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CLASSIFICATION OF BOCHNER FLAT KÄHLER MANIFOLDS

BY HEISENBERG, SPHERICAL CR GEOMETRY

YOSHINOBU KAMISHIMA

Abstract. A Bochner flat Kähler manifold is a Kähler manifold with van-
ishing Bochner curvature tensor. We shall give a uniformization of Bochner

flat Kähler manifolds. One of the aims of this paper is to give a correction
to the proof of our previous paper [9] concerning uniformization of Bochner

flat Kähler manifolds. A Bochner flat locally conformal Kähler manifold is a
locally conformal Kähler manifold with vanishing Bochner curvature tensor.

We shall apply our result to Bochner flat locally conformal Kähler manifolds.
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Introduction

In 1949, S. Bochner has introduced the curvature tensor on Kähler manifolds,

which is now called Bochner curvature tensor. This tensor can be also derived from

the Weyl’s principle on unitary group representation theory (cf. [20], [1], [17]).

In 2000, R. Bryant [3] has exhibited miscellaneous results on Bochner flat Kähler

metrics and determined complete Bochner flat Kähler metrics in which there are

many complete Bochner flat Kähler manifolds but not locally homogeneous ones.

Then it turned out that our classification [9] of Bochner flat Kähler manifolds was

wrong. In this paper we provide with more explicit models of Bochner flat Kähler

manifolds to correct our previous results and also reprove Bryant’s classification of

compelete case by our method. As an application, we shall extend our framework

into the locally conformal Kähler geometry. Our proofs are purely topological

by using the transformation groups of CR geometry (AutCR(S2n+1), S2n+1) and

complex hyperbolic geometry (PU(n+ 1, 1),Hn+1
C

).

1. Geometric uniformization

1.1. Review of Chern-Moser CR curvature tensor. When we persist the

Weyl’s conformal geometry in the strictly pseudoconvex CR-manifolds, S. S. Chern

and J. Moser [5] have found the fourth-order curvature tensor S = (Sαρβ̄σ̄) on a

CR-manifoldN2n+1 by making use of the structure equations modelled on the real

hypersurface in Cn+1. This CR-invariant tensor is a conformal invariant in the

following sense: if two contact forms ω, ω′ represnt the same CR structure (keeping

the complex structure J on the CR-bundle fixed), then ω′ = u ·ω for some positive

function u for which the Chern-Moser curvature tensor coincides S(ω, J) = S(ω′, J).

The sphere S2n+1 is a CR-manifold viewed as a hyperquadric in Cn+1, whose cur-

vature tensor S vanishes identically. In fact, the complex analogue of conformal

geometry states that if the Chern-Moser curvature tensor S of a CR-manifold N

vanishes, then N is locally CR-equivalent to S2n+1 (n > 1). In this case, N is said

to be a spherical CR-manifold.

Note that the formula of S is given by

Sαρβ̄σ̄ = Rαβ̄ρσ̄ − 1

n + 2
(Rαβ̄gρσ̄ + Rρβ̄gασ̄ + gαβ̄Rρσ̄ + gρβ̄Rασ̄)

+
R

2(n+ 1)(n+ 2)
(gαβ̄gρσ̄ + gρβ̄gασ̄).

(1.1)
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Here Rαβ̄ρσ̄ is the Tanaka - Webster curvature tensor. Webster [18] has observed

that S has the same formula as the Bochner curvature tensor B on a Kähler mani-

fold. More precisely, when a CRmanifold (N, ω, J) is the total space of the principal

R-bundle p : N→M over the Kähler manifold (M, g, J) with fundamental 2-form Ω

for which the Levi form satisfies that dω = p∗Ω, the Chern-Moser curvature tensor

is obtained by the pull-back of the Bochner curvature tensor:

(1.2) S(ω, J) = p∗B(Ω, J).

1.2. Contactization. We start with a simply connected Kähler manifold (M̃, J, g)

of real dimension 2n ≥ 4 where J is the complex structure and g is a Kähler metric.

Let Ω be the fundamental two form of g. Suppose that M̃ is a Bochner flat Kähler

manifold, i.e. the Bochner curvature tensor of g vanishes on M̃ . We construct a

uniformization for M̃ as in [9]. Choose a cover {Uα}α∈Λ of M̃ such that each Uα

is homeomorphic to a ball. For the local 2-form Ωα = Ω|Uα, there is a 1-form θα

with dθα = Ωα on each Uα. The product Mα = R × Uα admits a contact form

ωα = dt + p∗αθα where pα : Mα→Uα is the projection. If we define the complex

structure Jα = p−1
α∗ ◦ J ◦ pα∗ on the contact subbundle Nullωα, then the pseudo-

Hermitian structure (ωα, Jα) gives a strictly pseudoconvex CR-structure on Mα for

which the group R acts properly and freely as CR-transformations. As the Levi

form satisfies that dωα = p∗αΩα, (1.2) shows that Mα is a spherical CR-manifold.

There is the developing pair (ρα, devα) : (R,Mα)−→(PU(n + 1, 1), S2n+1) up to

composite by an element of the group of CR-transformations AutCR(S2n+1) =

PU(n + 1, 1). Fix α and put devα = dev, ρα = ρ. Let G be the closure of the

holonomy group ρ(R) in PU(n + 1, 1). As G is a connected abelian Lie subgroup

of the complex hyperbolic group PU(n + 1, 1), it has the fixed point subset on

the union H
n+1
C

∪ S2n+1 in which the boundary S2n+1 is viewed as the one point

compactification of the Heisenberg nilpotent Lie group N ; S2n+1 = N ∪{∞}. (See

[10].) If G is noncompact, then it has the unique fixed point {∞}, or exactly two

fixed points {0,∞} where {0} is the origin of N . If G is compact, it occurs either

no fixed point on S2n+1 (it has the unique fixed point in H
n+1
C

) or the fixed point

set is the subsphere S2m−1 up to conjugacy, m = 1, · · · , n. Denote by X one of the

domains N , N −{0}, S2n+1 −S2m−1 (m = 0, 1, · · · , n). Since R acts freely on Mα

and dev is an immersion, ρ(R) has no fixed point on the image dev(Mα). It follows

that dev(Mα) ⊂ X. We seek further the domain including the developing image.

Let Psh(X) be the subgroup consisting of pseudo-Hermitian transformations of the

group of all CR transformations AutCR(X). Choose the canonical contact form ω0

on X which is invariant under Psh(X). (See § 2.) If J0 is the complex structure

to X from the resriction of the spherical CR-structure of S2n+1, then (ω0, J0)

represents the spherical CR-structure (Nullω0, J0) on X. By the definition of CR-

immersion, there exists a positive function u on Mα such that dev∗ ω0 = u · ωα

and dev∗ ◦Jα = J0 ◦ dev∗ on Nullωα. Let ξ be the vector field induced by the

1-parameter group ρ(R) on X. Similarly d/dt denotes the vector field induced by

R so that ωα(d/dt) = 1. As the developing map is equivariant, ξ = dev∗(d/dt)

and so ω0(ξ) = u > 0. This imposes a restriction on the developing image. If
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S = {p ∈ X| ω0(ξp) = 0} is the singular subset of X, then dev(Mα) ⊂ (X − S)0

which is the connected component of the complement X − S.

1.3. Closed holonomy case. Suppose that ρ(R) is closed in PU(n+ 1, 1). Then,

ρ(R) = R or S1 . If ρ(R) = R, then either ρ(R) ⊂ Psh(N ) = N ⋊ U(n) or

ρ(R) ⊂ AutCR(N − {0}) = U(n) × R+ according to whether the fixed point set on

S2n+1 is {∞} or {0,∞}. In particular, ρ(R) acts properly and freely on X = N or

X = N − {0} respectively. When ρ(R) = S1, it does not necessarily act freely on

X = S2n+1−S2m−1 (m = 0, 1, · · · , n) where AutCR(S2n+1−S2m−1) = P (U(m, 1)×
U(n −m+ 1)) such that ρ(R) = S1 ⊂ U(n −m+ 1) (see [9]). Let E be the set of

all exceptional orbits of ρ(R) = S1 on X, see [2] for the definition. Consider the

S1-action on the image dev(Mα) = S1 ·dev(Uα). For p ∈ dev(Uα), the slice theorem

of compact Lie group actions [2] shows that there exists a slice V ⊂ dev(Uα) such

that the equivariant tubular neighborhood of the orbit at p has the form S1 ×
S1

p

V .

Choose Ũ ⊂ Uα such that dev : Ũ→V is a diffeomorphism. Then R×Ũ dev−→ S1 ×
S1

p

V

is a covering map. Since the stabilizer S1
p is a finite cyclic group, ρ−1(S1

p ) is an

infinite cyclic subgroup of R. So dev induces an S1-equivariant diffeomorphism

from R× Ũ/ρ−1(S1
p ) = S1 × Ũ onto S1 ×

S1
p

V . Hence S1
p = {1}, i.e. S1 acts freely on

dev(Mα). This shows that dev(Mα) ⊂ (X − S − E)0.

1.4. Non-closed holonomy case. Suppose that ρ(R) is not closed in PU(n+1, 1).

Then ρ(R) does not act properly on X. Since dev is an immersion, there exists a

maximal open interval △ = (−ǫ, ǫ) of R such that dev : △× Uα→ dev(△× Uα) =

ρ(△) ·dev(Uα) is equivariantly diffeomorphic. In particular, ρ(△) acts properly and

freely on dev(△×Uα). Choose a maximal domain W in X containing dev(△×Uα)

such that ρ(△) acts properly and freely.

1.5. Bochner flat Kähler Model. Put W = (X − S)0 , W = (X − S − E)0 or

W = W for the closed (respectively non-closed) case. Then dev(Mα) ⊂ W (respec-

tively dev(△×Uα) ⊂ W) from §1.3, 1.4. Since ρ(R) (respectively ρ(△)) acts prop-

erly and freely on W, dev induces an immersion d̂ev on the orbit space; d̂ev(Uα) ⊂
W/ρ(R) (respectively d̂ev(Uα) ⊂ W/△). Let CAutCR(W)(ρ(R)) be the centralizer of

ρ(R) in AutCR(W) and denote its quotient group by H = CAutCR(W)(ρ(R))/ρ(R).

Similarly H is defined to be CAutCR(W)(ρ(△))/ρ(△) for W/ρ(△). As H acts on

W/ρ(R), the projection ν : W→W/ρ(R) (respectively W/ρ(△)) induces an equi-

variant principal bundle:

(1.3) ρ(R)→(CAutCR(W)(ρ(R)),W)
ν−→ (H,W/ρ(R))

(respectively local principal bundle for (H,W/ρ(△))). We construct a Bochner

flat Kähler metric on W/ρ(R) for which H acts as Kähler transformations. As

ω0(ξ) > 0 on W, define a 1-form η on W to be:

(1.4) η(Z) =
1

ω0(ξ)
· ω0(Z) (∀ Z ∈ TW).
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By the definition, every element h ∈ AutCR(W) satisfies that h∗ω0 = u·ω0 for some

u > 0 on W. If h ∈ CAutCR(W)(ρ(R)), then h∗ξ = ξ and so (h∗η)(Zx) =
1

ω0(ξhx)
·

(h∗ω0)(Zx) =
1

u · ω0(ξx)
· (u · ω0(Zx)) = η(Zx). The group CAutCR(W)(ρ(R)) pre-

serves η. In particular, Lξη = 0. Obviously η(ξ) = 1 so that dιξη = 0. By the

formula Lξη = ιξdη + dιξη, it follows that

(1.5) ιξdη = 0, that is ξ is the characteristic vector (Reeb) field for η.

As ν∗ : Null η→T (W/ρ(R)) is isomorphic at each point of W, using J0 on Null η =

Nullω0, the complex structure Ĵ on W/ρ(R) is defined to be Ĵ ◦ν∗ = ν∗◦J0. Noting

(1.5), we can define a two form Ω̂ on W/ρ(R) by

(1.6) ν∗Ω̂ = dη on W.

Then dΩ̂ = 0 and Ω̂ is Ĵ-invariant because dη is J0-invariant. Since dη is pos-

itive definite (i.e. strictly pseudo-convex), setting ĝ(X̂, Ŷ ) = Ω̂(ĴX̂, Ŷ ) (X̂, Ŷ ∈
T (W/ρ(R)), we obtain a Kähler metric ĝ on (W/ρ(R), Ĵ) with fundamental form

Ω̂. As (Null η, J0) is a spherical CR-structure with (1.6), the Bochner curvature

tensor of ĝ vanishes by (1.2). Since each element of CAutCR(W)(ρ(R)) preserves η

and commutes with J0, H acts as holomorphic isometries of ĝ on W/ρ(R). There-

fore we obtain the model Bochner flat Kähler structure (H,W/ρ(R), ĝ, Ĵ). Similary

for (H,W/ρ(△), ĝ, Ĵ).

Remark 1.1. Our Bochner flat Kähler model is obtained from W = (X−S)0 , (X−
S − E)0 or W = W according to whether ρ(R) is closed or non-closed. Note that

X and S are determined by the holonomy ρ(R). In general the Kähler structure

varies when ρ(R) does. But the isomorphism classes of Bochner flat Kähler models

are uniquely determined by the conjugacy classes of their holonomy groups. See

Proposition 1.4.

Remark 1.2. If we note that ω0(ξ) > 0 on (X − S)0, we can define the above

contact form η on (X − S)0. When ρ(R) acts properly on (X − S)0, the quotient

space (X − S)0/ρ(R) is an orbifold in general. By the same argument as in §1.5,
we obtain a Bochner flat singular Kähler metric ĝ∗ on the complex orbifold ((X −
S)0/ρ(R), Ĵ∗).

1.6. Construction of charts and Geometric uniformization. Fix α and sup-

pose that Uα ∩Uβ 6= ∅ for β 6= α. As dθβ = Ωβ = Ω|Uβ , d(θβ −θα) = 0 on Uα ∩Uβ .

We may assume that Uα ∩ Uβ is contractible (shrinking small on each component

if necessary). There is a smooth map χ : Uα ∩ Uβ→R such that θβ − θα = dχ.

Then the map f : R × Uα ∩ Uβ−→R × Uα ∩ Uβ defined by f(t, x) = (t + χ(x), x)

satisfies that f∗ωα = ωβ, f∗ ◦ Jβ = Jα ◦ f∗ and f∗(d/dt) = d/dt. Hence f is a

pseudo-Hermitian diffeomorphim between (ωβ, Jβ) and (ωα, Jα) which implies that

the developing pairs (ρβ , devβ) and (ρα, devα ◦ f) represent the same CR-structure

(Nullωβ, Jβ). By definition of the equivalence, there exists gαβ ∈ PU(n+1, 1) such

that gαβ ◦ devβ = devα ◦ f on R × Uα ∩ Uβ . Since the developing map is equivari-

ant, it follows that ρ(t)(= ρα(t)) = gαβ · ρβ(t) · gαβ
−1, t ∈ R. If we replace devβ

by ˜devβ = gαβ ◦ devβ , the holonomy map of ˜devβ changes into ρ. Perform this
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alternation to each developing pair (ργ , devγ) (γ 6= α, β) one after another. Then

we obtain a collection of charts {Mγ , ˜devγ}γ∈Λ satisfying that ˜devγ(Mγ) ⊂ W,
˜dev∗

γω0 = ũγ · ωγ for some positive function ũγ , and that ˜devγ∗
◦ Jγ = J0 ◦ ˜devγ∗

on Nullωγ . As ωγ(d/dt) = 1, note that ũγ(x) = ω0(ξ ˜devγ(x)). Then (1.4) im-

plies that (i) ˜dev∗
γη = ωγ . Moreover, since ˜devγ(t, x) = ρ(t) · ˜devγ(x), passing to

the quotient for each γ, there is an immersion (ii) d̂evγ : Uγ→W/ρ(R). When

Uγ ∩Uδ 6= ∅, it follows as above that g̃γδ ◦ ˜devδ = ˜devγ ◦ f ′ for some f ′ and g̃γδ, and

so ρ(t) = g̃γδ · ρ(t) · g̃−1
γδ . Hence g̃γδ ∈ CAutCR(W)(ρ(R)) which induces an element

ĝαβ ∈ H. Noting that f ′ : R × Uγ ∩ Uδ→R × Uγ ∩ Uδ induces the identity map

on the quotient, it follows that (iii) ĝγδ ◦ d̂evδ = d̂evγ on Uγ ∩ Uδ. With these

(ii), (iii), the collection of charts {Uγ , d̂evγ}γ∈Λ gives rise to a uniformization of

M̃ with respect to the geometry (H,W/ρ(R)). The same is true for (H,W/ρ(△)).

We now state a geometric uniformization. This is a correction of Theorem A [9].

Denote by Iso(M̃, g, J) the group of holomorphic isometries of a Kähler manifold

(M̃, g).

Theorem 1.3 (Geometric uniformization). Let M̃ be a simply connected Bochner

flat Kähler manifold of dimension 2n ≥ 4. Then M̃ is geometrically uniformized

with respect to the Bochner flat Kähler geometry (H,W/ρ(R), ĝ, Ĵ) (respectively

(H,W/ρ(△), ĝ, Ĵ) according as ρ(R) is closed or non-closed. More precisely, there

exist a holomorphically isometric immersion D : M̃−→W/ρ(R) (or W/ρ(△)) and

a holonomy homomorphism Ψ : Iso(M̃, g, J)→H such that D∗ ĝ = g,D∗◦J = Ĵ ◦D∗

and Ψ(γ) ◦D = D ◦ γ, ∀ γ ∈ Iso(M̃, g, J).

Proof. By the usual monodromy argument, a uniformization {Uγ , d̂evγ}γ∈Λ pro-

duces an immersion D : M̃−→W/ρ(R) (respectively W/ρ(△)) such that D|Uγ =

d̂evγ . Using (i) and (1.6), it follows that dωγ = (ν ◦ ˜devγ)∗Ω̂ = p∗γ ◦ d̂ev
∗

γΩ̂. As

p∗γΩγ = dωγ , we have d̂ev
∗

γΩ̂ = Ωγ = Ω|Uγ and so D∗Ω̂ = Ω on M̃ (respec-

tively D∗ ĝ = g). Recall the commutativity that ˜devγ∗ ◦ Jγ = J0 ◦ ˜devγ∗ and

ν ◦ ˜devα = d̂evα ◦ pα, then the complex structures induce the equality d̂evγ∗ ◦ J =

Ĵ ◦ d̂evγ∗ which shows also D∗ ◦ J = Ĵ ◦ D∗. When h ∈ Iso(M̃, g, J), we may

suppose h : Uα→Uβ locally for some α, β. Then the equality h∗Ω = Ω implies that

d(θα − h∗θβ) = 0. Thers is a smooth map χ : Uα→R such that θα − h∗θβ = dχ as

before. The map f ′ : R × Uα→R × Uβ defined by f ′(t, x) = (t + χ(x), h(x)) is a

pseudo-Hermitian diffeomorphim whose orbit map is h. Then the same argument

as in §1.6 shows that there exists a unique global element Ψ̃(h) ∈ CAutCR(W)(ρ(R))

(respectively CAutCR(W)(ρ(△))) such that Ψ̃(h) ◦ ˜devα = ˜devβ ◦ f ′. As Ψ̃(h) in-

duces an element Ψ(h) ∈ H, passing to the quotient, the commutativity shows

Ψ(h)◦D = D◦h. By uniqueness, Ψ is a homomorphism of Iso(M̃, g, J) into H. �

Proposition 1.4. Among those Bochner flat Kähler models (H,W/ρ(R), ĝ, Ĵ),

they are isometric if and only if the corresponding holonomy groups are conjugate

in PU(n+ 1, 1). (Similarly for (H,W/ρ(△), ĝ, Ĵ)).

Proof. Suppose that two Kähler manifolds (W1/ρ1(R), ĝ1), (W2/ρ2(R), ĝ2) are (lo-

cally) holomorphically isometric. By the same argument as in the proof of Theorem



7

1.3, a (local) holomorphic isometry h between W1/ρ1(R) and W2/ρ2(R) induces

a (local) pseudo-Hermitian diffeomorphim f̄ between dev1(R × U1) (⊂ W1) and

dev2(R×U2) (⊂ W2). From the construction of f ′ of the above proof, note that f ′

is equivariant with respect to R-action and also devi is ρi(R)-equivariant; devi(tx) =

ρi(t) devi(x), i = 1, 2. This implies that f̄ is equivariant, f̄(ρ1(t)p) = ρ2(t)f̄(p).

On the other hand, as W1 and W2 are CR-isomorphic by f̄ , our construction

implies that W1 = W2. Since W1 is a domain of S2n+1, f̄ extends to a global

CR-transformation of S2n+1. Hence f̄ ∈ PU(n+1, 1) such that f̄ρ1(t)f̄
−1 = ρ2(t),

t ∈ R. Conversely, the equality f ◦ ρ1 ◦ f−1 = ρ2 for some f ∈ PU(n+1, 1) induces

an isometry f̂ : W1/ρ1(R)→W2/ρ2(R). The same is true for W/ρ(△). �

2. Review of standard contact structures ω0 on X

2.1. Heisenberg CR-geometry. The Heisenberg nilpotent Lie group N is the

product R × Cn with group law:

(2.1) (a, z) · (b, w) = (a+ b− Im〈z, w〉, z + w),

where Im〈z, w〉 is the imaginary part of the Hermitian inner product on Cn

〈z, w〉 = z̄1 · w1 + z̄2 ·w2 + · · ·+ z̄n · wn.

It is easy to see that N is 2-step nilpotent, i.e. the commutator [N ,N ] = R. Put

R = R which is the central subgroup of N . Let AutCR(N ) be the subgroup of CR

transformations preserving N . Then, AutCR(N ) = N ⋊ (U(n)×R+) whose action

on N (= R × Cn) is defined (cf. [10], [7]):

(2.2) ((a, z), λ · A) · (b, w) = (a+ λ2 · b− Im〈z, λ · A · w〉, z + λ ·A ·w).

On the other hand, the contact form ω0 on N is described as follows. Put

ω0 = ωN . If (t, (z1, · · · , zn)) is the coordinate of N = R × Cn, then

(2.3) ωN = dt+

n∑

j=1

(xjdyj − yjdxj) = dt+ Im〈z, dz〉.

The group of pseudo-Hermitian transformations Psh(N ) is N ⋊ U(n) which is the

subgroup of AutCR(N ). Then ωN is Psh(N )-invariant. For this, if γ = ((a, w), A) ∈
N ⋊ U(n), then ((a, w), A) · (t, z) = (a + t − Im〈w,Az〉, w + Az), and so γ∗ωN =

dt − dIm〈w,Az〉 + Im〈w + Az, d(w + Az)〉. Since dIm〈w,Az〉 = Im〈w, dAz〉, it is

easy to see that γ∗ωN = dt+ Im〈z, dz〉 = ωN . In general, if h ∈ AutCR(N ), then

there exists a positive function u on N such that h∗ωN = u · ωN . Moreover, by

definition, h is holomorphic (Cauchy-Riemann) on NullωN . Hence, every element

h of AutCR(N ) preserves the CR-structure (NullωN , J0) on N (cf. §1.2). Note that

by the (trivial) fibration R→N P−→ C
n, P∗ maps NullωN isomorphically onto TCn

at each point. Then the complex structure J0 on NullωN is obtained from the

standard complex structure JC on Cn by the commutativity JC ◦ P∗ = P∗ ◦ J .
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2.2. CR-structure on S2n−1 − S2m−1. Let S2n+1 − S2m−1 be the sphere com-

plement for m = 0, 1, · · · , n. (S−1 = ∅ for m = 0.) The contact form ω0 = ωS

on S2n+1 − S2m−1 is obtained as follows. First recall that V 2m+1
−1 is the (2m+ 1)-

dimensional Lorentz standard space form of constant sectional curvature −1 with

transitive unitary Lorentz group U(m, 1) (cf. [13], [10]). The center ZU(m, 1) of

U(m, 1) is S1. Then V 2m+1
−1 is the total space of the principal S1-bundle over the

complex hyperbolic space:

(2.4) ZU(m, 1)→V 2m+1
−1 −→H

m
C
.

Denote by ωH the connection form of the above principal bundle. Then it is a

contact form on V 2m+1
−1 . If ZU(n−m+ 1) is the center S1 of the unitary compact

group U(n−m+ 1), then there is the Hopf bundle:

ZU(n −m+ 1)→S2(n−m)+1−→CP
n−m.

As usual, the standard contact form on S2(n−m)+1 is defined to be

(2.5) ωS =

n−m+1∑

j=1

(xjdyj − yjdxj) (zk = xk + iyk).

Denote by S1 = Z(U(m, 1) × U(n − m + 1)) the subgroup of the torus T 2 =

ZU(m, 1) × ZU(n −m+ 1). We put

T 1 = P (ZU(m, 1) ×ZU(n −m+ 1)) = T 2/S1.

There is the following principal circle bundle:

T 1→P (V 2m+1
−1 × S2(n−m)+1)

ν−→ H
m
C
× CP

n−m.(2.6)

Then the sphere complement is realized as

S2n+1 − S2m−1 = P (V 2m+1
−1 × S2(n−m)+1).

(Compare [10].) Since the product ωH × ωS is invariant under the torus T 2, the

subgroup S1 induces a T 1-invariant contact form ̂ωH × ωS on S2n+1 −S2m+1 which

satisfies d( ̂ωH × ωS) = ν∗(ΩH × ΩCP). By our definition, this is the desired contact

form:

(2.7) ωS = ̂ωH × ωS.

3. Classification to the noncompact holonomy ρ(R)

We first determine the holonomy image ρ(R) in PU(n + 1, 1). Let G be the

closure of the holonomy group ρ(R) in PU(n+ 1, 1) as in §1.2.

3.1. Non-compact holonomy with one fixed point.

Proposition 3.1. Suppose that G is a noncompact group which fixes the unique

point {∞} in S4n+3. Then G is contained in Psh(N ) = N ⋊U(n) up to conjugacy.

Moreover, the holonomy ρ(R) is a closed noncompact subgroup isomorphic to R,

i.e.G = ρ(R) = R in which ρ(R) has the form ρ(t) = (t, t · v, At) for some v ∈
Cn, At ∈ Tn.
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Proof. Since G is a noncompact connected abelian Lie group, it is contained in

AutCR(N ) = N ⋊ (U(n) × R+) up to conjugay. Let L : Aut(N ) = N ⋊ (U(n) ×
R+)−→SimC(Cn) = Cn ⋊ (U(n) × R+) be the projection with kernel R. We show

that ρ(R) has no R+-summand. Suppose that L◦ρ(R) has a nontrivial R+-summand

in SimC(Cn). We write such an element L ◦ ρ(t) as

L ◦ ρ(t) = (xt, λt · At) for some λt 6= 1 (t 6= 0).

It is able to conjugate the holonomy group by an element of PU(n+1, 1) because the

CR-developing pair is unique up to the composite by any element of PU(n+ 1, 1).

As λt 6= 1 and At ∈ U(n), the matrix λt · At has no eigenvalue 1. Fix some t0 so

that the affine transformation L ◦ ρ(t0) has a unique fixed point z0 in Cn. Then

z0 is also the unique fixed point for all L ◦ ρ(t) because {L ◦ ρ(t)}t∈R is abelian.

Conjugate L ◦ ρ(t) by the translation −z0 ∈ Cn, we can assume that L ◦ ρ(t) has a

fixed point at the origin of Cn; L◦ρ(t) = (0, λt ·At). Hence, L◦ρ(R) ⊂ U(n)×R+ ,

which implies that ρ(R) ⊂ R⋊ (U(n)×R+). We may write ρ(t) = ((at, 0), λt ·At).

For t0, let b0 =
−at0

λ2
t0
− 1

and put (b0, 0) ∈ R×Cn = N . Noting the action (2.2), it is

easy to see that ρ(t0)(b0, 0) = (b0, 0). Since (b0, 0) is the unique fixed point of ρ(t0),

so is (b0, 0) for all {ρ(t)}t∈R as above. Again conjugate ρ(t) by the translation

element (−b0, 0) ∈ N , so ρ(t) has the fixed point (0, 0) ∈ N . This implies that

ρ(R) ⊂ U(n) × R+. However the subgroup U(n) × R+ of AutCR(N ) fixes exactly

two points {0,∞}, so this is not our case. (Compare §3.10.) We conclude that ρ(R)

has no R+-summand.

Suppose that ρ(R) ⊂ N ⋊ U(n). For t ∈ R, let L ◦ ρ(t) = (xt, At). Then the

map t→At is a homomorphism of R into an abelian subgroup of U(n). The closure

of the image {At}t∈R lies in the maximal torus Tn of U(n) up to conjugacy. It has

the form:

At =




eit·a1

. . .

eit·an


 .

We may assume that a1 = · · · = ak = 0, ak+1 ≤ · · · ≤ an (0 ≤ k) such that

At = (1, · · · , 1, eit·ak+1, · · · , eit·an). The matrix A′
t = (eit·ak+1 , · · · , eit·an) has no

eigenvalue 1. If the translation xt is not zero, then we conjugate L ◦ ρ(t) by some

translation element as above to make the corresponding translation part vanish. It

follows that xt = (x1
t , · · · , xk

t , 0, · · · , 0) ∈ Cn which is fixed by all {At}. Then the

map t 7→ xt is a homomorphism of R into Cn (this is obvious for At = I). We

choose a vector v ∈ Cn so that xt = t · v and so At(v) = v. (v = 0 when xt = 0.)

As a consequence, we obtain that ρ(t) = (ρ1(t), t · v, At) for some ρ1(t) ∈ R (t ∈ R).

Using (2.1), calculate

ρ(t + s) = ρ(t) · ρ(s)
= (ρ1(t) + ρ1(s) − Im〈tv, At(s · v)〉, t · v +At(s · v), AtAs)

= (ρ1(t) + ρ1(s), (t + s)v, At+s)

where Im〈tv, At(s · v)〉 = ts · Im〈v, At(v)〉 = ts · Im〈v, v〉 = 0. Thus ρ1(t + s) =

ρ1(t) + ρ1(s); ρ1 : R→R is a nontrivial homomorphism. Normalize ρ1 to write
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ρ(t) = (t, t · v, At) ∈ N ⋊ U(n) for which Atv = v, ∀ t ∈ R. In particular, ρ(R) is a

closed subgroup isomorphic to R. �

Denote by NAutCR(N)(ρ(R)) the normalizer of ρ(R) in AutCR(N ) as well as the

centralizer CAutCR(N)(ρ(R)).

Corollary 3.2. (I) ρ(t) can be reduced to the following form:

(i) At = I, v = 0, ρ(t) = ((t, 0), I), i.e. ρ(R) = R.

(ii) At 6= I, v = 0, ρ(t) = ((t, 0), At) ∈ R× Tn, At = (eit·a1 , · · · , eit·an).

(iii) At = I, v 6= 0, ρ(t) = (0, (t, 0, · · · , 0), I) ∈ R1.

(iv) At 6= I, v 6= 0, ρ(t) = (0, (t, 0, · · · , 0),

(
1

Bt

)
) ∈ R

1 × Tn−1 (Bt =

(eit·b2 , · · · , eit·bn), bi ∈ R).

(II) (1) If At 6= I, then NAutCR(N)(ρ(R)) = CAutCR(N)(ρ(R)) ⊂ Psh(N ).

(2) In case (i), NAutCR(N)(ρ(R)) = N ⋊ (U(n)×R+) and the action of an element

h = ((a, z), µ ·C) ∈ N ⋊ (U(n) × R+) on R is given by

h · ρ(t) · h−1 = ρ(µ2 · t) = ((µ2 · t, 0), I).

(3) In case (iii), the action of h = ((a, z), µ ·B) ∈ NAutCR(N)(ρ(R)) on R1 satisfies

that

h · ρ(t) · h−1 = ρ(µ · t) = (0, (µ · t, 0, · · · , 0), I).

Proof. The first two cases are obvious. Put e =




1
0
...
0


 in Cn. Suppose that v 6= 0.

Choose B ∈ U(n) such that Be =
v

||v|| . We put f = ((0,
−i

2||v||2 · e), ||v||−1B−1).

Then f is an element of AutCR(N ) = N ⋊ U(n) × R+. As before conjugate ρ(R)

by f . Then a calculation shows that f · ρ(t) · f−1 = ((0, t · e), B−1 · At · B). Since

Atv = v, we have B−1 ·At ·B · te = te. So we can write B−1 ·At ·B =

(
1

Bt

)

for some element Bt ∈ Tn−1. According as At = I or At 6= I, we can reduce to case

(iii) or case (iv).

For (II), if h = ((a, z), µ · C) is an element of NAutCR(N)(ρ(R)), by the action

(2.2), it follows that h · ρ(t) · h−1 = ρ(λh · t) for some λh ∈ R+. Using this equality,

we have Aλh·t = At. Since t 7→ At is a homomorphism, if At 6= I, then λh = 1.

This implies that NAutCR(X)(ρ(R)) = CAutCR(X)(ρ(R)), proving (1).

For (2), if ρ(t) = ((t, 0), I) ∈ R then we know that the action of U(n) × R+ on

N satsifies that h · (t, 0, I) · h−1 = (µ2 · t, 0, I). Finally, suppose that At = I and

v 6= 0. The above equality h · ρ(t) · h−1 = ρ(λh · t) shows that µ ·Ctv = λh · tv. As

µ · t|Cv| = µ · t|v| = λh · t|v|, we have µ = λh. This shows (3). �

3.2. Heisenberg case W = N − S. According to the cases (i) − (iv) of Corol-

lary 3.2, we examine the Bochner flat Kähler structure (H,W/ρ(R), ĝ, Ĵ) for the

Heisenberg Lie group N . Let S be the singular subset in N consisting of the



11

points p, ωN (ξp) = 0. Recall that W = (N − S)0. Put ωN (= ω0) = ω. Let

ρ(t) = ((t, 0), At) be the form of (i),(ii) (At = I, At 6= I respectively). It acts on N
as ρ(t)(s, z) = (t + s, Atz). Then the vector field ξ induced by ρ(R) is described:

ξ =
d

dt
+

k∑

j=1

aj(xj

d

dyj

− yj

d

dxj

) on N .

Using (2.3), it follows that

(3.1) ω(ξ) = 1 + (a1|z1|2 + · · ·+ an|zk|2).

Let ρ(t) = ((0, (t, 0, · · · , 0)),

(
1 0
0 Bt

)
) for (iii),(iv) (Bt = I, Bt 6= I respec-

tively). Noting (2.2), we have ρ(t)(s, z) = (s − ty1, (t + x1 + iy1 , Bt(z2, · · · , zn))).

A calculation shows

ξ = −y1
d

dt
+

d

dx1
+

n∑

j=2

bj(xj

d

dyj

− yj

d

dxj

).

ω(ξ) = −2y1 + (b2|z2|2 + · · ·+ bn|zn|2).
(3.2)

3.3. Case (i). If ρ(R) is the center R of N , then ω(ξ) = 1 and the principal

bundle (1.3) turns canonical one: R→N P−→ C
n for which dω = 2P ∗(

2n∑

j=1

dxj ∧dyj)

is the lift of the standard Kähler form of Cn. Therefore, the Bochner flat Kähler

manifold (N/ρ(R), ĝ, Ĵ) is the standard complex euclidean space (Cn, gC, JC). Since

NAutCR(N)(ρ(R)) = N ⋊ (U(n) × R+), it follows that NAutCR(N)(ρ(R))/ρ(R) =

Cn ⋊ (U(n) × R+).

3.4. Case (ii). From (3.1), we see that ω(ξ) > 0 on N if and only if all aj ≥ 0. In

general, S 6= ∅ so that W = {(s, z) ∈ R×C
n | −1 < a1|z1|2+a2|z2|2+· · ·+ak|zk|2} ⊂

N . Since the complex structure Ĵ of N/ρ(R) is induced from J0 of the contact

subbundle Nullω on N by the projection ν : N→N/ρ(R), (W/ρ(R), Ĵ ) is a complex

domain of (N/ρ(R), Ĵ). We note that

Proposition 3.3. The orbit space (N/ρ(R), Ĵ) is biholomorphic to (Cn, JC).

Proof. Recall from §2.1 that if P : N→Cn is the projection, then the complex

structure J0 on Nullω satisfies that JC ◦ P∗ = P∗ ◦ J0. Let f : Cn−→N/ρ(R) be

the map defined by

(3.3) f((z1 , · · · , zn)) = ν((

n∑

j=1

|zj|2/2,−i(z1, · · · , zn))).

Then f is holomorphic, i.e. f∗ ◦ JC = Ĵ ◦ f∗. For this, it is easy to check that

the subbundle Nullω is generated by the vector fields {vj , wj, j = 1, · · · , n | vj =

yj

d

dyj

+xj

d

dxj

, wj = (x2
j +y2

j )
d

dt
+yj

d

dxj

−xj

d

dyj

}. Note that JC(yj

d

dyj

+xj

d

dxj

) =

yj

d

dxj

+xj(−
d

dyj

). By the definition as above, J0 satisfies that J0vj = wj , J0wj =
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−vj . If f̃ : Cn→N is defined by f̃((z1 , · · · , zn)) = ((

n∑

j=1

|zj|2/2,−i(z1, · · · , zn)),

then it follows that f̃∗(yj

d

dyj

+ xj

d

dxj

) = wj, f̃∗(yj

d

dxj

− xj

d

dyj

) = −vj . Hence,

f̃∗ maps TCn isomorphically onto Nullω satisfying that f̃∗ ◦ JC = J0 ◦ f̃∗. Since

the complex structure Ĵ satisfies that ν∗ ◦ J0 = Ĵ ◦ ν∗, the equality ν ◦ f̃ = f :

Cn→N/ρ(R) implies that f∗ ◦ JC = Ĵ ◦ f∗. �

From this, W/ρ(R) is an open subset of Cn. Suppose that among aj ’s of At,

a1 ≤ · · · ≤ aℓ−1 < 0 < aℓ ≤ · · · ≤ ak and the remaining n− k are all zero. Put

b =
√

1 + (aℓ|z1|2 + · · ·+ ak|zk|2).
We arrange the point (s, (z1, · · · , zn)) ∈ W as (x, z1, · · · , zℓ−1, y). Here x =

(s, zk+1, · · · , zn) ∈ R × Cn−k, y = (zℓ, · · · , zk) ∈ Ck−ℓ+1. Then W is diffeomor-

phic to (R) × Cn−k × B
ℓ−1
C

× Ck−ℓ+1 by the correspondence

(x, z1, · · · , zℓ−1, y) 7→ (x,
√−a1 · z1/b, · · · ,

√
−aℓ−1 · zℓ−1/b, y).

Hence, W/ρ(R) is biholomorphic to Cn−k × B
ℓ−1
C

× Ck−ℓ+1 as a domain of Cn.

We examine the normalizer NAutCR(N)(ρ(R)) of (ii) ; ρ(t) = (t, 0, At). Since

At 6= I, it follows from Corollary 3.2 that NAutCR(N)(ρ(R)) = CAutCR(N)(ρ(R)) ⊂
Psh(N ). Then any element h ∈ NAutCR(N)(ρ(R)) satisfies that h∗ξ = ξ and

h∗ω = ω. And so NAutCR(N)(ρ(R)) leaves invariant S 6= ∅, which implies that

NAutCR(W)(ρ(R)) = NAutCR(N)(ρ(R)). Among aj’s of At, j = 1, · · · , k, we assume

further that ℓ1 + · · · + ℓm = k and each ℓj is the number of the same diagonal

component aℓj
(cf. §3.6). Since {At} belongs to the maximal torus Tn in U(n), the

normalizer of {At} in U(n) is U(ℓ1) × · · · × U(ℓm) × U(n − k). Put

(3.4) U(ℓ1, · · · , ℓm) = U(ℓ1) × · · · × U(ℓm).

(For example, if a1, · · · , ak are mutually distinct, then U(1, · · · , k) = T k.) By the

formula of At, it follows that {z ∈ Cn | At · z = z} = 0 × Cn−k. From these, the

centralizer becomes

CAutCR(N)(ρ(R)) =

(
R,

(
0

Cn−k

))
⋊

(
U(ℓ1, · · · , ℓm) 0

0 U(n − k)

)
.

Here the product (R,Cn−k) is the nilpotent Lie subgroup of N . Therefore the

quotient subgroup is isomorphic to the following Lie group:

CAutCR(N)(ρ(R))/ρ(R) = C
n−k

⋊ U(n− k) × U(ℓ1 , · · · , ℓm).

Putting b = (a1, · · · , aℓ−1 < 0 < aℓ, · · · , ak) and ĝ = ĝb, we obtain the Bochner

flat Kähler metric ĝb on W/ρ(R) = Cn−k × B
ℓ−1
C

× Ck−ℓ+1.

Remark 3.4. As is noted in the beginning, S = ∅, i.e.W = N if and only if

0 ≤ a1 ≤ · · · ≤ an. It has been shown by Bryant [3] that ĝb with all nonnegative

numbers aj are complete metrics on Cn. We shall reprove this in §3.6. Note that

our new Kähler metric ĝb on Cn is obtained by deforming ω = ωN to η = u · ω
where u =

1

ω(ξ)
. In comparison with η under this change η = u · ω,
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(∗) the effect on the original contact form ω is to produce a Hermitian metric ĝω

on Cn which is a globally conformal Kähler metric, i.e. ĝb = û · gω.

3.5. Carnot-Carathéodory metric and completeness. As usual ω = ωX is a

contact form on a CR-manifoldX which represents a CR-structure Nullω. Let σ be

a sectionally smooth curve between p and q in X satisfying that σ̇(t) ∈ (Nullω)σ(t)

a.e.. Then the length is defined as L(σ) =

∫ 1

0

dω(Jσ̇(t), σ̇(t))
1
2 dt. Let Cω be the

set of all such curves σ joining p and q. Set

dω(p, q) = inf
σ∈Cω

L(σ).

Since Nullω satisfies that [Nullω,Nullω]⊕Nullω = TX, dω(p, q) is defined and finite

on X, i.e. any point q sufficiently close to a point p can be joined by a curve σ with

σ̇(t) ∈ Nullω. (Compare [14].) The metric dω is called the Carnot-Carathéodory

distance on X associated to ω. Letting f(x) =
1

ω(ξx)
, recall from (1.4) that η(Z) =

f · ω(Z) (Z ∈ T (W)). For X̃, Ỹ ∈ Null η(= Nullω) at x ∈ W, we have

(3.5) dη(X̃, Ỹ ) = f(x) · dω(X̃, Ỹ ) on W.

3.6. Complete Kähler metrics on Cn after Bryant. As in (ii), let ρ(t) =

((t, 0), At) with At = (eit·a1 , · · · , eit·an). For real numbers a1, · · · , an, suppose that

ai’s consist of m-distinct numbers ai1 , · · · , aim
such that

(a1, · · · , ak) = (

ℓ1−times︷ ︸︸ ︷
ai1 · · ·ai1 ; · · · ; · · · ;

ℓm−times︷ ︸︸ ︷
aim

· · ·aim
), (ℓ1 + · · ·+ ℓm = k).

(3.6)

The rest of ai’s are all zero.

Proposition 3.5. Suppose that 0 < a1 ≤ a2 · · · ≤ ak (1 ≤ m ≤ k ≤ n) and m

is a number satisfying (3.6). Put a = (a1, · · · , ak, 0, · · · , 0). Then ĝa is complete

on Cn = N/ρ(R). Moreover, the cohomogeneity of ĝa on Cn is m. The group of

isometris Iso(Cn, ĝa) = (Cn−k ⋊ U(n− k)) × U(ℓ1) × · · · × U(ℓm) has the principal

orbit of dimension 2n−m at least.

Proof. Denote by o = (0, 0, · · · , 0) the origin of N . Let Bη(o, r) be the closed

metric ball {x ∈ N | dη(o, x) ≤ r} of N . If Bη(o, r) is the closure of Bη(o, r) in

N ∪{∞} = S2n+1, then Bη(o, r) is compact. We prove that Bη(o, r) = Bη(o, r). It

is valid when Bη(o, r) misses the point at infinity {∞}. If {∞} ∈ Bη(o, r) for some

r, then there exists a sequence of points {pm} ∈ N converging to {∞} such that

(3.7) dη(o, pm) ≤ r.

On the other hand, by the the principal Riemannian submersion: R→(N , g0
N )

P−→
(Cn, gC) in which g0

N = ωN ·ωN +dωN (J , ), we have dωN (JX, Y ) = gC(P∗X, P∗Y )

for X, Y ∈ NullωN . Put ωN = ω as usual. Choose a point x = (x0, x1, · · · , xn) ∈
N . Let σ : [0, 1]→N be a curve between σ(0) = o and σ(1) = x such that σ̇(t) ∈
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Null η (= Nullω), i.e. σ ∈ Cη. Using (3.5) of § 3.5, calculate

dη(o, x) = inf
σ∈Cη

L(σ)

= inf
σ∈Cη

∫ 1

0

1√
ω(ξσ(t))

· dω(Jσ̇(t), σ̇(t))
1
2 dt

= inf
σ∈Cη

∫ 1

0

1√
ω(ξσ(t))

· gC( ˙Pσ(t), ˙Pσ(t))
1
2 dt.

(3.8)

If we write σ(t) = (σ0(t), σ1(t), · · · , σn(t)) ∈ N , then (3.1) implies that ω(ξσ(t)) =

1+(a1|σ1(t)|2+a2|σ2(t)|2+· · ·+ak|σk(t)|2). We may put A = max{1,√a1, · · · ,
√
ak}.

Then the following inequality holds.

ω(ξσ(t)) ≤ A2(1 + |σ1(t)|2 + |σ2(t)|2 + · · ·+ |σn(t)|2)
≤ A2(1 + |σ1(t)| + |σ2(t)| + · · ·+ |σn(t)|)2.

(3.9)

As Pσ(t) = (σ1(t), · · · , σn(t)) ∈ Cn, it follows ˙(Pσ)(t) = (σ̇1(t), · · · , σ̇n(t)) ∈ Cn

for which gC( ˙Pσ(t), ˙Pσ(t)) = σ̇1(t)
2 + · · ·+ σ̇n(t)2. We obtain that

(3.10) gC( ˙Pσ(t), ˙Pσ(t))
1
2 ≥ 1

n
(|σ̇1(t)| + · · ·+ |σ̇n(t)|).

Using (3.9), (3.10), calculate that

∫ 1

0

1√
ω(ξσ(t))

· gC( ˙Pσ(t), ˙Pσ(t))
1
2 dt

≥ 1

nA

∫ 1

0

|σ̇1(t)| + · · ·+ |σ̇n(t)|
1 + |σ1(t)| + |σ2(t)| + · · ·+ |σn(t)|dt

=
1

nA
·
[
log(1 + |σ1(t)| + |σ2(t)| + · · ·+ |σn(t)|)

]1

0

=
1

nA
· log(1 + |x1|+ |x2| + · · ·+ |xn|).

(3.11)

Since this does not depend on the choice of curves, we obtain that

(3.12) dη(0, x) ≥ 1

nA
· log(1 + |x1| + |x2|+ · · ·+ |xn|).

For the sequence of points {pm} ∈ N in (3.7), put P (pm) = (xm
1 , · · · , xm

n ) ∈ Cn.

Since {pm} ∈ N converges to {∞}, the sequence {P (pm)} ∈ Cn also converges

to {∞}. (Here the union Cn ∪ {∞} constitutes the sphere S2n.) In particular,
n∑

i=1

|xm
i |→∞ as m→∞. Hence dη(0, pm)−→∞ which contradicts (3.7). Therefore

Bη(o, r) ⊂ N for all r ≥ 0. It follows that Bη(o, r) = Bη(o, r), which is compact

(r ≥ 0). For the Kähler metric ĝa, there is the Riemannian submersion:

(3.13) ρ(R)→(N , g1
N )

ν−→ (N/ρ(R), ĝ) = (Cn, ĝa).

where g1
N = η · η + dη(J , ). Noting (3.3), the map ν : N→Cn is defined by

ν(s, (z1, · · · , zn)) = (e−isa1 · z1, · · · , e−isak · zk, zk+1, · · · , zn). Let v be an arbitrary

vector of ToCn. Suppose that the geodesic γ(t) = expo t · v is defined for 0 ≤ t < T0
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with respect to ĝa where a = (a1, · · · , ak; 0, · · · , 0). Let tm = T0 −
1

m
and consider

the straight line segments {µm} from o to each (0, γ(tm)) ∈ (0,Cn) ⊂ N :

µm(s) = (0, γ(tm) · s) = (0, (γ(tm)1 · s, · · · , γ(tm)n · s)).
If we recall the contact form ω = dt+ Im〈z, dz〉 from (2.3), then it is easy to check

that ω( ˙µm(s)) = 0, and thus

(3.14) ˙µm(s) ∈ Null η, µm ∈ Cη.

Since ν(µm(s)) = γ(tm) · s, we have ˙ν(µm(s)) = γ(tm). As before (cf. (3.5)), we

note that

dη(J ˙µm(s), ˙µm(s)) =
1

ω(ξµm(s))
· dω(J ˙µm(s), ˙µm(s))

=
gC( ˙ν(µm)(s), ˙ν(µm)(s))

1 + (a1|γ(tm)1|2 + · · ·+ ak|γ(tm)k|2) · s2

=
|γ(tm)|2

1 + (a1|γ(tm)1|2 + · · ·+ ak|γ(tm)k|2) · s2
.

Letting A2 = min{1, a1, · · · , ak}, we have the inequality

dη(J ˙µm(s), ˙µm(s))
1

2 ≤ |γ(tm)|
A

√
1 + |γ(tm)|2 · s2

.

Calculate

dη(o, µm(1)) = inf
σ∈Cη

L(σ) ≤ L(µm) (by (3.14)),

L(µm) =

∫ 1

0

dη(J ˙µm(s), ˙µm(s))
1
2 ds

≤ |γ(tm)|
A

∫ 1

0

1√
1 + |γ(tm)|2 · s2

ds

=
1

A
log(|γ(tm)| +

√
1 + |γ(tm)|2) ≤ 1

A
log(2|γ(tm)| + 1).

(3.15)

If dη(o, µm(1))→∞ (as m→∞), then |γ(tm)|→∞ (as tm→T0). Hence the geo-

desic γ(t) = expo t · v were defined entirely on ToCn. Otherwise, {dη(o, µm(1))}
is bounded for some r > 0 so that dη(o, µm(1)) ≤ r, ∀ m. As µm(1) ∈ Bη(o, r)

which is compact, {µm(1)} has a limit point (a, z) ∈ N . As µm(1) = (0, γ(tm)),

lim
m→∞

γ(tm) = z, hence the geodesic segment γ(t) = expo t · v for 0 ≤ t < T0 can be

extended to γ(T0) = z. Therefore (Cn, ĝa) is complete. �

Remark 3.6. (Bryant [3].) The moduli of complete Bochner flat Kähler metrics

on the complex euclidean space Cn is the parameter space

{(a1, · · · , an) ∈ R
n | 0 ≤ a1 ≤ a2 ≤ · · · ≤ an}.

3.7. Case (iii). If ρ(t) = ((0, (t, 0, · · · , 0)), I), then the action on N is obtained as

ρ(t)(s, (z1 , · · · , zn)) = (s− ty1 , (t+x1 + iy1, z2, · · · , zn). Then, ξ = −y1
d

dt
+

d

dx1
so

that ω(ξ) = −2y1. By the definition, we have W = (N − S)0 = {(s, (z1, · · · , zn)) ∈
R×C

n | Imz1 = y1 < 0}. Put γθ = ((0, 0), eθ · I) ∈ R+ ⊂ NAutCR(N)(ρ(R)). Recall
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from (3) of Corollary 3.2 that γθ · ρ(t) · γ−θ = ((0, (eθ · t, 0, · · · , 0)), I). We obtain

that

NAutCR(N)(ρ(R)) = {(s, (x, z2, · · · , zn)),

(
1

B

)
} ⋊ {γθ}

=
(
R, (R,Cn−1)

)
⋊ (U(n− 1) × R

+).

Let M be the (2n− 1)-dimensional Heisenberg nilpotent Lie subgroup of N which

is defined to be the product R × Cn−1 with same group law. It follows that

NAutCR(N)(ρ(R))/ρ(R) = M ⋊ (U(n − 1) × R+). As the action of 〈γθ〉 = R+

on N satisfies that

(3.16) γθ(t, z) = (e2θ · t, eθ · z).

A calculation shows that γθ
∗ω = d(e2θ · t) + Im〈eθ · z, d(eθ · z)〉 = e2θ · ω, and so γθ

preserves S. We have that NAutCR(W)(ρ(R)) = NAutCR(N)(ρ(R)). As above note

that γθ∗ξ = eθ · ξ on W. Since η =
1

ω(ξ)
· ω on W from (1.4), it is easy to check

that

(3.17) γθ
∗η = eθ · η on W.

The map F defined by F ([s, (x1 + iy1, z)]) = (s− x1y1, (y1, z)), z = (z2 , · · · , zn) is

a diffeomorphism of W/ρ(R) onto R×Cn−1 ×R−(= M×R−). Then F induces an

action of M⋊(U(n−1)×R+) on M×R−, which can be described as: (w, z′ ∈ Cn−1)

((a, w), eθ · B) · (s, (y, z′))
= (a + e2θ · s− Im〈w, eθ · Bz′〉, (eθ · y, w + eθ · Bz′)).

(3.18)

Therefore, we can identify W/ρ(R) = M × R
− equipped with this action. If we

note (3.17), then R+ acts as homotheties of the Kähler metric ĝ, i.e. γθ
∗ĝ = eθ · ĝ,

while the subgroup H = M ⋊ U(n − 1) acts as isometries.

Remark 3.7. We donot know whether the complex structure Ĵ is a restriction of

JC to M× R−.

3.8. Similarity geometry (M ⋊ (U(n − 1) × R+),M× R−). We have a Kähler

metric ĝ on M× R−, however R+ acts as nontrivial homothetic transformations

with respect to ĝ. In this section, we seek a Riemannian metric (but not Kähler)

on M × R− invariant under the group M ⋊ (U(n − 1) × R+). First note that

(AutCR(N ),N ) contains it as a subgeometry:

γ = ((t, (0, z)), λ ·A) ∈ M ⋊ (U(n − 1) × R
+) (z ∈ C

n−1),

p = (b, (x, w)) ∈ M× R
− (x < 0, z ∈ C

n−1),
(3.19)

in which the action becomes:

γ · p = (t + λ2 · b− Im〈z, λ · Aw〉, (λ · x, z+ λ · Aw)).

There is the N ⋊ U(n)- invariant Riemannian metric g0
N = ωN · ωN + dωN (J , )

on N . Let µ : AutCR(N ) = N ⋊ (U(n) × R+)→R+ be the scale factor projection.

Then g0
N has the following dilation properties by Corollary 3.2, see also §2.1: For
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γ ∈ AutCR(N ),

(g0
N )γp(γ∗X, γ∗Y ) = µ(γ)2 · (g0

N )p(X, Y ) for X, Y ∈ Null (ωN )p.

(g0
N )γp(γ∗X, γ∗Y ) = µ(γ)4 · (g0

N )p(X, Y ) for X, Y ∈ TpR.
(3.20)

Here R = R is the center of N . Consider the restriction g = g0
N |M× R−. Then g

is an M⋊U(n−1)-invariant Riemannian metric on M×R− and g has the dilation

property as in (3.20) where NullωN replaces T (M×R−)∩ (NullωN |M×R−). As

TR is characteristic for ωN , dωN (TR, Y ) = 0 for arbitrary Y ∈ TN . If (TR)⊥ is

the orthogonal complement of TR with respect to g, we notice that

(3.21) (TR)⊥ = T (M× R
−) ∩ (NullωN |M× R

−).

As M⋊ (U(n− 1)×R+) normalizes R so that TR is invariant under M⋊ (U(n−
1) × R+). Let T (M × R−) = TR ⊕ (TR)⊥ be the decomposition with respect

to g such that X = Xf ⊕ Xb, Y = Y f ⊕ Y b ∈ T (M × R−). Then g(X, Y ) =

g(Xf , Y f ) + g(Xb, Xb). It follows from (3.20) that for γ ∈ M ⋊ (U(n − 1) × R+),

(3.22) gγp(γ∗X, γ∗Y ) = µ(γ)4 · gp(X
f , Y f ) + µ(γ)2 · gp(X

b, Y b).

In general, there is no AutCR(N )-invariant Riemannian metric on N within the

conformal class of g0
N . However, in our case, M× R− is a proper affine subspace

of N , it is possible to construct an M ⋊ (U(n − 1) × R+)-invariant Riemannian

metric on M × R− in the Carnot-Carathéodory class. Let {ψs}−1<s<∞ be the

one-parameter group on M×R− defined by ψs((t, (x, z))) = (t, ((1+s)x, z)). Then

it is easy to check that for any γ ∈ M ⋊ (U(n − 1) × R+),

(3.23) γ ◦ ψs = ψs ◦ γ (−1 < s <∞).

Denote by V the vector field induced by the one-parameter group {ψs}−1<s<∞ on

M× R−:

(3.24) Vp =
dψs(p)

ds
|s=0 = x(

d

dx1
)p for p = (t, (x, z)).

From (3.23), V is an M⋊ (U(n− 1)× R+)-invariant vector field on M×R−. The

formula (2.3) of ωN shows that ωN (Vx) = −xy1, hence ωN (Vp) = 0 on M × R−

(y1 = 0 for z1 = x + iy1 ∈ C). Noting (3.21), it follows V ∈ (TR)⊥. Let ||Vp|| =√
g(Vp, Vp). We define a Riemannian metric gC on M× R− :

(3.25) (gC)p(X, Y ) =
gp(X

f , Y f)

||Vp||4
+
gp(X

b, Y b)

||Vp||2
.

By the dilation property (3.20) and (3.22), it is easily seen that gC is an M ⋊

(U(n − 1) × R+)- invariant Riemannian metric on M × R−. By the existence of

this invariant Riemannian metric gC , we remark that M ⋊ (U(n − 1) × R+) acts

properly on M× R−.
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3.9. Case (iv). As ρ(t) = ((0, (t, 0, · · · , 0)),

(
1 0
0 Bt

)
), ρ(t)(s, (z1 , · · · , zn)) =

(s − ty1, (t + x1 + iy1 , Bt(z2, · · · , zn)). Then, ξ = −y1
d

dt
+

d

dx1
+

k+1∑

j=2

bj(xj

d

dyj

−

yj

d

dxj

). It follows that ω(ξ) = −2y1 + (b2|z2|2 + · · · + bn|zn|2) and so W =

{(s, (z1, · · · , zn)) ∈ R × C
n | 2Imz1 <

n∑

j=2

bj|zj |2}. Since Bt 6= I, note that

NAutCR(N)(ρ(R)) = CAutCR(N)(ρ(R)) by Corollary 3.2. As NAutCR(N)(ρ(R)) pre-

serves S, so does W such that NAutCR(N)(ρ(R)) = NAutCR(W)(ρ(R)). As in (ii),

the normalizer of {Bt} in U(n) coincides with U(1)×U(ℓ1, · · · , ℓm′ )×U(n− k− 1)

(ℓ1 + · · ·+ ℓm′ = k). We can deduce that

NAutCR(W)(ρ(R)) =


R,




R

0
Cn−k−1





⋊




1 0 0
0 U(ℓ1, · · · , ℓm′ ) 0
0 0 U(n− k − 1)


 .

Denote the nilpotent Lie subgroup of M to be M′ = R×Cn−k−1. As the normalizer

coincides with the centralizer, we obtain that H = CAutCR(W)(ρ(R))/ρ(R) = (M′
⋊

U(n− k − 1)) × U(ℓ1, · · · , ℓm′ ).

Suppose that b2 ≤ · · · ≤ bℓ < 0 < bℓ+1 ≤ · · · ≤ bk+1 and the remaining are zeros.

Put

b =
√
−2y1 + (bℓ+1|zℓ+1|2 + · · ·+ bk+1|zk+1|2) > 0.

For a point (s, x1 + iy1 , z2, · · · , zn) ∈ W, put

p(z2, · · · , zk+1) =
K−x1

(
√−b2z2, · · · ,

√−bℓzℓ,
√
bℓ+1zℓ+1, · · · ,

√
bk+1zk+1)

b
,

where K is the action K−x1
=




ei(−x1)·b2

. . .

ei(−x1)·bk+1


. Then we define

a map F : W→R × (Bℓ−1
C

× C
k−ℓ+1) × ((R) × C

n−k−1 × R
+) to be

F (p) = (s+ x1y1, p(z2, · · · , zk+1), x1,
(zk+2, · · · , zn)

b
,b).

Note always
−b2|z2|2 − · · ·−bℓ|zℓ|2

b2
< 1. Moreover, it is easy to check that

K−x1
(
√
bℓ+1zℓ+1, · · · ,

√
bk+1zk+1)

b
∈





B
k−ℓ+1
C

, y1 < 0

S2(k−ℓ)+1, y1 = 0

(Bk−ℓ+1
C

)c, y1 > 0

Here (Bk−ℓ+1
C

)c is the complement of the complex unit ball B
k−ℓ+1
C

. Noting that

C
k−ℓ+1 = B

k−ℓ+1
C

∪ S2(k−ℓ)+1 ∪ (Bk−ℓ+1
C

)c, it is easy to check that F is a diffeo-

morphism. By the the above action of ρ(R) on W, we define an action of R on

R × (Bℓ−1
C

× Ck−ℓ+1) × ((R) × Cn−k−1 × R+) by

t ◦ (u, (z1, w1), (v, z2, λ)) = (u, (z1, w1), (t+ v, z2, λ)).
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Noting K−(x1+t) = K−x1
· K−t, we can check that F is equivariant; F (ρ(t)p) =

t ◦ F (p), p ∈ W. Hence F induces a diffeomorphim of W/ρ(R) onto

R × (Bℓ−1
C

× C
k−ℓ+1) × (Cn−k−1 × R

+) = M′ × B
ℓ−1
C

× C
k−ℓ−1 × R

+.

We summarize the results of this section.

Theorem 3.8. Let ρ(R) be a closed subgroup isomorphic to R which fixes one point

{∞}. Then W = N − S. The Bochner flat Kähler geometry

(NAutCR(W)(ρ(R))/ρ(R),W/ρ(R), ĝ, Ĵ) consists of the following types:

(i) Similarity geometry (Cn ⋊ (U(n) × R+),Cn, gC, JC) in which R+ acts as

similarity transformations.

(ii) Intransitive Kähler geometry

(a) : (Cn−k ⋊ U(n− k)) × U(ℓ1, · · · , ℓm),Cn, ĝa, JC).

(b) : ((Cn−k ⋊ U(n − k)) × U(ℓ1, · · · , ℓm),Cn−k × B
ℓ−1
C

× Ck−ℓ+1, ĝb, JC),

where 1 ≤ m ≤ ℓ1 + · · ·+ ℓm = k ≤ n. The group acts as Kähler isometries

with cohomogeneity m.

(iii) Similarity geometry (M⋊ (U(n− 1)×R+),M×R−, ĝ, Ĵ) with homothetic

transitive group. The cohomogeneity is 1 as the group of Kähler isometries

M ⋊ U(n− 1).

(iv) Intransitive Kähler geometry

(a) : ((M′ ⋊ U(n− k − 1)) × U(ℓ1, · · · , ℓm′),M′ × Bk
C
× R+, ĝ, Ĵ).

(b) : ((M′ ⋊ U(n− k − 1)) × U(ℓ1 , · · · , ℓm′ ),M′ × B
ℓ−1
C

× Ck−ℓ+1 × R+, ĝ, Ĵ),

where 1 ≤ m′ ≤ ℓ1 + · · · + ℓm′ = k ≤ n − 1. The group acts as Kähler

isometries with cohomogeneity m′.

We have an application using the Riemannian metric gC lying in the Carnot-

Carathéodory class (cf. §3.8). First of all

Proposition 3.9. There exists no compact space form except for the complex eu-

clidean space form of case (i).

Proof. Put G = NAutCR(W)(ρ(R))/ρ(R) and Y = W/ρ(R). Note that Y is con-

tractible in each case. Suppose there exists a discrete subgroup Γ of G that acts

properly discontinuously on Y with compact quotient. Choose a torsionfree sub-

group of finite index in G by Selberg’s Lemma, we can assume Y/Γ is a compact as-

pherical manifold. It follows that the cohomological dimension ch Γ = dim Y = 2n.

On the other hand, ifK is a maximal compact subgroup of G, then the double coset

space Γ\G/K is an aspherical manifold. Since ch Γ ≤ dim G/K, the possible case is

either (i) or (iii). We prove that (iii) does not occur. Let G = M⋊(U(n−1)×R+)

in this case. Note that the subgroup S = M ⋊ R+ is a connected normal solvable

subgroup of G. Suppose that Γ is a torsionfree discrete cocompact subgroup of G.

Let q : G→U(n − 1) be the projection with kernel S. As Γ is discrete, the closure

of the identity component q(Γ)
0

is solvable in U(n − 1) by Lemma 8.24 [16]. It is

contained in Tn−1 of U(n− 1) up to conjugacy. Since q(Γ) is compact in U(n− 1),

q(Γ)
0

is of finite index in q(Γ). Hence we can find a subgroup Γ′ of finite index in Γ

such that q(Γ′) ⊂ Tn−1. On the other hand, G is a closed subgroup of AutCR(N )
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from (3.19). Let L : AutCR(N )→U(n) × R
+ be the holonomy homomorphism.

Note that

(3.26) L(Γ′) ⊂ Tn−1 × R
+.

Suppose that there exists an element γ = (x, λ · A) ∈ Γ′ such that λ is nontrivial.

Then the determinant of matrix λ · A is not 1 by action of (3.16). Since the

intersection N ∩ Γ′ is discrete in N , γ cannot preserve N ∩ Γ′ which must be

trivial. This implies that L : Γ′→L(Γ′) is an isomorphism and so Γ′ is abelian

by (3.26). Moreover, as L(γ) = λ · A has no eigenvalue 1, the same argument of

proof of Proposition 3.1 shows that γ has the unique fixed point (0, 0) ∈ N up

to conjugacy. Since Γ′ is abelian, Γ′ fixes (0, 0) by uniqueness. It follows that

Γ′ ⊂ U(n)×R+. Hence, ch Γ′ = 1, which is impossible because ch Γ′ = ch Γ = 2n.

This contradiction implies that L(Γ′) ⊂ Tn−1 ⊂ U(n−1). As Γ′ ⊂ G, this concludes

that Γ′ ⊂ M ⋊ U(n − 1). Then ch Γ′ ≤ dim(M ⋊ U(n − 1))/U(n− 1) = 2n− 1, a

contradiction again, so case (iii) cannot occur. �

Proposition 3.10. There exists no compact similarity manifold uniformizable with

respect to the geometry (M ⋊ (U(n − 1) × R+),M× R−).

Proof. Suppose that there exists a developing map dev : M̃→M × R− which is

equivariant with respect to the holonomy homomorphism ρ : π1(M)→M⋊ (U(n−
1) × R+) where M̃ is the universal covering space and π1(M) is the fundamental

group. As there is an M ⋊ (U(n − 1) × R+)-invariant Riemannian metric gC on

M× R−, dev : M̃→M× R− is a local isometry by the pullback metric. Since the

pullback metric on M̃ is invariant under π1(M) and M is compact, the pullback

metric is complete for which dev : M̃→M × R− is a covering. As M × R− is

contractible, dev is a diffeomorphism. This implies that M × R−/ρ(π1(M)) is

compact, which is impossible by Corollary 3.9.

�

3.10. Non-compact holonomy with two fixed points. WhenG is noncompact,

another possibility is that G fixes exactly two points {0,∞}. We have already seen

in the proof of Proposition 3.1 that ρ(R) stabilizes exactly two points {0,∞} if

and only if G ⊂ U(n) × R+. As N − {0}(= S2n+1 − {0,∞}) = S2n × R+, the

CR-structure on S2n × R+ is a restriction to that on N . In addition, it induces a

CR-structure on the Hopf manifold S2n × S1 .

Corollary 3.11. Suppose that G stabilizes exactly two points {0,∞}. Then, ρ(R)

is a closed subgroup isomorphic to R in U(n) × R+ = AutCR(S2n × R+) and ρ(R)

has the form ρ(t) = (At, e
t) for At ∈ Tn. Moreover, if ai1 < · · · < aim

are mutually

distinct among a1, · · · , ak and the rest of n − k are zeros, then

NAutCR(S2n×R+)(ρ(R)) = CAutCR(S2n×R+)(ρ(R)) = U(ℓ1, · · · , ℓm) × U(n− k) × R
+

where ℓ1 + · · ·+ ℓm = k.

As S2n+1 − {0,∞} = N − {0}, the CR-structure is a restriction to that on N .

As S2n+1 − {0,∞} is identified with S2n × R+, it induces a CR-structure on the

Hopf manifold S2n × S1.
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3.11. Hopf case W = S2n × R+ − S. We have the contact form on S2n × R+,

which is a restriction of the contact form ω = ωN to N −{0} = R×Cn − {0}. Let

ρ(t) = (At, e
t) be as in Corollary 3.11 where At = (eit·a1 , · · · , eit·an). The action of

ρ(R) has the form ρ(t)(θ, z) = (e2t ·θ, et ·Atz) ((θ, z) ∈ R×Cn−{0}). A calculation

shows that

ξ = 2t
d

dt
+

n∑

j=1

((xj − ajyj)
d

dxj

+ (yj + ajxj)
d

dyj

).

ω(ξ) = 2t+ (a1|z1|2 + · · ·+ an|zn|2).
(3.27)

Since t is arbitrary, we note that the singular set S 6= ∅ for which W = {(t, z) ∈
R × C

n − {0} | − 2t < a1|z1|2 + · · ·+ an|zn|2}. It is easy to check that

(3.28) ρ(t)∗ω = e2t · ω.
Then ρ(R) leaves S invariant so that NAutCR(W)(ρ(R)) = NAutCR(S2n×R+)(ρ(R)).

Suppose that a1 ≤ a2 · · · ≤ aℓ−1 < 0 < aℓ ≤ · · · ≤ ak and the remaining

n − k are all zero. Then it follows that 0 ≤ −(a1|z1|2 + · · · + aℓ−1|zℓ−1|2) <

2t+ aℓ|zℓ|2 + · · ·+ ak|zk|2. Put

(3.29) b = bt =
√

2t+ aℓ|zℓ|2 + · · ·+ ak|zk|2 > 0.

We define a diffeomorphism G from W onto (R+) × B
ℓ−1
C

× Ck−ℓ+1 × Cn−k by

setting:

G(t, z) = (b,
K− log b(

√−a1z1, · · · ,
√−aℓ−1zℓ−1,

√
aℓzℓ, · · · ,

√
akzk

b
,
zk+1, · · · , zn

b
).

Here Kθ is defined as Kθ(z1, · · · , zk) = (eiθ·a1 · z1, · · · , eiθ·ak · zk). Note that it is

always true that

−a1|z1|2 − · · · − aℓ−1|zℓ−1|2
b2

< 1.

As before we can check

K− log b(
√
aℓzℓ, · · · ,

√
akzkℓ)

b
∈





B
k−ℓ+1
C

t > 0

S2(k−ℓ)+1 t = 0

(Bk−ℓ+1
C

)c t < 0

where B
k−ℓ+1
C

∪ S2(k−ℓ)+1 ∪ (Bk−ℓ+1
C

)c = C
k−ℓ+1. Define an action of R+ on the

space (R+) × B
ℓ−1
C

× Ck−ℓ+1 × Cn−k to be

eθ ◦ (a, (w1, w2, w3)) = (eθ · a, (w1, w2, w3)),

where w1 ∈ B
ℓ−1
C

, w2 ∈ Ck−ℓ+1, w3 ∈ Cn−k. Obviously the orbit space is B
ℓ−1
C

×
Ck−ℓ+1 × Cn−k. In this case we note that

ρ(θ)(t, z) = (e2θ · t, eθ · (Kθ(z1, · · · , zk), (zk+1, · · · , zn)),

be2θ·t = eθ · bt, K− log eθ·b = K−θ ◦K− log b (cf. (3.29)).

Using these, we see that G is equivariant, G(ρ(θ)(t, z)) = eθ ◦ G(t, z). Therefore

G induces a diffeomorphism from W/ρ(R) onto B
ℓ−1
C

× Ck−ℓ+1 × Cn−k. Let c =

(a1, · · · , aℓ−1 < 0 < aℓ, · · · , ak) and put the induced Kähler metric ĝ = ĝc on W.

We have shown the following.
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Theorem 3.12. Let ρ(R) be a closed subgroup isomorphic to R which fixes two

points {0,∞}. Then W = S2n × R+ − S with S 6= ∅. The Bochner flat Kähler

geometry (NAutCR(W)(ρ(R))/ρ(R),W/ρ(R), ĝ, Ĵ) is the intransitive geometry:

(U(ℓ1, · · · , ℓm) × U(n − k),Bℓ−1
C

× C
k−ℓ+1 × C

n−k, ĝc, Ĵ).

(0 ≤ m ≤ ℓ1 + · · · + ℓm = k ≤ n). The group acts as Kähler isometries with

cohomogeneity m+ 1.

4. Classification to the compact holonomy case

When the closure G is compact, it is a compact connected abelian Lie subgroup

which is cojugate to a subgroup of the maximal torus Tn+1 of U(n+ 1) in PU(n+

1, 1). We can write

(4.1) ρ(t) = (eit·a1 , · · · , eit·an+1 )

In particular, if all ai’s are rational, ρ(R) = S1 and if one of ai’s is irrational, ρ(R) is

non-closed as usual. Note that AutCR(S2n+1−S2m−1) = P (U(m, 1)×U(n−m+1))

such that G ⊂ U(n −m+ 1) as in §1.2, §1.3. We obtain a finer classification of G

according to the fixed point set S2m−1 (m = 0, 1, · · · , n) in X = S2n+1.

Proposition 4.1. G belongs to the (n − m + 1)-dimensional torus Tn−m+1 ⊂
P (ZU(m, 1) × U(n −m+ 1)) up to conjugacy, m = 0, 1, · · · , n. (Here ZU(0, 1) =

U(0, 1) = S1 .) The element of ρ(R) has the form ρ(t) = (1, (eit·a1 , · · · , eit·an−m+1 ))

for some a1, · · · , an−m+1 ∈ R∗.

(1) When m = 0, G ⊂ Tn+1. In particular, if ρ(R) is the center ZU(n+1) = S1

(i.e. all ai are equal), then NAutCR(S2n+1)(ρ(R)) = CAutCR(S2n+1)(ρ(R)) =

U(n + 1).

(2) When m = n, ρ(R) is necessarily closed so that ρ(R) = G = P (ZU(n, 1)×
U(1)) = ZU(n, 1) = S1 in which

NAutCR(S2n+1−S2n−1)(ρ(R)) = CAutCR(S2n+1−S2n−1)(ρ(R)) = U(n, 1).

In general, if ai1 , · · · , aik
(1 ≤ i1 < · · · < ik ≤ n −m + 1) are mutually distinct

among ai’s, then

NAutCR(S2n+1−S2m−1)(ρ(R)) = CAutCR(S2n+1−S2m−1)(ρ(R))

= P (U(m, 1) × U(ℓ1, · · · , ℓk)) (ℓ1 + · · ·+ ℓk = n−m+ 1).
(4.2)

Put ω = ωS . By the formula ρ(t), it is easy to check that

(4.3) ξ =

n−m+1∑

j=1

aj(xj

d

dyj

− yj

d

dxj

) on S2n+1 − S2m−1

so that

(4.4) ω(ξ) =

n−m+1∑

j=1

aj |zj|2.



23

4.1. Hyperbolic case W = S2n+1 − S2n−1 = V 2n+1
−1 . From (2.4) recall that

ρ(R)(= ZU(n, 1)) = S1 acts freely and properly on S2n+1 − S2n−1 whose orbit

space is the complex hyperbolic space Hn
C
. In this case, the fixed point set is S2n−1

which is the subset of S2n+1 with z1 6= 0. Since ωS(ξ) = a1|z1|2 by (4.4), it follows

that ω(ξ) 6= 0. We may assume a1 > 0 so that S = ∅ and W = S2n+1 − S2n−1.

Using (2) of Proposition 4.1, we have that

Theorem 4.2. Suppose that the fixed point set of ρ(R) is S2n−1. Then the Bochner

flat Kähler geometry (H,W/ρ(R), ĝ, Ĵ) is the complex hyperbolic geometry

(PU(n, 1),Hn
C, gH, JH).

4.2. Hyperbolic-Sphere case S2n+1−S2m−1−E−S with ρ(R) = S1. In general,

S1 has the exceptional orbits E. If ρ(R) is the center S1 = P (ZU(m, 1)×ZU(n−
m + 1)), then all aj’s are equal. We may assume a1 ≥ 0 so that S = ∅. Then

W = X = S2n+1 − S2m−1. When one of aj’s is negative, (4.4) shows S 6= ∅ so that

W = S2n+1 − S2m−1 − E − S on which S1 acts freely (cf. 1.3). Noting §2.2, we

obtain that

Theorem 4.3. Suppose that the fixed point set of ρ(R) is S2m−1, m = 0, · · · , n−1.

The Bochner flat Kähler geometry (NAutCR(W)(ρ(R))/ρ(R),W/ρ(R), ĝ, Ĵ) is the

following type:

(PU(m, 1) × P (U(ℓ1) × · · · × U(ℓk)), (S2n+1 − S2m−1 −E − S)0/S1, ĝ, Ĵ).

(1 ≤ k ≤ ℓ1 + · · ·+ ℓk = n−m+ 1 ≤ n+ 1.) The group acts as Kähler isometries

with cohomogeneity k − 1. In particular, if ρ(R) is the center S1 = P (ZU(m, 1) ×
ZU(n−m+1)), then the orbit space S2n+1−S2m−1/S1 is holomorphically isometric

to the product of complex hyperbolic space and projective space Hm
C
× CPn−m, and

the above geometry becomes:

(PU(m, 1) × PU(n −m+ 1),Hm
C × CP

n−m, gH × gCP, JH × JCP).

We note that ωS(ξ) > 0 whenever 0 < a1 ≤ a2 ≤ · · · ≤ an−m+1. So W =

S2n+1 − S2m−1 − E. If we relax the domain W to be S2n+1 − S2m−1 , i.e. S1

acts properly but not necessarily freely so that the quotient is an orbifold. Let

CP
n−m(a1, · · · , an−m+1) = S2(n−m)+1/〈eit·a1 , · · · , eit·an−m+1 〉 be the weighted com-

plex projective space. We obtain the following.

Corollary 4.4. Suppose that all ai are mutually distinct positive rational numbers.

Then a compact orbifold Hm
C
/Γ × CPn−m(a1, · · · , an−m+1) admits a Bochner flat

Kähler (singular) metric.

The following is an affirmative answer to the uniqueness of Remark 4.30 [3].

Corollary 4.5. The weighted complex projective space CPn(a1, · · · , an+1) supports

a unique Bochner flat Kähler metric.

Proof. Let CP
n−m(a1, · · · , an+1) = S2n+1/〈eit·a1 , · · · , eit·an+1〉 for the action S1 =

〈eit·a1 , · · · , eit·an+1 〉. If E is the set of exceptional orbits of S1, then S1 acts freely

on S2n+1 −E such that the orbit space S2n+1 − E/S1 = CPn(a1, · · · , an+1) − E∗

topologically. Here E∗ is the image of E in CPn(a1, · · · , an+1).
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Given a Bochner flat Kähler (singular) metric on the underlying complex orbifold

CPn(a1, · · · , an+1), the contactization (locally if necessary) implies that S2n+1 −E
admits a spherical CR structure for which S1 acts freely as CR-transformations.

By Theorem 1.3 and the classification of W (§3.2, §3.11, §4.1, §4.2), the orbit space

S2n+1−E/S1 is CPn(a1, · · · , an+1)−E∗ geometrically, i.e. S2n+1/S1 is holomorphi-

cally isometric to the weighted complex projective orbifold CPn(a1, · · · , an+1). �

5. Classification of complete case

The most tractable is the case when W is complete to determine W. The classi-

fication of complete Bochner flat Kähler manifolds is completely determined by R.

Bryant [3]. We reprove this with our method.

5.1. Sasakian metric on X − S. As in Remark 1.2, we have a Riemannian met-

ric (Sasakian metric) on (X − S)0 defined by ḡ(X, Y ) = η(X) · η(Y ) + dη(J0X, Y ),

X, Y ∈ T ((X − S)0). As CAutCR(W)(ρ(R)) preserves η, CAutCR(W)(ρ(R)) is a sub-

group of isometries of ḡ|W. By the construction of ĝ,

ν : (CAutCR(W)(ρ(R)),W, ḡ)→(H,W/ρ(R), ĝ) is an equivariant Riemannian sub-

mersion. (Similarly for (W/ρ(△), ĝ).)

5.2. Another metric g′ on X. Any local CR-diffeomorphism of S2n+1 extends

to a unique global element of AutCR(S2n+1) and since W = X ⊂ S2n+1, note

that AutCR(W) ⊂ AutCR(X). If X = N , S2n+1 − S2m−1 , recall that Psh(X) =

N ⋊U(n) ⊂ AutCR(X) = N ⋊(U(n)×R+), Psh(X) = P (U(m, 1)×U(n−m+1)) =

AutCR(X) respectively, see §1.3. Since Psh(X) acts transitively onX with compact

stabilizer, we choose a homogeneous Riemannian metric g′ on X in this case. If

X = N −{0} ≈ S2n ×R+, then AutCR(X) = U(n)×R+ which acts properly on X

(but not transitive). We choose a left invariant Riemannian metric g′ on X so that

(i) CAutCR(W)(ρ(R)) ⊂ U(n) × R+ ⊂ Iso(X, g′). If X = S2n+1 − S2m−1, it follows

that (ii) CAutCR(W)(ρ(R)) ⊂ Psh(X). When X is N , by the action of U(n)×R+ ⊂
AutCR(N ) (cf. §2.1), R+ does not belong to the centralizer CAutCR(X)(ρ(R)) so

that (iii) CAutCR(W)(ρ(R)) ⊂ Psh(X).

Proposition 5.1. Let (M̃, g) be a simply connected Bochner flat Kähler manifold.

If M̃ is complete with respect to g, then the non-closed holonomy case does not

occur.

Proof. Suppose that there exists an isometric immersion D : M̃−→W/ρ(△) such

that D∗ĝ = g by Theorem 1.3. As g is complete, D : M̃−→W/ρ(△) is a covering

map and so (W/ρ(△), ĝ) is complete. Since ρ(△) acts properly on W, (W, ḡ) is also

complete. As ρ(△) cannot act properly on the entire space (X−S)0 , ∂W = W̄−W
is not empty in (X − S)0. Let x be a point of ∂W. Choose a sequence {xi} ∈ W
such that limxi = x ∈ ∂W . As ḡ is defined on (X−S)0 , the sequence {xi} becomes

Cauchy in (W, ḡ). The completeness implies that x ∈ W, a contradiction. �

Suppose thatX = N or N−{0} ≈ S2n×R+. When the holonomy ρ(R) is closed,

it acts properly and freely on X (cf. §1.3). In particular, when W is complete, the
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proof of Proposition 5.1 implies that the holonomy ρ(R) is closed. Moreover when

X = S2n+1 − S2m−1, m = 0, · · · , n, we have

Lemma 5.2. Let W = (S2n+1 − S2m−1 − E − S)0. If (W/ρ(R), ĝ) is complete,

then E = ∅, i.e. ρ(R) = S1 acts freely on S2n+1 − S2m−1.

Proof. Note that ρ(R) is closed, ρ(R) = S1. Recall from §5.1 that there is an

equivariant Riemannian submersion: (W, ḡ)
ν−→ (W/S1 , ĝ) where ḡ is defined

on (S2n+1 − S2m−1 − S)0 ⊃ W. As (W/S1 , ĝ) is complete, (W, ḡ) is also com-

plete. It follows from Proposition 4.1 that the S1-action has the form ρ(t) =

(1, eit·a1, · · · , eit·an−m+1) ∈ P (ZU(m, 1) × T (n−m+1)) for which a1, · · · , an−m+1

(m = 0, · · · , n) are all rational numbers in this case. Moreover we have from (4.4),

(4.3) that (∗) ξ =

n−m+1∑

j=1

aj(xj

d

dyj

− yj

d

dxj

) and (∗∗) ωS(ξ) =

n−m+1∑

j=1

aj|zj |2.

We can assume that all aj ∈ Z up to change of parameter. First we show that

each integer aj = ±1 after normalized. Since 2 ≤ n − m + 1 by the condition

0 ≤ m ≤ n − 1, for instance suppose that a1 (6= ±1) is distinct from one of the

rest of others aj . Then the point x = (z1, 0 · · · , 0) ∈ S2n+1 − S2m−1 belongs

to E because S1
x =

1

a1
2Z/2Z = Z/a1Z is a nontrivial cyclic group. By (∗∗),

ωS(ξ) = a1|z1|2 = a1 6= 0, hence x ∈ (S2n+1 − S2m−1 − S)0. Choose a sequence

{xi} ∈ W = (S2n+1 − S2m−1 − E − S)0 such that limxi = x. As ḡ is defined on

(S2n+1 −S2m−1 −S)0 , the sequence {xi} is Cauchy in W so that the completeness

shows that x = limxi ∈ W, and so x /∈ E, a contradiction. Therefore, all |aj|
(j = 1, · · ·n−m+ 1) are equal. Normalized, we have that aj = ±1, i.e. E = ∅. In

particular ρ(R) = S1 acts properly and freely on S2n+1 − S2m−1. �

Remark 5.3. From (∗∗), ω(ξ) > 0 on X = S2n+1−S2m−1 if and only if all aj = 1,

i.e. ρ(R) belongs to the center S1 = ZU(n−m+1) = P (ZU(m, 1)×ZU(n−m+1)).

Let X be one of the domains N , N − {0}, S2n+1 − S2m−1 or S2n+1 as before.

Corollary 5.4. If (W/ρ(R), ĝ) is complete, then ρ(R) acts freely on X.

Note that the principal bundle ρ(R)→X−→X/ρ(R) which restricts the Rie-

mannian submersion (cf. (1.3)): ρ(R)→(W, gW )
ν−→ (W/ρ(R), ĝ) where gW =

η · η + dη(J , ). We need to prove the following.

Proposition 5.5. If ĝ is complete on W/ρ(R), then X = W, that is S = ∅.

Proof. Let d̂ be the distance function induced from ĝ. For a curve σ between x and

y in W such that σ̇(t) ∈ Nullω, it follows that dη(Jσ̇(t), σ̇(t)) = gW (σ̇(t), σ̇(t)) =

ĝ(ν∗σ̇(t), ν∗σ̇(t)). We see that (cf. (3.5))

(5.1) d̂(ν(x), ν(y)) ≤ dη(x, y) (x, y ∈ W).

Let Bη(p, r) = {x ∈ W | dη(p, x) ≤ r} be the closed metric ball of radius r about

a point p in W = (X − S)0. The space X is the domain of S2n+1 with boundary

∂X (= {∅}, {∞}, {0,∞}, or S2m−1). Note that ∂X is the fixed point subset of

the group ρ(R). Take the closure Bη(p, r) of Bη(p, r) in S2n+1. Obviously it is
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compact. We show that Bη(p, r) still lies in W. By the definition, Bη(p, r) lies

outside the fixed point set ∂X 6= ∅. As ρ(R) acts freely and (properly) on X, there

exists an element ρ(t) ∈ ρ(R) which separates Bη(p, r) far from ∂X 6= ∅. In partic-

ular, ∂X ∩ ρ(t) ·Bη(p, r) = ∅. Noting that ρ(t) is a homeomorphism of S2n+1, we

conclude that ∂X ∩Bη(p, r) = ∅, i.e.Bη(p, r) ⊂ X.

Let {xi} be a sequence of points ofBη(p, r) such that lim
i→∞

xi = x ∈ Bη(p, r)\Bη(p, r).

From (5.1), d̂(ν(p), ν(xi)) ≤ r, it follows that {ν(xi)} ∈ B̂(ν(p), r), which is the

closed metric ball in W/ρ(R). If ĝ is complete on W/ρ(R), then B̂(ν(p), r) is com-

pact (cf. [21]). There is a point q̂ ∈ W/ρ(R) such that lim
i→∞

ν(xi) = q̂. Choose

q ∈ W with ν(q) = q̂. Using a local section of the above principal bundle :

ρ(R)→X
ν−→ X/ρ(R), we can find a compact subset K inX such that ν : K→ν(K)

is diffeomorphic and ν(K) is a (compact) neighborhood of q̂. For sufficiently large

i, ν(xi) ∈ ν(K). Thus there exists a sequence {ti} ∈ R such that ρ(ti) ·xi ∈ K with

lim
i→∞

ρ(ti) · xi = q. Since ρ(R) acts properly on X with lim
i→∞

xi = x, the sequence

{ρ(ti)} converges to an element ρ(t) ∈ ρ(R). Then, q = lim
i→∞

ρ(ti)·xi = ρ(t)·x. If we

note that W is invariant under ρ(R), then x ∈ W. Therefore, Bη(p, r) ⊂ Bη(p, r),

which implies that every closed metric ball of (W, dη) is compact.

Suppose that S 6= ∅. Choose a point p ∈ W and a sequence {ri} with ri < ri+1,

lim
i→∞

ri = ∞. By the above fact, each Bη(p, ri) is compact. Then f(x) =
1

ω(ξx)
has a minimum mi > 0 on Bη(p, ri). As Bη(p, ri) ⊂ Bη(p, ri+1), it follows that

mi ≥ mi+1 ≥ · · · > 0. We can assume that lim
i→∞

mi = m ≥ 0. From (3.5),

dη(Jσ̇(t), σ̇(t)) = f(σ(t)) · dω(Jσ̇(t), σ̇(t)) ≥ mi · dω(Jσ̇(t), σ̇(t)) on Bη(p, ri). By

the definition, we obtain that

(5.2) dη(p, x) ≥ mi · dω(p, x) (x ∈ Bη(p, ri)).

In particular, Bη(p, ri) ⊂ Bω(p,
ri

mi

). Noting Bη(p, ri) ⊂ W = (X − S)0 , if ri→∞,

then the boundary of Bη(p, ri) approaches to the set S, and thus the boundary of

Bω(p,
ri

mi

) also approaches to S. If we note that dω has been defined on the whole

space X, i.e. dω(p, S) <∞, then the sequence of radii { ri

mi

} converges to dω(p, S).

Then,

ri = mi ·
ri

mi

−→m · dω(p, S) <∞,

which contradicts the choice of {ri}. Therefore, if ĝ is complete, then S = ∅. �

Remark 5.6. By this proposition, the completeness imposes a restraint that

(∗) ω(ξ) > 0 on X. By Remark 5.3, the holonomy ρ(R) turns out to be the center

S1 = ZU(n−m+ 1).

Suppose that (H,W/ρ(R), ĝ, Ĵ) is complete. If ρ(R) is a closed subgroup isomor-

phic to R, then it occurs as (1) Complex euclidean geometry (Cn⋊U(n),Cn, gC, JC),

(2) Intransitive Kähler geometry (Cn−k ⋊ U(n − k)) × U(ℓ1 , · · · , ℓm),Cn, ĝa, JC),

k ≥ 1, by Theorem 3.8. For other cases of ρ(R) = R, note that S 6= ∅. If

ρ(R) = S1, it occurs as (3) Product of complex hyperbolic and projective geometry
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(PU(m, 1) × PU(n −m + 1),Hm
C
× CPn−m, gH × gCP, JH × JCP), m = 0, · · · , n by

Remark 5.3, Theorem 4.3 and Theorem 4.2. The following result was obtained by

Bryant [3]. We learned that the original proof is based on the Lie’s Third Theorem

combined with the Abreu-Guillemin formalism for toric Kähler metrics.

Theorem 5.7. The complete Bochner flat Kähler geometry (H, X/ρ(R)) consists

of the following:

(1) (Cn ⋊ U(n),Cn, gC, JC).

(2) (Cn−k ⋊ U(n− k) × U(ℓ1, · · · , ℓm),Cn, ĝa, JC), k ≥ 1.

(3) (PU(m, 1)×PU(n−m+1),Hm
C
×CPn−m, gH×gCP, JH×JCP), m = 0, · · · , n.

If M is a complete Bochner flat Kähler manifold, then M is holomorphically isomet-

ric to the orbit space of the model manifold X/ρ(R) by a discrete subgroup Γ ⊂ H
acting freely on X/ρ(R). The compact manifold is only the complex euclidean space

form Cn/Γ or the locally product space H
m
C ×

Γ
CP

n−m, m = 0, · · · , n.

Proof. By completeness and simply connectedness of Y = X/ρ(R), D : M̃→Y is a

diffeomorphism by using Theorem 1.3. Then D induces a holomorphic isometry of

M onto Y/Ψ(π1(M)) where Ψ(π1(M)) ⊂ H. The compact case for Y/Ψ(π1(M))

follows from Proposition 3.9, Theorem 4.3 and Remark 5.6. �

6. Nonclosed Holonomy group

Given a collection of Kähler manifolds {Uα,Ωα}α∈Λ on M , we have constructed

the (trivial) principal bundle (Mα, pα, Uα) of the spherical CR-manifold for each

α. As devα is an immersion, there exists a maximal open interval Iα = (−εα, εα)

of R such that

devα : Iα × Uα→devα(Iα × Uα) = ρα(Iα) · devα(Uα)

is equivariantly diffeomorphic. Let ξ be the vector field induced by the holonomy

group ρα(R) as before. Notice that ωS(ξ) > 0 on devα(Iα × Uα). Recall from

Proposition 4.1 that the (n−m+1)-torus Tn−m+1 acts properly on S2n+1−S2m−1 .

In our case, ρα(R) is not closed in Tn−m+1. For a sufficiently small open interval

△ = (−ε, ε) ⊂ Iα, the image ρα(△) is viewed as a local additive group of Tn−m+1

acting properly and freely on a neighborhood containing devα(Iα × Uα).

Definition 6.1. Let Wα be a maximal connected domain of S2n+1 − S2m−1 con-

taining devα(Iα × Uα) such that:

(1) Every local 1-parameter group ρα(△) for a small interval △ = (−ε, ε) ⊂ Iα
acts properly and freely.

(2) ωS(ξ) > 0.

For such intervals△′ ⊂ △ of Iα, note that the orbit spaces coincide; Wα/ρα(△′) =

Wα/ρα(△). The map devα induces an immersion d̂evα : Uα−→Wα/ρα(△) with the

commutative diagram:
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(6.1)

Iα × Uα
devα−−−−→ Wα

pα

y
yνα

Uα

ddevα−−−−→ Wα/ρα(△).

Fix some α and then set Wα = W, ρα(R) = ρ once for all.

Remark 6.2. In §4.2, if ρ(R) is S1, W = (S2n+1 − S2m−1 − E − S)0 is the

maximal domain with respect to that S1 acts freely and ωS(ξ) > 0. In view of the

above definition 6.1, we justify the definition of maximal domain by showing that

W and W coincide when ρ(R) = S1. Let ρ(s) ∈ ρ(R) = S1 (s ∈ R). For sufficiently

large k ∈ Z,
s

k
∈ △. If x ∈ (S2n+1 − S2m−1 − S)0, then ρ(s) · x = ρ(

s

k
)k · x =

ρ(
s

k
) · ρ( s

k
) · · · · · ρ( s

k
) · x, so that the quotients coincide:

(6.2) (S2n+1 − S2m−1 − S)0/ρ(△) = (S2n+1 − S2m−1 − S)0/ρ(R).

However we show that

Lemma 6.3. ρ(△) does not act freely on (S2n+1 − S2m−1 − S)0 whenever E 6= ∅
for the set E of exceptional orbits of S1.

Proof. Note that if ρ(△) acts freely, then the orbit space (S2n+1−S2m−1−S)0/ρ(△)

will be a smooth manifold. Suppose that E 6= ∅. Let x ∈ E so that S1
x = 〈γ〉 is a

finite cyclic subgroup. If we recall the slice theorem of compact Lie groups (cf. [2]),

then there exists a S1
x-invariant slice V in a tubular neighborhood of the orbit S1 ·x

in (S2n+1 − S2m−1 − S)0 for which 〈γ〉 acts linearly on V centered at the origin x.

Noting (6.2), let [x] ∈ (S2n+1 − S2m−1 − S)0/ρ(△) = (S2n+1 − S2m−1 − S)0/ρ(R),

so the neighborhood around the point [x] in the quotient space becomes V/〈γ〉,
which does not admit a smooth structure by the above remark of the slice theorem

at least 2n > 2. Hence ρ(△) cannot act freely on (S2n+1 − S2m−1 − S)0 . �

In particular, ρ(△) cannot act freely on the neighborhood around a point of E.

As ωS(ξ) > 0 on W , W ⊂ (S2n+1 − S2m−1 − S)0. By Definition 6.1, W is a

maximal domain on which ρ(△) acts freely, so W misses E. Hence, W ⊂ (S2n+1−
S2m−1−E−S)0. As ρ(△) acts freely on (S2n+1−S2m−1−E−S)0, by maximality,

W = (S2n+1 − S2m−1 −E − S)0.

We examine W/ρ(△). Especially we consider the case (1) of Proposition 4.1.

Let ρ(t) = (eit·a1 , · · · , eit·an+1 ) be the representation on S2n+1 from (4.1) of §4.

Suppose that ai1 , · · · , aik
(1 ≤ i1 < · · · < ik ≤ n + 1) are mutually distinct, then

NAutCR(S2n+1)(ρ(R)) = U(ℓ1) × · · · × U(ℓk), ℓ1 + · · ·+ ℓk = n + 1 (cf.Proposition

4.1). As ρ(R) is not closed in Tn+1, we may suppose that a1, · · · , ar are irrational

for some r ≤ k. Put H = U(ℓr+1) × · · · × U(ℓk) and

K = U(ℓ1) × · · · × U(ℓk) = U(ℓ1) × · · · × U(ℓr) ×H.
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Let Kp be the stabilizer at a generic point p of devα(Iα×Uα). By the slice theorem,

there exists a Kp-invariant slice V such that devα(Iα×Uα) ⊂W ⊂ K ×
Kp

V in S2n+1.

Since ZU(ℓ) = {(eit·aℓ , · · · , eit·aℓ)} is the center S1 of U(ℓ), we put PU(ℓ) = U(ℓ)/S1

as before. Let A(aj , ε) = {eit·aj | |t| < ε}. Then

ρ(Iα) ⊂ (A(a1, ε) · PU(ℓ1)) × · · · × (A(am, ε) · PU(ℓr)) ×H.

In particular, we can derive that

NAutCR(W)(ρ(△)) = (A(a1, ε) · PU(ℓ1)) × · · · × (A(ar , ε) · PU(ℓr)) ×H

W = A(a1, ε) · PU(ℓ1)) × · · · × (A(ar, ε) ·PU(ℓr)) ×H ×
Kp

V.

The similar result holds for the case that S2n+1 − S2m−1 of (2) of Proposition 4.1.

We have proved that (cf.Proposition 5.1)

Theorem 6.4. Suppose that ρ(R) is not closed in Tn−m+1 ⊂ U(n + 1), m =

0, · · · , n − 1. Then the Bochner flat Kähler geometry (H,W/ρ(△), ĝ, Ĵ) is an in-

complete local geometry consisting of

(PU(ℓ1) × · · · × PU(ℓr) ×H, PU(ℓ1) × · · · × PU(ℓr) ×H ×
Kp

V, ĝ, Ĵ),

ℓ1 + · · ·+ ℓk = n+ 1, or

(PU(m, 1) × PU(ℓ1) × · · · × PU(ℓr) ×H,

H
m
C × PU(ℓ1) × · · · × PU(ℓr) ×H ×

Kp

V ),

ℓ1 + · · ·+ ℓk = n−m+ 1.

7. Application to locally conformal Kähler manifolds

When Hermitian manifolds are taken into account in the framework of conformal

geometry, it is conceivable whether Bochner curvature tensor would be a confor-

mal invariant of a Kähler manifold among the Hermitian manifolds. But it was

not true. However, Tricerri and Vanhecke [17] have found a Bochner component

on Hermitian manifolds. The curvature tensor of this component coincides with

the original Bochner curvature tensor when a Hermitian manifold is Kähler. They

observed that the Bochner curvature tensor of this component is a conformal in-

variant on Hermitian metrics on a Hermitian manifold. Here the complex structure

is fixed. A locally conformal Kähler manifold is a Hermitian manifold (M, g, J)

whose Hermitian metric g is locally conformal to a Kähler metric. That is, the

restriction of g to each neighborhood U(x) is conformal to a Kähler metric locally

defined on U(x). As a consequence, when a Hermitian manifold is a locally con-

formal Kähler manifold, the Bochner curvature tensor of Bochner component has

the same formula as the (original) Bochner curvature tensor. A Bochner flat locally

conformal Kähler manifold is defined to be a locally conformal Kähler manifold

whose Bochner curvature tensor vanishes identically.

There is no way to find a Kähler metric within the conformal class of a locally

conformal Kähler metric, however there exists a canonical Kähler metric on the

universal covering (cf. [6]). Let (M, g) be a locally conformal Kähler metric with

fundamental 2-form Ω. By definition, Ω satisfies that dΩ = θ ∧ Ω for some closed
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1-form θ. Let M̃ be the universal covering space and p : M̃→M the covering

projection. For the lift θ̃ of θ, choose a function τ : M̃→R such that θ̃ = dτ . We

can define a 2-form Ω̄ on M̃ unique up to a constant multiple:

(7.1) Ω̄ = e−τ · p∗Ω.

Then it is easy to see that dΩ̄ = 0. The form Ω̄ (respectively ḡ(X, Y ) = Ω̄(J̄X, Y ))

is called the canonical Kähler form (respectively canonical Kähler metric) on (M̃, J̄)

where J̄ is a lift of J . If g is a Bochner flat locally conformal Kähler metric on

M , then so is its lift to M̃ . By (7.1), ḡ is a Bochner flat Kähler metric on M̃ . If

the fundamemtal group π1(M) acts as Kähler isometries of M̃ with respect to ḡ,

we observe that ḡ induces also a Kähler metric g′ on M for which g′ is globally

conformal to g by using the equality (7.1). As a consequence, a locally conformal

Kähler but not globally conformal Kähler manifold (M, g) is obtained as the orbit

space of (M̃, ḡ) by nontrivial holomorphic homothetic transformations of π1(M).

(Note that any conformal holomorphic transformation of the Kähler manifold must

be homothetic provided that dimM > 2.) Fix a simply connected Kähler man-

ifold (M̃, ḡ, J̄). Denote by Hoth(M̃, ḡ) the group of all homothetic holomorphic

transformations of M̃ . In this setup, we shall mean a locally conformal Kähler

manifold by the quotient M̃/Γ where Γ ⊂ G acting properly discontinuously and

freely. We don’t treat a specific locally conformal Kähler metric but are interested

in the conformal class of a locally conformal Kähler metric. Since there exist prop-

erly discontinuous free actions of nontrivial homothetic transformations, this fact

causes the existence of a non-Kähler class of Bochner flat locally conformal Kähler

manifolds. By a non-Kähler locally conformal Kähler manifold M we mean that

M does not admits any Kähler structure. Given a Bochner flat locally conformal

Kähler manifold (M, g), we have the simply connected Bochner flat Kähler mani-

fold (M̃, ḡ). By Theorem 1.3, there exists a holomorphically isometric immersion

D : M̃−→W/ρ(R) (or W/ρ(△)). Let G be the group of all homothetic holomorphic

transformations ofW/ρ(R) (or W/ρ(△)). Using the properties ofD of Theorem 1.3,

the analytic continuation implies that the holonomy (continuous) homomorphism

Ψ : Iso(M̃, ḡ, J̄)→H extends to a continuous homomorphism Ψ : Hoth(M̃, ḡ)→G.

(We use the same notation Ψ.)

Suppose that there exists an element h ∈ G but not an isometry of W/ρ(R) such

that h∗Ω̂ = λ·Ω̂ for some constant λ. As in the proof of Theorem 1.3 (cf. §1.6), if h :

Uα→Uβ locally, then λ · θα−h∗θβ = dχ for some smooth map χ : Uα→R. The map

h̃ : R×Uα→R×Uβ defined by h̃(t, x) = (λ · t+ χ(x), h(x)) is a CR-diffeomorphim

satisfying that h̃∗ωβ = λ · ωα. After applying the developing map, we obtain a

CR-transformation h̄ of W onto itself. From the above formula, h̄ is equivariant

with respect to the holonomy map, i.e. h̄(ρ(t)x) = ρ(λ · t)h̄(x), x ∈ W. Hence

h̄ · ρ(t) · h̄−1 = ρ(λ · t), we obtain that h̄ ∈ NAutCR(W)(ρ(R)))\CAutCR(W)(ρ(R)).

(Similarly for NAutCR(W)(ρ(△)).) Since ξ is the vector field which generates ρ(R),

note also that h∗ξ = λ · ξ. Therefore it suffices to check which Bochner flat Kähler

geometry has the nontrivial normalizer NAutCR(W)(ρ(R)) but not the centralizer.

Then it turns out that they are the cases (i), (iii) when the holonomy ρ(R) = R is

closed with one fixed point. In fact, noting (II) of Corollary 3.2, if h = ((0, 0), λ·I) ∈
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R+, then h∗gC = λ2 · gC and h∗ĝ = λ · ĝ respectively. It follows that (cf.Theorem

3.8, see §3 also.)

Theorem 7.1. Suppose that M is a non-Kähler Bochner flat locally conformal

Kähler manifold. Then it can be uniformized with respect to the geometries (i)’

(Cn ⋊ (U(n) × R+),Cn, gC, JC) or (iii)’ (M ⋊ (U(n − 1) × R+),M × R−, ĝ, Ĵ).

More precisely, there exist a holomorphically isometric immersion D : M̃−→Cn

(respectively M × R−) and a holonomy homomorphism Ψ : Hoth(M̃, ḡ)→G such

that D∗ĝ = ḡ and D ◦ γ = Ψ(γ) ◦D, ∀ γ ∈ Hoth(M̃, ḡ).

Corollary 7.2. If M is a non-Kähler Bochner flat locally conformal Kähler man-

ifold, then the canonical Kähler metric ḡ is incomplete on M̃ .

Proof. Let Y = Cn or M × R− which is contractible. If ḡ is complete, then the

immersion D : M̃−→Y is an isometry. Since Y is complete, Y must be Cn by

Proposition 5.5. Put Γ = Ψ(π1(M)) ⊂ Cn ⋊ (U(n) × R+) which acts freely on Cn.

As M is non-Kähler, there exists an element γ ∈ Γ whose R+-summand is nontrivial

and so the affine transformation γ has a fixed point in Cn, a contradiction. (See

the proof of Proposition 3.1.) �

Recall that a manifoldM uniformized with respect to the geometry (Cn⋊(U(n)×
R+),Cn) is called an affine similarity manifold. By the result of Fried [4], if M is

a compact similarity manifold, then M is diffeomorphic to the complex euclidean

space form Cn/Γ (Γ ⊂ Cn ⋊ U(n)) or a quotient of the Hopf manifold S2n−1 × S1

by a finite group F ⊂ U(n)×S1 . Here the developing image for the Hopf manifold

is Cn − {0} = S2n−1 × R+. In this case, the globally conformal Kähler metric ḡH

of the universal cover S2n−1 × R+ is obtained by the reverse procedure of (7.1):

(7.2) ḡH = et · gC.

Here et is the coordinate of R+. Then the group U(n) × R+ acts as isometries of

ḡH . Taking an infinite cyclic subgroup Z+ from U(n) × R+ such that S2n−1 ×
Z+

R
+

is diffeomorphic to the Hopf manifold S2n−1 × S1 , ḡH induces a locally conformal

Kähler metric gH on S2n−1 × S1 . We use the same metric gH on its finite quotient

of S2n−1 × S1

Corollary 7.3. Suppose that (M, g) is a compact non-Kähler Bochner flat locally

conformal Kähler manifold. Then (M, g) is holomorphically locally conformal to a

virtually Hopf manifold (S2n−1 ×
F
S1 , gH).

Proof. There are two possibilities (i)’,(iii)’ from Theorem 7.1. Case (iii)’ cannot

occur by Proposition 3.10. Let D : (M̃, ḡ)−→(Cn, gC) be a holomorphic isometric

immersion. By the result of [4], if M is compact, the developing image misses the

unique point which we may assume the origin of Cn. So the developing pair reduces

to (Ψ, D) : (π1(M), M̃)−→(U(n)×R+ ,Cn−{0}). Then D : (M̃, ḡ′)→(Cn−{0}, ḡH)

is an isometry with respect to the pullback metric ḡ′ = D∗ ḡH . As M is compact,

D induces an isometry D̂ : (M, g′)→(S2n−1 ×
F
S1, gH). Using (7.2) and ḡ = D∗gC,

ḡ′ is conformal to ḡ on M̃ . Hence g′ is locally conformal to g on M . �
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