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Gaussian decay of the magnetic eigenfunctionsL�aszl�o Erd}os �Forschungsinstitut f�ur MathematikETH-ZentrumCH-8092 Z�urichE-mail: erdoes@math.ethz.chDecember 2, 1994AbstractWe investigate whether the eigenfunctions of the two-dimensional magnetic Schr�o-dinger operator have a Gaussian decay of type exp(�Cx2) at in�nity (the magnetic �eldis rotationally symmetric). We establish this decay if the energy (E) of the eigenfunctionis below the bottom of the essential spectrum (B), and if the angular Fourier componentsof the external potential decay exponentially (real analyticity in the angle variable). Wealso demonstrate that almost the same decay is necessary. The behavior of C in thestrong �eld limit and in the small (B � E) limit is also studied.AMS Subject Classi�cation: 60H30, 81Q05, 81S401 IntroductionIt is one of the basic phenomena in quantum mechanics that the eigenfunctions of the usualSchr�odinger operator, �12� + V , decay exponentially in the classically forbidden region (inparticular, at in�nity for energy E < lim inf1 V ). In the presence of a constant B0 magnetic�Partial support from the Hungarian National Foundation for Scienti�c Research, grant no. 1902.1



�eld, supposedly a stronger, Gaussian (� exp(�Cx2)) localization occurs in the directionorthogonal to the �eld. This decay can explicitly be seen in the resolvent kernel of the two-dimensional magnetic Schr�odinger operator [12(p�A)2]�1 (here rotA = B0, p = �ir). Notethat the usual Landau eigenfunctions have also Gaussian decay, nevertheless this is a bitmisleading since, in the in�nitely degenerate Landau level, one can easily choose an othereigenbasis without strong decay.Thomas Ho�mann-Ostenhof has asked the question whether the eigenfunctions of thetwo-dimensional operator 12(p�A)2 + V with eigenvalues below the essential spectrum haveGaussian decay at in�nity. One can fairly easily verify this decay if V is radially symmetricor if it has compact support, but these conditions are far from being necessary.We can give a fairly complete answer in the sense that it sheds light onto the real reasonbehind the Gaussian versus non-Gaussian decay. We cannot prove a complete \if and only if"theorem, although our results are close to that. Nevertheless, the mechanism will, hopefully,be clear.The methods come partly from probability theory, partly from standard functional anal-ysis. In the next section we present the results and the necessary Feynman-Kac formula. InSections 3 and 4 we prove that the L2-norms and the L1-norms, respectively, of the angularmomentum modes of the eigenfunctions decay exponentially. In Section 5 we show that eachangular mode has a Gaussian decay. Combining these two results implies the main theorem.Section 6 presents a partial converse of our main theorem. Finally, two Appendices are de-voted to the necessary technical tools; the proof of the Feynman-Kac formula and a largedeviation estimate on a sum of Poisson processes.2



2 De�nitions and the resultConsider a radially symmetric magnetic �eld B(x) = B(jxj) = B(r) in two dimensions (x =(r; �) in radial coordinates). Let A(r; �) := (�a(r) sin �; a(r) cos �) be the radial gauge witha(r) := (1=r) R r0 B(s)sds. Assume that B(r) � B0 > 0, then a(r) � B0r=2. For simplicity,one can think of the constant magnetic �eld; in our problem the phenomenon is the same.Let V be a real potential with certain properties speci�ed below, and we shall considerH := 12(p �A)2 + V acting on L2(R2). It is well known that this operator is selfadjoint ifV 2 L2loc(R2), the negative part of V is in the Kato class and A 2 (L4loc(R2))2 (using theLeinfelder-Simander theorem, the diamagnetic inequality and basic perturbation techniques,see e.g. [CFKS]).As we shall see, the angular momentum modes Vm(r) of V (r; �) = P1m=�1 eim�Vm(r) willplay a crucial role in our problem (Vm = V�m, since V is real). Therefore our setup is thefollowing.We decompose the Hilbert space L2(R2) according to the angular momentum sectors:L2(R2) �= H := 1Mm=�1 L2(R; 2�rdr); (1)f 2 L2(R2) 7! (: : : ; f�1; f0; f1; : : :) 2 H;where f(r; �) = Pm eim�fm(r). For simplicity, we continue to denote the elements of H by f .In general, k � k2 will stand for the norm in L2(R2) or in L2(R; 2�rdr), depending whetherthe function has one or two variables. For radial functions the two norms coincide.Let Um(r) := 12(m=r � a(r))2 for each m 2 Z, and assume that V and its angular modesVm(r) satisfy the following properties:� kV k1 � U (assume U � 1);� Vm(r) is continuous; 3



� jVm(r)j � am � a�m for m 6= 0 (let a0 := U), such that M := Pm�1mam <1;� The negative part, jV0(r)j�, of the function V0(r) goes to zero at in�nity;� W (r) := (Pm6=0 jVm(r)j2)1=2 ! 0 for r!1.The continuity of Vm and the boundedness of V0 are not essential, rather technically simplifyingconditions. The decay of V at in�nity and the decay of the am's are important (see later).Note that the positive part of V0 is not required to decay at in�nity.For any " > 0, we de�neR(") := inffr0 � 100 : W (r) + jV0(r)j� � "U for all r � r0=2g; (2)this quantity measures the radial decay of the potential (clearly, R(") is �nite by the assump-tions above).The operator H, under the isomophism (1), acts on H as follows(Hf)n(r) := �12�fn(r) + Un(r)fn(r) + 1Xm=�1 V�m(r)fn+m(r): (3)Here �� = �@2r � (1=r)@r denotes the usual Laplacian on the half line with the domainof the usual two-dimensional Laplacian restricted to the radial functions (in our problem itis convenient to think of �fn as the radial part of the radially symmetric two-dimensionalfunction � ~fn with ~fn(x) := fn(jxj)). The in�nite sum converges for almost all r and the mapH2 : f = (fn)n2Z 7! 0@Xm6=0 Vmfn+m1An2Z (4)is bounded on H.Our main Theorem is the following (for notational simplicity, (const) will always denotepositive universal constants): 4



Theorem 2.1 Assume that am � D�m (5)for some constants D > 0, 0 < � < 1 and assume that the rotationally symmetric magnetic�eld is bounded from below by B0 > 0. Consider an eigenfunction f with eigenvalue E < B :=B0=2, Hf = Ef , kfk2 = 1, then there exist two e�ective constants C1 and C2, depending onthe functions B(r), R(") and on the constants U , D, � and E such that for any r > 0jf(r; �)j � C1 � exp(�C2r2): (6)If the magnetic �eld is constant (B(r) = B0), the following bounds hold:Case I. (small B � E): There exist constants C1, C3, C4 and E0 < B = B0=2, dependingon U , D, � and B0, such that (6) is satis�ed for r � (const)"�1=4qR("), where " := C3(B �E)2j log(B � E)j�2, with a constant C2 = C4j log(B �E)j (7)if E > E0.Case II. (large �eld): Introduce large parameters b � 1 in the magnetic �eld and v � 1 inthe potential, i.e. consider H(b; v) := 12(p� bA(x))2+ vV (x), where rotA = 2 and kV k1 � 1(so the constant magnetic �eld is 2b and inf SpecH(0; b) = b). Assume that b � v log v andE � b� v3=2(log b)=b, then (6) is true for r � C 03qR(C 03b�2) withC2 = C 04 blog b (8)for large enough b (C1, C 03 and C 04 depend only on D and �).Remark 1. For small r all we can say is that f(r) is bounded by the trivial bound (const)pU+E(using the diamagnetic inequality in the usual magnetic Feynman-Kac formula).5



Remark 2. Condition (5) is equivalent to the uniform real analyticity of �! V (r; �) for all r.Notice that in the case of a constant magnetic �eld, the origin can be chosen arbitrarily.Remark 3. In Cases I. and II. notice that C2, the lower bound on the coe�cient of the decayrate, depend on the potential only via D, � and kV k1. The radial decay of V (characterizedby the function R) appears only in the threshold for r.Remark 4. The result of Case I. should be compared with the well-known theorem on thenonmagnetic case, namely that the rate of the exponential fallo� at in�nity is basically propor-tional to the square root of the di�erence between the energy and the bottom of the essentialspectrum.Remark 5. The motivation behind Case II. is the question whether the coe�cient of theGaussian decay is proportional with the magnetic �eld (as in the exp(�(const)Br2) decay ofthe free resolvent kernel). To see this e�ect better, we have rescaled both the magnetic �eldand the potential. The result shows that almost the same coe�cient remains valid in thepresence of an external potential as well.A partial converse of Theorem 2.1 is the followingTheorem 2.2 Given a positive sequence am with M := Pm�1mam <1 andj log amjm ! 0: (9)Let a�m := am and V (r; �) := 0@�3M + Xm2Znf0gameim�1Ah(r); (10)where 1 > h(r) > 0, it goes to 0 at in�nity, but slower than an exponential (i.e. j log h(r)j =o(r) at in�nity). Then the ground state, f(r; �), of H = 12(p � A)2 + V , with a constantmagnetic �eld B0 (i.e. a(r) = B0r=2), decays slower than a Gaussian, namelylim supr!1 log sup� jf(r; �)jr2 � 0: (11)6



Remark. Theorem 2.2 states that in general the exponential decay rate of am's is necessaryfor the Gaussian decay of the eigenfunctions (at least for the ground state).Our basic tool is the following generalized version of the Feynman-Kac formula, which isproven in Appendix A.Proposition 2.3 The heat kernel of H in the H-space picture has the following probabilisticrepresentation (as a convention log 0 = �1)�e�tHf�n (r) = E%ENfn+Nt(%r(t)) exp24� Z t0 8<:Un+Ns(%r(s)) + V0(%r(s))� Xm2Znf0gam9=;ds++ Xm2Znf0gZ t0 log �a�1m V�m(%r(s))�dNms 35 ; (12)where Ns := Xm2Znf0gmNms ; (13)Nms 2 N are independent Poisson processes with rate am, and %r(s) is an independent Besselprocess (absolute value of the two-dimensional Wiener process) starting from r (E% and ENdenote the corresponding expectations).Remark. Equation (12) is understood pointwise for countinous and bounded functions f , andin L2-sense for f 2 L2(R2) (see Appendix A).Before starting the proofs, we summarize the intuitive ideas. Assume here, for simplicity,that the magnetic �eld is constant B0. First we show that kfnk2 is exponentially small.Since, for n > 0, Un(r) grows fast (at least quadratically) away from its zero (which is atrn := q2n=B0), fn is strongly localized around this point (n < 0 case is even better, since thenUn is big everywhere). But for large n, the negative part of the potential is small in this region(since it goes to zero at in�nity), so this region is \classically forbidden" for an eigenfunction7



with energy smaller than the bottom of the unperturbed spectrum (B := B0=2). This impliesthe decay of kfnk2. Then we show that kfnk1 decays exponentially as well, which is notsuprising, for instance, by the L2 ! L1 boundedness of the heat kernel. Finally, we provethat fn has a Gaussian decay with center qn=B, i.e. jfn(r)j � kfnk1 exp(�c(r � qn=B)2)(n < 0 case is even simpler). Thenjf(r; �)j � 2Xn�0 jfn(r)j � 2Xn�0(const)e�c�ne�c(r�pn=B)2; (14)and this sum has a Gaussian decay in r with a coe�cient (const)min(Bc�; c) (divide the suminto two parts: n � Br2=4 and n � Br2=4).3 L2-estimatesProposition 3.1 Let f be an eigenfunction of H with energy E < B = B0=2, kfk2 = 1. Thenthere exist two positive constants, c1 and c2 and an integer N0 (depending on the magnetic�eld and the external potential) such thatkfnk2 � c1e�c2jnj (15)for any jnj � N0.In the case of a constant magnetic �eld B(r) = B0 = 2B, the following e�ective boundholds (naturally, E � inf SpecH � B � U):kfnk22 � c1 exp(�c2jnj) := exp "�(const)jnj ����� log �log " �����# (16)for jnj � N0 := 40R=p", where R := R(") (i.e. W (r) + jV0(r)j� � "U for all r � R=2 � 50),and " is given by" := (const) �min(�; (1� �)3D ; 1B2 ; � (B � E)(1� �)3=2Up1 +D ! ; � 1 � �U !) (17)with �(x) := 1100x2j log xj�2 (for small jnj one can use kfnk2 � 1).8



Proof. First notice that f 2 L1, since exp(�t(�12�+ V )) maps L2 to L1 and the sameis true for the magnetic Schr�odinger operator by the diamagnetic inequality. ThereforeF 2(r) := Xm2Z jfm(r)j2 = 12� Z 2�0 jf(r; �)j2d� (18)is also bounded.Using that ��12� + Un � E�fn + Xm2ZV�mfn+m = 0 (19)one sees immediately that �fn 2 L2loc, sincekXm V�mfn+mkL2loc � kV kL2loc � supF (r) <1: (20)In particular, by the Sobolev imbedding, fn is continuous on [0;1).Choose a nonnegative, radially symmetric C1-cuto� function ' on R2, supported in theball of radius R � 100, ' � 1 for r � R=2, j'j � 1, j�'j � 1, such that W (r)+ jV0(r)j� � U"for r � R=2 (" < 1=100 is to be determined later). Then (by �fn 2 L2loc � L1loc)Z 'jrfnj2 = 12 Z �' � jfnj2 � Z 'fn�fn: (21)Choose K := [2(log ")=(log �)] + 1 (the bracket here denotes the integer part). Let bm bethe in�mum of Um on the support of ', clearly bm !1 as jmj ! 1. For j 2 Z letFj(r) := supfjf(2K+1)j+k(r)j : jkj � Kg (22)Aj := kFjk2;for j 6= 0 let Nj := KXk=�K a(2K+1)j+k;9



and N0 := 1 + sup j�'j+ Xjmj�K am:Using (21) along with (19) and the notations above, we have0 � 12 Z 'jrfnj2 � 14 sup j�'j Z jfnj2 � (bn � E) Z 'jfnj2 + Z j'fnj Xm2Z jV�mjjfn+mj; (23)i.e. (for large jnj, such that bn > E)Z 'jfnj2 � 1bn � E Xi2ZNikFjk2 (kFj+i�1k2 + kFi+jk2 + kFj+i+1k2) ; (24)where j = j(n) is determined by n = (2K + 1)j(n) + k with some jkj � K.It is well known that 12(p � A)2 � B = B0=2 if the magnetic �eld is bounded frombelow by B0 > 0. Therefore, the same operator inequality is true on each sectors, namely�12�+ Un � B. Thus,(B � E)kfnk2 � Z fn ��12� + Un � E� fn � Z jfnj Xm2Z jV�mjjfn+mj � (25)� Xjmj�K Z 'jfnjjV�mjjfn+mj+ Xjmj�K Z (1 � ')jfnjjV�mjjfn+mj++ Xjmj>K Z jfnjjV�mjjfn+mj:In these inequalities it is enough to consider only jV0j� instead of jV0j, since R jfnj2jV0j+ ispositive. Using (24), Schwarz inequalities and the properties of V , in particularsup0@ Xjmj�K(1� ')jV�mj1A � p2K sup[(1� ')(W + jV0j�)] � p2KU"; (26)we get, for large jnj (bn > E),(B�E)kfnk2 � 3UKpbn � E (Aj�1+Aj +Aj+1) Xi NiAj(Aj+i�1 +Aj+i +Aj+i+1)!1=2+ (27)10



+p2KU"Aj(Aj+1 +Aj +Aj�1) +Xi6=0NiAj(Aj+i�1 +Aj+i +Aj+i+1):Let jnj � n0 be large enough, so that (bn �E)�1 � " (n0, naturally, depends on the magnetic�eld, on E and on ", and let n0 � 4R"�1=2). The inequality (27) is true for any n 2 [(2K +1)j�K; (2K +1)j+K], therefore, for jjj � J0 := h n02K+1i+6 (so that (2K +1)J0�K � n0),(B�E)A2j � (3UK"1=2+p2KU")(Aj�1+Aj+Aj+1) Xi NiAj(Aj+i�1 +Aj+i +Aj+i+1)!1=2++Xi6=0NiAj(Aj+i�1 +Aj+i +Aj+i+1) (28)(we have also used that Aj � pN0Aj � (PiNiAj(Aj+i�1+Aj+i+Aj+i+1))1=2). By some easyestimates, we obtain 0@B � E � 32(1 + 15UKp")Xi6=0Ni1AA2j �� 25UKqN0"(A2j�1 +A2j +A2j+1) + 1 + 5UKp"2 Xi6=0Ni(A2j+i�1 +A2j+i +A2j+i+1): (29)If " � "0 := min 1100 ; �; 1 � �2D ! ; (30)i.e. Xi6=0Ni � 2 Xm>KD�m � 2D�K1 � � � "; (31)then it follows(B � E � 3"(1 + 15UKp"))(1 + 5UKp")�1A2j �Xi2ZLi(A2j+i�1 +A2j+i +A2j+i+1) (32)with Li := Ni for i 6= 0 and L0 := 25UKp"(2 + 2D)1=2(1 � �)�1=2 (use also that N0 �2D(1 � �)�1 + 2). Equivalently, for jjj � J0,�A2j �Xi2ZA2i+jSi (33)11



with � := (B � E � 3"(1 + 15UKp"))(1 + 5UKp")�1 and Si := Li�1 + Li + Li+1. Assumethat " � �(1��U ) (with the function � de�ned in Proposition 3.1), then UKp" � (const). If,in addition, " � (const)(B�E), then � � (const)(B�E). >From the estimate (31), we haveSi = S�i � 3"i�1 for i > 1 (34)and S0; S1 � 3L0:Using PiA2i � 1, one easily obtains from (33) thatA2j � �10L0� �jjj�J0 (35)for jjj � J0, provided that " is small enough such that 20L0 < �.Finally, for jnj � 80K we have jj(n)j � jnj=(4K), and, if in addition, jnj � 10n0 (whenjj(n)j � 2J0), then kfnk22 � A2j(n) � �10L0� � jnj8K : (36)Therefore, for small enough ", (36) proves Proposition 3.1 (with constants depending on alldata).To establish the e�ective bound (16) for the constant �eld case, one calculates that for" � 1=B and for any jnj � n0 withn0 := max(2BR2; 4R"� 12 ); (37)we have bn�E � "�1. Then some straightforward calculation leads to (16) with N0 := 10n0 =40R"�1=2 and " given by (17). 2 12



4 L1-estimatesIn Section 3 we have shown the exponential decay of the L2-norm of fn. Armed with this, weare looking for the same decay of the L1-norms. By a Schwarz inequality in the path space,we can see from Proposition 2.3 thate�2tEjfn(r)j2 = ����e�tHf�n (r)���2 � e2t(U+2a)E%EN jfn+Nt(%r(t))j2; (38)(a := Pm�1 am � D=(1 � �)).Let ~f(r; �) := Pm jfm(r)j2eim�, then clearly ~f 2 L2, by R j ~f j2 = 2�Pn R jfn(r)j4rdr �2�C2(t)e2tEkfk42 with any t > 0, using kfnk1 � kfk1 � C(t)etEkfk2, since e�tH : L2 ! L1is bounded (with norm C(t) � (const)t�1=2et(U+2a)). Notice thatE%EN jfn+Nt(%r(t))j2e2ta = �e�t(� 12�+~V ) ~f�n (r) (39)with ~V (r; �) := Pm6=0 ameim�. The heat kernel of ~H := �12� + ~V maps L2 into L1 as well(with norm C 0(t) � (const)t�1=2e2at)), but this only bounds E%EN jfn+Nt(%r(t))j2 by kfk22 andnot by kfnk22.The following idea helps. Fix n � 2N0 (the case n < �2N0 is similar), letf� := n+kXm=n�k jfmj2eim� (40)with k := [n=2]. Then kf�k22 � (2k + 1)c21e�2c2(n�k) � 2�C2(t)e2tEkfk22 using Proposition 3.1.Thus, �e�t ~H ~f�n (r) � ����e�t ~Hf��n (r)���+ e2atE%EN �jfn+Nt(%r(t))j2�(jNtj > k)� �� C 0(t)kf�k2 + C2(t)e2t(E+a)kfk22PN (jNtj > k) � (41)� C 0(t)C(t)etEc1q2�(n+ 1)e�c2n=2 + C2(t)e2t(E+a)C(t; �; �;D)�n(1��)=213



for any 1 > � > 0, using kfk2 = 1 and Theorem B.1 with the notation C(t; �; �;D) :=2(1 � �1��)�1 exp[Dt(��(1� ��)�1 � �(1� �)�1)].Therefore, combining (38), (39) and (41), we get (with the choice t = 1) for jnj � 2N0kfnk1 � c3e�c4jnj; (42)where c3 and c4 are positive constants, e�ectively computable from c1, c2, E, U , D and a. Incase of the constant magnetic �eld for jnj � 2N0 = 80R=p" and small enough " (see (16) and(17)) one obtains e�ective constants c3 and c4 which depend on the magnetic �eld only via ".In particular, c4 can be chosen c2=4 (see (16)) if � = 1=2, and c3 is either proportional withqjnj or it can be included in the exponent, with c4 = c2=8, if jnj � (const)n0 log n0.5 Gaussian decay of the angular modesTo establish the Gaussian decay of fn, we use a simple large deviation argument in the estimateobtained from the Feynman-Kac formula:e�tEfn(r) = �e�tHf�n (r) � e(U+2a)tE%EN jfn+Nt(%r(t))j exp �� Z t0 Un+N� (%r(� ))d�� : (43)We will show that if r � r� := (const)s N0min(1; B); (44)then jfn(r)j � c5e�c6jnje�c7(r�rjnj)2 (45)with constants depending on all data. We denote by rm the unique nonnegative solution ofm = ra(r) (m � 1). By a(r) � B0r=2 = Br, clearly rm � qm=B. Fix n and r.Case 1. jnj > (r � rjnj)2=4. 14



De�ne the following event: E := ( sup�2[0;t] jN� j � jnj2 ) : (46)For t = 1, on the event E we have jfn+N1(%r(1))j � c3e�c4jnj=2. We can apply (42), since (44)implies jnj � 4N0 in Case 1. On the complementary event, Ec, estimate jfn+N1 j trivially (by(const)eU+E+2a as in Section 4), and use the exponential estimate for P(Ec) from TheoremB.1.Case 2. jnj � (r � rjnj)2=4.Let F and G be the following events:F := ( sup�2[0;t] j%r(� )� rj � jr � rjnjj4 ) ; (47)G := ( sup�2[0;t] jN� j � B(r � rjnj)28 ) : (48)Choose again t = 1, and on the event Gc use Theorem B.1. On the event F c, use a standardlarge deviation estimate for the Bessel process to obtainP%(F c) � (const)e�(const)(r�rjnj)2: (49)On F \ G we use the estimate Um(s) � B22 (s� rjmj)2; (50)and the fact, that for 0 < n < m we have rm � rn � q(m� n)=B, to obtainUn+N� (%r(� )) � B214 (r � rjnj)2; (51)and by estimating jfn+N1 j again in a trivial way, (45) will follow from (43).15



Finally, Theorem 2.1 is obtained by summing up the estimate (45) as it was indicated in(14) (one also has to use the fact that rjnj � qjnj=B). For r � r�, one easily obtains (6) fromthe boundedness of f by adjusting C1.In the case of a constant magnetic �eld, one can estimate the constant, C2, in the exponentof the Gaussian decay. We just focus on the two Cases, I. and II., mentioned in Theorem 2.1.In Case I. one uses exactly the proof above, just one keeps track of the constants givenin (16) and (17). In particular, " � j(B � E)= log(B � E)j2, N0 � R(")=p", and c2 andc4 � j log(B � E)j�1.For the proof of Case II. one obtains " � b�2, N0 � R(")=p" and c2 � (log b)�1 in Section3. Use t = 1=b in Section 4 instead of t = 1; c4 = c2=2 is at least proportional with (log b)�1and (42) is valid for jnj � (const)N0 (not forgetting that C(t) and C 0(t) in (41) scale as t�1=2).Finally, we have to use t � (log b)=b in the calculation of Section 5; the borderline betweenCase 1. and 2. is at jnj � or � b(r � rjnj)2=4. To obtain the best result, when we sum up forall n (as in (14)), we should use (45) with di�erent c6 and c7 (obtained from Case 1. and 2.,respectively) depending on n and r. This concludes the proof of Theorem 2.1. 26 Example of a non-Gaussian decayProof of Theorem 2.2. First we note that the ground state, f , of H is positive in the H-spacerepresentation, i.e. all functions fn are positive. Using Theorem XIII. 44. from [RS], thisfollows from the fact that e�tH is positivity preserving (on H = LL2(2�rdr)), which is adirect consequence of Proposition 2.3 (note that for our potential, given by (10), log(a�1m Vm)is real). One also has to check that the ground state is below the bottom of the essentialspectrum, B := B0=2, but this is easy, e.g. by choosing a Gaussian trial function in the zeroangular momentum sector. 16



Let g(m) := inf (fm(r) : ����r �rmB ���� � 1pB) (52)for m � 0. Then Theorem 2.2 is a straightforward consequence ofLemma 6.1 For any � < 1 there exist N and C > 1 such that for any n � N�ng(n2) � Cg �(n+ 1)2� : (53)To prove Theorem 2.2 from this Lemma, simply note that for n � 2Ninfjr�n=pBj�1=pB sup� jf(r; �)j! � infjr�n=pBj�1=pB0@Xm2Z fm(r)21A1=2 � (54)� infjr�n=pBj�1=pB fn2(r) = gn2 � CN�n�n2=2g(N2)so 1n2 log  sup� �����f  npB ; �!�����! � 1n2 log infjr�n=pBj�1=pB sup� jf(r; �)j!! � (55)� log�2 + log g(N2)� n logCn2 ;and � is arbitrarily close to 1. 2Proof of Lemma 6.1. By the Feynman-Kac formula and the positivity of fn's we havef(n+1)2(r) � et(E+2a)E%EN�(E)f(n+1)2+Nt(%r(t))� (56)exp0@� Z t0 [U(n+1)2+Ns(%r(s)) + V0(%r(s))]ds+ Xm6=0 Z t0 log[a�1m V�m(%r(s))]dNms 1Afor any event E (a :=Pm�1 am as before). Choose t := 1=B and let r 2 [ npB ; n+2pB ].We shall choose E in a such a way that we could control the various terms in (56) frombelow. Let E1 = nNmt = 0 for all m; except N�2n�1t=2 = N�2n�1t = 1o ; (57)17



i.e. there is only one jump, this is of size �(2n + 1), before t=2, and no jumps between t=2and t. The probability of this event isP(E1) = e�2taa2n+1 � t2 � e�2ta�n=2 � t2 (58)if n is large enough (depending on the decay of j log amj=m).LetE2 := (n� 2pB � %r(s) � n+ 3pB for s � t2 ; and �����%r(s)� npB ����� � 1pB for t2 � s � t) :(59)Standard large deviation estimate for the Bessel process shows that P(E2) � (const) > 0.Now let E := E1 \ E2, then on the event E the following estimates hold for large nUn2+Ns(%r(s)) � (const)B; (60)Xm6=0 Z t0 log(a�1m V�m(%r(s))dNs � log infu�(n+3)=pB h(u)! : (61)Putting everything into (56) we havef(n+1)2(r) � C(E; a;B;U)�ng(n2) (62)with a constant C(E; a;B;U) if12 log� � 1n log  infu�(n+3)=pB h(u)! ; (63)which is satis�ed for large enough n, due to the condition on the decay of h. The inequality(62) is valid for any r 2 [n=pB; (n+ 2)=pB], therefore Lemma 6.1 follows. 2Appendices 18



A Proof of the generalized Feynman-Kac formulaThe ideas and tools for proving Proposition 2.3 is found in [DJS], where Feynman-Kac rep-resentation is proved for a general Pauli type equation on the direct sum of �nitely manyfunction spaces. There, the diagonal operators were magnetic Laplacians plus potential, theo�diagonal operators were just multiplications by functions. Our setup is the same (we needonly nonmagnetic Laplacians in the diagonals, since, in our decomposition, the e�ect of themagnetic �eld has already become an e�ective potential on the angular momentum sectors),with the only di�erence that we have in�nitely many sectors. The formula (6.3) in [DJS]cannot be valid for this case, moreover the process Nt de�ned in (6.2) of [DJS] does not existsince the sum is divergent. Fortunately, a simple renormalization, by introducing decayingrates am, helps.First we note that (13) is �nite a.s. and the right hand side of (12) is well de�ned (thein�nite sum in the last term can be �1). Assume �rst that f 2 C2(R2), then fn(r) 2C2([0;1)).By the semigroup property we only need to show thatddt�����t=0 ( RHS. of (12)) = �(Hf)n: (64)De�ne the stochastic process�(t) = exp24� Z t0 0@Un+Ns(%r(s)) + V0(%r(s))� Xm6=0 am1Ads++ Xm6=0 Z t0 log �a�1m V�m(%r(s))�dNms 35 : (65)By the Ito-calculus (extended to Poisson processes) we can calculate the following stochasticdi�erential (see [DJS])d[fn+Nt(%r(t))�(t)] = �(t) "rfn+Nt(%r(t)) d%r(t)� 1%r(t)dt!+ 12�fn+Nt(%r(t))dt+19



+fn+Nt(%r(t))8<:�0@Un+Nt(%r(t)) + V0(%r(t))� Xm6=0 am1Adt+ Xm6=0[a�1m V�m(%r(t))� 1]dNmt 9=;+(66)+ (fn+Nt(%r(t))� fn(%r(t))) dNt � :Therefore ddt �����t=0 (RHS. of (12)) = lims!0E%EN 1s Z s0 d[fn+Nt(%r(t))�(t)] == 12�fn(r)� fn(r)24Un(r) + V0(r)� Xm6=0 am35+ (67)+ Xm6=0 h(a�1m V�m(r) � 1)fn+mam + (fn+m(r) � fn(r))ami = �(Hf)n(r);where we used that ENdNMt = amdt and that d%r(t)� dt=%r(t) is a martingale di�erential.If f 2 L2, then choose a sequence f (j) 2 C2(R2), f (j) ! f . Clearly e�tHf (j) ! e�tHfin L2-sense, and by a Schwarz inequality in the path space one sees that the right hand sideof (12), as an L2-function of r, with f replaced by f (j), converges as j ! 1. To establishthe validity of (12) for each r, one needs continuity in r on the right hand side (then onecan choose a continuous representative of e�tHf exactly by (12)). But for a continuous andbounded f , this just follows from the dominated convergence theorem in the path space.Remark. Much weaker conditions are probably enough for the validity of Proposition 2.3.As in the case of the usual Feynman-Kac formula, the potential should likely be required to lieonly in the Kato class for the L2-formula. For the pointwise formula, one needs the smoothingproperty of the magnetic heat kernel which has been established in [BHL]. But since this isnot the main point in this paper, we simply assume continuity and boundedness on V .20



B Large deviation estimate for NtLet fNmt gm2Znf0g be a family of independent Poisson processes with rates am := ENm1 , am =a�m, such that P1m=1mam <1. Consider the processNt = Xm2Znf0gmNmt ; (68)this in�nite sum converges in L1-sense, therefore Nt is �nite a.s. Let us denote a :=P1m=1 am.Theorem B.1 Assume that am � D�m (69)for some constants D and � < 1. Then, for any 0 < � < 1, we haveP sups2[0;t] jNsj � n! � 21� �1�� exp "tD  ��1� �� � �1 � �!# � �(1��)n (70)for any n 2 N+.Proof. Let N+t :=Pm�1mNmt , N�t := Pm��1mNmt , then clearlyP sups2[0;t] jNsj � n! � 2P �N+t � n� ; (71)since N+t and �N�t have the same distribution and they are monotone processes. Clearly weoverestimate the tail P(N+t � n) if we increase the rates am to D�m, so we can assume thatam = D�m.By the Poisson law, we haveP �N+t = n� = e�ta0@ Xk1+2k2+:::+nkn=n nYm=1 (tam)km(km)! 1A ; (72)where the summation goes over all nonnegative integer tuples (k1; k2; : : : ; kn) with Pmmkm =n. Consider the Laplace transformpt(x) := 1Xn=0P(N+t = n)xn; (73)21



then one easily gets pt(x) = e�taetP1m=1 amxm: (74)Now P(N+t = n) � x�npt(x) � x�ne�ta exp Dt�x1� �x! (75)for any x < ��1. Choose x := ���1 and sum up the estimate (75) for all integer � n to get(70). 2Acknowledgement. The author is indebted to Thomas Ho�mann-Ostenhof for the originalquestion and further discussions about the subject, and to the Erwin Schr�odinger Institute inVienna, where the problem comes from and where the �rst steps were made. Thanks are dueto B�alint T�oth for his help in Appendix B. This work was done in the stimulating environmentand with the �nancial support of the Forschungsinstitut f�ur Mathematik, ETH.References[BHL] K. Broderix, D. Hundertmark and H. Leschke, Continuity properties of Schr�odingersemigroups with magnetic �elds. In preparation.[CFKS] H. L. Cycon, R. G. Froese, W. Kirsch and B. Simon, Schr�odinger Operators withApplication to Quantum Mechanics and Global Geometry. Springer-Verlag, 1987.[DJS] G. F. De Angelis, G. Jona-Lasinio and M. Sirugue, Probabilistic solution of Paulitype equations. J. Phys. A: Math. Gen. 16 (1983), 2433-2444.[RS] M. Reed and B. Simon,Methods of Modern Mathematical Physics, Vol. IV. AcademicPress, New York, 1979. 22


