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N-BLACK HOLE STATIONARY ANDAXIALLY SYMMETRIC SOLUTIONS OFTHE EINSTEIN-MAXWELL EQUATIONSGILBERT WEINSTEINAbstract. It is well-known that the Einstein-Maxwell equations re-duce in the stationary and axially symmetric case to an axially symmet-ric harmonic map with prescribed singularities ' : R3 n � ! H2C , where� is a subset of the axis of symmetry, and H2C is the complex hyperbolicplane. Motivated by this problem, we prove the existence and unique-ness of harmonic maps with prescribed singularities ' : Rn n � ! H,where � is a submanifold of Rn of co-dimension > 2, and H is a classicalRiemannian globally symmetric space of noncompact type and rank one.This result, when applied to the black hole problem yields solutions ofthe reduced equations which can be interpreted as equilibrium con�gu-rations of multiple co-axially rotating charged black holes held apart bysingular struts. 1. IntroductionLet (M; g) be a four-dimensional Lorentzian manifold, and let F be atwo-form on M . Consider the Einstein-Maxwell �eld equations:Ricg �12Rg g = 2TF(1.1) F = dA(1.2) d�F = 0;(1.3)where Ricg is the Ricci curvature tensor of the metric g, Rg its scalar curva-ture, and TF is the energy-momentum-stress tensor of the electromagneticDate. December 27, 1994.1991 Mathematics Subject Classi�cation. 83C57, Secondary 35Q75, 58E20.Key words and phrases. Einstein-Maxwell equations, rotating charged black holes, har-monic maps.Research supported in part by NSF grant DMS-9404523Part of this work was completed while the author was visiting the Erwin Schr�odingerInstitute. The author would like to express his thanks for the support and hospitality ofthe Institute. 1



2 GILBERT WEINSTEIN�eld F : TF (X; Y ) = 12�iXF � iY F + iX�F � iY �F �= iXF � iY F � 12 jF j2 g(X; Y );(1.4)Here, iX denotes inner multiplication by the vector X , � is the Hodge staroperator mapping ^kM to ^4�kM , � � � denotes the inner product, and j�j2the norm of k-forms. These operators are given in local coordinates by:� ��1:::�4�k = 1k!��1:::�k��1:::�k�1:::�4�k ;(1.5) � � � = � � (� ^ ��) = 1k!��1:::�k ��1:::�k ;(1.6) j�j2 = � � � = 1k!��1:::�k��1:::�k ;(1.7)where � is the volume form of g, and according to the Einstein summationconvention, repeated indices are summed over. Note that trTF = 0, hencetaking the trace of Equations (1.1) yields Rg = 0. Thus, Equation (1.1) canbe rewritten as Ricg = 2TF :(1.8)We are using rationalized units in which 4�G = 1, where G is the gravi-tational constant. We will seek asymptotically 
at, stationary and axiallysymmetric solutions of Equations (1.1){(1.4).It is well-known that these equations reduce, using an idea originally dueto Ernst [Er], to an axially symmetric harmonic map ' : R3n�! H2C , where� = A n SNj=1 Ij consists of the axis of symmetry A � R3 with N closedintervals Ij removed, and H2C = SU(1; 2)=S(U(1)� U(2)) is the complexhyperbolic plane, see [Mz, C2]. Each interval Ij corresponds in (M; g) to aconnected component of the event horizon, thus N will throughout denotethe number of black holes. The analytic interest of this problems lies in thefact that the boundary conditions for ' on � and as r ! 1 are singular.For the case N = 1, there is a family of solutions known in closed form, theKerr-Newman black holes, see [C1]. We note that the problem has 4N � 1parameters fmj ; dj; Lj; qjg: N masses mj , N � 1 distances dj , N angularmomenta Lj , and N electric charges qj .Special cases of the Ernst reduction have been used to prove non-existenceresults for the Einstein equations. In early work along this line, Weyl inves-tigated the vacuum static case and showed that the equations reduce to asingle linear equation. The case N = 1 was known to have the Schwarzschildsolution. Superimposing two such solutions, Weyl obtained new solutionswhich could be interpreted as equilibrium con�gurations of a pair of blackholes. However, with Bach [BW] in 1921, they showed that an obstructionarose as a conical singularity along the axis separating the two black holes.Having interpreted this singularity as the gravitational force, they computed



EINSTEIN-MAXWELL EQUATIONS 3its value and veri�ed that the result was asymptotic to the Newtonian grav-itational force in the appropriate limit. The reduction was also used byRobinson [R], following work of Carter [C1], to prove that within the N = 1vacuum case, the Kerr solutions were unique. Mazur [Mz], and Bunting [C2]independently, generalized this uniqueness result to the charged N = 1 case.In [We1, We2], we used the Ernst reduction to construct vacuum solutionswhich could be viewed as nonlinear generalizations of the Weyl solutions.Clearly, it is of great interest to �nd out whether the obstruction found byWeyl in the non-rotating case can be removed by some choice of the param-eters. It has been conjectured for some time that this is impossible, see [Pe,Problem 14], but the evidence is limited. Indeed, in this case, the anglede�ciencies most likely cannot be computed exactly. We mention [LTi2],where the small angular momentum case is treated, and [We3], where non-existence is proved in the extreme regime. Also, in [LTi1], Li and Tianproved non-existence in the case where the solutions admits an involutivesymmetry.In this paper, we begin the generalization of this work to the Einstein-Maxwell equations. Our main motivation is eventually the study of the force.With the Maxwell �eld, it is expected to be di�erent than with vacuum, sinceit is already known that in the static case equilibrium can be achieved withmasses and charges equal, see [Mj, Pa]. However it is important to note thatthis con�guration is extreme, see Section 2.3. Here, we prove the existenceof a unique (4N � 1)-parameter family of solutions to the reduced problem.Our main tool is the study of harmonic maps with prescribed singularitiesinto classical globally symmetric spaces of noncompact and type rank one,see [We4]. These are the real-, complex-, and quaternion-hyperbolic spaces,see [Mo]. The results obtained in [We4] however do not apply directly tothe problem considered here. In that paper, we restricted our attention tobounded domains 
 � Rn, and to singular sets � compactly contained in
, while here 
 = Rn and � is unbounded. The necessary generalizationis achieved in two steps. First, we allow the singular set � to extend to@
, and then we let 
 exhaust Rn. In this second step, we require for theprescription of boundary data as r !1 in Rn, a given harmonic map whichadmits those singularities lying along the unbounded components of �. Inthe application to black holes, this map is given by the N = 1 case, i.e. theKerr-Newman solutions.In a forthcoming paper, we will study the regularity properties of thesemaps. This is necessary in order to complete the application of the resultspresented here to black holes.2. The Ernst Reduction for the Einstein-Maxwell EquationsIn this section, we recall the Ernst reduction for the Einstein-Maxwellequations in the stationary and axially symmetric case. The main resultis Theorem 1 which allows us to state the Reduced Problem in terms of



4 GILBERT WEINSTEINharmonic maps with prescribed singularities. The computations are carriedout mostly with the exterior algebra formalism which is particularly wellsuited to treat the Maxwell Equations. We put particular emphasis onthose points where the reduction di�ers signi�cantly from the vacuum case,see [We1].2.1. Axial Symmetry. We �rst describe the connection between the ax-ially symmetric Einstein-Maxwell Equations and harmonic maps into H2C .It is important to note that the arguments could equally well apply to anynon-null Killing �eld.De�nition 1. Let (M; g) be an oriented four-dimensional Lorentzian man-ifold, and let F be a two-form on M . We say that (M; g; F ) is axially sym-metric if SO(2) acts e�ectively on (M; g) as a group of isometries leaving Finvariant.Let (M; g; F ) be a simply connected axially symmetric solution of theEinstein-Maxwell Equations. Let � be the Killing �eld generator, thenL�F = 0. Note that if (M; g) is causal, i.e. admits no closed causal curves,then � either is spacelike, or vanishes. De�ne the one-forms � = i�F , and� = i��F . Then, we �nd d� = �i�dF + L�F = 0. Thus, there is a function� such that d� = �. Similarly d� = 0, hence there is a function  such thatd = �. Note that � and  are determined only up to constants. Now,de�ne the one-form 
 = � d �  d�, and observe that d
 = 2� ^ �.It is easy to see from (1.5) that for any k-form � and one-form �, we have:i��� = �(� ^ �);where we have used the metric g to identify the tangent space TpM and itsdual T �pM . Using [L�; �] = 0, and �� = (�1)k+1 on k-forms, it follows that�(� ^ �) = (�1)k+1L�� + �� ^ �;where � = �d� is the divergence operator on forms. Thus, if we de�ne thetwist of � by ! = �(d� ^ �), we �nd�d! = �(d� ^ �) = �L�d� + �d� ^ � = �d� ^ �:Now for any Killing �eld �, we have �� = 0, and�d� = �2 trr2� = 2 i�Ricg :(2.1)Hence in view of Equation (1.8), we obtain�d! = 4 i�TF ^ �:Furthermore, in view of (1.4), i�TF = �i�F � (1=2) jF j2 �. Thus, we have�d! = 4 � ^ i�F . On the other hand, � = �(F ^ �), hence�(� ^ �) = �i� � � = � ^ i�F:It follows that d! = 2 d
;(2.2)



EINSTEIN-MAXWELL EQUATIONS 5i.e. the one-form ! � 2
 is closed. We conclude that there is a function v,also determined up to a constant, such that 2 dv = ! � 2
.Let M 0 = fx 2 M ; j�j2 > 0g, and let u = � log j�j on M 0. Then, wehave i�d� = �di�� + L�� = 2e�2udu. Thus, since �du = ��u, we have�(e�2udu) = 2e�2u jduj2� e�2u�u. On the other hand, i�d� = �� (�d�^ �),hence using Equations (2.1), (1.8), and (1.4), we obtain:�(i�d�) = �i��d� + jd�j2 = �2�j�j2 + j�j2� + jd�j2 :Furthermore, since ! = i� � d�, we �ndj!j2 = �(�d� ^ i�d� ^ �) + �(�d� ^ d� ^ i��) = 4e�4u jduj2 � e�2u jd�j2i.e. jd�j2 = 4 e�2u jduj2 � e2u j!j2. We conclude that�u� 12e4u j!j2 � e2u�j�j2 + j�j2) = 0:(2.3)Now, �! = �(d� ^ d�), and2 du �! = e2u � (d�^ i�d�^ �) + e2u � (d�^ d�^ i��) = �2 du �!+ �(d�^ d�);i.e. 4 du�! = �(d�^d�). Thus, we �nd that �(e4u!) = �4e4udu�!+e4u�! = 0,which we write as div(e4u!) = 0;(2.4)where we have put div � = ��� for any one-form �. In addition, since� = � � (�F ^ �), we �nd �� = � � d(�F ^ �) = d� � F , and2 du � � = �e2u � (d� ^ i� � F ^ �)� e2u � (d� ^ �F ^ i��) = e2u� � ! + d� � F:It follows that �(e2u�) = �2e2udu � �+ e2u�� = �e4u� � !, i.e.div(e2u�)� e4u� � ! = 0:(2.5)Similarly, �(e2u�) = e4u� � !, i.e.div(e2u�) + e4u� � ! = 0:(2.6)Substituting the de�nitions of v, � and  into Equations (2.3){(2.6), itfollows that ' = (u; v; �;  ) satis�es the following system of equations:�u� 2e4u jrv + �r �  r�j2 � e2u�jr�j2 + jr j2� = 0(2.7) div�e4u(rv + �r �  r�)� = 0(2.8) div�e2ur��� 2e4ur � (rv + �r �  r�) = 0(2.9) div�e2ur �+ 2e4ur� � (rv + �r �  r�) = 0:(2.10)It is now clear that for every subset 
 �� M 0, ' = (u; v; �;  ) is a criticalpoint of the functionalE
(') = Z
 njruj2 + e4u jrv + �r �  r�j2 + e2u�jr�j2 + jr j2�o d�g;



6 GILBERT WEINSTEINwhere d�g is the volume element of the metric g. Thus, if we choose an`upper half-space model' for H2C , i.e. R4 with the metric given by the lineelement: ds2 = du2 + e4u(dv + � d �  d�)2 + e2u�d�2 + d 2�;then the map ' : (M 0; g)! H2C is a harmonic map, see Section 3 and [We4].2.2. Stationary and Axially Symmetric Solutions. We now turn tothe case where (M; g; F ) admits an additional symmetry.De�nition 2. Let (M; g) be an oriented and time-oriented four-dimen-sional Lorentzian manifold and let F be a two-form on M . We say that(M; g; F ) is stationary and axially symmetric if G = R� SO(2) acts e�ec-tively on (M; g) as a group of isometries leaving F invariant and such thateach non-degenerate orbit is a timelike two-surface.Here, we say that the orbit of a point p 2M is degenerate if the isotropysubgroup at p is non-trivial. The set of points whose orbit is degeneratewill be called the axis . We let � be the Killing �eld generator normalized sothat its orbits are closed circles of length 2� j�j, and we let � be a linearlyindependent generator. Clearly, we have [�; � ] = 0. As before, if (M; g) iscausal then � is either spacelike or vanishes, i.e. � is spacelike outside theaxis.We now prove that if (M; g; F ) is stationary and axially symmetric, sat-is�es the Einstein-Maxwell Equations, and has non-empty axis, then:(i) F and �F vanish on the orbits, i.e. F (�; �) = �F (�; �) = 0;(ii) the distribution of planes orthogonal to the orbits of G is integrable.To see (i), note that [L� ; i�] = i[�;�] = 0, hence we havedi�� = �i�d�+ L� i�F = 0:Since i�� = 0 on the axis it follows that F (�; �) = i�� = 0 everywhere.Similarly, �F (�; �) = i�� = 0. To show (ii), it su�ces by Frobenius Theoremto show that: � (� ^ � ^ d�) = 0; �(� ^ � ^ d�) = 0:(2.11)However, in view of (2.2) and (i), we haved � (� ^ � ^ d�) = di�! = �i�d! � L�! = 4i�(� ^ �) = 0;where ! is the twist of �. Thus, �(�^�^d�) is constant, but since it vanisheson the axis, it is identically zero. Similarly, �(� ^ � ^ d�) = 0.Let (Q; h) be an integral surface of the distribution of planes orthogonalto the orbits with the induced metric h, then the quotient space M=G withits quotient metric can be identi�ed with (Q; h). We choose the orientationon Q so that �(� ^ �) is positively oriented. We now proceed to prove thatthe map ' : M 0 ! H2C is invariant under G hence reduces to a map, which wealso denote by ' on the quotient Q0 = Q\M 0. Let � be an arbitrary Killing�eld generator in the Lie algebra ofG. We have �e�2u = 2g([�; �]; �) = 0, and



EINSTEIN-MAXWELL EQUATIONS 7hence �u = 0. Also, �� = i�� = F (�; �) = 0, and similarly � = 0. Finally,
(�) = ��(�)� �(�) = 0, hence 2 �v = i�(!�2
) = �(d�^�^�)�2
(�) = 0.De�ne � = � ^ � , then on M 0 we have j�j2 = j�j2 j� j2 � (� � �)2 < 0. Let�2 = � j�j2, then � is invariant under G, hence reduces to a function on Q0.Therefore, it follows that for every subset 
 �� Q0, the map ' : (Q0; h) !H2C is a critical point of the functional:E 0
(') = Z
 njruj2h + e4u jrv + �r �  r�j2h+ e2u�jr�j2h + jr j2h�o � d�h;where j�jh is the norm with respect to the metric h, and d�h is the volumeelement of the metric h. Indeed, if 
 � Q0 is such a subset, and f is afunction on M 0 invariant under G, then 2� R
 f� d�h = RG�
 f d�g , whereG �
 is the orbit of 
 under G.Next, we show that �h� = 0. Since �g� = ��1 divh(�r�), it su�ces toprove that �g� = ��1 jd�j2. To see this, note �rst that �2 = ��(�; �) =i�i��. Thus, we obtain:2� d� = di�i�� = i�i�d� = � � (�d� ^ �):(2.12)Therefore, we see that2 ��g� + 2 jd�j2 = ��(2 � d�) = �d(�d� ^ �) = � � �d� � jd�j2 ;or equivalently: �g� = 12�(� � �d� � jd�j2 � 2 jd�j2):(2.13)On the other hand, since d� = d� ^ � � � ^ d� , we have, in view of Equa-tion (2.11), that i� � d� = �(d� ^ �) = 0, and similarly i� � d� = 0. Wededuce, using (2.12), that4�2 jd�j2 = �(i�d� ^ �d� ^ i��) = � � (d� ^ �d� ^ i� i��) = ��2 jd�j2 ;i.e. jd�j2 = �4 jd�j2(2.14)Furthermore, we claim that � � �d� = 0. Indeed, in view of Equation (2.1):�d� = �d(i� � d� � i� � d�) = �d� ^ � + � ^ �d� = 2 (i� Ricg ^� + � ^ i� Ricg);and consequently:� � �d� = i� i��d� = 2 j� j2Ricg(�; �)� 4 (� � �) Ricg(�; �) + 2 j�j2Ricg(�; �):Introducing ~� = i�F , and ~� = i� � F , we can use Equations (1.8) and (1.4)to write Ricg(�; �) = j�j2 + j�j2Ricg(�; �) = � � ~�+ � � ~�Ricg(�; �) = j~�j2 + j~�j2;



8 GILBERT WEINSTEINfrom which it follows that:� � �d� = 2 j� j2 �j�j2 + j�j2�� 4 (� � �)�� � ~�+ � � ~��+ 2 j�j2 �j~�j2 + ���~����2�:(2.15)In addition, we have: j�j2 F = � ^ �+ i� � �j�j2 � F = � ^ � � i� � �;and hence: j�j2 ~� � (� � �)� = i� i� � �(2.16) j�j2 ~� � (� � �) � = �i� i� � �:(2.17)A computation similar to the one leading to (2.14) yieldsji� i� � �j2 = �2 j�j2 ; ji� i� � �j2 = �2 j�j2 :Thus, taking the norm squared of both sides of (2.16) and (2.17), and addingthe results, we obtain:j�j4 �j~�j2 + j~�j2�� 2 j�j2 (� � �)�� � ~�+ � � ~��+ j�j2 j� j2 �j�j2 + j�j2� = 0;which, in view of (2.15), implies � � �d� = 0 as claimed. Substituting thisresult back into (2.13), and taking into account (2.14), we obtain �g� =��1 jd�j2 as required.Therefore, if d� 6= 0 in Q0, the function � can be used as an isothermalcoordinate for the metric h on Q0. Let z be a conjugate isothermal coordi-nate, i.e. a function on Q0 such that jdzj2 = jd�j2, dz �d� = 0, and d�^ dz ispositively oriented. Then the metric h takes in the (�; z)-coordinate systemthe form: habdxadxb = e2�(d�2 + dz2);where � = � log jd�j. Let ~h = e�2�h, then ~h is a 
at metric on Q0, and sincethe functional E 0
 is conformally invariant, we have that ' is a critical pointof: ~E
(') = Z
 njruj2~h + e4u jrv + �r �  r�j2~h+ e2u�jr�j2~h + jr j2~h�o� d�~h:This gives a semilinear elliptic system of partial di�erential equations forthe four unknowns (u; v; �;  ).We have obtained that the metric g must be of the form given by the lineelement ds2 = ��2e2u dt2 + e�2u�d�� w dt�2 + e2�(d�2 + dz2);(2.18)where w = �e2u(� � �). All the metric coe�cients can be determined fromthe map '. Indeed, u is obtained directly from ', and we will now obtain



EINSTEIN-MAXWELL EQUATIONS 9equations for the gradient ofw and �. These quadratures are to be integratedafter the harmonic map system has been solved.De�ne � = � + w�, and observe that � � � = 0, while j�j2 = � � � =�e2u�2. Furthermore, we have dw = 2wdu + e2ui�d� = e2ui�d�. Sinced� = 2 �^ du� e2u � (�^!), and � ^ � = �, we �nd i�d� = e2u � (!^ �), andhence i� i� � dw = ��2e4u!(2.19)The operator ��1i� i�� restricted to forms tangential to Q is the Hodgestar operator of the metric h. Since in two dimensions, the star operatorrestricted to one-forms is conformally invariant, ��1i� i�� is also the Hodgestar operator ? of the 
at metric ~h restricted to one-forms. Now, on one-forms in two dimensions ?? = �1, hence we can rewrite Equation (2.19)as: dw = e4u� ? !:(2.20)To derive the equations for d�, we must now use of the Einstein-MaxwellEquations in the �z-plane. Thanks to the fact that the metric in the �z-planeis conformally 
at, these equations yield:Ricg(@�; @�)� Ricg(@z; @z) = 2 �i@�F � i@�F � i@zF � i@zF �Ricg(@�; @z) = 2 i@�F � i@zF:A straightforward coordinate computation now leads to:�� � u� = � �u2� � u2z + 14e4u(!2� � !2z) + e2u(�2� � �2z +  2� �  2z)��z � uz = 2� �u�uz + 14e4u!� !z + e2u(���z +  � z)� :(2.21)Recall the following important de�nitions.De�nition 3. A spacetime is globally hyperbolic if it admits a Cauchy hy-persurface. A spacetime is asymptotically 
at if it is the Cauchy developmentof asymptotically 
at data. A domain of future outer communications inan asymptotically 
at spacetime (M; g) is a maximal connected open setO � M such that from each point p 2 O there are future directed timelikecurves to asymptotically 
at regions of (M; g). A future event horizon is theboundary of a domain of future outer communications.If (fM; g) is asymptotically 
at and globally hyperbolic, so is any domainof future outer communications M in (fM; g), since M is then a past set.We will restrict our attention to such a domain. We may then assert that(M; g) is causal. We assume that M is simply connected. If in addition,(M; g; F ) is a solution of the Einstein-Maxwell Equations which is stationaryand axially symmetric, then there is a unique Killing �eld generator � suchthat � is future directed and j� j2 ! �1 at spacelike in�nity. De�ning now



10 GILBERT WEINSTEIN� and � as before, it can be shown, using �h� = 0, that � has no criticalpoints, and hence can be used as an isothermal coordinate on Q0 as we havedone above, see [We1, Section 6]. Furthermore, the future event horizonH � fM can be characterized by the conditions j�j2 > 0 and � = 0.If jd�j2 vanishes identically on some component H0 of H , then we saythat H0 is degenerate. If a component H0 of H is non-degenerate, thenby (2.14), we have jd�j2 = jdzj2 6� 0 on H0. We point out that d� is null onH since H is a null surface, and therefore if a component H0 of H is non-degenerate, then d� is actually singular on H0. We will see in Section 2.3that each component H0 of H is a Killing horizon in the sense that thenull generators of H0 are tangent to a Killing vector �0 which is non-zeroon H0, see [C1, Ch]. Furthermore, e2u jd�j2 tends on H0 to a constant �0,the surface gravity of H0, de�ned by the equation d�j�0j2� = �2�0�0 whichholds on H0. Thus, H0 is degenerate if and only if �0 = 0 and the de�nitionof a degenerate horizon adopted here coincides with the one in [C1]. If acomponent H0 of H is non-degenerate, then H0 \ Q is an interval on theboundary of Q; otherwise, it is a point. Indeed, the intersection of H0 witha spacelike hypersurface must have the topology of a 2-sphere, see [CW].We will assume that the event horizon H consists of N non-degeneratecomponents, which we denote by Hj , 1 6 j 6 N . The degenerate cases canbe obtained as a limit.Let A be the z-axis in R3, and consider Q0�SO(2) = R3n A with the 
atmetric �2 d�
 d�+ ~h. Let � = A nSNj=1 Ij where Ij are the open intervalson the boundary of Q0 corresponding to the N components Hj of the eventhorizon H . Since j�j2 > 0 on Ij , the map ' can be extended across Ij , andit follows that ' : R3 n �! H2C is an axially symmetric harmonic map. Wehave proved:Theorem 1. Let (M; g; F ) be a solution of the Einstein-Maxwell Equa-tions which is stationary and axially symmetric. Assume that M is simplyconnected, that (M; g) is the domain of outer communications of an asymp-totically 
at globally hyperbolic spacetime, and that every component of theevent horizon in (M; g) is non-degenerate. De�ne ' = (u; v; �;  ), and �as above. Then ' : R3 n�! H2C is an axially symmetric harmonic map. Inaddition, the metric g is of the form (2.18), and the metric coe�cients wand � satisfy Equations (2.20) and (2.21).2.3. Physical Parameters. Let S be an oriented spacelike two-sphere inM . We de�ne the mass , angular momentum, and charge contained in S by:m(S) = � 18� ZS �d�;L(S) = 116� ZS �d�;q(S) = � 14� ZS �F:



EINSTEIN-MAXWELL EQUATIONS 11If � is a k-form and � a k-dimensional submanifold in M which is the orbitunder the subgroup SO(2) � G of a (k � 1)-dimensional submanifold � inH , then we have: Z� � = �2� Z� i��;(2.22)Suppose S and S 0 are homologous, that is suppose there exists a three-dimensional submanifold � such that @� = S�S 0, then by Stokes Theoremand Equation (2.22), we �nd:q(S)� q(S 0) = � 14� Z� d � F = 0:(2.23)In our situation, the second homology group is generated by spacelike cross-sections Sj of the N components Hj of the event horizon H . Hence q(S) isdetermined by the homology class of S and the N parameters qj = q(Sj).By (2.22), we �nd: qj = 12 ZIj d ;and we may call qj the electric charge of the j-th black hole. In view of (2.23), is constant along each component of �. Note that according to Equa-tion (1.2), we also have:12 ZIj d� = 14� ZSj F = 14� Z@Sj A = 0:This equation expresses the absence of magnetic charge. As a consequence,� is constant throughout �, hence we may assume �j� = 0.Similarly, we de�ne the angular momentum of the j-th black hole:Lj = L(Sj) = 116� ZSj �d� = 18 ZIj ! = 14 ZIj (dv + 
):(2.24)However, L(S) is not completely determined by these N parameters. Indeed,let @� = S � S 0 as before and suppose that � is the orbit under SO(2) of adomain 
 in Q, then:L(S)� L(S 0) = 116� Z� d � d� = 12 Z
 � ^ �:This is due to the fact that the electromagnetic �eld carries angular mo-mentum. Nevertheless, since 
 vanishes on �, it is easy to see from (2.24),that v is constant on each component of �. We introduce the N parameters�j = RIj dv, and note that Lj = (�j + lj)=4 where lj = RIj 
.We de�ne the mass of the j-th black hole:mj = m(Sj) = 14 ZIj i� � d�:



12 GILBERT WEINSTEINNote that Equation (2.20) implies that w is constant on each Ij . Denotewj = wjIj , then wj may be interpreted as the angular velocity of the j-thblack hole. Now, in view of (2.12), we have:dz = ?d� = 12 � d�;and therefore, i� � d� = �2 dz + �(d� ^ �):(2.25)Since d� = 2 � ^ du� e2u � (� ^ !), we have� (d� ^ �) = �2 � ? du� w!:(2.26)Combining Equations (2.25) and (2.26), we obtain:i� � d� = �2 dz � w! � 2 � ? du:Note that the last term vanishes on Ij . Consequently, we obtain:mj = 14 ZIj(2 dz + w!) = �j + 2wjLj ;where 2�j = RIj dz is the length of Ij in the metric ~h. Again, these do notdetermine m(S) since the electromagnetic �eld carries energy. Let @� =S � S 0 where � is the orbit of 
 � Q under SO(2) as before, then we �nd:m(S)�m(S 0) = 14 Z
 d(w! + 2� ? du)= 12 Z
 ne2u(j�j2 + j�j2)� d� dz + 2w� ^ �o :For 0 6 j 6 N , let �j be the N + 1 connected components of �, andlet rj = R�j dz be the length of �j in the 
at metric ~h for 1 6 j 6 N � 1.The length of �j in the metric h is dj = R�j e� dz. We will prescribe the4N � 1 parameters f�j > 0; rj > 0; �j; qjg; the 4N � 1 physical parame-ters fmj ; dj; Lj ; qjg are determined a posteriori. However, we note that theprescribed parameters f�j ; rj ; �j ; qjg are nonetheless geometric invariants.We conclude this section by verifying as mentioned earlier that Hj isdegenerate if and only if its surface gravity vanishes. If we let �j = � +wj�,then �j is a Killing �eld which is null but non-zero on Hj . Thus, Hj is aKilling horizon. Let �j be the surface gravity of Hj , then���d�j�j j2����24 j�j j2 ! �2j ;on Hj , see [C1, p. 150]. However, j�jj2 = ��2e2u + e�2u(w � wj)2, hence inview of (2.20), ���d�j�jj2����2 = 4�2e4u jd�j2 +O(�4):



EINSTEIN-MAXWELL EQUATIONS 13Therefore we conclude that e2u jd�j2 ! �j on Hj as claimed in Section 2.1,see also [C1, p. 192].2.4. Boundary Conditions. To complete the reduction, we need to set-up boundary conditions for ' on � and as r !1 in R3, where r = p�2 + z2.It is important to observe that, since u behaves like log � near � and asr ! 1, these boundary conditions will be singular. They may be viewedas prescribed singularities for the map ' on � and at in�nity. In particular,~ER3(') the total energy of ' will be in�nite. In order to renormalize thisenergy, we �rst solve the linear problem obtained when neither rotation norcharge are present, i.e. when �j = qj = 0. In this case, v = � =  = 0 solveEquations (2.8){(2.10), hence by Equation (2.7), u is harmonic. When N =1 these solutions correspond to the Schwarzschild solutions. The solutionsfor N > 2 are derived from these by superposition, and are easily seen tobe the potential of a uniform charge distribution on � normalized so thatu� log �! 0, as r !1, i.e.u(x) = � Z� �(x � y) dH1(y)(2.27)where �(x) = �(4� jxj)�1 is the fundamental solution of the Laplacian inR3, dH1 is the one-dimensional Hausdor� measure on A , and the integralin (2.27) is renormalized. These are the Weyl solutions , see [BW, We2].Given 2N � 1 positive numbers f�j > 0; rj > 0g, we de�ne N intervals Ijof length �j distance rj apart on the z-axis A in R3, we let � = A nSNj=1 Ij ,and we denote by �j the N + 1 connected components of �. We denoteby uj the potential of a uniform charge distribution on �j , normalized sothat uj ! 0 as r ! 1 for 1 6 j 6 N � 1, and u0 + uN � log � ! 0 asr !1. Let u(0) =PNj=0 uj ; u(0) is the corresponding Weyl solution. Givenin addition 2N real numbers f�j ; qjg, we set �0 = q0 = 0, and we write'j = (uj ; �j ; 0; qj) : R3 n �j ! H2C . We remark that each of these maps isharmonic and has its image contained in a geodesic of H2C . If ' : R3 n � !H2C is a harmonic map obtained from a solution of the Einstein-MaxwellEquations in Theorem 1, then as x ! �j in R3, dist('(x); 'j(x)) in H2Cremains bounded, see the boundary conditions in [C1]. This motivated thefollowing de�nition introduced in [We4]. Here, H is either real-, complex-,or quaternion-hyperbolic space, 
 � Rn is any smooth bounded domain, �any closed smooth submanifold of 
 of co-dimension > 2, and L1(
 n�) isthe space of essentially bounded measurable functions on 
 n �.De�nition 4. Let '; '0 : 
 n � ! H2C be harmonic maps, and let �0 � �.We say that ' and '0 are asymptotic near �0 if there is a neighborhood 
0of �0 such that dist('; '0) 2 L1(
0 n �0).Now let e� = �0 [ �N be the union of the unbounded components of�. >From the Kerr-Newman solution, we obtain a harmonic map ~' : R3 ne� ! H2C which is asymptotic to '0 near �0 and asymptotic to 'N near



14 GILBERT WEINSTEIN�N . In order to write down this solution explicitly, we introduce the globalparameters q, �, m, and a de�ned by:q = NXj=1 qj ; 2� = NXj=1�j + N�1Xj=1 rj ; ma = 14 NXj=1 �j ; m2 � a2 � q2 = �2;and the Schwarzschild-type elliptical coordinates (s; �) on R3 de�ned by:�2 = (s�m+ �)(s�m� �) sin2 �; z = (s�m) cos �;where we have assumed without loss of generality that the point z = 0on A is the center of the interval ~I = A n e�. We de�ne the function & =ps2 + a2 cos2 �. The harmonic map ~' = (~u; ~v; ~�; ~ ) is then given by:~u = log sin � + 12 log hs2 + a2 + a2&�2(2ms� q2) sin2 �i~v = ma cos �(3� cos2 �) � a&�2(q2s�ma2 sin2 �) cos � sin2 � + 2ma~� = �qas&�2 sin2 �~ = q&�2(s2 + a2) cos� + q;(2.28)see [C1]. For the prescription of the singular behavior of ' at in�nity, weneed the following de�nition.De�nition 5. Assume that 
;� � Rn are unbounded, and '; '0 : 
 n�!H2C are harmonic maps. We say that ' and ~' are asymptotic at in�nity , ifdist('; ~')! 0 as x!1 in 
 n �.With this in hand, we can now formulate the reduced problem. Given aset P = f�j > 0; rj > 0; �j ; qjg of 4N � 1 parameters, we associate with Pthe data DP = f'j : R3 n �j ! H2C ; ~' : R3 n e� ! H2C g consisting of N + 2harmonic maps constructed so far.Reduced Problem. Let P = f�j > 0; rj > 0; �j ; qjg be a given set of4N � 1 parameters, and let DP = f'j : R3 n �j ! H2C ; ~' : R3 n e� ! H2C gbe the associated data. Prove the existence of a unique axially symmetricharmonic map ' : R3 n�! H2C such that ' is asymptotic to 'j near �j foreach j = 0; : : : ; N , and ' is asymptotic to ~' at in�nity.This problem will be studied in Section 3, see the Main Theorem andits Corollary. Clearly, of at least equal importance is the converse: given asolution of the Reduced Problem, is there a corresponding solution of theEinstein-Maxwell Equations which is stationary and axially symmetric, andwhich is a simply connected domain of outer communications of a glob-ally hyperbolic and asymptotically 
at spacetime with N non-degeneratecomponents to the event horizon? This question will be considered brie
yin Section 4. We only mention here that this is almost true in the sensethat the only possible obstruction is a conical singularity on the bounded



EINSTEIN-MAXWELL EQUATIONS 15components of �. This obstruction can be interpreted as the gravitationalforce, see [BW, We3]. It has been conjectured that this obstruction is alwayspresent, see [Pe]. Were this conjecture proved, the previously known blackholes uniqueness theorems could be extended to the case N > 2.3. Harmonic Maps with Prescribed SingularitiesIn this section, we prove the existence of a unique solution to the Re-duced Problem. The result we state is somewhat more general than neededfor the application to black holes, but its proof requires no additional ef-fort. Let 
 � Rn, and let � be a smooth closed submanifold of Rn ofco-dimension > 2. Let H be one of the classical globally symmetric spaceof noncompact type and rank one, i.e. either real-, complex-, or quaternion-hyperbolic space of real dimension m. For our purpose, we take a harmonicmap ' = ('1; : : : ; 'm) : 
 n�! H to mean a map ' 2 C1(
 n�;H) whichfor each 
0 �� 
 n � is a critical point of the energy functional:E
0 = Z
0 jd'j2 ;where jd'j2 = Pnk=1h@k'; @k'i is the energy density, and h�; �i denotes themetric of H . This is equivalent to requiring ' to satisfy in 
n� the followingelliptic system of nonlinear partial di�erential equations:�'a + nXk=1�abc(') @k'b @k'c = 0;where �abc are the Christo�el symbols of H .De�nition 6. Let 
 � Rn be a smooth domain, and let � be a smoothclosed submanifold of 
 of co-dimension > 2. Let 
 be a geodesic in H . Wesay that a harmonic map ' : 
 n �! H is a �-singular map into 
 if(i) '(
 n�) � 
(R)(ii) '(x)! 
(+1) as x! �(iii) There is a constant � > 0 such that jd'(x)j2 > � dist(x;�)�2 in someneighborhood of �.We assume that we are given N + 1 disjoint smooth closed connectedsubmanifolds �j � Rn of co-dimension > 2, and N + 1 harmonic maps'j which are �j-singular into 
j . We set � = Sj �j , let J = f0 6 j 6N : �j boundedg, and let e� = Sj =2J �j be the union of the unboundedcomponents. We need to add a technical condition on the data ~' at in�nity.For p 2 H and 
 a geodesic in H let dist(p; 
) denote the distance from p to
(R), i.e. inf t dist�p; 
(t)�.De�nition 7. Let 'j : Rn n �j ! H be �j-singular maps into 
j , and let~' : Rn n e� ! H be a harmonic map. We say that ~' is adapted to f'jg atin�nity if for each j =2 J :(i) ~' is asymptotic to 'j near �j ;



16 GILBERT WEINSTEIN(ii) dist('(x); 
j)! 0 as x! �j outside some compact subset of Rn.The following result is our main existence theorem.Main Theorem. For each j = 0; : : : ; N , let 
j be a geodesic in H , and let�j be disjoint closed smooth connected submanifolds of Rn of co-dimension> 2. Let � = SNj=0 �j, and let e� = Sj 62J �j be the union of the unboundedcomponents. Let 'j : Rn n �j ! H be a �j-singular map into 
j, and let~' : Rn n e� ! H be a harmonic map which is adapted to f'jg at in�nity.Then there exists a unique harmonic map ' : Rn n � ! H such that ' isasymptotic to 'j near �j for each j = 0; : : : ; N , and ' is asymptotic to ~'at in�nity.In other words, given a harmonic map ~' with the correct asymptoticbehavior at in�nity, we can modify it to a harmonic map ' with prescribedsingular behavior near the compact components of �. It is easy to checkthat the maps 'j : R3 n�j ! H2C de�ned in Section 2.4 are �j -singular into
j where 
j are the geodesics in H2C given by 
j(t) = (t; �j ; 0; qj), and theharmonic map ~' : R3n e�! H2C obtained from the Kerr-Newman solution isadapted to f'jg, see (2.28). Thus, as an immediate corollary to the MainTheorem, we obtain:Corollary. The Reduced Problem has a unique solution.We note that the axially symmetric property of the solution ' followsimmediately from the uniqueness statement in the Main Theorem.In [We2] the case H = H2R corresponding to the vacuum equations wasstudied, and in [We4] we proved a version of this theorem for maps ' : 
 n�! H with 
 is bounded and � compactly contained in 
. The proof of ourMain Theorem, which combines the ideas in both these papers, is dividedinto three steps. In step one we consider the problem on a ball 
, but allow� to extend to @
. Besides some minor technical points there are no newdi�culties in this step. In step two, we use the known solution ~' to obtaina pointwise a priori bound on d('; 'j) and d('; ~') which is independent ofthe size of 
. This allows us to complete the proof in step three.Clearly the same techniques can be used to obtain similar results. Forinstance, using the harmonic maps of P. Li and L.-F. Tam [LTa1, LTa2]as boundary data, one could construct harmonic maps between hyperbolicspaces with cusp-like singularities along prescribed compact submanifolds.Furthermore, just as in [We4], the results would apply to more general tar-gets with pinched negative curvature were it not for Lemma 5.3.1. Preliminaries. The primary tools for the proof of the Main Theoremare the Busemann functions on Cartan-Hadamard manifolds, see [Eb, HI].We note that H is such a manifold with pinched sectional curvatures �4 6� 6 �1. Let 
 be a geodesic in H , then f
(p) the Busemann function



EINSTEIN-MAXWELL EQUATIONS 17associated with 
 evaluated at p 2 H is the renormalized distance betweenp and the ideal point 
(+1) 2 @H . It is de�ned by:f
(p) = limt!1 �dist�p; 
(t)�� t� :It is not di�cult to see that the limit is obtained uniformly for p in compactsubsets of H . It is well-known that f
 is analytic, convex, and has gradientof constant length one. The level sets, which we denote by S
(t) = fp 2H ; f
(p) = tg, are called horospheres. They are di�eomorphic to Rm�1.We will also use the horoballs de�ned by B
(t) = fp 2 H ; f
(p) 6 tg,and the geodesic balls BR(p) = fq 2 H ; dist(p; q) 6 Rg. Two geodesics 
and 
 0 are said to be asymptotic if dist�
(t); 
 0(t)� is bounded for t > 0.This is clearly an equivalence relation. The boundary of H is de�ned tobe the set of equivalence classes of geodesics in H . We will denote theequivalence class of 
 in H by 
(+1). Let 
 be a geodesic in H . Wedenote the reverse geodesic t 7! 
(�t) by �
, and we also write 
(�1) =�
(+1). We will introduce an analytic coordinate system in H adaptedto 
. Let u = f�
 . Let v0 : S�
(0) ! Rm�1 be an analytic coordinatesystem on S�
(0) centered at 
(0). The integral curves ofrf�
 are geodesicsparameterized by arclength. We `drag' the coordinate system v0 along theseintegral curves. More precisely, let �t be the analytic 
ow generated bythis vector �eld, then ��t maps S�
(t) to S�
(0), hence vt = v0 ���t is ananalytic coordinate system on S�
(t). De�ne v : H ! Rm�1 by vjS�
(t) = vt,and let � = (u; v) : H ! Rm, then � is an analytic coordinate system on H .In these coordinates, the metric of H reads:ds2 = du2 + Qp(dv);where for each p 2 H , Qp is a positive quadratic form on Rm�1. We notethat the convexity of f�
 implies that for each non-zero X 2 Rm�1, andeach �xed v 2 Rm�1, Q��1(u;v)(X) is a positive increasing function of u.The following lemmas were proved in [We4]. They are quoted here withoutproofs. Except for Lemma 5, they depend only on the bound �4 6 � 6 �1for the sectional curvatures of H .Lemma 1. For any (u; v) 2 Rm and any X 2 Rm�1, there holds:2Q��1(u;v)(X) 6 @@u �Q��1(u;v)(X)� 6 4Q��1(u;v)(X):(3.1)Lemma 2. Let 
 be a geodesic in H . Then for any t0 2 R, and any T > 0,we have B
(�t0 + T ) \B�
(t0 + T ) � BR(
(t0));where R = T + log 2.



18 GILBERT WEINSTEINLemma 3. Let 
 and 
 0 be geodesics in H , such that 
(�1) = 
 0(�1)and 
(+1) 6= 
 0(+1). Then for some d 2 R, we have:limt!1�f�
 � f
� � 
 0(t) = dlimt!�1�f�
 + f
� � 
 0(t) = 0:Lemma 4. Let 
 be a geodesic in H . Then, for any t0 2 R, and anyT > (1=2) log 2, we havehrf
(p);rf�
(p)i > 0; 8p 2 S
(�t0 + T ) nB�
(t0 + T )where h�; �i denotes the metric on H.Lemma 5. Let 
 be a geodesic in H. Then there is an analytic coordinatesystem � = (u; v) : H ! Rm with u = f�
 such that in these coordinates,the metric of H is given by:ds2 = du2 + Qp(dv);and satis�es the following conditions:(i) Let R > 0, t0 2 R, and let 
 0 be a geodesic in H with 
 0(�1) =
(�1). Then, there exists a constant c > 1 such that for all t > t0,and all p 2 BR�
 0(t)�, there holds:1c Q
0(t)(X) 6 Qp(X) 6 cQ
0(t)(X); 8X 2 Rm�1:(ii) For all t; t0 2 R, the set S�
(t)\B
0(t0) is star-shaped in these coordi-nates with respect to its `center', the point where 
 0 intersects S�
(t).Although in [We4], it was always assumed that � is compactly containedin 
, the proof of the following lemma presented there is independent of thisfact, see [We4, Lemma 8].Lemma 6. Let 
 � Rn be a smooth bounded domain, and let � be a smoothclosed submanifold of Rn of co-dimension > 2. Let u 2 C1(
 n �) satisfy�u > 0 and 0 6 u 6 1 in 
 n �. If uj@
n� = 0 then u = 0 in 
 n �.In fact, a slight variation of the same proof gives the next lemma.Lemma 7. Let 
 � Rn be a smooth bounded domain, and let � be a smoothclosed submanifold of Rn of co-dimension > 2. Let u 2 C1(�
 n �) satisfy�u > 0 and 0 6 u 6 1 in 
n�. For � > 0, let 
� = fx 2 
;dist(x; @
) > �g,and suppose @
� is smooth. Then there holds:Z
� jruj2 <1;(3.2) sup
�n� u 6 sup@
�n�u:(3.3)



EINSTEIN-MAXWELL EQUATIONS 19Proof. If � 2 C0;10 (
 n �) with 0 6 � 6 1, then as in the proof of [We4,Lemma 8], we obtain from the inequality �2u�u > 0 that there holds:Z
 �2 jruj2 6 4 Z
 jr�j2 :(3.4)With the cut-o� function�� = 8>><>>:2� log r= log � if �2 6 r 6 �0 if r 6 �21 if r > �,where r(x) = dist(x;�), and with �0 2 C10 (
) another cut-o� satisfying0 6 �0 6 1 and �0 = 1 on 
�, take � = ���0 in (3.4), and let � ! 0; (3.2)follows immediately. Now, the same argument shows that �u > 0 weaklythroughout 
, hence (3.3) follows from a standard maximum principle.3.2. Step One. In this step, we restrict our attention to a ball 
 � Rnsu�ciently large that @
\ (�n e�) = ;, and prove the existence of a solution' : 
 n � ! H in a manner similar to the proof of [We4, Theorem 1]. Weassume all the hypotheses of the Main Theorem. Some of the elements inthe proof of Proposition 1 will be used also in the next steps.Proposition 1. Let 
 � Rn be a ball large enough that @
 \ (� n e�) = ;.Then there is a unique harmonic map ' : 
n�! H such that ' is asymptoticto 'j near �j for each j = 0; : : : ; N , and ' = ~' on @
 n �.The proof follows closely that of Proposition 2 in [We4]. We begin withthe uniqueness. Let ' and '0 be two such maps, then clearly dist('; '0) 2L1(
n�), and ' = '0 on @
n�. Consider the function u = dist('; '0)2. Wehave that �u > 0 on 
n�, see [SY], u is bounded on 
n�, and uj@
n� = 0.Thus, by Lemma 6, it follows that u = 0 and hence ' = '0 on 
 n �.For the existence proof, we set-up a variational approach. Let f
0jgNj=0 bean open cover of Rn, with @
0j smooth, such that �j � 
0j , and �j \
0j0 = ;for j 6= j 0. Let 
j = 
0j \ 
. It can easily be arranged that if j 2 J then
j �� 
. Let f�jgNj=0, be a partition of unity subordinate to the coverf
jgNj=0 of 
 such that �j = 1 near �j for all j = 0; : : : ; N . We mayassume without loss of generality that all the geodesics 
j have the sameinitial point on @H . Let � = (u; v) be the coordinate system on H withu = f�
0 given in Lemma 5. We will identify any map ' : 
 n � ! H withits parameterization � �' = (u; v) whenever no confusion can arise. Forj = 0; : : : ; N , let 'j = 
j �uj where �uj = 0 on 
 n�j . Then, we have that'j = (uj ; wj) where wj 2 Rm�1 are constants. Without loss of generality,we may assume that for j 2 J , uj(x) = 0 on @
, and in particular uj > 0in 
.



20 GILBERT WEINSTEINDe�ne the norms: kuk
 = �Z
 nu2 + jruj2o�1=2 ;(3.5) kvk'j;
 = �Z
 njvj2 +Q'j (rv)o�1=2 ;(3.6)where Q'j (rv)jx = Pnk=1Q'j(x)�rkv(x)� for x 2 
 n �j . We will use theHilbert spaces: H1(
) = fu : 
! R; kuk
 <1gH'j1 (
;Rm�1) = fv : 
! Rm�1; kvk'j ;
 <1g;and the subspaces H1;0(
) and H'j1;0(
;Rm�1), de�ned to be the closure inH1(
) of C10 (
) and the closure in H'j1 (
;Rm�1) of C10 (
 n �j ;Rm�1)respectively.We write ~' = (~u; ~v), and introduce the function v0 obtained by truncating~v near the bounded components of � and setting it to its prescribed valueswj 2 Rm�1: v0 = 0@Yj2J(1� �j)1A ~v +Xj2J �jwj :Note that v0 = wj near �j for j 2 J , hence clearly v0�wj 2 H'j1 (
j;Rm�1).We also separate u(0) =PNj=0 uj into u(1) =Pj2J uj , the contribution fromthe bounded components of �, and u(2) = Pj 62J uj , the contribution fromthe unbounded components. Clearly, �u(1) = �u(2) = 0 on 
 n � andu(1) = 0 on @
. Since ~' is a harmonic map ~u is subharmonic on Rn n e�,hence �(~u � u(2)) > 0 on Rn n e�. Furthermore, ���~u� u(2)��� is bounded onthe larger ball 
0 = fx 2 Rn; dist(x;
) < 1g. Indeed, on the one hand,for j 62 J we have on 
0j \ 
0 that ���~u� u(2)��� 6 j~u� uj j +Pj0 6=j ��uj0 ��, andj~u � uj j 6 dist( ~'; 'j), while ��uj0�� is bounded, and on the other hand, forj 2 J we have that both ~u and u(2) are bounded on 
j . Hence it followsfrom Lemma 7 that ~u � u(2) 2 H1(
). In fact ~u satis�es the equation�~u = (@=@u)�Q ~'(r~v)�, and Lemma 1 implies:Q ~'(r~v) 6 12�(~u� u(2));in 
0 n e�. Multiplying by a cut-o� � as in the proof of Lemma 7 andintegrating over 
, we conclude, after taking the appropriate limit, thatZ
 Q ~'(r~v) <1:(3.7)



EINSTEIN-MAXWELL EQUATIONS 21De�ne H to be the space of maps ' = (u; v) : 
 n�! H satisfying:8>><>>:u� ~u� u(1) 2 H1;0(
);v � v0 2 TNj=0H'j1;0(
;Rm�1);dist('; 'j) 2 L1(
j n �j); 8j = 0; : : : ; N:For maps ' 2 H de�ne:F (') = Z
 ����r(u� u(0))���2 +Q'(rv)� :For R > 0 de�ne the space HR of maps ' 2 H such that for j = 0; : : : ; N ,dist('; 'j) 6 R for a.e. x 2 
j n�j. We will need the following lemma whichis a direct consequence of Lemma 5.Lemma 8. Let R > 0, then there is a c > 1 such that for all ' 2 HR, thereholds for each j = 0; : : : ; N and for all X 2 Rm�1:1c Q'j(x)(X) 6 Q'(x)(X) 6 cQ'j(x)(X); for a.e. x 2 
j n �j.We already know that R
j Q'j (rv0) < 1 for j 2 J , and it follows fromLemma 8 and (3.7) that the same holds also for j 62 J . Indeed, since forj =2 J , ~' is asymptotic to 'j near �j , there is a constant c > 1 such thatZ
j Q'j(r~v) 6 c Z
j Q ~'(r~v) <1:Since �j is smooth and r�j = 0 near e�, we obtain that R
j Q'j(rv0) <1as claimed. Now, let ' = (u; v) 2 H, then there is a constant c > 1 suchthat: Z
Q'(rv) 6 c NXj=0 Z
j Q'j(rv) <1:(3.8)Since also u � u(0) = (u� ~u� u(1)) + (~u� u(2)) 2 H1(
), we conclude thatF is �nite on H.It is straightforward to check that a minimizer ' 2 H of F is a harmonicmap on 
 n �, see [We4]. Hence, by the regularity theory for harmonicmaps, see [SU1, SU2], ' 2 C1(
 n �;H), ' is asymptotic to 'j near �jfor j = 0; : : : ; N by construction, and ' = ~' on @
 n �. Thus, to proveProposition 1, it su�ces to show that F admits a minimizer in H.It can be shown, exactly as in [We4, Proposition 1], that F admits aminimizer in HR. The main steps are as follows. Consider a minimizingsequence '̂k = (ûk; v̂k) in HR. Then for some subsequence k0, ûk0 � u(0)converges weakly in H1(
) and pointwise a.e. in 
. Furthermore, using thebound dist('̂k; 'j) 6 R in 
j , it is shown that along perhaps a further sub-sequence v̂k0�v0 also converges weakly in eachH'j1;0(
;Rm�1), and pointwise



22 GILBERT WEINSTEINa.e. in 
. Let ' = (u; v) 2 HR be the weak limit. Then clearly we haveZ
 ���r(u� u(0))���2 6 lim inf Z
 ���r(ûk0 � u(0))���2 :(3.9)Furthermore, Q' is equivalent to Q'j on 
j , hence we haveZ
Q'(rv) = lim Z
Q'(rv;rv̂k0)6 lim inf"�Z
 �k0Q'(rv)�1=2�Z
Q'̂k0 (rv̂k0)�1=2#;(3.10)where �k = (Q'(rv̂k)=Q'̂k(rv̂k) if v̂k 6= 01 otherwise:However �k0 ! 1 pointwise a.e. in 
, and �k0 is bounded. Thus, we concludethat lim Z
 �k0Q'(rv) = Z
Q'(rv);and therefore (3.10) implies:Z
Q'(rv) 6 �Z
Q'(rv)�1=2 lim inf �Z
Q'̂k0 (rv̂k0)�1=2 :Combining this with (3.9) we obtainF (') 6 lim inf F ('̂k0) = infHR F;and it follows that ' is a minimizer in HR.Thus, it remains to prove that for some R > 0 large enough infH F =infHR F . This is the content of the next lemma.Lemma 9. There is a constant R > 0 such that for every � > 0, and every' 2 H, there is '0 2 HR such that F ('0) 6 F (') + �.Proof of Lemma 9. Let H� be the space of maps ' = (u; v) 2 H such thatv = wj in a neighborhood of �j for j 2 J , ' = ~' outside some compact setK � 
, and v = wj in a neighborhood of �j \K for j 62 J . Lemma 9 willfollow immediately from: (i) for each ' 2 H and each � > 0 there is '0 2 H�such that F ('0) 6 F (') + �; and (ii) for each ' 2 H� there is '0 2 HR suchthat F ('0) 6 F ('). The proof of (i), a standard approximation argument,is practically unchanged from [We4, Lemma 11]. We turn to the proof of(ii). The bound dist('; 'j) 6 R will be achieved consecutively on each 
jbeginning with all j 62 J . The case j 2 J is simpler, and in fact reliesentirely on the results of [We4]. Assume without loss of generality that0 62 J . Introduce a `dual' coordinate system �� = (�u; �v) with �u = f
0 asgiven by Lemma 5. Write ds2 = d�u2 + �Qp(d�v):



EINSTEIN-MAXWELL EQUATIONS 23for the metric of H in these coordinates. Set �u(0) = �u0+PNj=1 uj . Let ' 2H� and write �� �' = (�u; �v). Then, since jruj2+Q'(rv) = jr�uj2+ �Q'(r�v),we �nd that in 
 n �:���r(u� u(0))���2 + Q'(rv) = ���r(�u� �u(0))���2 + �Q'(r�v)� 2r(u+ �u) � ru0 � 2 NXj=1r(u� �u) � ruj + 4 NXj=1ruj � ru0:The idea is now to integrate this identity over 
, use the right hand side totruncate �u� �u(0), and the left hand side to truncate u�u(0). The convexityof the Busemann functions u and �u on H , expressed in the monotonicity ofQ and �Q, ensures that these truncations do not increase F . This can beviewed as a weak form of a variational maximum principle.Some care, however, needs to be taken because of the singularities on �.Integrating �rst over 
� = fx 2 
; dist(x;�) > �g, we obtain:Z
� ����r(u� u(0))���2 + Q'(rv)� = Z
� ����r(�u� �u(0))���2 + �Q'(r�v)�+ I�(');where:(3.11) I�(') = Z
� ��2 div�(u+ �u)ru0�� 2 NXj=1 div�(u� �u)ruj�+ 4 NXj=1ruj � ru09=; :A tedious but straightforward veri�cation shows that that when � ! 0,I�(') ! C where C is a constant independent of ' 2 H�, yielding anintegral identity:F (') = Z
 ����r(�u� �u(0))���2 + �Q'(r�v)�+ C:(3.12)For example, note that if � > 0 is small enough, we can decompose @
�into a disjoint union SNj=0 @�j [ @�
, where @�j = fx 2 
; dist(x;�j) = �gand @�
 = fx 2 @
; dist(x;�) > �g. Then, the �rst term in (3.11) can beintegrated by parts:� 2 Z
� div�(u+ �u)ru0� = �20@Z@�
+ Z@�0 + NXj=1 Z@�j1A (u+ �u) @u0@n :(3.13)For the �rst integral on the right hand side of (3.13), we have as �! 0:Z@�
(u+ �u) @u0@n ! Z@
(u+ �u) @u0@n ;(3.14)which clearly is independent of ' 2 H�. The integral on the right handside of (3.14) is �nite since u + �u is bounded 
0 n �0. Next, since ' 2 H�,



24 GILBERT WEINSTEINthere is a compact set K � 
 such that ' = ~' outside K and ~v = w0 in aneighborhood of �0 \K. We �nd:Z@�0(u+ �u) @u0@n = Z@�0nK(u+ �u) @u0@n ;since for � > 0 small enough and x 2 @�0 \K, '(x) lies along the geodesic
0 where u + �u = 0. However for x 2 @�0 nK, we have '(x) = ~'(x) whichimplies �u(x) + �u(x)� 6 dist( ~'(x); 
0)! 0 as �! 0. Thus, we obtainZ@�0nK(u+ �u) @u0@n ! 0:Finally, in view of Lemma 3, we have for 1 6 j 6 N that lim�!0(u+ �u)j@�j =dj , for some constants dj . Hence the last sum in (3.13) also tends to zerosince u0 is regular in 
j for j = 1; : : : ; N . The other terms in (3.11) arehandled similarly. See [We4, Proof of Lemma 13] for more details.Now, truncate �u� �u(0) above at�T0 = sup@
 (�u� �u(0)) + 1;i.e. de�ne a map '0 = (u0; v0) 2 H by �� �'0 = (�u0; �v) where�u0 � �u(0) = minf�u� �u(0); �T0g:Clearly the map '0 2 H and satis�es:'0(x) 2 B
0(�u(0)(x) + �T0); 8x 2 
 n �;(3.15)and also, in view of (3.12), F ('0) 6 F ('). Let c0 = sup
0 PNj=1 uj , then weobtain from (3.15):'0(x) 2 B
0(�u0(x) + c0 + �T0); 8x 2 
0 n �0:(3.16)Next truncate u0 � u(0) above atT0 = max�sup@
 (u� u(0)) + 1; �T0; (1=2) log2� ;to get a map '00 = (u00; v0) 2 H satisfying:'00(x) 2 B�
0(u(0)(x) + T0); 8x 2 
 n �and F ('00) 6 F ('0). As before it follows that:'00(x) 2 B�
0(u0(x) + c0 + T0); 8x 2 
0 n�0:(3.17)>From Lemma 4 we obtain, as in [We4, Lemma 11], that the bound (3.16)still holds for '00:'00(x) 2 B
0(�u0(x) + c0 + T0); 8x 2 
0 n�0:(3.18)Hence, combining (3.17) and (3.18) with Lemma 2, we conclude:'00(x) 2 BR0�'0(x)�; 8x 2 
0 n �0;(3.19)



EINSTEIN-MAXWELL EQUATIONS 25where R0 = c0+T0+log 2. Consider now the map '00j[Nj=1
j , and notice thatfrom (3.19) we can obtain a pointwise a priori estimate for '00 on @�SNj=1
j�.Thus we can proceed by induction to obtain a map '000 2 H satisfyingF ('000) 6 F ('), and for each j = 0; : : : ; N :'000(x) 2 BRj�'j(x)�; 8x 2 
j n �j ;for some constants Rj depending only on the data, ~' and 'j . Setting R =maxj Rj , we have obtained '000 2 HR with F ('000) 6 F ('). This completesthe proof of Lemma 9 and of Proposition 1.Remark. It is important to note that the a priori bounds dist('; 'j) 6 R in
j n �j given by Lemma 9 depend on the size of 
, hence cannot be usedto obtain a solution on Rn n �. This is remedied in the next step where weobtain a priori bounds independent of the size of 
.3.3. Step Two. In this step, we furnish the main ingredient in the proofof the Main Theorem. We establish pointwise a priori bounds for dist('; ~')near 1, and for dist('; 'j) near �j , where ' : 
 n � ! H is the solutiongiven by Proposition 1. As in Proposition 1, 
 � Rn is a su�ciently largeball, but we now use a slightly di�erent open cover of Rn. Since for j 62 J ,~' is asymptotic to 'j near �j , we can choose 
0j to be a neighborhood of�j such that dist( ~'; 'j) is bounded on 
0j n �j . However, to get an opencover of Rn, we may need to add another open set e
0 which we can chooseso that �j \ e
0 = ; for all 0 6 j 6 N . We set 
j = 
0j \
, and e
 = e
0 \
.We also change the normalization of the harmonic functions uj for j 2 J ,so that uj(x)! 0 as r = jxj ! 1 in Rn.Proposition 2. There is a constant R > 0 independent of 
 such that if' is the solution given by Proposition 1, thendist('; ~') 6 R; in e
;(3.20) dist('; 'j) 6 R; in 
j n �j, for j = 0; : : : ; N:(3.21)Proof. De�ne on 
 n � the function:� = q1 + dist('; ~')2 � u(1):and note that since the function dist(�; �)2 is convex on H � H , we have�� > 0 on 
 n �, see [SY]. We claim that � is bounded and thereforeLemma 7 applies. To see this, note �rst that for j 62 J , ' is asymptotic to'j , which is asymptotic to ~' near �j , hence dist('; ~') is bounded in 
j ,and u(1) is also bounded there. Therefore � is bounded on 
j for j 62 J .Now, let j 2 J , and observe that dist�
j(0); ~'� is bounded on 
j . Thus,



26 GILBERT WEINSTEINsince dist�'j ; 
j(0)� = uj , we see that� 6 1 + dist('; 'j) + dist�'j ; 
j(0)�+ dist�
j(0); ~'�� u(1)= 1 + dist('; 'j) + dist�
j(0); ~'��Pj02Jj0 6=j uj0Since ' is asymptotic to 'j near �j , and uj0 is bounded in 
j n�j for j 0 6= j,we obtain � 6 Cj in 
j n �j , hence � 6 C in 
 n �. Similarly, we obtain� > � dist�
j(0); ~'�� dist('; 'j)�Pj02Jj0 6=j uj0 > �C:Applying Lemma 7, we deduce that:� 6 sup@
�n� �(3.22)Since ' = ~' on @
 n �, � 6 1 on @
 n �, hence letting � ! 0, we concludethat: dist('; ~') 6 q�1 + u(1)�2 � 1:(3.23)Now, there is a T such that u(1) 6 T on Sj 62J 
0j [ e
0. Thus, we obtainimmediately dist('; ~') 6 ~R on e
 with ~R = 1 + T . Furthermore, for j =2 Jthere are constants Tj > 0 such that dist( ~'; 'j) 6 Tj on 
0j n �j . Thus,from (3.23), we obtain for j 62 J the required pointwise a priori estimate:dist('; 'j) 6 Rj ;in 
jn�j , where Rj = 1+T+Tj is clearly independent of 
. These estimatesalso provide us for j 2 J with pointwise a priori bounds for dist('; 'j)on @
j . Hence we can now use the bounded subharmonic functions �j =q1 + dist('; 'j)2 in 
j n�j to obtain for j 2 J and for some Rj independentof 
: dist('; 'j) 6 Rj ;in 
j n �j . Setting R = maxj Rj , Proposition 2 follows.3.4. Proof of the Main Theorem. The proof of the uniqueness state-ment is almost the same as in Proposition 1. If ' and '0 are two solutions,then they are asymptotic near each �j , and asymptotic at in�nity, hencedist('; '0)2 is a bounded subharmonic function on Rn n �. From Lemma 7,it follows that for any ball 
 � Rn of radius R centered at the origin:sup
 dist('; '0) 6 sup@
 dist('; '0);Since the right hand side tends to zero as the radius R of 
 tends to 1, itfollows that dist('; '0) = 0, and hence ' = '0.For the existence proof, we choose a sequence of radii Rk ! 1, anddenote by �k the sequence of balls of radius Rk centered at the origin, andby '̂k = (ûk; v̂k) the solutions given by Proposition 1 on �k. We extend '̂koutside �k so that it coincides with ~'. We will use the uniform pointwise



EINSTEIN-MAXWELL EQUATIONS 27a priori bounds given in Proposition 2 to prove the convergence of '̂k to asolution on Rn n �. We adopt the same notation as in Proposition 1, butuse the open cover f
0j ;
0g of Rn introduced in Section 3.3.For any ball 
, de�ne the spaceH(
) as the space of maps ' : Rnn�! Hsatisfying 8>><>>:u� u(0) 2 H1(
);v � v0 2 TNj=0H'j1 (
;Rm�1);dist('; 'j) 2 L1(
0j n �j); 8j = 0; : : : ; N;and for R > 0 denote by HR(
) the space of maps ' 2 H(
) satisfying:(dist('; ~') 6 R; in e
;dist('; 'j) 6 R; in 
j n �j , for j = 0; : : : ; N:Now, �x 
 = �k0 , let 
0 = fx 2 
; dist(x; @
) > 1g, and consider thesequence of maps '̂k j
 for k > k0. By Proposition 2, there is R > 0 such that'̂k 2 HR(
). It follows that on 
j n�j , we have jûk � uj j 6 R, and hence weobtain ���ûk � u(0)��� 6 R0, where R0 = R+sup
j Pj0 6=j ��uj0��. Similarly, on e
 wehave ���ûk � u(0)��� 6 jûk � ~uj+���~u� u(0)��� 6 R00 where R00 = R+supe
 ���~u� u(0)���.Thus, we conclude that ���ûk � u(0)��� 6 C on 
 n �, where C = maxfR0; R00g.Furthermore, we have �(ûk � u(0)) > 0 on 
 n�. Now the argument in theproof of Lemma 7 shows that there is a constant C 0 independent of k suchthat Z
0 ���r(ûk � u(0))���2 6 C 0;and similarly, using Q'̂k(rv̂k) 6 (1=2)�(ûk � u(0)), we deduce, as in theargument leading to (3.7), thatZ
0 Q'̂k(rv̂k) 6 C 00:Thus, we have a uniform bound F ('̂k) 6 C 000. It is straightforward nowto show that there is a subsequence, without loss of generality '̂k, whichconverges weakly in H(
0) and pointwise a.e. in 
0, see [We4, Proof ofProposition 1].Repeating this argument for each k0, and using a diagonal sequence, itis clear that we can choose a subsequence, without loss of generality '̂kagain, which converges pointwise a.e. in Rn n �, and which for each ball
 � Rn, converges weakly in H(
) to a map ' 2 HR(
). For each openset U �� Rn n �, '̂k is a family of smooth harmonic maps with uniformlybounded energy into H , and '̂k(U) is contained in a �xed compact subsetof H . Hence, using standard harmonic map theory, one can obtain uniforma priori bounds in C2;�(U) for '̂k, and hence we deduce that a subsequenceconverges uniformly in U together with two of its derivatives. We concludethat ' is a harmonic map. It remains to see that ' is asymptotic to ~' at



28 GILBERT WEINSTEINin�nity. However, from the estimate (3.23) on � which holds for each '̂h,we deduce that the same holds of ':dist('; ~') 6 qu(1)�2 + u(1)�Since u(1)(x) ! 0 as x ! 1, this shows that dist('; ~') ! 0 as x ! 1 in
 n �. This completes the proof of the Main Theorem.4. N- Black Hole Solutions of the Einstein-Maxwell EquationsIn this section, starting from a solution ' : R3 n � ! H2C of the ReducedProblem given by the corollary of the Main Theorem we construct a solution(M; g; F ) of the Einstein-Maxwell Equations, which can be interpreted asrepresenting N co-axially rotating charged black holes in equilibrium heldapart by singular struts.4.1. The Spacetime Metric g. Let ' : R3 n�! H2C be a solution of theReduced Problem. Then ' = (u; v; �;  ) satis�es on R3 n � the followingnonlinear elliptic system of partial di�erential equations:�u� 2e4u jrv + �r �  r�j2 � e2u�jr�j2 + jr j2� = 0(4.1) div�e4u(rv + �r �  r�)� = 0(4.2) div�e2ur��� 2e4ur � (rv + �r �  r�) = 0(4.3) div�e2ur �+ 2e4ur� � (rv + �r �  r�) = 0:(4.4)Introduce cylindrical coordinates (�; �; z) in R3, and denote by � and � thevector �elds @=@� and @=@z respectively. Let � be the Hodge star operatorof the Euclidean metric in R3 and ? = ��1i�� the Hodge star operator of the
at metric ds2 = d�2+dz2 in the �z-plane. Setting ! = 2 (dv+� d � d�)it follows from (4.2) that the two-form e4u �! is closed on R3n�, and hence,since ! is invariant under �, the one-form e4ui� �! is closed on R3n�. SinceR3 n� is simply connected, there is a function w, de�ned up to an additiveconstant such that dw = e4ui� � ! = � e4u ? !;(4.5)see (2.20). Now let T' be the stress tensor of the map ':T'(X; Y ) = hd'(X); d'(Y )i � 12 jd'j2X � Y;for X; Y 2 R3, where h�; �i denotes the inner product in H2C . Clearly T' issymmetric, and since ' is a harmonic map T' is also divergence free. Thus,since � is a Killing �eld in R3, i�T' is a divergence free vector �eld on R3n�.As before, it follows that i� � i�T' is a closed one-form on R3n�, hence thereis a function �, de�ned up to an additive constant such thatd(�� u) = �2 i� � i�T':



EINSTEIN-MAXWELL EQUATIONS 29Note that�2i��i�T' = � ��u2� � u2z + 14e4u(!2� � !2z ) + e2u(�2� � �2z +  2� �  2z)�d�+ 2 �u�uz + 14e4u!� !z + e2u(���z +  � z)�dz� ;and compare with Equations (2.21). It is clear that w and � so de�ned areaxially symmetric. Furthermore, we deduce from (4.5) that e4u�! = d�^dw.Thus, Equation (4.4) implies that the two-form e2u�d +wd�^d� is closed.It follows that the one-form e2ui� � d � w d� is closed, and hence there isa function ~� such that d~� = e2ui� � d � w d�:Let A � R3 be the z-axis and let g be the metric on M 0 = R� (R3 n A )given by the line element:ds2 = ��2e2u dt2 + e�2u�d�� w dt�2 + e2�(d�2 + dz2):(4.6)De�ne the one-form A on M 0 by:A = �(� d�+ ~� dt);(4.7)and let F = dA = dt ^ d~�+ d� ^ d�:We have that i�F = d�, and i�F = d~�, where � = @=@t. Clearly � and� are commuting Killing �elds of (M 0; g) which generate an abelian two-parameter group G = R� SO(2) of isometries leaving F invariant withtimelike two-dimensional orbits, and hence (M 0; g; F ) is stationary and axi-ally symmetric. Furthermore, it is not di�cult to check that ! is the twist of�, and that i� �F = d where here � denotes the Hodge star operator of themetric g. It is then quite straightforward to verify that (M 0; g; F ) satis�esthe Einstein-Maxwell equations. Finally, since the parameters f�j ; rj ; �j ; qjgare geometric invariants, these solutions form a (4N � 1)-parameter familyof stationary and axially symmetric solutions of the Einstein-Maxwell equa-tions.4.2. Conclusion. We have shown the existence a (4N�1)-parameter fam-ily of solutions of the Einstein-Maxwell equations which are stationary andaxially symmetric, and which should be interpreted as N co-axially rotatingcharged black holes in equilibrium held apart by singular struts. In orderto complete this interpretation, it is necessary to show that the metric gand the �eld F can be extended smoothly across the axis of symmetry �.This requires �rst the smoothness of the metric and �eld components across�, which would follow from the smoothness of eu, v, � and  on � n @�,where @� denotes the set of 2N endpoints of �; less regularity is expectedon @�, see [We2]. In fact, one expects to have some regularity propertiesfor any maps ' : Rn n � ! H obtained from the Main Theorem. For thetarget H = H2R corresponding to the Vacuum Einstein Equations this was



30 GILBERT WEINSTEINestablished in the axially symmetric case and n = 3 in [We1], and in generalin [LTi2].Even after smoothness is established, there is still the possibility of aconical singularity on the bounded components of �. As in the vacuumcase, this is to be interpreted as a singular strut holding the black holesapart, and the angle de�ciency can be related to the force between these.Finally, to prove that g is asymptotically 
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