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Abstract

A system of three identical particles in a homogeneous magnetic
field is studied. It is shown that the hamiltonian of this system with
short-range potentials after the separation of the center of mass mo-
tion has finite discrete spectrum for each fixed type m of the rotational
(50(2)) symmetry.
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1 Introduction.

It is well known that a system of three identical particles with short-range
pair potentials may have infinite number of bound states. This fact was
established by physicist V. Efimov in 1970 [1] and is known as the Efimov
effect. Mathematical proofs of its existence were given by D. Yafaev [2],
Y. Ovchinnicov and .M. Sigal [3] and H. Tamura [4] by different methods.

If the potentials are spherically symmetric, the infinite number of eigenvalues
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occurs in the Efimov effect case for at least one value of the weight of the
rotational symmetry. For almost all others (exclusing finite number of the
weights) the number of eigenvalues equals zero [5] .

In his first paper on the subject, Efimov also conjected that the magnetic
fields destroys the Efimov effect. But the spectral theory of many particle
Schrodinger operators with a magnetic field was not developed enough to
give a rigorous proof of this fact at that time.

In this paper we study the Schrodinger operator of a system of three
identical particles with short-range interactions in a homogeneous magnetic
field. Our goal is to show that after separation of the center of mass motion
this operator has finite discrete spectrum of the rotational (SO(2)) symmetry
m for each m. This means that the Efimov effect does not exist in a magnetic
field. We shall see that this phenomenon is closely related to the absence of
the Efimov effect in the one dimensional case [6]. In the magnetic field
case any wave-function of the whole system can be decomposed into two
components. The first one corresponds to the states describing the particles
on the lowest Landau level. For this states each particle moves freely only
along the direction of the magnetic field. In this sense it is "one-dimensional”
part of the wave-function. The system looks like a system of three one-
dimensional particles. As was mentioned above, there is no Efimov effect in
this case.

The other part of the wave-function can not produce the Efimov effect
either, because for this part the infimum of the kinetic energy is greater then
the bottom of the essential spectrum for the three particle operator. This
case is analogous to the case of a three particle system (without magnetic
field) possessing stable two-particle subsystems. It is known that only a finite
number of discrete eigenvalues may exist in this case [7].

The method of the proof is a variational one. It is based on decomposi-
tions of the configuration space. Two different types of the decompositions
are used. For the "one-dimensional” part of a trial function we use the tech-
niques of nonsmooth decompositions, suggested by G. Zhislin and the author
in [6]. For the other part standard smooth decompositions [7] are used.



2  Main Definitions and Results.

Let Zy = {1,2,3} be a system of three identical particles with masses
M =1 and charges ¢ = —1 in a homogeneous magnetic field B and let
r; = (r},r?,7?) be the position vector of the i-th particle. The Schrodinger

R
operator for the system has the form

H=35(Vi+A)"+ > V), (2.1)

where A; = lB{ r], ],0} is a vector-potential of the magnetic field, r;; =
r; —r;, V is a potential of the interaction between the particles. We assume
that the direction of the magnetic field coincides with the direction of the
third axis. We assume also that the potential V' is a real function and the
inequality

V(rij)| < Co(L+[ry]) 727" (2.2)
holds for some constants Cy > 0 and dg > 0. For a system of identical particles
one can separate the center of mass motion. Let r. = %(rl + 7y + 73) be the
radius vector of the center of mass, & - be an arbitrary pair of particles. for
example a = (7, 7). Let us introduce the Jacobi coordinates for the pair a:

84 84 84 84 84 1
q :(Q17Q27QS):r1_ri7 5 :§(Ti—|-7“]‘)—7“p,

where p # 1, 5.
Operator ‘H can be rewritten in the form

where T' is the kinetic energy operator of center of mass motion and Hy is
the energy operator in the center of mass system of coordinates;

1
=iV, + A, (2.4)

. 3.
Ho = (Ve + Age)’ + 7 (iVer + Aea) + 3V (Il (29)
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where

3
A, = §B{—r2 rl 0},

cr o

1
Ap = B{=4.47.0)
1
Aga — gB{—fg,fla,O}, B > 0

Our goal is to study the spectral properties of the operator Hy.

Let SO(2) be the group of rotations around the direction of the third axis
(the direction of the magnetic field). By m and P™ we denote the weight
of the representation of this group and the projection onto the subspace of
function transformed according to the representations of the weight m; we
set Hy" = P"Hy. Let h, be the energy operator for the subsystem o = (1, j)

ha = (Ve + Aga)” + V (Irigl) (2.6)
R = hoP™, ™ =infh™ and
" :inf{z/m‘—l—B(|m—m‘|—I—m—l—m‘—l—l)}.

According to the HV Z type theorem [8, 9] ¢ is the infimum of the essential
spectrum of the operator H{'. It was shown in [8, 9] that if

p™ < B(]m| —m + 2) the discrete spectrum of the operator Hg' is finite. In
this Letter we consider the operator HJ" with u™ = B(|m| —m + 2)".

Theorem 1 For the operator Hy' let the condition (2.2) holds. Then the
discrete spectrum of Hy' is finite.

Remarks.

(1) The finiteness of the discrete spectrum also holds for the operator H{’
with nonhomogeneous magnetic field it the magnetic vector potential
satisfies the next condition

Aj=A{=ri-f(p),rj- f(p), 0},
where p=[(r})* + (TZ)Q]I/Q, feC(RY)

J J

and |f(p)] - p' — oo for p — oo.

!The situation ™ > B(|m| — m + 2) can not exist because < (lm'|—m +1).
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(2) Let us consider the Schrodinger operator for a system of three noniden-
tical particles in a homogeneous magnetic field

3 1 . 3
H=>)" §M]1 (V4 A7+ > Villri)),
7,k=1
i<k

i=1

where M; is the mass of the particle with the number j, V;; satisfies

(2.2) and
1
AJ = §B{—€]‘7“§, 6]‘7“21, 0}7
e; - 1s a charge.

Let us assume that e;e; > 0 for 1,5 = 1,...,3. Then for the operator
H™ = P™H the HV Z theorem holds and our main result also may be
generalized to this operator( the discrete spectrum of the operator H™
is finite).

(3) Let H™ be the restriction of the operator H{" onto the subspace of
functions which are antisymmetrical according to the permutations of
particles. Finiteness of the discrete spectrum for the operator H. does
not follow from the same one for the operator Hj' because the bottoms
of the essential spectrum may be different. Nevertheless the discrete
spectrum of the operator HJ% is finite.

The proofs of all the remarks are similar to the proof of the main
theorem.

3  Proof of the Theorem.

As it was mentioned above we prove the theorem for the case

p™ = B(lm| —m +2). The proof for u™ < B(|m|—m + 2) was given in
[9].

First, we establish two lemmas. Let

91 ? ( o 1 )2
T, = 1 ——BgS | + (¢ + —Bg® , 3.1
{(9611“ 4 qz) g 1 h (3:1)

T =T o P™,  of (q1, )
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be an eigenfunction of the operator 7™ corresponding to the lowest eigen-
value 1" = B(Jm'| —m’ +1). It is known that the eigenvalue 17" is nonde-
generated and 7 is the corresponding Landau solution.

Lemma 1 Let inf b = v" and the potential satisfies (2.2). Then for an
arbitrary function

L@, 435 95) = w0 (475 45) 0 (g5) +9(q7)
such that

!

f(45) € CH(Ry), glq®) € C3(R®), g(q®) — @'

for every fized value of ¢5, g(¢%) =0 for |¢5| > a
the next inequality holds

Lole] = ((T7% -}, 0) + /lq%wquciqa +
2 af
g5
> {/(a)+ (=)} Co(1+8) " fal 7175

Lemma 2 For an arbitrary function y € CJ(R"), constants dy > dy > 0 and
i=1,2

2

dgs > (3.2)

« o
961:?9

a5 [<a

do
) < 20d— )™ [yl

% | ay(t) [
2(dy — d / dt 3.3
+ 2(dy —dy) e ‘ (3.3)
Proof of Lemma 1 . Let ¢, n = 2,3,... be the sequence of function

such that ¢, = ¢ for |gs| < a, o =@ (f,¢5) - fla) - ==L for a < g§ <
na, ¥, =0 for |¢5| > na,

na + g5

na —a

Yo =05 (475 45) - f(—a)-
. For each function 1, the inequality
(R = 0" ) nettn) 2 0 (3.4)
holds. The inequality (3.2) follows from (3.4) if n — oo.
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Proof of Lemma 2 . Lemma 2 is one-dimensional variant of Lemma 2 [6].
The proof of it is similar and simpler then in [6].

Proof of the Theorem.
To prove the finiteness of the discrete spectrum of the operator Hy' we
construct a finite-dimensional subspace M C ¢ such that

(Hg'wh, ) = ™ ||| (3.5)

for all

For this goal we will make partition of unity on the plane (¢35, £5).
Let for a > 0

Sla) ={(a* €] lasI* +1&1° < al,
rs = (¢5,&5), U(t),V(t) be some functions such that
Ut),V(t)e C*(RL), U?+V?=1,

U=1 for t<a, U=0 for t>2a,
lim V(1 — V?) = 0.

Then, according to [7] -
(Hg'b,v0) = Ly [bU(Irs])] + L2 [0V (Irs])] (3.6)
where
Lile] = (Hg'e.¢) = Cllell®,
Laole]l = (Hge,9) — ellelrs| =

and the constant € > 0 may be chosen small if ' > 0 is large enough. Op-
erator ‘Hy' is a compact operator in the region |r3| < 2a¢ with the Dirichlet
boundary conditions at |rs| = 2a [9]. So one can fined such a finite dimen-

sional subspace M that for all ¥y — M
L [Yueap] 2 1™ [0ra] - (3.7)
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Therefore the Theorem holds if one can fined such a constant ¢ > 0 that

Lo [$v(na] = 1™ [0 rap |- (3.8)

For an arbitrary pair of particles a and numbers 6 > 0, a > 0 let

K(a,b,a) = {(q*, &) lgs| <05, [rs| = @} (3.9)

It is easy to see [7] that one can choose such a small positive number
by > 0 that for all b < by regions K (o, b, a) does not overlap for different a.

Let T_ be the operator of the kinetic energy of the system, corresponding
to the motion on the plane orthogonal to the direction of the magnetic field

= )b )
o) )

™ =T_-
By Py we denote the projection in ,CQ(R6) onto the eigensubspace of the
operator T corresponding to the lowest eigenvalue u™,P- = (I — Py).
We will make different decomposition for the functions Py, and P_+),. For
P_1),. 1t will be ordinary smooth partition [7]. For Pytp,. nonsmooth partition
will be made similar to [6].

Let

Ui(t), Vi(t) € CQ(R}I—)v U12 + V12 =1, Ui =1

1
for t< gbo, U =0
2
for tZgbo, 0<U1<1

1.2 /
for ¢ - [gbo, gbo] 5 UtQ(l — U2) — 0

it t—1/3bo and let Up = Ui(lgs] - 1€5177), Vi = Vallas| - [€65171),



V=(1-=S., U2y, be the characteristic function of the support of
the function U},
y=1-— ZXQ.

We denote by ¥, and ¢ the functions

Yo = (P-tv) U + (Potv) Xa (3.11)

and

Y = (P-tv)V 4+ (Potbv) X.

It is clear that Pyipy x, 1s orthogonal to P_iy U and Pyipy X is orthogonal
to P_yyvV, so

S lal P+ 1212 = 11Potov | * + [[P-v | = [[v]]? (3.12)

Now let us begin to estimate

Lalibv] = (HG' v, dbv) — el [v]rs| 7. (3.13)

Because of the same reasons as in (3.12)

v lrs| T2 (12 = 37 |[tbalrs| 75212 + [J0]rs| 2| 2. (3.14)
Further
(Ho'vv,vv) = (T-4bv,vv) + Haiqg%/ﬂv + % H%#}v
+ > (V(Irihev, vv). (3.15)

(4:3)

The decompositions with the functions Uy, V%, x» do not depend on variables
that are orthogonal to the direction of the magnetic field, so

(Totbysiv) = S(T-thus i) + (1=, ), (3.16)

[}

Let us note, that )
[v]* # 3 [val* + ¢
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only for such r3 that

1/3bo|§§y| §|q§f| §2/3bo|§§y|

for at least one pair o . For all these points and all pairs o = (¢,7) the
inequality

[V (rij)| < Clrs| 7% (3.17)
holds for some C' > 0 . So for all pairs (1, )

(Vigtow s tov) = 3 (Vigthas toa) — (Vi 00) =

> _C{||¢V|r3|_1_50/§||2 + Z [[0a s 720722 +
S| e [ e —20{%3 [lbalral 2|2 + (3.18)

| CA T

Now let us estimate the terms

a [ 310 |
d - :
H B H o "
P 2
Their estimates are similar one to another and we will do it, for 5 —tby
a3
First let us note that
a |I" | o ‘o ’
= ||=— _ 3.19
H 8q§f¢v H aquo%/)v + H 8q§“p Yy (3.19)
For the component Pyipy we have
0 ’ 0 ’ 0 ’
= xpd2+ [ XA (3.20
Haquo%/)v Zﬁ:/‘aquo%/ﬂv Xpd§d + ‘aquo%/ﬂv X (3.20)

Functions U 8 = (1,2),(1,3),(2,3) and V make smooth decomposition of
the support of the function ¢y in the plane (¢5,£&5). Using the estimate of
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the localization error from [7] one can fined that

2

0 ? 0
P_ > P_ohy US| +
0 2 2
+H9 —P_yyV —cZ/‘P_;vaﬂ 75| 2 dQ2— (3.21)
gs 3

—c/ P_py V| [r]~2 d2

where the constant € > 0 may be chosen small if the number €' > 0 is large

enough. It follows from (3.13)—(3.16), (3.18)—(3.21) that
Lalv] = 3" La[toa] + La[¢], (3.22)

where

Ls[¢a] = (T-tha,tha) + D (Vigtba, tha) +

(7.9)

0 ? 3 0
/ ‘ 5ag P Xad2+ ] / ‘a—@%m
H 9 9
0q¢3 133

B 6/ [ P_ta|? 5| 72dQ — Oy |[tba |rs| 7 /20 |2,

2

Xadf) +

_|_

2

_|_

P_ih, +%H P_ih, (3.23)

Lig] = (T-.9) + 3 (Vib, &) +
()

_|_

0
763
3| 0 ~

P_y) P_y)

_|_

s
dqs

)

_ C/ ‘73_12)‘2 Irs|2d2 — C, H@Z’|r3|_1_1/261

2+3
4

0 N
——Pov

2
_I_
dqs

_|_

2} 2 — (3.24)

2
’

d = min{do, 1/2}, C,C1,Cy are some constants. Formula (3.22) gives the
estimate of the functional Ls[tpy] (and the quadratic form (Hg'ep, ) ) with

11



the estimates of some other functionals on functions having the supports
in the regions where all the distances among the particles are large or the
distance from one particle to two others is large.

Let us begin to estimate the functional L3[¢,]. We assume, for example,
that o = (1,2). On the support of ¢4 5 the particle (3) is far from two others.
If (1,7) # a we have |V;;| < C|r3|=27% on the support of 1, and so

S (Vithus ) 2 (Vatbas ) = Cllalra 72 2 (3.25)
27]
Let Pja*(P{?) be the projection onto the subspace of functions having as

functions of variables ¢* (£%) SO(2) symmetry of the weight my  (ma).
For any fixed m such that PoP" P{2~™ # 0 by G7' we denote the function

G g5.65) = (Yo (a7, a5) 25 (61.63)) . (3.26)

where '@~ is a normalized eigenfuntion of the operator P;ZPgZ_mT_
corresponding to the eigenvalue ™. If Po PP~ = 0 we suppose that
G7 = 0. Let us note that the inequality Po P P{"™™ # 0 holds only for finite
number of m.

Now the function Py1b, may be rewritten in the form

Pata = 30 G265 )65 (.21)
Due to (3.23) and (3.25)
Loli] 2 3 Lol (3.28)

where
L[] = (T 0 ) + (VoI ) +
o P 3la I
T _ T ad OZdOZ
—I_ /{‘anga 4‘a§gGa }X QS 53 —I_
O o ol 3]0 ] ST
+ Haqu—% +1‘a§§7>_% — || Pogl | -

2
’

— O “p_¢;ﬁ|r3|—1—1/261 2 03 “p0¢;ﬁ|r3|_1—1/261

03201—|-C.
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The function P_y™ = 0 for |5] < ag(1+4/9b2)'/%. Using the Hardy inequal-
ity one can get for € < 1/8 that

Pyl >0 (3.29)

z

2
€5 — |l - ooy a1

Further, applying the lemma 1 for fixed &5 we get

(Topl o)+ Vol wll) +

2 2

|| agds + |pr| = (3.30)
> IR -
where
= o) 2t [ 1G] € +
16D (-2/3hle5 | &) P (3:31)

Let us define the function G7 (g, €5) by the formula
G163, 65) = G2 (45, €3) — G2 45,3/ 205 3] sign (£5).

It is clear that G7(q$, £3) € C} (K(a,2/3by, ao)) , because G7 = 0 for
€51 < ao(1 +4/905)2.

Furthermore,
0 - a .-
2|
9¢s 9¢s
and
[1Potoiy [ra| T2 |2 = |G s 71202 <

< {NIGT s R 4 /{IGZI(CJ;?,i’)/%allqé'fl)l2 + 0 (332)
H G (g5, =3/2b5 g DIPH(L + 60) 7 gg | ™' dag }-

The function G7 € CY(K (e, 2/3by,a0)) and one can apply the Hardy in-
equality to it. For sufficiently large ay we have

oG .
/{| aes | — Csl62] |§§‘|‘2‘51} Xad€3dgs > 0. (3.33)
3
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Putting together (3.28)-(3.33) we obtain that
La[tha] = 1™ |[Whall* — ;{Jf +F7
where
B = Ga1+ 0070 [ {16 633726 a3 DI +
+ |G (g5, —3/2b5 g5 )P Has | ™' " s (3.34)

Now let us begin to estimate the functional L4[;/~)]. On the support of ¢
all the distances among the particles on the plane (¢5,&5) are large and for
all (¢,7) and some Cy >0

Vij| < Calrs| 777,
So we have

3 (Vigth, ) 2 =3Cu[lidlral 72| 2
7

2> —3Cu[[Pod|rs 717120 [ = 3C4[[P_b|rs| 171207

It follows from the inequality §; < dp and (3.24) that

L] = (T, + [{IVaPod] -

— (Cy 4 3C5)|Potdp|*|rs| 72751} xd — (3.35)
— (Ca+3Cs+ O)P-lrs| 7|7,
where
Vs, = (ia’ @ aa) ‘
dq3 " 2 0&3
Further,

(T—iji)) = (T—,P—J}vp—qzj) + (T—PO@/N’JDO@/N’) > /“Lm”qj)”2 + KH,P—J}sz

where £ > 0 is the distance between ™ and the next point of the spectrum

of T_. Let us take ag > /i_l/z(CQ + 3C + 0)1/2 , than

RlIP-D|? = (Co 4205 + O)IP-d ||~
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and
L[] = p™ |91 + / Vs Poth[*XdQ — Cs|[Poth s =12 |2, (3.36)

where C5 = Cy + 3C4. Let us note that 730;/3 =0 for |r3| < ao , so using the
polar coordinates on the plane (¢5,£&5) and the inequality [10]

/OO Uyt  Int=2dt < 4/00 LU dt (3.37)
1

1

which holds for any function U(t) € Cj(RL), U(1) =0, one can show that
if the number ag > 0 is large enough

1 Yo S—1—
5 | IV5Pab AR = Gl Podlrs 72 2 > 0.

So
Lal] = p™ |[91]” + %/ V5Pt 2. (3.38)

Due to (3.34) and (3.38) to prove the theorem it is enough to show that
1 ~ _ _
5 / VaPod|25d — SN {7 + F7} > 0 (3.39)

for large ap > 0 .
For an arbitrary pair « let us define the region

Qa = I((Oé, bo, Clo)\[((Oé, 2/360, Clo).

It is clear that the regions ), do not intersect for different o and €2, C sup x.
So we have

JGTREED oY M (3.40)

For (¢5,65) € Q, let

Gg5.€5) = (. e, a5) 20 ™™ (&5, 63)) (3.41)
According to the formula (3.26)
GT (g5, &) = GT™(q5,65) for  |q5| = 2/3bo|€5]-

15



Further . o
L VaPiltan =3 [ V(g5 ) Pdgags. (3.42)

Let us show that for large ag > 0
1 A _ _
5/0 VG (g5, 65) [ dgsdés — J7 — F = 0. (3.43)

Functionals J7 and F* give the estimates for the localization error of the
nonsmooth decomposition and they may be estimated similar to [6].

Really, using the lemma 2 with dy = 2/3bo|£3|, ds = bp|é5| and function
y(qs) = G;ﬁ(qg, £3) we obtain that

m 2 o a2 —1l|¢fa|—1 bo|£?| N o o 2 o
G bl el < ol [0 (G (a0 das +
2/3hoé5 |
A= 2
2 kel 9G (a5, €5)
Zbo|€2 RASERVEEES DA s 3.44
+ 3 0lé5| 2 /sholes] D5 43 ( )

It follows from (3.44) that the term in J7 containing G7'(2/3bg|£5], £5) is
greater then

Cr [ 165172 1C g5 € dgg des +
oG

2
? Qo aQ3

€5 |70 dqs dEs (3.45)
where (7 and (5 are some constants. The similar estimate may be obtained
for the term, containing G7'(—2/3bo|£5],£5) . So

_ A 2
g2 <20y [ 117G s | dggags +
Ap—
oGT )
20, [ |50 Jes g de A
+2C) o |9 &5 gs d&s, (3.46)

N

Analogously, applying lemma 2 to the function G7'(¢5,£5) for fixed ¢S one
can get that

<o [ 1ag TG (6 )y +

-I-C4/Qa

2

oG
=) g5 | dgs des (3.47)

733
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with some constants (3 and Cy. For large ag > 0

1
Calgs | +205|¢57% < 1

Furthermore, for some C5 > 0

g5 |727% > Cylra 727"
and
|E51727% > Cylra 727"

So

_ _ 1 A
PR dl <1 [ IVaGT dagdes +

£ O TG gy (3.48)
;From (3.48) it follows that the inequality (3.43) holds if

1 A A
1 IV 65 Pdggdes — Cs [ Jral I GE Pdggdes 20 (3.49)

The function Gf} equals zero for |r3| < ag. Using the polar coordinates on
the plane (g3, &s) and the inequality (3.37) one can get (3.49) for large ao.
The theorem is proved.

References

[1] Efimov V., Yadernaya Fizika 12, 1080-1091 (1970).

[2] Yafaev D., Mat. Sbornik 94, 567-593 (1974).

[3] Ovchinnikov Y.N., Sigal .M., Ann. Phys. 123, 274-295, (1979).

[4] Tamura H., J. Funct. Anal. 95, 433-459, (1991).

[5] Vugalter S., Zhislin G., Comm. Math. Phys., 87, 89-103, (1982).

[6] Vugalter S., Zhislin G., Letters in Math. Phys., 25, 299-306, (1992).

17



[7] Zhislin G., Teor. i Mat. Fizika, 21, 60-73, (1974).
[8] Vugalter S., Zhislin G., Funk. Analiz i Ego Prilozh., 25, 83-86, (1991).
[9] Vugalter S., Zhislin G., Teor. i Mat. Fizika, 97, 94-111, (1993).

[10] Birman M.Sh., Mat. Sbornik, 55, 125173, (1961).

18



