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CLASSIFICATION OF BOCHNER FLAT KAHLER MANIFOLDS

BY HEISENBERG, SPHERICAL CR GEOMETRY

YOSHINOBU KAMISHIMA

ABSTRACT. A Bochner flat Kéhler manifold is a Kahler manifold with van-
ishing Bochner curvature tensor. We shall give a uniformization of Bochner
flat Kéhler manifolds. One of the aims of this paper is to give a correction
to the proof of our previous paper [9] concerning uniformization of Bochner
flat Kéhler manifolds. A Bochner flat locally conformal K&hler manifold is a
locally conformal Kéhler manifold with vanishing Bochner curvature tensor.
We shall apply our result to Bochner flat locally conformal Kahler manifolds.
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INTRODUCTION

In 1949, S. Bochner has introduced the curvature tensor on Kéahler manifolds,
which is now called Bochner curvature tensor. This tensor can be also derived from
the Weyl’s principle on unitary group representation theory (cf. [20], [1], [17]).
In 2000, R. Bryant [3] has exhibited miscellaneous results on Bochner flat Kéhler
metrics and determined complete Bochner flat Kéhler metrics in which there are
many complete Bochner flat Kahler manifolds but not locally homogeneous ones.
Then it turned out that our classification [9] of Bochner flat Kéahler manifolds was
wrong. In this paper we provide with more explicit models of Bochner flat Kahler
manifolds to correct our previous results and also reprove Bryant’s classification of
compelete case by our method. As an application, we shall extend our framework
into the locally conformal Kahler geometry. Our proofs are purely topological
by using the transformation groups of CR geometry (Autcr(S?"*t1), $?7+1) and
complex hyperbolic geometry (PU(n + 1,1), HEH).

1. GEOMETRIC UNIFORMIZATION

1.1. Review of Chern-Moser CR curvature tensor. When we persist the
Weyl’s conformal geometry in the strictly pseudoconvex C' R-manifolds, S. S. Chern
and J. Moser [5] have found the fourth-order curvature tensor S = (S,,55) on a
C'R-manifold N2"*! by making use of the structure equations modelled on the real
hypersurface in C**!. This C'R-invariant tensor is a conformal invariant in the
following sense: if two contact forms w, w’ represnt the same C'R structure (keeping
the complex structure J on the C'R-bundle fixed), then w’ = u - w for some positive
function u for which the Chern-Moser curvature tensor coincides S(w, J) = S(w', J).
The sphere S?"*! is a C'R-manifold viewed as a hyperquadric in C**!, whose cur-
vature tensor S vanishes identically. In fact, the complex analogue of conformal
geometry states that if the Chern-Moser curvature tensor S of a C'R-manifold N
vanishes, then N is locally C' R-equivalent to S?"*! (n > 1). In this case, N is said
to be a spherical C R-manifold.
Note that the formula of S is given by

Sapﬁ& = Raﬁp& - TL——|-2
(1.1) "

T D2

(Ro59po + Ry5900 + 9apRps + 9,5 Ras)

(9ap9ps + 9p3905)-
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Here R,j,; is the Tanaka - Webster curvature tensor. Webster [18] has observed
that S has the same formula as the Bochner curvature tensor B on a Kéahler mani-
fold. More precisely, when a C'R manifold (N, w, J) is the total space of the principal
R-bundle p : N— M over the Kéhler manifold (M, g, J) with fundamental 2-form Q
for which the Levi form satisfies that dw = p*(2, the Chern-Moser curvature tensor
is obtained by the pull-back of the Bochner curvature tensor:

(1.2) S(w,J) =p*B(Q, J).

1.2. Contactization. We start with a simply connected Kéhler manifold (M, J, g)
of real dimension 2n > 4 where J is the complex structure and g is a Kéhler metric.
Let Q2 be the fundamental two form of g. Suppose that M is a Bochner flat Kihler
manifold, i.e.the Bochner curvature tensor of g vanishes on M. We construct a
uniformization for M as in [9]. Choose a cover {Ug}aea of M such that each U,
is homeomorphic to a ball. For the local 2-form 2, = Q|U,, there is a 1-form 6,
with df, = Q, on each U,. The product M, = R x U, admits a contact form
wq = dt 4+ pkl, where p, : My—U, is the projection. If we define the complex
structure J, = p,l 0 J o pa, on the contact subbundle Nullw,, then the pseudo-
Hermitian structure (wy, Jo) gives a strictly pseudoconvex C R-structure on M, for
which the group R acts properly and freely as C R-transformations. As the Levi
form satisfies that dw, = p%Q., (1.2) shows that M, is a spherical C R-manifold.
There is the developing pair (pa,devy) : (R, My)—(PU(n 4 1,1), S*" ™) up to
composite by an element of the group of CR-transformations Autcr(S?"*1) =
PU(n + 1,1). Fix « and put dev, = dev,p, = p. Let G be the closure of the
holonomy group p(R) in PU(n + 1,1). As G is a connected abelian Lie subgroup
of the complex hyperbolic group PU(n + 1, 1), it has the fixed point subset on
the union H™ U $?"*! in which the boundary $?"*! is viewed as the one point
compactification of the Heisenberg nilpotent Lie group A; $2"T!1 = N'U{co}. (See
[10].) If G is noncompact, then it has the unique fixed point {occ}, or exactly two
fixed points {0, 00} where {0} is the origin of . If G is compact, it occurs either
no fixed point on $?"*1 (it has the unique fixed point in HZ*') or the fixed point
set is the subsphere S$2™~! up to conjugacy, m = 1, ---,n. Denote by X one of the
domains N, N — {0}, §?"+1 — §2m=1 (4;m = 0,1,---,n). Since R acts freely on M,
and dev is an immersion, p(R) has no fixed point on the image dev(M,,). It follows
that dev(M,) C X. We seek further the domain including the developing image.
Let Psh(X) be the subgroup consisting of pseudo-Hermitian transformations of the
group of all CR transformations Autcr(X). Choose the canonical contact form wg
on X which is invariant under Psh(X). (See § 2.) If Jy is the complex structure
to X from the resriction of the spherical CR-structure of S?"*! then (wq, Jo)
represents the spherical C R-structure (Nullwg, Jo) on X. By the definition of C'R-
immersion, there exists a positive function u on M, such that dev* wg = u - wy
and dev,oJ, = Jp odev, on Nullw,. Let & be the vector field induced by the
1-parameter group p(R) on X. Similarly d/dt denotes the vector field induced by
R so that ws(d/dt) = 1. As the developing map is equivariant, £ = dev.(d/dt)
and so wo(§) = u > 0. This imposes a restriction on the developing image. If



4

S = {p € X| wo(&) = 0} is the singular subset of X, then dev(M,) C (X — S)°
which is the connected component of the complement X — S.

1.3. Closed holonomy case. Suppose that p(R) is closed in PU(n +1,1). Then,
p(R) = R or S'. If p(R) = R, then either p(R) C Psh(N) = N x U(n) or
p(R) C Autcr(N — {0}) = U(n) x Rt according to whether the fixed point set on
S§?n+1 s {oo} or {0, 00}. In particular, p(R) acts properly and freely on X = A or
X = N — {0} respectively. When p(R) = S', it does not necessarily act freely on
X = S+l _g2m=1 (g = 0,1,---,n) where Autcr(S?"t1—-82"~1) = P(U(m, 1) x
U(n —m + 1)) such that p(R) = S* C U(n —m + 1) (see [9]). Let E be the set of
all exceptional orbits of p(R) = S on X, see [2] for the definition. Consider the
Sl-action on the image dev(M,) = S*-dev(U,). For p € dev(U,), the slice theorem
of compact Lie group actions [2] shows that there exists a slice V' C dev(Uy,) such

that the equivariant tubular neighborhood of the orbit at p has the form S* X V.
s

p

Choose U C U, such that dev : U—V is a diffecomorphism. Then Rx I 4% g1 x 174
Sp
is a covering map. Since the stabilizer S} is a finite cyclic group, p~'(S}) is an
infinite cyclic subgroup of R. So dev induces an S'-equivariant diffeomorphism
from R x U/p~'(S}) = S x U onto S* x V. Hence S} = {1}, i.e. 5* acts freely on

Sp

dev(M,). This shows that dev(M,) C (X — S — E)°.

1.4. Non-closed holonomy case. Suppose that p(R) is not closed in PU(n+1, 1).
Then p(R) does not act properly on X. Since dev is an immersion, there exists a
maximal open interval A = (—¢, €) of R such that dev : A x U,—dev(A x Uy,) =
p(A)-dev(Uy,) is equivariantly diffeomorphic. In particular, p(A) acts properly and
freely on dev(A x U, ). Choose a maximal domain W in X containing dev(A x U,)
such that p(A) acts properly and freely.

1.5. Bochner flat Kihler Model. Put W = (X — S), W= (X -S - E)? or
W = W for the closed (respectively non-closed) case. Then dev(M,) C W (respec-
tively dev(A x U,) C W) from §1.3,1.4. Since p(R) (respectively p(A)) acts prop-
erly and freely on W, dev induces an immersion dev on the orbit space; dE(Ua) C
W/p(R) (respectively dE(Ua) CW/A). Let Caue o) (p(R)) be the centralizer of
p(R) in Autcr(VW) and denote its quotient group by H = Caue, o) (P(R))/p(R).
Similarly H is defined to be Cautenom)(p(D))/p(A) for W/p(A). As 'H acts on
W/p(R), the projection v : W—W/p(R) (respectively W/p(A)) induces an equi-
variant principal bundle:

(1.3) P(R)=(Cautcrnow) (P(R)), W) == (H,W/p(R))

(respectively local principal bundle for (H,W/p(A))). We construct a Bochner
flat Kéhler metric on W/p(R) for which H acts as Kéhler transformations. As
wo(€) > 0 on W, define a 1-form 1 on W to be:

(1.4) n(Z) = ~wo(Z2) (Y ZeTWw).

1
wo(§)
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By the definition, every element h € Autcr(W) satisfies that h*wy = u-wq for some

w>0on W. If h € Cauepnom (p(R)), then hu€ = € and so (h*n)(Ze) = —— -
1 wo(€na)
(h*'w)(Zy) = ———— - (u-wo(Zs)) = 1(Zy). The group Cayee,w)(p(R)) pre-
u - wo(&x)

serves 7. In particular, £Len = 0. Obviously 7(§) = 1 so that dien = 0. By the
formula Len = tedn + dien, it follows that

(1.5) tedn =0, that is £ is the characteristic vector (Reeb) field for 7.

As v, : Nulln—=T(W/p(R)) is isomorphic at each point of W, using Jp on Nulln =
Nullwg, the complex structure J on W/p(R) is defined to be Jov, = v,0Jy. Noting
(1.5), we can define a two form € on W/p(R) by

(1.6) v*Q=dn onW.

Then d) = 0 and Q is J-invariant because dn is Jo-invariant. Since dn is pos-
itive definite (i.e.strictly pseudo-convex), setting §(X,Y) = QJX,Y) (X,Y €
T(W/p(R)), we obtain a Kihler metric § on (W/p(R),J) with fundamental form
Q. As (Nullp, Jy) is a spherical CR-structure with (1.6), the Bochner curvature
tensor of § vanishes by (1.2). Since each element of Cp i ) (p(R)) preserves n
and commutes with Jy, H acts as holomorphic isometries of § on W/p(R). There-
fore we obtain the model Bochner flat Kéhler structure (H, W/p(R), §,.J). Similary
for (H,W/p(A), g, J).

Remark 1.1. Our Bochner flat Kdihler model is obtained from W = (X —9)%, (X —
S —E)? or W =W according to whether p(R) is closed or non-closed. Note that
X and S are determined by the holonomy p(R). In general the Kdhler structure
varies when p(R) does. But the isomorphism classes of Bochner flat Kdhler models
are uniquely determined by the conjugacy classes of their holonomy groups. See
Proposition 1.4.

Remark 1.2. If we note that wo(€) > 0 on (X — S)°, we can define the above
contact form n on (X —S)°. When p(R) acts properly on (X — S)°, the quotient
space (X — S)°/p(R) is an orbifold in general. By the same argument as in §1.5,
we obtain a Bochner flat singular Kdhler metric g* on the complex orbifold ((X —
8)°/p(R), J*).

1.6. Construction of charts and Geometric uniformization. Fix « and sup-
pose that U, NUg # 0 for 3 # a. As dbg = Qp = Q|Us, d(03—0,) =0 on U, NUs.
We may assume that U, N Upg is contractible (shrinking small on each component
if necessary). There is a smooth map x : Uy N Us—R such that 63 — 6, = dx.
Then the map f : R x U, N Ug—R x U, N Ug defined by f(t,z) = (t + x(x), z)
satisfies that f*w, = wg, fioJg = Jo o fu and fi(d/dt) = d/dt. Hence f is a
pseudo-Hermitian diffeomorphim between (wg, Jg) and (wa, Jo) which implies that
the developing pairs (pg, dev) and (pa, devq o f) represent the same CR-structure
(Nullwg, Jg). By definition of the equivalence, there exists gog € PU(n+1,1) such
that gog o devg = dev, o f on R x U, N Ug. Since the developing map is equivari-
ant, it follows that p(t)(= pa(t)) = gas - ps(t) - gap™ ', t € R. If we replace devg
by dévﬁ = gag © devg, the holonomy map of déVﬂ changes into p. Perform this
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alternation to each developing pair (p,,devy) (v # a, 8) one after another. Then
we obtain a collection of charts {M,,dev,}, e satisfying that dev,(M,) C W,
de~vfyw0 = i, - w, for some positive function @, and that dev., o J, = Jy o dev.,
on Nullw,. As w,(d/dt) = 1, note that i\ (z) = wo(§ysy,(5))- Then (1.4) im-
plies that (i) de~vf;77 = w,. Moreover, since dev.,(t,z) = p(t) - dev,(z), passing to
the quotient for each «y, there is an immersion (ii) dE,Y : Uy—=W/p(R). When
U,NUs # 0, it follows as above that g5 odevs = dev, o f for some f’ and s, and
s0 p(t) = Gys - p(t) .g;sl. Hence §v5 € Cauternow)(p(R)) which induces an element
Gap € H. Noting that f' : R x U, N Us—R x U, N Us induces the identity map
on the quotient, it follows that (iii) g.s o d@g = d@v on U, N Us. With these
(ii), (iii), the collection of charts {U,, d/e\v,,},,e A gives rise to a uniformization of
M with respect to the geometry (H,W/p(R)). The same is true for (H, W/p(L)).

We now state a geometric uniformization. This is a correction of Theorem A [9)].
Denote by Iso(M, g, J) the group of holomorphic isometries of a Kéhler manifold
(M, g).

Theorem 1.3 (Geometric uniformization). Let M be a simply connected Bochner
flat Kdahler manifold of dimension 2n > 4. Then M is geometrically uniformized

with respect to the Bochner flat Kahler geometry (H,W/p(R), g,J) (respectively
(H,W/p(D), §,J) according as p(R) is closed or non-closed. More precisely, there
exist a holomorphically isometric immersion D : M—W/p(R) (or W/p(A)) and
a holonomy homomorphism ¥ : ISO(M, g, J)—H such that D*§ = g, DyoJ = JoD,
and U(y) oD =Do~, Vv elso(M,g,J).

Proof. By the usual monodromy argument, a uniformization {U,, d/e\v,,},,e A pro-
duces an immersion D : M—W/p(R) (respectively W/p(A)) such that D|U, =
dev,. Using (i) and (1.6), it follows that dw, = (v o dev,)*Q = pZ o dev. Q. As
P32y = dw,, we have d@;fl = Q, = QU, and so D*Q = Q on M (respec-
tively D*g = g). Recall the commutativity that dév,y* oJy = Jpo dév,,* and
vodevy = d@a 0 Po, then the complex structures induce the equality d@w oJ =
Jo d@w which shows also D, oJ = Jo D,. When h € Iso(M,g, J), we may
suppose h : U,—Ug locally for some a, 3. Then the equality h*€) = Q implies that
d(8, — h*03) = 0. Thers is a smooth map x : U,—R such that 6, — h*0g = dx as
before. The map f' : R x Uy,—R x Ug defined by f'(t,z) = (t + x(z), h(z)) is a
pseudo-Hermitian diffeomorphim whose orbit map is h. Then the same argument
as in §1.6 shows that there exists a unique global element W(h) € Ca . 2o (p(R))
(respectively Cauten(w)(p(A))) such that U(h) odev, = devgo f. As W(h) in-
duces an element ¥(h) € H, passing to the quotient, the commutativity shows
W(h)oD = Doh. By uniqueness, ¥ is a homomorphism of Iso(M, g, J) into H. [

Proposition 1.4. Among those Bochner flat Kihler models (H, W/p(R),§,J),
they are isometric if and only if the corresponding holonomy groups are conjugate
in PU(n + 1,1). (Similarly for (H,W/p(1), g, J)).

Proof. Suppose that two Kéhler manifolds Wi /p1(R), g1), (Wa/p2(R), §2) are (lo-
cally) holomorphically isometric. By the same argument as in the proof of Theorem
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1.3, a (local) holomorphic isometry h between Wi /p1(R) and Wa/p2(R) induces
a (local) pseudo-Hermitian diffeomorphim f between devi(R x U;) (C W) and
deva(R x Usz) (C Wh). From the construction of f of the above proof, note that f’
is equivariant with respect to R-action and also dev; is p;(R)-equivariant; dev;(tx) =
pi(t)dev;(z), i = 1,2. This implies that f is equivariant, f(p1(t)p) = p2(t)f(p).
On the other hand, as W; and W, are CR-isomorphic by f , our construction
implies that W; = W,. Since W is a domain of S?"*! f extends to a global
C R-transformation of S?"*1. Hence f € PU(n+1,1) such that fp;(t)f~! = pa(t),
t € R. Conversely, the equality fop; o f~! = ps for some f € PU(n + 1, 1) induces
an isometry f : Wy /p1(R)—Ws,/pa(R). The same is true for W/p(A). O

2. REVIEW OF STANDARD CONTACT STRUCTURES wg ON X

2.1. Heisenberg CR-geometry. The Heisenberg nilpotent Lie group N is the
product R x C™ with group law:

(2.1) (a,2) - (byw) = (a+b—Im(z,w), z+ w),
where Im(z, w) is the imaginary part of the Hermitian inner product on C"
(z,w) =Z1 w1+ Zo - wa + -+ Zpp - W

It is easy to see that A is 2-step nilpotent, i.e.the commutator [N, N] = R. Put
R = R which is the central subgroup of N/. Let Autcr(N) be the subgroup of CR
transformations preserving A'. Then, Autcr(N) = N x (U(n) x RT) whose action
on N (=R x C") is defined (cf. [10], [7]):

(2.2) ((a,2), A= A) - (b,w) = (a+ A2 -b—TIm(z,\- A-w),z+ XA w).

On the other hand, the contact form wy on N is described as follows. Put
wo = wpr. If (¢, (21, , 2n)) is the coordinate of N' =R x C", then

(2.3) wy =dt+ Z(xjdyj —y;dz;) = dt + Im(z, dz).

j=1

The group of pseudo-Hermitian transformations Psh(N) is N’ x U(n) which is the
subgroup of Autcr(N). Then wys is Psh(N)-invariant. For this, if y = ((a, w), 4) €
N % U(n), then ((a,w), A) - (t,2) = (a+t — Im(w, Az), w + Az), and so Y 'wy =
dt — dIm{w, Az) + Im(w + Az, d(w + Az)). Since dlm{w, Az) = Im{w,dAz), it is
easy to see that Y'wx = dt + Im(z,dz) = wyr. In general, if h € Autcr(N), then
there exists a positive function u on A such that h*wxy = u - wp. Moreover, by
definition, h is holomorphic (Cauchy-Riemann) on Nullwar. Hence, every element
h of Autcr(N) preserves the C R-structure (Nullwyy, Jo) on N (cf. §1.2). Note that
by the (trivial) fibration R—N £, C", P, maps Nullwys isomorphically onto TC™
at each point. Then the complex structure Jy on Nullwys is obtained from the
standard complex structure Jc on C™ by the commutativity Jc o P, = Py o J.
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2.2. CR-structure on S27~1 — §2m—1 et 52+l — §2m—1 he the sphere com-
plement for m = 0,1,---,n. (S™* = @ for m = 0.) The contact form wy = ws
on §2n*1 — §2m=1 i5 obtained as follows. First recall that V"™ is the (2m + 1)-
dimensional Lorentz standard space form of constant sectional curvature —1 with
transitive unitary Lorentz group U(m,1) (cf. [13], [10]). The center ZU(m,1) of
U(m, 1) is S*. Then V! is the total space of the principal S*-bundle over the
complex hyperbolic space:

(2.4) ZU(m, 1)—=VEH —HE.

Denote by wy the connection form of the above principal bundle. Then it is a
contact form on V"1, If ZU(n —m + 1) is the center S* of the unitary compact
group U(n —m + 1), then there is the Hopf bundle:

ZU(n —m+ 1)—S>n—m+__cpr—m,

As usual, the standard contact form on S2(*~")+1 ig defined to be
n—m+1

(2.5) ws = Z (xjdy; — y;dz;) (2 = Tk + iYk)-

j=1

Denote by S* = Z(U(m, 1) x U(n — m + 1)) the subgroup of the torus 7? =
ZU(m, 1) x ZU(n —m + 1). We put

T!' = P(ZU(m,1) x ZU(n —m + 1)) = T?/S".
There is the following principal circle bundle:
(2.6) T' PVl x §An=m)+1y Y, gm x CPr.
Then the sphere complement is realized as
Sl — g2l — p(VEPTh x gRnmmE),

(Compare [10].) Since the product wy X ws is invariant under the torus 72, the
subgroup S! induces a T'-invariant contact form wy x wg on §?" 1 — §2m+1 which
satisfies d(wy X ws) = v*(Qu x Qcp). By our definition, this is the desired contact
form:

—

(2.7) Wws = Wl X ws-

3. CLASSIFICATION TO THE NONCOMPACT HOLONOMY p(R)

We first determine the holonomy image p(R) in PU(n + 1,1). Let G be the
closure of the holonomy group p(R) in PU(n + 1,1) as in §1.2.

3.1. Non-compact holonomy with one fixed point.

Proposition 3.1. Suppose that G is a noncompact group which fixes the unique
point {oo} in S +3. Then G is contained in Psh(N) = N x U(n) up to conjugacy.
Moreover, the holonomy p(R) is a closed noncompact subgroup isomorphic to R,
i.e. G = p(R) = R in which p(R) has the form p(t) = (t,t - v, Ay) for some v €
Cr, Ay eT™.
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Proof. Since G is a noncompact connected abelian Lie group, it is contained in
Autcr(N) = N x (U(n) x RT) up to conjugay. Let L : Aut(N) = N x (U(n) x
RT)— Simg (C") = C" x (U(n) x RT) be the projection with kernel R. We show
that p(R) has no RT-summand. Suppose that Lop(R) has a nontrivial RT-summand
in Simc(C™). We write such an element Lo p(t) as

Lo p(t) = (xt, )\t . At) for some )\t 7é 1 (t 7é 0)

It is able to conjugate the holonomy group by an element of PU(n+1, 1) because the
C R-developing pair is unique up to the composite by any element of PU(n + 1, 1).
As A\ # 1 and A; € U(n), the matrix A\; - A; has no eigenvalue 1. Fix some ty so
that the affine transformation L o p(tp) has a unique fixed point zy in C™. Then
2o is also the unique fixed point for all L o p(t) because {L o p(t)}+er is abelian.
Conjugate L o p(t) by the translation —zg € C", we can assume that L o p(t) has a
fixed point at the origin of C™; Lo p(t) = (0, A\t - A;). Hence, Lo p(R) C U(n) x RT,
which implies that p(R) C R x (U(n) x RT). We may write p(t) = ((at,0), At - A¢).

For tg, let by = _atgl and put (bg,0) € R x C™ = N. Noting the action (2.2), it is

)\2
easy to see that pt(gto)(bo, 0) = (bo,0). Since (b, 0) is the unique fixed point of p(to),
so is (bo,0) for all {p(t)}+er as above. Again conjugate p(t) by the translation
element (—bp,0) € N, so p(t) has the fixed point (0,0) € N. This implies that
p(R) C U(n) x RT. However the subgroup U(n) x RT of Autcr(N) fixes exactly
two points {0, 0o}, so this is not our case. (Compare §3.10.) We conclude that p(R)
has no RT-summand.

Suppose that p(R) C N x U(n). Fort € R, let Lo p(t) = (x4, A¢). Then the
map t—A; is a homomorphism of R into an abelian subgroup of U(n). The closure
of the image {A;}+er lies in the maximal torus 7" of U(n) up to conjugacy. It has
the form:

e’it~a1
A =
eit~an
We may assume that a1 = -+ = ar = 0,a541 < -+ < a, (0 < k) such that
Ay = (1,--- 1, % %+1 ... @) The matrix A} = (e’*+1 ... %) has no

eigenvalue 1. If the translation x; is not zero, then we conjugate L o p(t) by some
translation element as above to make the corresponding translation part vanish. It
follows that z; = (xf, -, 25, 0,---,0) € C" which is fixed by all {4;}. Then the
map t — x; is a homomorphism of R into C™ (this is obvious for A; = I). We
choose a vector v € C™ so that x; =t - v and so A¢(v) =v. (v =0 when z; = 0.)
As a consequence, we obtain that p(t) = (p1(t),t-v, Ay) for some p1(¢) € R (t € R).
Using (2.1), calculate

plt+s) = p(t)-p(s)

= (p1(t) + p1(s) —Im{tv, Ay(s-v)),t- v+ Ai(s - v), A Ag)

= (p(t) + pa(s), (t + s)v, Arss)
-

where Im(tv, A (s - v)) = ts - Im(v, A¢(v)) = ts - Im{v,v) = 0. Thus p1(t + s) =
p1(t) + p1(s); p1 : R—R is a nontrivial homomorphism. Normalize p; to write
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p(t) = (t,t-v, Ar) € N x U(n) for which Ayv =v, V¢ € R. In particular, p(R) is a
closed subgroup isomorphic to R. O

Denote by Naug., ) (p(R)) the normalizer of p(R) in Autcr(N) as well as the
centralizer Cayee ) (P(R)).
Corollary 3.2. (I) p(t) can be reduced to the following form:

() A =1 v=0, p(t) = ((£,0),1), i p(R) =R. |

(i) A #1L,v=0, p(t) = ((¢,0), At) ERXT™, Ay = (ett'ar ... eitan),

(i) A =1, v £0, p(t) = (0, (t,0, - ,0),1) € RL.

(iV) At 7é L v 7é 0) p(t) = (0,(t,0,"',0),( ! B >) € ]Rl X Tn_l (Bt =

¢
(eit.an e aeit.bn)? b € ]R)
(IT) (1) If A¢ # L, then Nausor(v) (P(R)) = Cautepnv) (p(R)) C Psh(N).

(2) In case (i), Nauterv) (p(R)) =N % (U(n) x RT) and the action of an element
h=((a,2),n-C) €N x (Un)xR") on R is given by
hep(t) - b=t = p(p? - t) = ((u* - 1,0), D).

(3) In case (iii), the action of h = ((a, z), t- B) € Nautorv) (p(R)) on R satisfies
that

1
0
Proof. The first two cases are obvious. Put e = . in C™. Suppose that v # 0.
0
Choose B € U(n) such that Be = ﬁ We put f = ((0, ﬁ “e), ||v||71BY).
v v

Then f is an element of Autcgr(N) = N x U(n) x RT. As before conjugate p(R)
by f. Then a calculation shows that f- p(t) - f~' = ((0,t-¢e), B~ - A; - B). Since

Av = v, we have B™1- A, - B-te = te. So we can write B~ - A4;-B = ( 1 B >
t

for some element B; € T"~!. According as A; = I or A; # I, we can reduce to case
(iii) or case (iv).

For (II), if h = ((a,2), - C) is an element of Ny, A (p(R)), by the action
(2.2), it follows that k- p(t) - h™ = p(\y, - t) for some A, € R*. Using this equality,
we have Ay,.+ = A;. Since t — A; is a homomorphism, if A; # I, then A\, = 1.
This implies that Ny, ,(x)(P(R)) = Cauternx)(p(R)), proving (1).

For (2), if p(t) = ((t,0),I) € R then we know that the action of U(n) x RT on
N satsifies that h - (t,0,1)- h~' = (u? - ¢,0,1). Finally, suppose that A, = I and
v # 0. The above equality h - p(t) - h=t = p(\, - t) shows that u - Ctv = Ay, - tv. As
wet|Cvl = p - tlv] = Ay - tv|, we have pu = Ap,. This shows (3). O

3.2. Heisenberg case W = N — S. According to the cases (i) — (iv) of Corol-
lary 3.2, we examine the Bochner flat Kihler structure (H, W/p(R), g, J) for the
Heisenberg Lie group A. Let S be the singular subset in N consisting of the
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points p, wa(§p) = 0. Recall that W = (N — 5)°. Put wy(= wp) = w. Let
p(t) = ((t,0), A;) be the form of (i),(ii) (A; = I, A; # I respectively). It acts on N
as p(t)(s,z) = (t + s, A¢z). Then the vector field £ induced by p(R) is described:

k
d d d
= & +JE:1 aj(xjd—yj —yj%j) on MN.

Using (2.3), it follows that
(3.1) w(€) =1+ (ar]ar]® + - + anlal).

Let p(t) = ((0,(£0,---,0)), ( é B(j )) for (iii),(iv) (Bi = L B, # T respec-

tively). Noting (2.2), we have p(t)(s, z) = (s — ty1, (t + 1 + 151, Be(22, -+, 2n)))-
A calculation shows

d
§= yldt +Zb xad yj%).

w(é) = —2y1 + (b2|22|2 + - 4 byl 2n)?).

(3.2)

3.3. Case (i). If p(R) is the center R of N, then w({) = 1 and the principal
2n

bundle (1.3) turns canonical one: R—N £, €" for which dw = 2P*(Z dx; ANdy;)
j=1
is the lift of the standard Ké&hler form of C™. Therefore, the Bochner flat Kéahler

manifold (NV/p(R), §, J) is the standard complex euclidean space (C", g, J¢). Since

Nauter) (P(R)) = ./\/ X (U(n) x RT), it follows that Nayee ) (P(R))/p(R) =
C" x (U(n) x R*).

3.4. Case (ii). From (3.1), we see that w(§) > 0 on AV if and only if all a; > 0. In
general, S # () so that W = {(s,2) € RxC" | =1 < ay|z1]*+aa|z2|*+- - +ar|z|*} C
N. Since the complex structure J of A'/p(R) is induced from Jy of the contact
subbundle Nullw on A by the projection v : N—N/p(R), W/p(R), J) is a complex
domain of (A/p(R), J). We note that

Proposition 3.3. The orbit space (N'/p(R), J) is biholomorphic to (C", J¢).

Proof. Recall from §2.1 that if P : N—C" is the projection, then the complex
structure Jy on Nullw satisfies that Jg o P, = P, o Jy. Let f : C"—N/p(R) be
the map defined by

(33) f((zla" ) Z|ZJ| /2 —1 Zla ,Zn)))

Then f is holomorphic, i.e. f, o Jo = Jo f«. For this, it is easy to check that
the subbundle Nullw is generated by the vector fields {v;,w;, j=1,---,n|v; =

d d d d
— . —} N h —tri—) =
(x +yj)dt+yj iz, dej} ote that Jc(y; o +x; dxj)

Yidy, T dr,

+xj(—=—). By the definition as above, Jy satisfies that Jov; = w;, Jow; =

Yz, dzx; @
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—v;. If f: C"N is defined by f((z1,---, Z|ZJ| /2, —(21,+ y 2n)),

then it follows that f, (yjdi + xjdi) = wy, f*(yjdi — xjﬁ) = —v;. Hence,

f* maps TC" 1somorph1ca11y onto Nullw batlbfymg that f* oJoc =dJyo f* Since

the complex structure J satisfies that v, o Jy = J o v,, the equality vo f = f :
C"—N/p(R) implies that f, o Jec = J o f,. O

From this, W/p(R) is an open subset of C". Suppose that among a;’s of A,
a1 < - <ap_1 <0<ay <---<ag and the remaining n — k are all zero. Put

b= \/1 + (aglz1]2 4+ - - - + ag|2k]?).

We arrange the point (s, (21, +,2n)) € W as (z,21, -+, 2¢-1,y). Here x =
(8, Zks1, 5 2n) €E Rx C"F gy = (20,--+,2,) € CF=*+1. Then W is diffeomor-
phic to (R) x C"~* x B& ! x CF~#*+1 by the correspondence

(33,2’1, e azf—lay) = (33, vV —aig - Zl/ba sy T Oe—1 Ze—l/bay)'

Hence, W/p(R) is biholomorphic to C* % x B& ' x CF~**+1 as a domain of C".

We examine the normalizer N i) (P(R)) of (ii) 5 p(t) = (£,0,A;). Since
Ay # 1, it follows from Corollary 3.2 that Nyt ) (P(R)) = Cauterv)(p(R)) C
Psh(N). Then any element € Ny n)(p(R)) satisfies that h.§ = & and
h*w = w. And so Npyio,\) (p(R)) leaves invariant S # ), which implies that
Naute s (P(R)) = Naute vy (p(R)). Among a;’s of Ay, j =1,---, k, we assume
further that ¢; 4 --- + ¢, = k and each ¢; is the number of the same diagonal
component ag; (cf.§3.6). Since {A;} belongs to the maximal torus 7 in U(n), the
normalizer of {A;} in U(n) is U(¢y) X -+ x U(fy,) x U(n — k). Put

(3.4) Ulr, - ) = U(6) % - x U(l).

(For example, if a1, - - - , az are mutually distinct, then U(1,---, k) = T*.) By the
formula of Ay, it follows that {z € C" | A; - z = 2z} = 0 x C"*. From these, the
centralizer becomes

Cannenin 08 = (R (gl ) ) (Vg 0

Here the product (R,C"*) is the nilpotent Lie subgroup of A/. Therefore the
quotient subgroup is isomorphic to the following Lie group:

Cautorn) (PR))/p(R) = C"F x Uln — k) x Ulr, -+, £).

Putting b = (a1,---,a¢-1 <0 < ay,---,a) and § = gy, we obtain the Bochner
flat Kihler metric g, on W/p(R) = C*~* x ]E%f:_l x Ck—t+1,

Remark 3.4. As is noted in the beginning, S = 0, i.e. W = N if and only if
0<a <---<ay. Ithas been shown by Bryant [3] that g, with all nonnegative
numbers a; are complete metrics on C". We shall reprove this in §3.6. Note that
our new Kdhler metric gy on C" is obtained by deforming w = wy ton = u-w

1
where u = ——=. In comparison with n under this change n = u - w,

w(§)
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(x) the effect on the original contact form w is to produce a Hermitian metric g,
on C™ which is a globally conformal Kdahler metric, i.e.gy = U - g.,.

3.5. Carnot-Carathéodory metric and completeness. As usual w = wy is a
contact form on a C R-manifold X which represents a C' R-structure Null w. Let o be

a sectionally smooth curve between p and ¢ in X satisfying that ¢(t) € (Nullw)q ()
1

a.e.. Then the length is defined as L(c) = / dw(Jo(t), c'r(t))%dt. Let C,, be the
0
set of all such curves ¢ joining p and ¢q. Set

” = inf L(o).
do(p,q) = inf L(o)
Since Nullw satisfies that [Nullw, Nullw|®Nullw = TX, d,(p, ¢) is defined and finite
on X, i.e. any point ¢ sufficiently close to a point p can be joined by a curve o with

o(t) € Nullw. (Compare [14].) The metric d,, is called the Carnot-Carathéodory

1
distance on X associated to w. Letting f(z) = ———, recall from (1.4) that n(Z) =

w(&s)
f-w(Z) (Z € T(W)). For X,Y € Nully(= Nullw) at € W, we have

(3.5) dn(X,Y) = f(z) - dw(X,Y) on W.

3.6. Complete Kihler metrics on C" after Bryant. As in (ii), let p(t) =

((t,0), A;) with A; = (e, .-, "), For real numbers ay, - - - , a,, suppose that
a;’s consist of m-distinct numbers a;,, - -, a;,, such that
3 6 £, —times £y —times
. —— ——N—
GO (o) = @ Tam s an), (G b = E),

The rest of a;’s are all zero.

Proposition 3.5. Suppose that 0 < a1 < ag--- < ap (1 <m <k <n) and m
is a number satisfying (3.6). Put a = (a1, ,ax,0,---,0). Then g, is complete
on C" = N/p(R). Moreover, the cohomogeneity of g, on C™ is m. The group of
isometris Iso(C", §q) = (C"* x U(n —k)) x U(ly) x --- x U(£,,) has the principal
orbit of dimension 2n — m at least.

Proof. Denote by o = (0,0,---,0) the origin of N. Let B"(o,7) be the closed

metric ball {x € N | d,(0,z) < r} of N. If B"(o,r) is the closure of B"(o,r) in
N U{oo} = 8§21 then B"(o,r) is compact. We prove that B"(o,r) = B"(o,r). It
is valid when B"(o, r) misses the point at infinity {oco}. If {co0} € B"(o,r) for some

r, then there exists a sequence of points {p,,,} € N converging to {oco} such that
(3.7) I (0, pm) <7

On the other hand, by the the principal Riemannian submersion: R— (N, g%;) N
(C", gc) in which g% = war-wa+dwar(J , ), we have dwn (JX,Y) = g (P X, P.Y)
for X, Y € Nullwy. Put wy = w as usual. Choose a point x = (zg, 1, -+ ,Tpn) €
N. Let o :]0,1]=N be a curve between o(0) = 0 and o(1) = z such that (t) €
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Nulln (= Nullw), i.e.0 € C,,. Using (3.5) of § 3.5, calculate

dy(o,z) = olencfn L(o)

Jo(t), 6(t)2dt

1
1
(38> oeCy A/ W fo(t)

- gc(Po(t), Po(t )) dt.

= in
G'GC / A/ W fo(t)
If we write o(t) = (00(t),01(t),- -, 0n(t)) € N, then (3.1) implies that w(&y(1)) =
1+(a1|o1(t) > +az|o2(t)|*+- - -+ak|ok(t)]?). Wemay put A = max{1, /a1, -, /ax}.
Then the following inequality holds.

W(Eory) < A2+ o1 (@) + |o2(B)* + - + |on(t) )

(3.9) < A2(1 + oy (1)) + |oa(®)] + - + [on(®)])2.

As Po(t) = (a1(t), -+ ,on(t)) € C™, it follows (Pa)(t) = (d1(t), - ,dn(t)) € C"
for which gc(Po(t), Po(t)) = o1(t)? + - - - + 0, (t)?. We obtain that

(3.10) ge(Po(t), Po(t)? > =(|61(t)] + - - + |da(t)]).

1
n
Using (3.9), (3.10), calculate that

/ . ge(Po(t), Po(t)¥dt
VW fo(t)
L L[,
(3.11) “nA Jy T+]o(t)]+ IUz( )+ on(t)]
1 1
= — - [log(1 + o1 (O] + [oa(®)] + -+ + [on(®)])
nA 0
1
= 7 log(l+ 21| + || + - - + |znl).
Since this does not depend on the choice of curves, we obtain that
1
(3.12) dy(0,2) > n—A~1og(1+|x1|+|x2|+---+|xn|).
For the sequence of points {p,,} € N in (3.7), put P(pm) = (z7*,---,2™) € C™.

Since {pm} € N converges to {oo}, the sequence {P(p,,)} € C" also converges
to {oo}. (Here the union C" U {oo} constitutes the sphere $?".) In particular,
n

Z |z |—00 as m—oo. Hence d,,(0, pm)—00 which contradicts (3.7). Therefore
i=1

B1(o,r7) C N for all » > 0. It follows that B"(o,7) = B"(o,r), which is compact
(r > 0). For the Kéhler metric §,, there is the Riemannian submersion:

(3.13) p(R)= (N, gxr) == (N/p(R), §) = (C", Ga)-
where g, = n-n+dn(J , ). Noting (3.3), the map v : N—C" is defined by
v(s, (21, 2n)) = (€789 .z .o 7% Lz a1 -+, 2,). Let v be an arbitrary

vector of T,C™. Suppose that the geodesic y(t) = exp, t- v is defined for 0 < t < Tj
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1

with respect to g, where a = (ag, -+, ax;0,---,0). Let t,, = To — — and consider
m

the straight line segments {p,, } from o to each (0,~(tm)) € (0,C™) C N:

pm(8) = (0,7(tm) - 5) = (0, (Y(tm)y - 8, Y(tm),, - 8))-
If we recall the contact form w = dt + Im(z, dz) from (2.3), then it is easy to check
that w(m(s)) = 0, and thus
(3.14) m(s) € Nulln, wn, € C,.

Since v(pm(s)) = Y(tm) - 5, we have v(tm(s)) = Y(tm). As before (cf.(3.5)), we
note that
1

m : dW(J,U;n(S)a Nm(s))
9c(V (i) (), v (1m) (5))
+ (@1|y(tm) 2+ -+ ary(tm) i [?) - 87

_ [y (tm) ? .
L+ (ar[y(m)y I+ 4 ar|y(tm),[?) - 8

Letting A2 = min{1, a1, - ,ax}, we have the inequality

[Y(tm)] .
AT+ |[y(tm)|? - 52

dn(J pm (8), pm () =

(T i (5), Him () % <

Calculate
4,(011n(1)) = inf L(o) < L) (by (3:14)),
L) / A0 i (5), pim (5)) s
(3.15)

Iv I/
\/1+|7 G 52
zzloglv N+ V1I+y(tm <—10g2|7( m)| +1).

If dy(o, pm(1))—0o0 (as m—oo), then |y(tm)|—oo (as t,—Tp). Hence the geo-
desic y(t) = exp,t - v were defined entirely on T,C". Otherwise, {dy(0, ttm(1))}
is bounded for some r > 0 so that d, (o, um (1)) < 7,V m. As pn(l) € B7(o,r)
which is compact, {pm (1)} has a limit point (a,z) € N. As pun (1) = (0,v(tm)),
mlilnoo ¥(tm) = z, hence the geodesic segment ~(t) = exp, t - v for 0 < ¢t < Ty can be
extended to v(Tp) = z. Therefore (C", g,) is complete. O
Remark 3.6. (Bryant [3].) The moduli of complete Bochner flat Kdihler metrics
on the complex euclidean space C™ is the parameter space

{(ar,-+-,an) ER"[0< a1 Cap < <an}
3.7. Case (iii). If p(t) = ((0, (¢,0,---,0)),I), then the action on N is obtained as

d d
p(t)(s, (21, ,2n)) = (s—tyr, (t+2x1+1iy1, 22, -+, 2n). Then, £ = _yldt+d— SO

that w(¢) = —2y;. By the definition, we have W=(N-9°={(s,(21,-,2n)) €
R x C" | Imz; = y1 < 0}. Put y9 = ((0,0),€” -I) € R* C Nayee vy (p(R )) Recall
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from (8) of Corollary 3.2 that ~g - p(t) - v_g = ((0, (¢’ - £,0,---,0)),I). We obtain
that
1
Nt (o) = {(s. (@, 22, 20)). ( B )} % {0}
= (R,(R,C"")) x (Un—1) x RT).
Let M be the (2n — 1)-dimensional Heisenberg nilpotent Lie subgroup of N which
is defined to be the product R x C"~! with same group law. It follows that

NautorV)(P(R))/p(R) = M x (U(n — 1) x RT). As the action of (y5) = R
on N satisfies that

(3.16) Yo(t, z) = (€2 - t, el - 2).

A calculation shows that vp*w = d(e®’ - t) + Im(e? - 2,d(e’ - 2)) = €2’ - w, and so vy
preserves S. We have that Ny, v)(P(R)) = Nauerv)(p(R)). As above note
that 9. = €’ - € on W. Since n = ——

w(§)
that

-w on W from (1.4), it is easy to check

(3.17) vo'n=¢e’-n on W.

The map F defined by F([s, (x1 + iy1, 2)]) = (s — 191, (Y1, 2)), 2 = (22, ,2pn) is
a diffeomorphism of W/p(R) onto R x C*~! x R™(= M x R~). Then F induces an
action of M x (U(n—1)xR*) on MxR~, which can be described as: (w, 2’ € C*~1)

((CL, ’LU), 60 ’ B) ’ (Sa (yv Z/))

3.18
(3.18) =(a+¢e* . s—Im(w, e’ B), (e -y, w+ € - BZ')).

Therefore, we can identify W/p(R) = M x R~ equipped with this action. If we
note (3.17), then RT acts as homotheties of the Kihler metric g, i.e.v9*§ = € - g,
while the subgroup H = M x U(n — 1) acts as isometries.

Remark 3.7. We donot know whether the complex structure J is a restriction of
Jc to M xR™.

3.8. Similarity geometry (M x (U(n — 1) x R*), M x R™). We have a Kéhler
metric § on M x R™, however R acts as nontrivial homothetic transformations
with respect to §. In this section, we seek a Riemannian metric (but not Kéhler)
on M x R~ invariant under the group M x (U(n — 1) x RT). First note that

(Autcr(N),N) contains it as a subgeometry:
(3.10) 7= ((t.(0,2)),A- A) e M x (U(n — 1) x RY) (z € C"7Y),
' p=(b(z,w) E MxR™ (<0, zcC" 1,

in which the action becomes:
yeop=({t+Ab—TIm(z,\- Aw), (A -z, 2z + X Aw)).

There is the N x U(n)- invariant Riemannian metric ¢ = wa - wy + dwpr(J , )
on N. Let pu: Autcr(N) = N x (U(n) x RT)—R* be the scale factor projection.
Then ¢}, has the following dilation properties by Corollary 3.2, see also §2.1: For
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v S AUtCR(N)a

(I3 )vp (X, 7Y ) = 1(7)* - (gRr)p(X,Y) for X, Y € Null (wn),.

(3.20) ) T
(GA )4 (1 X, 1Y) = pu(7)* - (gar)p(X,Y) for X, Y € T,R.

Here R = R is the center of N'. Consider the restriction g = g{/|M x R™. Then g
is an M x U(n — 1)-invariant Riemannian metric on M xR~ and ¢ has the dilation
property as in (3.20) where Nullwys replaces T(M x R™) N (Nullwp/|M x R™). As
TR is characteristic for wyr, dwn(T'R,Y) = 0 for arbitrary Y € TN. If (T'R)* is
the orthogonal complement of T'R with respect to g, we notice that

(3.21) (TR)* = T(M x R™) N (Nullwn| M x R7).

As M x (U(n —1) x R") normalizes R so that TR is invariant under M x (U(n —
1) x RY). Let T(M x R™) = TR @ (TR)* be the decomposition with respect
to g such that X = X/ @ X*, V¥ =Y/ @ Y® € T(M x R™). Then g(X,Y) =
g( X7, V7)) 4+ g(X°, X). Tt follows from (3.20) that for v € M x (U(n — 1) x RY),

(3.22) Grp (1 X, 1Y) = p(y)* - gp(XTYT) 4 u(7)? - gp(X°, YP).

In general, there is no Autc g (N )-invariant Riemannian metric on A within the
conformal class of 99\/' However, in our case, M x R~ is a proper affine subspace
of NV, it is possible to construct an M x (U(n — 1) x R*)-invariant Riemannian
metric on M x R~ in the Carnot-Carathéodory class. Let {1)s}_1<s<oo be the
one-parameter group on M x R~ defined by ¢((t, (z, 2))) = (¢, (1+s)x, z)). Then
it is easy to check that for any v € M x (U(n — 1) x RT),

(3.23) yoths =150y (=1 < s<0).

Denote by V the vector field induced by the one-parameter group {15} _1<s<co OI
M xR™:

d
(3.24) Vp= —F|s=0 = x(—l)p for p = (¢, (z, 2)).
From (3.23), V is an M x (U(n — 1) x R*)-invariant vector field on M x R™. The
formula (2.3) of wy shows that wp (V) = —zy1, hence wp(V,) =0 on M x R~

(y1 = 0 for z; = z + iy, € C). Noting (3.21), it follows V € (TR)*. Let ||V}|| =
V9(Vp,Vp). We define a Riemannian metric gc on M x R~ :

_ gP(Xfan) g;D(XbaYb)
(3.25) (90)p(X,Y) = ||Vp||4 Vo2

By the dilation property (3.20) and (3.22), it is easily seen that gc is an M x
(U(n — 1) x RT)- invariant Riemannian metric on M x R™. By the existence of
this invariant Riemannian metric ge¢, we remark that M x (U(n — 1) x RT) acts
properly on M x R™.
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3.9. Case (iv). As p(t) = ((0,(£,0,---,0)), ( ; B? )), p(6)(s, (21, 20))

d d k+1 d
(s — ty1, (t + 1 +iy1, Be(22, -+, zn)). Then, £ = —ylg + p —|—jZ:2bj(xjd—yj -

yg%) It follows that w(¢) = —2y1 + (ba]za|® + -+ 4 bulzn|?) and so W =
j

{(s, (21, ,2n)) € Rx C" | 2Imz; < ij|2j|2}. Since B; # I, note that
=2

Nauter W) (P(R)) = Cauter) (p(R)) by Corollary 3.2. As Nayte ) (p(R)) pre-
serves S, so does W such that Nayuso ) (P(R)) = Nauee,ov)(p(R)). As in (ii),
the normalizer of {B;} in U(n) coincides with U(1) x U({y, -+, €p) x U(n —k—1)
(b1 4+ -+ € = k). We can deduce that

R 1 0 0
NAutCR(W) (p(]R)) = | R, 0 A 0 U(éla T aém/) 0
Crk-l 0 0 Un—k—1)

Denote the nilpotent Lie subgroup of M to be M’ = RxC" *~1. As the normalizer
coincides with the centralizer, we obtain that H = Caute o) (P(R))/p(R) = (M’ x
U(?’L — k- 1)) X U(él, s ,ém/).

Suppose that by < --- < bp <0 < bpy1 < -+ < bg41 and the remaining are zeros.
Put

b = /=2y1 + (begalze1]? + - + brgalzega?) > 0.
For a point (s, z1 4+ iy1, 22, -, 2,) € W, put

K_o (V=baza, -,/ =bezg, /beg12e41, - \/Ok12k41)
p(22a"' ,Zk—‘,-l): b ’
e’i(—r1)~b2
where K is the action K_,, = . Then we define

et(=71)-bria
amap F: W—R x (BL ! x CF741) x (R) x C" 1 x RY) to be

(2k42," -+ 2n)

F(p):(5+$1y1ap(22a"' azk-‘rl)axla b ab)
—b 2 o —bylzl?
Note always 22| b2 tlz| < 1. Moreover, it is easy to check that
BE-¢+1 <0
Koy (Vbes1ze41, 5 /bkt12641) c Sg(k_g)H zi ~0
b ?

(Bé_g—i_l)ca Y1 > 0

Here (B “™)¢ is the complement of the complex unit ball BE“*!. Noting that
Ch=t+1 — gty §2=0+1  (BEAT1)e, it is easy to check that F' is a diffeo-
morphism. By the the above action of p(R) on W, we define an action of R on
R x (B& ! x CF=4+1) x ((R) x C*~*~1 x R+) by

to(u,(z1,w1), (v,22,N)) = (u, (21, w1), (t + v, 22, A)).
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Noting K_ (5, 4+) = K_z, - K4, we can check that F' is equivariant; F(p(t)p) =
to F(p), p € W. Hence F induces a diffeomorphim of W/p(R) onto

R x (B& ! x CF 1) x (C"* 1 x RY) = M/ x B! x CF71 x RT,

We summarize the results of this section.

Theorem 3.8. Let p(R) be a closed subgroup isomorphic to R which fizes one point
{o0}. Then W =N — S. The Bochner flat Kahler geometry
(Nautorom (P(R))/p(R), W/p(R), g, J) consists of the following types:
(i) Similarity geometry (C* x (U(n) x RT),C", gc, Jc) in which RT acts as
similarity transformations.

(ii) Intransitive Kahler geometry
(a) : ((Cn_k A U(?’L - k)) X U(éla e aéf’n)a (Cna ga; J(C)
(b): (C"*x U —k) x U, lm),C"F x B x CF4+L gy Jo),
where 1 <m <ty +---4+ 4L, =k <n. The group acts as Kdhler isometries
with cohomogeneity m.
(iii) Similarity geometry (M x (U(n —1) x RT), M x R, §, J) with homothetic
transitive group. The cohomogeneity is 1 as the group of Kdhler isometries
MxU(n—1).

(iv) Intransitive Kdhler geometry

(@) : (M xU(n—k—1)) x Uly, -, ), M’ x BE x R, g, J). )

(b): (M xU(n—k—1)) x U(ly, -+, by ), M x BE ' x CF=41 x R* g, J),
where 1 <m/ <ty + -+ Lly =k <n—1. The group acts as Kahler
isometries with cohomogeneity m’.

We have an application using the Riemannian metric g¢ lying in the Carnot-
Carathéodory class (cf. §3.8). First of all

Proposition 3.9. There exists no compact space form except for the complex eu-
clidean space form of case (i).

Proof. Put G = Ny, w)(P(R))/p(R) and Y = W/p(R). Note that Y is con-
tractible in each case. Suppose there exists a discrete subgroup I' of G that acts
properly discontinuously on Y with compact quotient. Choose a torsionfree sub-
group of finite index in G by Selberg’s Lemma, we can assume Y/I" is a compact as-
pherical manifold. It follows that the cohomological dimension ch I' = dim Y = 2n.
On the other hand, if K is a maximal compact subgroup of G, then the double coset
space I'\G/ K is an aspherical manifold. Since ch T" < dim G/ K, the possible case is
either (i) or (iii). We prove that (iii) does not occur. Let G = M x (U(n—1)xR™T)
in this case. Note that the subgroup & = M x R¥ is a connected normal solvable
subgroup of G. Suppose that I' is a torsionfree discrete cocompact subgroup of G.
Let ¢ : G=U(n — 1) be the projection with kernel S. As I' is discrete, the closure

of the identity component ¢(I") is solvable in U(n — 1) by Lemma 8.24 [16]. It is

contained in T"~! of U(n — 1) up to conjugacy. Since ¢(I") is compact in U(n — 1),

q(T") " is of finite index in ¢(T"). Hence we can find a subgroup I of finite index in T
such that ¢(I) € T"~1. On the other hand, G is a closed subgroup of Autcr(N)
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from (3.19). Let L : Autcr(N)—U(n) x RT be the holonomy homomorphism.
Note that

(3.26) LIy cT ' xR,

Suppose that there exists an element v = (x, A - A) € I such that X is nontrivial.
Then the determinant of matrix A - A is not 1 by action of (3.16). Since the
intersection AV N IV is discrete in N, v cannot preserve N NI which must be
trivial. This implies that L : I'—L(I") is an isomorphism and so I is abelian
by (3.26). Moreover, as L(y) = XA - A has no eigenvalue 1, the same argument of
proof of Proposition 3.1 shows that v has the unique fixed point (0,0) € N up
to conjugacy. Since I is abelian, I fixes (0,0) by uniqueness. It follows that
I'" C U(n) x R*. Hence, ch I" = 1, which is impossible because ch I = c¢h T = 2n.
This contradiction implies that L(I') € T"~! C U(n—1). AsT" C G, this concludes
that T/ C M xU(n —1). Then ch IV < dim(M xU(n —1))/Un—1)=2n-1, a
contradiction again, so case (iii) cannot occur. O

Proposition 3.10. There exists no compact similarity manifold uniformizable with
respect to the geometry (M x (U(n —1) x RT), M x R7).

Proof. Suppose that there exists a developing map dev : M—M x R~ which is
equivariant with respect to the holonomy homomorphism p : 71 (M)—M x (U(n —
1) x RT) where M is the universal covering space and 7 (M) is the fundamental
group. As there is an M x (U(n — 1) x R*)-invariant Riemannian metric gc on
M xR, dev: M—M x R~ is a local isometry by the pullback metric. Since the
pullback metric on M is invariant under m1 (M) and M is compact, the pullback
metric is complete for which dev : M—M x R~ is a covering. As M x R~ is
contractible, dev is a diffeomorphism. This implies that M x R™/p(m(M)) is
compact, which is impossible by Corollary 3.9.

U

3.10. Non-compact holonomy with two fixed points. When G is noncompact,
another possibility is that G fixes exactly two points {0, co}. We have already seen
in the proof of Proposition 3.1 that p(R) stabilizes exactly two points {0, 00} if
and only if G C U(n) x RT. As N — {0}(= S*"™! — {0,00}) = S?" x RT, the
C R-structure on S?™ x Rt is a restriction to that on A. In addition, it induces a
C R-structure on the Hopf manifold §%" x St.

Corollary 3.11. Suppose that G stabilizes exactly two points {0,00}. Then, p(R)
is a closed subgroup isomorphic to R in U(n) x RT = Autcr(S?" x RY) and p(R)
has the form p(t) = (A, et) for Ay € T™. Moreover, if a;, < --- < a;,, are mutually
distinct among a1, - -- ,ar and the rest of n — k are zeros, then

NAutCR(SQ"XR‘*')(p(R)) = CAutCR(SQ"XR+)(p(R)) = U(éla T aém) X U(?’L - kl) x RT
where b1 + -+ Ly, = k.
As §27F1 — 10,00} = N — {0}, the C R-structure is a restriction to that on N.

As §#nt1 — {0, 00} is identified with S?" x R™, it induces a C R-structure on the
Hopf manifold §%" x S'.



21

3.11. Hopf case W = §?" x Rt — S. We have the contact form on S?” x Rt,
which is a restriction of the contact form w = wy to N — {0} = R x C™ — {0}. Let
p(t) = (Aq, et) be as in Corollary 3.11 where A; = ("%, ..., ¢%"). The action of
p(R) has the form p(t)(, 2) = (e**-0,e'- A;2) ((0,2) € RxC"—{0}). A calculation
shows that

d d
_2t— —a;y;)=— + (y; +a;z .
(3.27) Z i) 3z, (yj + a; J)dyj)
w(§) :2t—|—(a,1|z1|2 oo an|zn]?).

Since ¢ is arbitrary, we note that the singular set S # @ for which W = {(¢,z2) €

R x C" — {0} | —2t < ai|z1]® 4+ -+ an|za]*}. Tt is easy to check that

(3.28) p(t)w=e*-w.

Then p(R) leaves S invariant so that Nyt (o) (P(R)) = Naugep(s2n xrt) (0(R)).
Suppose that a; < as--- < ap—1 < 0 < ay < --- < a and the remaining

n — k are all zero. Then it follows that 0 < —(ai|z1|* + -+ + ar_1]ze-1]%) <

2t + ag|2’g|2 +-+ ak|zk|2. Put

(3.29) b =b; = /2t +aglze? + - - + axlz[? > 0.

We define a diffeomorphism G from W onto (R*) x B& ! x CF=4+1 x €=k by
setting:

K _1ogb(V=a121, s/ —Q—120—1,\/Qt20, "+ ,\AkZk Zkt1s" 5 Zn
G(t,z) = (b, , )
b b
Here Ky is defined as Ky(z1, -, 2k) = (ew"“ czp, e, €000k zr). Note that it is
always true that
— 2 —_— . e e — 2
CL1|2’1| a£—1|2’£—1| <1.
b2

As before we can check

% / BE ! t>0
_1ogb(\/@Ze, T Ak RK ) c G2k=0+1 4 _

b (Bé—f-'rl)c t < 0

IB%@_ZH U §2(k—0+1 | (Bé—i—kl)c — Ch-t+L

where Define an action of RT on the

space (R*) x B& ! x CF=¢+1 x C"* to be

60 © (CL, (wla w2, ’LUg)) = (60 " a, (wla Wa2, ’LUg)),

where w; € BS ! wy € CF4+1 ws € C*F. Obviously the orbit space is B& 1 x
Ck=t+1 x C"~*, In this case we note that
p(o)(ta Z) = (620 : ta 60 : (KG(Zla e 7Zk); (Zk—i-l; e 7211)))
beeo; =€ by, K joge0=K_ 90K _1o5p (cf. (3.29)).
Using these, we see that G is equivariant, G(p(0)(t,2)) = €’ o G(t,z). Therefore
G induces a diffeomorphism from W/p(R) onto BL ' x CF—4+1 x C*=F. Let ¢ =

(a1, ,ap—1 <0 < ag, - ,ax) and put the induced Kdhler metric § = g. on W.
We have shown the following.
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Theorem 3.12. Let p(R) be a closed subgroup isomorphic to R which fizes two
points {0,00}. Then W = S*" x Rt — S with S # (0. The Bochner flat Kdihler

~

geometry (Naute,om) (p(R))/p(R), W/p(R), g, J) is the intransitive geometry:
(Ul ) x Uln — k), BE " x CE=4F1 €k g, J).

O0<m< b +-+4L, =k <n). The group acts as Kaihler isometries with
cohomogeneity m + 1.

4. CLASSIFICATION TO THE COMPACT HOLONOMY CASE

When the closure G is compact, it is a compact connected abelian Lie subgroup
which is cojugate to a subgroup of the maximal torus 77! of U(n + 1) in PU(n +
1,1). We can write

(41) ,O(t) — (eital, . ,eit~an+1)

In particular, if all a;’s are rational, p(R) = S* and if one of a;’s is irrational, p(R) is
non-closed as usual. Note that Autcr (5?7 —S?m=1) = P(U(m, 1) xU(n—m+1))
such that G C U(n —m + 1) as in §1.2, §1.3. We obtain a finer classification of G
according to the fixed point set S?™~1 (m =0,1,---,n) in X = §27+L

Proposition 4.1. G belongs to the (n — m + 1)-dimensional torus T"™T1 C
P(ZU(m,1) x U(n —m 4+ 1)) up to conjugacy, m =0,1,--- ,n. (Here ZU(0,1) =
U(0,1) = St.) The element of p(R) has the form p(t) = (1, (e, ... et an-—mt1))
for some ay,- -+, an—ms+1 € R*.

(1) Whenm =0, G C T"* L. In particular, if p(R) is the center ZU(n+1) = S*
(i.e.all a; are equal), then Nayqp(s2nt1)(P(R)) = Caueop(szniny(p(R)) =
U(n+1).

(2) When m = n, p(R) is necessarily closed so that p(R) = G = P(ZU(n, 1) x
U(1)) = ZU(n,1) = S* in which

Nauter(sznti—s20-1) (P(R)) = Cautp(sznti—g2m-1)(p(R)) = U(n, 1).

In general, if a;y,- - ,a;, (1 <ip < -+ <ix <n—m+1) are mutually distinct
among a;’s, then

NAutCR(SQ"‘*'l—SQm—l) (p(R)) = CAutCR(s2n+1—s2m—l) (p(R))

(4.2) =P(U(m, 1) x U(ly, - b)) (la+-+l=n—-m+1).

Put w = ws. By the formula p(t), it is easy to check that

n—m-+1

_ ) i i 2n+1 2m—1
(4.3) £= Z a;(z; dy; Yj dxj) on S S
Jj=1
so that
n—m-+1
(4.4) w@ = > alzl

j=1
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4.1. Hyperbolic case W = §2n+1 — §2n—1 — 20+l From (2.4) recall that
p(R)(= ZU(n,1)) = St acts freely and properly on S?"*1 — §272=1 whose orbit
space is the complex hyperbolic space Hg. In this case, the fixed point set is §2n—l
which is the subset of $2"! with z; # 0. Since ws (&) = a1|21]? by (4.4), it follows
that w(¢) # 0. We may assume a; > 0 so that S = () and W = §2nt+l — §2n—1,
Using (2) of Proposition 4.1, we have that

Theorem 4.2. Suppose that the fized point set of p(R) is S**~1. Then the Bochner

flat Kdhler geometry (H,W/p(R), g, J) is the complex hyperbolic geometry
(PU(?’L, 1)) Hga gH, JH)

4.2. Hyperbolic-Sphere case 52"t —5?m~1_F_ G with p(R) = S*. In general,
S1 has the exceptional orbits E. If p(R) is the center S = P(ZU(m, 1) x ZU(n —
m + 1)), then all a;’s are equal. We may assume a; > 0 so that S = (. Then
W =X = 8§+l _ G2m=1"When one of a;’s is negative, (4.4) shows S # () so that
W = §2ntl _ g2m=1 _F _ S on which S! acts freely (cf.1.3). Noting §2.2, we
obtain that

Theorem 4.3. Suppose that the fived point set of p(R) is S*™~ 1, m =0,---,n—1.
The Bochner flat Kdhler geometry (Nautorom) (p(R))/p(R), W/p(R),g,J) is the
following type:

(PU(m, 1) x P(U(£1) x -+ x U(fy,)), (S* 1 — §2m=1 — g — §)0/8% g, J).
A<k<lbi+ - 4+L=n—m+1<n+1.) The group acts as Kihler isometries
with cohomogeneity k — 1. In particular, if p(R) is the center S* = P(ZU(m, 1) x
ZU(n—m+1)), then the orbit space S*" T —52m=1 /S s holomorphically isometric
to the product of complex hyperbolic space and projective space HF' x CP"~™, and
the above geometry becomes:

(PU(m, 1) X PU(?’L —m+ 1), HgL x CP"™™ gu X gcp, Ju X J@p).

We note that ws(€) > 0 whenever 0 < a1 < a2 < -+ < ap_ymy1. SO W =
g2+l _ §?m—1 _ B If we relax the domain W to be §2n+! — §2m—1 e G!
acts properly but not necessarily freely so that the quotient is an orbifold. Let
CP" ™ (ay,- -+, an_ms1) = S27mFL (eitar o pit-an-mi1) be the weighted com-

plex projective space. We obtain the following.

Corollary 4.4. Suppose that all a; are mutually distinct positive rational numbers.
Then a compact orbifold HE /T' x CP" " (a1, -+ ,an—m+1) admits a Bochner flat
Kahler (singular) metric.

The following is an affirmative answer to the uniqueness of Remark 4.30 [3].

Corollary 4.5. The weighted complex projective space CP™(ay, - , any1) supports
a unique Bochner flat Kdhler metric.

Proof. Let CP" ™ (ay, -+, any1) = ST/ (el ... elt@n+1) for the action S! =
(eit'ar ... eltant1) If F is the set of exceptional orbits of S*, then S* acts freely
on S$?"*t! — F such that the orbit space S?"*1 — E/S!' = CP"(ay,- -+ ,an41) — E*
topologically. Here E* is the image of E in CP"(ay, -+ , Gpt1)-
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Given a Bochner flat Kéhler (singular) metric on the underlying complex orbifold
CP"(ay,- -+ ,ant1), the contactization (locally if necessary) implies that S?"+! — E
admits a spherical CR structure for which S! acts freely as CR-transformations.
By Theorem 1.3 and the classification of W (§3.2, §3.11, §4.1, §4.2), the orbit space
Sl _E/Stis CP™(ay, - - ,ani1)—E* geometrically, i.e. S 1 /ST is holomorphi-
cally isometric to the weighted complex projective orbifold CP"(ay, -, ap41). O

5. CLASSIFICATION OF COMPLETE CASE

The most tractable is the case when W is complete to determine V. The classi-
fication of complete Bochner flat Kéahler manifolds is completely determined by R.
Bryant [3]. We reprove this with our method.

5.1. Sasakian metric on X — S. As in Remark 1.2, we have a Riemannian met-
ric (Sasakian metric) on (X — S)? defined by g(X,Y) = n(X) -n(Y) +dn(JoX,Y),
XY e T((X —9)%). As Cautenw) (p(R)) preserves 1, Cautepow) (p(R)) is a sub-
group of isometries of g|W. By the construction of g,

v (Cautenom) (pP(R)), W, g)—(H,W/p(R),§) is an equivariant Riemannian sub-
mersion. (Similarly for W/p(A), §).)

5.2. Another metric ¢ on X. Any local CR-diffeomorphism of S$?"*! extends
to a unique global element of Autopr(S?"*!) and since W = X C S?"+1, note
that Autcr(W) C Autor(X). If X = N, S27Tt — §2m=1 " recall that Psh(X) =
NxU(n) C Auter(X) =N % (U(n)xR"), Psh(X) = P(U(m,1)xU(n—m+1)) =
Auter(X) respectively, see §1.3. Since Psh(X) acts transitively on X with compact
stabilizer, we choose a homogeneous Riemannian metric ¢’ on X in this case. If
X =N —{0} ~ S?" x RT, then Autcr(X) = U(n) x R which acts properly on X
(but not transitive). We choose a left invariant Riemannian metric ¢’ on X so that
(1) Cauterm) (p(R)) C U(n) x RT C Iso(X,¢'). If X = §?»+1 — §2m=1 it follows
that (ii) Cauteron) (P(R)) C Psh(X). When X is NV, by the action of U(n) x Rt C
Autcr(N) (cf.§2.1), R* does not belong to the centralizer Cp e, (x)(P(R)) so
that (iii) Caueenov)(P(R)) C Psh(X).

Proposition 5.1. Let (M, g) be a simply connected Bochner flat Kdahler manifold.
If M is complete with respect to g, then the non-closed holonomy case does not
occur.

Proof. Suppose that there exists an isometric immersion D : M—W/p(A) such
that D*§ = g by Theorem 1.3. As g is complete, D : M—W/p(A\) is a covering
map and so (W/p(4), ) is complete. Since p(A) acts properly on W, (W, g) is also
complete. As p(A\) cannot act properly on the entire space (X —S)°, OW = W—-W
is not empty in (X — S)°. Let = be a point of 9. Choose a sequence {z;} € W
such that limx; = x € OW. As g is defined on (X —5)?, the sequence {z;} becomes
Cauchy in (W, g). The completeness implies that 2z € W, a contradiction. O

Suppose that X = A or N'—{0} ~ 5" x R*. When the holonomy p(R) is closed,
it acts properly and freely on X (cf.$§1.3). In particular, when W is complete, the



25

proof of Proposition 5.1 implies that the holonomy p(R) is closed. Moreover when
X =82+l _ §2m=1 4y =0, ... n, we have

Lemma 5.2. Let W = (§?"+t1 — §?m=1 80 If W/p(R), §) is complete,
then E =), i.e. p(R) = St acts freely on S?"+1 — §2m—1,

Proof. Note that p(R) is closed, p(R) = S!. Recall from §5.1 that there is an
equivariant Riemannian submersion: (W,g) —— (W/S',§) where g is defined
on (§?+l — §2m=1 _ G0 5 W. As (W/S',§) is complete, (W, g) is also com-
plete. It follows from Proposition 4.1 that the S'-action has the form p(t) =

(1,eror, ... etan-mit) ¢ P(ZU(m,1) x T™=™D) for which a1, -+, Gn_mi1
(m=0,---,n) are all rational numbers in this case. Moreover we have from (4.4),
n—m-+1 n—m-+1
d d
(4.3) that (x) € = > aj(xjd—y_ = Wiy, ) and () ws(§) = > ajlzl*
j=1 J J j=1

We can assume that all a; € Z up to change of parameter. First we show that
each integer a; = +1 after normalized. Since 2 < n —m + 1 by the condition
0 < m < n —1, for instance suppose that a; (# £1) is distinct from one of the
rest of others a;. Then the point z = (21,0---,0) € $*"*1 — §2m~1 helongs

to E because S: = —27/27 = Z/a17Z is a nontrivial cyclic group. By (),
a1

ws(€) = a1]z1|* = a1 # 0, hence z € (§?n+! — §?2m=1 _ §)0 Choose a sequence
{z;} € W = (821 — §?m=1 _ B — §)0 such that limz; = z. As g is defined on
(82t — g2m=1 _ §)0 the sequence {z;} is Cauchy in W so that the completeness
shows that x = limz;, € W, and so ¢ E, a contradiction. Therefore, all |a;|
(j=1,---n—m+ 1) are equal. Normalized, we have that a; = 1, i.e. E = (. In
particular p(R) = S* acts properly and freely on §27+1 — §2m—1, O

Remark 5.3. From (xx), w(£) > 0 on X = S* 1 —8§2m=1 if and only if all a; = 1,
i.e. p(R) belongs to the center S* = ZU(n—m+1) = P(ZU(m, 1) x ZU(n—m+1)).

Let X be one of the domains A/, N — {0}, §?n+1 — §2m=1 op §2n+1 a5 before.
Corollary 5.4. If W/p(R), ) is complete, then p(R) acts freely on X.
Note that the principal bundle p(R)—X—X/p(R) which restricts the Rie-

v

mannian submersion (cf. (1.3)): p(R)—=W,gw) — W/p(R),§) where gy =
n-n+dn(J, ). We need to prove the following.

Proposition 5.5. If § is complete on W/p(R), then X = W, that is S = ().

Proof. Let d be the distance function induced from g. For a curve o between x and
y in W such that ¢(¢) € Nullw, it follows that dn(Ja(t),s(t)) = gw(a(t),a(t)) =
J(vsc(t), v (t)). We see that (cf. (3.5))

(5.1) d(v(z),v(y)) < dy(x,y) (z,y €W).

Let B"(p,r) = {z € W | d,,(p,x) < r} be the closed metric ball of radius r about
a point p in W = (X — S)°. The space X is the domain of S?"*! with boundary
0X (= {0}, {o0},{0,00}, or S?™~1). Note that X is the fixed point subset of

the group p(R). Take the closure B"(p,r) of B"(p,r) in S?"*1. Obviously it is
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compact. We show that B7(p,r) still lies in W. By the definition, B"(p,r) lies
outside the fixed point set X # 0. As p(R) acts freely and (properly) on X, there
exists an element p(t) € p(R) which separates B"(p,r) far from 90X # ). In partic-
ular, dX N p(t) - B"(p,r) = 0. Noting that p(t) is a homeomorphism of S*"**, we
conclude that X N B"(p,r) =0, i.e. B1(p,r) C X.

Let {x;} be a sequence of points of B(p, r) such that 113%10 x; =x € B"(p,r)\B"(p, ).

From (5.1), d(v(p),v(z;)) < r, it follows that {v(x;)} € B(v(p),r), which is the
closed metric ball in W/p(R). If § is complete on W/p(R), then B(v(p), r) is com-
pact (cf.[21]). There is a point § € W/p(R) such that 113?0 v(z;) = §. Choose
g € W with v(q) = ¢. Using a local section of the above principal bundle :
p(R)—X - X/p(R), we can find a compact subset K in X such that v : K—uv(K)
is diffeomorphic and v(K) is a (compact) neighborhood of §. For sufficiently large
i, v(z;) € v(K). Thus there exists a sequence {t;} € R such that p(¢;)-x; € K with
113?0 p(t;) - x; = q. Since p(R) acts properly on X with lim z; = z, the sequence

11— 00

{p(t;)} converges to an element p(t) € p(R). Then, ¢ = lim p(t;)-z; = p(¢t)-z. If we

note that W is invariant under p(R), then x € W. Therefore, B"(p,r) C B"(p,r),
which implies that every closed metric ball of (W, d,,) is compact.
Suppose that S # (). Choose a point p € W and a sequence {r;} with r; < r;y1,

lim r; = co. By the above fact, each B"(p,r;) is compact. Then f(x)

has a minimum m; > 0 on B"(p,r;). As B"(p,r;) C B"(p,r;+1), it follows that
m; > mip1 > --- > 0. We can assume that lim m; = m > 0. From (3.5),
1— 00

dn(Jo(t),5(t)) = f(o(t)) - dw(Jo(t),6(t)) = m; - dw(Jo(t),6(t)) on B"(p, 7). By
the definition, we obtain that

In particular, B”(p,rl) C B“’(p, ) Noting B"(p,7;) C W = (X — 9)°, if r;—o0,

then the boundary of B"(p, r;) approaches to the set S, and thus the boundary of
B (p, i ) also approaches to S. If we note that d, has been defined on the whole

space X, i.e.dy,(p, S) < oo, then the sequence of radii {—} converges to dy(p, S).
my;

Then,
ri=mi e ——m- du(p, S) < o0,
i
which contradicts the choice of {r;}. Therefore, if § is complete, then S =0. O
Remark 5.6. By this proposition, the completeness imposes a restraint that

(*) w(&) > 0 on X. By Remark 5.3, the holonomy p(R) turns out to be the center
St =ZU(n—-m+1).

Suppose that (H, W/p(R), g, J) is complete. If p(R) is a closed subgroup isomor-
phic to R, then it occurs as (1) Complex euclidean geometry (C™ xU(n), C", g¢, Jc),
(2) Intransitive Kéhler geometry (C"% x U(n — k)) x Uy, -+ ,4m),C", §a, Jo),
k > 1, by Theorem 3.8. For other cases of p(R) = R, note that S # @. If

p(R) = St it occurs as (3) Product of complex hyperbolic and projective geometry
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(PU(m, 1) X PU(TL —m + 1),H$ X (C]Pn_m,gH X gcp, Ju X J(CIP’), m=20,---,n by
Remark 5.3, Theorem 4.3 and Theorem 4.2. The following result was obtained by
Bryant [3]. We learned that the original proof is based on the Lie’s Third Theorem
combined with the Abreu-Guillemin formalism for toric Kédhler metrics.

Theorem 5.7. The complete Bochner flat Kahler geometry (H, X/p(R)) consists
of the following:

(1) (C" x U(n),C", gc, Jc).
(2) (C"FxU(m—k)x Uy, -, ln),C" §a, Jc), k > 1.
(3) (PU(m,1)xPU(n—m+1), HZ x CP*~™, gu X gcp, Ju X Jep), m=0,--- ,n.

If M is a complete Bochner flat Kahler manifold, then M is holomorphically isomet-
ric to the orbit space of the model manifold X/p(R) by a discrete subgroup T C H
acting freely on X/p(R). The compact manifold is only the complex euclidean space
form C"™ /T or the locally product space HE >I§ CP"™™, m=0,---,n.

Proof. By completeness and simply connectedness of Y = X/p(R), D : M—Y is a
diffeomorphism by using Theorem 1.3. Then D induces a holomorphic isometry of
M onto Y/U(m(M)) where ¥(m(M)) C H. The compact case for Y/ ¥ (71 (M))
follows from Proposition 3.9, Theorem 4.3 and Remark 5.6. U

6. NONCLOSED HOLONOMY GROUP

Given a collection of Kéhler manifolds {U,, Qa }aeca on M, we have constructed
the (trivial) principal bundle (My, pa, Us) of the spherical C R-manifold for each
a. As dev, is an immersion, there exists a maximal open interval I, = (—¢,,€q)
of R such that

devy : Iy X Uy—devy(Iy X Uy) = po(Iy) - devy (Uy)

is equivariantly diffeomorphic. Let £ be the vector field induced by the holonomy
group po(R) as before. Notice that ws(§) > 0 on devy (I, X U,). Recall from
Proposition 4.1 that the (n—m+1)-torus 7" ~™*! acts properly on §27n+1 — §2m—1,
In our case, p,(R) is not closed in 77~ *1. For a sufficiently small open interval
A = (—¢,¢) C I, the image p, () is viewed as a local additive group of T ~™+1
acting properly and freely on a neighborhood containing dev,, (I, X Uy).

Definition 6.1. Let W, be a mazimal connected domain of S?"+T1 — §2m=1 con-
taining devy (In x Uy) such that:

(1) Every local 1-parameter group po () for a small interval A = (—¢,€) C I,
acts properly and freely.

(2) ws(€) > 0.

For such intervals A" C A of I,,, note that the orbit spaces coincide; W, /pa (A') =
Wa/pa(2). The map dev,, induces an immersion dev,, : Uy,—W,/po(A) with the
commutative diagram:



28

devg,
Iy, xU, —— Wa

(6.1) pal lua

devg,

Ua ? Wa/ Pa (A)
Fix some « and then set W, = W, p,(R) = p once for all.

Remark 6.2. In §4.2, if p(R) is S*, W = (S*+l — §2m=1 _ p — )0 js the
mazximal domain with respect to that S acts freely and ws(€) > 0. In view of the
above definition 6.1, we justify the definition of maximal domain by showing that
W and W coincide when p(R) = St. Let p(s) € p(R) = S* (s € R). For sufficiently
large k € Z, 2 €A Ifre (St — §2m=1 60 then p(s) -x = p(%)k cx o=
p(%) p(%) ----- p(%) -z, so that the quotients coincide:

(62) (S-S 8)0 p(A) = (8 — PSP Jp(R).
However we show that

Lemma 6.3. p(A) does not act freely on (S?"Tt — §?m=1 — )0 whenever E # 0
for the set E of exceptional orbits of S*.

Proof. Note that if p(A\) acts freely, then the orbit space (S27T1—82m=1_G)0 /p(A)
will be a smooth manifold. Suppose that E # (). Let z € E so that S. = (v) isa
finite cyclic subgroup. If we recall the slice theorem of compact Lie groups (cf. [2]),
then there exists a Sl-invariant slice V in a tubular neighborhood of the orbit S*-x
in (827 — §2m=1 _ 60 for which (v) acts linearly on V centered at the origin x.
Noting (6.2), let [z] € (27! — §2m=1 —§)0/p(A) = (§?n+t — §2m=1 _ §)0/p(R),
so the neighborhood around the point [z] in the quotient space becomes V/(7v},
which does not admit a smooth structure by the above remark of the slice theorem
at least 2n > 2. Hence p(A) cannot act freely on (S?"+1 — §2m=1 _ G)0, O

In particular, p(A) cannot act freely on the neighborhood around a point of E.
As ws(€) > 0 on W, W C (§?"! — §2m=1 _ §)0 By Definition 6.1, W is a
mazximal domain on which p(2\) acts freely, so W misses E. Hence, W C (S?n+1 —
S2m=1l _E—8)0. As p(A) acts freely on (S?"T1 —S?m=1 —E—S)° by mazimality,
W= (§%+l _g2m=1 _p_ §)0,

We examine W/p(A). Especially we consider the case (1) of Proposition 4.1.
Let p(t) = (el ... ¢itan+1) be the representation on S2"*+1 from (4.1) of §4.

Suppose that a;,, -, a;, (1 <43 <--- < i < n+ 1) are mutually distinct, then
Nauter(sznt)(p(R)) = U(ly) x - x U(l), €1 4 -+ + £, = n + 1 (cf. Proposition
4.1). As p(R) is not closed in T+, we may suppose that ay,-- -, a, are irrational

for some r < k. Put H =U({11) x --- x U(¢) and
K=U{)x---xU{lg)=Uy) x---xU¢) x H.
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Let K, be the stabilizer at a generic point p of devy (I X Uy). By the slice theorem,
there exists a K,-invariant slice V such that dev, (I, xU,) C W C K x V in §27F1,

Since ZU(¢) = {(e'*2¢ ... elt"a)} is the center S* of U(¢), we put PU(¢) = U(¢)/S*
as before. Let A(aj,e) = {€**% | |t| < e}. Then

p(Iy) C (A(ar,e) - PUy)) X -+ X (A(am,€) - PU(¢,)) x H.
In particular, we can derive that
Naute () (p(D)) = (A(ar,€) - PU(ly)) x - - x (A(ar,€) - PU((,)) x H
W = A(ay,e) - PU(y)) x -+ x (A(ar,e) - PU(,)) x H}é V.

The similar result holds for the case that S?"+1 — §2m=1 of (2) of Proposition 4.1.
We have proved that (cf. Proposition 5.1)

Theorem 6.4. Suppose that p(R) is not closed in T"~™tt C Un + 1), m =
0,---,n— 1. Then the Bochner flat Kdhler geometry (H,W/p(A), g, J) is an in-
complete local geometry consisting of
(PU((2) x +++ x PU(6) x H, PU(L) x -+ x PU(r) x H x V.., J),
bh+--+4l,=n+1, or
(PU(m, 1) x PU(¢1) x --- x PU(¢,) x H,

HE x PU(4y) x -+ x PU(4,) xH; V),
b4+l =n—m+1.

7. APPLICATION TO LOCALLY CONFORMAL KAHLER MANIFOLDS

When Hermitian manifolds are taken into account in the framework of conformal
geometry, it is conceivable whether Bochner curvature tensor would be a confor-
mal invariant of a K&hler manifold among the Hermitian manifolds. But it was
not true. However, Tricerri and Vanhecke [17] have found a Bochner component
on Hermitian manifolds. The curvature tensor of this component coincides with
the original Bochner curvature tensor when a Hermitian manifold is Kéhler. They
observed that the Bochner curvature tensor of this component is a conformal in-
variant on Hermitian metrics on a Hermitian manifold. Here the complex structure
is fixed. A locally conformal Kéhler manifold is a Hermitian manifold (M, g, J)
whose Hermitian metric g is locally conformal to a Kahler metric. That is, the
restriction of g to each neighborhood U(z) is conformal to a Kéhler metric locally
defined on U(z). As a consequence, when a Hermitian manifold is a locally con-
formal Kéhler manifold, the Bochner curvature tensor of Bochner component has
the same formula as the (original) Bochner curvature tensor. A Bochner flat locally
conformal Kdahler manifold is defined to be a locally conformal K&ahler manifold
whose Bochner curvature tensor vanishes identically.

There is no way to find a Kahler metric within the conformal class of a locally
conformal Kéhler metric, however there exists a canonical Kahler metric on the
universal covering (cf. [6]). Let (M, g) be a locally conformal Kahler metric with
fundamental 2-form Q. By definition, €2 satisfies that d2 = 6 A Q for some closed
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1-form 6. Let M be the universal covering space and p : M—M the covering
projection. For the lift 8 of 6, choose a function 7 : M —R such that § = dr. We
can define a 2-form € on M unique up to a constant multiple:

(7.1) Q=eT"-p*.

Then it is easy to see that d2 = 0. The form Q (respectively g(X,Y) = Q(JX,Y))
is called the canonical Kihler form (respectively canonical Kihler metric) on (M, .J)
where J is a lift of J. If g is a Bochner flat locally conformal Kihler metric on
M, then so is its lift to M. By (7.1), g is a Bochner flat Kihler metric on M. If
the fundamemtal group w1 (M) acts as Kéhler isometries of M with respect to g,
we observe that g induces also a Kéhler metric ¢’ on M for which ¢’ is globally
conformal to ¢g by using the equality (7.1). As a consequence, a locally conformal
Kéhler but not globally conformal Kéhler manifold (M, g) is obtained as the orbit
space of (M,g) by nontrivial holomorphic homothetic transformations of w1 (M).
(Note that any conformal holomorphic transformation of the Kihler manifold must
be homothetic provided that dimM > 2.) Fix a simply connected Kéhler man-
ifold (M,g,J). Denote by Hoth(M, ) the group of all homothetic holomorphic
transformations of M. In this setup, we shall mean a locally conformal Kahler
manifold by the quotient A /T where I' C G acting properly discontinuously and
freely. We don’t treat a specific locally conformal Kéhler metric but are interested
in the conformal class of a locally conformal Kéhler metric. Since there exist prop-
erly discontinuous free actions of nontrivial homothetic transformations, this fact
causes the existence of a non-Kéhler class of Bochner flat locally conformal Kahler
manifolds. By a non-Kahler locally conformal Kahler manifold M we mean that
M does not admits any Kahler structure. Given a Bochner flat locally conformal
Kéhler manifold (M, g), we have the simply connected Bochner flat Kidhler mani-
fold (M, g). By Theorem 1.3, there exists a holomorphically isometric immersion
D : M—W/p(R) (or W/p(A)). Let G be the group of all homothetic holomorphic
transformations of W/p(R) (or W/p(A)). Using the properties of D of Theorem 1.3,
the analytic continuation implies that the holonomy (continuous) homomorphism
W : Iso(M, g, J)—H extends to a continuous homomorphism ¥ : Hoth(M, §)—G.
(We use the same notation U.)

Suppose that there exists an element h € G but not an isometry of W/p(R) such
that h* = X-Q for some constant A. As in the proof of Theorem 1.3 (cf. §1.6), if h :
Uo—Upg locally, then A- 0, —h*0g = dx for some smooth map x : Uo—R. The map
h:RxU,—R x Up defined by h(t,z) = (A-t+ x(2), h(z)) is a CR-diffeomorphim
satisfying that h*wg = A - w,. After applying the developing map, we obtain a
C R-transformation h of W onto itself. From the above formula, h is equivariant
with respect to the holonomy map, i.e. h(p(t)z) = p(\ - t)h(z), z € W. Hence
B p(t) - bt = p(A-1), we obtain that b € Ny (PR)\Cauonw) (o(R)).
(Similarly for N yusew)(p(2)).) Since £ is the vector field which generates p(R),
note also that h.& = \-£. Therefore it suffices to check which Bochner flat Kahler
geometry has the nontrivial normalizer Ny ,(w)(p(R)) but not the centralizer.
Then it turns out that they are the cases (i), (iii) when the holonomy p(R) = R is
closed with one fixed point. In fact, noting (II) of Corollary 3.2, if h = ((0,0), A-I) €
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RT, then h*gc = A? - gc and h*§ = ) - § respectively. It follows that (cf. Theorem
3.8, see §3 also.)

Theorem 7.1. Suppose that M is a non-Kdhler Bochner flat locally conformal
Kahler manifold. Then it can be uniformized with respect to the geometries (i)’
(C™ x (U(n) x RT),C", gc, Jc) or (iii)’ (M x (U(n — 1) x RT), M x R~ g, J).

More precisely, there exist a holomorphically isometric immersion D : M—Cn
(respectively M x R~ ) and a holonomy homomorphism ¥ : Hoth(M,g)—G such

that D*§ =g and Do~ = W¥(y) o D, ¥V ~ € Hoth(M, g).

Corollary 7.2. If M is a non-Kahler Bochner flat locally conformal Kdahler man-
ifold, then the canonical Kahler metric g is incomplete on M.

Proof. Let Y = C™ or M x R™ which is contractible. If g is complete, then the
immersion D : M—Y is an isometry. Since Y is complete, Y must be C™ by
Proposition 5.5. Put T' = ¥(my(M)) € C* x (U(n) x RT) which acts freely on C".
As M is non-Kéhler, there exists an element v € ' whose RT-summand is nontrivial
and so the affine transformation 4 has a fixed point in C", a contradiction. (See
the proof of Proposition 3.1.) O

Recall that a manifold M uniformized with respect to the geometry (C™ x (U(n)x
RT),C") is called an affine similarity manifold. By the result of Fried [4], if M is
a compact similarity manifold, then M is diffeomorphic to the complex euclidean
space form C" /T (I' € C™ x U(n)) or a quotient of the Hopf manifold $?"~1 x S*
by a finite group F C U(n) x S*. Here the developing image for the Hopf manifold
is C" — {0} = S?"~1 x RT. In this case, the globally conformal Kéhler metric gy
of the universal cover S?"~! x R is obtained by the reverse procedure of (7.1):

(72) g = et - gc.-

Here €' is the coordinate of R*. Then the group U(n) x RT acts as isometries of

gpg. Taking an infinite cyclic subgroup Z* from U(n) x R* such that S%"~! x RT
7+

is diffeomorphic to the Hopf manifold S?"~! x S, gy induces a locally conformal
Kahler metric g on 2"~ x S'. We use the same metric gz on its finite quotient
of §2n—1 x &1

Corollary 7.3. Suppose that (M, g) is a compact non-Kdhler Bochner flat locally
conformal Kdahler manifold. Then (M, g) is holomorphically locally conformal to a
virtually Hopf manifold (S*"~! X S gn).

Proof. There are two possibilities (i)’,(iii)’ from Theorem 7.1. Case (iii)’ cannot
occur by Proposition 3.10. Let D : (M, §)—(C", gc) be a holomorphic isometric
immersion. By the result of [4], if M is compact, the developing image misses the
unique point which we may assume the origin of C™. So the developing pair reduces
to (¥, D) : (w1 (M), M)—(U(n)xRT,C*—{0}). Then D : (M, g )—(C"—{0},3x)
is an isometry with respect to the pullback metric g = D*gy. As M is compact,
D induces an isometry D : (M, ¢')— (5>~ éSl,gH). Using (7.2) and g = D*gc,

g’ is conformal to g on M. Hence g’ is locally conformal to g on M. O
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