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All electro{vacuum Majumdar{Papapetrouspace{times with nonsingular black holesPiotr T. Chru�sciel�D�epartement de Math�ematiquesFacult�e des SciencesParc de GrandmontF37200 Tours, FranceNikolai S. NadirashviliyE. Schr�odinger InstitutePasteurgasse 6/7A 1090 Wien, AustriaFebruary 13, 1995AbstractWe show that all Majumdar{Papapetrou electrovacuum space{timeswith a non{empty black hole region and with a non{singular domain ofouter communications are the standard Majumdar{Papapetrou space{times.1 IntroductionConsider an electrovacuum space{time with a non{empty black hole region Band with an asymptotically 
at spacelike surface � such that @� is a compactmanifold lying in the black hole region. Suppose further that jQj = M , whereQ is the total electric charge as seen from the asymptotically 
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1. On � there is a globally de�ned Killing vector �eld X which is timelike inthe asymptotically 
at region.2. For any p 2 � such that X is timelike there exists a neighbourhood Opthereof and a coordinate system x� 2 
p � R4 such that the gravitationaland electromagnetic �elds take the Israel{Wilson{Perjes [13, 17] form.3. The ADM four{momentum of � is timelike.This leads naturally to the question of classifying space{times with the aboveproperties. To our knowledge no conclusive study of this problem has beendone so far (cf., however, [10] for some remarks related to this issue). In thisletter we wish to settle this question under the supplementary assumption thatthe domain of outer communications is static, i.e., that the twist of the Killingvector �eld vanishes. In that case in the local coordinates discussed above themetric g and the electromagnetic potential A can be written in the Majumdar{Papapetrou (MP) form [15, 16]g = �u�2dt2 + u2(dx2 + dy2 + dz2) ; (1.1)A = u�1dt ; (1.2)with some nowhere vanishing, say positive, function u. Einstein{Maxwell equa-tions read then @u@t = 0 ; @2u@x2 + @2u@y2 + @2u@z2 = 0 : (1.3)A space{time will be called a standard MP space{time if the coordinates x� of(1.1){(1.2) cover the range R � (R3 n f~aig) for a �nite set of points ~ai 2 R3,i = 1; : : : ; I, and if the function u has the formu = 1 + IXi=1 mij~x� ~aij ; (1.4)for some positive constants mi. It has been shown by Hartle and Hawking [10]that every standard MP space{time can be analytically extended to an electro{vacuum space{time with a non{empty black hole region, and with a domain ofouter communication which is non{singular in the sense described below.1 Weshall prove the following:Theorem 1.1 Consider an electro{vacuum space{time (M; g) with a non{emptyblack hole region B. Suppose that there exists in M an asymptotically 
at space-like hypersurface � with compact interior, with boundary @� � B and with1The case in which I = 1 has been considered in [2, Appendix B], where it was pointedout that the scalar F��F�� is unbounded in such space{times if the ~ai's have accumulationpoints. It follows from our analysis below that the case where I = 1 and the ~ai's do nothave accumulation points cannot lead to regular asymptotically 
at space{times in the senseof Theorem 1.1. 2



timelike (non{vanishing) ADM four{momentum. Assume moreover that on theclosure of the domain of outer communication � J( � there exists a Killingvector �eld X with complete orbits di�eomorphic to R, X being timelike inan asymptotic region of �. If (M; g) is locally a MP space{time in the senseof point 2 above, then there exists a subset of � J( � which is isometricallydi�eomorphic to a standard MP space{time.It is clear that all the hypotheses above are necessary in the sense that theyare satis�ed by the standard MP space{times. In section 3 we present anotherversion of Theorem 1.1, and we discuss various ways of modifying the hypothesesabove.One would like to strengthen the conclusion of Theorem 1.1 to concludethat � J( � must be isometrically di�eomorphic to a standard MP space{time. To do that one would need to prove that there are no other extensions ofa standard MP space{time than those constructed by Hartle and Hawking in[10]. This seems to be a di�cult problem, the resolution of which lies outsidethe scope of this paper.The reader will �nd the details of the proof of Theorem 1.1 in Section 2.Here we wish to give a rough outline of the ideas involved. First, one showsthat the local MP coordinate systems can be patched together to a coordinatesystem which covers a set of the formR� (R3 nS), where S is a closed compactsubset ofR3 on which u blows up. This is done by passing to the universal coverand constructing such global coordinates there. By analyzing the properties ofthe resulting space{time one concludes that the initial set had to be simplyconnected to start with. Next one needs to analyze the blow up set S. (Recallthat the blow up set of a harmonic function can have a rather complicatedstructure, e.g. fractal objects can occur.) The claim that S must be a discreteset of points is our main technical result here, proved in Proposition 2.1 below.2 De�nitions and proofBefore passing to the proof of Theorem 1.1 we wish to give a few de�nitions andto make some preliminary remarks. Let � be a spacelike surface in an electro{vacuum space{time (M; g). A set �ext � � will be said to be an asymptotically
at three{end if �ext is di�eomorphic to R3 nB(R), where B(R) is a closed ballof radius R in R3. Moreover we shall ask that in the coordinates induced on�ext by this identi�cation we havejgij � �ijj+ jr@kgij j+ jrKijj+ jA�j+ jrF��j � Cr�� ; (2.1)8Xi 2 R3 C�1P(Xi)2 � gijXiXj � CP(Xi)2 ; (2.2)for some constant C and some � > 0. Here Kij is the extrinsic curvature tensorof �ext. Finally we require that the Killing vector be timelike on �ext. Aspacelike hypersurface � will be said to have compact interior if there exists3



a manifold �int, the closure of which is a compact manifold with boundary,such that � = �int [Ii=1 �ext;i, for some �nite number of asymptotically 
atends �ext;i. Moreover for each i the boundary @�ext;i and some connectedcomponent of @�int are assumed to be identi�ed by a di�eomorphism.Let us mention that if � J( � is globally hyperbolic, then Proposition2.1 of [5] shows that there is no loss of generality in assuming that there isonly one asymptotic end. We shall however not make the assumption of globalhyperbolicity of � J( �.Let us from now on choose one of the asymptotically 
at ends, and to min-imize notation let us use the symbol �ext for the end in question. Consider anelectro{vacuum space{time with an asymptotically 
at end �ext with timelikeADM four{momentum and with a Killing vector X which is timelike on �ext.It follows from [3] that there exists � > 0 such that X�X� < �� for all r � R1for some R1. (We use the signature (�;+;+;+).) If the orbits of X through�ext are complete then by [2, 14, 18, 6] there exists a conformal completionof M satisfying the usual completeness requirements [7]. We can then de�nea black hole region in the standard way [11] as B = M n J�(J( +), a whitehole region as W = M n J+(J( �), and the domain of outer communications as� J( �= M n (B [W). These de�nitions coincide then with those used in [4].Let us now pass to the proof of Theorem 1.1. Consider the set~� = fp 2 � : X(p) is timelikeg : (2.3)If ~� is simply connected, let �� = ~�, otherwise let �� be the universal cover of~�. Note that if �� 6= ~�, then �� will have more than one asymptotically 
at end.Choose one of those ends and, by a slight abuse of notation, call it �ext. De�ne�nally �̂ to be that connected component of �� which contains �ext. We de�neM̂ to be R� �̂ with a metric ĝ de�ned uniquely by the requirements that1. The vector @=@t tangent to the R factor of M̂ is a Killing vector,2. on �̂ � f0g� �̂ the metric and the extrinsic curvature coincide with thoseof the original space{time(cf. e.g. [4, Appendix A, eqs. (A.15){(A.17)] for an explicit construction).On ~� let us de�ne the function u byu�2 � �g��X�X� : (2.4)Consider a sequence pi 2 ~� such that pi ! p 2 @�. By de�nition of ~� eitherp 2 @� or u�2(pi) ! 0. In the former case the arguments of [4, Prop. 3.3]show that u�2(pi)! 0 as well. Let us by an abuse of notation denote by X theKilling vector on M̂ , and by u the corresponding quantity as in (2.4). It followsthat u�2(p)!p!@�̂ 0 : (2.5)4



On M̂ we can de�ne an auxiliary metric h = h��dx�dx� by the equationh�� = u�2(ĝ�� + u2X�X�)� u4X�X� :By hypothesis around every p in �̂ there exists a coordinate system in which ĝtakes the form (1.1). It follows that h is a 
at Lorentzian metric on a neigh-bourhood of �̂, with X being a covariantly constant vector �eld with respect toh. By isometry invariance this must hold throughout M̂ .Choose a point p 2 �ext and let êa, a = 0; : : : ; 3 be a tetrad of vector �eldsat p such that ê0 = X(p). êa should be chosen orthonormal with respect tothe metric h. As M̂ is simply connected and h is 
at it follows that the set ofequations r̂�ea� = 0 ; ea�(p) = êa� ; (2.6)admits a unique solution on M̂ . Here r̂ is the Levi{Civita connection of themetric h. It then follows from simple connectedness of M̂ that the set of equa-tions xa;� = ea� ; x�(p) = 0 ; (2.7)also admits a unique solution on M̂ . The xa's provide a global coordinate systemon M̂ in which g takes the form (1.1). It should be clear that the coordinatesxa take values in R � (R3 n S) for some closed set S � R3. When asymptotic
atness is taken into account in the above construction, it is not too di�cult toshow that S is compact.Following [10], we note thatF��F�� = �2�(@u�1@x )2 + (@u�1@y )2 + (@u�1@y )2� : (2.8)The asymptotic conditions and the interior compactness condition show thatthere exists a constant C such that F��F�� is bounded on M̂ , which in turnsimplies that jgrad u�1j � C1 (2.9)for some constant C1. Here the norm of the gradient refers to the 
at metricon R3. Clearly, u�1 is uniformly Lipschitz continuous on R3 n S.We now claim that S must be a �nite set of points. More precisely, we havethe following:Proposition 2.1 Let S � R3 be closed with 0 62 S and let u be harmonic onR3 n S. Suppose moreover that (2.9) holds. Then S is discrete; in fact, for anyR > 0 we must have #(S \B(R)) < C1Ru(0) + 1 : (2.10)Here C1 is the constant of (2.9). 5



Proof: Let N be the smallest integer larger than or equal to C1Ru(0) + 1and suppose that there exist points x1; : : : ; xN 2 @� \B(R). Set� = infi6=j jxi � xjj : (2.11)Choose any � 2 (0; 1) and consider the functionv(x) = C�11 (1� �) NXi=1 1jx� xij :Let S� denote an �{thickening of S and let x 2 @S�. Let x1 be the point closestto x, we then have jx�x1j � �. Consider now a ballB�=2;x of radius �=2 centeredat x, with � de�ned in (2.11). If x1 2 B�=2;x, then no other point xi can alsobe in B�=2;x, hence for i 6= 1 we must have jxi � xj � �=2. If x1 62 B�=2;x, wemust also have jxi � xj � �=2 for i 6= 1 as x1 was the closest point. This givesthe estimate v���@S� < 1� �C1� + 2 NC1� :By (2.5) the function u�1 vanishes on @S, and the estimate (2.9) shows thatu�1(x) � C1d(x; @S) ;where d(x; @S) denotes the distance from x to @S. It follows thatu���@S� � 1C1� :We thus have, for all � > 0 and � � �0(�) for some �0(�),(u� v)���@S� > 0 : (2.12)On the other hand for large r the function v tends to zero while u tends to 1by asymptotic 
atness, in fact u > 1 by the maximum principle. Hence we alsohave that (u�v)(x) is positive for r(x) large enough. Both u and v are harmonicon R3 n S� and thus, by the maximum principle, we must have u � v > 0 onR3 n S�.Consider now v(0); we clearly havev(0) � N (1� �)C1R :Since � > 0 can be chosen arbitrarily small we conclude thatu(0) � NC1R ;6



that is, u(0) � C1Ru(0) + 1C1R > u(0) ;which gives a contradiction, and (2.10) follows. 2Returning to the proof of Theorem 1.1, as S is compact by construction wecan choose R to be large enough so that S \B(R) = S. This shows that S mustbe a �nite set of points, as claimed. It is now a standard result of potentialtheory that u has the form (1.4).One of the consequences of what has been shown is that M̂ has only oneasymptotically 
at region. Now if the set ~� de�ned by (2.3) had been non{simply connected, then M̂ would have had more than one such region. Weconclude that ~� is simply connected. This together with the assumed propertiesof Killing orbits of X on � J( ��M allows us to identify M̂ with a subset ofM in the obvious way, and Theorem 1.1 follows.3 Some alternative resultsLet us start by pointing out that in Theorem 1.1 the hypothesis of existenceof the spacelike surface � can be replaced by the requirement that there existsa Cauchy surface for � J( � which is a complete Riemannian manifold withrespect to the induced metric, and which has at least one asymptotically 
atend. Note that such a Cauchy surface will not be asymptotically 
at withcompact interior, rather it will have some number of asymptotic ends in whichthe metric is not asymptotically 
at.It might be desirable for some purposes to have a formulation of the resultat hand in which no mention of a black hole is made. There are several reasonsfor that. First note, that the discussion of [9, 8] can be carried through in apurely three{dimensional context, in which no global properties of the resultingdevelopments need to be assumed. In this way one avoids the rather di�cultquestion of existence of a development with a su�ciently regular conformalcompletion. Next, after having assumed that there exists a Killing vector �eldon � J( � one would still need to establish completeness of the orbits thereof(the completeness of the Killing orbits does not a fortiori follow from the resultsof [1] under the hypotheses made here). All these issues can be avoided in aCauchy data setting if one is willing to replace the condition that @� be a subsetof the black hole region by the requirement that X becomes null, or perhapsvanishes, on @�. More precisely, we have the following:Theorem 3.1 Consider an electro{vacuum space{time (M; g) and suppose thatthere exists in M an asymptotically 
at spacelike hypersurface � with compactinterior, with non{empty boundary @� and with timelike (non{vanishing) ADMfour{momentum. Assume moreover that there exists a Killing vector �eld Xde�ned in a neighbourhood of �, X being timelike in an asymptotic region of7



� and null (perhaps vanishing) on @�. If (M; g) is locally a MP space{time inthe sense of point 2 of Section 1, then there exists a neighbourhood of �̂ whichis isometrically di�eomorphic to a subset of a standard MP space{time. Here�̂ is de�ned as that connected component of fp 2 � : X� is timelikeg whichintersects the asymptotically 
at region.The proof of Theorem 3.1 is a somewhat simpler version of the proof ofTheorem 1.1.4 Closing remarksRecall now that while static electrovacuum black holes with non{degeneratehorizons are well understood (cf. [12] and references therein), those which con-tain degenerate horizons have so far elluded any attempts for systematic classi-�cation. We hope that the results of [9, 8, 19] together with our paper providea step in this direction. A complete classi�cation could be achieved if one couldprove that the existence of some component of the horizon which is degenerateimplies M = jQj. Unfortunately, it seems that even in the case of a connecteddegenerate horizon in a static electro{vacuum black hole space{time such anequality has not been established so far.AcknowledgementsWe are grateful to the Schr�odinger Institute in Viennafor hospitality during work on this paper, and to R. Beig for useful commentsabout the presentation of our results.References[1] P.T. Chru�sciel, On completeness of orbits of Killing vector �elds, gr{qc/9304029, Class. Quantum Grav. 10 (1993), 2091{2101.[2] |, \No Hair" Theorems { Folklore, Conjectures, Results, gr{qc/9402032,Proceedings of the Joint AMS/CMS Conference on Mathematical Physicsand Di�erential Geometry, August 1993, Vancouver, J. Beem, K.L. Duggal,eds, Cont. Math. 170 (1994), 23{49.[3] |, R. Beig, On Killing vectors in asymptotically 
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