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THE COMPLETENESS OF SOME HAMILTONIANVECTOR FIELDS ON A POISSON MANIFOLDMircea Puta�International Erwin Schr�odinger Institute for Mathematical PhysicsDecember 27, 1994Abstract. We prove that under some restrictions the ow of a Hamiltonian vector�eld on a �nite dimensional Poisson manifold exists for all time.1. IntroductionLet (Q; g) be a Riemannian, n-dimensional, smooth (= C1) manifold, T �Q itscotangent bundle and (q1; : : : ; qn; p1; : : : ; pn) canonical coordinates on T �Q. Everysmooth potential V on Q gives rise to a Hamiltonian H on T �Q, namely(1.1) H = nXi;j=1 gijpipj + V (q1; : : : ; qn);whose corresponding Hamiltonian vector �eld XH is given locally by:(1.2) XH = nXi;j=1�@H@pi @@qi � @H@qi @@pi� :Around 1969 W. Gordon [2] proved that XH is complete if V is proper, i.e. V �1(compact)=compact, and bounded below, say V � 0. The aim of our paper is toextend Gordon's result to arbitrary �nite dimensional Poisson manifolds.2. Generalities on vector fields and their completenessLet M be a smooth n-dimensional manifold. We remind ourselves that (see [1],[3], [4] for details) that a vector �eld X on M is said to be complete if for everyx0 2M , the maximal interval of existence (t�; t+) of every solution of:(2.1) 8<: dx(t)dt = X(x(t))x(0) = x0Supported by the Federal Ministry of Science and Research, Austria. This work was �nalizedduring the author's stay at the Erwin Schr�odinger International Institute for Mathematics andPhysics in Vienna. I want to express here all my gratitude to the Institute, and to Professor PeterMichor in particular, for their support and hospitality. Typeset by AMS-TEX1



2is given by t� = �1. Hence if X is of class C1, so that solutions of (2.1) areunique, to say that X is complete means that X generates a global ow on M . Itis well known (see e.g. [1] Theorem 2.1.18 p. 70) that t� = �1 if x(t) remains in acompact set as t varies over any such neighbourhood. A su�cient condition whichassures this property is provided by the following theorem:Theorem 2.1. (Gordon) Let X be a C1-vector �eld on a manifold M of class C1.Then X is complete if there exists a C1-function E, a proper C0-function f andthe constants �; � 2 R such that for each x 2M we have:(2.2) jX(E(x))j � � � jE(x)j(2.3) jf(x)j � � � jE(x)jProof. From the chain rule and the basic de�nitions we have:(2.4) dE(x(t))dt = X(E)(x(t))Hence, if we de�ne(2.5) h(t) = jE(x(t))jthen we have successively:h(t) (2:5)= jE(x(t))j(2:5)= jZ t0 X(E)(x(s))ds +E(x(0))j� jE(x(0))j + jZ t0 X(E)(x(s))dsj� jE(x(0))j + Z t0 jX(E)(x(s))jds(2:5)� jE(x(0))j + �Z t0 h(s)ds:It follows that:(2.6) h(t) � jE(x(0))j + �Z t0 h(s)ds:Now, using Gronwall's inequality (see the Appendix) we deduce that:(2.7) h(t) � jE(x(0))j exp(�jtj):Then jf(x(t))j (2:3)� �jE(x(t))j(2:7)� �jE(x(0))j � exp(�jtj);and therefore:(2.8) jf(x(t))j � � � jE(x(0))j � exp(� � jtj):Since f is proper, this means that x(t) remains in a compact set as t varies overa bounded neighbourhood of zero (for which a solution is de�ned), so that X iscomplete. �



33. The main resultLet (P; f�; �g) be a smooth n-dimensional Poisson manifold, i.e. P is a smoothn-dimensional manifold and f�; �g is a bi-linear mapf�; �g : C1(P;R)� C1(P;R)! C1(P;R)such that the following conditions are satis�ed(P1)ff; gg = �fg; fg;(P2)ff; ghg = gff; hg+ hff; gg;(P3)ff; fg; hgg+ fh; ff; ggg+ fg; fh; fgg = 0for each f; g; h 2 C1(P;R).For each H 2 C1(P;R) we denote by XH the Hamiltonian vector �eld on Pgiven by XH : f 2 C1(P;R) 7! XH(f) def= ff;Hg 2 C1(P;R):Then we can prove:Theorem 3.1. Let (P; f�; �g) be a smooth n-dimensional Poisson manifold. If H 2C1(M;R) is proper and bounded below, say H � 0, then XH is complete.Proof. Let us take in Theorem 2.1 f = E = H:Since XH(H) = fH;Hg = 0it follows that all conditions of the Theorem 2.1 are satis�ed and then we canconclude that XH is complete. �As a consequence we can obtain immediately the following theorem:Theorem 3.2. Let (M;!) be a smooth, 2n-dimensional symplectic manifold andH 2 C1(M;R). If H is proper and bounded below, say H � 0, thenXH is complete.4. AppendixIn this last section we shall give, following [1], the proof of the well knownGronwall's inequality.Theorem 4.1. (Gronwall's inequality). Let f; g : [a; b] ! R be continuous andnon-negative. Suppose thatf(t) � A+ Z ta f(s)gds; A � 0:Then it follows that f(t) � A � exp(Z t0 g(s)ds);



4for t 2 [a; b].Proof. First, suppose that A > 0. Let(4.1) h(t) = A + Z t0 f(s)g(s)ds:Thus(4.2) h(t) > 0and(4.3) f(t) � h(t):Then _h(t) = f(t)g(t) (4:3)� h(t) � g(t)or equivalently _h(t)h(t) � g(t):Integration gives via (4.2): ln h(t)jta � Z ta g(s)dsor lnh(t)A � Z ta g(s)ds:Hence: h(t) � A � exp(Z ta g(s)ds)and then via (4.3) we obtain the desired resultf(t) � A � exp(Z ta g(s)ds):If A = 0, then we have the result replacing A by 2> 0 for every 2> 0, thus h andhence f is zero. � References1. R. Abraham and J. Marsden, Foundations of Mechanics, Addison-Wesley Publishing C.,Reading, Mass. USA, 1978.2. W. B. Gordon, On the completeness of Hamiltonian vector �elds, Proc. Amer. Math. Soc. 26(1970), 329-331.3. P. Liebermann and C. Marle, Symplectic Geometry and Analytical Mechanics, Reidel, Dor-drecht, 1987.4. M. Puta, Hamiltonian Mechanics and Geometric Quantization, Mathematics and its Appli-cations, Kluwer Academic Publishers 260 (1993).Mircea Puta, Seminarul de Geometrie-Topologie, University of Timisoara, Bvd.V. Pârvan 4, Timisoara 1900, Romania


