ey )( FfB) + F{l(?@))
Fy(B) =4&;L + (285 + 481 )( © 5 )

Fy(B)  F{(Q)
Let’s denote © = F1(Q), = = Fy(B) and put G; = F; !, then = = a© + Bt + 7,

where «,  are constants, which may be easily expressed via ¢;, &; and £, v is an
arbitrary number, determined by the initial conditions.

Put G(z,t) = Gi(2)G2(ax + [t + v), then © obeys the following differential
equation

: 0G(0,t
o= 453/3 + (253 + 351)%
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3.3. Representations of the isotopic pairs of noncanonically coupled oscil-
lators. To quantize the classical dynamics one needs in representations of algebraic
objects underlying it.

Definition 5 [5]. A representation of the isotopic pair (Vi,Va2) in the linear space
W is a pair (11,713 ) of mappings T; : V; — End(W) such that

Ti([X,Y]a) =T (X)L (A)T(Y) — Th(Y )T (A)Th (X)),
Tr([4, Blx ) =T2(A)T1 (X)T2(B) — To(B)T1 (X)T>(A),

where X,Y € Vi, A,B € V5. A representation of the isotopic pair (V1,V2) in the
linear space W is called split iff W = W7 & W, and

(\V/X € Vl) Tl(X)|W2 =0, Tl(X) Wi — Wa,
(\V/A - VQ) T2(A)|W1 = 0, TQ(A) . W2 = Wl.

Otherwords, operators T(X) and T(A) have the form (2 8) and (8 E;), re-

spectively.

Not that a split representation of an isotopic pair (V1, V2 ) defines a representation
T of the corresponding anti-Lie triple system and Lie superalgebra g(V; & V2) (or its
central extension g(Vy & V3)). The resulted representation of the Lie superalgebra
a(Vi®Vsy) always have a special "polarized” form: W = Wy @W,, T(Vy) : Wy — Wy,
T(Va): Wo = Wi, go(Vi @ V2) : W, — W;. Note that each representation (77,7%)
of the isotopic pair (V,V2) in the space W defines a split representation (17,75)
of the same pair in the space Wy & Wy (W; ~ W):

(VX € 13) T3(X) = <T1?X) 8) (VA € T3) TS(A) = (8 T2(()A)>.

3.4. Quantum dynamics of noncanonically coupled harmonic oscilla-
tors. The formal quantum dynamical equations have the form

>

4P = —2¢1(P,B,Q + QB.P +2Q,4,Q0) — e3(RCQy + Q.C Ry)
L0, = 2e1(PAQ; + QAP + 2P B Py) + e3(R,Ci P, + P.C.Ry)
LRy =co(P AR, + RAP, — QB.R, — RB,Qy)

LA, = —25(A,Q.B; + B/Q.A, + 2B,P,B,) — &(CR B, + B,R,C,)
LB, =25 (AP,B, + BP A, +24,Q0A;) + &3(CiR A, + AR Cy)
L0y = &(APC + CPA, — B,.Q.C, — CiQBy)

The dynamics is considered in arbitrary representation of the isotopic pair of
noncanonically coupled oscillators. Let’s consider such dynamics in the correspond-
ing split representation. First of all renormalize ¢ and r so that R, . = Ry, and

Ryc= R



Proposition. Fquations of quantum dynamaics of noncanonically coupled oscilla-
tors are a reduction of formal super Heisenberg equations

%Ft — [ﬁhiddena Ft]
in U(g(Vi & V2)) with quadratic quantum hamiltonian

3 ) ) ) ) ) )
Hyidden = By, + By + By + R, + B, + Ry,

Proof. The statement of the proposition is verified by straightforward explicit com-
putation.

So quantum dynamics of noncanonically coupled oscillators admits a hidden
super—hamiltonian formulation in terms of Lie superalgebra g(V; & V2). It leads to
a very important consequence.

Corollary. The quantum dynamics preserves the initial operator relations:
Ptzzlt@t - Qtzzltpt — 261@,5, PtAth - thzltpt — €2Rt, QtAth - thzlt@t — 0,
PtBtQt — QtBtPt — 2€1Pt, PtBth — RtBtPt — 0, QtBth - RtBtQt — —2€2Rt,
PtétQt - Qtétpt = 53Rt7 Ptéth - Rtétpt =0, Qtéth - RtétQt =0,

3.5. Remark on the quantum dynamics of noncanonically coupled an-
harmonic oscillators. It should be marked that the quantization of anharmonic
oscillators meets with a principal difficulty. Namely, each representation of an iso-
topic pair may be splitted. After such splitting the elements of Vi & V, become
odd, and therefore, nilpotent. It provides that all terms in the classical equations
of motion related to the higher (non—quadratic) terms of a hamiltonian are killed
by the quantization. Such effect is not realistic. Of course, one may consider well—-
defined quantum hamiltonians by use of the hidden Lie superalgebraic structure in
a way analogous to the proposition above. The quantum dynamics will preserve the
initial operator relations for such hamiltonians. However, there is no any a priori
relation between it and classical one.

IV. CONCLUSIONS

So the classical and quantum dynamics of noncanonically coupled oscillators
was investigated. It appears that though the classical one is well-defined for both
harmonic and anharmonic oscillators, the quantum one is well-defined for the non-
canonically coupled harmonic oscillators, admits a hidden (super)hamiltonian for-
mulation, and thus, preserves the initial operator relations, but a naive quantization
of the anharmonic oscillators meets with principal difficulties.
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