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ON THE EXISTENCE OF COMPACTSCALAR-FLAT K�AHLER SURFACESMassimiliano PontecorvoDipartimento di MatematicaTerza Universit�a di RomaDecember 1994Dedicato al Prof. Francesco Succi per il suo settantesimo compleanno.1. PreliminariesWe would like to report on some recent progress made by the author, JongsuKim and Claude LeBrun about the following:Main Question. Which compact complex surfaces admit K�ahler metrics of zeroscalar curvature?The object of our study is then a compact four-dimensional manifold (M;g; J)equipped with a riemannian metric g and a compatible almost complex structure J- i.e. an endomorphism of the tangent bundle J : TM ! TM satisfying J2 = �id:and J�g = g - such that J is parallel with respect to the Levi-Civita connec-tion of g: rJ = 0. It is well known that this condition forces J to be a com-plex structure on M so that there are complex coordinates z1; z2 with respect towhich J becomes multiplication by i on < @@z1 ; @@z2 >; the fundamental (1; 1)-form!(X;Y ) := g(X;JY ) is also parallel and therefore closed. In this way (M;g; J) be-comes a compact K�ahler surface and from now on we will �x on M the orientationde�ned by the complex structure J .Finally, we require that the scalar curvature of the metric g - i.e the trace of theRicci-curvature - vanishes identically: s = Scal(g) = gklRjkjl = 0. Geometrically,this means that up to order 2, the volume of geodesics balls in M grows like thevolume of geodesic balls in 
at-space. A scalar-
at K�ahler surface is then a complexsurface which admits a metric with the above properties.1.1 MotivationsWe will take the point of view that one of the goals of riemannian geometry is tolook for metrics with some \nice" property and then try to equip a given manifoldwith such a \canonical" metric. For example it is often very useful to know that a1991 Mathematics Subject Classi�cation. (1985 Revision). Primary 53C55. Secondary 32L25..This is an expanded version of a talk given at the conference \Giornata di Geometria Reale eComplessa". \Universit�a di Roma \La Sapienza" October 14, 1994. Typeset by AMS-TEX1



2 MASSIMILIANO PONTECORVORiemann surface admits constant-curvature metrics or that a K3 surface admits aRicci-Flat K�ahler metric.Let us now point out some nice properties of scalar-
at K�ahler metrics on com-pact 4-manifolds:1.1.1. Scalar-
at K�ahler metrics are critical metrics in the sense of Calabi [C]because of course they are absolute minima of the L2-norm of the scalar curvature.Furthermore any Ricci-
at K�ahler metric is certainly scalar-
at so that we can alsoconsider the classi�cation problem of scalar-
at K�ahler surfaces as a generalizationof the following problem due to Calabi and which was completely solved by Yau:in each K�ahler class of a compact K�ahler manifold M there exists a unique Ricci-
at K�ahler metric if and only if the �rst Chern class vanishes in real cohomology:cR1 (M) = 0; if and only if , in the case of surfaces, M is a complex torus, a K3surface or one of their �nite quotients: hyperelliptic surfaces and Enriques surfaces.In light of this result we will only consider compact scalar-
at K�ahler surfaces withcR1 = 0 and use the following terminology, see also Remark 2.6.Notation 1.1.2. From now on a SFK surface M will denote a compact complexsurface admitting K�ahler metrics of zero-scalar curvature which are not Ricci-
at -i.e. with c1(M) 6= 0 2 H2(M;R):1.1.3. Let M be a compact 4-manifold and consider the space of Riemannianmetrics on M modulo homothety then: scalar-
at K�ahler metrics are absoluteminima of the following riemannian L2-functionals:the total energy functional(1) ZM kRk2dvoland the conformal energy functional(2) ZM kWk2dvolwhere R andW are respectively the Riemann and the Weyl curvature tensor of themetric. The above is a consequence of the Gauss-Bonnet formulas - given below -which relate the Euler characteristic � and the topological signature � of the four-manifold M with the decomposition - also given below - of the curvature tensor Rinto irreducible components under the action of SO(4)), see [L2] for all the details.This curvature decomposition stems from the fact that so(4) is not a simple Liealgebra: on any oriented riemannian four-manifold (M;g; or:) the bundle of 2-formssplits into two subbundles(3) �2M = �2+ ��2�where �2� denotes the �1-eigenspace of the Hodge-star operator ? : �2M ! �2Msince ?2 = id:; sections of �2� are called (anti-)self-dual 2-forms.The famous gauge theory of Donaldson and the very recent one of Seiberg-Witten [W] show that the above decomposition has very strong consequences on



ON THE EXISTENCE OF COMPACT SCALAR-FLAT K�AHLER SURFACES 3the di�erential geometry and topology of four-manifolds coming from the fact thatthe curvature of a connection is a bundle-valued 2-form.In a similar way one can consider the curvature operator of a riemannianmanifoldas a symmetric endomorphism of 2-forms R : �2 ! �2 and in the four-dimensionalcase use the decomposition �2 = �2+ � �2� to split R into four blocks of 3 � 3matrices:(4) R =0@W+ + s12I R0tR0 W� + s12I1Ahere s is the scalar curvature, R0 the trace-free part of the Ricci tensor andW =W+ +W� is the Weyl tensor of the metric.We can now write the Gauss-Bonnet formula in four-dimension:(5) � (M) = 112�2 ZM kW+k2 � kW�k2(6) �(M) = 18�2 ZM kW+k2 + kW�k2 + s224 � 16kR0k2:1.1.4. Another motivation comes from Gravitational Physics because scalar-
atK�ahler metrics give solutions of the Eienstein-Maxwell equations, [L2] [LS1].1.1.5. But for us the main technical motivation which was the key ingredient of thenew constructions of SFK surfaces we wish to present here comes from the twistortheory of Penrose [P] which we brie
y describe now:De�nition 1.1.6 A riemannian metric g on a four-manifoldM is said to be anti-self-dual if W+ = 0:These metrics are of interest not only because they minimize the conformalenergy functional (2) but also because they provide a strong link between four-dimensional riemannian geometry and three-dimensional complex geometry. Thisis achieved thanks to the twistor theory of Penrose [P] and the following basic resultof Atyiah-Hitchin-Singer.Theorem 1.1.7 [AHS]. The twistor space (Z;J) of the oriented riemannian 4-manifold (M;g; or:) is a complex 3-manifold if and only if the metric g is anti-self-dual.At this point we should say that the twistor space (Z;J) is a S2�bundle over(M4; g; or:) which can be de�ned as follows. As a smooth manifold Z is the bundleof almost complex structures onM which are compatible with the given metric andorientation(7) Z = Z(M;g; or:) := fJ 2 SO(TM)jJ2 = �id:g = SO(TM)=U(2)and we will denote by t : Z !M the `twistor �bration'.The `tautological' almost complex structure Jof Z is constructed in the followingway: the Levi-Civita connection of g gives a splitting of each tangent space of



4 MASSIMILIANO PONTECORVOZ = SO(TM)=U(2) into horizontal and vertical part. If z 2 Z with t(z) = p wethen write TzZ = H�V; here V is the tangent space to the �ber t�1(p) �= CP1 andtherefore comes equipped with a natural complex structure J2, while the horizontalspace H is identi�ed to TpM via t� and we let J1 be the complex structure onTpM �= H de�ned by the point z itself. Finally we set J= J1 � J2 and call it the`tautological' twistor complex structure on Z; theorem 1.1.7 says that the Nijenhuistensor of J vanishes identically if and only if g is anti-self-dual.Finally, the link between anti-self-dual - and therefore twistor theory - and SFKmetrics is provided by the following result of Gauduchon.Proposition 1.1.8 [G1]. A K�ahler surface (M;g; J) is anti-self-dual, with respectto the complex orientation, if and only if the scalar curvature of g is identicallyzero.As a consequence the twistor space of a SFK surface is a complex 3-fold and infact our constructions are heavily based on Proposition 1.1.12 which characterizesSFK surfaces, compact or not, by means of a holomorphic property of their twistorspaces; �rst we need the following simple observation.If we think of a compatible hermitian structure of (M;g; or:) as a section of thetwistor space Z it can be shown [BdB1] that the image � := J(M) is a complexhypersurface of Z; similarly let � := �J(M) be the image of the complex structure�J . Then we consider the e�ective divisorX = �+� of Z and let X also denote theassociated holomorphic line bundle. Using the facts that X meets every �ber of thesmooth �bration t : Z !M - notice that t is never holomorphic - in exactly 2 pointsand that Z is always a spin manifold, one can show [Po2] that c1(X) = � 12c1(KZ )where as usual KZ denotes the canonical bundle of holomorphic 3-forms on Z andhas a square root because Z is spin. Finally we have:Theorem [P2] 1.1.9. X and � 12KZ are isomorphic as holomorphic line bundleson Z if and only if the metric g is conformal to a SFK metric.The strength of the twistor construction is that Theorems 1.1.7 and 1.1.9 havea converse. More precisely let us pose the following de�nition, see [H]De�nition 1.1.10. A complex 3-manifold Z is called a twistor space if the follow-ing conditions hold:(i) there exists a �xed-point free anti-holomorphic involution � : Z ! Z:(ii) Z is foliated by �-invariant CP1's with normal bundle � = O(1) �O(1).The reason is that starting from Z we can reconstruct the 4-manifold M , itsorientation and conformal class [g] as follows: the CP1's above form a smoothcomplex 4-dimensional familyM of submanifolds of Z by Kodaira's theory [K] andif we restrict our attention to those �bers which are invariant under � we obtaina real 4-manifold M together with a smooth projection t : Z ! M . Finally, theconformal class [g] of the anti-self-dual metric and the orientation of M come againfrom Kodaira's theory by identifying the tangent space of TpM with the real partof H0(CP1;O(1) �O(1)) �= C 4 . More precisely the anti-self-dual conformal metric[g] is completely determined by the requirement that a complex tangent vectorv 2 C 
 TM �= TM is null i.e. g(v; v) = 0 if and only if the corresponding sectionin H0(CP1;O(1) �O(1)) has a zero.



ON THE EXISTENCE OF COMPACT SCALAR-FLAT K�AHLER SURFACES 5Putting this discussion together with Proposition 1.1.8 and Theorem 1.1.9 wehave thatProposition 1.1.12. Constructing a SFK surface (M;g; J) is equivalent to con-struct a twistor space Z, that is a complex 3-fold as in 1.1.10, together with areducible hypersurface X which is linearly equivalent to � 12KZ .This proposition lies at the heart of our constructions which will be described inthe last section.Remark 1.1.13. We have insisted that SFK does not include the Ricci-
at K�ahlercase. However proposition 1.1.12 certainly holds for K�ahler metrics with vanishingRicci tensor as well. To distinguish between SFK and Ricci-
at metrics one hasto look at the algebraic dimension a(Z) of the twistor space. The result is thata(Z) = 0 for SFK surfaces while a(Z) = 1 in the Ricci-
at case [Po2] [P1].1.2 Spin structuresIt is also useful to describe the twistor space of (M4; g; or:) in terms of spin bun-dles. The �rst observation, see also 1.1.3, is that the double covering of SO(4) splitsas Spin(4) = SU(2)� SU(2) and the associated two irreducible representations ofSU(2) on R4 = H are given by left and right multiplication by unit quaternions -the unit sphere SU(2) = S3 � H - and we indicate them by SU�(2).Assume for a moment that M is spin - i.e. there is a principal Spin(4)-bundleSpin(M) which is a double covering of SO(M) - this is a topological condition equiv-alent to the vanishing of the �rst two Stiefel-Withney classes w1(M) = w2(M) = 0,then the spin bundle also splits as a �ber product over M :Spin(M) = SU+2 (M) � SU�2 (M)where SU�2 (M) are the principal bundles associated to the above representationsof SU(2) on R4 = C 2 = H : Now for the twistor space of M we haveZ = SO(M)=U(2) = Spin(M)=U(1) � SU(2)= SU+2 (M) � SU�2 (M)=U(1) � SU(2) = SU+2 (M)=U(1) = P(S+)This shows that Z can also be thought of as the projectivization of the + 12 -spinbundleS+ which is de�ned to be the rank-2 complex vector bundle onM associatedto the principal bundle SU+2 (M):WhenM is oriented but not spin - i.e. w1(M) = 0and w2(M) 6= 0 - the transition functions of S+ are de�ned only up to sign but itsprojectivization P(S+) = Z is always globally de�ned on M . A similar discussionholds for S�:When M is not spin one would still like to have spin bundles in order to beable to de�ne a Dirac operator. This can be done for every oriented 4-manifold byconsidering the more general notion of Spinc-structure. Such a structure on M4can be thought of as a complex rank-2 vector bundle V+ whose projectivizationsatis�es P(V+) = P(S+) [W].



6 MASSIMILIANO PONTECORVOSince we will soon specialize to complex surfaces let us introduce the canoni-cal Spinc-structure of a hermitian manifold (M;g; J). In general this is given byconsidering forms of type (0; q). In the case of surfaces we have:(8) V+ = �0;0 ��0;2 while V� = �0;1This result follows by considering the interplay between spinors and the two decom-positions of 2-forms given by the riemannian and the complex structures:�2 = �2+ � �2� and also C 
�2(M) = �0;2 � �1;1 � �0;2:A useful observation is that this also gives an alternative description of thetwistor space Z = P(V+) = P(�0;0��0;2) as the projectivization of a holomorphicbundle so that when (M;g; J) is a SFK surface Z also carries a complex structureI 6= J which makes the twistor projection t : (Z;I) ! (M;J) into a holomorphicCP1-bundle. This can be used to show that there are many complex 3-manifolds Zwhich carry both a k�ahelrian structure Iand a non-k�ahlerian one J and provide ananswer to a problem posed by Catanese [Ct], see [P3].Finally, the Dirac operator of the canonical Spinc-structure (8) can be identi�edwith @ + @� : �0;0 � �0;2 ! �0;1where @� is the adjoint of @ with respect to the hermitian metric g. The index ofthis operator is the Todd genus of M [LM, p.400].2. Ruled SurfacesWe now go back to the Main Question and try to understand the complex struc-ture of (M;J). Since we are looking for compact SFK surfaces the following van-ishing theorem of Yau applies:Theorem 2.1 [Y1][Y2]. Let M be a compact K�ahler manifold of non-negative totalscalar curvature ZM s dvol � 0then one and only one of the following properties applies:(i) c1(M) = 0 2 H2(M;R) and M admits Ricci-
at K�ahler metrics.(ii) H0(M;Kn) = 0 for all n 2 N. That is all plurigenera of M vanish or inother words the Kodaira dimension Kod(M) = �1.Since we are looking for scalar-
at K�ahler surfaces M with cR1 (M) 6= 0 - SFKsurfaces - we can exclude possibility (i) and conclude that our surfaces must haveKodaira dimension �1. At this point, the Enriques-Kodaira classi�cation of sur-faces [BPV, p.188] tell us that (M;J) is either CP2 or it can be obtained by blowingup a geometrically ruled surface. However, the topological signature � (CP2) = 1and therefore CP2 cannot admit any anti-self-dual metric with respect to the com-plex orientation by (5); notice that the Fubini-Study metric is self-dual indeed. Wecan then conclude that:



ON THE EXISTENCE OF COMPACT SCALAR-FLAT K�AHLER SURFACES 7Proposition 2.2. A SFK surface (M;J) is obtained by blowing up a geometricallyruled surface N of genus 
.Let us recall here that a geometrically ruled surface is nothing else than theprojectivization of a holomorphic rank-2 vector bundle E over a Riemann surfaceS
 of genus 
 [BPV]. That is N = P(E)! S
 and then N is said to have genus 
:More generally, a ruled surface of genus 
 is the blow up of a geometrically ruledsurface of the same genus.We can also give a lower bound on the number of points to be blown up in termsof the genus 
. In fact the Chern number c21 of an almost complex 4-manifold is atopological invariant: c21 = 2�+ 3� and from the Chern-Weil formulas (5) and (6)we deduce that(9) c21 = 14�2 Z 2kW+k2 + 124s2 � 16kR0k2and therefore:Proposition 2.3 [Bo]. If (M;J) is a SFK surface then c21(M) < 0: As a conse-quence M is obtained by blowing up m points on a geometrically ruled surface Nof genus 
 where m � 9 if 
 = 0 while m � 1 if 
 = 1.Proof. Since M is SFK we have s = 0 but R0 6= 0; while W+ = 0 by 1.1.8 andtherefore c21(M) < 0. On the other hand c21(N) = 2�(N) = 4(2� 2
) and blowingup a point is topologically equivalent to perform the connected sum with CP2 - bywhich we mean CP2 equipped with the opposite orientation - therefore c21(M) =8(1� 
)�m: �Notice that there is no constrain on m if 
 � 2. In fact a complete list ofexistence results which where known before [KP], [KLP] is:Examples 2.4.(i) Let S
 be a compact Riemann surface of genus 
 � 2 and onM = S
�CP1consider the product of the �1-constant curvature metrics. It is not hardto show that the scalar curvature vanishes identically and therefore M is aSFK surface.(ii) The twisted version of the above example is the following: if E ! S
 iseither a split or a stable rank-2 vector bundle of degree zero over a compactRiemann surface of genus 
 � 2 then M = P(E) can be equipped witha metric which is locally a product as above and is therefore SFK, [NS],[BdB2].(iii) LeBrun [L1] constructed explicit examples of SFK metrics on the blow upof CP1 � S
, with 
 � 2, at m � 2 points placed in special position.(iv) Lebrun and Singer [LS1] have shown that any versal family of deformationsof the complex structure of a SFK surface of genus 
 � 2 contains an openset of SFK surfaces.Remark 2.5. In relation with example (iii) above we should notice that the complexsurface obtained by blowing up CP1 � S
, 
 � 2 at only one point cannot admitK�ahler metrics of constant-scalar curvature because its Lie algebra of holomorphicvector �elds is not reductive, [Li], [M]. M



8 MASSIMILIANO PONTECORVOTaking this remark into account and in light of the fact that the examples of (ii)are all di�eomorphic to CP1 � S
 one is lead to wonder about:Question 1. Find su�cient conditions for the 1-point blow up of a SFK surfaceto admit SFK metrics.Question 2. Does the smooth manifold (CP1 � S
)#CP2 support SFK (or evenjust anti-self-dual) metrics?Perhaps, however a more compelling problem which is left open by the abovelist of examples is the following:Question 3. Can a ruled surface of genus 
 � 1 admit SFK metrics?Remark 2.6. A consequence of Theorem 2.1 is that the blow up ~M of a Ricci-
at K�ahler surface M cannot admit K�ahler metrics of zero scalar curvature. Thereason is that on the one hand if m is the number of blown up points then c21( ~M ) =c21(M)�m = �m - i.e. c1(M) 6= 0; but on the other hand Kod( ~M ) = Kod(M) = 0because the Kodaira dimension is a bimeromorphic invariant. This shows thatQuestion 1 is not interesting without the restriction of 1.1.2.3. Main ResultsIn the joint work with Kim [KP] we give a satisfactory answer to Question 1,i.e. we �nd a weak su�cient condition, see Theorem 3.1 below. This condition isin fact necessary in the sense of Remark 3.2, and it also provides a positive answerto Question 2.Question 3 receives a positive answer in [KLP], see Theorem 3.5 below. Further-more the combination of Theorems 3.1 and 3.5 yields a powerful existence result �ala Taubes which was conjectured to be true in [LS1], see Theorem 3.6 and 4.1.3.Our answer to Question 1 is provided by the following result, let us explain thenotation of the statement. With H0(�M ) we denote the Lie algebra of holomorphicvector �elds on M . By `any blow up' we mean the blow up at any number m � 0of points, placed in any arbitrary position and possibly with multiplicity. Finallywe point out that it is not important the order in which the (possibly trivial)deformation and the blow up occur.Theorem 3.1 [KP]. Let M be a compact SFK surface with cR1 (M) 6= 0 then anyblow up of M and any of its small deformation admits SFK metrics or else Msatis�es one of the following equivalent conditions:(i) M is a minimal ruled surface of genus 
 � 2 with non-trivial holomorphicvector �elds: H0(�M ) 6= 0.(ii) M is the projectivization of a split rank-2 vector bundle of 0-degree over aRiemann surface of genus 
 � 2 - i.e. M = P(L�O)! S
 with degL = 0and 
 � 2.Remarks 3.2. (i) The su�cient condition of theorem 3.1 is pretty weak because itholds, for examples, for any non-minimal SFK surface; in particular for any ruledsurface of genus 
 � 1 (at the moment however no such example was available).(ii). The above condition is also necessary in the following weak sense: supposeM = P(L� O) ! S
 is SFK and (therefore necessarily) satis�es condition (ii) of



ON THE EXISTENCE OF COMPACT SCALAR-FLAT K�AHLER SURFACES 9Theorem 3.1; take any number of points on the zero-section of L and blow themup. The resulting surface ~M cannot admit SFK metrics because H0(� ~M ) �= C isgenerated by the Euler vector �eld � and the Futaki invariant F(�; [!]) 6= 0 forany admissible K�ahler class [!], [LS1, Corollary 3.4 (b)].We are now ready to answer Question 2:Corollary 3.3. For any n � 0 there exist SFK metrics on the smooth 4-manifold(CP1 � S
)#CP2:Proof. Observe that the only open question was for n = 1: Take M as in Exam-ple 2.4 (ii) with E stable, then H0(�M ) = 0 so that the conclusion follows fromTheorem 3.1. �The examples mentioned in the proof above lead to the following result whichsays that SFK surfaces are `generic' among non-minimal ruled surfaces of genus
 � 2.Corollary 3.4. In any versal family of deformations of compact non-minimal ruledsurfaces of genus 
 � 2 there exists an open and dense subset of SFK surfaces.Proof. Any non-minimal ruled surface M can be obtained by bowing up a geomet-rically ruled surface N = P(E) with the property that degE = 0: (For examplethe blow up of the Hirzebruch surface �1 is also the blow up of CP1 � CP1 [BPV].The result then follows from Example 2.4 (ii), Theorem 3.1 and the fact that sta-ble bundles are open and dense among vector bundles of �xed degree over a givenRiemann surface [NR]. �An `ad hoc' geometric construction which �rst appeared in [LS2] gives a positiveanswer to Question 3. The result is the following:Theorem 3.5 [KLP]. There exist SFK metrics on the following surfaces:(i) CP1 � CP1 blown up at 13 suitably chosen points,(ii) E�CP1 blown up at 6 suitably chosen points, where E is any elliptic curve.Although the above result only concerns two examples its proof involves severalgeneral theorems and together with Theorem 3.1 produces a simple proof of thefollowing remarkable result which was conjectured by LeBrun-Singer [LS1]. It isthe exact K�ahler analogue of the powerful existence theorem 4.1.3 of Taubes onanti-self-dual metrics on 4-manifolds [T].Theorem 3.6 [KLP]. Let M be any ruled surface - i.e. a compact surface witha holomorphic map onto a compact Riemann surface with generic �ber CP1 - thenthere exists a blow up ~M of M at su�ciently many points with the property thatany blow up of ~M admits SFK metrics.Proof. Any two ruled surfaces of the same genus M and N are bimeromorphic[BPV] i.e. there exists a ruled surface ~M which is a blow up of both M and N . Ifthe genus is 
 � 2 let N be the projectivization of a stable rank-2 vector bundle.Otherwise 
 � 1 and we let N be the corresponding example in Theorem 3.5. Now,in all these cases Theorem 3.1 applies to N and we conclude that any blow up ofN and in particular of ~M admits SFK metrics. �An argument of LeBrun-Simanca [LSa] based on a inverse function theorem alsogives:



10 MASSIMILIANO PONTECORVOCorollary 3.7 [KLP]. Let M be a compact complex surface which admits a K�ahlermetric of positive total scalar curvature. Then M has a blow up ~M such that anyblow up of ~M admits K�ahler metrics of constant positive scalar curvature.Proof. By Theorem 2:1 and the classi�cation of surfaces M is a ruled surface andtherefore by Theorem 3.6 there is a blow up ~M with the property that any blowup of ~M is SFK; the result of LeBrun-Simanca [LSa] implies that there is also aK�ahler metric of constant positive scalar curvature.4. Idea of the ProofsIn this section we would like to sketch the proof of theorems 3.1 and 3.5. In bothcases we have to generalize some techniques introduced by Donaldson-Friedman[DF] who where investigating the existence of anti-self-dual metrics on the con-nected sum M1#M2 of two anti-self-dual 4-manifolds.4.1. The Donaldson-Friedman ConstructionBecause the Penrose construction is invertible it is enough to construct thetwistor space - in the sense of 1.1.10 - of the desired metric on M1#M2. Thisis done in two steps which will be called `geometric construction' and `deformationtheory'. Let ti : Zi !M1 denote the twistor �bration for i = 1; 2:The geometric construction. We build a singular complex 3-fold Z0 which willbe called the `singular twistor space' of M1#M2 in the following way. First blowup Zi, i = 1; 2 along a �ber of the twistor �bration and then identify the resultingtwo exceptional divisors, a quadric Qi = CP1� CP1 in each Zi with normal bundle� = O(1;�1); by switching the factors in such a way that the resulting complexspace Z0 = eZ1 [Q ~Z2is a singular 3-fold with only normal crossing singularities along Q satisfying thed-semistable condition [DF].It is known that this condition is necessary in order for Z0 to admit smoothdeformations and the key result [DF] is that if Z0 admits smooth deformationsthen it is possible to �nd small deformations Zt of Z0 which are smooth 3-foldssatisfying De�nition 1.1.10 - i.e. they are twistor spaces - and it is not too di�cultto see that the underlying 4-manifold is di�eomorphic to M1#M2 which thereforeadmits anti-self-dual metrics, in this case.Deformation theory. Because of what we just said it is enough to understandwhen the singular twistor space Z0 admits smoothings. Using the deformationtheory of complex spaces with normal crossings satisfying the d-semistable conditionDonaldson-Friedman �nd that the obstruction to smooth out Z0 lies in H2(� 0Z0) thesecond cohomology group of the sheaf of derivations of Z0. Then there is a natural`normalization' exact sequence relating the cohomology of the tangent bundles �Ziof the twistor spaces Zi; i = 1; 2 to the obstruction space H2(� 0Z0); this sequenceyields the following su�cient condition:



ON THE EXISTENCE OF COMPACT SCALAR-FLAT K�AHLER SURFACES 11Theorem 4.1.1 [DF]. If H2(�Zi) = 0 for i = 1; 2 then Z0 admits smoothings andthe connected sum M1#M2 admits anti-self-dual metrics.Since the twistor space of the Fubini-Study metric on CP2 is the 
ag manifoldF12(C 3) one obtains for example:Corollary 4.1.2 [DF]. For every n 2 N the connected sum CP2# � � �n#CP2 admitsanti-self-dual metrics.The same result was proved around the same time by Floer [F] using PDE'stechniques. Floer's method was then generalized by Taubes who proved thatTheorem 4.1.3 [T]. Let M be any compact oriented 4-manifold. Then thereexists n0 � 0 such that for every natural number n � n0 the connected sumM#CP2# � � �n#CP2 admits anti-self-dual metrics.4.2. Proof of Theorem 3.1The geometric construction. Given a SFK surfaceM we want to investigate theexistence of SFK metrics on the 1-point blow up fM ofM . Since fM is di�eomorphicto the connected sum M#C P2 the Donaldson-Friedman construction applies. LetZ1 be the twistor space of M and Z2 = F12(C 3) the twistor space of CP2; we arenow going to construct a singular twistor space Z0 as before. However, since we arelooking for SFK metrics, rather than just anti-self-dual, it will not su�ce to have asmoothing Zt of Z0; by Proposition 1.1.12 we also need to obtain a certain complexhypersurface Xt sitting inside Zt. Because of this when we construct the singulartwistor space Z0 we have to use extra care and make sure to have an appropriatedivisor X0 in Z0. In fact it is always possible to achieve this because M is assumedto be SFK so that Z1 comes with a hypersurface X1. Let eZ1 be the blow up of Z1as before and take eX1 to be the proper transform of X1. Similarly in Z2 = F12(C 3)we can easily �nd a divisor X2 = D2 [ D2 such that D2 t D2 = the twistor linel2; if we let eZ2 be the blow up of Z2 along l2 we will have a smooth hypersurface~X2 � ~Z2.Finally, Z0 = ~Z1[Q ~Z2 contains a divisorX0 = ~X1[ll ~X2 with only normal cross-ing singularities satisfying the d-semistable condition. Here l and l are two disjointlines in Q and it is not hard to see that Xt always admits smooth deformations ofthe right topological type. We also already understand smoothings of Z0 from theprevious section and our task now is to show that if Z0 admits smoothings whichcontain smoothings of X0 then we can choose small deformations Zt containing Xtwhich are twistor spaces of a SFK metric onM#CP2 because of proposition 1.1.12.Deformation Theory. Given the above situation we now need to understand thedeformations of the pair (Z0;X0) with X0 � Z0 and �nd a su�cient condition forthe existence of simultaneous smoothings Zt of Z0 and Xt of X0 with the propertythat Xt � Zt. Such a theory of relative deformations of singular complex spacesdoes not appear to be a simple extension of the `absolute' deformation theory ofDonaldson-Friedman. Instead we have to use the theory of deformations of mapsdue to Ziv Ran [R1] [R2]. This involves the computation of various local Ext sheavesand global Ext groups and it yields the following:



12 MASSIMILIANO PONTECORVOTheorem 4.2.1 [KP, 4.6]. Let M be a SFK surface with twistor space Z andhypersurface X � Z as in Proposition 1.1.12. Let IX be the ideal sheaf of X in Zand �Z the holomorphic tangent bundle. If H2(Z;�Z 
 IX) = 0 then the singularpair (Z0;X0) admits simultaneous smoothings. As a consequence the blow up of Mat any point and any of its small deformations admit SFK metricsTheorem 3.1 is a direct consequence of the above result plus the following pow-erful vanishing theorem of LeBrun-Singer [LS1], see also the Appendix in [KLP].Theorem 4.2.2 [LS1]. Let M be a compact SFK surface with c1 6= 0 and hyper-surface X � Z. Then H2(Z;�Z 
 IX) = 0 or else one of the following equivalentconditions apply:(i) M is a minimal ruled surface of genus 
 � 2 and H0(M;�M ) 6= 0.(ii) M = P(L+O) ! S
 is the projectivization of a split rank-2 vector bundleover a Riemann surface of genus 
 � 2.4.3. Proof of Theorem 3.5The basic idea of the proof is the same as before and it involves again a geometricconstruction followed by a relative-deformation argument. However in this caseboth steps are considerably more di�cult to carry out.The Geometric Construction. For the proof of Theorem 3.5 we not only need togeneralize the geometric construction of Donaldson-Friedman to a relative situationas in the proof of 3.1; but we also need a generalized connected sum ofZ2-orbifolds.This new geometric idea is due to LeBrun-Singer [LS2] who used it to constructnew examples of anti-self-dual 4-manifolds. Again we want to produce a singulartwistor space Z0 with a singular hypersurfaceX0. As before Z0 = Z1[Qj Z2 will beconstructed by identifying a �nite number of quadrics Qj j = 1; : : : ; k contained intwo smooth 3-folds Z1 and Z2; at the same time we also get a hypersurfaceX0 � Z0with X0 = X1 [lj lj X2 where lj and lj are disjoint lines in Qj .To construct Z1 we start with the twistor space t : ZN ! N of a SFK surfaceN and assume that N admits a holomorphic isometry � with only isolated �xedpoints p1; : : : ; pk and satisfying �2 = id: Let L1; : : : ; Lk � ZN be the twistor linescorresponding to the �xed points i.e. Lj = t�1(pj); j = 1; : : : ; k; and let ~ZN bethe blow up of ZN along the lines Lj 's. The exceptional divisors Q11; : : : ; Q1k in ~ZNare quadrics with normal bundle � = O(1;�1) just as in the previous proof; if wenow consider the induced holomorphic involution ~� : ~ZN ! ~ZN we realize that~� �xes each quadric Qj and acts on its normal bundle by �1; the crucial point isthat because �2 = id: the quotient space Z1 = ~ZN=~� is a smooth complex 3-fold,the images Q1j � Z1 of the Qj 's are again smooth quadrics but with normal bundleO(2;�2):We can also trace what happens to the reducible hypersurfaceXN � ZN .Recall that XN is the disjoint union of DN and DN = �(DN ) where DN and DNare respectively biholomorphic to (N;�JN). If we �x our attention on DN we cansee that Z1 has a smoothly imbedded hypersurface D1 which is obtained by �rsttaking the proper transform of DN in ~ZN and then projecting this hypersurfaceto Z1; this exactly amounts to say that D1 is obtained from N=� by replacingeach singular point with a CP1 of self-intersection �2; �nally we let l1j = Qj \D1.



ON THE EXISTENCE OF COMPACT SCALAR-FLAT K�AHLER SURFACES 13Similarly for DN and we obtain the desired smooth hypersurface X1 = D1 qD1 inZ1 containing 2k rational curves l1j and l1j of self-intersection �2.The next step is to construct Z2 and we will just say here that Z2 consists of kdistinct copies of the smooth 3-fold ~ZEH obtained from the orbifold twistor spaceof the conformally compacti�ed Eguchi-Hanson metric by blowing up the twistorline at in�nity. We refer to [LS2] and [KLP] for an explicit description of Z2 andwe just mention here that Z2 will contain Q21; : : : ; Q2k quadrics with normal bundleO(2;�2) and a smooth hypersurface X2 intersecting each quadric in two disjointlines l2j q l2j = X2 \Qj of self-intersection �2 in X2.Finally, our singular twistor space Z0 = Z1 [Qj Z2 is obtained by identifyingeach quadric Q1j �= CP1 � CP1 of Z1 with the corresponding Q2j 2 Z2 in such away that the two factors are switched; in this way we also obtain a singular divisorX0 � Z0. As before the pair (Z0;X0) is a pair of singular complex spaces with onlynormal crossing singularities satisfying the d-semistable condition.One important remark we wish to make at this point is that in order for Z0and X0 to have only normal crossing singularities we need that all of the spacesZ1; Z2 and X1;X2 are smooth manifolds and the fact that this can be achieved bya simple blowing up process, described above, is only because we are consideringZ2-orbifolds rather than more general orbifold singularities; this is analogous to thefamiliar Kummer construction of K3 surfaces.Deformation Theory. The same deformation arguments used in the proof of 3.1show that in the non-obstructed case - i.e. H2(ZN ;�ZN 
 IXN ) = 0 - the singularpair (Z0;X0) admits smoothings (Zt;Xt) which are twistor spaces of SFK surfaces;however the technical details of the computations are more complicated than before.Finally, the above discussion proves the following quotient result:Theorem 4.3.1 [KLP]. Let N be a non-minimal compact SFK surface. Assumethere is a holomorphic isometry � : N ! N with only isolated singularities and�2 = id: Then there are SFK metrics on the complex surface M which is obtainedfrom N=� by replacing each singular point with a CP1 of self-intersection �2:To conclude the proof of Theorem 3.5 we `only' need to �nd a SFK surface Nwith a holomorphic isometry satisfying the conditions of the quotient Theorem. To�nd such an isometry we need to know the SFK metric explicitly and this can beachieved using the hyperbolic ansatz of LeBrun [L1][L2].Finally, to prove Theorem 3.5 (i) we can take N to be the blow up pf CP1 � S2at two points lying on the same CP1-�ber, where S2 is a hyperelliptic Riemannsurface of genus 2. For the proof of part (ii) of the same theorem we construct agenus-2 Riemann surface S2 as a 2-fold branched cover of E, p : S2 ! E, considera certain line bundle L over E and then N is obtained from P(p�L �O) ! S2 byblowing up four points on the zero-section of p�L � P(p�L�O).Acknowledgements. This work will appear in de�nite form in Rendiconti diMatematica dell' Universit�a di Roma \La Sapienza". I would like to thank theorganizing committee of \Giornata di Geometria Reale e Complessa" for invitatingme. I am also grateful to the Erwin Schr�odinger Institute in Vienna, where theactual writing of this work took place, for �nancial support.
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