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STABILITY OF G-FRAMES

WENCHANG SUN

ABSTRACT. G-frames are natural generalizations of frames which cover many
other recent generalizations of frames, e.g., bounded quasi-projectors, frames
of subspaces, outer frames, oblique frames, pseudo-frames and a class of time-
frequency localization operators. Moreover, it was shown that g-frames are
equivalent to stable space splittings. In this paper, we study the stability of
g-frames. We first present some properties for g-Bessel sequences. Then we
prove that g-frames are stable under small perturbations. We also study the
stability of dual g-frames.

1. INTRODUCTION

The frame has many nice properties which make it very useful in the charac-
terization of function spaces, signal processing and many other fields. We refer to
[5, 7, 9, 22] for an introduction to the frame theory and its applications.

In [19], a generalization of the frame concept was introduced. Let I and V be
two Hilbert spaces and {V; : j € J} be a sequence of closed subspaces of V, where
J is a subset of Z. Let L(U,V;) be the collection of all bounded linear operators
from U into V.

Recall that a sequence {A; € L(U,V;) : j € I} is said to be a generalized frame,
or simply a g-frame, for U with respect to {V; : j € I} if there are two positive
constants A and B such that

(L.1) Al < SIAFI? < BISIP,  vfeu.

jel
A and B are the lower and upper frame bounds, respectively. If the right-hand side
of (1.1) holds, it is said to be a g-Bessel sequence.

G-frames are natural generalizations of frames which cover many other recent
generalizations of frames, e.g., bounded quasi-projectors [13, 14], frames of sub-
spaces [2, 3], outer frames [1], oblique frames [6, 10], pseudo-frames [17] and a class
of time-frequency localization operators [8]. It was shown that g-frames are equiv-
alent to stable space splittings studied in [18]. We refer to [19] for details. Note
that there are also other generalizations of the frame concept, e.g., see [15, 16].

The stability of frames is important in practice and is therefore studied widely
by many authors, e.g., see [4, 5, 11, 20, 21, 22]. The following is a fundamental
result in the study of the stability of frames.
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Proposition 1.1. [4, Theorem 2] Let {f; : i > 1} be a frame for some Hilbert
space H with bounds A,B. Let {g; : © > 1} C H and assume that there exist
constants A\, Ao, t > 0 such that max{\; + pu/vVA, A2} <1 and

n n 1/2
> alfi—g) +M(Z|Ci|2>
=1

=1

n

Z Cifi

=1

n

Z Cigi

i=1
forall c1,--+ ,cn(n>1). Then {g;: i > 1} is a frame for H with bounds

2 2
A(l_)\1+)\2+ﬂ/\/z> , B(1+)\1+)\2+M/\/Z> .

<\ + Ao

(1.2)

14+ Ao 1— )Xo

In this paper, we study the stability of g-frames. We first present some properties
of g-Bessel sequences. Then we give analogs of Proposition 1.1 for the case of g-
frames.

The stability of dual frames is also needed in practice. However, there are rel-
atively few of results on this topic. In [12], the authors proved that if two frames
are close to each other, so are their dual frames in the same sense. In this paper,
we give a similar result for the case of g-frames.

2. G-BESSEL SEQUENCES

Let Aj € L(U,V;). Suppose that {e; : k € K;} is an orthonormal basis for V;,
where K is a subset of Z, j € J. Let

(2.1) uj k= Ajejk, Jjel kek;.

It was shown in [19] that

(2.2) Af = {foujdejn, VU
kEK;

and

(2.3) Ng= {g.ejr)uje.  VYgeV;
kEK;

We call {u;r: j €I,k € K;} the sequence induced by {A; : j € J} with respect
to{ejn: jel, kekK;}

With above representations of A; and A, the following characterizations of
generalized frames and Bessel sequences were proved in [19)].

Proposition 2.1. Let A; € L(U,V;) and u; i be defined as in (2.1). Then {A; :
j € I} is a g-frame (g-Bessel sequence) for U with respect to {V; : j € I} if and
only if {ujr : j € I,k € K;} is a frame (Bessel sequence) for U with the same
bounds.

The following is an equivalent condition for a sequence of operators to be a
g-Bessel sequence.

Lemma 2.2. {A;: j € J} is a g-Bessel sequence with an upper bound B if and
only if for any finite subset J; C J,

> Ay

VIS

2
<B> gl g€V
VIS
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Proof. Since {e; : k € K;} is an orthonormal basis for V;, every g; € V; has
an expansion of the form g; = >, e ¢jk€jk, where {c;x : k € K;} € 2(Ky). It
follows that

2
> Mgl <BY llgil?

VISE jel
is equivalent to

2
DD G| <BY D el

jel keK; j€l1 keK;
Now the conclusion follows from Proposition 2.1. O

Lemma 2.3.

(1). Suppose that {A; : j € I} is a g-Bessel sequence with an upper bound
B. Then for any finite sequence of complex numbers {c; : j € I} (all but
finite ¢; are zero),

2
<BY ¢l

Jjel

(24) Z CjAj

jel

(ii). If (2.4) is satisfied, V; = V,¥Vj € J and K = dimV < +o0, then {A; :
j €I} is a g-Bessel sequence with an upper bound K B.

Proof. First, we prove (i). For any {c; : j € J}, we have

2 2
Dol = sup | > eAf
- feu -
Jel Ifli=1 ' G€J
2
= sup sup HZCJ-<Ajf,g>
feu gev -
IFl=1 llgl=1 = JE€J
< sup sup Y|P A £ 9
feu gev = -
Ifl=1 llgll=1 JEJ JeT
< sup Y e P IAGFIP
feu = -
Ifl=1 JEJ JeT
< BY gl
jET

Next, we prove the second part. Suppose that {e; : 1 <k < K} is an orthonor-
mal basis for V. Let u;; = A;ek. Then we have

Af= > (frujrder.

1<k<K
It follows that
2 2
ST Gtfun) = Y0 S elfuin)e
1<k<K' jeJ 1<k<K jeJ
2 2
= D aMif|l <D | AP < BIARY  lesl?

JEI 2 2
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Hence

2
<B|IfIPY lel?,  1<k<K.
jel

Z Cj <fa U’j,k>
jel
Since {¢;} is arbitrary, we have

SHfu < BIfI?,  1<k<K.

Jjel

Hence
S S ul? < KB
1<k<K jel

By Proposition 2.1, {A; : j € J} is a g-Bessel sequence with an upper bound K B.
U

Remark 2.1. In general, (2.4) does not imply that {A; : j € J} is a g-Bessel
sequence whenever dimV = +o00. The following is a counterexample.

Let H be an infinite dimensional Hilbert space and {e; : j € Z} be its orthonor-
mal basis. Define A; : H — H as follows:

Ajf =(f,e1)e;.

Then we have

> ehif
jez
Hence (2.4) is satisfied with B = 1. But }°,, [|A; f||* = oo whenever (f,e1) # 0.
Hence {A; : j € Z} is not a g-Bessel sequence.

Note that dimA;4 = 1. The above counterexample shows also that (2.4) does
not imply that {A; : j € J} is a g-Bessel sequence even if dimV; =1, Vj € J.

Remark 2.2. In the second part of Lemma 2.3, the estimate for the upper
bound of the g-Bessel sequence {A; : j € J} is best possible whenever J = Z.

To see this, let {u; : j € Z} and {ex : 1 < k < K} be orthonormal bases for U
and V respectively. Define

AjK+kf:<.f)U'j>€ka ]GZ,ISIGSK

2

2
= [(fe)P Y leP <P D lel

JEZ JET

> eilfien)e;

JEL

We prove that

sup
llell=1

> cih;

JEZ

=1 and sup > [IA;f|? =K.

HES
In fact, for any ¢ :={c; : j € Z} € ¢ anf f € U, we have

2
D ochf D cikrhrinf

JEL JEZ1<k<K

D00 cirrrlfiuger

JEZ1<k<K

DD cirrnlfiug)

1<k<K!jez

SN el > 1 up))?

1<k<K j€Z JEL

2

(2.5)

2

2
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= |12 llell®.

Hence

(2.6) sup

llell=1

<1

D eih;

JEL

Fix some fy # 0. By setting cjx+x = (uj, fo), j € Z,1 < k < K, similar to (2.5)
we can get that

2
> eihifol| = lollllel
Jez
Hence
(2.7) sup chAj > 1.
lel=1 11 57
Putting (2.6) and (2.7) together, we get
sup chAj =1.
llell=1

jEz

On the other hand, it is easy to see that
DSUIAAP =D >0 IkrnfIP= D D fupl = KIf]*
jez JEL1<k<K 1<k<K j€EZ

Hence {A; : j € Z} is a g-Bessel sequence with an upper bound K.

3. STABILITY OF G-FRAMES

In this section, we study the stability of g-frames. Similar to ordinary frames,
g-frames are stable under small perturbations. Specifically, we have the following.

Theorem 3.1. Let {A; : j € I} be a g-frame for U with respect to {V; : j € I}.
Let A, B be the frame bounds. Suppose thatT'; € L(U,V;) and there exist constants

AL, Ao, o > 0 such that max{\; + ,u/\/z, A2} < 1 and one of the following two
conditions is satisfied,

s X1 -mr) < n(Rie) e Sinee)

Jjel jel j€T
Tulfl. Vie,
or
1/2
32 | S| < nfl S ang ] S, +M(Z|gj|2>
jeh jeh jeh jeh

for any finite subset J1 C J and g; € V. Then {A; : j € I} is a g-frame for U with
bounds

2 2
A 1_)\1—|-)\2+,U/\/Z , B 1+)\1+)\2+M/\/Z .
14+ Ao 1— )Xo
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Proof. First, we assume that (3.1) is satisfied. Observe that
1
A% < ZZ 1A £
j€T
We see from (3.1) that

(Tl -1 f|2>1/2 < (v 22) (2 f|2> "

Jjel Jjel
1/2
AQ(Z |ij|2> .
JeJ

By the triangle inequality, we have

(Ziws-r, f'2>1/2 > (2 lAijQ)m (X |ij|2>1/2

jel jeJ jeJ
Hence
2 2
() ( Xy f|2> > (1-n- 2 (Z|Af|2)
Jjel 2
I
> (1-N — =) VA|f|.
> ( 1 m) 11
Therefore,

A 2
ST > A(1 - M) 1712,

jel 1+

Similarly we can prove that

A A A2
ST, SB(H +—“‘/*F) I1£112.

j€T 1=
Next, we assume that (3.2) is satisfied. For this case, the conclusion is a conse-
quence of Propositions 1.1 and 2.1. O
Remark 3.1. In general, the inequality
1/2
> sty =) < | Lot +00| et X ksl
VISR jeh jeh jeh

does not imply that {I'; : j € J} is a g-frame. The following is a counterexample.
Assume that & =V and {e; : j € J} is an orthonormal basis for ¢/. Fix some
€ > 0. Let
Ajf ={fejler and  T;f = A;f +e(f,er)e;
For any c:={c; : j € Z} € ¢*, we have

‘— sup

chAJ = sup ZcAf ch<fa€j> = lc|l.
JEZ Hf” 1 JETL HfH_ JEZ

Hence,

(33) ZCJ'(AJ'—FJ-)‘ = H;lHlp ZCJ fa@l

Jjel Jjel
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1/2
= w0 o Sletrek)

=1 \ 55
1/2
e(z w)
Jjel

> eih;

JEZL

= £

It follows that

Yoy = ch<rj—Aj+Aj>\z<1—s>||c||.
Jjel Jjel
Therefore,
g
(3.4 So(r; - 45)| = ellel < 7| Soms |
Jjel Jjel

On the other hand, it is easy to see that }_,; IA; £ = || fII* < +oo and

DT =D 1A +e(frendes? = D (1A fIl = el(fren)])® = oo
jel jel jel
whenever (f,e1) # 0. Hence {A; : j € Z} is a g-frame for U while {T'; : j € J} is
not a g-frame for any € > 0.
Now, we see from (3.3) and (3.4) that none of the following inequalities,

Do =THl < M| D enl,
VIS Jjel
Do =Tyl < Xof[ DTy,
VIS jel

1/2
S| < w( Tl
VIS Jjel

implies that {I'; : j € Z} is a g-frame.

For the case of V; =V, Vj € J and dimV < 400, we have the following.
Theorem 3.2. Let {A;: j € J} be a g-frame for U with respect to V. Let A, B be
the frame bounds. Suppose thatV; =V, Vj € J, K :=dimV < co andT'; € LU, V).
If there exists some constant > 0 such that yu < (A/K)'/? and

DAy —Ty) ‘ < u( > |Cj|2>1/2

VIS jel

(3.5)

for any finite subset J1 C I and complex numbers c;, then {T'; : j € I} is a g-frame
for U with bounds

2

A=) ()
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Proof. This is a consequence of Lemma 2.3 and Theorem 3.1. U
Remark 3.2. The stability bound (A/K)? is the best possible whenever
J=7.

To see this, let A; be defined as in Remark 2.2. Then {A; : j € Z} is a tight
g-frame with the bound K. Let I'; = 0 for 1 < j < K, and A; otherwise. It is easy
to see that

sup ch(Fj—Aj) =1.
lel=1 1l 57
Hence
1/2
D o= Ay < (Z|Cj|2> ,
JEL JEZ

i.e., (3.5) is satisfied with y = 1 = (A/K)/2. However, since T';ug = 0, Vj € Z,
{T'j : j € Z} is not a g-frame.

4. STABILITY OF DUAL G-FRAMES

In this section, we study the stability of dual g-frames. The main result is the
following.

Theorem 4.1. Let {A;: j€J} and {A;: j € J}, {T;: j€l} and {T;: j €I}
be two pairs of canonical dual g-frames for U with respect to {V; : j € J}. Denote
the g-frame bounds of {A; : j € I} and {T'; : j € J} by (A1, B1) and (As, Ba),
respectively.

(1) If{A; =T, : j € I} is a g-Bessel sequence with an upper bound &, so is

2

{Aj =T : j €I} with an upper bound & ((Al + By + Bi/QB;/Q)/(AlAQ)) .

(ii) If

DOIAFIZ =D IT IR < allfI?, Vfeu,

JEI jel
then
~ ~ )
2 2 2
SRS = SIS < MR v e,
JEI jel
Proof. Put

Sf=Y_MA;f and Tf=> TiT,f.

Jjel 2
Then S and T are self-adjoint, A; = A;S~1, T; = T;T-1, A1 < S < ByI and
Aol <T < Byl. For any f € H, we have

1Sf =Tl

> (A58 =TT )

Jjel

IN

SN =T+ D (A =TT, f

JEI JEI
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1/2 1/2
< B (Yl —T)fIP )+ IR
Jjel 2
< §AB+ BYY)S.
Hence
IS =7 < 82(By? + B,%).
Therefore,
IS~ =T = |T7'T-S)S~ I <ITH-IIT—=S[- IS
< 1/2/pl/2 1/2 .
— A1A25 (Bl +BQ )
Consequently,
SN ST =T AP < Bl (STH =TSP
jel
< D S(BY 4 BY RS,
ATA3
On the other hand,
Sl TP <7 ) < Ql\f||2-
Jjel 2
Hence,
STINA; =THAZ = D8 =177 f|
Jjel 2
2
- Y HAJ(S_l —T7Hf+ (4 —FJ)T_lfH
jel
1 Bl/z 1/2 1/2 ’
< 2
< 5<A2+A1A2(B +B) >> 111
2
_ (A Br BB
B A A, '
Next we prove (ii). Since both S and T are self-adjoint, we have
[S=T| = sup [{((S=T)f, f)l = sup [(Sf,f) —(Tf, 1)l
IFll=1 IFll=1
= sup >IN =D IT,f
” H— JGJ JGJ
< 0.
Therefore,
LY < T IT =S| - 1S <
[S77 =T <777 - |7 =S| - |5~ AA -0

Since A; = A;S~', we have
DSTIAAP = D (ASTAAST) =D (AASTH ST

JEI 2 2
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= (SSTULSTH = (f.571)).

Similarly,

SO = (£ T7H).

Jjel

It follows that

DO IAGAP =D TP

[(f. (s =T71)])

JEI 2
< ST =TI
g 2
S — .
< gl
O
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