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Abstract

We investigate whether the eigenfunctions of the two-dimensional magnetic Schro-
dinger operator have a Gaussian decay of type exp(—Ca?) at infinity (the magnetic field
is rotationally symmetric). We establish this decay if the energy (E) of the eigenfunction
is below the bottom of the essential spectrum (B), and if the angular Fourier components
of the external potential decay exponentially (real analyticity in the angle variable). We
also demonstrate that almost the same decay is necessary. The behavior of C' in the
strong field limit and in the small (B — F) limit is also studied.

AMS Subject Classification: 60H30, 81Q05, 81540

1 Introduction

It is one of the basic phenomena in quantum mechanics that the eigenfunctions of the usual
Schrodinger operator, —%A + V, decay exponentially in the classically forbidden region (in

particular, at infinity for energy £ < liminf., V). In the presence of a constant By magnetic
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field, supposedly a stronger, Gaussian (~ exp(—Cz?)) localization occurs in the direction
orthogonal to the field. This decay can explicitly be seen in the resolvent kernel of the two-
dimensional magnetic Schrédinger operator [$(p — A)?]™" (here rotA = By, p = —iV). Note
that the usual Landau eigenfunctions have also Gaussian decay, nevertheless this is a bit
misleading since, in the infinitely degenerate Landau level, one can easily choose an other
eigenbasis without strong decay.

Thomas Hoffmann-Ostenhof has asked the question whether the eigenfunctions of the
two-dimensional operator %(p — A)? + V with eigenvalues below the essential spectrum have
Gaussian decay at infinity. One can fairly easily verify this decay if V' is radially symmetric
or if it has compact support, but these conditions are far from being necessary.

We can give a fairly complete answer in the sense that it sheds light onto the real reason
behind the Gaussian versus non-Gaussian decay. We cannot prove a complete “if and only it”
theorem, although our results are close to that. Nevertheless, the mechanism will, hopetully,
be clear.

The methods come partly from probability theory, partly from standard functional anal-
ysis. In the next section we present the results and the necessary Feynman-Kac formula. In
Sections 3 and 4 we prove that the L?-norms and the L>-norms, respectively, of the angular
momentum modes of the eigenfunctions decay exponentially. In Section 5 we show that each
angular mode has a Gaussian decay. Combining these two results implies the main theorem.
Section 6 presents a partial converse of our main theorem. Finally, two Appendices are de-
voted to the necessary technical tools; the proof of the Feynman-Kac formula and a large

deviation estimate on a sum of Poisson processes.



2 Definitions and the result

Consider a radially symmetric magnetic field B(z) = B(|z|) = B(r) in two dimensions (x =
(r,0) in radial coordinates). Let A(r,0) := (—a(r)siné,a(r)cos ) be the radial gauge with
a(r) := (1/r) [y B(s)sds. Assume that B(r) > By > 0, then a(r) > Bor/2. For simplicity,
one can think of the constant magnetic field; in our problem the phenomenon is the same.
Let V' be a real potential with certain properties specified below, and we shall consider
H :=1(p — A)? + V acting on L*(R?). It is well known that this operator is selfadjoint if
V e L} .(R?), the negative part of V is in the Kato class and A € (L} .(R?))* (using the

Leinfelder-Simander theorem, the diamagnetic inequality and basic perturbation techniques,
see e.g. [CFKS)).

As we shall see, the angular momentum modes V,,(r) of V(r,0) = >5°_ ™V, (r) will
play a crucial role in our problem (V,, = V_,,, since V is real). Therefore our setup is the
following.

We decompose the Hilbert space L?(R?) according to the angular momentum sectors:

(R} = H = é L*(R, 27rdr), (1)

fe LQ(RQ) = ("'7f—17f07f17"') EH?

where f(r,0) =3, ¢™ f,.(r). For simplicity, we continue to denote the elements of H by f.
In general, || - || will stand for the norm in L*(R?) or in L*(R,27rdr), depending whether
the function has one or two variables. For radial functions the two norms coincide.

Let Uy (r) := 3(m/r — a(r))? for each m € Z, and assume that V and its angular modes

Vi (r) satisfy the following properties:
o |V]e < U (assume U > 1);

e V,.(r) is continuous;



o |V..(r)| < am = a—y, for m #0 (let ag := U), such that M := Dom>1 My, < 00;
e The negative part, |Vo(r)|-, of the function V(r) goes to zero at infinity;

o W(r):= (Zm;ﬁO |Vm(7“)|2)1/2 — 0 for r — oo.

The continuity of V,,, and the boundedness of 1§ are not essential, rather technically simplifying
conditions. The decay of V' at infinity and the decay of the a,,’s are important (see later).
Note that the positive part of V4 is not required to decay at infinity.

For any € > 0, we define
R(e) :=inf{ro > 100 : W(r) 4+ |[Vo(r)|- <eU forall r >ry/2}; (2)

this quantity measures the radial decay of the potential (clearly, R(¢) is finite by the assump-
tions above).
The operator H, under the isomophism (1), acts on H as follows

(HOr) = =5ALC)+ Ui+ 3 Vo) b (1) g

Here —A = —9? — (1/r)d, denotes the usual Laplacian on the half line with the domain
of the usual two-dimensional Laplacian restricted to the radial functions (in our problem it
is convenient to think of Af, as the radial part of the radially symmetric two-dimensional

function A f, with fn(:zj) := fa(]z])). The infinite sum converges for almost all » and the map

m#£0

Hy - f (fn n€Z (Z Vin fn-l-m) (4)
n€Z

is bounded on H.
Our main Theorem is the following (for notational simplicity, (const) will always denote

positive universal constants):



Theorem 2.1 Assume that
ay < DO™ (5)

for some constants D > 0, 0 < 6 < 1 and assume that the rotationally symmetric magnetic
field is bounded from below by By > 0. Consider an eigenfunction f with eigenvalue £ < B :=
Bo/2, Hf = Ef, ||f|l2 = 1, then there exist two effective constants C7 and Cy, depending on
the functions B(r), R(¢) and on the constants U, D, § and E such that for anyr >0

|[F(r,0)] < Cy - exp(—Cor?). (6)

If the magnetic field is constant (B(r) = By), the following bounds hold:

Case I. (small B — E): There exist constants Cy, Cs, Cy and Ey < B = By/2, depending
on U, D, § and By, such that (6) is satisfied for r > (const)e™"*\/R(c), where ¢ := Cs(B —
E)*|log(B — E)|2, with a constant

Cy

Cy = m (7)

if B> Ey.

Case II. (large field): Introduce large parameters b > 1 in the magnetic field and v > 1 in
the potential, i.e. consider H(b,v):= 2(p — bA(x))? + vV (x), where rotA =2 and ||V < 1
(so the constant magnetic field is 2b and inf SpecH(0,b) = b). Assume that b > vlogv and
E <b—v*%(logb)/b, then (6) is true for r > Chy/R(C4b=2) with

b
log b

for large enough b (Cy, C4 and C} depend only on D and ).

Remark 1. For small r all we can say is that f(r) is bounded by the trivial bound (const U+ E

(using the diamagnetic inequality in the usual magnetic Feynman-Kac formula).
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Remark 2. Condition (5) is equivalent to the uniform real analyticity of § — V(r, ) for all r.

Notice that in the case of a constant magnetic field, the origin can be chosen arbitrarily.

Remark 3. In Cases 1. and II. notice that 5, the lower bound on the coefficient of the decay
rate, depend on the potential only via D, § and ||V||o. The radial decay of V' (characterized
by the function R) appears only in the threshold for r.

Remark 4. The result of Case I. should be compared with the well-known theorem on the
nonmagnetic case, namely that the rate of the exponential falloff at infinity is basically propor-
tional to the square root of the difference between the energy and the bottom of the essential

spectrum.

Remark 5. The motivation behind Case II. is the question whether the coefficient of the
Gaussian decay is proportional with the magnetic field (as in the exp(—(const)Br?) decay of
the free resolvent kernel). To see this effect better, we have rescaled both the magnetic field
and the potential. The result shows that almost the same coefficient remains valid in the

presence of an external potential as well.

A partial converse of Theorem 2.1 is the following

Theorem 2.2 Given a positive sequence a,, with M := 37, ma,, < oo and

| log .|
— 0. 9
Let a_,, == a,, and

Vi(r,8):= (—3M—|— Z ameime) h(r), (10)

meZ\{0}
where 1 > h(r) > 0, it goes to 0 at infinity, but slower than an exponential (i.e. |logh(r)| =

o(r) at infinity). Then the ground state, f(r,0), of H = +(p — A)?> +V, with a constant
magnetic field By (i.e. a(r) = Bor/2), decays slower than a Gaussian, namely
1 0
p Ogsupelf(r7 )| Z 0 (11)
r

lim su

T—00



Remark. Theorem 2.2 states that in general the exponential decay rate of a,,’s is necessary

for the Gaussian decay of the eigenfunctions (at least for the ground state).

Our basic tool is the following generalized version of the Feynman-Kac formula, which is

proven in Appendix A.

Proposition 2.3 The heat kernel of H in the H-space picture has the following probabilistic

representation (as a convention log) = —o0)

(1) (1) = BB freni (o, (1)) exp [— /Ot{UMNS(@T(s))w(@T(s))— > am}ds+

meZ\{0}

) (12)

+ > /Ot log (aT_rblV_m(gT(s))) dN"

meZ\{0}

where

Ny:= 3 mAN™, (13)
meZ\{0}

N € N are independent Poisson processes with rate a,,, and o,(s) is an independent Bessel
process (absolute value of the two-dimensional Wiener process) starting from r (E, and Ey

denote the corresponding expectations).

Remark. Equation (12) is understood pointwise for countinous and bounded functions f, and

in L%-sense for f € L*(R?) (see Appendix A).

Before starting the proofs, we summarize the intuitive ideas. Assume here, for simplicity,
that the magnetic field is constant By. First we show that ||f,||2 is exponentially small.
Since, for n > 0, U,(r) grows fast (at least quadratically) away from its zero (which is at
rn = 1/2n/By), fn is strongly localized around this point (n < 0 case is even better, since then
U, is big everywhere). But for large n, the negative part of the potential is small in this region

(since it goes to zero at infinity), so this region is “classically forbidden” for an eigenfunction
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with energy smaller than the bottom of the unperturbed spectrum (B := By/2). This implies
the decay of ||f.|l2. Then we show that ||f.||- decays exponentially as well, which is not

suprising, for instance, by the L? — L boundedness of the heat kernel. Finally, we prove

that f,, has a Gaussian decay with center y/n/B, i.e. |fu(r)] < ||falloo exp(—c(r — y/n/B)?)

(n < 0 case is even simpler). Then

0 <237 1fulr)] < 23 (const)e™memelrv/n/BY, (14)

n>0 n>0
and this sum has a Gaussian decay in r with a coefficient (const) min(B¢*, ¢) (divide the sum

into two parts: n > Br?/4 and n < Br?/4).

3 L’-estimates

Proposition 3.1 Let f be an eigenfunction of H with energy £ < B = By/2, ||flla = 1. Then
there exist two positive constants, ¢; and ¢z and an integer Ny (depending on the magnetic

field and the external potential) such that
[ fallz < el (15)
for any |n| > No.

In the case of a constant magnetic field B(r) = By = 2B, the following effective bound
holds (naturally, £ > inf SpecH > B — U ):
log ¢

| (16)

for |n| > No :=40R/\/e, where R := R(e) (i.e. W(r)+ |Vo(r)|- <eU forallr > R/2 > 50),

13 = cxexpl—calnl) = exp |~(eonstol 227

and ¢ is given by

£:= (const)-min{5, C ;5)3, %, A ((B _U%S)S/Q), A (%)} (17)

with A(x) := 552?|log z|™2 (for small |n| one can use || fu|l2 < 1).
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Proof. First notice that f € L*, since exp(—t(—3A 4 V)) maps L? to L and the same

is true for the magnetic Schrodinger operator by the diamagnetic inequality. Therefore

1 2m
P(r) = 3 ) = 5o [T 1A 0) 20 (1)
meEZ TJo
is also bounded.
Using that
1
<—§A LU, - E) Fot S Vo g = 0 (19)
meZ
one sees immediately that Af, € L} _, since
IS Vo Sl < IVl sup F(r) < oo. (20)

In particular, by the Sobolev imbedding, f, is continuous on [0, c0).

Choose a nonnegative, radially symmetric C*°-cutoff function ¢ on RZ?, supported in the
ball of radius R > 100, ¢ = 1 for r < R/2, |¢| < 1, |[Agp| < 1, such that W(r)+|Vo(r)|- < Ue
for r > R/2 (¢ < 1/100 is to be determined later). Then (by Af, € L. C L)

loc loc
[AVEE =5 [ a0 151~ [er BT 1)
Choose K := [2(loge)/(logd)] + 1 (the bracket here denotes the integer part). Let b,, be
the infimum of Uy, on the support of ¢, clearly by, — 0o as |m| — co. For j € Z let
Fi(r) == sup{[forsn+r(r)] |k < K} (22)
Aj = | Fjl;

for 7 # 0 let

K

Nj= Y a@rsnjtk,
k=—K



and

No := 14 sup|Ap| + Z oy

mI<K

Using (21) along with (19) and the notations above, we have

1 1
0< 5 [elVhE < poup Al [ 16— (b= B) [Clful + [1efl & Vonllfurnl (23)

meZ

i.e. (for large |n|, such that b, > F)

1
[ elhal? € == 5= NlE I (1 Fsicale + | Fovslle + | v ) (24)
n i€Z

where j = j(n) is determined by n = (2K + 1)j(n) + k& with some |k| < K.

It is well known that %(p — A)? > B = By/2 if the magnetic field is bounded from

below by By > 0. Therefore, the same operator inequality is true on each sectors, namely

—%A + U, > B. Thus,

B0 s [T (584 0-B) fus IR Woanllfinl = 29)

meZ

< S [ RVanllfsnl + 3 Q=D llVonl s+

mI<K mI<K

+ X 1Vl

[m|>K
In these inequalities it is enough to consider only |[Vo|_ instead of |Vpl, since [ |fnl*|Vo|s is

positive. Using (24), Schwarz inequalities and the properties of V, in particular
sup ( Z (1- 99)|V_m|) < V2K sup[(1 — )(W 4 |WVo|2)] £ V2K Us, (26)
Im|<K

we get, for large |n| (b, > F),

JUK

(B—B)|[fall” < N

1/2
(A 45 Ap0) (SN (s + A+ )|+ (20
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HV2RUeA;(Ajp + A+ Ajoa) + D0 NiAj(Ajpic + Ajpi + Ajyiga).
i#0
Let |n| > ng be large enough, so that (b, — F)~' < & (ng, naturally, depends on the magnetic
field, on E and on ¢, and let ng > 4Re~'/?). The inequality (27) is true for any n € [(2K +

1)j— K, (2K +1)j + K], therefore, for |j] > Jy := [ ] +6 (so that (2K +1)Jo — K > ny),

2Ix-|—1
1/2
(B=E)A? £ QUK VIRUS) Ay A+ ) (5 Ny (i + A+ )]+
+3 ONA (Ao + Ajp + Ajpig) (28)
i£0
(we have also used that A; < /NoA; < (3 MiA;(Ajpic1 + Ajvi + Aj+i+1))1/2). By some easy
estimates, we obtain

(B E—g(l—l—15U[x\/_ZN) jg

120

R 1+ 5UA
< 2BUKNoe( A, + A2+ A%, )+ ——— L¥sURVE DoON(AL AT+ AT ) (29)

120
If
1 1 -4
< cpi=min | —, §, ——
e <egg mm(loo, J, 5D ), (30)
le.
D(SK
ZN <2 Z D™ < —5 = <e, (31)

1#0 m>K
then it follows

(B—E —3c(1+ 15UKVe) (1 +bUKVe) TA2 <> Li(AZ L+ A2+ A2 (32)
1€EZ
with L; := N, for ¢+ # 0 and Lo := 25UK\/2(2 + 2D)1/2(1 — 5)_1/2 (use also that Ny <
2D(1 — §)~' +2). Equivalently, for |j| > J,
ozA2 < ZAH_] (33)

1€EZ
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with @ := (B — F —3e(1 + 15UK\/e))(1 + 5UK\/e)™" and S; := L;_y + L; + L;4;. Assume
that ¢ < A(%) (with the function A defined in Proposition 3.1), then UK /e < (const). If,
in addition, ¢ < (const)(B — F), then o > (const)(B — F). {From the estimate (31), we have

S;=5,;<3"1 for i>1 (34)
and
So, S1 < 3Lo.

Using >°; A? < 1, one easily obtains from (33) that
10 Lo VI=7o
e () .
for |7] > Jo, provided that ¢ is small enough such that 20L, < «.
Finally, for |n| > 80K we have |j(n)| > |n|/(4K), and, if in addition, |n| > 10ng (when
|7(n)| > 2.Jy), then

10L0) it
- .

152l < A% < ( (36)

Therefore, for small enough ¢, (36) proves Proposition 3.1 (with constants depending on all
data).

To establish the effective bound (16) for the constant field case, one calculates that for
e < 1/B and for any |n| > ng with

no 1= max(2B R, 435_%), (37)

we have b, — E > ¢~'. Then some straightforward calculation leads to (16) with Ny := 10n¢ =
40R=""% and ¢ given by (17). O

12



4 [*-estimates

In Section 3 we have shown the exponential decay of the L?*-norm of f,,. Armed with this, we
are looking for the same decay of the L*-norms. By a Schwarz inequality in the path space,

we can see from Proposition 2.3 that

L) = |( ) ()] < BB fn0:(0) (38)

n

(a:= Y51 am < D/(1=9)).
Let f(r,@) = 30 | fm ()2 then clearly f € L% by f|f|2 =20, [ | fu(r)[Prdr <
2 CH1)eP P f3 with any ¢ > 0, using | fulle < |l < COCEf], since =¥ : 12— 1

is bounded (with norm C(¢) < (const)t_l/Zet(U"'z“)). Notice that

E,Ey|fuan (0:(1) 2 = (722D ) (1) (39)

with ‘N/(T,G) i= Yo €™, The heat kernel of H = —IA+ V maps L? into L™ as well
(with norm C’(1) < (const)t='/2¢2*")), but this only bounds E,Ex|fmin,(0.(1))? by ||f||? and

not by || f[/3-
The following idea helps. Fix n > 2N, (the case n < —2Nj is similar), let

n+k

= 30 (fule™ (40)

m=n—=k

with k := [n/2]. Then ||f*||? < (2k + 1)c2e220=R) . 272C?(1)e®F|| f||2 using Proposition 3.1.
Thus,

(™ F), ) < |(e7)
< WISl + CP O EHINFIEPN (N > k) < (41)

< C'()C(H)eFeyy/2n(n + 1)6_C2”/2 + CQ(t)ezt(E"'“)C(t, n, 0, D)(Sn(l_”)/2

()] + e BEN (|fusw (o O)N(N] > k) <

n

13



for any 1 > n > 0, using ||f|lz = 1 and Theorem B.1 with the notation C(t,n,d, D) :=
2(1 — 1=~ Lexp[Dt(6"(1 — 6"y~ = §(1 — 6)71)).
Therefore, combining (38), (39) and (41), we get (with the choice t = 1) for |n| > 2N,

1 Fallso < cseme, (42)

where ¢3 and ¢4 are positive constants, effectively computable from ¢y, ¢, F, U, D and a. In
case of the constant magnetic field for [n| > 2Ny = 80R/\/¢ and small enough & (see (16) and
(17)) one obtains effective constants ¢; and ¢4 which depend on the magnetic field only via e.
In particular, ¢4 can be chosen ¢y/4 (see (16)) if n = 1/2, and e¢3 is either proportional with

|n| or it can be included in the exponent, with ¢y = ¢2/8, if |n| > (const)ng log no.

5 Gaussian decay of the angular modes

To establish the Gaussian decay of f,,, we use a simple large deviation argument in the estimate

obtained from the Feynman-Kac formula:

EL () = () () < OPIBEY v (o) exp [~ [ Unen(or(r)dr] . (43)

We will show that if

N
r>r* = (const)| ————— R (44)
min(1, B)
then
| fu(r)] < egemcelrlemertr=rim)? (45)

with constants depending on all data. We denote by r,, the unique nonnegative solution of

m =ra(r) (m >1). By a(r) > Bor/2 = Br, clearly r,, < y/m/B. Fix n and r.

Case 1. |n| > (r —rpy)?/4.

14



Define the following event:

€= { sup |N,| < M}. (46)

T€[0,¢] 2

For ¢ = 1, on the event & we have |fuin, (0.(1))] < czeI"/2. We can apply (42), since (44)
implies |n| > 4Ny in Case 1. On the complementary event, £, estimate |f,4n, | trivially (by
(const)el+E+2e

B.1.

as in Section 4), and use the exponential estimate for P(£°) from Theorem

Case 2. |n| < (r —rpp)?*/4.
Let F and G be the following events:

fW:{mml&ﬁ%—ﬂélL:ﬂﬂ}, (47)
T€[0,¢] 4
B _ 2
G = { sup |V, < M} (48)
T€[0,¢] 8

Choose again t = 1, and on the event G° use Theorem B.1. On the event F*, use a standard

large deviation estimate for the Bessel process to obtain

P,(F) < (const)e_(comt)(T_”M)2. (49)
On F N G we use the estimate
B2
2

Un(s) = —-(s = rjm))’, (50)

and the fact, that for 0 < n < m we have r,, —r, <./(m —n)/B, to obtain
B? 9
s (er(7)) = 2o =2 51

and by estimating | f.4+n, | again in a trivial way, (45) will follow from (43).

15



Finally, Theorem 2.1 is obtained by summing up the estimate (45) as it was indicated in

(14) (one also has to use the fact that r,) < /|n|/B). For r <1*, one easily obtains (6) from
the boundedness of f by adjusting C}.

In the case of a constant magnetic field, one can estimate the constant, Cy, in the exponent
of the Gaussian decay. We just focus on the two Cases, I. and II., mentioned in Theorem 2.1.

In Case I. one uses exactly the proot above, just one keeps track of the constants given
in (16) and (17). In particular, ¢ ~ |(B — E)/log(B — E)|*, No ~ R(¢)//¢, and ¢y and
cq ~ |log(B — E)|7%

For the proof of Case II. one obtains & ~ b™%, Ny ~ R(¢)/+/z and ¢; ~ (logd)~" in Section
3. Use t = 1/b in Section 4 instead of ¢ = 1; ¢y = ¢3/2 is at least proportional with (logb)™!
and (42) is valid for |n| > (const) Ny (not forgetting that C(¢) and C”(¢) in (41) scale as {=/2).
Finally, we have to use t ~ (logb)/b in the calculation of Section 5; the borderline between
Case 1. and 2. is at |n| < or > b(r — r|,)*/4. To obtain the best result, when we sum up for
all n (as in (14)), we should use (45) with different ¢s and ¢; (obtained from Case 1. and 2.,

respectively) depending on n and r. This concludes the proof of Theorem 2.1. O

6 Example of a non-Gaussian decay

Proof of Theorem 2.2. First we note that the ground state, f, of H is positive in the H-space
representation, i.e. all functions f, are positive. Using Theorem XIII. 44. from [RS], this
follows from the fact that e~ is positivity preserving (on H = @ L*(2nrdr)), which is a
direct consequence of Proposition 2.3 (note that for our potential, given by (10), log(a,'V;.)
is real). One also has to check that the ground state is below the bottom of the essential
spectrum, B := By/2, but this is easy, e.g. by choosing a Gaussian trial function in the zero

angular momentum sector.
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Let

o(m) :=inf{fm<r>: - %\s%} ()

for m > 0. Then Theorem 2.2 is a straightforward consequence of
Lemma 6.1 For any a <1 there exist N and C' > 1 such that for any n > N
a"g(n?) < Cg((n+1)?). (53)

To prove Theorem 2.2 from this Lemma, simply note that for n > 2N

1/2
inf si r, 0 > inf ()2 > 54
IT—n/\/§|S1/\/§( 6’p |f( )|) "~ lr=n/VBI|<1/VB (ngf ( ) ) ( )

> inf 2 (1) = g,2 > ON=ngm*[2g( N2
_Ir—n/ﬁ|§1/¢§f (r) =g 2 a(N")

n 1
—, 0 > —1 inf .0 > 55
F(Z5e0)|) = mten(,_int, o (st 5)
2y _
< log a N log g(N?) —nlog C

- 2 n2 ’

and « is arbitrarily close to 1. O

SO

1 (
— log | sup
n g

Proof of Lemma 6.1. By the Feynman-Kac formula and the positivity of f,’s we have

foan(r) = e EPIEENX () fusnpn (0:(1) % (56)

exp (— [ Wosrpan(eo)) + VoleosDlds + 3 [/ 1og[a;1v_m<gr<s>>]dzv:%)

m#£0
for any event € (a := 3,51 @y as before). Choose ¢ :=1/B and let r € [%, %]

We shall choose £ in a such a way that we could control the various terms in (56) from

below. Let
& = {Ntm =0 forall m, except Nt_/gn_l = N7t = 1}, (57)
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i.e. there is only one jump, this is of size —(2n + 1), before ¢/2, and no jumps between /2

and t. The probability of this event is

t
P(&) = e g,y - = > e M2 9 (58)

t

2

if n is large enough (depending on the decay of |log a,,|/m).
Let

-2 3
Eg:z{n—< <ifor s <

Standard large deviation estimate for the Bessel process shows that P(&;) > (const) > 0.

Now let &€ := & N &, then on the event & the following estimates hold for large n

Unz4n.(0r(s)) < (const)B, (60)

£
log(a=*V_,., (0,(s))dN, > lo ( inf hiu ) . 61
2 J orla Voo ()AN, 2 log | int b (61)

Putting everything into (56) we have
Jgr2(r) 2 C(E,a, B, U)a"g(n?) (62)
with a constant C'(F,a, B,U) if
Lloga < 11 inf  h(u) (63)
—loga < —1lo in u) |,
2 BY =R VB

u>(n+3)

which is satisfied for large enough n, due to the condition on the decay of h. The inequality
(62) is valid for any r € [n/V/B, (n + 2)/v/B], therefore Lemma 6.1 follows. O

Appendices
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A Proof of the generalized Feynman-Kac formula

The ideas and tools for proving Proposition 2.3 is found in [DJS], where Feynman-Kac rep-
resentation is proved for a general Pauli type equation on the direct sum of finitely many
function spaces. There, the diagonal operators were magnetic Laplacians plus potential, the
offdiagonal operators were just multiplications by functions. Our setup is the same (we need
only nonmagnetic Laplacians in the diagonals, since, in our decomposition, the effect of the
magnetic field has already become an effective potential on the angular momentum sectors),
with the only difference that we have infinitely many sectors. The formula (6.3) in [DJS]
cannot be valid for this case, moreover the process N; defined in (6.2) of [DJS] does not exist
since the sum is divergent. Fortunately, a simple renormalization, by introducing decaying
rates a,,, helps.

First we note that (13) is finite a.s. and the right hand side of (12) is well defined (the
infinite sum in the last term can be —oc). Assume first that f € C*(R?), then f.(r) €

C*([0, 00)).
By the semigroup property we only need to show that
d
—|  (RHS. of (12)) = —(H f),. (64)
dt|,_,

Define the stochastic process

{(t) = exp

_‘/Ot (Un-l-Ns(QT(S)) + ‘/O(QT(S)) — Z am) dS—I—

m#£0

b3 [ o (47 VonltoD) dN?] | 65

m#£0

By the Ito-calculus (extended to Poisson processes) we can calculate the following stochastic
differential (see [DJS])

1
or(1)

U 2 00 = €00 [V ronel0) (A0 = ) + FA )+
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+ frtne (0n(1)) {— (Un+Nt(@r( )+ Voler (1) = D am) dt+ 3 lay, (1) = 1]de} +

m#0 m#0
(66)
+(Fusmler(t) = Fulen 1) AN |
Therefore
% _(RHS.of (12)) = LE%EQENE / dlfsn (o (1)ED)] =
Z%Afn() 1) [Uulr) + Vo) = X | + 1)
m#0

+ 30 (@ Ve (r) = D fagmtin + (Fagn (1) = Fu(r)) ] = —(H f)a(r),

m#£0

where we used that EydNM = a,,dt and that dg,(t) — dt/o,(t) is a martingale differential.

If f € L2, then choose a sequence fU) € C*(R?), fW) — f. Clearly e= fl) — =t f
in L%-sense, and by a Schwarz inequality in the path space one sees that the right hand side
of (12), as an L*-function of r, with f replaced by f\@), converges as j — oo. To establish
the validity of (12) for each r, one needs continuity in r on the right hand side (then one
can choose a continuous representative of ¢~ f exactly by (12)). But for a continuous and
bounded f, this just follows from the dominated convergence theorem in the path space.

Remark. Much weaker conditions are probably enough for the validity of Proposition 2.3.
As in the case of the usual Feynman-Kac formula, the potential should likely be required to lie
only in the Kato class for the L?-formula. For the pointwise formula, one needs the smoothing
property of the magnetic heat kernel which has been established in [BHL]. But since this is

not the main point in this paper, we simply assume continuity and boundedness on V.
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B Large deviation estimate for N,

Let {N/"},nez\ (0} be a family of independent Poisson processes with rates a,, := EN{", a,,, =

a_p, such that >->_ ma,, < oco. Consider the process

N; = Z mN;™; (68)
meZ\{0}
this infinite sum converges in L'-sense, therefore N, is finite a.s. Let us denote a := 3-%°_, a,,.
Theorem B.1 Assume that
am < D™ (69)
for some constants D and 6 < 1. Then, for any 0 <n <1, we have
2 X )
P N >n| < ———exp|tD —~ - gt=mn 70
IS A A D
for anyn € N,.
Proof. Let N := Pom>1 MmN N =50 <y mN{", then clearly
P (sup |Ng| > n) < 2P (Nt'" > n) , (71)
s€[0,t]

since Nt and —N; have the same distribution and they are monotone processes. Clearly we
overestimate the tail P(N;” > n) if we increase the rates a,, to D3™, so we can assume that
G = DI™.
By the Poisson law, we have
" (tagy, )
PN =n)=e| oy LU (72
K —o om=r (R
1-|—2k2-|—-|—nkn_n m=1
where the summation goes over all nonnegative integer tuples (k1, k2, ..., k) with 3°,, mk,, =

n. Consider the Laplace transform

pe(x) = iP(N{" =n)x", (73)
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then one easily gets

pe(a) = et D omey 9™ (74)

Now

(75)

Dté
P(NF = n) < 2"pi(x) < a="e" exp (1 ! ;;)

for any @ < 67'. Choose x := §""! and sum up the estimate (75) for all integer > n to get
(70). O
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