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Abstract. Density conditions for wavelet systems with arbitrary sampling points
to be frames are studied. We show that for a wavelet system generated by admissible
functions and irregular affine lattices to be a frame, the sampling points must have a
positive lower Beurling density. The same is true for wavelet systems with arbitrary
sampling points and nice generating functions.
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1 Introduction and Main Results

Density is a useful tool in the study of frames. For example, in L?*([~1/2,1/2]), frames
generated by exponentials of the form {ei%’\”‘“ : n € Z} can be completely characterized
by the density of the sequence {\,, : n € Z} (see [8]). In [3], Christensen, Deng and Heil
studied the density of Gabor frames and proved that for a Gabor system {e??™n%g(x—a,,) :
n € Z} to be a frame for L?(R), the time-frequency parameters (a,,, b,) must have a finite
upper Beurling density and possess a lower Beurling density no less than 1.

For the case of wavelet systems, one can consider similar problems. In [6, 13], it was
shown that for a wavelet system with arbitrary sampling points to be a frame for L?(R),
the sampling points must be relatively uniformly discrete, or equivalently, they must have
a finite upper affine Beurling density.

For the lower affine Beurling density, however, there is no general result. In [14], the
authors studied density conditions for irregular multi-generated wavelet systems of the
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form
{7(sej,se5ter)e: j €T ke Ky 1<l <r}

to be frames, where 7 is a fixed positive integer, ¢y € L2(R), s;; > 0,t¢; € R, Jo, K, C Z,
and

(r(s,0)0) (@) i= 57 2P((w — 1) /).

For convenience, we call a sequence of sampling points of the form {(ssj, s¢jter) @ j €
Jo, k € Ky, 1 < £ < r} an irregular affine lattice. Even for this special case, it is not clear
whether the sampling points have a positive lower affine Beurling density for the wavelet
system to be a frame.

On the other hand, Example 2.1 in [14] shows that the (one-dimensional) lower Beurling
density of the translation parameters {t;; : k € Ky, 1 < ¢ < r} may be zero even if the
corresponding wavelet system forms a frame. Specifically, let

wm:{wW%—MMIMSU%,
0, otherwise,
and {t; : k € Z} be a rearrangement of {k € Z : k < 2 or 22l < | < 221 for some
I > 1} such that t;, < tg41, here ¢h(w) = Jg ¥ (z)e™ ™% dz is the Fourier transform of .
Then {7(27,27t) : j, k € Z} is a frame for L?(R). Obviously, supy(tx11 — tx) = +oo.
This seems to suggest that the lower affine Beurling density of the sampling points might
be zero. Fortunately, when the “affine density” is considered, it is also positive in this
example. In fact, it is true for every wavelet frame generated by admissible functions with
irregular affine lattices. Before stating our results, we introduce some notations.

The group action in G := {(s,t) : s > 0,t € R} is defined by

(a,b)(a’, V') = (ad’, b+ ab’).

For any (z,y) € G, its (a, b)-neighborhood is defined by Qg (z,y) = (z,y)V with V =
[a‘l/z, al/z] X [—%, %], a>1,b> 0. It is easy to check that

Qualr,y) = a2, 0] x [y — 22y + 22,

Let I' = {(xn, yn) : n € A} be a sequence of elements of G.

(i) I' is called (p, g)-uniformly discrete if |Qpq(@n, ¥n) () Qp.o(Tm,ym)| = 0,n # m,
where |E| denotes the Lebesgue measure of measurable sets E C R2.

(ii) T is called relatively uniformly discrete if it is a finite union of uniformly discrete
sequences.
It is easy to see that for any a > 1,b > 0, {(a’, a’bk) : j, k € Z} is (a, b)-uniformly discrete.
We denote |z] = max{n € Z: n <z} and [z] = min{n € Z : n > z}, and, #FE denotes
the cardinality of a sequence or a set E.

C*(R) is the set of all functions which are compactly supported and infinite times
differentiable.

We call a function ¢ € L?(R) admissible if

+001A 5
L[ 9Ot < +oc.



Let du = s%dsdt be the left-invariant measure on G and v be the weighted counting
measure defined by

v(E) = Z s, for any discrete set £ C G.
(sit)eEE

For any sequence I' C G, its lower and upper affine Beurling density are defined by

V(' Qap(z,y)) V(' Qap(z,y))

D ()= lim lim inf = lim lim inf

a—+00 b——+oo (,9)€G foa’b(%y) sdu A t00 botoo (2,4)EG bz lna
and
D)= lim lim sup V(L[ Qap(7,y)) — Tim lim sup v(I'NQap(,y))
a7 H0b=+400 (3. )eg foa’b(:my) sdp a—+00 b—+00 (3 y)eg brlna

respectively.
We are now ready to state the main results.

Theorem 1.1  Let 1, € L*(R) be admissible, Sy and Ty be real sequences, and Sy consist
of positive numbers, 1 < € <r. If | Jj_1{7(s, st)1¢ : s € Se,t € Ty} is a frame for L*(R),
then the lower affine Beurling density of U,_,{(s, st) : s € Se,t € Ty} is positive.

For wavelet frames with arbitrary sampling points, it was shown in [13] that the sam-
pling points must have a positive lower affine Beurling density whenever )y, 1/12, X 1/12, and
X1y are admissible. In this paper, we show that that ), and X1}, are admissible is
sufficient.

Theorem 1.2 Let T'y C G be sequences, 1 < £ < r, and {7(s,t)¢s: (s,t) € Ty, 1 < <
r} be a frame for L%(R). If ¢¢(z) is local absolutely continuous and e(z), z)(z) are
admassible, then
D—< U Fg) > 0.
1<e<r

2 Proofs of the main results

For fixed ¢ € L%(R), the continuous wavelet transform of a function f € L?(R) is defined

by
“+o0 T

(W) (s,1) = / F) s Y20 (=) e

oo S

If 4 is admissible, then

“+o0 “+0o0 1
/ / SIWuf)(s,0)dsdt < +oo,  Vf € *(R)
—00 0



Lemma 2.1 Let {(sn,ty): n € A} C G be an (a,b)-uniformly discrete sequence. Suppose
that h(s,t) > 0 is a function defined on G. Then for any p > a® and q > b,

> // s, t)dtds < // 4 (1 + 37/2> h(s,t)dtds,

(Snytn)gQP ‘Z(l 0 (S’t)ng/a:s,q—b(l’O)
where By = [sna=2, 5007 X [tn — b, 1 + 1]

Proof. Put I' = {(s,,t,): n€ A}. Forany j € Z,let T; = {(s,t) €T : o/ V2 < 5 <
a?t1/2}. We can write
Ly ={(sjm: tik) = k€ Ay,

where A; C Z. Without loss of generality, we assume that ¢;5 <t 1. Let

b

k s Uik 2

Ejk = [sjpa?, sj0a"?] x [t;, 5

Since T; is (a, b)-uniformly discrete and s;za~/? < a’ < s;5a'/?, we have

b b
tik — §8j7k >t + §Sj7k/, Vk, K € Aj k> K.
Hence b
tik = tiw = 5 (sik +si00) > o/ 12,

Therefore, we can split A; into N; := [a~71/2] subsets A, (may be empty) such that
tix —tiw > Nja@ V2 >b kK €A k#K.

Note that N; < a—7t1/2 1 1. We have

N;
Sj ka k+b/2
Z // h(s,t)dtds = Z ” /] h(s,t)dtds
a f—1

1> 22 ke, B, |j|z‘“2” e bl
al Tt +o0
< > / N;h(s,t)dtds
gl agtne T
a1l rtoo ad/?
< Z / (1 | T) h(s,t)dtds
<

/ / 2 (1 + %/2> h(s, t)dtds.

s¢l(p/a3)~1/2 (p/a3)1/2)
teER

Similarly we can prove that

> // s, t)dtds < // (1 + —2> h(s, t)dtds.

|t] k|>q/2 E ok
\t\>(q b)/2
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On the other hand, if s;, & [p —1/2 pl/z], then a/t1/2 > pl/2 or oY% < p=1/2,

Therefore, |j| > 2= lna . It follows that
> // (s, t)dtds + // (s, t)dtds

Z // (s, t)dtds

(8n,tn)EQp,q(1,0) |7 |>M keA; Ejk t5k]>q/2 Ejy

Ina

/ / 4 (1 + %/2> h(s, t)dtds.

(s,t) ng/aiS’q_b(lvO)

IN

IN

U
The following lemma is a consequence of the Wirtinger’s inequality/[5].

Lemma 2.2 If f(x) is absolutely continuous on [a,b], f, f' € L?[a,b] and there is some
2
c € la,b] such that f(c) =0, then f: |f(2)|2dx < 4“%“) f: |f/(z)|2d.

Lemma 2.3 Let {(sn, ty): n € A} C G be an (a,b)-uniformly discrete sequence. Suppose
that f € C(R), ¢ € L*(R) is locally absolutely continuous and (x) and x3)’'(x) are
admisstble. Then we have

1 1
> dmeenP<cs [ (G45) (ovneor
(8n5tn)#Qp,qa(1,0) (SDEQ, 05 4(1,0)

(W) (s O + (W f)) (s, 1) + |(W1;f’)(87t)|2>dtd8, f e L*(R),
where 1 (x) = (z) + 2/ (x) and Coyp is a constant.
Proof. Since (Wyf)(s,t) = (f(- +1),57/2)(-/s)), it is easy to check that

SWf)5s) = (Wof)(s,0),
ST (s 0) = s (s, ).

Put B, = [spa™ /2, 5,01 /%] x [t, — &, ¢, + &]. We have

S -t a

(Snvtn)ng q(l 0)

sna'/ tntb/2
- [ o)~ (R st

—-1/2 8§ _
(snstn) ng q(1,0) o=t/ n=b/2

|(Wyf')(s,t)|* dtds ~ (Lemma 2.2)

IN

snal/ 1 4b2 tn+b/2
/S 1. 4°

2
s T _
(sn5tn) ng q(1,0) tn=b/2

_ A7 //1 (W f') (s, )2 dtds

(sn5tn) ng q(l 0)

2 3/2
% // 4 (1 + —) |(W¢f’)(s,t)|2 dtds, (2.1)

IN

™
(s,t) ng/aiS’q_b(lvO)



where Lemma 2.1 is used in the last step. Using this lemma again, we get

Z //—| Wy f)(s,1) )|? dtds < // 4 (%_1_%;2) |(W¢f)(8,t)|2dtds.

(Snytn)ng q(l 0 (Svt)ng/aii’q_b(lvO)
(2.2)
By the triangle inequality, we have

> //—|W¢f (s,tn)|? dtds

(Snvtn)ng q(l 0)

< [ (B4 %) (0% 0P 0V o0 s, (23
(0@ 5.0 (1,0)

where M, is a constants. Similarly we can prove that

2
> / [ [s720000)(5,10) = 5220 ) )| s
(Snvtn)ng q(l 0)
a—l

< Z //s3| Wif) (s,tn)|?dtds

(8n,tn)EQp,q(1,0)
< > //—| (W) (s, tn)Pdtds

(8n,tn)EQp,q(1,0)

1

ST (—+ %) (070002 + 073 6,0 s, (24

S
(Svt)ng/aiS’q_b(lvO)

where (2.3) is used in the last step. Putting (2.3) and (2.4) together, we get

a—1)b
Z (GT)KWWC )($ns tn)[*
(8n,tn)EQp,q(1,0)

- Z // 1/2 Wwf s tn) - (3_1/2(W¢f)(37 tn) - 851/2(Wwf)(8n, tn)> ‘2 dtds
(8n,tn)#Qp,q(1,0)

s I G g) (0vn60r + v
(8:)2Q, /43 41 (1,0)
W) (5,0 + | (W) (s, dils

s V(W f) (8, tn) ! dtds

IN

O
Proof of Theorem 1.2. Put I' = |J;_, I's. Let A be the lower frame bound.
By [13, Theorem 3.2], I'; is relatively uniformly discrete. Hence we can split I'y into
Ny uniformly discrete sequences I'y .. Therefore, we can find some ag > 1,bp > 0 such
that I'y  is (ao, bp)-uniformly discrete, 1 < ¢ <r,1 <k < N,.



Take some f € L?(R)(CX(R) such that f # 0 and f, f’ are admissible. Since
(Wyf)(s,t) = (s/2f(s - +t),9), we have (Wy f)(s,t) = (W) (L, —L). Tt follows that

[ [ e opads = [ [ Have (5-4) 2
= L o ()

“+o0o “+0o0 1
= [ F 0w o aras

dtds

dtds

Similarly, we can prove that |(Wyf')(s,t)|?, %|(W¢f)(s,t)|2, and %|(W¢f’)(s,t)|2 are
integrable on G. By Lemma 2.3, there is some p > 1 and ¢ > 0 such that for any (ag, bg)-
uniformly discrete sequence IV C G,

A
) O A LI

(Svt) GF/\QP,Q (170)

On the other hand, it is easy to check that {(s/x,(t —y)/x) : (s,t) € Tox} is (ao, bo)-
uniformly discrete for any (x,y) € G since 'y, is, 1 < ¢ < r,1 < k < N;. Furthermore,
(s/z, (t —y)/x) & Qpq(1,0) whenever (s,t) & Qpq4(z,y). Hence

ANl = A2 (=) 2
< 3 E [ )
(=1 (s,t)eTy
" -2 .ty 2
= 2 2 [(H ) ()
(=1 (s,t)eTy x
r Ny 2

o) (2. 52)

T T

=1 k=1 (s,t) €L,k \Qp,q(,y)

S HMD> e (250)

{=1 k=1 (s,t)€l¢ 1NQp,q(x,y)

2

r Np 2

A s t—y

< SIFB+Y2> > (W, f)

2 oz

=1 k=1 (Svt)erl,kaP»Q(mvy)
Therefore,
T N[
P @pa@y) = J U (Tar N @paleon)) 0, Viw,y) €6.

r=1k=1



~1/2p1/2

For any a > p,b > a q and (z,y) € G, we have

_ ; bx 1. _ '
Qp,q <(1 1/2$p7+1/2,y—7—|—(k:—|—§)qa 1/2$p3+1/2> Cme(x,y),
Ina b
< < |— - <lb<< -
0=i= Llan L Osks qa—1/2pi+1/2
Hence
[Ina/lnp|—1 b
—1/2 j
v <FmQa,b($ay)> > Z <W — 1) - a / ZL‘pJ
7=0
_b:r ln_a_l —a_l/zx-—a_l.
pl/2¢ \Inp p—1
Therefore,

T 1
D™(I')= lim lim inf v ﬂQa,b(ﬂf,y))Z |
a—+00 b—+oo (7,4)€G bxrlna p/2¢Inp

The following lemma can be proved similarly to Lemma 2.1.

Lemma 2.4 Let {(sj,tjx) : j € Ak € Aj} and {(s,0) : j € A} be (a,b)-uniformly
discrete sequence. Suppose that h(s,t) > 0 is a function defined on G. Then for anyp > a

and g > b,
al/2
Z // s, t)dtds < // 21+ 5 h(s,t)dtds,

(85:t5,1)#Qp.q(1,0) (S7t)€Qp/a’p_1/2(q_b)(170)

= [g.a~ V2 g.ql/2) x [tk _ b lik b
where Fjp, = [sja™"/%, s;a™/?] x | S t 23]-]'
Lemma 2.5 Let {(sj,tjx) : j € A,k € Ay} and {(s5,0) : j € A} be (a,b)-uniformly
discrete sequence. Suppose that 1 € L3(R), f € C*(R) and f, f', f, and f' are admissible,
where f(z) = 3 f(z) +zf'(z). Then we have

S meeorsc, [ (1) (onneene

(85:t5,1)€Qp,q(1,0) DEQ, 10 173104y (1:0)

AWt (s, SO + | W ) s s W) s, 502 ) deds,
where C(’Lb 18 a constant.

Proof. Since (Wyf)(s, st) = (s'/2f(s(- + 1)), 1), we have

L Wuf)(ssst) = s(Wyf')(s,st)
S WuD)s,st) = (We)(s,st).



Similar to the proof of Lemma 2.3, we can prove that

3 / / (W f) (s, 5t) — (W f) (s, st/ ) 2dtds

(83:5,6)€Qp.a(1,0)

2 1/2
< a7 // 9 (1 + a—) (W f')(s, st)|*dtds
™ S

(s7t)€Qp/a,p_1/2(q—b)(1’0)

and

S [ 10Van s stin/s) — (Wah) sty Paeds

(sjvtj,k)gQP»Q(lvo) Fj,k
i (11/2 ~ 2 2 9
< My, 2| 14 ) (1) s, s 4+ (W ) (s, s ) dtds.

(s7t)€Qp/a,p_1/2(q—b)(1’0)

Now the conclusion follows by the triangle inequality and Lemma 2.4. U

Proof of Theorem 1.1. By [14, Theorem 2.1], S; x {0} is relatively uniformly
discrete, 1 < ¢ < r. Using Lemma 2.5 instead of Lemma 2.3, the conclusion can be proved
similarly to Theorem 1.2, which we leave to interested readers. U
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