I |) S I The Erwin Schrodinger International Pasteurgasse 6/7
Institute for Mathematical Physics A-1090 Wien, Austria

Discrete Spectrum Asymptotics for
the Schrodinger Operator with a
Singular Potential and a Magnetic Field

A.V. Sobolev

Vienna, Preprint ESI 180 (1994) December 16, 1994

Supported by Federal Ministry of Science and Research, Austria
Available via WWW.ESLLAC.AT



DISCRETE SPECTRUM ASYMPTOTICS FOR
THE SCHRODINGER OPERATOR WITH A
SINGULAR POTENTIAL AND A MAGNETIC FIELD

A.V. SOBOLEV!

ABSTRACT. Object of the study is the operator H = Ho(h, ) +V in L*(R%), d > 2,
where Hy(h, i) is the Schrodinger operator with a magnetic field of intensity g > 0
and the Planck constant i € (0, hg]. The electric (real-valued) potential V = V' (z)
is assumed to be asymptotically homogeneous of order —3, f > 0 as + — 0. One
obtains asymptotic formulae with remainder estimates as h — 0, ph < C for the
trace M, = tr{tg.(H)} where ¢ € C5°(R%), g(A) = A% ,s € [0,1]. Due to the
condition puh < C the leading term of M does not depend on g. It depends on the
relation between the parameters d,s and 3. There are five regions, in which either
leading terms or remainder estimates have different form. In one of these regions
M, admits a two-term asymptotics. In this case, for an asymptotically Coulomb
potential the second term coincides with the well known Scott correction term.

1. INTRODUCTION

We study in L2(R?), d > 2, the Schrédinger operator
Ha,V = Ha,V(hv /~L) = HO(hv/“L) +V,
d
1.1
Hy = Hy(h,p) = Y (=ihd — par)*. (1)

=1

Here Hy = Ha 1s the unperturbed operator with a magnetic real-valued vector-
potential a = (ay,as,...,aq), the parameter ¢ > 0 has the meaning of intensity
of the field. The function V(electric potential) is real-valued. Sometimes for the
sake of brevity we use the notation a = (a, V). We analyse the asymptotics as?
h— 0, g >0, ph < C of traces of the form

M(h,p) = M(h, p;,a) = tr{egs(Hq)} (1.2)
Here » € C°(IR%) and the function g,,s > 0, is defined as follows:

gs(\) = [A]°, A <0,
gs(A\) =0, A >0.

LEPSRC fellow

ZHere and in what follows we denote by C' and ¢ (with or without indices) various positive
constants whose precise value is of no importance.
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In case y = 0 we write Hy (h) (or Hy) and Ny(h;, V) instead of Ha v (h, 1) and
M (h, s, a) respectively. The condition ph < C will ensure that the leading
terms in the asymptotic formulae which we obtain, do not depend on the magnetic
field. In this sense the magnetic field under consideration is moderate, though the
inequality ph <C allows p to grow as h — 0.

The quantity (1.2) can be viewed as a "local version” of the sum

M, s 1) =) [Nl

k>1

where A\, = A\g(h,p;a), k > 1, are negative eigenvalues of Hy enumerated in the
non-decreasing order. In particular, My is a local counterpart of the number of
all negative eigenvalues. Note that due to the truncation ¢ the trace (1.2) can be
finite even if negative spectrum of Hy is not discrete.

The asymptotics of Mg(h, ) has been analysed in [14] in the case a,V €
Ce°(RY). Tt was shown there that for any s € [0,1], » — 0,0 < u < Ch™L,
the trace (1.2) obeys the formula

Mi(h, i, V) = Q0 (h o, V) o+ () O 7) () = (L %)z, (13)
with the standard Weylian leading term
2. (0) = Wl 6. V) = b [ o))
(1.4)

d—1 1
2, = E )d|/ t7N 1 — ) dt,
T 0

where [S?7!| stands for the surface area of the (d — 1)-dimensional unit sphere.
Corresponding result for the case y = 0 was obtained in [§8], [9].

In the present paper the smoothness assumption is removed. More precisely, we
assume that the function V is C'> outside x = 0 and asymptotically homogeneous
at x = 0:

o
@) L0 s=" 0<p<o (1.5)

I~ W) = Qo 2 2 %2 = gy

with some ® € C°(S?71). In Section 2 we shall formulate the conditions on V in a
more precise form. In fact, one could have assumed that there are several points at
which the potential behaves similarly to (1.5). Our results however, are stated in a
form which allows one to decouple the singularities using an appropriate partition
of unity and then, by means of the translation, perform in each patch the reduction
to the potential satisfying (1.5).

Under condition (1.5) the formula (1.3) is not necessarily true. The answer
depends on the relation between the parameters 3, s and d. A natural parameter
that determines the form of the asymptotics in this case is

2/3s
2-43

w=w(fs)= (1.6)
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The values d and d — s — 1 (which are the orders of h in the leading and remainder
term in (1.3) respectively) serve as "threshlods” — when w crosses either of them,
the asymptotics of My changes its form. Note in particular, that the condition
w < d is necessary and sufficient for 20, to be finite. Let us discuss individually all
possible cases. Below h — 0, 0 < p < Ch™!and 0 <s < 1.

1. w > d. The leading term of M is completely determined by the asymptotic
potential W defined in (1.5). Namely,

M(hypstp,a) =h™" (;b(O)Ns(l;l,W)—l-o(l)). (1.7)

Finiteness of the trace N5(1;1, W) for any d > 2, w > d will follow from the Cwickel
type estimate (2.19).

2. w = d. The asymptotics is still determined by W. However, in contrast to
(1.7) the leading term can be calculated effectively. Denote

2=

— d_(9)EHedy.
55 Jur ()

B,(P)

Then
M(hy psib,a) = B In hlp(0)B4(®) + (|In k| + 1)o(h™). (1.8)

We emphasize that the remainders in (1.7), (1.8) are bounded uniformly in p <
Ch™.

3. d—s—1<w < d. The leading order is given by the classical Weyl coefficient
(1.4). The singularity of the potential gives rise to a second term, that occupies an
intermediate position between the main term and the remainder in (1.3):

Ms(h, g3 ,0) =W (hip, V) + h79(0)0,
+ o(h™) + O((u)* T R+, (1.9)

The coefficient O, = O4(®, 5) depends only on W. Loosely speaking, it is defined

as the difference of two infinite quantities:
Os(®,8) = Ns(1;1, W) — W4 (1;1, W). (1.10)

Theorems 2.4 and 2.4' in Sect. 2 provide two equivalent regularized versions of this
definition. Presumably, in general, ©, does not admit any explicit representation
in terms of W. However, for the particular case of a purely Coulomb potential, it
does. Let d =3,s =1, =1, ® = —¢g,¢ > 0. Then, using precise formulae for
the eigenvalues of Hy (1), one can prove that ©; = —¢?/8. This expession for 0,
has been known since a long time in connection with the so-called Scott correction
to the ground state energy of a large atom. We refer to [8] for details and further
references. It is worth mentioning that by virtue of the condition d—s—1 < w < d,
the choice § = 1,5 = 1 implies that d = 3. In other words, the Scott correction
term is meaningful only in the three-dimensional case.

4. w=d—s—1. Then

My a5, a) = 2,(hs o, V) + O( I AR+ 4 O((u) A+ =1, (L11)
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5. w < d— s — 1. The asymptotics looks like (1.3) — the contribution from the
singularity gets "absorbed” by the remainder:

M(h, b, a) = (b, V) + O((u)* T het ), (1.12)

In particular, the local counting function M, satisfies (1.12).

We point out that in all five cases above the leading term of M, does not
depend on . In cases (3)—(5) the asymptotics gets more precise if ph — 0. On the
contrary, if ph = const, the formulae (1.9), (1.11), (1.12) loose their asymptotic
character since the remainders have the same order as 20, in this situation. This
observation is consistent with the well known fact that the Weyl term no more
describes the behaviour of M (h,pu) if ph > c. We refer to [12](see also [15]),
where the asymptotics of M (h, p;1,a) was studied for d = 3 and a homogeneous
magnetic field for any p > 0. It was shown that for uh > ¢ the leading term is to
be replaced by another coefficient that takes into account the magnetic field.

To conclude the introduction we sketch main steps of the proof. As in [§],
we analyse separately contributions from the regions around the origin and away
from it. Precisely, we split M(h, p;e,a) into the sum of My(h, p;41,a) and
M(h,p;1py,a), where 1y ( resp. 1y ) is supported inside (resp. outside) the
ball B(r) = {x : || < r} of radius r ~ h7=75. The share of the ball depends on
the interrelation between w and d. We explain further proof in the most interesting
case d —s —1 < w < d. Inside the ball one can neglect the magnetic field and
replace the potential V' by its asymptotics W. This reduces the problem to the
study of Ns(h; 1, W). Using homogeneity of W one can "scale out” the parameter
h, after which the definition (1.10) yields almost automatically that

MS(hv 1 77Z)17 Cl) ~ Ns(h; 77Z)17 W) = Qﬂs(h; 77Z)17 W) + h_w®8 + O(h_w)‘ (113)

The change W back to V affects only the error o(h™).

Since V is smooth outside B(r), we can use for M(h, p; 12, a) the asymptotics
(1.3) established in [14]. However the result of [14] does not apply directly, because
by (1.5) V(z) is not bounded uniformly in h for |z| > r and, consequently, we
cannot control the remainder estimate in (1.3). To avoid this difficulty, we use the
so-called multiscale approach invented by V. Ivrii (see [9]-[11], [8]), that provides
a good control of the remainder estimate under fairly general conditions on V. A
version of this method adjusted to our purposes, is described in [14]. As a result,
we obtain

MS(hv 22 77Z)27 Cl) = Qﬂs(h; 77Z)27 V) + O(h_w) + O(</,L>8+1h8+1_d)‘

Adding up this relation with (1.13), we arrive at (1.9). We point out again that in
the exterior of B(r) we need only the first term of the asymptotics with a proper
remainder estimate. The second term in (1.9) is produced totally by the interior of
B(r) (see (1.13)).

Precise definitions of objects we shall be working with, and statements of the
main results are given in Sect. 2. In Sect. 3, 4 we investigate the possibility of
replacing the potentials a, V' with 0, W in the asymptotics of (1.2). In Sect. 5 we
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summarize the results from [14] on the multiscale analysis and establish existence
of the limit (1.10) in a suitable regularized sense. Sect. 6 contains the proof of the
asymptotic formulae discussed above.

Notation. As a rule, m stands for a d—tuple of non-negative integer numbers:
m = (my,maz, -+ ,mgq), |m|=mi+mz2+---+mgq.

For any measurable function f one writes f1 = (|f| £ f)/2.

For a domain X C R? we denote by B>(X) the set of functions f € C*°(X)
bounded along with all their derivatives. This space forms a Fréchet space with the
family of natural semi-norms ||f||,, = sup, |97 f(x)], ¥|m|> 0.

A constant C is said to be uniform in f € B>*(X) (or f € C§°(X)), if it depends
only on the constants in the estimates ||f]],, < Cr,|m| >0

A function ¢ is said to belong to B*(X) uniformly in f € B*>(X) if the
derivatives |07'¢g(x)|, |m| > 0, are estimated by constants which are uniform in
f e B>X).

For spaces of vector-valued functions a(z) = {a1(x),...,aq(x)} we use the same
notation as for scalar functions. This convention does not cause any confusion. For
instance, the notation a € L}
I3, (RY),

B(z,E), » € RY E > 0, denotes the closed ball {x € R? : |z — 2| < E};
B(E) = B(0,FE). Sometimes we use open balls é(Z,E) ={zcR: |2 -2 < E}
and é(E) = é(O,E) as well.

For any self-adjoint operator T, D(T) denotes its domain and R(z;T) = (T—z)~!
— its resolvent for » € C outside the spectrum of T. If T is semi-bounded, T7-, ]
and D[T] stand for the associated quadratic form and its domain respectively.

(R4) means that each component of a belongs to

Notation &,, p > 1 stands for the Neumann-Schatten class of compact operators
with the norm

|71, = (= {(T*T)%})7.
Classes &1, 6 are called the trace class and the Hilbert-Schmidt class respectively.

Operators Ty € 6,, T, € &, and any bounded operator T satisfy the following
inequalities:

I T1T2It < I Tllp ITZqu th=pT 4+ q_l;} (1.14)

| Lnl, <1 T |73,

These and other properties of compact operators can be found in the book [7].

2. MAIN RESULTS

1. Definition of the Schrodinger operator with a magnetic field. Let
ac L? (R?), d > 2 be a real-valued (vector-)function. We denote by Q;,II; =

Im*, 1 =1,2, ...,d, closures of the differential operators —ihd; — pa;, —ihd;, on
Ce°(R?). We define the unperturbed Schrédinger operator as

HO = Ha’o(h,/,L) = Q?Ql, HO,O = HO’O(h) = H?Hl = —hZA

Here and below we assume summation over repeating indices. The operator Hy can
also be interpreted as that associated with the quadratic form (Qu, Qu) (see [3]).
Due to the condition a € L} (IR?), the set C5°(R?) is a form core for Hy.
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To define the perturbed operator we use the following estimates resulting from
the diamagnetic inequality (see [3]):

Proposition 2.1. Let X be multiplication by a measurable function and & > 0.
Then for any X >0

[XR(=A; Ho)™|| < [[XR(=A; Hoo)"| (2.1)

and for any positive integer n

| XR(=X o), < | XR-\: Hoo)'),,. (22)
It follows immediately from (2.1) with x = 1/2 that the inequality
| X u||* < e(Hoou,u)+ M(h)|ull?, Yu e CS(RY, (2.3)
entails
| Xu|® < e( Hyu,u) + M(h)||u]|?, Yu € CC(RY, (2.4)

with the same positive constants e and M(h). Let V be a real-valued function such
that the estimate (2.3) is fulfilled for the function X = |V|'/? with some e < 1
and M(h) > 0. Due to (2.4) the perturbed operator Hy = Ha v = Hy + V is well
defined in the form sense.

To study the local trace (1.2) it will be sufficient to assume that the operator
is of the form (1.1) only in a neighbourhood of suppt. Its behaviour outside is
irrelevant. To distinguish it from the "true” Schrodinger operator Hy we shall use
for such an operator the notation Aq = Aq(h, ) (or simply A).

Assumptions on A will be stated in terms of the quadratic form A[-,]. Below
D C R denotes an open bounded domain.

Assumption 2.2. The operator A is selfadjoint in L*(RY), semibounded from be-
low and for any ( € C§°(D) the following conditions are satisfied:
(1) For any u € D[A] one has u( € D[A]; there exists a function (1 € C5°(D)
(depending on () such that

A[uv Cv] = A[Cluv Cv]v
for all u,v € D[A];
(2) There exist real-valued functions a € L (RY) and V with X = |V|'/? obey-
ing (2.3) with some € € (0,1),M(h) > 0, such that for any v € D[A], u €
D[H,], a=(a,V), one has (u € D[A], (v € [H,q] and

A[Cuv Cv] = Hﬂ[Cuv Cv]

Though this assumption may look cumbersome, it is very natural in the sense
that it is fulfilled for some standard special cases. For instance, the operator Aq
defined by the differential expression

> (=ihdi — ar)* + V(x)
l
with the Dirichlet condition on the sphere {z : || = R}, R > 0, obeys Assumption
2.2 with D = B(R).
Our basic tool in the study of the operator A = A, is the following resolvent
identity:
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Lemma 2.3. Let the operator A be as specified above. Then for any function
¢ € C§°(D) one has

CR(ZQ Aa) = R(Z§ Ha)C + R(Z§ Ha)ZR(Z§ Aa)a
Z =7Z(()=—th(2Q70,¢ +ihA().

Proof. Clearly, it suffices to verify that for any v € D(A), v € D(H), H = H, the
inequality holds:

(Cu, Hv) — (Au, Cv) = (u, Z*(C)v). (2.7)
To prove this notice that v € D[A], v € D[H], so that by Assumption 2.2 the Lh.s.
of (2.7) equals
HI[Cu,v] = A[¢u, (v] = H[Cu,v] = H[Cru, (v] = (QiCu, Q) — (QiCru, QiCv)
= ([Q1, J¢iu, Qiv) — (QiCiu, [Q1, C]v)
= —ih(0iCu, Q) — ih(QiCyu, 9ilv).

Recall that D(Q;) C D(Q7), so that one can rewrite this as

—th(9iCu, Qo) — ih(Cru, QudiCv) = —ih(u, (201(Qr — ihA()v),

which coincides with the r.h.s. of (2.7). O

In the same way one proves the identity for powers of the resolvents:

(R(z; A)F = R(z H)* ¢+ R(z; HY Z(Q)R(z; A)F /4!, vk e N (2.8)

i=1

For tr{tgs(A)} we keep the same notation as for tr{vgs(H)}, i.e. Mg(h,u;,a).
This will not cause any confusion in what follows.

We shall use extensively the following scaling properties of the operator A, and
the trace M (h, p;1),a). Let f, ¢ be some positive numbers. and let z € RY. Let
the unitary dilation operator U, and the translation operator 7. be defined by

(Upu)(x) = (5 u(lz), (Tou)(x) = ula + 2).

Denote

~

Viz) = f73V({lx + 2), a(z) = (Tta(lz + 2), 77[)(1') = (lx + z). (2.9)

Define also two auxiliary parameters which will play the role of the Planck constant
and the size of the magnetic field after the scaling:

0= —, v=—. (2.10)
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Since V obeys (2.3), we have

| IVl < e(Hoo(a)u, u) + M(a)ul®, M(a) = f72M(h), Yu € CF(R?).
(2.11)
It is clear that the operator

FAUT)Ag(UeT ) (2.12)

satisfies Assumption 2.2 with the set D = {2 € R?: (2 4+ z € D} and the operator
Hi(a,v), a={a,V}. Therefore it is natural to denote the operator (2.12) by A;.
By the unitary equivalence of trace,

M(h, s a) = F2EM (o, v; 0, d). (2.13)
Note also the scaling property of the Weyl coefficient (1.4):
Wo(h;, V) = W9, V), (2.14)

which can be verified by direct calculation.
Notice that in the case D = B(z,() the set D is simply B(1).
2. Conditions on a,V. Let us specify conditions on the potential V' and

vector-potential a, for which we shall obtain asymptotic formulae described in In-
troduction. Assume that V,a € C>°(R?\ {0}), a is continuous, and for all  # 0

0"V (2)] < Clz[ 7771 0 < B <2, |m| >0
(2.15)
0 a(e)] < Colel 1, | > 1.
Moreover,
Vi) = |z|77(®(2) + Ulz)), (2.16)
with a function ® € C“(Sd_l) and some U € L“(Rd) such that
v-sup|, <, [U(2)] < Ug(t), Ug € L™(0,00), Uo(t) =0, t — 0. (2.17)

As a rule we use the notation W(x) = ®(2)|z|7%. Notice that (2.15) contains no
estimates on the function a itself, but only on its derivatives. This fact is quite
natural, since the constant component of a can be chosen arbitrarily or eventually
eliminated by a simple gauge transformation.

It is easy to check that the functions X = |V|? and X = |W|z obey (2.3) for
any € > 0 and

M(h) = C(eh?)™ 77, (2.18)

the constant C here being dependent only on Cj in (2.15). In the sequel, we usually
subsume € into the constant C' and omit e from notation.

Unless otherwise stated all the functions denoted by O( - ) or o( - ) will be uniform
in all C>-functions involved (in the sense specified in the end of Introduction) and

in p € [0, Ch™1]. Moreover, they will be also uniform in the functions V, a satisfying
(2.15), (2.16) and (2.17). In other words, they will depend only on the constants C,
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from (2.15) and the function Uy. For instance, o(1) in (1.7) stands for a function
which tends to zero as h — 0 uniformly in ¢» € C§°(R?), the functions V, W,U
and p < Ch™!. The symbols "lim”, ”limsup” are used in situations, when no
uniformity (in the sense specified above) is claimed.

2. Results. We always assume that A, obeys Assumption 1.1 with D = §(4E)
for some fixed E > 0. The function ¢ is supposed to belong to C§°(B(E/2)). As
was mentioned in Introduction, the form of the asymptotics is governed by the
parameter w defined in (1.6). For some values of w the leading or the second term
are expressed in terms of the trace N, for the operator Hy . In the next Theorem

we prepare some properties of this trace needed for stating our main result. Let 20,
be the Weyl coefficient defined in (1.4). Below we denote ¢,(z) = ¢(xp~t), p > 0,
for any function ¢.

Theorem 2.4. Let ® € C*°(S?71), 5 €(0,1], B €(0,2) and

We) = 28 g e oo (si-ny,

T el

Let ¢ € CP(RY) be a function such that ¢(x) = 1,|z] < 1 and let ¢ (x) =
Selp), p> 0.
(1) If w > d, then

No(1i ¢, W) = No(L; 1L, W) + o(1), p — oo. (2.19)
(2) Ifd—s—1<w(p,s) <d, then
No(1;6,, W) = Ws(15¢,, W) = O, +0(1), p— oo, (2.20)
with some real number O, = O,(®, B) independent of the function ¢.

The relation (2.20) can be interpreted as a "regularized limit” of N(1;¢,, W).
A remarkable fact is that there is another choice of regularization that yields the
same value of O,:

Theorem 2.4'. Let the parameters 3,s and the function W be as in Theorem 2.4,
and letd —s—1<w(p,s) <d. Then

m (NVs(L;1, W+ k) — W (L1, W+ k) = 04D, 8). (2.21)

k——40

This limit may be not uniform in the function W.

We stress again that the relations (2.19), (2.20) are uniform in W and ¢. If one
does not require any uniformity, the proof of (2.19) is fairly simple. Indeed, the
finiteness of Ny in (2.19) can be easily obtained from the following bound for the

number of negative eigenvalues of Hyy 4, £ > 0 ( see [4]). Forany V € L% (R%), ¢ >
d/2,

M(1; 1L,V +k) < C'/i%_qHVHqu = Cree sup(tq mes{x : V_(z) > t}) (2.22)
" >0
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This bound results from a Cwickel type estimate (see [6], [13]). Clearly, W €
L4 (RY) with ¢ = dB~! > d/2, so that (2.22) yields

N][-%

ML, W+k)<Ck %, C=C(p3,2). (2.23)

For w > d, we have
Ne(1;1, W) = —/ 2 dNo(1; 1, W + k) = 3/ RSN 1L, W+ k)dr,
0 0

Now one concludes from (2.23) that ¢g;(Hw ) € &1, i.e.
Ne(1;1, W) < 00, w(f,s) > d.

Note that for d > 3 (2.23) can be obtained also from the classical Rosenblum-Lieb-
Cwickel estimate:

d
2

M(L; LW +k) < C/(W(l’) + k) 2dx.

Since ¢, converges weakly to 1 as p — oo, and ¢,(Hyw ) is trace-class, we have

lim N(1;¢,, W) = Ny(1;1,W).

p—00

This convergence however is not a priori uniform in W. The proof of Theorem 2.4
is more complicated, but provides the uniformity in W.
Next Theorem constitutes the main result of the paper.

Theorem 2.5. Let s € [0,1] be a fized number and let h € (0, ho], > 0,uh < C.

Suppose that the operator Ay satisfies Assumption 2.2 with D = §(4E) and 1 €
CS(B(E/2)). Then the following assertions take place:

1) If w > d, then (1.7) holds.

) If w=d, then (1.8) holds.

) Ifd—s—1<w<d, then (1.9) holds.
) Ifw=d—s—1, then (1.11) holds.

) Ifw<d—s—1, then (1.12) holds.

The remainder estimates are uniform in the functions a,V ¥ and may depend on

E.

(
(2
(3
(4
(5

It is worth pointing out that no information on A, outside B(4E) is involved in
Theorem 2.5. In particular, the lower bound of A, is irrelevant.

Our assumption that the potential has only one singularity located at the ori-
gin, has been imposed for convenience only. One can easily obtain corresponding
asymptotics for M, in the case of many singular points, by reducing the problem
to Theorem 2.5 with the help of an appropriate partition of unity and a translation

transformation. The partition of unity argument permits also to extend Theorem
2.5 to arbitrary ¢» € C$°(IRY) and D D supp .
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To conclude this section we discuss some properties of the coefficient O defined
n (2.20). As was mentioned in Introduction, in general it cannot be expressed
explicitly in terms of W. We can only say that it is homogeneous in ®:

0.(¢®, B) = 77 O,(®, 3), Yg > 0. (2.24)

This relation follows from definition (2.20), homogeneity of the function W and the
equalities

Ns(la ¢p7qW) = qﬁNs(la ¢p'7 W)7 } p, - pqﬁ
QﬂS(L Gp, QW) = Q%WS(L Pprs W),
which result from (2.13), (2.14) with

F=0" (=q7>

Nevertheless, the limit (2.20) can be calculated explicitly for d = 3,s = 1,5 =1
and ®(0) = —¢,¢ > 0. In this case
2

O1(—q,1) = —%. (2.25)

A proof of this result, based on the relation (2.21) and a precise formula for the
eigenvalues of Hyy (1), was given in [8]. This proof is so simple that we reproduce
it here.

Due to (2.24) one can assume that ¢ = 1. The eigenvalues of Hy (1) are
—(4n?)~', n > 1, each of them having a multiplicity n? (see e.g. [5]). Conse-
quently,

m

1
Ml(ﬁ):M1(1;17W+/€):Z<m—li> n?, V& > 0. (2.26)
n=1

Here m denotes the entire part of @ = (2\/x)~!. On the other hand,

1 5
1:1 — —|z|7)2dx = 1—t5t 2 dt

4 1
= P27 = o

where B( -, - ) denotes the beta function. It follows from (2.26) that

Mi(k) = %—/ﬁan

- % . Em(zm +1)(2m+2) = % - %(27# +3m +1).

Representing m as a + v with some v € (—1,0], we obtain that

5
-

(2.27)

Taking into account that a = (2y/k)71, this leads to
1 1
=———-—=-+4+0 :
Milr) = 3 72— g HOVA)

Comparing this with (2.27) and using (2.21), we arrive at (2.25).
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3. REDUCTION TO H,

The purpose of this and the next section is to show that in the asymptotics of
tr{ig(Aq)} one can replace A4 by the "asymptotic” operator Hyy with the potential
(1.5). We shall do this in two steps. Firstly, in this section we justify the change
A. — H,. Further reduction to Hy will be done in Section 4. All the bounds
to be obtained do not depend on the magnetic potential, so that without loss of
generality one can set p = 1.

1. First we study the resolvent R(z, Hy). We always assume that a € L? (IR%)

loc

and the function X = |V|? satisfies (2.3) with some € < 1, so that the operator H,
is well-defined. Furthermore, it follows from (2.4) that

inf o(Hy) > —M(h). (3.1)

Sometimes for shortness we write simply H and M instead of Hy and M(h) re-
spectively. It will be convenient to assume that M > 1. We denote dy(z) =
dist{z,[~M,o0)}. Everywhere below z € C\ {[~M, )}, so that R(z, H) exists
and is bounded. The integer number /( with or without indices) takes the values
1,2,...,d and the numbers m,my,mso,... equal either 0 or 1.

We begin with some straightforward estimates. Let X denote an arbitrary func-
tion satisfying (2.4) with the same e, M as the function |V|z. It follows from the
definition of Hy that

1QT" R(=A\; Ho)? || < A7, m =0,1,¥A > 0. (3.2)
Furthermore, (2.4) entails that

|XR(—\; Hy)?|| < €7,

. . } VA > et (3.3)
[(Ho + A)ZR(=A H)? || < (1—€)7 7,

NI

Further, due to the resolvent identity, for any A > M we have the equality:

o=

,2)R(=X\; Hy)z, (3.4)
S(A,2) = (Ho+ \)TR(=N H)? (I + (A + 2)R(z; H)) R(=\; H) 7 (Ho + A) 7.
By the second inequality in (3.3),

1 A 7]
du ()

IS\, 2)]l <2(1—€)” A > e M. (3.5)

As a rule, in what follows we omit the dependence of the coefficients on e.

Lemma 3.1. Let X satisfy (2.4) and let mq,me = 0,1 be such that my + mqy < 1.

Then
IX™ QM R(—\ H)¥|| < CA™555 7 v > e, (3.6)
(2] + M) 75

[X™ Q" Rz H)|| < C (3.7)

duyr(z) ’



DISCRETE SPECTRUM ASYMPTOTICS 13

Proof. The estimate (3.6) is a consequence of (3.2) and (3.3). Let us prove (3.7).
By (3.4), (3.5) and (3.6) with A\ = |z| + e 7'M, we have
[ X" Q" Rz H)|| < | X™ Q" R(=A; Ho )2 || |S(A, 2)I [[R(=A; Ho) 2|

M1+72712—1 A+ |Z|

dwm(z)

< O\ AT

This provides (3.7). O

Let us proceed to estimates of R(z, H) in the classes of compact operators. For
the resolvent of the operator Hg o necessary bounds can be found in [14, Lemma 3.3].
Their proof is based on a simple criterion for the operators of the form a(x)b(—th0)

(see, e.g. [13]). It provides for any f € LP(R?), x > 0 and A > 0 the bound

fed

| FR(=X; Ho )™, < Coll flls A ™" T 075, Wp > 2,p > d(2r) 7"
In combination with Proposition 2.1 this yields for x > 0 and any integer n > 1:
| FR(=2; Ho) Ly, < Collfllpon A" 3R 730 20 > d(26) 7 (3.8)

Moreover, the following Lemma holds.

Lemma 3.2. Let f € L**(RY) for some n > d/2. Then

o (M |2y
: < 2n L

Proof. By (3.4) for A = |z| + e 1 M, and (1.14),
| FR(=: H ), < FR(=XHo)? | 2all SOV )| [[R(=A: Ho )= .

It remains to apply (2.2), (3.8) for x = 1/2 and (3.5). O

2. Now we shall study the properties of the resolvent "sandwiched” between two
functions with disjoint supports. Until the end of this Section the functions y and
¢ will be supposed to satisfy the conditions

X € C¥(B(p)); Ix| < 1;}

6 € B=(RY), supps € BRI\ B(up), |0] < 1. (5.9)

with some p > 0 and v > 1. All the constants in Theorems below do not depend
on p, X, ¢ but may depend on v.

Lemma 3.3. Let x and ¢ obey (3.9). Let m,my,ma2 = 0,1 be such that m+my < 1.
Then for any N >0
[ X" XQ; R(z: H) (QF,)™* 4|
(M + |=)
dm(2)

m4mytmo
2
S CN,I/ |:

(M + |z|>h2]N‘

prdu(z)? (3.10)
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Let n and k be two integers such that n > d/2 and k < 2n. Then for p=2n/k and
any N >1

| X" v Q) R(= H)(Qi,) ™4,

m4mytmo
oy L )
g sV dM(Z)

S

In particular, for any N > d/2

| X™x Q7 R(= H)(Qp, )™ ¢l

e e [

< CN,I/

(3.12)

Proof. We prove first (3.11). It suffices to do that for N = 1. The result for all
N will follow if one replaces n by nN and k by kN. We start with the following
simple observation: Let n € C°(IR) be a function such that 0 < n < 1 and
n(t)y =1, t+ < 1/3; n(t) =0, t > 2/3. Let us define the following family of
functions ) € CP(RY), 5 =1,2,... k:

X(J)(x):n[ﬁoxpp— p(”_lk):(j_l)”. (3.13)

It is clear that y = vy and v =y U+HD (g =0, so that

XD R(z H)QF,)™ 6 = — [R( H),xD)(QF,)™ ¢
= R(z; H)[Ho, XV I\VVR(z; H)(QF,)™ 6.

Therefore the representation holds:

X"xQ" R(z; H)(Q,)™ ¢
k .
= xmQp TI{ R A PG @, o
j=1
According to (3.4) for any A > M one can write
R(z; H)[H,x\V] = R(=\: Ho) ESTy(Ho + A)*, S = S(\.2),

where

Tj = R(—); Hy)? [Ho, Y] R(—\; Ho)*.
Therefore

X"\QP R(z H)(Q})™ ¢ = X" XQ" R(—\; Hy)*

x{H ST]}SR(—/\; Hy)2(QF)™ 6, (3.14)
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Noting that
[Ho, (] = —ih(QF ¢ + iCQu), V¢ € BX(RY),

we conclude that
Tj = —ih(Z; + Z7),
Zj = [R(=: Ho)> Q7] [0V R(=; Ho)*].
Consequently, ( 3.2), (3.8) and (3.13) yield that
| Zil,, < CllOXD|[pan A3 RT3 < CyppFn A2 AR 5,
Let A = ¢ 'M + |z|. Then by (1.14) and (3.5),

H{STJ}

k
<IsI* T[Tk, < or*

2 N
3 =

M + |Z|)%]% [(M + |Z|)%h]k‘

<
PEE

Now we get from (3.14):
| X" \Q R(z H)QE)™ e < 1X™ Q" R(=X: Ho)? |
k
TT{sTH | ISIIR(=A: Ho)2 (QF,)™ -
i=1 28

Using (3.2), (3.3), (3.5), this yields (3.11). The estimate (3.12) is a direct conse-
quence of (3.11) for k = 2n.
The bound (3.10) can be proven analogously. O

Corollary 3.4. Let the functions x, ¢ satisfy (5.9) and the numbers m,my,mso be
as in Lemma 3.5. Then for any k > 1 and N > d/2

| X™x Q" Rz H)"(QF,)™ 4],
<o O+ )= [p<M+ |z|>%]d[<M ' |z|>%hrN.
- dM(Z)k h dy(2)p (3.15)

Proof is by induction. Corollary is already proved for £ = 1. Assume that (3.15)
1s true for some k. We shall deduce from here that it is also true for &£ + 1. Let
X1 € C§°(B((1+2v)p/3)) be a function such that yi(z) =1, |z| < (2+v)p/3 and
¢1 =1— x1. Then by (1.14)

| X" xQ" R(= H)* ' (QF,)™ ¢,
< X" XQ Rz H)M|| | xa Rz H)(QF, )™ ),
+ | X" QU R(z H)Y o, || R(z H)QF,) ™2 4.

Since supp ¢1 C Rd\B<(2—|—1/),0/3>, the pairs of functions x1, ¢ and Y, ¢ satisfy the
conditions of Lemma 3.3. The desired estimate for the first summand in the r.h.s.
follows from Lemmas 3.3 and 3.1. The second summand obeys the same estimate
due to the inductive assumption and Lemma 3.1. [

In the next Lemma we assume that p > C.
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Lemma 3.5. Let x obey (3.9) with p > C and let k,n be two integers such that
n>d/2,k <2n. Then

144
,oME]P 2n

| xR(£iM; H)Y, < CM"“[ L p= (3.16)

Proof. By Lemma 3.2 the bound (3.16) is true for ¥ = 1. Further proof is by
induction: assuming that (3.16) is true for some k, we shall deduce (3.16) for k + 1.
Let x1 € C§°(B(3p)) be a function such that yi(x) = 1, |2| < 2p;|x1] < 1, and
¢ =1—x1. Then supp ¢ C RY\ B(2p). By (1.14)

| XM B o < | XREM H) o | R H)
+ | xR(+iM; H),, | i R(EM; H)Fs -

n
k

Since x, ¢ obey the conditions of Lemma 3.3, by (3.11) with N = 1 the first sum-
mand is bounded by

d(k+1)

p<2M>%] & [ (200)} 1
I dai(£iM)p

d(k+1
k+1 (277, -

o=

1
dag (£iM)FFT

pM

¢ h

Here we used the bounds M > 1,p > C. Further, by Lemma 3.2 and the inductive
assumption the second term does not exceed

1 4 dk 1 o dlkt1)
M§ 2n M§ 2n
c{ il angar Hare |22 7 < cartr 258

This and preceding estimate provide (3.16) with & + 1. Proof is completed. O

Corollary 3.6. Let x be as in Lemma 5.5. Let g = g(\) be a function such that
g(A) =0, A > X and |g(N)] < C|A|®, s >0. Then

1l-d
o, < carr |55

Proof. 1t follows from (3.16) with 2n = k > d that
| xg(B)|, <|xRGM; H)M|, [(H — M) g(H)|

< oMt [%] I(H — D) g(H)).

For H > —M, the last factor is bounded by CAM*t*. O
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Corollary 3.7. Let x be as in Lemma 5.5 and let my,mo = 0,1 be such integers
that my + mo < 1. Then for any k > d

my L M3
| X™ Q2 R(id; H)FFY|, < oMk [”—} .

Proof. Let y1 be a function introduced in the proof of Lemma 3.5. Then

| X™ x Q72 R(xiM; HYF Y, < | X™ Q" R(£iM; H)¢|, | R(iM; H)¥ ||
1 X™ QP R(+iM; H)|| | xa R(£iM; H)Y,.

It remains to apply Lemma 3.1, (3.16) and (3.12). O

3. Until now the operator under consideration was supposed to have the form Hy
in the entire space. As was explained in Sect. 2, we may assume that A coincides
with some H = Hy on some open set only, for we are dealing with local traces of
the form (1.2). jFrom now on we work with an operator A satisfying Assumption

2.2 with D = §(4p),p > 0. Our goal is to show that in the asymptotics of
tr{xg(A)}, v € C§°(B(4p)) one can replace the operator A by H = Hy. To this
end we use the identities (2.5), (2.8).

Lemma 3.8. Let the operator A obey Assumption 2.2 with D = §(4p), where
p > C. Then for any x satisfying (3.9), any integers k > 1 and N > d/2, the
bound holds:

| v[R(z; )" — R(z H)*|,

p(M + |z|>%]d[h<M+ |2])%
h pdar(z)

2N+1
o

Y

o
: [Tm2[*7 g 4y

The constant C'y does not depend on x,V and p.

Proof. Let n € C$°(R) be a function such that n(¢) = 1, |[{| < 2. Denote yi(z) =
n(Jzlp~™), ¢ = 1 — x1. Then y1y = Y and the pair ¢, satisfies conditions of
Lemma 3.3. Due to the obvious identity

X[R(z; A)F — R(zH)"]
= X[Xl R(z; A)k — R(z; H)kxl] — xR(z; H)kq§

the problem amounts to proving the bound (3.17) for the operators

Ty = x[x1R(z; A)* — R(z;: H)"x1],
T, = xR(z; H)" ¢.

By (3.15), the estimate (3.17) is obviously satisfied for T5. Further, by virtue of
(2.8), to prove (3.17) for Ty it suffices to establish (3.17) for each of the operators

T = XR(z HY Z(x0) R(z A4 =1,k
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(See (2.6) for definition of Z(-)). Now it is clear that
| 7)< b |2 xRz HY Quraly + HIxR(z HY Axal, | [R5 47+,

By definition supp dy;1 and supp y obey the conditions of Corollary 3.4. Taking
into account that [Oyi| < Cp~! and [Ax1| < Cp~2, estimating the terms in the
brackets by means of (3.15), and the last factor by |Im z|=**/=1 we get (3.17). O

Corollary 3.9. Let the operator A and the function x be as in Lemma 5.8. Then
for any g € C§°(R) one has

14d
pM?=

IXg(A)Il SC[ A ] .

The constant C' depends on g only.

Proof. For z =«¢M and k > d

| xg(Al, < | xR(z A (4 = 2)Fg(A))

< I(A =) g(A) <| XR(z H)', +] x[R(z A)F = Rz H)k]ll>'

The first factor is bounded by C'M*, since g € C§°. By (3.16) and (3.17) the second

factor does not exceed

p— {&}

h
This provides the desired estimate. O

4. When studying the difference g(A)— g(H) we use the following representation
for a function of a selfadjoint operator in terms of its resolvent (see [2]):

Proposition 3.10. Let ¢ € C5°(R). Then for any sclfadjoint operator B the
relation holds:

g(B) = Z % /]Ré)jg(/\)lm[in(/\ +1; B)|dA

1 1 1
[ T ! " 7 > 2, :
T 1)!/0 7 dT/Ra g Imi" RO\ +i; B)JdA, ¥n > 2. (3.18)

Combining Lemma 3.8 and this representation, we obtain

Theorem 3.11. Suppose that A satisfies Assumption 2.2 with D = §(4p), p>C,
and x obeys (3.9). Let g € C°(IR) be a function such that g(\) =0 if A > N\ and
for some s >0, L > Ly >0

0" g(\)] < C,L"(N\)®, Vne N (3.19)
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Then for any N > (d+1)/2+ s

2N+1
: (3.20)

pM%]d [hM%

| x[9(4) — ()|, < CNL*N 30t / ;

where the constant C'y does not depend on a, V. x and p.

Proof. Let A\ € Rand 0 < |7] < 1. Denote
oA\, 7)=R(A+it;A)— R(A+m; H).
Then (3.17) with & =1 yields for any N > d/2:

12N+1—-d i1
| xo(A 7)), < Cn MNTZ 7|72V =2 oM <\ < Ay,

R

(3.21)

A"V, N < 20 (3.22)

FRELESEY
IX(S(/\vT)Il < Cy ;

The representation (3.18) does not apply to the function ¢ since it is allowed to
grow as A — —oo. Instead of g we use its modification. Let ( € C>(IR) be a
function such that

C(t) = 07 t S _2;
(t)y=1, t>-=3/2.
Let M = max{(inf A)_, M}. Define the function § € C(R) by the equality
G(\) = ¢(\/M)g(\) . Then because of (3.1) we have §(A) = g(A), §(H) = g(H).

By virtue of (3.19)
10"G(\)] < C,L™(N\)®, Vne N (3.23)

with some constants C,, independent of A, H. According to (3.18)
§(A) = g(H) = 1" + 1", vn e N
n—1
(n) _ 1 P j
n" = ; o /Rafg(A)Im{@J(S(A, 1)}dA,

1
my _ 1 ne1 - .
I = ﬁ(n—l)!/o T dr/ﬂga g(/\)Im{@ (5(/\,7')}d/\.

Let us estimate first the integral Ién). To that end set n = 2N 4 3. Then, according

to (3.23) and (3.21), (3.22)
2N+1—d 1 at1
{/ dr/ MNTZ () dA
0 —2M <A<

1
+/ T2N+1dT/ |A|—N+(15—1+SCM}.
0 A<—2M

h

il < O 228
P
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Assuming that N > (d 4 1)/2 4 s (so that the second integral exists), we obtain
h

2N+4+1—d

| xI{"), < CyI2NH? MNFoFEE (3.24)

Now, in view of (3.21), (3.22) and (3.23),

h 2N+1—d
- {/ MNEE ()2
P —2M <A<

+/ |A|—N+d‘%+w}
A<—2M

2N+1—d
Mot

) <enp

h

p
Combining this bound with (3.24), we obtain from here (3.20). O

<CyLNt?

4. REDUCTION TO ASYMPTOTIC POTENTIAL

Here we continue the analysis of the previous section and show that under suit-
able conditions one can replace Hy in the trace tr{¢g(Hy)} by the operator Hy
without any magnetic potential and with the asymptotic electric potential (1.5).
Actually, our argument does not use the precise form of W. The following general
conditions will be sufficient. Firstly, we assume that both X = |V|z and X = |W|2
satisfy the inequality (2.3) for some M = M(h) and a fixed € < 1. Hence both H,
and Hyw are semibounded from below and

Hy>—-M(h), Hw >—-M(h). (4.1)
Recall that M(h) > 1. Secondly, instead of (2.16) we impose the condition
Wi(z)=Y(x)V(x)Y (z), V()=Y(x)(¥(x)+ F(2))Y (x), « € B(p), (4.2)

where Y, ¥, F' are some real-valued functions such that ¥ obeys (2.3) and ¥ €
L>(RY), F e L2 (RY). Moreover, throughout this section we suppose that a €
L5 (RY).

1. Let us study resolvents of the operators H, and Hy. As in the previous

section we rely upon an appropriate version of the resolvent identity. Namely, for

any ¢ € B2(RY) we have
¢R(z;Hy) = R(z; Hw )¢ + R(z; Hw ) Z1 R(2; Hy),
Zy = Z1(¢) = —ih(ILdi¢ + 016Q1) + ar6Qi + iga; — gFY 2.

Note also the identity for the difference of powers of the resolvents, similar to (2.8):

(4.3)

k
O6R(z; Hy)* = R(z; Hw)* o + ZR(Z; Hyw Y Z1(6)R(z H )7 Ve N (4.4)

i=1

Denote || f||, = v-sup|,|<, |f(2)] for f € Lf;, (R4) and

loc

K(z) = K(z,p) = (M + |2))* (lall, + [|F]l (M + |2])7). (4.5)

As in Sect. 3 we begin with estimating difference of the resolvents. Throughout
this section we assume as a rule that x € C5°(B(p/2)) and |x(z)] < 1.
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Lemma 4.1. Let the functions VW be as specified above and let p > C be a
number from (4.2). Then for any y € C§(B(p/2)) and N >0

1
IX[R(:: He) = (e ]| < O s
(AL lDERNTT | E(zp)
[( pdui (=) ) " nda}‘ (46)

If k > 2d+ 1 then for any N > d/2

| x[R(£iM; Ho)F— R(£iM; Hw)¥]]|,

1 [pM:z ! ho\VH! K(0,p)
< — .
= M’“[ h ] KM%) T A

The constant C'y does not depend on V. W,y and p.

Proof. Let n € C&(IR) be a function such that |n| < 1 and n(t) = 1, |t <
2/3; n(t) = 0, |[t| > 1. Denote yi(x) = n(|z|/p) and ¢ = 1 — x1. Due to the
obvious identity

X[R(z:Hy)* — R(z; Hw)*] = x[\1R(z; Ho)* — R(z; Hw)*x1] — xR(z: Hw)* ¢,

the problem amounts to proving the desired bounds for the operators

Ty = x[x1R(z; Ha)* - R(Zsﬂw)kxl]v} (4.8)

T, = xR(z; Hw )" ¢
(k=1 for (4.6)).

Let us prove first (4.7). For T, the estimate (4.7) is fulfilled due to Corollary
3.4. Further, by (4.4)

k
T =3 "1, TV = \R(z; Hw Y Z1R(z Ho )", 2y = Zu(na).

i=1

Thus it suffices to obtain (4.7) for each Tl(j) individually. We analyse first the terms
with j < k/2, so that k—j > d. It is clear that Z; = Z7 x2 for ya2(2) = 77<|:1;|/(2,0)>
Therefore for z = ¢ M

| 77, < B | xRz Hw YTUO0al, 2 R(z; Ha) /Y|
+h | XR(z; Hw Y Ol x2QuR(= Ha) 74|
+IIXR(z; Hw)' | | xoarQuR(z; Ha)* 7,
+IIXR(z; Hw) || | xoarR(z; Ha)* =7,
+IIXR(z; Hw )Y i FI| | Y x2 R(z; Ha)* 7. (4.9)
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Since supp y and supp dx; are separated from each other and |Oy:| < Cp~!, by
Corollary 3.4 and Lemma 3.1 the first and the second terms are bounded by

h
Mz p
Further, by Lemma 3.1 and Corollary 3.7 the third and the forth terms do not
exceed

2N+4+1—d
, VN > d/2.

CM"“[

L [pME]!
Clallyet | 5]

And, finally, the fifth term is bounded by

h
Combining the bounds above, we obtain for all j < k/2 the estimate
14d 2N+1 -
(k) _k | pM> h K(0,p)
T < CM™ 7| —— —.
17 Il_C [ h ] [(M%p) - M

In case j > k/2 the proof is the same except that the last three terms in (4.9)
should be replaced with

| xRz Hw ), | xaaiQuR(z; He)F =+
+ | xR(z; Hw YTL, || x1aiR(z; Ho)*=7H|
+ | xR(z; Hw Y x1 FI, |[Yx2R(z; Ho)* 7).

The trace norms here are finite since 5 > d + 1. Further proof goes as before.

M3 )1
clFl 2]

Summing the bounds for Tl(j) over j, one obtains (4.7).
Proof of (4.6). Let £ =1 in (4.8). The desired bound for T3 follows from(3.10).
Furthermore, as in the proof of (4.7), by (4.3)

[Ty || < Rl[xB(z; Hw )Ll [[x2R(z; Ha)ll
+ hlIXR(z; Hw )Oxa | Ix2QuR(z: Ha )|
+ xRz Hw)ll lIx1aiQuR(z; Hq |
+ [IxR(z; Hw )IL|| [[x1a:R(z; Ha)|
+ IRz Hw )Y xa F|| [[Y x2R(z; Hq ).
By Lemmas 3.2, 3.4 first two terms are bounded by

% 2N+1
ot <(M+|Z|) h) YN > 0.

dyu(z)\ pdu(z)
In view of Lemma 3.1 the remaining terms do not exceed
(M + ]2 Mt

—_— Fll,——.
HaHP dM(Z)2 —I_H HP dM(Z)2

Combining the bounds above, we arrive at (4.6). O

2. The next step is to study the functions of operators Hy and Hyy. Throughout
the rest of the Section the conditions of Lemma 4.1 are always assumed to be
fulfilled. For functions of selfadjoint operators we use the representation (3.18).
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Theorem 4.2. Let g € C(R) be a function satisfying the conditions of Theorem
3.11 and x € C3°(B(p/2)). Then for any N >0

Ix[g(Ha) = g(Hw)]Il < Cx LN M (WM 2 p7 PN 4 K(0,p)],  (410)

where the function K(z,p) is defined in (4.5) and the constant Cn depends only on
constants Cy, in (3.19) and the function .

Proof mimicks the proof of Theorem 3.11. Let A € Rand 0 < |7| < 1. Denote
O(A,7T)=R(A+im;Hy) — RO\ +i7; Hw ).
Then (4.6) yields for any N > 0:

(7)) < %KWYNH 4 M] WieR  (411)

pT T

In order to apply the representation (3.18), instead of ¢ we use its modification.
Let ¢ € C*(R) be the function introduced in the proof of Theorem 3.11. Define
g € C°(R) by the equality §(\) = ((A\/M)g()\) . Then because of (4.1) we have
§(Hy) = g(Hq),§(Hw) = g(Hw). By virtue of (3.19)

10"G(\)] < C,L™(N\)?, Vne N (4.12)

with constants C), independent of Hyq, Hyy. According to (3.18)

§(He) — g(Hw)=I1" + 1", ¥n e N

n—1
n 1 . .
' = E{ :ﬁ/ﬂ%afg(A)Im{ﬂ&(m)}dA,
J=0

! )!/0 T"_ldr/Rang(/\)Im{i"(S(/\,r)}d/\. (4.13)

(n)
Ly = ———
2 m(n—1

Set n = 2N + 3. In view of (4.12) and (4.11)
I oL / (M2 ™1 PNH 4 K(0) dA

—2M <A<
SCL2N+2MS+1 <(hM1/2p_1)2N+1 _I_ I((O))

Let us estimate the integral (4.13). According to (4.12) and (4.11)

1
iyl < cvear [Cor (WM™ PN
0 —2M<A<Ao

1
+/ T2N+1dT/ K(A)dA}
0 —2M <A<
< QLN et <(hM%,0_1)2N+1 + K(O)).

Along with the bound for I{n), this yields (4.10). O
Now we estimate the trace class norm of the difference g(Hy) — g(Hw ):
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Theorem 4.3. Let the functions g € C®(R) and x € C§°(B(p/2)) be as in Theo-
rem 4.2. Then for any N > d/2

| x[9(Ha)—g(Hw)] A,

< CNLZN—I—SMS—I—I

M%d M%h 2N+1
T o)

p

(4.14)

The constant C'y depends on the function x and does not depend on V., W, p. h.

Proof. Denote
JN) = (A —iM)Fg(N), k> 2d+1.

Then with z = M
g(Ho) — g(Hw) = R(z; Ho)"§(Ho) — R(z; Hw )" §(Hw )
= [R(ZQHa) — R(z; Hw) } §(Hqa)
+ R(z; Hw)* [§(Ha) — §(Hw )]
Therefore

| \(9(Ha) — g(Hw)) x|, < | x[R(z; Ha)* — R(z Hw)*)|, 1§(Ha)x||
+ | xRz Hw )M, ||[6(Ha) — d(Hw )] x|l-
(4.15)

Let us estimate each factor individually. Note that K(z,p) < CK(0, p). Therefore,
according to (4.7)

I X[R(Z§ Ha)k_ R(Z; HW)k]Il

11d 2N+1 -
coars [T K] g

(4.16)

Further, due to (3.16)

(4.17)

pME!
— -

I XR(Z;HW)kll < C'M_k[

Since the function § satisfies (3.19) with s; = s + k, we have in view of Theorem

4.2

10 §(Ha) — g(Hw))x||
SCNLPNEMEHR (M3 p~ 12N H L K(0,p)], YN > 0. (4.18)

To estimate y§(Hy) recall that Hy > —M, so that

lg(Ha)| < CI+E.



DISCRETE SPECTRUM ASYMPTOTICS 25

Combining this bound with (4.16), (4.17) and (4.18), we obtain from (4.15):

st a2 ()2

ME]RMENT
() )

_I_CNLZN—I—SMS—I—I

This provides (4.14). O

3. Now we combine the results of this section and Sect. 3. Precisely, let V. W
be functions introduced in the beginning of the section and let the operator A obey

Assumption 2.2 with the functions a € L2 (RY), V and D = §(4p). We shall

loc

compare the traces tr{xgs(A4)} and tr{ygs(Hw)} for y € C§°(B(r/2)) with r < p.

Theorem 4.4. Let the operators A, Hy, Hw be as above, and x € C§*(B(r/2))
with some r, p>1r > C. Then for any L > Ly >0 and N > (d+1)/2+ 35,5 >0

Mz )1
| \[90(4) — gu( )] A, < o2+ | AL }

h

M%h 2N+1 M% d
(Y )] en M)
P (4.19)

Proof. Let ¢ € C§°(IR) be a non-negative function such that ((\) =1, |A\] < 1/2,
and C(\) = 0. |A]> 1. Denote g(V(A) = gu(A)C(LA) and gD(A] = g,(A(1~C(LA).
Obviously, ¢(?) € C* and satisfies (3.19). Since y € C°(B(r/2)) C C(B(p/2)),
by Theorems 3.11 and 4.3 we have:

| x[9®P(4) = ¢ (Hw)]A], < ONLNHP M

>< [(M_h>N+ PO @0

p

pM21"
h

as N > (d+1)/2 4 s. On the other hand,

| g™V, < CL7 | x¢(4)l;-
Therefore by Corollary 3.9
| (¢ (4) =gV (Hw)A, < CL7* (el + Dxcwl,)

M3y d
; )

< CL_S[

Combining this estimate with (4.20), we arrive at (4.19). O
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5. ASYMPTOTICS IN CASE OF SMOOTH
POTENTIALS. PROOF OF THEOREMS 2.4, 2.4’

1. As mentioned in Introduction, one of the basic ingredients of our method
is the asymptotics of M(h, u;,a) for smooth functions a,V obtained in [14].
Before stating the result from [14] we specify conditions on the operator A = A,.
Let D C R? be a bounded open domain.

Assumption 5.1.

(1) A is selfadjoint and semibounded from below;
(2) There exist real-valued functions V,a € C°°(D) such that C{°(D) € D(A)
and u = Hqu for any u € C§°(D).

Let f € C(D),l € CY(D) be two functions such that

flz) >0, lx)>0, z¢€ D;
0, 0(z)] < o<1, €D
cf(y) < flz) < Cfly), Yo € DN By, y)), y < D; (5.2)

We are interested in the asymptotics of M for an operator Aq, satisfying Assump-
tion 5.1 with the domain D and some functions V,a € C*(D), ¢ € C§°(D) which

obey the bounds

07" a(x)| < Cnllx)' 1", |m| = 1;

07V (2)| < Cof(2)20(2)~ ™ [0m 4 (2)] < Crnl(2)™I™], || > 07} xeD. (5.3)

One can think of f(z)? as a measure of the size of V(z), while {(z) characterizes
the behaviour of V(x),a(x) and t(x) under differentiation. Emphasize that the
functions f(x),{(x) are allowed to depend on h, . We require only that

f(x)(x) > ch; f(x)* > cph, x €D. (5.4)

We also need the following condition on supp ¢:

| B(x,8(x)) C D, (5.5)

where the union is taken over those # € D, for which B(x, {(x)) N suppy #£ 0.
The next Proposition results from [14]:

Proposition 5.2. Let the operator A obey Assumption 5.1 for an open set D with
the functions V,a and v satisfying conditions (5.1)-(5.5) for some o < 1/8. Then

| M(hyps i a) — Wa(hiop, V)| < CR(, ),

where

_ )28 h pl(z) s ab) — s+1y s +1—d
Rt = [ 5020 (G S ) o) e, gl = (14574t
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The constant C s uniform in the functions a,V, f, 0,1 satisfying (5.1)-(5.5).
Using the explicit form of the function g(h, i), one can rewrite R(h, p1):

R(hv M) = h8+1_dI1(h7 M) + /“L8+1h8+1_df2(h7 M)v

with
L =L(h,p) = /Df(:zj)d"i's_lﬁ(:z;)_s_ldx, Iy =L(h,u) = /Df(:zj)d_zdx. (5.6)

2. Proofs of Theorems 2.4, 2.4’ rely on the following Lemma.

Lemma 5.3. Let V obey (2.15) and let v € CO(RY) be a function such that
suppt CH{z: r<|z|<p}, p=r>1and

0™ 4p(2)| < Cpalz| ™1™, || > 0,V # 0. (5.7)
If w>d—s—1, then for any x € [0,1] and p € [r, C/i_%] one has
INs(1;0,V + k) = W(1;0,V +5)| <Cr7, (5.8)

with 5
o= %ﬂ(w—d—l—l—l—s)>0,
uniformly in o and V.
Proof. We apply Proposition 5.2 in the particular case a =0, p =0, h = 1. It is
clear that the conditions (5.1), (5.2), (5.5) are satisfied for

fla) =277, k <1; l(z) = olz|, o < 1/16,
D={zecR:r/4<|z| <2p}.

The condition (5.3) for V + & and ¢ is obviously fulfilled due to the inequality

p < Cx~7 and conditions (2.15) and (5.7). Moreover, since 3 < 2, (5.4) is also
fulfilled (recall that h = 1). Therefore, according to Proposition 5.2

Vo139,V + k) = (L0, V + 5)|

2p

< C/ (lo|=2) " a7 Ve < C/ =7
D r/4

with o defined above. For w > d — s — 1, the number o is positive and therefore
the integral is bounded by C'r~7, which implies (5.8). O

3. Proof of Theorem 2.4. Let ¢ € C5°(R?) be such that ¢(z) = 1,]z] < 1.
The function ¢(x) = ¢,(x)— ¢,(x) obeys (5.7) (recall that ¢,(z) = ¢(xp~')). Thus
the relation (5.8) with k =0 and V = W reads:

INs(1;0, W) — W (1;0, W) < Cr™ 7. (5.9)
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This guarantees convergence of Ny(1;¢,, W) — W,(1;6,, W) as p — oo, which
immediately entails (2.20) as d — s — 1 < w < d. Independence of the limit of the
function ¢ also follows from (5.9).

To prove Theorem 2.4 for w > d, note that

2p 2_6
(1,4, ) < c/ b 5= 2wy >0

In combination with (5.9) this gives:
WL, WL < COT7 4770),

which implies the convergence of Ny(1;¢,, W) as p — oo. Furthermore, since the
operator ¢,gs(Hw ) converges weakly to gs(Hw) as p — oo, the latter operator is
trace class and

tr{¢ﬂgs(HW)} =trgs(Hw)+o(1), p— oo,

which is equivalent to (2.19). O

4. Proof of Theorem 2.4'. We remind that in Theorem 2.4' no uniformity in
W is claimed, so that we use the symbols 7 lim”,” lim sup” in accordance with our
notational convention made in Sect. 2.

Let ¢ € C§°(R?) be as in Theorem 2.4 and let p = Cr~'/8 where the constant
C is such that 4|W(z)| < &, || > p/2. For r € [1, p] we split N5(1;1, W + ) and
2,(1;1, W + k) as follows:

Neo(L; 1L, W+ k) = Ng(1; 6, W + k)
+ No(1;6, — ¢, W+ &) + Ns(1;1 — ¢, W + &), (5.10)
W (11, W4 k) =Ws(L;6, W+ k) +W(1;6, — ¢, W+ ).
We shall infer Theorem 2.4" from the following

Lemma 5.4. Suppose that
Ne(L;1=¢,, W+ k) —0, p:C'/i_%, Kk — 0, (5.11)

and

lim limsup |[Ns(1; ¢, W + &) — Ns(1; ¢, W)| = 0. (5.12)

r—=x k—40

Then (2.21) holds.
Proof. Indeed, it follows from (5.10), (5.11) and Lemma 5.3 with ¢» = ¢, — ¢, that

limsup |[NVs(1; 1, W + k)— Ws(1;1, W + k) — O
k——40
<limsuplimsup | Ns(1;0,, W + &) — Ws(1; ¢, W + k) — O].
reo o (5.13)
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Further, (5.12) along with the equality

lim+0 W (10, W+ k) =2,(1; 6, W), ¥r >0,

and Theorem 2.4, yield

lim hmsup‘./\/ ¢r,W+/i)—Qﬂ8(1§¢mW‘|"f)_®3‘ = 0.

r—o k—+40

Now (5.13) provides (2.21). O
Thus it remains to establish (5.11), (5.12).

Proof of (5.11). Let ug, A\r be normalized eigenfunctions and associated eigen-
values of the operator Hyy. Denote ¢, =1 — ¢,. Then

N8(1;¢P7W + KJ) = Z |/\k + ﬁ|8<¢ﬂuk7uk>7

Ar<—K

Recall that p = Cx~'/# was chosen in such a way that 4|W(z)| < &, |z| > p/2, so
that by Lemma A1l from Appendix,

[(Ypur, ug)| < C|/\ | exp{—c |/\k|p}, VEk: Ap < —k.
Hence

Nl W) €0 Y P+ rl* o expl —ey/ Il

A <—kK
5,

Since # < 2, this bound in combination with (2.23) provides (5.11).
Proof of (5.12). The potentials W and W + k can be presented in the form (4.2)
with

1

< CNO(1;1, W + k)51 exp{—cnﬁ_

U(z) = ®(3), Y(2) = |z~ 7, F(z) = &lz|?, Vo e RY

Since # < 2, the functions Y, |W +&|'/2, |W|'/2 obey (2.3) for h = 1, any prescribed
e < 1and M = M(e). Therefore the quantity K(0,r) defined in (4.5) is bounded
by

K0,r) <C|F|,= Crr?.

According to Theorem 4.4 with A = Hw4, and Hy, we have forany L > Lo, p > r
NG(15 60, W+ 5) = No(156,, W) < ONEPNF2pT (p7 N1 4 5p”) + L7507
Set L = r%/5%¢ (recall that s > 0 in Theorem 2.4'), p = L't ¢ > 0. Then for

sufficiently large N the equality (5.12) follows.
Now Theorem 2.4’ follows from Lemma 5.4.
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6. PROOF OF THEOREM 2.5

Throughout this section we assume that V,a obey (2.15), (2.16), (2.17) and all
the other conditions of Theorem 2.5 are fulfilled. It will be convenient to choose
for the vector-potential such a gauge that a(0) = 0, so that

la(z)| < Clz], v € R™ (6.1)

Recall that the functions X = |V|'/? and X = |W|'/? obey (2.3) for any € € (0,1)
and M(h) defined in (2.18).

1. First of all we study the asymptotics of M(h, u;1, a), where ¢ is supported
in a small neighbourhood of the origin, which depends on h. Precisely, let

) x € Cg(B(1));
= 6.2
Our aim is to study Ms(h, u; d,,a), ¢r(x) = d(xr™!), with
B\ 77
r=rg(h)= (5) , 0<6< 1. (6.3)
Here 6 € (0, 1] plays the role of an additional parameter. Denote
2
= () = % (6.4)

We shall find the asymptotics of M (h,u;¢,,a) as h — 0,uh* — 0 and 6 — 0.
Note that due to the inequality > > 1 the condition ph* — 0 is less restrictive
than our usual condition uh < C.

To distinguish asymptotics in h and in 6 we introduce the notation €(t) for
an arbitrary function of a parameter t € [0, C], which possesses the following two
properties uniformly in the functions U, a and the parameters h € (0, ho], ph* < C:

(1) €e(t) is bounded on [0, CJ;
(2) €(t) > 0ast— 0.

Lemma 6.1. Let the function a,V and ¢ be as specified above, s > 0, 3 € [0,2),
and let h € (0,ho], puh* < C. Let r = ry be defined in (6.3). Suppose that the

operator A, satisfies Assumption 2.2 with D = §(4E) and functions a,V, which
obey (2.15)-(2.17). Then

M(h,p;0r,0) <COTR™%, V8 e (0,1], C=Cps, 0c=0(8,s) > 0. (6.5)

Moreover, there exists such 0y = Og(h, ) = e(h 4+ ph*) that for any 6 € [0y, 1] the
following relations hold:
Mu(h s 6rn0) = B (VL L W)+ e(8), w(Bos)>d (66)
Ms(h, s O Cl) = QﬂS(h§ G, V) + h_w<®8 + 6(9)>7
d—s—1<w(f,s) <d. (6.7)
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Proof. We reduce the problem to that in the ball B(1) by performing a scaling
transformation. Let V,a be defined by (2.9) with ¢ =r, f=0"%/2 and a,v — by
(2.10). Then

g1

a=hrz"" =486
and in view of (2.16),

, V= /,Lr%"H = puh™6~*, (6.8)

Viz) = (°V(lx) = 2|7 (B(3) + U(ﬁx))v} (6.9)

a(z) = ("a(lz), o(x) = ¢(lx).

By virtue of (2.11) and (2.18), the functions X = |[V|? and X = |[W|z obey (2.3)
with the Planck constant o and the constant
B

M=Ma)=Ca 2-7. (6.10)

Let A; be the operator defined in (2.12). Since r=%% = h=“a*, the relations (2.13),
(2.14) yield that

M(hy s dpya) = R %a% My(a,v; 6, ), (6.11)
Ws(h; ¢r, V)= h™“a*W,(a; o, V) '
By (6.11) the estimate (6.5) is equivalent to
Ms(a,v;9,a) < Ca™?, Ya € (0,1], va™ < C. (6.12)

Furthermore, the relations (6.6) and (6.7) amount to proving that there exists

6y = e(h + ph™) such that for any a € [0y, 1] and for v defined in (6.8), one has

M(a,vi9,a) = o™ (./\/3(1; 1LW)+ e(oz)), w > d; (6.13)
M(a,v;¢,8) = W(a; 6, V) +a™*(0, + e(a)),
d—1-s<w<d, (6.14)

respectively.
Proof of (6.12). Let g € C*°(IR) be a function such that g(A) = 0,\ > 1 and
gs(A) < g(A) < gs(A—1). Then by Corollary 3.6 and Theorem 3.11

M(a,v; 6, a) <| dg(4,),
<|olg(As) — g(H)]|, +] o9(Ha)l,

< OM(a) T o 2N | O () T T 0

Y

for any N > (d+1)/2 4+ s. In view of (6.10), for any fixed N the r.h.s. does not
exceed Ca™7 with some o > 0, which proves (6.12).
Proof of (6.13) and (6.14) breaks into two steps.

Step 1. We may assume s > 0 (otherwise w = 0). First of all we shall find such
6o = e(h + ph™) that

IMs(a,v;0,8) — Ns(a; 0, W)| < C, Vo € [0y, 1]. (6.15)
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By cyclicity of trace
Mi(a,v;6,8) = tr{xgs (Ha(a, v)) v }.

The operator A; obeys Assumption 2.2 with D = §(4p) for any p < Ere_l. Further,

by (6.9) the functions W and V have the form (4.2) with ¥(z) = ®(2), F(z) =
U(lz), Y(z) = |z|=”. Thus to justify (6.15) we can use Theorem 4.4 with r = 2.
By (4.19) and (6.10), for any L > Ly > C, p < Er;"', we have

| x[gs(Hala,v)) — g (Hw(a))]A],

_ IN+1
< CONLPNVTS ,f)doz_a1 [(a ) + K(O,p)] +CL a3,

p (6.16)
K(0,p) = M2 (v|a]l, + | F|[,M?). (6.17)
Here and below by o;,7 = 1,..., we denote positive exponents depending only on

s,d. Their precise values are of no importance. Next, we pick up the parameters
p,L,0y, N so as to guarantee boundedness of the r.h.s. of (6.16) uniformly in
o € [f,1]. To that end set L = a3/, so that the second summand in (6.16) is
bounded. Then the r.h.s. can be estimated by

g3

Ch (oz_T_U2p_1>2N+lpd0z_U4 + Cga_(2N+3)UTSpd0z_Ul K(0,p)+ Cs. (6.18)

Now choose p = ™", vy > 03/s + 09 and fix a sufficiently big N in such a way
that the first term in (6.18) is uniformly bounded. To make sure that p < Ere_l, it
suffices to assume that

a>h?, 0< v <(l+m(2-p)/2)""
Actually, under this condition we have more:

2 2
pro <R,y = 55 1—(1+m

By (6.10), (6.17) the second term in (6.18) does not exceed

5 )| > 0. (6.19)

K(a,v) = Ca™ (0, p) = Ca™" (v]|all, + a~""||F1l,).

Here, in view of (2.17), ||F||, < Uy(rp). Further, according to (6.1), |a(z)| < C|z|.
Therefore by (6.8),
vljall, < pha”"p = ph¥a” 77

Thus, in view of (6.19), we have
Kla,v) < Ca™7% (/,Lh”oz_%_71 + oz_U7U0(h73)>

Choosing

1

i1 oetor
Oy = (uh™)7s + [Uo(h%)] R (6.20)
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with og = 0 + 2 + 71, one can guarantee boundedness of K uniformly in «. This
completes the proof of (6.15).

Step 2. Study of Ns(a; ¢, W). According to (2.13), (2.14) with ¢ = aﬁ, we

have

N3 6, W) = a=*N.(L: 6, W), } _ (6.21)

Wi(a; 0, W) = a” “W,(1;0,, W),

Let us consider separately two cases: w > d and w < d.
Let w > d. According to Theorem 2.4,

No(1;¢,, W) = No(1; 1, W) + e(a), a — 0.

Taking into account (6.21), (6.15), we get from here (6.13), and, consequently (6.6).
Let d — s — 1 <w < d. According to Theorem 2.4

No(1;0,, W) =20,(1;6,, W)+ 0, + e(a), « — 0.
Along with (6.21) this yields that
No(a; 0, W) = W,(a; 6, W)+ a (0, + e(a)), o — 0. (6.22)
Let us replace here 20,(a; ¢, W) with 20,(a; ¢, V). One can check directly that

100s(a; o, W) — W(a; @, V)| < W, (04; 9, |$|_ﬁ> [F
S COé_dHFHl S COé_dUo(h’YS).

Adding, if necessary, Uy(h7®)7 to 6y defined in (6.20), we obtain
20(a; 6, W) — W,(a; 6, V)| < C, Ya € 6o, 1].
Thus (6.22) transforms into
No(a; ¢, W) = Wy(a; 6, V) + a7 (O, + e(a)).

Combining this with (6.15), we obtain (6.14) and, consequently, (6.7). O

2. Proof of Theorem 2.5. We break up the trace M(h, 1) into two parts as
follows. Let the function ¢ € Cg°(B(1)) and the parameter r = ry be defined by
(6.2), (6.3) respectively. Denote

1) = p(2)d (), o) = () (1= ¢r(a)). (6.23)
Then, obviously,
Ms(hv M) = Z Ms(hv 22 77Z)k)

We study these two summands separately. Recall that ph < C and by definition
(6.4) 5 > 1. Consequently, the parameter 6y defined in Lemma 6.1, is actually e(h).
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Step 1. Asymptotics of Ms(h, p;11). We claim that for 6 € [0, 1]

M(Ty 5901, 0) = POV N(1;1, W) + 7% (e(8) + e(h)), w > d;

(6.24)
Ms(h, s Y, Cl) = QﬂS(h; Y, V) +h™ <¢(0)®8 + 6(9) + 6(h)>,
d—s—1<w<d. (6.25)
Moreover,
M(h,psibr,0) < Ch™*, =1, Yw > 0. (6.26)

The latter bound follows from (6.5). To prove (6.24) and (6.25) notice that for
6 € [6,1]

M(hy pibr,a) = P(O)Mg(h, p; ¢y a) + ™ %e(h), w > 0; (6.27)
Wi(h;hr, V) = (0)2Ws(h; ¢, V) + h77e(h), w < d. (6.28)

Indeed,
M(h, ps901) = L(0)M(h, p; b7 ) + Ms(h, ps9030,),

where ts(2) = ¢(x) — (0). Since |0¢(z)] < C, one has |¢3(z)] < Cr for x €
supp ¢,. Thus, by (6.5)

M(h, 3 36,)] < CrMo(h, s é,) < Cré™7h™ = Ch™h>=7 677",
Increasing (if necessary) 6y defined in Lemma 6.1, we prove that
M(h,pusipsdr) = h™“e(h), 6 € [6y,1],

which yields (6.27). The bound (6.28) can be proven similarly. Now (6.6) along
with (6.27) provide (6.24). The relation (6.25) follows from (6.7) and (6.27), (6.28).

Step 2. Asymptotics of Mg(h,u;12). Here we use the multiscale method de-
scribed in Sect. 5. First we introduce functions f(x) and ¢(x). Let o € (0,1/32)
be some number and let

fla) = |2|7%, (x) = ola].

(Recall that the same f and ¢ were used in the proof of Lemma 5.3). Obviously,
the functions ((x) and f(x) satisfy (5.1), (5.2) on the open set

D={xecR:r/4<|z| <4E).

Conditions (5.3) are fulfilled for V' and a due to (2.15). To check (5.4) notice that
due to the inequality # < 2 we have for x € D

F(2)l(x) = ole| T > oh8™" > oh, V8 € (0,1].

The lower bound f(z)* > cuh in (5.4) is trivially fulfilled since f(z) > ¢, v € D
and ph < C. Further, by definitions (6.2), (6.23),

suppthy C {z € RY: /2 < |2| < E/2},
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so that for any o € (0,1/32) the condition (5.5) is satisfied. Furthermore, it is
clear that 3 obeys (5.3). Thus the conditions of Proposition 5.2 are satisfied and

therefore
‘Ms(hv s 77Z)27 Cl) o Qﬂs(h; 77Z)27 V)‘ < CR(hv M)v
1—d 1 1—d (6.29)
R(h,p) = ¥4 4 s PRI,

with the integrals I, I» defined in (5.6). Let us estimate I:

o xd—l—s—l J}_S_l T
s /Df() Ua)y*d

4F
< C/ || (=D g el gy < c/ 7L dt,
rjA<|e|<4F r/4

az#(d—l—s—w).

where

Hence

Cro< (o) T T wsd—s—1;
I; < C(|1nr|+1)§C’<|lnh|—|—|1n9|—|—1>,w:d—s—l;
C, w<d—s—1.

The integral I, is always bounded uniformly in h, & irrespectively of the values of
g <2, s

I < C/ 2|72y < .
|z|<4E

Therefore
Clh—wew—d—l—l—l—s T Cz/,LS—i—th—l—l_d, w>d—s— 1’
R(h,p) << C(JInh| +|In8| + (u)*THa 4 o =d—s—1; (6.30)
Cp) TRt w<d—s—1.
Step 3. End of the proof. Let us combine the results of the two previous steps.

Let first w > d. We show that the region outside the singularity does not

contribute to the leading term of the asymptotics. Indeed, for ph < €, we have by
(6.30)
Rih, ) < Ch=(e(8) + e(h)), 6 € [6o,1].

Further, by virtue of (2.15),

9, (i tha, V) < CH / 272 (#+2) gy
rj2<]0|< B2

< Ch—d/ 7, 6 = —5(61—@).
r/2 2

Thus by the definition (6.3)

W,(hyipe, V) < Ch™ % < Chmwg*~4,
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Consequently, in view of (6.29),
M(h, p3102) < Ch™(e(0) + €(h)).
Combining this with (6.24), we arrive at
Mo ) = b= (DOINL (1,1, 1) + €(6) + e(h).

For 8 = 6, this yields (1.7).
Let w =d. We fix § = 1. In view of (6.26) and (6.29), (6.30),

M(h, 32, a) = Wy (h; b, V) + O(R™ 7). (6.31)
To calculate 204(h; 12, V') we present it for arbitrary p € [r, E/2] as follows:
= V) = [ (V) e
r/2<]z|<r
+ / () — H(0) (Vo () P da
r<|z|<E/2
+ ¢(0)/ (Vo(2)) " da
r<|z|<p

+ ¢(0)/<| |<E/2<V_(:1;)>8+%d:1;.

The condition w = d implies that [V (2)]*t% < C|z|=%. Taking also into account
that [0(x) — (0)| < Clz|, one sees that first two integrals are uniformly bounded
and the last one does not exceed C(|lnp| +1). Hence

‘Qﬂs(h;¢2,V)— h_d;/;(O)I(h,V)‘ < Ch_d(|1np| + 1)7

s+2 6.32
I(h,V) = :/ (Vo(2)) " da. (6.32)
r<|z|<p
Let us analyze Z = Z(h, V). By (2.17)
_ s+4 —d
‘I— :3/ (W_(:L')> 2dz| < CUo(p)/ |z| " “dx.
r<|z|<p r<|z|<p

The integral in the 1.h.s. equals

[1]

d P
/ <I>_(19)5+3d19/ t=1dt = B,(3)|In k| + O(|In p|),

T

and the one in the r.h.s. equals

C(|lnr| ~ [n p|)a(p) < C'|Inh[Ua(p).
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Therefore
17— |Inh|B(®)] < C(1+|Inp|+|Inh|Us(p)).

In combination with (6.32), (6.31), this yields

| M(h, b, a)— h™"(0)|In h|B (@)
< Ch™ 1+ [Inh|Us(p) + |1np|]-
Pick p = C(|Inhk| + 1))~'. For U, — 0 — 0, the r.h.s. will be of order
p p , p— 0,

h=|1n hle(h). This leads to (1.8).
Let d — s — 1 <w < d. According to (6.29), (6.30)

M(hy 2, 0) = (s by, V) + 1™ “e(0) + O(p*H R+ 1),
Adding (6.25), we get
M, ,0) = 20,0, V) 4 (0(0)0, + (8)) + O™ 4™,

If 8 = 6y, this provides (1.9).
Let w <d—s—1. We fix § = 1. The region around the singularity does not
contribute into the asymptotics. Indeed, in view of (6.26),

M(hyp;epr,a) < Ch™%.
Besides, W, (h; 1, V) < Ch™, so that (6.29) entails

M(hy 3, a) = Mo (h, 32, a) + O(h™)
= W (h;he, V) + O(R(h, 1))
= W, (h;90, V) + O(R(h, ).

Using the second (for w = d—s—1) or the third (for w < d — s — 1) inequality from
(6.30), we obtain (1.11) or (1.12).

APPENDIX. AN EIGENFUNCTION ESTIMATE FOR Hy

An important ingredient in the proof of Theorem 2.4’ is an estimate for the
eigenfunctions of the Schrodinger operator Hy (h) for large . We shall use the
method which is essentially the Agmon’s method from [1]. Lemma Al below will
be valid for any (real-valued) potential V as long as the operator Hy = —h?A+V
is defined as a form-sum on the form domain of A. Besides, we assume that the
function V is semibounded from below for |z| > py > 0 and denote

Vl(r) = V_Sup|x|2r V_(l'),r Z Po-
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Lemma A1l. Let the potential V' be as specified above. Let p > po + 1 and u(x)
be a normalized eigenfunction of Hy corresponding to an eigenvalue X < 0, || >

aVi(p —1). Then

’ VI

h
R c—exp{—c p}, Vp> pot 1, (A1)
|z|>2p |/\| h

the constants ¢ and C being dependent only on.

Proof. Let p > po +1,¢ € CY{R?) be a non-negative function such that

L EHFE (A2
and let g € B<(R?\ B(py)) be a function g(z) = g(r), r = |z, such that
g(r1) < g(rz2), po <11 <,
sup [0g(x)| < 1, (A3)

g(x) = const, |z| > p > p,
with some p. Furthermore, denote

v(x) = ¢(a)u(x), é(xr) = ((x)eF?, 6> 0.

More precise choice of the functions (, ¢ and the parameter ¢ will be made later on.
Note that the function v belongs to the form-domain of Hy, since ¢(x) € C'! and
é(x) = const for sufficiently large x. Since u is the eigenfunction, we have

/(—ihau)(x)(—ihav)(x)dx—l— /V(:z:)|u(:1;)|2q$(:1;)d:1;
e [lu@Po)de =0 A== (a4

For
(—ihd0)(e) = (~ihdu)(2)d(z) — ihu()09(z),
the first term in (A4) equals

/(—ihau)(x)(—ihav)(x)dx = /|hau(:1;)|2q$(:1;)d:1; +S,
S = h/hau(:p) maqﬁ(aj)dw
In view of (A4), (A5),

/ hu()2é(x)de + / (V&) + 02 ul)2o(x)de < 1), (A6)
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Let us estimate S. Since

and |0g(x)| < 1, we have
|| < h/|hau(l’)||u($)|<|36%g(£)|4($)+€%g(x)|34(l‘)|>d$

) / [h0u(@)|u(2)]é(x)de + / [hBu(@)|u(x)|e TG ()| de.

Using the Younge inequality for the first and the second terms separately, we get
for any € > 0

s1< 5 [ou@Pode + 5 [ @) os

h2
+ 5 [ houa)petaacods + o u(a)]2eF ) de.
2 supp 9¢ (A?)

Estimating the r.h.s. of (A6) by (A7) and rearranging the terms, we obtain

[ outeet | (1= £ )etw) - Sloct|as

, 07 2 h’ 2 Lg(x
w (Vs -3 )rswte <o [ PRt (a9

supp 9¢

Let us specify now the choice of the function (. We shall choose ( in such a way
that the function

K = (1§ )¢t - glacop

in the first integral in the Lh.s. of (A8) is non-negative for all + € R% Let
((x) =&(r — p+ 1), r = |z|, where the function ¢ € C1(IR}) is defined by

1
f(T):T2,0§T§§;
1 1
>, —<r<1
(=t ter<n,
Ery=1,r>1

K(x)=0,0<|z]<p—1;
K(z) = (1-5¢/2)(|z| = p+ 1), p=1< 2| < p—1/2;
K@) > (1—¢/2)] — Smax |06, p— 5 < || <
K(z) = (1-¢/2), |z > p.
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Choosing € small enough one can guarantee that K(x) > 0 for all z € R% Therefore
the first integral in the Lh.s. of (A8) is non-negative. Thus (A8) provides the
estimate

/ (V(:z:) 7’ - (;_26>|u($)|2¢(:1:)dx <L ju() R de.

2¢e supp 9¢

Taking into account also that suppd( € {z : p—1 < |z| < p}, and that ¢ is a
monotone function (see (A3)), we get from here:

/<V(x)+ " (;_26> |u(a)? ¢(x)dz

2 2
< h_e%g(p)/ u(z)2dz < h_e%g(p)‘ (A9)
supp 9¢ 2

— 2e €

The last inequality holds because u is normalized. Define 6§ = €'/ so that n? —
62/(2¢) = n?/2. Since n* > 4Vi(p — 1), we have:

n?
Vi(z) + 5 > T x € suppC.

Therefore, by monotonicity of ¢, the Lh.s. of (A9) has the lower bound
n’ h n’ s
ek ds = ebaeo [ jugape
4 4 HEY,

Now it follows from here and (A9) that

2 2
77_6%9(2p)/ u(z)[2dz < h_e%g(p)7
4 HEY, €

which leads to

2
/ u(z)|de < @e%@(ﬂ)—g(?ﬂ)). (A10)
le[>2p n-e

To obtain from here (A1) we specify the choice of the function ¢, satisfying (A3).
Let & € B°°(IR) be a non-negative function such that 9,¢;(r) > 0 and

Denote &, =1 — ¢ and define

o) = e () oo (S )| a0
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Clearly, g(r) = ~vr, r < 2p and ¢(r) = 6yp, r > 6p. In particular, the third
property (A3) is fulfilled for p = 6p.
To prove monotonicity of ¢ we calculate its derivative:

_1 B r—4dp r r—4dp § r—4dp
o =6 () + e (Tt ) < S (F12)

r—4 1 r—4
e (") 4 per-noa (T, (A1)

The r.h.s. is non-negative, since & > 0,0,&; > 0 and r < 6p on the support of
0r-&1. This implies that ¢ is monotone.
Notice that the r.h.s. of (All) is bounded from above by

14+ ; max 0r&1 ().

Let the number 71 be equal to this bound, so that |9,¢| < 1. This completes the
proof of (A3) for g.

To get (Al) from (A10) it remains to notice that g(p) — ¢(2p) = —vp and
b=cn=cy/|A. O
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