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DISCRETE SPECTRUM ASYMPTOTICS FORTHE SCHR�ODINGER OPERATOR WITH ASINGULAR POTENTIAL AND A MAGNETIC FIELDA.V. Sobolev1Abstract. Object of the study is the operator H = H0(h; �)+V in L2(Rd); d � 2,where H0(h; �) is the Schr�odinger operator with a magnetic �eld of intensity � � 0and the Planck constant h 2 (0; h0]. The electric (real-valued) potential V = V (x)is assumed to be asymptotically homogeneous of order ��; � � 0 as x ! 0. Oneobtains asymptotic formulae with remainder estimates as h ! 0; �h � C for thetrace Ms = trf gs(H)g where  2 C10 (Rd); g(�) = �s�; s 2 [0; 1]. Due to thecondition �h � C the leading term of Ms does not depend on �. It depends on therelation between the parameters d; s and �. There are �ve regions, in which eitherleading terms or remainder estimates have di�erent form. In one of these regionsMs admits a two-term asymptotics. In this case, for an asymptotically Coulombpotential the second term coincides with the well known Scott correction term.1. IntroductionWe study in L2(Rd); d � 2; the Schr�odinger operatorHa;V = Ha;V (h; �) = H0(h; �) + V;H0 = H0(h; �) = dXl=1(�ih@l � �al)2:9>>=>>; (1.1)Here H0 = Ha;0 is the unperturbed operator with a magnetic real-valued vector-potential a = (a1; a2; : : : ; ad), the parameter � � 0 has the meaning of intensityof the �eld. The function V (electric potential) is real-valued. Sometimes for thesake of brevity we use the notation a = (a; V ). We analyse the asymptotics as2h! 0; � � 0; �h � C of traces of the formMs(h; �) =Ms(h; �; ; a) = trf gs(Ha)g: (1.2)Here  2 C10 (Rd) and the function gs; s � 0; is de�ned as follows:gs(�) = j�js; � < 0;gs(�) = 0; � � 0: )1EPSRC fellow2Here and in what follows we denote by C and c (with or without indices) various positiveconstants whose precise value is of no importance. Typeset by AMS-TEX1



2 A.V. SOBOLEVIn case � = 0 we write HV (h) (or HV ) and Ns(h; ; V ) instead of Ha;V (h; �) andMs(h; �; ; a) respectively. The condition �h � C will ensure that the leadingterms in the asymptotic formulae which we obtain, do not depend on the magnetic�eld. In this sense the magnetic �eld under consideration is moderate, though theinequality �h �C allows � to grow as h! 0.The quantity (1.2) can be viewed as a "local version" of the sumMs(h; �; 1; a) =Xk�1 j�kjs;where �k = �k(h; �; a); k � 1; are negative eigenvalues of Ha enumerated in thenon-decreasing order. In particular, M0 is a local counterpart of the number ofall negative eigenvalues. Note that due to the truncation  the trace (1.2) can be�nite even if negative spectrum of Ha is not discrete.The asymptotics of Ms(h; �) has been analysed in [14] in the case a; V 2C10 (Rd). It was shown there that for any s 2 [0; 1]; h ! 0; 0 � � � Ch�1,the trace (1.2) obeys the formulaMs(h; �; ; V ) =Ws(h; ; V ) + h�is+1O(h�(d�s�1)); h�i = (1 + �2) 12 ; (1.3)with the standard Weylian leading termWs(h) =Ws(h;  ; V ) = �sh�d Z  (x)�V�(x)�s+d2 dx;�s = jSd�1j(2�)d Z 10 td�1(1� t2)sdt; 9>>=>>; (1.4)where jSd�1j stands for the surface area of the (d � 1)-dimensional unit sphere.Corresponding result for the case � = 0 was obtained in [8], [9].In the present paper the smoothness assumption is removed. More precisely, weassume that the function V is C1 outside x = 0 and asymptotically homogeneousat x = 0: V (x) sW (x) = �(x̂)jxj� ; x! 0; x̂ = xjxj ; 0 � � < 2; (1.5)with some � 2 C1(Sd�1). In Section 2 we shall formulate the conditions on V in amore precise form. In fact, one could have assumed that there are several points atwhich the potential behaves similarly to (1.5). Our results however, are stated in aform which allows one to decouple the singularities using an appropriate partitionof unity and then, by means of the translation, perform in each patch the reductionto the potential satisfying (1.5).Under condition (1.5) the formula (1.3) is not necessarily true. The answerdepends on the relation between the parameters �; s and d. A natural parameterthat determines the form of the asymptotics in this case is! = !(�; s) = 2�s2� � : (1.6)



DISCRETE SPECTRUM ASYMPTOTICS 3The values d and d� s� 1 (which are the orders of h in the leading and remainderterm in (1.3) respectively) serve as "threshlods" { when ! crosses either of them,the asymptotics of Ms changes its form. Note in particular, that the condition! < d is necessary and su�cient forWs to be �nite. Let us discuss individually allpossible cases. Below h! 0; 0 � � � Ch�1 and 0 � s � 1.1. ! > d. The leading term of Ms is completely determined by the asymptoticpotential W de�ned in (1.5). Namely,Ms(h; �; ; a) = h�!� (0)Ns(1; 1;W ) + o(1)�: (1.7)Finiteness of the traceNs(1; 1;W ) for any d � 2; ! > d will follow from the Cwickeltype estimate (2.19).2. ! = d. The asymptotics is still determined by W . However, in contrast to(1.7) the leading term can be calculated e�ectively. DenoteBs(�) = 2�s2� � ZSd�1 ��(#) d2+sd#:Then Ms(h; �; ; a) = h�dj lnhj (0)Bs(�) + (j lnhj+ 1)o(h�d): (1.8)We emphasize that the remainders in (1.7), (1.8) are bounded uniformly in � �Ch�1.3. d� s� 1 < ! < d. The leading order is given by the classical Weyl coe�cient(1.4). The singularity of the potential gives rise to a second term, that occupies anintermediate position between the main term and the remainder in (1.3):Ms(h; �; ; a) =Ws(h; ; V ) + h�! (0)�s+ o(h�!) +O(h�is+1hs+1�d): (1.9)The coe�cient �s = �s(�; �) depends only on W . Loosely speaking, it is de�nedas the di�erence of two in�nite quantities:�s(�; �) = Ns(1; 1;W ) �Ws(1; 1;W ): (1.10)Theorems 2.4 and 2.40 in Sect. 2 provide two equivalent regularized versions of thisde�nition. Presumably, in general, �s does not admit any explicit representationin terms of W . However, for the particular case of a purely Coulomb potential, itdoes. Let d = 3; s = 1; � = 1; � = �q; q � 0. Then, using precise formulae forthe eigenvalues of HW (1), one can prove that �1 = �q2=8. This expession for �1has been known since a long time in connection with the so-called Scott correctionto the ground state energy of a large atom. We refer to [8] for details and furtherreferences. It is worth mentioning that by virtue of the condition d�s�1 < ! < d,the choice � = 1; s = 1 implies that d = 3. In other words, the Scott correctionterm is meaningful only in the three-dimensional case.4. ! = d� s� 1. ThenMs(h; �; ; a) =Ws(h; ; V ) +O(j ln hjhs+1�d) +O(h�is+1hs+1�d): (1.11)



4 A.V. SOBOLEV5. ! < d � s � 1. The asymptotics looks like (1.3) { the contribution from thesingularity gets "absorbed" by the remainder:Ms(h; �; ; a) =Ws(h; ; V ) +O(h�is+1hs+1�d): (1.12)In particular, the local counting function M0 satis�es (1.12).We point out that in all �ve cases above the leading term of Ms does notdepend on �. In cases (3){(5) the asymptotics gets more precise if �h! 0. On thecontrary, if �h = const, the formulae (1.9), (1.11), (1.12) loose their asymptoticcharacter since the remainders have the same order as Ws in this situation. Thisobservation is consistent with the well known fact that the Weyl term no moredescribes the behaviour of Ms(h; �) if �h � c. We refer to [12](see also [15]),where the asymptotics of M1(h; �; 1; a) was studied for d = 3 and a homogeneousmagnetic �eld for any � � 0. It was shown that for �h � c the leading term is tobe replaced by another coe�cient that takes into account the magnetic �eld.To conclude the introduction we sketch main steps of the proof. As in [8],we analyse separately contributions from the regions around the origin and awayfrom it. Precisely, we split Ms(h; �; ; a) into the sum of Ms(h; �; 1; a) andMs(h; �; 2; a), where  1 ( resp.  2 ) is supported inside (resp. outside) theball B(r) = fx : jxj � rg of radius r s h 22�� . The share of the ball depends onthe interrelation between ! and d. We explain further proof in the most interestingcase d � s � 1 < ! < d. Inside the ball one can neglect the magnetic �eld andreplace the potential V by its asymptotics W . This reduces the problem to thestudy of Ns(h; 1;W ). Using homogeneity ofW one can "scale out" the parameterh, after which the de�nition (1.10) yields almost automatically thatMs(h; �; 1; a) s Ns(h; 1;W ) =Ws(h; 1;W ) + h�!�s + o(h�!): (1.13)The change W back to V a�ects only the error o(h�!).Since V is smooth outside B(r), we can use for Ms(h; �; 2; a) the asymptotics(1.3) established in [14]. However the result of [14] does not apply directly, becauseby (1.5) V (x) is not bounded uniformly in h for jxj � r and, consequently, wecannot control the remainder estimate in (1.3). To avoid this di�culty, we use theso-called multiscale approach invented by V. Ivrii (see [9]{[11], [8]), that providesa good control of the remainder estimate under fairly general conditions on V . Aversion of this method adjusted to our purposes, is described in [14]. As a result,we obtain Ms(h; �; 2; a) =Ws(h; 2; V ) + o(h�!) +O(h�is+1hs+1�d):Adding up this relation with (1.13), we arrive at (1.9). We point out again that inthe exterior of B(r) we need only the �rst term of the asymptotics with a properremainder estimate. The second term in (1.9) is produced totally by the interior ofB(r) (see (1.13)).Precise de�nitions of objects we shall be working with, and statements of themain results are given in Sect. 2. In Sect. 3, 4 we investigate the possibility ofreplacing the potentials a; V with 0;W in the asymptotics of (1.2). In Sect. 5 we



DISCRETE SPECTRUM ASYMPTOTICS 5summarize the results from [14] on the multiscale analysis and establish existenceof the limit (1.10) in a suitable regularized sense. Sect. 6 contains the proof of theasymptotic formulae discussed above.Notation. As a rule, m stands for a d�tuple of non-negative integer numbers:m = (m1;m2; � � � ;md); jmj = m1 +m2 + � � �+md.For any measurable function f one writes f� = (jf j � f)=2.For a domain X � Rd we denote by B1(X) the set of functions f 2 C1(X)bounded along with all their derivatives. This space forms a Fr�echet space with thefamily of natural semi-norms jjjjf jjjjm = supx j@mx f(x)j; 8jmj � 0.A constant C is said to be uniform in f 2 B1(X) (or f 2 C10 (X)), if it dependsonly on the constants in the estimates jjjjf jjjjm � Cm; jmj � 0A function g is said to belong to B1(X) uniformly in f 2 B1(X) if thederivatives j@mx g(x)j; jmj � 0, are estimated by constants which are uniform inf 2 B1(X).For spaces of vector-valued functions a(x) = fa1(x); : : : ; ad(x)g we use the samenotation as for scalar functions. This convention does not cause any confusion. Forinstance, the notation a 2 L2loc(Rd) means that each component of a belongs toL2loc(Rd).B(z;E); z 2 Rd; E > 0; denotes the closed ball fx 2 Rd : jx � zj � Eg;B(E) = B(0; E). Sometimes we use open balls �B(z;E) = fx 2 Rd : jx � zj < Egand �B(E) = �B(0; E) as well.For any self-adjoint operator T , D(T ) denotes its domain andR(z;T ) = (T�z)�1{ its resolvent for z 2 C outside the spectrum of T . If T is semi-bounded, T [�; �]and D[T ] stand for the associated quadratic form and its domain respectively.Notation Sp; p � 1 stands for the Neumann-Schatten class of compact operatorswith the norm T p = �trf(T �T ) p2 g� 1p :Classes S1;S2 are called the trace class and the Hilbert-Schmidt class respectively.Operators T1 2 Sp; T2 2 Sq and any bounded operator T0 satisfy the followinginequalities: T1T2 t � T1 p T2 q; t�1 = p�1 + q�1;T1T0 p � k T0 k T1 p:) (1.14)These and other properties of compact operators can be found in the book [7].2. Main results1. De�nition of the Schr�odinger operator with a magnetic �eld. Leta 2 L2loc(Rd); d � 2 be a real-valued (vector-)function. We denote by Ql;�l =��; l = 1; 2; : : : ; d; closures of the di�erential operators �ih@l � �al; �ih@l; onC10 (Rd). We de�ne the unperturbed Schr�odinger operator asH0 = Ha;0(h; �) = Q�lQl; H0;0 = H0;0(h) = ��l�l = �h2�:Here and below we assume summation over repeating indices. The operator H0 canalso be interpreted as that associated with the quadratic form (Qlu;Qlu) (see [3]).Due to the condition a 2 L2loc(Rd), the set C10 (Rd) is a form core for H0.



6 A.V. SOBOLEVTo de�ne the perturbed operator we use the following estimates resulting fromthe diamagnetic inequality (see [3]):Proposition 2.1. Let X be multiplication by a measurable function and � > 0.Then for any � > 0 kXR(��;H0)�k � kXR(��;H0;0)�k (2.1)and for any positive integer nXR(��;H0)� 2n � XR(��;H0;0)� 2n: (2.2)It follows immediately from (2.1) with � = 1=2 that the inequalitykXuk2 � �(H0;0u; u) +M(h)kuk2; 8u 2 C10 (Rd); (2.3)entails kXuk2 � �(H0u; u) +M(h)kuk2; 8u 2 C10 (Rd); (2.4)with the same positive constants � andM(h). Let V be a real-valued function suchthat the estimate (2.3) is ful�lled for the function X = jV j1=2 with some � < 1and M(h) > 0. Due to (2.4) the perturbed operator Ha = Ha;V = H0 + V is wellde�ned in the form sense.To study the local trace (1.2) it will be su�cient to assume that the operatoris of the form (1.1) only in a neighbourhood of supp . Its behaviour outside isirrelevant. To distinguish it from the "true" Schr�odinger operator Ha we shall usefor such an operator the notation Aa = Aa(h; �) (or simply A).Assumptions on A will be stated in terms of the quadratic form A[�; �]. BelowD � Rd denotes an open bounded domain.Assumption 2.2. The operator A is selfadjoint in L2(Rd), semibounded from be-low and for any � 2 C10 (D) the following conditions are satis�ed:(1) For any u 2 D[A] one has u� 2 D[A]; there exists a function �1 2 C10 (D)(depending on �) such thatA[u; �v] = A[�1u; �v];for all u; v 2 D[A];(2) There exist real-valued functions a 2 L2loc(Rd) and V with X = jV j1=2 obey-ing (2.3) with some � 2 (0; 1);M(h) > 0, such that for any v 2 D[A]; u 2D[Ha]; a = (a; V ), one has �u 2 D[A]; �v 2 [Ha] andA[�u; �v] = Ha[�u; �v]:Though this assumption may look cumbersome, it is very natural in the sensethat it is ful�lled for some standard special cases. For instance, the operator Aade�ned by the di�erential expressionXl (�ih@l � al)2 + V (x)with the Dirichlet condition on the sphere fx : jxj = Rg; R > 0, obeys Assumption2.2 with D = �B(R).Our basic tool in the study of the operator A = Aa is the following resolventidentity:



DISCRETE SPECTRUM ASYMPTOTICS 7Lemma 2.3. Let the operator A be as speci�ed above. Then for any function� 2 C10 (D) one has�R(z;Aa) = R(z;Ha)� +R(z;Ha)ZR(z;Aa); (2.5)Z = Z(�) = �ih(2Q�l @l� + ih��): (2.6)Proof. Clearly, it su�ces to verify that for any u 2 D(A); v 2 D(H); H = Ha, theinequality holds: (�u;Hv)� (Au; ��v) = (u;Z�(�)v): (2.7)To prove this notice that u 2 D[A]; v 2 D[H], so that by Assumption 2.2 the l.h.s.of (2.7) equalsH[�u; v]�A[�1u; ��v] = H[�u; v]�H[�1u; ��v] = (Ql�u;Qlv)� (Ql�1u;Ql��v)= �[Ql; �]�1u;Qlv�� �Ql�1u; [Ql; ��]v�= � ih(@l�u;Qlv)� ih(Ql�1u; @l��v):Recall that D(Ql) � D(Q�l ), so that one can rewrite this as�ih(@l�u;Qlv)� ih(�1u;Ql@l��v) = �ih�u; (2@l��Ql � ih���)v�;which coincides with the r.h.s. of (2.7). �In the same way one proves the identity for powers of the resolvents:�R(z;A)k = R(z;H)k� + kXj=1R(z;H)jZ(�)R(z;A)k�j+1; 8k 2 N: (2.8)For trf gs(A)g we keep the same notation as for trf gs(H)g, i.e. Ms(h; �; ; a).This will not cause any confusion in what follows.We shall use extensively the following scaling properties of the operator Aa andthe trace Ms(h; �; ; a). Let f; ` be some positive numbers. and let z 2 Rd. Letthe unitary dilation operator U` and the translation operator Tz be de�ned by(U`u)(x) = ` d2 u(`x); (Tzu)(x) = u(x + z):Denote V̂ (x) = f�2V (`x + z); â(x) = `�1a(`x + z);  ̂(x) =  (`x + z): (2.9)De�ne also two auxiliary parameters which will play the role of the Planck constantand the size of the magnetic �eld after the scaling:� = hf` ; � = �f̀ : (2.10)



8 A.V. SOBOLEVSince V obeys (2.3), we havek jV̂ j 12uk2 � ��H0;0(�)u; u�+ M̂ (�)kuk2; M̂ (�) = f�2M(h); 8u 2 C10 (Rd):(2.11)It is clear that the operator f�2(U`Tz)Aa(U`Tz)� (2.12)satis�es Assumption 2.2 with the set D̂ = fx 2 Rd : `x + z 2 Dg and the operatorHâ(�; �); â = fâ; V̂ g. Therefore it is natural to denote the operator (2.12) by Aâ.By the unitary equivalence of trace,Ms(h; �; ; a) = f2sMs(�; �;  ̂; â): (2.13)Note also the scaling property of the Weyl coe�cient (1.4):Ws(h; ; V ) = f2sWs(�;  ̂; V̂ ); (2.14)which can be veri�ed by direct calculation.Notice that in the case D = �B(z; `) the set D̂ is simply �B(1).2. Conditions on a; V . Let us specify conditions on the potential V andvector-potential a, for which we shall obtain asymptotic formulae described in In-troduction. Assume that V;a 2 C1(Rd n f0g), a is continuous, and for all x 6= 0j@mV (x)j � Cmjxj���jmj; 0 � � < 2; jmj � 0;j@ma(x)j � Cmjxj1�jmj; jmj � 1:) (2.15)Moreover, V (x) = jxj����(x̂) + U(x)�; (2.16)with a function � 2 C1(Sd�1) and some U 2 L1(Rd) such thatv-supjxj�t jU(x)j � U0(t); U0 2 L1(0;1); U0(t)! 0; t! 0: (2.17)As a rule we use the notation W (x) = �(x̂)jxj��. Notice that (2.15) contains noestimates on the function a itself, but only on its derivatives. This fact is quitenatural, since the constant component of a can be chosen arbitrarily or eventuallyeliminated by a simple gauge transformation.It is easy to check that the functions X = jV j 12 and X = jW j 12 obey (2.3) forany � > 0 and M(h) = C(�h2)� �2�� ; (2.18)the constant C here being dependent only on C0 in (2.15). In the sequel, we usuallysubsume � into the constant C and omit � from notation.Unless otherwise stated all the functions denoted byO( � ) or o( � ) will be uniformin all C1-functions involved (in the sense speci�ed in the end of Introduction) andin � 2 [0; Ch�1]. Moreover, they will be also uniform in the functions V;a satisfying(2.15), (2.16) and (2.17). In other words, they will depend only on the constants Cm



DISCRETE SPECTRUM ASYMPTOTICS 9from (2.15) and the function U0. For instance, o(1) in (1.7) stands for a functionwhich tends to zero as h ! 0 uniformly in  2 C10 (Rd), the functions V;W;Uand � � Ch�1. The symbols " lim"; " lim sup" are used in situations, when nouniformity (in the sense speci�ed above) is claimed.2. Results. We always assume that Aa obeys Assumption 1.1 with D = �B(4E)for some �xed E > 0. The function  is supposed to belong to C10 (B(E=2)). Aswas mentioned in Introduction, the form of the asymptotics is governed by theparameter ! de�ned in (1.6). For some values of ! the leading or the second termare expressed in terms of the trace Ns for the operator HW . In the next Theoremwe prepare some properties of this trace needed for stating our main result. LetWsbe the Weyl coe�cient de�ned in (1.4). Below we denote ��(x) = �(x��1); � > 0;for any function �.Theorem 2.4. Let � 2 C1(Sd�1); s 2 (0; 1]; � 2 (0; 2) andW (x) = �(x)jxj� ; � 2 C1(Sd�1):Let � 2 C10 (Rd) be a function such that �(x) = 1; jxj � 1 and let ��(x) =�(x=�); � > 0.(1) If ! > d, thenNs(1;��;W ) = Ns(1; 1;W ) + o(1); �!1: (2.19)(2) If d� s� 1 < !(�; s) < d, thenNs(1;��;W ) �Ws(1;��;W ) = �s + o(1); �!1; (2.20)with some real number �s = �s(�; �) independent of the function �.The relation (2.20) can be interpreted as a "regularized limit" of Ns(1;��;W ).A remarkable fact is that there is another choice of regularization that yields thesame value of �s:Theorem 2.40. Let the parameters �; s and the function W be as in Theorem 2.4,and let d� s� 1 < !(�; s) < d. Thenlim�!+0�Ns(1; 1;W + �)�Ws(1; 1;W + �)� = �s(�; �): (2.21)This limit may be not uniform in the function W .We stress again that the relations (2.19), (2.20) are uniform in W and �. If onedoes not require any uniformity, the proof of (2.19) is fairly simple. Indeed, the�niteness of Ns in (2.19) can be easily obtained from the following bound for thenumber of negative eigenvalues ofHW+�; � > 0 ( see [4]). For any V 2 Lqw(Rd); q >d=2;N0(1; 1; V + �) � C� d2�qkV kqLqw = C� d2�q supt>0�tqmesfx : V�(x) > tg�: (2.22)



10 A.V. SOBOLEVThis bound results from a Cwickel type estimate (see [6], [13]). Clearly, W 2Lqw(Rd) with q = d��1 > d=2, so that (2.22) yieldsN0(1; 1;W + �) � C� d2� d� ; C = C(�;�): (2.23)For ! > d, we haveNs(1; 1;W ) = �Z 10 �sdN0(1; 1;W + �) = sZ 10 �s�1N0(1; 1;W + �)d�;Now one concludes from (2.23) that gs(HW ) 2 S1, i.e.Ns(1; 1;W ) <1; !(�; s) > d:Note that for d � 3 (2.23) can be obtained also from the classical Rosenblum-Lieb-Cwickel estimate: N0(1; 1;W + �) � C Z �W (x) + �� d2�dx:Since �� converges weakly to 1 as �!1, and gs(HW ) is trace-class, we havelim�!1Ns(1;��;W ) = Ns(1; 1;W ):This convergence however is not a priori uniform in W . The proof of Theorem 2.4is more complicated, but provides the uniformity in W .Next Theorem constitutes the main result of the paper.Theorem 2.5. Let s 2 [0; 1] be a �xed number and let h 2 (0; h0]; � � 0; �h � C.Suppose that the operator Aa satis�es Assumption 2.2 with D = �B(4E) and  2C10 (B(E=2)). Then the following assertions take place:(1) If ! > d, then (1.7) holds.(2) If ! = d, then (1.8) holds.(3) If d� s� 1 < ! < d, then (1.9) holds.(4) If ! = d� s � 1, then (1.11) holds.(5) If ! < d� s � 1, then (1.12) holds.The remainder estimates are uniform in the functions a; V;  and may depend onE.It is worth pointing out that no information on Aa outside B(4E) is involved inTheorem 2.5. In particular, the lower bound of Aa is irrelevant.Our assumption that the potential has only one singularity located at the ori-gin, has been imposed for convenience only. One can easily obtain correspondingasymptotics for Ms in the case of many singular points, by reducing the problemto Theorem 2.5 with the help of an appropriate partition of unity and a translationtransformation. The partition of unity argument permits also to extend Theorem2.5 to arbitrary  2 C10 (Rd) and D � supp .



DISCRETE SPECTRUM ASYMPTOTICS 11To conclude this section we discuss some properties of the coe�cient �s de�nedin (2.20). As was mentioned in Introduction, in general it cannot be expressedexplicitly in terms of W . We can only say that it is homogeneous in �:�s(q�; �) = q 2s2���s(�; �); 8q > 0: (2.24)This relation follows from de�nition (2.20), homogeneity of the functionW and theequalities Ns(1;��; qW ) = q 2s2��Ns(1;��0 ;W );Ws(1;��; qW ) = q 2s2��Ws(1;��0 ;W );) �0 = �q 12�� ;which result from (2.13), (2.14) withf = `�1; ` = q 1��2 :Nevertheless, the limit (2.20) can be calculated explicitly for d = 3; s = 1; � = 1and �(�) = �q; q � 0. In this case�1(�q; 1) = �q28 : (2.25)A proof of this result, based on the relation (2.21) and a precise formula for theeigenvalues of HW (1), was given in [8]. This proof is so simple that we reproduceit here.Due to (2.24) one can assume that q = 1. The eigenvalues of HW (1) are�(4n2)�1; n � 1, each of them having a multiplicity n2 (see e.g. [5]). Conse-quently, M1(�) =M1(1; 1;W + �) = mXn=1� 14n2 � ��n2; 8� > 0: (2.26)Here m denotes the entire part of a = (2p�)�1. On the other hand,W1(1; 1;W + �) = 115�2 Z ��� jxj�1� 52�dx = 415�p� Z 10 (1� t) 52 t� 12 dt= 415�p�B(1=2; 7=2) = 112p�; (2.27)where B( � ; � ) denotes the beta function. It follows from (2.26) thatM1(�) = m4 � � mXn=1n2= m4 � �12m(2m+ 1)(2m+ 2) = m4 � �m6 (2m2 + 3m+ 1):Representing m as a + v with some v 2 (�1; 0], we obtain thatM1(�) = a4 � �a33 � �a22 � �a2v + v4 +O(p�):Taking into account that a = (2p�)�1, this leads toM1(�) = 112p� � 18 +O(p�):Comparing this with (2.27) and using (2.21), we arrive at (2.25).



12 A.V. SOBOLEV3. Reduction to HaThe purpose of this and the next section is to show that in the asymptotics oftrf g(Aa)g one can replaceAa by the "asymptotic" operatorHW with the potential(1.5). We shall do this in two steps. Firstly, in this section we justify the changeAa ! Ha. Further reduction to HW will be done in Section 4. All the boundsto be obtained do not depend on the magnetic potential, so that without loss ofgenerality one can set � = 1.1. First we study the resolvent R(z;Ha). We always assume that a 2 L2loc(Rd)and the function X = jV j 12 satis�es (2.3) with some � < 1, so that the operator Hais well-de�ned. Furthermore, it follows from (2.4) thatinf �(Ha) � �M(h): (3.1)Sometimes for shortness we write simply H and M instead of Ha and M(h) re-spectively. It will be convenient to assume that M � 1. We denote dM (z) =distfz; [�M;1)g. Everywhere below z 2 C n f[�M;1)g, so that R(z;H) existsand is bounded. The integer number l( with or without indices) takes the values1; 2; : : : ; d and the numbers m;m1;m2; : : : equal either 0 or 1.We begin with some straightforward estimates. Let X denote an arbitrary func-tion satisfying (2.4) with the same �;M as the function jV j 12 . It follows from thede�nition of H0 thatkQml R(��;H0) 12 k � �m�12 ; m = 0; 1;8� > 0: (3.2)Furthermore, (2.4) entails thatkXR(��;H0) 12 k � � 12 ;k(H0 + �) 12R(��;H) 12 k � (1� �)� 12 ;) 8� � ��1M: (3.3)Further, due to the resolvent identity, for any � > M we have the equality:R(z;H) = R(��;H0) 12S(�; z)R(��;H0) 12 ; (3.4)S(�; z) = (H0 + �) 12R(��;H) 12 �I + (�+ z)R(z;H)�R(��;H) 12 (H0 + �) 12 :By the second inequality in (3.3),kS(�; z)k � 2(1� �)�1 �+ jzjdM (z) ; � � ��1M: (3.5)As a rule, in what follows we omit the dependence of the coe�cients on �.Lemma 3.1. Let X satisfy (2.4) and let m1;m2 = 0; 1 be such that m1 +m2 � 1.Then kXm1Qm2l R(��;H) 12 k � C�m1+m2�12 ; 8� � ��1M; (3.6)kXm1Qm2l R(z;H)k � C (jzj +M)m1+m22dM (z) ; (3.7)



DISCRETE SPECTRUM ASYMPTOTICS 13Proof. The estimate (3.6) is a consequence of (3.2) and (3.3). Let us prove (3.7).By (3.4), (3.5) and (3.6) with � = jzj+ ��1M , we havekXm1Qm2l R(z;H)k � kXm1Qm2l R(��;H0) 12 k kS(�; z)k kR(��;H0) 12 k� C�m1+m2�12 �+ jzjdM (z) �� 12 :This provides (3.7). �Let us proceed to estimates of R(z;H) in the classes of compact operators. Forthe resolvent of the operatorH0;0 necessary bounds can be found in [14, Lemma 3.3].Their proof is based on a simple criterion for the operators of the form a(x)b(�ih@)(see, e.g. [13]). It provides for any f 2 Lp(Rd); � > 0 and � > 0 the boundfR(��;H0;0)� p � CpkfkLp���+ d2p h� dp ; 8p � 2; p > d(2�)�1:In combination with Proposition 2.1 this yields for � > 0 and any integer n � 1:fR(��;H0)� 2n � CnkfkL2n���+ d4nh� d2n ; 2n > d(2�)�1: (3.8)Moreover, the following Lemma holds.Lemma 3.2. Let f 2 L2n(Rd) for some n > d=2. ThenfR(z;H) 2n � CkfkL2nh� d2n (M + jzj) d4ndM (z) :Proof. By (3.4) for � = jzj+ ��1M , and (1.14),fR(z;H) 2n � fR(��;H0) 12 2nkS(�; z)k kR(��;H0) 12 k:It remains to apply (2.2), (3.8) for � = 1=2 and (3.5). �2. Now we shall study the properties of the resolvent "sandwiched" between twofunctions with disjoint supports. Until the end of this Section the functions � and� will be supposed to satisfy the conditions� 2 C10 (B(�)); j�j � 1;� 2 B1(Rd); supp� � Rd nB(��); j�j � 1;) (3.9)with some � > 0 and � > 1. All the constants in Theorems below do not dependon �; �; � but may depend on �.Lemma 3.3. Let � and � obey (3.9). Let m;m1;m2 = 0; 1 be such thatm+m1 � 1.Then for any N � 0kXm�Qm1l1 R(z;H) (Q�l2)m2�k� CN;� (M + jzj)m+m1+m22dM (z) � (M + jzj)h2�2dM (z)2 �N : (3.10)



14 A.V. SOBOLEVLet n and k be two integers such that n > d=2 and k � 2n. Then for p = 2n=k andany N � 1Xm� Qm1l1 R(z;H)(Q�l2 )m2� p� CN;� (M + jzj)m+m1+m22dM (z) ��(M + jzj) 12h � dp � (M + jzj) 12 h�dM (z) �Nk: (3.11)In particular, for any N > d=2Xm� Qm1l1 R(z;H)(Q�l2 )m2� 1� CN;� (M + jzj)m+m1+m22dM (z) ��(M + jzj) 12h �d� (M + jzj) 12h�dM (z) �2N : (3.12)Proof. We prove �rst (3.11). It su�ces to do that for N = 1. The result for allN will follow if one replaces n by nN and k by kN . We start with the followingsimple observation: Let � 2 C1(R) be a function such that 0 � � � 1 and�(t) = 1; t � 1=3; �(t) = 0; t � 2=3. Let us de�ne the following family offunctions �(j) 2 C10 (Rd); j = 1; 2; : : : ; k:�(j)(x) = �� k�(� � 1)�jxj � �� �(� � 1)(j � 1)k ��: (3.13)It is clear that � = ��(1) and �(j) = �(j)�(j+1); �(j)� = 0, so that�(j)R(z;H)(Q�l2 )m2� = � [R(z;H); �(j)](Q�l2)m2�= R(z;H)[H0 ; �(j)]�(j+1)R(z;H)(Q�l2 )m2�:Therefore the representation holds:Xm�Qm1l1 R(z;H)(Q�l2)m2�= Xm�Qm1l1 kYj=1�R(z;H)[H;�(j) ]�R(z;H)(Q�l2 )m2�:According to (3.4) for any � > M one can writeR(z;H)[H;�(j) ] = R(��;H0) 12STj(H0 + �) 12 ; S = S(�; z);where Tj = R(��;H0) 12 [H0; �(j)]R(��;H0) 12 :Therefore Xm�Qm1l1 R(z;H)(Q�l2 )m2� = Xm�Qm1l1 R(��;H0) 12�� kYj=1 STj�SR(��;H0) 12 (Q�l2)m2�; (3.14)



DISCRETE SPECTRUM ASYMPTOTICS 15Noting that [H0; �] = �ih(Q�l @l� + @l�Ql); 8� 2 B1(Rd);we conclude that Tj = �ih(Zj + Z�j );Zj = �R(��;H0) 12Q�l ��@l�(j)R(��;H0) 12 �:Consequently, ( 3.2), (3.8) and (3.13) yield thatZj 2n � Ck@�(j)kL2n�� 12+ d4nh� d2n � Ck;�� d2n�1�� 12+ d4nh� d2n :Let � = ��1M + jzj. Then by (1.14) and (3.5),kYj=1�STj	 2nk � kSkk kYj=1 Tj 2n � Chk�M + jzjdM (z) �k� dk2n�k�� k2+ dk4nh� dk2n� C��(M + jzj) 12h � dk2n � (M + jzj) 12h�dM (z) �k:Now we get from (3.14):Xm�Qm1l1 R(z;H)(Q�l2 )m2� 2nk � kXmQm1l1 R(��;H0) 12 kkYj=1�STj	 2nk kSkkR(��;H0) 12 (Q�l2)m2k:Using (3.2), (3.3), (3.5), this yields (3.11). The estimate (3.12) is a direct conse-quence of (3.11) for k = 2n.The bound (3.10) can be proven analogously. �Corollary 3.4. Let the functions �; � satisfy (3.9) and the numbers m;m1;m2 beas in Lemma 3.3. Then for any k � 1 and N > d=2Xm� Qm1l1 R(z;H)k(Q�l2 )m2� 1� Ck;N (M + jzj)m+m1+m22dM (z)k ��(M + jzj) 12h �d� (M + jzj) 12hdM (z)� �2N : (3.15)Proof is by induction. Corollary is already proved for k = 1. Assume that (3.15)is true for some k. We shall deduce from here that it is also true for k + 1. Let�1 2 C10 �B((1+ 2�)�=3)� be a function such that �1(x) = 1; jxj � (2+ �)�=3 and�1 = 1� �1. Then by (1.14)Xm�Qm1l1 R(z;H)k+1 (Q�l2)m2� 1� kXm�Qm1l1 R(z;H)kk �1R(z;H)(Q�l2 )m2� 1+ Xm�Qm1l1 R(z;H)k�1 1 kR(z;H)(Q�l2 )m2�k:Since supp�1 � RdnB�(2+�)�=3�, the pairs of functions �1; � and �; �1 satisfy theconditions of Lemma 3.3. The desired estimate for the �rst summand in the r.h.s.follows from Lemmas 3.3 and 3.1. The second summand obeys the same estimatedue to the inductive assumption and Lemma 3.1. �In the next Lemma we assume that � � C.



16 A.V. SOBOLEVLemma 3.5. Let � obey (3.9) with � � C and let k; n be two integers such thatn > d=2; k � 2n. Then�R(�iM ;H)k p � CM�k��M 12h � dp ; p = 2nk : (3.16)Proof. By Lemma 3.2 the bound (3.16) is true for k = 1. Further proof is byinduction: assuming that (3.16) is true for some k, we shall deduce (3.16) for k+1.Let �1 2 C10 (B(3�)) be a function such that �1(x) = 1; jxj � 2�; j�1j � 1; and� = 1� �1. Then supp� � Rd nB(2�). By (1.14)�R(�iM ;H)k+1 2nk+1 � �R(�iM ;H)� 2nk+1 kR(�iM ;H)kk+ �R(�iM ;H) 2n �1R(�iM ;H)k 2nk :Since �; � obey the conditions of Lemma 3.3, by (3.11) with N = 1 the �rst sum-mand is bounded byC 1dM (�iM)k+1 ��(2M) 12h � d(k+1)2n � (2M) 12hdM (�iM)� �k+1 � CM�k�1��M 12h � d(k+1)2n :Here we used the bounds M � 1; � � C. Further, by Lemma 3.2 and the inductiveassumption the second term does not exceedC�k�kL2nh� d2n (2M) d4nM�1��M�k��M 12h � dk2n� � CM�k�1��M 12h � d(k+1)2n :This and preceding estimate provide (3.16) with k + 1. Proof is completed. �Corollary 3.6. Let � be as in Lemma 3.5. Let g = g(�) be a function such thatg(�) = 0; � � �0 and jg(�)j � Cj�js; s � 0. Then�g(H) 1 � CMs��M 12h �d:Proof. It follows from (3.16) with 2n = k > d that�g(H) 1 � �R(iM ;H)k 1k(H � iM)kg(H)k� CM�k��M 12h �dk(H � iM)kg(H)k:For H � �M , the last factor is bounded by CMs+k. �



DISCRETE SPECTRUM ASYMPTOTICS 17Corollary 3.7. Let � be as in Lemma 3.5 and let m1;m2 = 0; 1 be such integersthat m1 +m2 � 1. Then for any k > dXm1�Qm2l R(�iM ;H)k+1 1 � CM m1+m22 �k�1��M 12h �d:Proof. Let �1 be a function introduced in the proof of Lemma 3.5. ThenXm1�Qm2l R(�iM ;H)k+1 1 � Xm1�Qm2l R(�iM ;H)� 1 kR(�iM ;H)kk+ kXm1�Qm2l R(�iM ;H)k �1R(�iM ;H)k 1:It remains to apply Lemma 3.1, (3.16) and (3.12). �3. Until now the operator under consideration was supposed to have the formHain the entire space. As was explained in Sect. 2, we may assume that A coincideswith some H = Ha on some open set only, for we are dealing with local traces ofthe form (1.2). >From now on we work with an operator A satisfying Assumption2.2 with D = �B(4�); � > 0. Our goal is to show that in the asymptotics oftrf�g(A)g; � 2 C10 (B(4�)) one can replace the operator A by H = Ha. To thisend we use the identities (2.5), (2.8).Lemma 3.8. Let the operator A obey Assumption 2.2 with D = �B(4�), where� � C. Then for any � satisfying (3.9), any integers k � 1 and N > d=2, thebound holds:��R(z;A)k �R(z;H)k� 1� CN��(M + jzj) 12h �d�h(M + jzj) 12�dM (z) �2N+1 1j Im zjk ; (3.17)The constant CN does not depend on �; V and �.Proof. Let � 2 C10 (R) be a function such that �(t) = 1; jtj � 2. Denote �1(x) =�(jxj��1); � = 1 � �1. Then �1� = � and the pair �; � satis�es conditions ofLemma 3.3. Due to the obvious identity��R(z;A)k �R(z;H)k�= ���1 R(z;A)k �R(z;H)k�1�� �R(z;H)k�the problem amounts to proving the bound (3.17) for the operatorsT1 = ���1R(z;A)k �R(z;H)k�1�;T2 = �R(z;H)k�:By (3.15), the estimate (3.17) is obviously satis�ed for T2. Further, by virtue of(2.8), to prove (3.17) for T1 it su�ces to establish (3.17) for each of the operatorsT (j)1 = �R(z;H)jZ(�1)R(z;A)k�j+1 ; j = 1; : : : ; k



18 A.V. SOBOLEV(See (2.6) for de�nition of Z(�)). Now it is clear thatT (j)1 1 � h�2 �R(z;H)jQl@l�1 1 + h �R(z;H)j��1 1�kR(z;A)k�j+1k:By de�nition supp@�1 and supp� obey the conditions of Corollary 3.4. Takinginto account that j@�1j � C��1 and j��1j � C��2, estimating the terms in thebrackets by means of (3.15), and the last factor by j Im zj�k+j�1, we get (3.17). �Corollary 3.9. Let the operator A and the function � be as in Lemma 3.8. Thenfor any g 2 C10 (R) one has �g(A) 1 � C��M 12h �d:The constant C depends on g only.Proof. For z = iM and k > d�g(A) 1 � �R(z;A)k 1k(A � z)kg(A)k� k(A � z)kg(A)k� �R(z;H)k 1 + ��R(z;A)k �R(z;H)k� 1�:The �rst factor is bounded by CMk, since g 2 C10 . By (3.16) and (3.17) the secondfactor does not exceed CM�k��M 12h �d:This provides the desired estimate. �4. When studying the di�erence g(A)�g(H) we use the following representationfor a function of a selfadjoint operator in terms of its resolvent (see [2]):Proposition 3.10. Let g 2 C10 (R). Then for any selfadjoint operator B therelation holds: g(B) = n�1Xj=0 1�j! ZR @jg(�) Im[ijR(�+ i;B)]d�+ 1�(n� 1)! Z 10 �n�1d� ZR @ng(�) Im[inR(� + i� ;B)]d�; 8n � 2: (3.18)Combining Lemma 3.8 and this representation, we obtainTheorem 3.11. Suppose that A satis�es Assumption 2.2 with D = �B(4�); � � C,and � obeys (3.9). Let g 2 C1(R) be a function such that g(�) = 0 if � � �0 andfor some s � 0; L � L0 > 0j@ng(�)j � CnLnh�is; 8n 2 N: (3.19)



DISCRETE SPECTRUM ASYMPTOTICS 19Then for any N > (d+ 1)=2 + s�[g(A) � g(H)] 1 � CNL2N+3Ms+1��M 12h �d�hM 12� �2N+1; (3.20)where the constant CN does not depend on a; V; � and �.Proof. Let � 2 R and 0 < j� j � 1. Denote�(�; � ) = R(� + i� ;A)�R(� + i� ;H):Then (3.17) with k = 1 yields for any N > d=2:��(�; � ) 1 � CN�h��2N+1�dMN+d+12 j� j�2N�2; �2M � � � �0; (3.21)��(�; � ) 1 � CN�h��2N+1�dj�j�N+d�12 j� j�1; � � �2M: (3.22)The representation (3.18) does not apply to the function g since it is allowed togrow as � ! �1. Instead of g we use its modi�cation. Let � 2 C1(R) be afunction such that �(t) = 0; t � �2;�(t) = 1; t � �3=2:Let ~M = maxf(inf A)�;Mg. De�ne the function ~g 2 C10 (R) by the equality~g(�) = �(�= ~M)g(�) . Then because of (3.1) we have ~g(A) = g(A); ~g(H) = g(H).By virtue of (3.19) j@n~g(�)j � CnLnh�is; 8n 2 N; (3.23)with some constants Cn independent of A;H. According to (3.18)~g(A) � ~g(H) = I(n)1 + I(n)2 ; 8n 2 N;I(n)1 = n�1Xj=0 1�j! ZR @j~g(�) Im�ij�(�; 1)	d�;I(n)2 = 1�(n� 1)! Z 10 �n�1d� ZR @n~g(�) Im�in�(�; � )	d�:Let us estimate �rst the integral I(n)2 . To that end set n = 2N+3. Then, accordingto (3.23) and (3.21), (3.22)�I(n)2 1 � CN L2N+3�h� �2N+1�d�Z 10 d� Z�2M����0 MN+d+12 h�isd�+ Z 10 �2N+1d� Z���2M j�j�N+d�12 +sd��:



20 A.V. SOBOLEVAssuming that N > (d+ 1)=2 + s (so that the second integral exists), we obtain�I(n)2 1 � CNL2N+3�h� �2N+1�dMN+s+d+32 : (3.24)Now, in view of (3.21), (3.22) and (3.23),�I(n)1 1 �CNL2N+2�h� �2N+1�d�Z�2M����0MN+ d+12 h�isd�+ Z���2M j�j�N+d�12 +sd���CNL2N+2�h� �2N+1�dMN+s+d+32 :Combining this bound with (3.24), we obtain from here (3.20). �4. Reduction to asymptotic potentialHere we continue the analysis of the previous section and show that under suit-able conditions one can replace Ha in the trace trf g(Ha)g by the operator HWwithout any magnetic potential and with the asymptotic electric potential (1.5).Actually, our argument does not use the precise form of W . The following generalconditions will be su�cient. Firstly, we assume that both X = jV j 12 and X = jW j 12satisfy the inequality (2.3) for some M =M(h) and a �xed � < 1. Hence both Haand HW are semibounded from below andHa � �M(h); HW � �M(h): (4.1)Recall that M(h) � 1. Secondly, instead of (2.16) we impose the conditionW (x) = Y (x)	(x)Y (x); V (x) = Y (x)(	(x) + F (x))Y (x); x 2 B(�); (4.2)where Y;	; F are some real-valued functions such that Y obeys (2.3) and 	 2L1(Rd); F 2 L1loc(Rd). Moreover, throughout this section we suppose that a 2L1loc(Rd).1. Let us study resolvents of the operators Ha and HW . As in the previoussection we rely upon an appropriate version of the resolvent identity. Namely, forany � 2 B1(Rd) we have�R(z;Ha) = R(z;HW )�+R(z;HW )Z1R(z;Ha);Z1 = Z1(�) = �ih��l@l�+ @l�Ql� + al�Ql +�l�al � �FY 2:) (4.3)Note also the identity for the di�erence of powers of the resolvents, similar to (2.8):�R(z;Ha)k = R(z;HW )k�+ kXj=1R(z;HW )jZ1(�)R(z;Ha)k�j+1; 8k 2 N: (4.4)Denote kfk� = v-supjxj�� jf(x)j for f 2 L1loc(Rd) andK(z) = K(z; �) = (M + jzj) 12 �kak� + kFk�(M + jzj) 12 �: (4.5)As in Sect. 3 we begin with estimating di�erence of the resolvents. Throughoutthis section we assume as a rule that � 2 C10 �B(�=2)� and j�(x)j � 1.



DISCRETE SPECTRUM ASYMPTOTICS 21Lemma 4.1. Let the functions V;W be as speci�ed above and let � � C be anumber from (4.2). Then for any � 2 C10 (B(�=2)) and N � 0k��R(z;Ha)�R(z;HW )�k � CN 1dM (z)� ��(M + jzj) 12h�dM (z) �2N+1 + K(z; �)dM (z) �: (4.6)If k > 2d+ 1 then for any N > d=2��R(�iM ;Ha)k� R(�iM ;HW )k� 1� CN 1Mk ��M 12h �d�� hM 12 ��2N+1 + K(0; �)M �; (4.7)The constant CN does not depend on V;W;� and �.Proof. Let � 2 C10 (R) be a function such that j�j � 1 and �(t) = 1; jtj �2=3; �(t) = 0; jtj � 1. Denote �1(x) = �(jxj=�) and � = 1 � �1. Due to theobvious identity��R(z;Ha)k �R(z;HW )k� = ���1R(z;Ha)k �R(z;HW )k�1�� �R(z;HW )k�;the problem amounts to proving the desired bounds for the operatorsT1 = ���1R(z; Ha)k �R(z;HW )k�1�;T2 = �R(z;HW )k� ) (4.8)(k = 1 for (4.6)).Let us prove �rst (4.7). For T2 the estimate (4.7) is ful�lled due to Corollary3.4. Further, by (4.4)T1 = kXj=1 T (j)1 ; T (j)1 = �R(z;HW )jZ1R(z;Ha)k�j+1; Z1 = Z1(�1):Thus it su�ces to obtain (4.7) for each T (j)1 individually. We analyse �rst the termswith j � k=2, so that k� j > d. It is clear that Z1 = Z1�2 for �2(x) = ��jxj=(2�)�.Therefore for z = �iMT (j)1 1 � h �R(z;HW )j�l@l�1 1 k�2R(z;Ha)k�j+1k+ h �R(z;HW )j@l�1 1 k�2QlR(z;Ha)k�j+1k+ k�R(z;HW )jk �1alQlR(z;Ha)k�j+1 1+ k�R(z;HW )j�lk �1alR(z;Ha)k�j+1 1+ k�R(z;HW )jY �1Fk Y �2R(z;Ha)k�j+1 1: (4.9)



22 A.V. SOBOLEVSince supp� and supp@�1 are separated from each other and j@�1j � C��1, byCorollary 3.4 and Lemma 3.1 the �rst and the second terms are bounded byCM�k� hM 12 ��2N+1�d; 8N > d=2:Further, by Lemma 3.1 and Corollary 3.7 the third and the forth terms do notexceed Ckak�M�k� 12 ��M 12h �d:And, �nally, the �fth term is bounded byCkFk�M�k��M 12h �d:Combining the bounds above, we obtain for all j � k=2 the estimateT (k)1 1 � CM�k��M 12h �d�� hM 12 ��2N+1 + K(0; �)M �:In case j > k=2 the proof is the same except that the last three terms in (4.9)should be replaced with�R(z;HW )j 1 k�1alQlR(z;Ha)k�j+1k+ �R(z;HW )j�l 1 k�1alR(z;Ha)k�j+1k+ �R(z;HW )jY �1F 1 kY �2R(z;Ha)k�j+1k:The trace norms here are �nite since j > d + 1. Further proof goes as before.Summing the bounds for T (j)1 over j, one obtains (4.7).Proof of (4.6). Let k = 1 in (4.8). The desired bound for T2 follows from(3.10).Furthermore, as in the proof of (4.7), by (4.3)kT1k � hk�R(z;HW )�l@l�1k k�2R(z;Ha)k+ hk�R(z;HW )@l�1k k�2QlR(z;Ha)k+ k�R(z;HW )k k�1alQlR(z;Ha)k+ k�R(z;HW )�lk k�1alR(z;Ha)k+ k�R(z;HW )Y �1Fk kY �2R(z;Ha)k:By Lemmas 3.2, 3.4 �rst two terms are bounded byC 1dM (z)� (M + jzj) 12h�dM (z) �2N+1; 8N � 0:In view of Lemma 3.1 the remaining terms do not exceedkak� (M + jzj) 12dM (z)2 + kFk�M + jzjdM(z)2 :Combining the bounds above, we arrive at (4.6). �2. The next step is to study the functions of operatorsHa and HW . Throughoutthe rest of the Section the conditions of Lemma 4.1 are always assumed to beful�lled. For functions of selfadjoint operators we use the representation (3.18).



DISCRETE SPECTRUM ASYMPTOTICS 23Theorem 4.2. Let g 2 C1(R) be a function satisfying the conditions of Theorem3.11 and � 2 C10 (B(�=2)). Then for any N � 0k�[g(Ha) � g(HW )]k � CNL2N+3Ms+1�(hM 12 ��1)2N+1 +K(0; �)�; (4.10)where the function K(z; �) is de�ned in (4.5) and the constant CN depends only onconstants Cn in (3.19) and the function �.Proof mimicks the proof of Theorem 3.11. Let � 2 R and 0 < j� j � 1. Denote�(�; � ) = R(� + i� ;Ha)�R(� + i� ;HW ):Then (4.6) yields for any N � 0:k��(�; � )k � 1� �� (M + j�ji) 12h�� �2N+1 + K(�)� �; 8� 2 R: (4.11)In order to apply the representation (3.18), instead of g we use its modi�cation.Let � 2 C1(R) be the function introduced in the proof of Theorem 3.11. De�ne~g 2 C10 (R) by the equality ~g(�) = �(�=M)g(�) . Then because of (4.1) we have~g(Ha) = g(Ha); ~g(HW ) = g(HW ). By virtue of (3.19)j@n~g(�)j � CnLnh�is; 8n 2 N; (4.12)with constants Cn independent of Ha;HW . According to (3.18)~g(Ha)� ~g(HW ) = I(n)1 + I(n)2 ; 8n 2 N;I(n)1 = n�1Xj=0 1�j! ZR @j~g(�) Im�ij�(�; 1)	d�;I(n)2 = 1�(n� 1)! Z 10 �n�1d� ZR @n~g(�) Im�in�(�; � )	d�: (4.13)Set n = 2N + 3. In view of (4.12) and (4.11)k�I(n)1 k �CL2N+2Ms Z�2M����0�(hM1=2��1)2N+1 +K(0)�d��CL2N+2Ms+1�(hM1=2��1)2N+1 +K(0)�:Let us estimate the integral (4.13). According to (4.12) and (4.11)k�I(n)2 k � CL2N+3Ms�Z 10 d� Z�2M����0(hM 12 ��1)2N+1d�+Z 10 �2N+1d� Z�2M����0K(�)d��� CL2N+3Ms+1�(hM 12 ��1)2N+1 +K(0)�:Along with the bound for I(n)1 , this yields (4.10). �Now we estimate the trace class norm of the di�erence g(Ha)� g(HW ):



24 A.V. SOBOLEVTheorem 4.3. Let the functions g 2 C1(R) and � 2 C10 (B(�=2)) be as in Theo-rem 4.2. Then for any N > d=2��g(Ha)�g(HW )�� 1� CNL2N+3Ms+1��M 12h �d��M 12h� �2N+1 +K(0; �)�: (4.14)The constant CN depends on the function � and does not depend on V;W; �; h.Proof. Denote ~g(�) = (� � iM)kg(�); k > 2d+ 1:Then with z = iMg(Ha)� g(HW ) = R(z;Ha)k~g(Ha)�R(z;HW )k~g(HW )= �R(z;Ha)k �R(z;HW )k�~g(Ha)+ R(z;HW )k�~g(Ha)� ~g(HW )�:Therefore��g(Ha) � g(HW )�� 1 � ��R(z;Ha)k �R(z;HW )k� 1 k~g(Ha)�k+ �R(z;HW )k 1 k�~g(Ha)� ~g(HW )��k: (4.15)Let us estimate each factor individually. Note that K(z; �) � CK(0; �). Therefore,according to (4.7)��R(z;Ha)k� R(z;HW )k� 1� CM�k ��M 12h �d�� h�M 12 �2N+1 + K(0; �)M �; 8N > d=2: (4.16)Further, due to (3.16) �R(z;HW )k 1 � CM�k��M 12h �d: (4.17)Since the function ~g satis�es (3.19) with s1 = s + k, we have in view of Theorem4.2 k� ~g(Ha)� ~g(HW )��k�CNL2N+3Ms+k+1�(hM 12 ��1)2N+1 +K(0; �)�; 8N � 0: (4.18)To estimate �~g(Ha) recall that Ha � �M , so thatk~g(Ha)k � CMs+k:



DISCRETE SPECTRUM ASYMPTOTICS 25Combining this bound with (4.16), (4.17) and (4.18), we obtain from (4.15):��g(Ha) � g(HW )�� 1 � CN Ms��M 12h �d�� hM 12 ��2N+1 + K(0; �)M �+CNL2N+3Ms+1 ��M 12h �d��hM 12� �2N+1 +K(0; �)�:This provides (4.14). �3. Now we combine the results of this section and Sect. 3. Precisely, let V;Wbe functions introduced in the beginning of the section and let the operator A obeyAssumption 2.2 with the functions a 2 L1loc(Rd); V and D = �B(4�). We shallcompare the traces trf�gs(A)g and trf�gs(HW )g for � 2 C10 (B(r=2)) with r � �.Theorem 4.4. Let the operators A;Ha;HW be as above, and � 2 C10 (B(r=2))with some r; � � r � C. Then for any L � L0 > 0 and N > (d+ 1)=2 + s; s � 0��gs(A) � gs(HW )� � 1 � CNL2N+3Ms+1��M 12h �d�� �M 12h� �2N+1 +K(0; �)� +CL�s�M 12 rh �d: (4.19)Proof. Let � 2 C10 (R) be a non-negative function such that �(�) = 1; j�j � 1=2;and �(�) = 0; j�j � 1. Denote g(1)(�) = gs(�)�(L�) and g(2)(�) = gs(�)(1��(L�)).Obviously, g(2) 2 C1 and satis�es (3.19). Since � 2 C10 (B(r=2)) � C10 (B(�=2)),by Theorems 3.11 and 4.3 we have:��g(2)(A) � g(2)(HW )�� 1 � CNL2N+3Ms+1��M 12h �d� ��M 12h� �2N+1 +K(0; �)�; (4.20)as N > (d+ 1)=2 + s. On the other hand,�g(1)(A)� 1 � CL�s ��(A) 1:Therefore by Corollary 3.9��g(1)(A) � g(1)(HW )�� 1 � CL�s� ��(A) 1 + ��(HW ) 1�� CL�s�M 12 rh �d:Combining this estimate with (4.20), we arrive at (4.19). �



26 A.V. SOBOLEV5. Asymptotics in case of smoothpotentials. Proof of Theorems 2.4, 2.401. As mentioned in Introduction, one of the basic ingredients of our methodis the asymptotics of Ms(h; �; ; a) for smooth functions a; V obtained in [14].Before stating the result from [14] we specify conditions on the operator A = Aa.Let D � Rd be a bounded open domain.Assumption 5.1.(1) A is selfadjoint and semibounded from below;(2) There exist real-valued functions V;a 2 C1( �D) such that C10 (D) 2 D(A)and u = Hau for any u 2 C10 (D).Let f 2 C( �D); ` 2 C1( �D) be two functions such thatf(x) > 0; `(x) > 0; x 2 �D;j@x`(x)j � % < 1; x 2 D; (5.1)cf(y) � f(x) � Cf(y); 8x 2 D \B(y; `(y)); y 2 D; (5.2)We are interested in the asymptotics ofMs for an operator Aa, satisfying Assump-tion 5.1 with the domain D and some functions V;a 2 C1( �D);  2 C10 (D) whichobey the bounds j@mx a(x)j � Cm`(x)1�jmj; jmj � 1;j@mx V (x)j � Cmf(x)2`(x)�jmj; j@mx  (x)j � Cm`(x)�jmj; jmj � 0;) x 2 D: (5.3)One can think of f(x)2 as a measure of the size of V (x), while `(x) characterizesthe behaviour of V (x);a(x) and  (x) under di�erentiation. Emphasize that thefunctions f(x); `(x) are allowed to depend on h; �. We require only thatf(x)`(x) � ch; f(x)2 � c�h; x 2 D: (5.4)We also need the following condition on supp :[B�x; 8`(x)� � D; (5.5)where the union is taken over those x 2 D, for which B(x; `(x)) \ supp 6= ;.The next Proposition results from [14]:Proposition 5.2. Let the operator A obey Assumption 5.1 for an open set D withthe functions V;a and  satisfying conditions (5.1){(5.5) for some % < 1=8. Then��Ms(h; �; ; a) �Ws(h; ; V )�� � CR(h; �);whereR(h; �) = ZD f(x)2sg� h`(x)f(x) ; �`(x)f(x) �`(x)�ddx; g(a; b) = (1 + bs+1)as+1�d:



DISCRETE SPECTRUM ASYMPTOTICS 27The constant C is uniform in the functions a; V; f; `;  satisfying (5.1){(5.5).Using the explicit form of the function g(h; �), one can rewrite R(h; �):R(h; �) = hs+1�dI1(h; �) + �s+1hs+1�dI2(h; �);withI1 = I1(h; �) = ZD f(x)d+s�1`(x)�s�1dx; I2 = I2(h; �) = ZD f(x)d�2dx: (5.6)2. Proofs of Theorems 2.4, 2.40 rely on the following Lemma.Lemma 5.3. Let V obey (2.15) and let  2 C10 (Rd) be a function such thatsupp � fx : r � jxj � �g; � � r � 1 andj@m (x)j � Cmjxj�jmj; 8jmj � 0;8x 6= 0: (5.7)If ! > d� s � 1, then for any � 2 [0; 1] and � 2 [r;C�� 1� ] one hasjNs(1; ; V + �)�Ws(1; ; V + �)j � Cr��; (5.8)with � = 2� �2 (! � d+ 1 + s) > 0;uniformly in  and V .Proof. We apply Proposition 5.2 in the particular case a = 0; � = 0; h = 1. It isclear that the conditions (5.1), (5.2), (5.5) are satis�ed forf(x) = jxj� �2 ; � � 1; `(x) = %jxj; % < 1=16;D = fx 2 Rd : r=4 < jxj < 2�g:The condition (5.3) for V + � and  is obviously ful�lled due to the inequality� � C�� 1� and conditions (2.15) and (5.7). Moreover, since � < 2, (5.4) is alsoful�lled (recall that h = 1). Therefore, according to Proposition 5.2��Ns(1; ; V + �) �Ws(1; ; V + �)��� C ZD�jxj��2 �d+s�1jxj�s�1dx � C Z 2�r=4 t���1dtwith � de�ned above. For ! > d � s � 1, the number � is positive and thereforethe integral is bounded by Cr��, which implies (5.8). �3. Proof of Theorem 2.4. Let � 2 C10 (Rd) be such that �(x) = 1; jxj � 1.The function  (x) = ��(x)��r(x) obeys (5.7) (recall that ��(x) = �(x��1)). Thusthe relation (5.8) with � = 0 and V =W reads:jNs(1; ;W ) �Ws(1; ;W )j � Cr��: (5.9)



28 A.V. SOBOLEVThis guarantees convergence of Ns(1;��;W ) �Ws(1;��;W ) as � ! 1, whichimmediately entails (2.20) as d � s � 1 < ! < d. Independence of the limit of thefunction � also follows from (5.9).To prove Theorem 2.4 for ! > d, note thatWs(1;  ;W ) � C Z 2�r t���1dt; � = 2� �2 (! � d) > 0:In combination with (5.9) this gives:jNs(1; ;W )j � C(r�� + r��);which implies the convergence of Ns(1;��;W ) as � ! 1. Furthermore, since theoperator ��gs(HW ) converges weakly to gs(HW ) as �!1, the latter operator istrace class and trf��gs(HW )g = tr gs(HW ) + o(1); �!1;which is equivalent to (2.19). �4. Proof of Theorem 2.40. We remind that in Theorem 2.40 no uniformity inW is claimed, so that we use the symbols " lim"; " lim sup" in accordance with ournotational convention made in Sect. 2.Let � 2 C10 (Rd) be as in Theorem 2.4 and let � = C��1=�, where the constantC is such that 4jW (x)j � �; jxj � �=2. For r 2 [1; �] we split Ns(1; 1;W + �) andWs(1; 1;W + �) as follows:Ns(1; 1;W + �) = Ns(1;�r;W + �)+ Ns(1;�� � �r;W + �) +Ns(1; 1� ��;W + �);Ws(1; 1;W + �) = Ws(1;�r;W + �) +Ws(1;�� � �r;W + �): 9>=>; (5.10)We shall infer Theorem 2.40 from the followingLemma 5.4. Suppose thatNs(1; 1� ��;W + �)! 0; � = C�� 1� ; �! 0; (5.11)and limr!1 lim sup�!+0 jNs(1;�r;W + �) �Ns(1;�r ;W )j = 0: (5.12)Then (2.21) holds.Proof. Indeed, it follows from (5.10), (5.11) and Lemma 5.3 with  = ����r thatlim sup�!+0 jNs(1; 1;W + �)� Ws(1; 1;W + �)��sj� lim supr!1 lim sup�!+0 j Ns(1;�r;W + �) �Ws(1;�r;W + �)��sj: (5.13)



DISCRETE SPECTRUM ASYMPTOTICS 29Further, (5.12) along with the equalitylim�!+0Ws(1;�r ;W + �) =Ws(1;�r;W );8r > 0;and Theorem 2.4, yieldlimr!1 lim sup�!+0 ��Ns(1;�r;W + �)�Ws(1;�r;W + �)��s�� = 0:Now (5.13) provides (2.21). �Thus it remains to establish (5.11), (5.12).Proof of (5.11). Let uk; �k be normalized eigenfunctions and associated eigen-values of the operator HW . Denote  � = 1� ��. ThenNs(1; �;W + �) = X�k��� j�k + �jsh �uk; uki;Recall that � = C��1=� was chosen in such a way that 4jW (x)j � �; jxj � �=2, sothat by Lemma A1 from Appendix,jh �uk; ukij � C 1j�kj exp��cpj�kj��; 8k : �k < ��:Hence Ns(1; �;W + �) � C X�k��� j�k + �js 1j�kj exp��cpj�kj�	� CN0(1; 1;W + �)�s�1 exp��c� 12� 1� 	:Since � < 2, this bound in combination with (2.23) provides (5.11).Proof of (5.12). The potentialsW andW +� can be presented in the form (4.2)with 	(x) = �(x̂); Y (x) = jxj� �2 ; F (x) = �jxj�; 8x 2 Rd:Since � < 2, the functions Y; jW +�j1=2; jW j1=2 obey (2.3) for h = 1, any prescribed� < 1 and M = M(�). Therefore the quantity K(0; r) de�ned in (4.5) is boundedby K(0; r) � CkFkr = C�r�:According to Theorem 4.4 with A = HW+� andHW , we have for any L � L0; � � rjNs(1;�r;W + �)�Ns(1;�r;W )j � CNL2N+3�d���2N�1 + ����+L�srd:Set L = rd=s+" (recall that s > 0 in Theorem 2.40), � = L1+"; " > 0. Then forsu�ciently large N the equality (5.12) follows.Now Theorem 2.40 follows from Lemma 5.4.



30 A.V. SOBOLEV6. Proof of Theorem 2.5Throughout this section we assume that V;a obey (2.15), (2.16), (2.17) and allthe other conditions of Theorem 2.5 are ful�lled. It will be convenient to choosefor the vector-potential such a gauge that a(0) = 0, so thatja(x)j � Cjxj; x 2 Rd: (6.1)Recall that the functions X = jV j1=2 and X = jW j1=2 obey (2.3) for any � 2 (0; 1)and M(h) de�ned in (2.18).1. First of all we study the asymptotics of Ms(h; �; ; a), where  is supportedin a small neighbourhood of the origin, which depends on h. Precisely, let�(x) = �2(x); ( � 2 C10 (B(1));�(x) = 1; jxj � 1=2: (6.2)Our aim is to study Ms(h; �;�r; a); �r(x) = �(xr�1); withr = r�(h) = �h�� 22�� ; 0 < � � 1: (6.3)Here � 2 (0; 1] plays the role of an additional parameter. Denote{ = {(�) = 2 + �2� � : (6.4)We shall �nd the asymptotics of Ms(h; �;�r; a) as h ! 0; �h{ ! 0 and � ! 0.Note that due to the inequality { > 1 the condition �h{ ! 0 is less restrictivethan our usual condition �h � C.To distinguish asymptotics in h and in � we introduce the notation �(t) foran arbitrary function of a parameter t 2 [0; C], which possesses the following twoproperties uniformly in the functions U;a and the parameters h 2 (0; h0]; �h{ � C:(1) �(t) is bounded on [0; C];(2) �(t)! 0 as t! 0.Lemma 6.1. Let the function a; V and � be as speci�ed above, s � 0; � 2 [0; 2),and let h 2 (0; h0], �h{ � C. Let r = r� be de�ned in (6.3). Suppose that theoperator Aa satis�es Assumption 2.2 with D = �B(4E) and functions a; V , whichobey (2.15){(2.17). ThenMs(h; �;�r; a) � C���h�!; 8� 2 (0; 1]; C = C�;s; � = �(�; s) > 0: (6.5)Moreover, there exists such �0 = �0(h; �) = �(h + �h{) that for any � 2 [�0; 1] thefollowing relations hold:Ms(h; �;�r; a) = h�!�Ns(1; 1;W ) + �(�)�; !(�; s) > d; (6.6)Ms(h; �;�r; a) = Ws(h;�r; V ) + h�!��s + �(�)�;d� s� 1 < !(�; s) < d: (6.7)



DISCRETE SPECTRUM ASYMPTOTICS 31Proof. We reduce the problem to that in the ball B(1) by performing a scalingtransformation. Let V̂ ; â be de�ned by (2.9) with ` = r; f = `��=2, and �; � { by(2.10). Then � = hr �2�1 = �; � = �r �2+1 = �h{��{; (6.8)and in view of (2.16),̂V (x) = `�V (`x) = jxj����(x̂) + U(`x)�;â(x) = `�1a(`x); �̂(x) = �(`x):) (6.9)By virtue of (2.11) and (2.18), the functions X = jV̂ j 12 and X = jW j 12 obey (2.3)with the Planck constant � and the constantM =M(�) = C�� �2�� : (6.10)Let Aâ be the operator de�ned in (2.12). Since r��s = h�!�!, the relations (2.13),(2.14) yield that Ms(h; �;�r; a) = h�!�!Ms(�; �;�; â);Ws(h;�r; V ) = h�!�!Ws(�;�; V̂ ): ) (6.11)By (6.11) the estimate (6.5) is equivalent toMs(�; �;�; â) � C���; 8� 2 (0; 1]; ��{ � C: (6.12)Furthermore, the relations (6.6) and (6.7) amount to proving that there exists�0 = �(h + �h{) such that for any � 2 [�0; 1] and for � de�ned in (6.8), one hasMs(�; �;�; â) = ��!�Ns(1; 1;W ) + �(�)�; ! > d; (6.13)Ms(�; �;�; â) = Ws(�;�; V̂ ) + ��!��s + �(�)�;d� 1� s < ! < d; (6.14)respectively.Proof of (6.12). Let g 2 C1(R) be a function such that g(�) = 0; � � 1 andgs(�) � g(�) � gs(� � 1). Then by Corollary 3.6 and Theorem 3.11Ms(�; �;�; â) � �g(Aâ) 1� ��g(Aâ)� g(Hâ)� 1 + �g(Hâ) 1� CM(�)s+1+ d+2N+12 ��d+2N+1 + C 0M(�)s+ d2��d;for any N > (d + 1)=2 + s. In view of (6.10), for any �xed N the r.h.s. does notexceed C��� with some � > 0, which proves (6.12).Proof of (6.13) and (6.14) breaks into two steps.Step 1. We may assume s > 0 (otherwise ! = 0). First of all we shall �nd such�0 = �(h + �h{) thatjMs(�; �;�; â)�Ns(�;�;W )j � C; 8� 2 [�0; 1]: (6.15)



32 A.V. SOBOLEVBy cyclicity of trace Ms(�; �;�; â) = tr��gs�Hâ(�; �)��	:The operator Aâ obeys Assumption 2.2 with D = �B(4�) for any � � Er�1� . Further,by (6.9) the functions W and V̂ have the form (4.2) with 	(x) = �(x̂); F (x) =U(`x); Y (x) = jxj��. Thus to justify (6.15) we can use Theorem 4.4 with r = 2.By (4.19) and (6.10), for any L � L0 � C; � � Er�1� , we have��gs�Hâ(�; �)� � gs �HW (�)��� 1� CNL2N+3 �d���1�����2� �2N+1 +K(0; �)� + CL�s���3 ; (6.16)K(0; �) = M 12 ��kâk� + kFk�M 12 �: (6.17)Here and below by �j ; j = 1; : : : ; we denote positive exponents depending only ons; d. Their precise values are of no importance. Next, we pick up the parameters�;L; �0;N so as to guarantee boundedness of the r.h.s. of (6.16) uniformly in� 2 [�0; 1]. To that end set L = ���3=s, so that the second summand in (6.16) isbounded. Then the r.h.s. can be estimated byC1��� �3s ��2��1�2N+1�d���4 +C2��(2N+3)�3s �d���1K(0; �) + C3: (6.18)Now choose � = ��
1 ; 
1 > �3=s + �2 and �x a su�ciently big N in such a waythat the �rst term in (6.18) is uniformly bounded. To make sure that � � Er�1� , itsu�ces to assume that� � h
2 ; 0 < 
2 < (1 + 
1(2� �)=2)�1:Actually, under this condition we have more:�r� � h
3; 
3 = 22� � �1� 
2�1 + 
1 2� �2 �� > 0: (6.19)By (6.10), (6.17) the second term in (6.18) does not exceedK(�; �) = C���5K(0; �) = C���6��kâk� + ���7kFk��:Here, in view of (2.17), kFk� � U0(r�). Further, according to (6.1), jâ(x)j � Cjxj.Therefore by (6.8), �kâk� � �h{��{� = �h{��{�
1 :Thus, in view of (6.19), we haveK(�; �) � C���6��h{��{�
1 + ���7U0(h
3)�Choosing �0 = (�h{) 1�8 + �U0(h
3)� 1�6+�7 + h
2 (6.20)



DISCRETE SPECTRUM ASYMPTOTICS 33with �8 = �6 + { + 
1, one can guarantee boundedness of K uniformly in �. Thiscompletes the proof of (6.15).Step 2. Study of Ns(�;�;W ). According to (2.13), (2.14) with ` = � 22�� , wehave Ns(�;�;W ) = ��!Ns(1;��;W );Ws(�;�;W ) = ��!Ws(1;��;W );) � = `�1: (6.21)Let us consider separately two cases: ! > d and ! < d.Let ! > d. According to Theorem 2.4,Ns(1;��;W ) = Ns(1; 1;W ) + �(�); �! 0:Taking into account (6.21), (6.15), we get from here (6.13), and, consequently (6.6).Let d� s� 1 < ! < d. According to Theorem 2.4Ns(1;��;W ) =Ws(1;��;W ) +�s + �(�); �! 0:Along with (6.21) this yields thatNs(�;�;W ) =Ws(�;�;W ) + ��!��s + �(�)�; �! 0: (6.22)Let us replace here Ws(�;�;W ) with Ws(�;�; V̂ ). One can check directly thatjWs(�;�;W ) �Ws(�;�; V̂ )j � Ws��;�; jxj���kFk1� C��dkFk1 � C��dU0(h
3):Adding, if necessary, U0(h
3) 1d to �0 de�ned in (6.20), we obtainjWs(�;�;W ) �Ws(�;�; V̂ )j � C; 8� 2 [�0; 1]:Thus (6.22) transforms intoNs(�;�;W ) =Ws(�;�; V̂ ) + ��!��s + �(�)�:Combining this with (6.15), we obtain (6.14) and, consequently, (6.7). �2. Proof of Theorem 2.5. We break up the trace Ms(h; �) into two parts asfollows. Let the function � 2 C10 (B(1)) and the parameter r = r� be de�ned by(6.2), (6.3) respectively. Denote 1(x) =  (x)�r(x);  2(x) =  (x)�1� �r(x)�: (6.23)Then, obviously, Ms(h; �) = 2Xk=1Ms(h; �; k):We study these two summands separately. Recall that �h � C and by de�nition(6.4) { > 1. Consequently, the parameter �0 de�ned in Lemma 6.1, is actually �(h).



34 A.V. SOBOLEVStep 1. Asymptotics of Ms(h; �; 1). We claim that for � 2 [�0; 1]Ms(h; �; 1; a) =  (0)h�!Ns(1; 1;W ) + h�!��(�) + �(h)�; ! > d; (6.24)Ms(h; �; 1; a) = Ws(h; 1; V ) + h�!� (0)�s + �(�) + �(h)�;d� s� 1 < ! < d: (6.25)Moreover, Ms(h; �; 1; a) � Ch�!; � = 1; 8! � 0: (6.26)The latter bound follows from (6.5). To prove (6.24) and (6.25) notice that for� 2 [�0; 1] Ms(h; �; 1; a) =  (0)Ms(h; �;�r; a) + h�!�(h); ! > 0; (6.27)Ws(h; 1; V ) =  (0)Ws(h;�r; V ) + h�!�(h); ! < d: (6.28)Indeed, Ms(h; �; 1) =  (0)Ms(h; �;�r) +Ms(h; �; 3�r);where  3(x) =  (x) �  (0). Since j@ (x)j � C, one has j 3(x)j � Cr for x 2supp�r. Thus, by (6.5)jMs(h; �; 3�r)j � CrMs(h; �;�r) � Cr���h�! = Ch�!h 22�� ���1 :Increasing (if necessary) �0 de�ned in Lemma 6.1, we prove thatMs(h; �; 3�r) = h�!�(h); � 2 [�0; 1];which yields (6.27). The bound (6.28) can be proven similarly. Now (6.6) alongwith (6.27) provide (6.24). The relation (6.25) follows from (6.7) and (6.27), (6.28).Step 2. Asymptotics of Ms(h; �; 2). Here we use the multiscale method de-scribed in Sect. 5. First we introduce functions f(x) and `(x). Let % 2 (0; 1=32)be some number and let f(x) = jxj� �2 ; `(x) = %jxj:(Recall that the same f and ` were used in the proof of Lemma 5.3). Obviously,the functions `(x) and f(x) satisfy (5.1), (5.2) on the open setD = fx 2 Rd : r=4 < jxj < 4Eg:Conditions (5.3) are ful�lled for V and a due to (2.15). To check (5.4) notice thatdue to the inequality � < 2 we have for x 2 Df(x)`(x) = %jxj 2��2 � %h��1 � %h; 8� 2 (0; 1]:The lower bound f(x)2 � c�h in (5.4) is trivially ful�lled since f(x) � c; x 2 Dand �h � C. Further, by de�nitions (6.2), (6.23),supp 2 � fx 2 Rd : r=2 < jxj < E=2g;



DISCRETE SPECTRUM ASYMPTOTICS 35so that for any % 2 (0; 1=32) the condition (5.5) is satis�ed. Furthermore, it isclear that  2 obeys (5.3). Thus the conditions of Proposition 5.2 are satis�ed andtherefore ��Ms(h; �; 2; a)�Ws(h; 2; V )�� � CR(h; �);R(h; �) = hs+1�dI1 + �s+1hs+1�dI2;) (6.29)with the integrals I1; I2 de�ned in (5.6). Let us estimate I1:I1 = ZD f(x)d+s�1`(x)�s�1dx� C Zr=4<jxj<4E jxj��2 (d+s�1)jxj�s�1dx � C Z 4Er=4 t��1dt;where � = 2� �2 (d � 1� s � !):Hence I1 �8><>: Cr� � C�h��1�d�1�s�!; ! > d� s� 1;C(j ln rj + 1) � C�j lnhj+ j ln �j+ 1�; ! = d� s� 1;C; ! < d� s� 1:The integral I2 is always bounded uniformly in h; � irrespectively of the values of� < 2; s: I2 � C Zjxj<4E jxj� �2 (d�2)dx � C:ThereforeR(h; �) � 8>><>>: C1h�!�!�d+1+s + C2�s+1hs+1�d; ! > d� s � 1;C(j lnhj+ j ln �j + h�is+1)hs+1�d; ! = d� s� 1;Ch�is+1hs+1�d; ! < d� s � 1: (6.30)Step 3. End of the proof. Let us combine the results of the two previous steps.Let �rst ! > d. We show that the region outside the singularity does notcontribute to the leading term of the asymptotics. Indeed, for �h � C, we have by(6.30) R(h; �) � Ch�!(�(�) + �(h)); � 2 [�0; 1]:Further, by virtue of (2.15),Ws(h; 2; V ) � Ch�d Zr=2�jxj�E=2 jxj��� d2+s�dx� Ch�d Z E=2r=2 t��1dt; � = 2� �2 (d� !):Thus by the de�nition (6.3)Ws(h; 2; V ) � Ch�dr� � Ch�!�!�d:



36 A.V. SOBOLEVConsequently, in view of (6.29),Ms(h; �; 2) � Ch�!��(�) + �(h)�:Combining this with (6.24), we arrive atMs(h; �; ) = h�!� (0)Ns(1; 1;W ) + �(�) + �(h)�:For � = �0 this yields (1.7).Let ! = d. We �x � = 1. In view of (6.26) and (6.29), (6.30),Ms(h; �; ; a) =Ws(h; 2; V ) +O(h�d): (6.31)To calculate Ws(h; 2; V ) we present it for arbitrary � 2 [r;E=2] as follows:��1s hdWs(h; 2; V ) = Zr=2�jxj�r  2(x)�V�(x)�s+ d2 dx+ Zr�jxj�E=2( (x) �  (0))�V�(x)�s+ d2 dx+  (0)Zr�jxj���V�(x)�s+d2 dx+  (0)Z��jxj�E=2�V�(x)�s+d2 dx:The condition ! = d implies that jV (x)js+ d2 � Cjxj�d. Taking also into accountthat j (x) �  (0)j � Cjxj, one sees that �rst two integrals are uniformly boundedand the last one does not exceed C(j ln �j+ 1). Hence��Ws(h; 2; V )� h�d (0)I(h; V )�� � Ch�d(j ln �j+ 1);I(h; V ) = �s Zr�jxj���V�(x)�s+d2 dx: 9>=>; (6.32)Let us analyze I = I(h; V ). By (2.17)����I � �s Zr�jxj���W�(x)�s+ d2 dx���� � CU0(�)Zr�jxj�� jxj�ddx:The integral in the l.h.s. equals�s ZSd�1 ��(#) d2+sd#Z �r t�1dt =Bs(�)j lnhj+O(j ln �j);and the one in the r.h.s. equalsC(j ln rj � j ln �j)U0(�) � C 0j lnhjU0(�):



DISCRETE SPECTRUM ASYMPTOTICS 37Therefore ��I � j lnhjBs(�)�� � C�1 + j ln �j+ j lnhjU0(�)�:In combination with (6.32), (6.31), this yields��Ms(h; �;  ; a)� h�d (0)j ln hjBs(�)��� Ch�d�1 + j lnhjU0(�) + j ln �j�:Pick � = C(j lnhj + 1))�1. For U0(�) ! 0; � ! 0, the r.h.s. will be of orderh�dj lnhj�(h). This leads to (1.8).Let d� s� 1 < ! < d. According to (6.29), (6.30)Ms(h; �; 2; a) =Ws(h; 2; V ) + h�!�(�) +O(�s+1hs+1�d):Adding (6.25), we getMs(h; �; ; a) =Ws(h; ; V ) + h�!� (0)�s + �(�)� +O(�s+1hs+1�d):If � = �0, this provides (1.9).Let ! � d � s � 1. We �x � = 1. The region around the singularity does notcontribute into the asymptotics. Indeed, in view of (6.26),Ms(h; �; 1; a) � Ch�!:Besides, Ws(h; 1; V ) � Ch�!, so that (6.29) entailsMs(h; �; ; a) = Ms(h; �; 2; a) +O(h�!)= Ws(h; 2; V ) +O�R(h; �)�= Ws(h; ; V ) +O�R(h; �)�:Using the second (for ! = d� s�1) or the third (for ! < d� s�1) inequality from(6.30), we obtain (1.11) or (1.12).Appendix. An eigenfunction estimate for HVAn important ingredient in the proof of Theorem 2.40 is an estimate for theeigenfunctions of the Schr�odinger operator HV (h) for large x. We shall use themethod which is essentially the Agmon's method from [1]. Lemma A1 below willbe valid for any (real-valued) potential V as long as the operator HV = �h2�+ Vis de�ned as a form-sum on the form domain of �. Besides, we assume that thefunction V is semibounded from below for jxj � �0 > 0 and denoteV1(r) = v-supjxj�r V�(x); r � �0:



38 A.V. SOBOLEVLemma A1. Let the potential V be as speci�ed above. Let � � �0 + 1 and u(x)be a normalized eigenfunction of HV corresponding to an eigenvalue � < 0; j�j �4V1(� � 1). ThenZjxj�2� ju(x)j2dx � C h2j�j exp��cpj�jh ��; 8� � �0 + 1; (A1)the constants c and C being dependent only on.Proof. Let � � �0 + 1; � 2 C1(Rd) be a non-negative function such that�(x) = ( 0; jxj � �� 1;1; jxj � �; (A2)and let g 2 B1(Rd nB(�0)) be a function g(x) = g(r); r = jxj; such thatg(r1) � g(r2); �0 � r1 � r2;supx j@g(x)j � 1;g(x) = const; jxj � ~� � �; 9>>=>>; (A3)with some ~�. Furthermore, denotev(x) = �(x)u(x); �(x) = �(x)e �h g(x); � > 0:More precise choice of the functions �; g and the parameter � will be made later on.Note that the function v belongs to the form-domain of HV , since �(x) 2 C1 and�(x) = const for su�ciently large x. Since u is the eigenfunction, we haveZ (�ih@u)(x)(�ih@v)(x)dx+ Z V (x)ju(x)j2�(x)dx+ �2 Z ju(x)j2�(x)dx = 0; � = ��2: (A4)For (�ih@v)(x) = (�ih@u)(x)�(x) � ihu(x)@�(x);the �rst term in (A4) equalsZ (�ih@u)(x)(�ih@v)(x)dx = Z jh@u(x)j2�(x)dx + S;S = hZ h@u(x) u(x)@�(x)dx: 9>>=>>; (A5)In view of (A4), (A5),Z jh@u(x)j2�(x)dx + Z �V (x) + �2�ju(x)j2�(x)dx � jSj: (A6)



DISCRETE SPECTRUM ASYMPTOTICS 39Let us estimate S. Since @e �h g(x) = �h@g(x)e �h g(x);and j@g(x)j � 1, we havejSj � hZ jh@u(x)jju(x)j�j@e �h g(x)j�(x) + e �h g(x)j@�(x)j�dx� � Z jh@u(x)jju(x)j�(x)dx + hZ jh@u(x)jju(x)je �hg(x)j@�(x)jdx:Using the Younge inequality for the �rst and the second terms separately, we getfor any � > 0jSj � �2 Z jh@u(x)j2�(x)dx + �22� Z ju(x)j2�(x)dx+ �2 Z jh@u(x)j2e �hg(x)j@�(x)j2dx + h22� Zsupp @� ju(x)j2e �h g(x)dx: (A7)Estimating the r.h.s. of (A6) by (A7) and rearranging the terms, we obtainZ jh@u(x)j2e �hg(x)��1� �2��(x) � �2 j@�(x)j2�dx+Z �V (x) + �2 � �22��ju(x)j2�(x)dx � h22� Zsupp @� ju(x)j2e �h g(x)dx: (A8)Let us specify now the choice of the function �. We shall choose � in such a waythat the function K(x) = �1� �2��(x) � �2 j@�(x)j2in the �rst integral in the l.h.s. of (A8) is non-negative for all x 2 Rd. Let�(x) = �(r � �+ 1); r = jxj; where the function � 2 C1(R+) is de�ned by�(r) = r2; 0 � r � 12 ;�(r) � 14 ; 12 � r � 1;�(r) = 1; r � 1:Obviously, � satis�es (A2). Then for the function K(x) we have the relationsK(x) = 0; 0 � jxj � �� 1;K(x) = �1� 5�=2�(jxj � �+ 1)2; �� 1 � jxj � �� 1=2;K(x) � �1� �=2�14 � �2 maxr j@r�(r)j2; �� 12 < jxj � �;K(x) = (1� �=2); jxj > �:



40 A.V. SOBOLEVChoosing � small enough one can guarantee that K(x) � 0 for all x 2 Rd. Thereforethe �rst integral in the l.h.s. of (A8) is non-negative. Thus (A8) provides theestimateZ �V (x) + �2 � �22��ju(x)j2�(x)dx � h22� Zsupp@� ju(x)j2e �hg(x)dx:Taking into account also that supp@� 2 fx : � � 1 � jxj � �g, and that g is amonotone function (see (A3)), we get from here:Z �V (x)+ �2 � �22��ju(x)j2�(x)dx� h22� e �hg(�) Zsupp @� ju(x)j2dx � h22� e �h g(�): (A9)The last inequality holds because u is normalized. De�ne � = �1=2� so that �2 ��2=(2�) = �2=2. Since �2 � 4V1(�� 1), we have:V (x) + �22 � �24 ; x 2 supp �:Therefore, by monotonicity of g, the l.h.s. of (A9) has the lower bound�24 Z ju(x)j2�(x)e �hg(x)dx � �24 e �h g(2�) Zjxj�2� ju(x)j2dx:Now it follows from here and (A9) that�24 e �hg(2�) Zjxj�2� ju(x)j2dx � h22� e �h g(�);which leads to Zjxj�2� ju(x)j2dx � 2h2�2� e �h�g(�)�g(2�)�: (A10)To obtain from here (A1) we specify the choice of the function g, satisfying (A3).Let �1 2 B1(R) be a non-negative function such that @r�1(r) � 0 and�1(r) = 8><>: 0; r � �12 ;1; r � 12 :Denote �2 = 1� �1 and de�neg(r) = 
�r�2�r � 4�4� �+ 6��1�r � 4�4� ��; 
 > 0:



DISCRETE SPECTRUM ASYMPTOTICS 41Clearly, g(r) = 
r; r � 2� and g(r) = 6
�; r � 6�. In particular, the thirdproperty (A3) is ful�lled for ~� = 6�.To prove monotonicity of g we calculate its derivative:
�1@rg(r) = �2�r � 4�4� �+ r4�@r�2�r � 4�4� �+ 32@r�1�r � 4�4� �= �2�r � 4�4� �+ 14� (6�� r)@r�1�r � 4�4� �: (A11)The r.h.s. is non-negative, since �2 � 0; @r�1 � 0 and r � 6� on the support of@r�1. This implies that g is monotone.Notice that the r.h.s. of (A11) is bounded from above by1 + 32 maxr @r�1(r):Let the number 
�1 be equal to this bound, so that j@rgj � 1. This completes theproof of (A3) for g.To get (A1) from (A10) it remains to notice that g(�) � g(2�) = �
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