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where \�00 denotes the complex conjugation. Physically speaking the variables x; yand z represent the electric �eld, the polarization and the population inversion,respectively.Fordy and Holm [5] discuss the phase space geometry of the solutions of thesystem (1.1) and show that it has three Hamiltonian structures, by using the Lax-pair representation of these equations. More recently David and Holm [3] discussthe phase-space geometry and the Hamilton-Poisson structures of the invariantsubsystem of (1.1) obtained by restricting to real-valued x and y. The equationsof motion (1.1) become the three-dimensional real-valued Maxwell-Bloch equations(or shorter in all that follows Maxwell-Bloch equations):(1.2) 8><>: _x1 = x2_x2 = x1x3_x3 = �x1x2where(1.3) 8><>: x1 = Re(x)x2 = Re(y)x3 = zThe aim of our paper is to present some geometrical and dynamical properties ofthe Maxwell-Bloch equations with a particular class of linear or quadratic controlabout 0x2 axis.The paper is organized as follows. In section 2 we study the Maxwell-Blochequations with a particular linear control about 0x2 axis. In section 3 we presentfollowing [9] the case of a particular quadratic control about 0x2 axis and �nally inthe last section we discuss the problem of controlling the homoclinic orbit of theMaxwell-Bloch equations with three independent controls via an idea of Bloch andMarsden [2].2. Maxwell-Bloch equations with a linear control2.1 The equations of motion and Poisson structure. The Maxwell-Blochequations with a control about the 0x2 may be written as:(2.1) 8><>: _x1 = x2x2 = x1x3 + u2_x3 = �x1x2In all that follows we shall employ the linear feedback(2.2) u2 = � � kx1where k 2 R is the feedback gain parameter. We refer to the system (2.1), (2.2) asthe controlled system. 2



Proposition 2.1. For the controlled system (2.1) (2.2) the quantities(2.3) H = 12(x22 + x23) + k2x21and(2.4) C = x3 + 12x21are constants of motion.Proof. Indeed, we can write successively:dHdt = @H@x1 _x1 + @H@x2 _x2 + @H@x3 _x3= kx1x2 + x2(x1x3 � kx1) + x3(�x1x2)= 0;dCdt = @C@x1 _x1 + @C@x2 _x2 + @C@x3 _x3= x1x2 + (�x1x2)= 0�Further we have:Theorem 2.1. The controlled system (2.1), (2.2) is a Hamilton-Poisson mechan-ical system with the phase space P = R3, the Hamiltonian H given by (2.3) andwith respect to the Poisson structure f�; �g given by:(2.5) ff; gg = det24 x1 0 1@f@x1 @f@x2 @f@x3@g@x1 @g@x2 @g@x3 35for each f; g 2 C1(R3;R).Proof. One can easily check that_xi = fxi;Hg; i = 1; 2; 3which gives the result. �Remark 2.1. It is not hard to see that the function C given by (2.4) is a Casimirof our con�guration, i.e. fC; fg = 0for each f 2 C1(R3;R). 3



2.2. Stability about the 0x3 axis. It is easy to see that (0; 0;M) is an equi-librium state of our system. Consider �rstly the system linearized about (0; 0;M).Its eigenvalues are given by: �[�2 +M � k] = 0:Hence for k 2 (�1;M) the equilibrium state (0; 0;M) is unstable, but for k 2(M;1), we have two imaginary eigenvalues and one zero eigenvalue. Is the systemstable? We shall prove that it is via the energy-Casimir method [7], [8].Theorem 2.2. The controlled system (2.1), (2.2) may be nonlinear stabilized aboutthe equilibrium (x1; x2; x3) = (0; 0;M), for k > M .Proof. Recall that the energy-Casimir method (see e.g. Holm, Marsden, Ratiu andWeinstein [7]) requires �nding a constant of motion for the system, H, usually theenergy, and a family of constants of motion C, such that for some C, H + C has acritical point at the equilibrium of interest. (Often the C's are taken to be Casimir-functions that commute with all other functions under the Poisson bracket). Then,in �nite dimensions, de�niteness of �2(H + C) at the critical point is su�cient toprove stability.Now here we have the modi�ed energy-Casimir function:H + '(C) = 12 [x22 + x23] + k2x21 + '(x3 + 12x21);where ' is an arbitrary smooth function, and then�(H + '(C)) = kx1�x1 + x2�x2 + x3�x3 + _'(�x3 + x1�x1):At the equilibrium of interest this equals zero if and only if_'(M) = �M:Then�2(H + '(C)) = k(�x1)2 + (�x2)2 + (�x3)2 + �'(�x3 + x1�x1)2 + _'(�x1)2:At the equilibrium of interest (x1; x2; x3) = (0; 0;M) we have:�2(H + '(C))(0; 0M) = (k �M)(�x1)2 + (�x2)2 + (�x3)2 + �'(M)(�x1)2:Hence for k su�ciently large such that k > M and choosing ' such that�'(M) � 0the second variation is positive de�nite and we have nonlinear stability as de-sired. � 4



2.3. Alternative Poisson structures. Let R3cd be the Euclidean space R3 withthe Lie algebra bracket(2.6) [u; v]cd = 24�d� ck 0 00 �c 00 0 �c35 � (u� v)where c; d 2 R, \�00 is the usual inner product on R3 and \�00 is the cross-product onR3. Then the minus-Lie-Poisson structure on (R3cd)� ' R3 is given by the matrix:(2.7) [fxi; xjg�cd] = 24 0 cx3 �cx2�cx3 0 (d + ck)x1cx2 �(d+ ck)x1 0 35or equivalent ff; gg�cd = det24 (d + ck)x1 cx2 cx3@f@x1 @f@x2 @f@x3@g@x1 @g@x2 @g@x3 35for each f; g 2 C1(R3;R), and we can prove:Theorem 2.3. The controlled system (2.1), (2.2) is a Hamilton-Poisson mechan-ical system with the phase space P = (R3cd)� ' R3, the Hamiltonian H 0 given by:(2.8) H 0 = a2 (x22 + x23) + ak2 x21 + bx3 + b2x21where a; b 2 R; ad� bc = 1, and with respect to the Poisson structure f�; �g givenby:(2.9) ff; gg = ff; gg�cd + d� @f@x1 @g@x2 � @f@x2 @g@x1�for each f; g 2 C1(R3;R).Proof. Indeed, we have successively:fx1;H 0g = det24 (d+ ck)x1 cx2 cx3 + d1 0 0(ak + b)x1 ax2 ax3 + b35= acx2x3 + adx2 � acx2x3 � bcx2= (ad � b:c:)x2= x2= _x1and similarly fx2;H 0g = _x2; fx3;H 0g = _x3, as required. �5



Remark 2.2. It is not hard to see that the function C 0 given by:(2.10) C 0 = c2(x22 + x23) + ck2 x21 + dx3 + d2x21is a Casimir of our con�guration.The above theorem tells us in fact that the equations (2.1), (2.2) are unchanged(so the trajectories of motion in R3 remain the same) when the conserved quantitiesH and C are replaced by the Sl(2;R) combinations H 0 and C 0. Geometrically, theinvariance of the trajectories in R3 means that while the level surfaces of H 0 andC 0 may be radically di�erent from those of H and C, their intersections are exactlythe same.2.4. The structure of the Lie algebra R3cd. Let ê = fe1 = (1; 0; 0); e2 =(0; 1; 0); e3 = (0; 0; 1)g be the canonical basis of R3. Then the commutators arefound to be [e1; e2]cd = �ce3; [e2; e3]cd = �(d+ ck)e1; [e1; e3]cd = ce2:It is clear that the Lie algebra R3cd spanned by fe1; e2; e3g depends on c and d.Thus four cases can arise:Case 1: c = 0; d 6= 0.Let us de�ne: f1 = �de1; f2 = e2; f3 = e3Then the structure of the algebra R3cd is:[f1; f2]cd = 0; [f2; f3]cd = f1; [f2; f1]cd = 0:This algebra is of type II in Bianchi's classi�cation (see for details Dubrovin,Fomenko and Novikov [4]). It is solvable and it is identi�ed with the well knownHeisenberg algebra.Case 2: c 6= 0; d = 0.Then two subcases arise:(i) k > 0 Then, let us de�ne:f1 = �1ce1; f2 = � 1cpke2; f3 = � 1cpke3:then the structure of the algebra is:[f1; f2] = f3; [f2; f3] = f1; [f3; f1] = f2:This algebra is of type IX in Bianchi's classi�cation and is isomorphic to so(3).(ii) k < 0. Then let us de�ne:f1 = �1ce1; f2 = � 1cp�ke2; f3 = � 1cp�ke3:Then the structure of the algebra is:[f1; f2] = f3; [f2; f3] = f1; [f3; f1] = f2:This algebra is of type IX in Bianchi's classi�cation and is isomorphic to so(3).6



Case 3: c 6= 0; d 6= 0; c(d+ ck) > 0.Let us de�ne:f1 = �1c e1; f2 = � 1pc(d+ ck)e2; f3 = � 1pc(d+ ck)e3:then the structure of the algebra is:[f1; f2] = f3; [f2; f3] = f1; [f3; f1] = f2:This algebra is of type IX in Bianchi's classi�cation and it is isomorphic to so(3).Case 4: c 6= 0; d 6= 0; c(d+ ck) < 0.Let us de�ne:f1 = �1c e1; f2 = � 1p�c(d+ ck)e2; f3 = � 1p�c(d+ ck)e3:Then the structure of the algebra is:[f1; f2] = �f3; [f2; f3] = f1; [f3; f1] = �f2:This algebra is of type VIII in Bianchi's classi�cation and it is isomorphic to so(2; 1).2.5. The controlled system (2.1),(2.2)and the perturbated Du�ng oscilla-tor. It is clear that in each case presented above the controlled system (2.1),(2.2)may be reduced to a 2-dimensional mechanical system on the level set of the cor-responding Casimir function C 0. For instance if we take b = 0 in Case 1 this yieldsto the Du�ng oscillator dynamics with one control. More precisely we have:Theorem 2.4. Under an explicit change of coordinates the dynamics of the con-trolled system (2.1),(2.2) reduces to the Du�ng oscillator dynamics with one linearcontrol.Proof. Let us take in the above Case 1, b = 0; a = 1=d. Then the Casimir C 0 andthe Hamiltonian H 0 are respectively given by:(2.11) C 0 = d(x3 + 12x21)(2.12) H 0 = 12d (x22 + x23 + kx21)De�ne now the new coordinates (x; y; z) by(2.13) 8>><>>: x = x1y = x2z = x3 + 12x217



It follows that(2.14) 8>><>>:x1 = xx2 = yx3 = z � 12x2With respect to these new variables the equations of motion of our controlled system(2.1),(2.2) become:(2.15) 8>><>>: _x = y_y = xz � x32 � kxz = constantor equivalent on z=constant:(2.16) �x = xz � x32 � kxas required. �Let us observe also that our system possesses the following three equilibriumstates:(2.17) (0; 0); (�p�(z � k); 0)The �rst of these is unstable and the other two are stable centers (see Fig. 1)
Figure 1:. The phase portrait in the case c = 0; d 6= 03. Maxwell-Bloch equations with a quadratic control3.1. The equations of motion and Poisson structure. Maxwell-Bloch equa-tions with one control about 0x2 axis may be written in the form (2.1). In all thatfollows we shall employ the feedback(3.1) u = kx1x3where k 2 R is the feedback gain parameter. We refer to the system (2.1),(3.1) asthe controlled system. It is now easy to prove:8



Proposition 3.1. For the controlled system (2.1),(3.1) the quantities(3.2) H = 12(x22 + x23) + k2x23and(3.3) C = x3 + 12x21are constants of motion.Further we have:Theorem 3.1. The controlled system (2.1),(3.1) is a Hamilton-Poisson mechanicalsystem with the phase space P = R3, the Hamiltonian H given by (3.2) and withrespect to the Poisson structure (2.5).Proof. Indeed, one readily checks that_xi = fxi;Hg; i = 1; 2; 3which gives the result. �Remark 3.1. The function C given by (3.3) is a Casimir of our con�guration.3.2. Stability about 0x1 axis. For k su�ciently large, can we stabilize thesystem about 0x1, axis, i.e. about the equilibrium state (x1; x2; x3) = (M; 0; 0)?Consider �rstly the system linearized about (M; 0; 0). Its eigenvalues are given bythe solutions of(3.4) �[�2 +M2(k + 1)] = 0Hence for k < �1 the equilibrium state (m; 0; 0) is unstable, but for k > �1, wehave two imaginary eigenvalues and one zero eigenvalue. Is the system stable? Weshall prove that it is via the energy-Casimir method.Theorem 3.2. The controlled system (2.1),(3.1) may be nonlinear stabilized aboutthe equilibrium state (x1; x2; x3) = (M; 0; 0) for k su�ciently large such that k >�1.Proof. Consider the energy-Casimir function(3.5) H + '(C) = 12(x22 + x23) + k2x23 + '(x3 + 12x21)where ' is a smooth scalar function. Now the �rst variation of H + '(C) is givenby: �(H + '(C)) = x2�x2 + (k + 1)x3�x3 + _'(�x3 + x1�x1)This equals zero at the equilibrium of interest if and only if(3.6) _'(12M2) = 09



Then �2(H + '(C)) = (�x2)2 + (k + 1)(�x3)2 + �'(�x3 + x1�x1)2 + _'(�x1)2At the equilibrium (x1; x2; x3) = (M; 0; 0) we have via (3.6):�2(H + '(C))(M; 0; 0) = (�x2)2 + (k + 1)(�x3)2 + �'(12M2)(�x3 +M�x1)2Hence for k su�ciently large such that k + 1 > 0 and choosing ' such that�'(12M2) > 0;the second variation is positive de�nite and we have nonlinear stability. �3.3. Alternative Poisson structures and the dynamic. Let R3cd be the Eu-clidean space R3 with the Lie algebra structure given by:[u; v]cd = 24�d 0 00 �c 00 0 �c� ck35 � (u� v)Then we can proveTheorem 3.3. The controlled system (2.1), (3.1) is a Hamiltonian-Poisson me-chanical system with the phase space (R3cd)� ' R3, the Hamiltonian H 00 given by(3.7) H 00 = a2(x22 + x23) + ak2 x23 + bx3 + b2x21where a; b 2 R; ad� bc = 1, and with the Poisson structure f�; �g given by:(3.8) ff; gg = det24 dx1 cx2 cx3 + ckx3 + d@f@x1 @f@x2 @f@x3@g@x1 @g@x2 @g@x3 35for each f; g 2 C1(R3;R),Proof. Indeed, we have successively:fx1;H 00g = det24 dx1 cx2 cx3 + ckx3 + d1 0 0bx1 ax2 ax3 + akx3 + b35= acx2x3 + ackx3 + adx2 � acx2x3 � ackx2x3� bcx2= (ad � bc)x2= x2= _x1and similarly fx2;H 00g = _x2; fx3;H 00g = _x3as required. � 10



Remark 3.2. It is not hard to see that the function C 00 given by(3.9) C 00 = c2(x22 + x23) + ck2 x23 + dx3 + d2x21is a Casimir of our con�guration.In fact the Theorem 3.3 tells us that the equations of motion of our controlledsystem (2.1), (3.1) are unchanged, so the trajectories of motion in R3 remain un-changed when the energy Hand the Casimir C are replaced by the Sl(2;R) linearcombinations of H and C. For example, one may choose to eliminate some termsin each expression of H 00 and C 00, by choosing linear combination given by:(3.10) b = 0; c = 0; d 6= 0; a = 1=dso that(3.11) C 00 = d(x3 + 12x21)(3.12) H 00 = 12d [x22 + (1 + k)x23]If k > �1, then with choice (3.10), the orbits for the controlled system (2.1),(3.1)are realized as motion along intersections of two cylinders, one elliptic cylinder -a level surface of H 00 with its translation axis along 0x1 (where H 00 = 0) and theother (a paraboloid cylinder along the Ox2 axis), a level surface of C 00.Now, we shall prove that the controlled system (2.1), (3.1) with k > �1 can bereduced to the Du�ng oscillator with a particular polynomial control. Indeed, letus introduce new coordinates(3.13) 8>><>>: x = x1y = x2z = x3 + 12x21In terms of these new coordinates, the functions H 00 and C 00 become respectively(3.14) C 00 = dz(3.15) H 00 = d2 [y2 + (k + 1)(z � 12x2)2]and therefore the equations of motion reduce to(3.16) 8>><>>: _x = y_y = (z � 12x2)x(k + 1)z = constantas announced. Thus we have proved: 11



Theorem 3.4. The dynamics of the controlled system (2.1), (3.1), with k > �1,reduces to the Du�ng oscillator dynamics with control(3.17) u = kx(z � 12x2)on the level surface of C 00.If we choose now:(3.18) a = 0; d = 0; c 6=; b = �1=cthen it follows that:(3.19) C 00 = c2[x22 + (1 + k)x23]and(3.20) H 00 = �1c (x3 + 12x21)Hence the level sets of the Hamiltonian H 00 are parabolic cylinders along the 0x2axis and the level sets of the Casimir C 00 are elliptic cylinders about the 0x3 axis.Therefore the orbits of the motion for our controlled system (2.1), (3.1), with k > �1are intersections of these cylinders. They are periodic, except in the limit whenthe parabolic cylinder becomes tangent with the interior of the elliptic cylinder.Moreover we have:Theorem 3.5. The dynamics of the controlled system (2.1), (3.1) with k > �1reduces to the pendulum dynamics.Proof. Let us introduce new coordinates:(3.21) 8>><>>: x1 = zx2 = cos�x3 = 1pk + 1 sin�In terms of these coordinates the function H 00 and C 00 become:(3.22) 8><>:H 00 = �1c � 1pk + 1 sin� + 12z2�C 00 = c2and the equations of motion reduce to:(3.23) 8<: _z = cos�_� = zpk + 112



Figure 1:. The phase portrait of the pendulum.or equivalently:(3.24) �� + 1pk + 1 cos� = 0Thus in these coordinates, the motion on the reduce phase cylinder reduces topendulum motion (see Fig. 2) �4. Controlling the homoclinic orbit of theMaxwell-Bloch equations with three controls4.1. The control systems with homoclinic orbits. Recently in a very nicepaper Bloch and Marsden [2] have showed how to control the period of a systempossessing a homoclinic orbit under the assumption that there is no noise in thesystem and that our controls have in�nite accuracy. We shall prove that their resultcan be applied to the Maxwell-Bloch equations with three independent controls.First let us remind ourselves of their results.Theorem 4.1. [2] Consider the Cr(r � 2) a�ne nonlinear control system givenby:(4.1) _z = f(z) + mXi=1 ui(t)gi(z); z 2 Rn;where the ui are piecewise continuous scalar functions and f and the gi are Crfunctions from Rn to Rn. Suppose that the free system(4.2) _z = f(z)has a hyperbolic �xed point at z = z0 and that z0 has a homoclinic orbit connectingz0 to itself. Let L0(z) be given by(4.3) L0(z) = Spanfgi; [f; gi]; [f; [f; gi]]; : : : ; i = 1; : : : ;mg:13



If dimL0(z0) = n, then a control u may be found such that the system spends anarbitrary long time in a neighbourhood U of the �xed point z0 after the control forceis removed.Sketch of the Proof. Consider �rst the free system (4.2) and suppose that Df(z0)has s eigenvalues with negative real part and p with positive real part. The systemmay be transformed to the system(4.4) ( _x = Ax + f1(x; y)_y = By + f2(x; y)where z = (x; y) 2 Rs � Rp, A is an s � s Jordan block with all diagonal entrieshaving negative real parts and B is an p � p with diagonal having positive realparts.Consider then the following neighbourhood of the origin:(4.5) N = f(x; y) 2 Rs�Rpjjjxjj < "; jjyjj < "gwhose boundary is given by the closures of the following sets:Cs" = f(x; y) 2 Rs�Rpjjjxjj = "; jjyjj < "g(4.6) Cp" = f(x; y) 2 Rs�Rpjjjxjj < "; jjyjj = "gWe denote by Ss" and Sp" the intersections of the stable manifold with Cs" and theintersection of the unstable manifold with Cp" respectively. For our purposes, thereare two key results (see Wiggins [10]) that we need. The �rst is that near the originthe system behaves to within an error 0("2) like its linear approximation. Secondly,the time the system spends in the neighbourhood N goes to +1 as jjy0jj ! 0.Returning to the controlled system (4.1), by virtue of the condition on L0(z0),we know the linearized system at z0 is controlable. Hence we may �nd (explicitlyfor the linear system) a control that takes the system to a point on Cs"n Ss" asdescribed above, choosing the point such that y0 is as close to zero as we wish. Wethen remove the control and the theorem follows. �4.2. Nonlinear pendulum with control. The dynamics of the nonlinear pen-dulum with a control u is given by:(4.7) �� + g sin� = u(t)or equivalent(4.8) � _x = y_y = �g sinx + u;where (x = �y = _�14



The dynamics of the corresponding free system(4.9) � _x = y_y = �g sinxhas an homoclinic orbit at the hyperbolic equilibrium point (�; 0). The orbits insidethe homoclinic loop are periodic (see Fig. 2) Further, the linearized system at � = �i.e. the system(4.10) ddt � xy � = � 0 1g 0 � �xy �is controllable. Indeed, its controllability matrix Cm is given byCm+ [B;AB]where A = � 0 1g 0 � ; B = � 01 � :and moreover rank(Cm) = rank � 0 11 0 � = 2;as required. It follows that in the particular case of the nonlinear pendulum withcontrol then all hypothesis of Theorem 4.1 are satis�ed, hence it works well.4.3. Maxwell-Bloch equations with three independent controls. The dy-namics of the Maxwell-Bloch equations with three independent controls is givenby:(4.11) 8><>: _x1 = x2 + u1_x2 = x1x3 + u2_x3 = �x1x2 + u3The free system is in fact the Maxwell-Bloch system which is equivalent with thenonlinear pendulum via an explicit change of coordinates (see for details David andHolm [3], or our section 3). Therefore, in view of the above considerations the allhypothesis of the Theorem 4.1 are satis�ed, hence it works well.Let us observe also that in this case the controllability of the linearized systemcan be obtained easier if we observe that the matrix B is in fact the identity matrix.References1. L. Allen and J.H. Eberly, Optical Resonance and Two-level Atoms, New York, Dover, 1987.2. A. Bloch and J. Marsden, Controlling Homoclinic Orbits, Theoretical and ComputationalFluid Dynamics, to appear.3. D. David and D. Holm, Multiple Lie-Poisson structures, reduction and geometric phases forthe Maxwell-Bloch traveling wave equations, J. Nonlinear Sci. 2 (1992), 241-262.15
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