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Abstract

The aim of this paper and its prequel is to introduce and classify the irreducible holonomy

algebras of the projective Tractor connection. This is achieved through the construction of a

‘projective cone’, a Ricci-flat manifold one dimension higher whose affine holonomy is equal

to the Tractor holonomy of the underlying manifold. This paper uses the result to enable the

construction of manifolds with each possible holonomy algebra.

1 Introduction

The aim of this paper is to continue the project started in [Arm1], that of classifying the holonomy
algebras of various parabolic geometries. Papers [Arm1] and [ArLe] study conformal holonomies, this
one and its predecessor [Arm2] are interested in projective ones. Recall that a projective structure
is given by the (unparametrised) geodesics of any affine connection.

In the previous paper [Arm2], after defining projective structures and introducing the Cartan and
Tractor connections, we studied the consequences of reduced projective Tractor holonomy. We found
that reducibility on the Tractor bundle T gave us a foliation of the manifold by Ricci-flat leaves,
then showed that the existence of symplectic, complex, hyper-complex and orthogonal structures on
the Tractor bundle imply that the underlying manifold is projectively contact, is Einstein, covers a
complex space and covers a quaternionic space, respectively. Holonomies of type su, for instance,
correspond to projectively Sasaki-Einstein manifolds. These are not equivalences, however, except
in the projectively Einstein case. Table 1 gives the list of algebras of projectively Einstein manifolds.
Table 2 gives the remaining projective holonomy algebras.

To arrive at these lists, we start by constructing the projective cone: a cone manifold of dimension
n+1 with an affine connection whose holonomy is isomorphic with that of the Tractor connection of
the underlying manifold. This connection is Ricci-flat and torsion-free; thus we may appeal to paper
[Arm3] which, building on [MeSc1], gives all possible reductive holonomies for Ricci-flat torsion-free
affine connections, and use various tricks and theorems to construct either Ricci-flat cones with the
required holonomies, or projective manifolds with the required properties.

These constructions are long and technical, and generate little new mathematics; however they
are needed to complete the lists, and a few are interesting in their own rights; the fact that the
existence of sl(C) type holonomies are much easier to establish than sl(R) types is intriguing. Some
low-dimensional cases resist the general treatments; these are dealt with individually at the end the
paper. Indeed a few Ricci-flat holonomies cannot correspond to Ricci-flat cones at all.

The author would like to thank Dr. Nigel Hitchin, under whose supervision and inspiration this
paper was initially crafted, and the Erwin Schrdinger Institute of Vienna, who supported and helped
the author while this paper was being finalised. This paper is initially based on a section of the
author’s Thesis [Arm4].
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1 Introduction

algebra g representation V restrictions algebra g representation V

so(p, q) R(p,q) p + q ≥ 5 g̃2 R(4,3)

so(n, C) C(p,q) n ≥ 5 g2(C) C7

su(p, q) C(p,q) p + q ≥ 3 spin(7) R8

sp(p, q) H(p,q) p + q ≥ 2 spin(4, 3) R(4,4)

g2 R7 spin(7, C) C8

Table 1: Projectively (and Conformally) Einstein Holonomy algebras

algebra g representation V restrictions manifold (local) properties

sl(n, R) Rn n ≥ 3 Generic

sl(n, C) C
n n ≥ 3 U(1)-bundle over a complex manifold

sl(n, H) Hn n ≥ 2 Sp(1, H)-bundle over a quaternionic manifold

sp(2n, R) R2n n ≥ 2 Contact manifold

sp(2n, C) C2n n ≥ 2 Contact manifold over a complex manifold

Table 2: Projectively non-Einstein Holonomy algebras
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3 Cone construction

2 Previous results

In the previous paper [Arm2], we established that the Tractor bundle T is of rank n + 1, and a
choice of preferred connection – a torsion-free connection preserving the projective structure – gives
a splitting

T = T [µ]⊕ Lµ

where µ = n
n+1 , Lµ is the weight bundle (∧nT ∗)

µ
−n and T [µ] = T ⊗ Lµ. The preferred connection

∇ acts on Lµ and generates the rho-curvature P and the Weyl tensor W

Phj = −
n

n2 − 1
Richj −

1

n2 − 1
Ricjh, (1)

R k
hj l = W k

hj l + Phlδ
k
j + Phjδ

k
l − Pjlδ

k
h − Pjhδk

l . (2)

The Tractor connection
−→
∇ is given in this splitting by

−→
∇X = ∇X +X +P(X), or, more explicitly,

−→
∇X

(
Y
a

)
=

(
∇XY + Xa

∇Xa + P(X, Y )

)
.

The curvature of
−→
∇ is then

R
−→
∇
X,Y =




0
W (X, Y )
CY (X, Y )


 , (3)

where CY is the Cotton-York tensor

CYhjk = ∇hPjk −∇jPhk.

3 Cone construction

This section will present the main result of this paper: the projective cone construction and its
complex analogue. This construction has appeared before in the litterature, such as in Fox’s paper
[Fox] which attributed it to T. Y. Thomas [Tho], as well as in the author’s thesis [Arm4].

First notice that vector line-bundle L−µ has a principal R+-bundle – the quotient of the full
frame bundle of T by the action of the simple piece SL(n, R) ⊂ GL(n, R). Call this principal bundle
C(M), the cone over M . Let π be the projection π : C(M) → M and Q the vector field on C(M)
generated by the action of R+. The main result of this section is:

Theorem 3.1. If (M,
−→
∇) is a projective manifold, then there exists a torsion-free Ricci-flat affine

connection ∇̂ on C(M), which has the same holonomy as
−→
∇.

This construction bears similarities to the conformal ambient metric construction presented in
[FeHi] and [CaGo]; however, instead of using a metric, we shall use the P-tensor, and will not be
extending the cone into a second dimension. The rest of this section will be dedicated to proving
this.

Fix a preferred connection ∇; this defines not only a splitting of T , but also, because it is a
connection on Lµ, an R+-invariant splitting of the projection sequence

0 −→ R
+ −→ TC(M)

dπ
−→ TM −→ 0.
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3 Cone construction

For the rest of this section, let X, Y and Z be sections of TM ⊂ TC(M). Then define the connection

∇̂ by

∇̂Q = Id,

∇̂QY = Y,

∇̂XY = ∇XY + P(X, Y )Q.

Proposition 3.2. ∇̂ is torsion-free, Ricci-flat and projectively invariant.

Proof. See [Fox] or [Arm4]. �

Remark. One can reconstruct any preferred connections from the cone connection via the follow-
ing method: given a Q-invariant splitting of TC(M), one has a connection ∇ on T ⊂ TC(M) by

projecting ∇̂ along Q. In other words

∇XY = π∗(∇̂XY ).

And, of course, ∇ is the preferred connection corresponding to our chosen splitting of TC(M).

Remark. Two such splittings will differ via

X → X′ = X + Υ(X)Q

for some one-form Υ on M . This is the origin of the fact that two preferred connections differ by
the action of a one-form Υ.

Lemma 3.3. Let φ and φ′ be two paths in C(M) with identical endpoints such that

π(φ) = π(φ′).

Then the holonomy transforms of ∇̂ along φ and φ′ are the same.

Proof of Lemma. Let X + aQ be a vector field, parallel transported along φ,

∇̂φ̇(X + aQ) = 0.

Now there is a (local) invariant extension of X +aQ in the direction of the cone, e−q(X +aQ) where
q is a local coordinate, q = 0 (locally) along φ and Q(q) = 1. Consequently,

∇̂Q(e−q(X + aQ)) = 0,

and

∇̂Y (e−q(X + aQ)) = e−q∇̂Y (X + aQ),

so since φ̇′ = φ̇ + bQ for some function b,

∇̂φ̇′(e
−q(X + aQ)) = e−q∇̂φ̇(X + aQ) + b∇̂Q(e−q(X + aQ))

= 0.

Then since q = 0 locally at both endpoints of φ and φ′, the result is proved. �

To complete this section and give a point to it all, one has to show the final result:
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3 Cone construction 3.1. Complex projective structures

Theorem 3.4. Differentiating T along T via
−→
∇ or differentiating TC(M) along T ⊂ TC(M) via ∇̂

is an isomorphic operation.

Proof. A section s of Lµ is isomorphic with a R+-equivariant function C(M) → R. In our case, we
require that

Q(s) = µs.

Then we may identify (sY, s) ∈ Γ(T ) with (sY, sQ) ∈ Γ(TC(M)). Under this identification it is clear
that

−→
∇X(sY, s) ∼= ∇̂X(sY, sQ).

�

As a simple consequence of this and Lemma 3.3,

Corollary 3.5.
−→
∇ and ∇̂ have same holonomy.

So in order to classify holonomy groups of
−→
∇, one has to look at those groups that can arise as

the affine holonomy groups of Ricci-flat cones. By an abuse of notation, so as not to clutter up with
too many connection symbols, we will also designate ∇̂ with the symbol

−→
∇.

Note that if a preferred connection ∇ is Einstein, the projective cone construction is the same
as the conformal Einstein cone construction of [Arm1]. In that case the conformal P

co is half of the
projective P, and the two cone connections are isomorphic. In this way, by classifying projective
Tractor holonomy groups, we shall also classify conformal Tractor holonomy groups for conformally
Einstein structures.

3.1 Complex projective structures

Let M2n+1 be a projective manifold with a complex structure J on T – hence on the cone C(M).

Assume that
−→
∇ is R-invariant, where R = JQ.

Lemma 3.6. Being R-invariant is equivalent to the disappearance of all curvature terms involving

R.

Proof of Lemma.
−→
R−,−R = 0 by definition. Now let X and Y be vector fields commuting with

R. Then

−→
RR,XY = (∇R∇X −∇X∇R)Y

= [R,∇XY ].

And that expression being zero is precisely what it means for ∇ to be R invariant. �

Then we may divide out C(M) by the action of Q and R to get a manifold N . Call this projection
Π : C(M) → N . Notice that Π factors through M :

C(M) −→ M −→ N.

This makes C(M) into an ambient construction for the complex projective structure detailled in

[Arm2]. In brief, N has a well-defined complex strcuture JN , and a host of preferred connections ∇̃
that preserve generalised complex geodesics on N .

We then define the complex cone connection CC(N) to be C(M). The point of this is:
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3 Cone construction 3.1. Complex projective structures

Theorem 3.7. By looking at all possible (C(M),
−→
∇, J) that are R-invariant, one generates all pos-

sible complex projective manifolds N . Moreover, M can be reconstructed from N .

Proof. To prove this, we shall construct a complex cone CC(N) for any complex projective manifold
N . Then M comes directly from dividing CC(N) by the action of Q.

Given a N with a complex projective structure, choose a preferred connection ∇̃; for simplicity’s
sake, let ∇̃ be a preferred connection that preserves a complex volume form. The formulas work for
all ∇̃, but we won’t need that level of generality. Paper [Arm2] defines the complex rho-tensor P

C.

Then let CC(N) = R2 × N , and let Q and R be the vectors in the direction of R2. Extend JN

by defining JQ = R, and define the connection
−→
∇ as

−→
∇Q = Id,
−→
∇R = J,

−→
∇XY = ∇̃XY + P

C(X, Y )Q − P
C(X, JY )R,

and defining the rest of the terms by torsion-freeness. Then
−→
∇ obviously preserves J , and, as in the

real projective case,

Lemma 3.8.
−→
∇ is Ricci-flat.

Proof of Lemma. Let X, Y and Z be sections of H . The only non-zero components of the
curvature of

−→
∇ is

−→
RX,Y Z =

−→
∇X

−→
∇Y Z −

−→
∇Y

−→
∇XZ −

−→
∇ [X,Y ]Z

= R̃X,Y Z

+P
C(Y, Z)X − P

C(X, Z)Y

−P
C(Y, JZ)JX + P

C(X, JZ)JY

+(∇XP
C)(Y, Z)Q − (∇Y P

C)(X, Z)Q

−(∇XP
C)(Y, JZ)R + (∇Y P

C)(X, JZ)R.

Most of these terms will disappear upon taking the Ricci trace. In fact

−→
Ric(X, Y ) = R̃ic(X, Y ) − P

C(X, Z) + 2nP
C(X, Z) + P

C(JX, JZ)

= R̃ic(X, Z) + (2n − 2)PC(X, Z)

= 0.

and all other Ricci terms are evidently zero. �

One may then define the manifold M by dividing out CC(N) out by the action of Q. Since CC(N)

is a real cone – as
−→
∇Q = Id – this generates a real projective structure on M . �

This real projective structure is R-invariant, and generates the original complex projective struc-
ture on N . This demonstrates that

Proposition 3.9. The above construction of CC(N) is independent of the choice of ∇̃.

Notice that if a preferred connection ∇̃ is holomorphic, then the whole construction is just the
complexification of the real case.
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4 Realisation of holonomy groups

Remark. One may say that a general ∇̃ connection gives splittings of TC(M) and TM . If ∇̃
preserves a complex volume form up to real multiplication, then the second splitting comes in fact
from a section N → M . If ∇̃ preserves a complex volume form up to complex multiplication, then
the first splitting comes from a section M → C(M). And if, as in the example we’ve dealt with, ∇̃
preserves both, then everything is generated by an overall section N → C(M).

Remark. In terms of splittings of TC(M) ∼= TCC(N), a splitting TN ⊂ TCC(N)given by a preferred

connection ∇̃ on N extends to a splitting TM ⊂ TC(M) by simply defining

TM = TN ⊕ R(R).

The connection corresponding to this splitting is ∇, the J-preferred connection that generated ∇̃ in
the first place [Arm2].

Paper [PPS] details what is actually a quaternionic projective structure, with a hypercomplex
cone construction. See the later Section 4.5 for more details.

4 Realisation of holonomy groups

4.1 Ricci-flat holonomies

In this section, we will use the list of irreducible holonomies of torsion-free Ricci-flat connections, as
established in [Arm3], by building on the general torsion-free lists established by [MeSc1].

Proposition 4.1. Let g be a holonomy algebra acting irreducibly on the tangent space. If there

exists a torsion-free Ricci-flat connection with holonomy g, then apart from a few low dimensional

exceptions, there exists a projective cone with holonomy g.

It is fortunate for our classification result that this is the case, that the holonomy algebra is not
an invariant restrictive enough to rule out the cone construction in general.

The list of holonomy algebras permitted by [Arm3] is:

algebra g representation V algebra g representation V

so(p, q) R(p,q), p + q ≥ 3 spin(3, 4)∗ R(4,4)

so(n, C) Cn, n ≥ 3 spin(7, C)∗ C7

su(p, q)∗ C
(p,q), p + q ≥ 3 sl(n, R) R

n, n ≥ 2

sp(p, q)∗ H(p,q), p + q ≥ 2 sl(n, C) Cn, n ≥ 1

g∗2 R7 sl(n, H)∗ Hn, n ≥ 1

g̃∗2 R(3,4) sp(2n, R) R2n, n ≥ 2

g2(C)∗ C7 sp(2n, C) C2n, n ≥ 2

spin(7)∗ R8
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4 Realisation of holonomy groups 4.2. Orthogonal holonomy

Algebras whose associated connections must be Ricci-flat have been marked with a star.

Remark. Most constructions in this section will be done by taking the direct product of projective
manifolds with known properties. The crux of these ideas is to exploit the fact that projective
structures do not respect the taking of direct products: we shall construct examples with maximal
Tractor holonomy from the direct product of projectively flat, non-flat manifolds.

4.2 Orthogonal holonomy

The bulk of the work, like the bulk of the possible holonomy groups, lie in this section. We shall
construct projective cones for the first ten holonomy algebras.

We will use two approaches: either constructing a projective manifold whose Tractor connection
has the holonomy we need, or directly building a projective cone with the required holonomy (and
the underlying projective manifold would then emerge by projecting along the cone direction).

4.2.1 Full orthogonal holonomy

Here we aim to show that there exist projective manifolds with full so(p, q) holonomy algebras. The
main theorem is:

Theorem 4.2. Let (Mm,∇M) and (Nn,∇N) be projectively-flat Einstein manifolds, with non-zero

Ricci-curvature. Then (C,∇) = (M × N,∇M ×∇N) has full orthogonal holonomy.

Proof. Since M is projectively flat, it has vanishing projective Weyl tensor; since it is Einstein, it
has symmetric Ricci and rho tensors. Consequently the full curvature of ∇M is given by Equation
(2):

(RM ) k
hj l =

1

1 − m

(
Ric

M
hl (δ

M )k
j − Ric

M
jl (δM )k

h

)
,

with a similar result for ∇N . Consequently the full curvature of ∇ is

R k
hj l = (RM ) k

hj l + (RN ) k
hj l,

and its Ricci curvature is

Ricjl = Ric
M
jl + Ric

N
jl .

Thus the rho tensor of ∇ is

Pjl =
1

1 − m − n

(
(1 − m)PM

jl + (1 − n)PN
jl).

In other words, the projective Weyl tensor of (C,∇) is

(RM ) k
hj l + (RN ) k

hj l −
(
Phlδ

k
j − Pjlδ

k
h

)

= (4)
1

1−m
Ric

M
hl (δ

M )k
j + 1

1−n
Ric

N
hl(δ

N )k
j − 1

(1−m−n)

(
Ric

M
hl + Ric

N
hl

)
δk
j

minus the corresponding term with h and j commuted. The Cotton-York tensor vanishes, as
∇Ric

M = ∇Ric
N = 0. This expression therefore contains the full curvature of the Tractor con-

nection
−→
∇. Given the splitting defined by ∇,

A = T ∗ ⊕ gl(T ) ⊕ T,
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4 Realisation of holonomy groups 4.2. Orthogonal holonomy

we may start computing the central (0,
−→
hol0, 0) ⊂

−→
hol term, by the use of the Ambrose-Singer Theorem

[KoNo] on the Weyl tensor W . Because ∇ itself is Einstein (metric Ric
M +Ric

N , Einstein coefficient

one), we know that
−→
hol0 ⊂ so(Ric

M + Ric
N). Then let

µ1 =
1

1 − m
−

1

1 − m− n
=

−n

(1 − m)(1 − m − n)

µ2 =
1

1 − n
−

1

1 − m − n
=

−m

(1 − n)(1 − m − n)
.

Then if X, Y are sections of TM ,

W (X, Y ) = µ1Ric
M (X,−)Y − µ1Ric

M (Y,−)X.

Thus
−→
hol0 must contain so(Ric

M ). Similarly for so(Ric
N). These terms lie diagonally inside the

maximal bundle:
(

so(Ric
M ) 0

0 so(Ric
M )

)
.

The upper-right and lower-left components are isomorphic, as representations of so(Ric
M )⊕so(Ric

N ),
to Rn ⊗ Rm and Rm ⊗ Rn, respectively. They are both irreducible as representations, being tensor
products of irreducible representations of distinct algebras. Consequently, decomposing so(Ric

M +
Ric

N ) as a representation of so(Ric
M ) ⊕ so(Ric

N), one sees that

−→
hol0 = so(Ric

M ) ⊕ so(Ric
N ) or

−→
hol0 = so(Ric

M + Ric
N ),

To show that we are in the second case, one merely needs to consider, for X ∈ Γ(TM ), A ∈ Γ(TN ),

W (X, Y ) =
−1

1 − m − n

(
Ric

M (X,−)A − Ric
N (A,−)X

)
,

evidently not an element of so(Ric
M ) ⊕ so(Ric

N).

Since ∇ is Einstein, it must preserve a volume form ν , and we know that
−→
∇ preserves a metric

h = Ric
M + Ric

N − ν2 on T . The algebra so(h) decomposes as so(Ric
M + Ric

N ) ⊕ T in terms of
the action of so(Ric

M + Ric
N ); the Lie bracket on so(h) is given by the natural action of the first

component on the latter. Consequently, as before,

−→
hol = so(Ric

M + Ric
N) or

−→
hol = so(h).

To show the latter, we turn to infinitesimal holonomy. Since ∇ annihilates both Ricci tensors, we
have the expression, for X, Y, Z now sections of T :

−→
∇(0, W, 0)(X; Y, Z) = (W (Y, Z)P(X), 0, W (Y, Z)X).

And one may evidently choose X, Y, Z to make that last expression non-zero. �

Now we need to find projectively flat manifolds with the required properties. To do so, we define
the quadrics

S(s,t)(a) = {x ∈ R
(s,t)|g(x, x) = a}. (5)

The standard spheres are included in this picture as Sn = S(n+1,0)(1). We may assume a > 0, as
S(s,t)(a) = S(t,s)(−a).
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4 Realisation of holonomy groups 4.2. Orthogonal holonomy

Now S(s,t)(a) is an Einstein manifold with a metric of signature (s − 1, t) and positive Einstein
coefficient. The S(s,t)(a) are also projectively flat. Using them, we may construct manifolds of
dimension ≥ 4 with orthogonal holonomy of signature (a, b + 1) for any non-negative integers a and
b. However, since orthogonal holonomy with signature (a, b + 1) is equivalent to signature (b + 1, a),
we actually have all the orthogonal holonomy algebras in dimension ≥ 4.

Consequently
(
g, V

)
∼=
(
so(p, q), R

(p,q), p + q ≥ 5
)
,

are possible projective holonomy algebras.

Theorem 4.3. Let (M2m,∇M) and (N2n,∇N) be C-projectively-flat complex Einstein manifolds,

with non-zero Ricci-curvature, which is moreover symmetric under the complex structure. Then

(H,∇) = (M × N,∇M ×∇N) has full orthogonal C-projective holonomy.

Proof. In this case,

P
C

M =
1

2(1 − m)
Ric

M

P
C

N =
1

2(1 − n)
Ric

N .

Now ∇ = ∇N ×∇M has Ricci tensor Ric
N + Ric

M , a symmetric and C-linear tensor; thus ∇ must
preserve a complex volume form ν . Then the C-projective holonomy of M × N must preserve the
complex metric P

C

M + P
C

N − ν2. Moreover,

(RM) k
hj l =

1

(1 − m)

(
Ric

M
hl ⊗C (δM )k

j − Ric
M
jl ⊗C (δM )k

h

)
,

and similarly for N . With these observations, the proof then proceeds in exactly the same way as
in the real case. �

To construct such manifolds, one takes the complex versions of the quadrics in the previous
argument, and their direct product as before.

By the previous results of Theorem 3.7 any C-projective manifold M × N with C-projective
holonomy algebra

−→
hol corresponds to a real projective manifold one dimension higher, with

−→
hol as

(real) projective holonomy algebra.

Consequently
(
g, V

)
∼=
(
so(n, C), C

n, n ≥ 5
)
,

are possible projective holonomy algebras.

4.2.2 su holonomies

When we talk of a manifold with Tractor holonomy su(p, q), we are talking about, by definition,
a projectively Einstein manifold whose metric cone is Ricci-flat and has holonomy su(p, q). In
other words this is a Sasaki-Einstein manifold. The existence of Sasaki-Einstein manifolds has been
addressed in [BFGK] and [Boh] as well as [BGN]; an adapted proof can also be found in [Arm4],
giving all metric signatures needed.

Consequently
(
g, V

)
∼=
(
su(m, n), C

(m,n), m + n ≥ 3
)
,

are possible projective holonomy algebras.
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4 Realisation of holonomy groups 4.3. Full holonomy

4.2.3 sp holonomies

When we talk of a manifold with Tractor holonomy sp(p, q), we are talking about, by definition, a
projectively Einstein manifold whose metric cone is Ricci-flat and has holonomy sp(p, q). In other
words this is a 3-Sasaki manifold.

The proof of this is similar to the su case, except that one uses N , an Einstein Quaternionic-
Kähler, as the base manifold, and M is a principal SU(2) ∼= Sp(1) bundle.

Consequently

(
g, V

)
∼=
(
sp(m, n), H

(m,n), m + n ≥ 3
)
,

are possible projective holonomy algebras.

4.2.4 Exceptional holonomies

Bryant [Bry] constructs manifolds with exceptional holonomy as cones on other manifolds. All
manifolds with exceptional holonomy are Ricci-flat, so these are Ricci-flat cones by definition.

In [Bry], Bryant shows that the real cone on SU(3)/T 2 has holonomy G2 and the real cone on

SU(2, 1)/T 2 has holonomy G̃2. Moreover the complex cone on SL(3, C)/T 2
C

has holonomy GC
2 ; this

corresponds to SL(3, C)/T 2
C

having C-projective holonomy GC
2 . And, of course, this implies that

there exists a manifold one dimension higher – hence of dimension 15 – with real projective holonomy
GC

2 .

Similarly the cone on SO(5)/SO(3) has holonomy Spin(7). The other Spin(7) cases weren’t
dealt with in the paper, but one can extend the arguments there to show that the real cone on
SO(3, 2)/SO(2, 1) has holonomy Spin(3, 4) and that the complex cone on SO(5, C)/SO(3, C) has
holonomy Spin(7, C).

4.3 Full holonomy

Here we aim to show that there exist projective manifolds with full sl(n, R) holonomy algebras. The
main theorem is:

Theorem 4.4. Let (Mm,∇M) and (Nn,∇N) be projectively-flat manifolds, non-Einstein but with

non-degenerate symmetric Ricci tensors. Then (C = M × N,∇ = ∇M × ∇N) has full holonomy

sl(n + m, R).

Proof. This proof is initially modelled on that of the existence of full orthogonal holonomy in The-
orem 4.2. But first we need:

Lemma 4.5. The Cotton-York tensor of ∇ vanishes.

Proof of Lemma. Both manifolds are projectively flat, so have no Tractor curvature. Since the
Tractor curvature includes their Cotton-York tensor (Equation (3)), this last must vanish. So if X
and Y are sections of TM , X′ and Y ′ sections of TN ,

(∇XRic
M )(Y,−) = (∇Y Ric

M )(X,−)

(∇X′Ric
N )(Y ′,−) = (∇Y ′Ric

N)(X′,−).

11



4 Realisation of holonomy groups 4.3. Full holonomy

Then since Ric
M is covariantly constant in the N direction (and vice versa),

0 = (∇X′Ric
M )(Y,−) = (∇Y Ric

M )(X′,−)

0 = (∇X′Ric
N)(Y,−) = (∇Y Ric

N)(X′,−).

Consequently the Cotton-York tensor of (C,∇) vanishes. �

Exactly as in Theorem 4.2, there exists a summand h = so(Ric
M + Ric

N) ⊂
−→
hol0. Under the

action of h, the bundle sl(T ) splits as

sl(T ) = h ⊕⊙2
0TC ⊕ TC ⊕ TC∗ ⊕ R.

Here the bundles TC and TC∗ are isomorphic as representations of h.

Now using infinitesimal holonomy, we consider the first derivative:

−→
∇




0
W
0


 (X; Y, Z) =




W (Y, Z)P(X)
(∇XW )(Y, Z)

W (Y, Z)X


 . (6)

Let X and Y be sections of TM , Z a section of TN . Then Equation (4) implies that the central
term is

(∇XW )(Y, Z) =
−1

1 − m − n
(∇XRic)(Y,−)Z.

Since M is non-Einstein, there must exist X and Y such that this term in non-zero. This term is
evidently not a section of h, so

h ⊕⊙2
0TC = sl(TC) ⊂

−→
hol.

Now sl(TC) does distinguish between TC and TC∗; thus looking at Equation (6), we can see that

T ⊕ T ∗ ⊂
−→
hol0. Then the last R term is generated by the Lie bracket between TC and TC∗, so

−→
hol = sl(T ).

�

We now need to show the existence of such manifolds; in order to do that, we have

Proposition 4.6. There exist manifolds with the conditions of Theorem 4.4.

Proof. Consider Rn, with standard coordinates xl and frame Xl = ∂
∂xl and let ∇′ be the standard

flat connection on N . Using a one form Υ, the connection changes to

∇XY = ∇′
XY + Υ(X)Y + Υ(Y )X.

Similarly, since ∇′ is Ricci-flat, the rho-tensor of ∇ is, by paper [Arm2],

Phj = −∇′
jΥh +

1

2
Υ2

hj .

Now if we choose Υ = dx1 +
∑

l xldxl, the tensor P is given by

P =
∑

l

(xldx1 ⊙ dxl − dxl ⊙ dxl) + O(2)

12



4 Realisation of holonomy groups 4.4. Complex holonomy

This is non-degenerate at the origin. Since Υ = dx1 + O(1),

∇X1X2 = X2 + O(1)

and

(∇X1P)(X2, X2) = X1 · P(X2, X2) − P(∇X1X2, X2) − P(X2,∇X1X2)

= 0 − 2P(X2, X2)

= −2 + O(1).

So ∇ is non-Einstein at the origin. Since being non-degenerate and non-Einstein are open conditions,
there exists a neighbourhood of the origin with both these properties. Define this to be N . One
needs lastly to see that P (and thus Ric) is symmetric – equivalently, that ∇ preserves a volume
form. One can either see it directly by the formula for P, or one can observe that since ∇′ preserves
a volume form, the preferred connection ∇ preserves one if and only if Υ is closed. But this is
immediate since

Υ = d

(
x1 +

∑

l

x2
l

2

)
.

�

Consequently

(
g, V

)
∼=
(
sl(n, R), R

n, n ≥ 5
)
,

are possible projective holonomy algebras.

4.4 Complex holonomy

To show that one has full complex holonomy is actually simpler than in the real case. The crucial
theorem is:

Theorem 4.7. Let (M2m,∇M) and (N2n,∇N) be C-projectively-flat manifolds, both Einstein, with

non-degenerate Ricci tensors. Assume further that Ric
M is C-linear while Ric

N is C-hermitian.

Then (C = M × N,∇ = ∇M ×∇N) has full complex holonomy sl(n + m, C).

Proof. In this case,

P
C

M =
1

2(1 − m)
Ric

M

P
C

N =
1

2(−1 − n)
Ric

N .

Consequently the curvature tensors of ∇M and ∇N are given, according to [Arm2], by

(RM ) k
hj l = −1

m−1

(
Ric

M
hl ⊗C (δM )k

j − Ric
M
jl ⊗C (δM )k

h

)

(RN ) k
hj l = −1

n+1

(
Ric

N
hl ⊗C (δM )k

j − Ric
N
jl ⊗C (δM )k

h

+Ric
N
hj ⊗C δk

l − Ric
N
jh ⊗C δk

l

)
.

13



4 Realisation of holonomy groups 4.4. Complex holonomy

As usual, the complex Cotton-York tensor is zero, meaning the full curvature of the Tractor connec-
tion is contained in the Weyl tensor. We aim to calculate the C-projective holonomy of C. From
now on, any implicit tensor product is taken to be complex. Then as in the proof of Theorem 4.2,
it is easy to see that if X, Y ∈ Γ(TM ′),

W (X, Y ) = µ1Ric
M (X,−)Y − µ1Ric

M (Y,−)X.

Alternatively, if X, Y ∈ Γ(TN ′),

W (X, Y ) = µ3Ric
N (X,−)Y − µ3Ric

N (Y,−)X

+µ3

(
Ric

N(X, Y ) − Ric
N(Y, X)

)
,

where

µ3 =
1

m + n + 1
−

1

n + 1
.

Consequently, we can see that

so(Ric
M ) ⊕ u(Ric

N ) ⊂
−→
hol0 ⊂

−→
hol.

Where
−→
hol0 is the gl(TC ′) component of

−→
hol, the C-projective holonomy algebra of C. Now under

the action of so(Ric
M) ⊕ u(Ric

N ), gl(TC ′) splits as

gl(TCC) =

(
so(Ric

M) ⊕⊙2
0TMC ⊕ C A

B u(Ric
N) ⊕ iu(Ric

N)

)
.

Here A = TM ′ ⊗C (TN ′)∗ and B = (TM ′)∗ ⊗C TN
′

. These are irreducible, but not isomorphic
representations of so(Ric

M )⊕ u(Ric
N ), because of the action u(Ric

N). Now if X is a section of TM ′

and Y is a section of TN ′,

W (X, Y ) =
Ric

M(X,−)Y

m + n − 1
−

Ric
N(Y,−)X

m + n + 1
,

an element of A ⊕ B that is neither in A nor in B. Consequently A ⊕ B ⊂
−→
hol0. But the span of

A ⊕ B under the Lie bracket is the full algebra sl(TC ′). So

sl(TC ′) ⊕ iR ⊂
−→
hol0.

Let h = sl(TC ′) ⊕ iR. Under the action of h, the full algebra sl(T , C) splits as

sl(T , C) = h ⊕ TC ′ ⊕ (TC ′)∗ ⊕ R.

Lemma 4.8. h⊕ TC ′ ⊕ (TC ′)∗ ⊂
−→
hol

Proof of Lemma. This is the standard argument, involving infinitesimal holonomy. TC ′ and
(TC ′)∗ are irreducible non-isomorphic representations of h. Then

−→
∇(0, W, 0)(X; Y, Z) = (W (Y, Z)PC(X), 0, W (Y, Z)X).

Consequently TC ′ ⊕ (TC ′)∗ ⊂
−→
hol. �

To end the proof, notice that you can generate the final R term by taking the Lie bracket on
TC ′ ⊕ (TC ′)∗. So

−→
hol = sl(T , C).

�
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4 Realisation of holonomy groups 4.5. Quaternionic holonomy

To construct an explicit example of the previous, it suffices to take M as a complex version of
the quadrics of Equation (5), and N to be the (Einstein-Kähler) projective plane. As a consequence
of this, we have manifolds with full C-projective holonomy, which corresponds, by Theorem 3.7, to
a real projective manifold one dimension higher, with same real projective holonomy algebra.

Consequently,

(
g, V

)
∼=
(
sl(n, C), C

n, n ≥ 4
)
,

are possible projective holonomy algebras.

4.5 Quaternionic holonomy

The holonomy algebra sl(n, H) forces the manifold to be Ricci-flat by definition [Bar] and [AlMa],
so we shall focus on the cone conditions.

Paper [PPS], building on ideas from [Sal] and [Joy], demonstrates that when one has a hyper-

complex cone construction (C(M),
−→
∇, I, J, K), such that

−→
∇ is invariant under the actions of IQ,

JQ, KQ and – trivially – Q, one may divide out by these actions to get a Quaternionic manifold
N . Furthermore, a choice of compatible splitting of TC(M) is equivalent to a choice of torsion-free
connection preserving the quaternionic structure. Thus we have the following natural definitions:

Definition 4.9 (Quaternionic Projective Structure). A quaternionic projective structure is the

same as a quaternionic structure on a manifold - a reduction of the structure group of the tangent

bundle to gl(n, H) ⊕ sl(1, H) such that this structure is preserved by a torsion-free connection. The

preferred connections are precisely the torsion-free connections preserving this structure. The total

space of the cone construction is the bundle

L− n
n+1 ⊗ H,

where H is the natural rank 4 bundle associated to sl(1, H).

A quaternionic projective structure is thus simply a quaternionic structure. The definition of
[AlMa] for the change of quaternionic connection by a choice of one-form is exactly analogous to our
formulas for the change of real or complex preferred connections. See paper [ADM] for the definition
of the quaternionic Weyl tensor (recalling that any quaternionic-Kähler manifold is Einstein, so any
expression involving the metric can be replaced with one involving the Ricci tensor, for the general
case).

In fact, our results are somewhat stronger than in the complex case: since
−→
∇ is hypercomplex,

−→
RX,Y =

−→
R IX,IY

by [PPS] and [Sal]. Consequently all curvature terms involving IQ, JQ and KQ vanish and, as in
the proof of Lemma 3.1,

Proposition 4.10. Every hypercomplex cone is IQ-, JQ- and KQ-invariant, and thus every hy-

percomplex cone corresponds to a quaternionic structure.

Given this definition, one may construct examples similarly to the real and complex cases; indeed:

Theorem 4.11. Let (M4m,∇M) and (N4n,∇N) be quaternionicaly-flat manifolds, non-Einstein

but with non-degenerate symmetric Ricci tensors. Then (C = M × N,∇ = ∇M × ∇N) has full

quaternionic Tractor holonomy sl(n + m, H).

15



4 Realisation of holonomy groups 4.6. Symplectic holonomies

The proof is analogous to the real case, and one can choose M and N to be quaternionic spaces,
with a suitable non-Einstein connection, again as in the real case.

Then one may construct the quaternionic cone and divide out by the action of Q to get a real
projective manifold with the same Tractor holonomy.

Consequently,

(
g, V

)
∼=
(
sl(n, H), H

n, n ≥ 3
)
,

are possible projective holonomy algebras.

4.6 Symplectic holonomies

The constructions used here were originally discovered in a different context by Simone Gutt, to
whom I am very grateful. Paper [BCGRS] also contains the construction of what is effectively a
‘symplectic projective structure’, with its own Weyl and rho tensors. Though we will not use or
detail this explicitly, it is implicitly underlying some aspects of the present proof.

4.6.1 Real symplectic

Let M2n+1 be a contact manifold, with a choice of contact form α ∈ Γ(T ∗). We may then define
the Reeb vector field E ∈ Γ(T ) on M by

α(E) = 1,

dα(E,−) = 0.

Since α is a contact form, this suffices to determine E entirely. Let H ⊂ T be the contact distribution
defined by α(H) = 0.

Lemma 4.12. If X ∈ Γ(H) then [E, X] ∈ Γ(H).

Proof of Lemma. By definition,

0 = dα(E, X) = E · α(X) − X · α(E) −
1

2
α([E, X])

= −
1

2
α([E, X]).

Hence [E, X] ∈ Γ(H). �

Lemma 4.13. LEα = 0.

Proof of Lemma. For X a section of H ,

(LEα)(X) = LE(α(X)) − α(LEX)

= 0− α([E, X]) = 0.

Similarly

(LEα)(E) = LE(α(E)) − α(LEE)

= E · 1 − 0 = 0.

�
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4 Realisation of holonomy groups 4.6. Symplectic holonomies

Lemma 4.14. LE(dα) = 0

Proof of Lemma. Immediate since [L, d] = 0. �

This gives us the following proposition:

Proposition 4.15. Dividing out by the action of the one-parameter sub-group generated by E gives

a map π : M → (N, ν) with (N, ν) a symplectic manifold and dα = π∗ν.

If X and Y are now sections of TN , they have unique lifts X and Y . Then since dα(X, Y ) =
−1

2α([X, Y ]), we have

[X, Y ] = [X, Y ]− 2ν(X, Y )E. (7)

The point of all these constructions in the following theorem:

Theorem 4.16. Given π : M → (N, ν,∇) such that M is a contact manifold with contact form

α with dα = π∗ν, and ∇ a connection preserving ν, there exists a Ricci-flat, torsion-free cone

connection
−→
∇ on M = R × M that preserves the symplectic form e2q(dα + dq ∧ α), where q is the

coordinate along R.

Proof. Let s be a section of ⊙2TN∗, U a section of TN and f a function on N . Then define the
following connection on M:

−→
∇XY = ∇XY − ν(X, Y )E − s(X, Y )Q
−→
∇EX =

−→
∇XE = σX + ν(X, U)Q

−→
∇EE = π∗fQ − U (8)
−→
∇QX = X
−→
∇QE = E
−→
∇Q = Id.

Where s(X, Y ) = ν(X, σY ), or, in other words, σk
j = shjν

hk. One can see immediately from

Equation (7) that
−→
∇ is torsion-free. It is obviously a cone connection. On top of that:

Proposition 4.17.
−→
∇ is a symplectic connection, for the non-degenerate symplectic form ω =

e2q(dα + dq ∧ α).

Proof. By direct calculation. �

We may now calculate the curvature of
−→
∇; it is, for R the curvature of ∇,

−→
RQ,−− =

−→
R−,−Q = 0

−→
RX,Y Z = RX,Y Z + 2ν(X, Y )σZ +

((σY )ν(X, Z) − (σX)ν(Y, Z) + Y s(X, Z) − Xs(Y, Z))

+ (ν(X, D(Y, Z)) − ν(Y, D(X, Z)))Q
−→
RX,Y E = D(X, Y ) − D(Y, X) (9)

+(ν(Y,∇XU) − ν(X,∇Y U) + 2fν(X, Y ))Q
−→
RX,EY = D(X, Y ) + (ν(Y, σ2X) + fν(X, Y ) + ν(Y,∇XU))Q
−→
RX,EE = (X.f + s(X, U) − ν(σX, U))Q

+fX −∇XU − σ2X.
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4 Realisation of holonomy groups 4.6. Symplectic holonomies

Where D(X, Y ) = (∇Xσ)(Y )+ν(Y, U)X−ν(X, Y )U . Taking traces, with Ric the Ricci curvature
of ∇,

−→
Ric−,Q =

−→
RicQ,− = 0

−→
RicX,Z = RicX,Z +

(trace σ)ν(X, Z) + 3ν(σX, Z) + (1 − 2n)s(X, Z)
−→
RicX,E = −trace (∇Xσ) + i(X).trace[Y → ∇Y σ] + (2n + 1)ν(X, U)
−→
RicE,X = i(X).trace[Y → ∇Y σ] + (2n + 1)ν(X, U)
−→
RicE,E = f2n − trace (∇U) − trace (σ2).

Now ν(σX, Y ) = νkmσk
j XjY m = νkmsijν

ikXjY m = −s(X, Y ), and trace σ = trace ∇Xσ = 0,

so
−→
Ric is symmetric, as expected. So the full expression is:

−→
Ric−,Q =

−→
RicQ,− = 0

−→
RicX,Z = RicX,Z − (2n + 2)s(X, Z)
−→
RicX,E = +i(X).trace[Y → ∇Y σ] + (2n + 1)ν(X, U)
−→
RicE,X = +i(X).trace[Y → ∇Y σ] + (2n + 1)ν(X, U)
−→
RicE,E = f2n − trace (∇U) − trace (σ2).

Choose s = 1
2n+2

Ric, and, for η = trace[Y → ∇Y σ], define U = − 1
2n+1

ν(η,−). Finally, let f =
1
2n

(trace (∇U) + trace (σ2)). Then
−→
∇ is Ricci-flat, as theorised. �

Remark. It is nearly certainly not the case, however, that every Ricci-flat symplectic cone connec-
tion can be generated in the above manner; for the

−→
∇ so generated is E invariant, which is not a

general condition for a symplectic connection.

We now aim to construct an explicit connection ∇ such that the
−→
∇ it generates has maximal

holonomy.

Let V be the standard representation of g = sp(2n, R). Then g is isomorphic, via the alternating
form ν , with V ∗ ⊙ V ∗. The Lie bracket is given, in terms of this isomorphism, as

[ab, cd] = ν(b, c)ad + ν(b, d)ac + ν(a, c)bd + ν(a, d)bc.

We know that H(1,2)(g) = 0 and that all symplectic structures are flat. Moreover g(1) = ⊙3V ∗,
means that any symplectic connection is locally isomorphic with a section U → ⊙3TN∗, for U ⊂ N
open. Choosing local symplectic coordinates (xj) such that

ν = dx1 ∧ dx2 + dx3 ∧ dx4 + . . . + dx2n−1 ∧ dx2n,

we may define the symplectic connection ∇ as

∇ = d +
∑

j 6=1

x1dx1(dxj)
2 +

∑

k 6=1,2

x2dx2(dxk)2.

Notice that ∇ = d + O(1). We may calculate the curvature of ∇ as

R = ∇ ∧∇

= 2
∑

j 6=1

(dx1 ∧ dxj) ⊗ (dx1dxj) + 2
∑

k 6=1,2

(dx2 ∧ dxk) ⊗ (dx2dxk) + O(2).
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4 Realisation of holonomy groups 4.6. Symplectic holonomies

When taking the Ricci trace using the symplectic form ν , all terms apart from (dx1∧dx2)⊗(dx1dx2)
vanish. Consequently the Ricci tensor is

Ric = 2(dx1dx2) + O(2).

And, of course,

∇Ric = O(1).

This allows us to simplify the curvature equations. By definition U = O(1), so

−→
RX,Y Z = RX,Y Z + 2ν(X, Y )σZ + O(1)

((σY )ν(X, Z) − (σX)ν(Y, Z) + Y s(X, Z) − Xs(Y, Z))

s = 1
2n+2Ric as before.

Proposition 4.18.
−→
∇ has full symplectic holonomy.

Proof. Still working in our chosen basis, we notice that because of our conditions on the Ricci tensor,
for one of j and k in the set (1, 2) but (j, k) 6= (1, 2),

−→
RXj ,XkZ = RXj,Xk Z + O(1)

where Xj = ∂
∂xj . This means, by the Ambrose-Singer Theorem [KoNo], that elements of the form

dx1dxj|0, j 6= 2 and dx2dxk|0, k 6= 1, are contained in
−→
hol, the infinitesimal holonomy algebra of

−→
∇

at 0. Now we may take a few Lie brackets:

[dx1dxk, dx2dxj] = dxkdxj + ν(dxk, dxj)dx1dx2 + O(1) (10)

implying

[dx1dxk, dx2dxj] − [dx1dxj, dx2dxk] = 2dxkdxj + O(1).

Consequently dxkdxj|0 ∈
−→
hol. By (10), we also have dx1dx2|0 in this bundle. To show that we have

all of sp(ν, R), we need only to add the elements dx2dx2|0 and dx1dx1|0. These are generated, for j
odd, by

[
dx1dxj, dx1dxj+1

]
= dx1dx1 + O(1)

[
dx2dxj, dx2dxj+1

]
= dx2dx2 + O(1).

Under the action of sp(ν, R), the full algebra sp(ω, R) splits as

sp(ω, R) = sp(ν, R) ⊕ 2V ⊕ sp(ω/ν, R),

where the last module is a trivial representation for sp(ν, R).

Lemma 4.19. If
−→
hol acts irreducibly on TM|0, then

−→
hol = sp(ω, R).

Proof of Lemma. If
−→
hol acts irreducibly on TM|0, then

sp(ν, R)⊕ 2V ⊂
−→
hol,

and the 2V generate the remaining piece sp(ω/ν, R) through the Lie bracket. �

So in order to finish this proof, we need to show that
−→
hol acts irreducibly on TM0, or equivalently,
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4 Realisation of holonomy groups 4.7. Low-dimension cases

Lemma 4.20. If there exists K ⊂ TM with TN0 ⊂ K0 and such that K is preserved by
−→
∇, then

K = TM.

Proof of Lemma. First of all K has a non-trivial intersection with TN away from 0. So let
s ∈ Γ(K) ∩ TN such that s(0) = X1. Then by Equation (8)

(
−→
∇X1s)(0) =

1

2n + 1
Q + t,

whereas

(
−→
∇X2s)(0) = E + t′,

where t, t′ ∈ TN0 ⊂ K0. Consequently K = TM, and the holonomy algebra of
−→
∇ acts irreducibly

on TM. �

�

Consequently

(
g, V

)
∼=
(
sp(2n, R), R

2n, n ≥ 3
)
,

are possible projective holonomy algebras.

4.6.2 Complex symplectic

The previous proof works exactly the same in the holomorphic category.

Consequently

(
g, V

)
∼=
(
sp(2n, C), C

2n, n ≥ 3
)
,

are possible projective holonomy algebras.

4.7 Low-dimension cases

Some low-dimensional algebras are possible affine holonomy algebras, but have not yet been either
constructed or ruled out as normal Tractor holonomy algebras. They are:

algebra g representation V Dimensions

so(p, q) R(p,q) p + q = 3, 4
so(n, C) C

n n = 3, 4
sp(p, q) H(p,q) p + q = 2∗

sl(n, R) Rn n = 2, 3∗, 4∗

sl(n, C) Cn n = 1, 2, 3∗

sl(n, H) Hn n = 1, 2∗

sp(2n, R) R2n n = 2∗

sp(2n, C) C2n n = 2∗

Those marked with stars are those algebras that can appear as projective normal Tractor holonomy
algebras.
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4 Realisation of holonomy groups 4.7. Low-dimension cases

Proposition 4.21. The low-dimensional so algebras cannot appear as projective holonomy algebras.

Proof. Dimensional considerations imply that the conformal Weyl tensor vanishes in 3 dimensions,
[Wey2]. The obstruction to conformal flatness is carried entirely by the Cotton-York tensor, which
of course vanishes for an Einstein space.

So any 3-dimensional Einstein space is conformally flat – hence projectively flat, since the two
cones are the same. This eliminates the real so and the su, as the underlying manifold must be
Einstein. The complex so has C-linear curvature, so is automatically holomorphic – so disappears
just as in the real case, as the holomorphic Weyl tensor must also vanish in three complex dimensions.

In two dimensions, Cartan connections no longer correspond to conformal structures, but rather
to Möbius structures [Cal]. The projective cone construction for an Einstein connection is then
equivalent to a Möbius structure which preserves a Tractor – it is not hard to see that this is flat,
see for example [Arm4].

�

Since every one-dimensional manifold is projectively flat, sl(2, R) and sl(1, C) are not possible
Tractor holonomy algebras – they are not even possible Ricci-flat algebras, in fact.

Lemma 4.22. sl(2, C) is not a possible Tractor holonomy algebra.

Proof of Lemma. Assume that
−→
∇ is a cone connection with this holonomy, and let R = JQ.

From Lemma 3.1, we know that a cone connection is R-invariant if and only if all curvature terms
involving R vanish. For a connection with holonomy sl(2, C), being Ricci-flat is equivalent to having
J-hermitian curvature. Consequently

−→
RR,X =

−→
RJR,JX = −

−→
RQ,JX = 0.

So
−→
∇ is R-invariant, and, as in Section 3.1, there is a complex projective manifold N of complex

dimension one, for which
−→
∇ is the complex cone connection.

Any two torsion-free complex connections ∇̃ and ∇̃′ on N differ by a one-form Ξ ∈ Ω(1,0)(N)

∇̃XY = ∇̃′
XY + Ξ(X)Y

Since Ξ(X)Y = Ξ(Y )X, we can set ΥC = 1
2Ξ to see that ∇̃ and ∇̃′ define the same complex

projective structure. So every complex projective structure on N is flat, implying that
−→
∇ itself must

be flat. �

Lemma 4.23. sl(1, H) is not a possible Tractor holonomy algebra.

Proof of Lemma. We know what
−→
∇ must be, explicitly; it is given by one vector field Q with

−→
∇Q = Id, and three (non-commuting) vector fields JαQ such that

−→
∇JαQ = Jα.

and

[JαQ, JβQ] = −2JαJβQ

whenever α 6= β. But in this case all the curvature of
−→
∇ vanishes. �

All other low-dimension algebras are possible Tractor holonomies:
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Proposition 4.24. The algebras sl(2, H) and sp(p, q), p + q = 2, do exist as Tractor holonomy

algebras.

Proof. As seen in Section 4.5, any hypercomplex Tractor connection corresponds to a quaternionic
structure on a manifold N , in other words a g = R⊕ sl(1, H)⊕ sl(1, H) structure. However this last
algebra is equal to co(4) – if one takes H as a model space, a definite-signature metric g is given by
g(a, b) = Re(ab), and it is easy to see that g preserves g up to scaling.

As usual, a subgroup of sl(2, H) acting reducibly on H2 corresponds to a conformally Ricci-flat 4-
fold. But, from results on conformal holonomy in paper [Arm1], we know there exist non conformally
Ricci-flat manifolds in four dimensions. The subgroups acting irreducibly on H2 are

sp(2, 0) ∼= sp(0, 2), sp(1, 1), sl(2, H),

corresponding respectively to conformally Einstein with λ < 0, conformally Einstein with λ > 0,
and not conformally Einstein at all. Examples of all these constructions, without further holonomy
reductions, exist in four dimensions, see Theorem 4.2 and Equation 5. �

Remark. The argument for the rest of this section can be paraphrased as ‘if we have a manifold
with non-trivial Tractor holonomy, we can conjugate the holonomy algebra by gluing the manifold
to a copy of itself with a twist, to generate the full algebra’. The subtleties will be in making the
manifold flat around the gluing point. This argument only works if the flattening respects whatever
structures – complex or symplectic – we are attempting to preserve. We must also avoid using
Ricci-flat connections, as then conjugation will not give us the full algebras; but it is simple to pick
a preferred connection that is not Ricci-flat.

Proposition 4.25. The algebras sl(3, R) and sl(3, C), do exist as Tractor holonomy algebras.

Proof. The projective Weyl tensor vanishes in two real dimensions, and consequently the full ob-
struction to projective flatness is carried by the Cotton-York tensor (see Equation (3)). Cartan [Car]
proved propositions about two dimensional projective structures that are equivalent to stating that
the only possible tractor holonomy algebras are sl(3, R) and sl(2, R) ⋊ R2∗.

In order to prove the existence of a manifold with full tractor holonomy, we shall use the following
proposition:

Proposition 4.26. Assume there exists a manifold M2 with non-trivial Tractor holonomy. Then

there exists a manifold N2 with full Tractor holonomy.

Proof. As we’ve seen, the Tractor holonomy of M is sl(3, R) or h = sl(2, R) ⋊ R2∗. Since the former
gives us our result directly, assume the latter; since a non-trivial holonomy algebra must be non-
trivial on some set, we have a set U ⊂ M such that the local holonomy at any point of U is h. Let ∇
be any preferred connection of this projective structure. Choose local coordinates (xj) on U ⊂ M ,

and let ∇̂ be the flat connection according to these local coordinates. Let f be a bump function,
and define ∇′ = f∇ + (1 − f)∇̂. This is a torsion free connection, and since ∇′ = ∇ where f = 1,
has Tractor holonomy containing h.

Take two copies U1 and U2 of (U,∇′, xj) and identify two small flat patches of them – patches
where ∇′

1 and ∇′
2 are flat – using the rule xj − aj → s(xj − bj) for s some element of SL(2, R), a a

point in the flat part of U1, b a point in the flat part of U2, and the xj local, flat coordinates. This
identifies flat sections with flat sections, so does not affect the local holonomy around these patches.
The local derivative of s is Ds(Xj ) = s(Xj ).
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4 Realisation of holonomy groups 4.7. Low-dimension cases

Restrict U1 and U2 so that the construction we get is a manifold. Since s maps flat sections to
flat sections, ∇′

1 = ∇′
2 whenever they are both defined. So we have a globally defined ∇′.

Changing s changes the inclusion of the holonomy-preserved vector from U1 into U2, thus changes
the inclusion h ⊂

−→
holx by conjugation on the sl(2, R) factor of Ax defined by ∇′. But any two

conjugate non-identical copies of h generate all of sl(3, R), so we are done. �

Then we may conclude with the following lemma:

Lemma 4.27. There exists manifolds M2 with non trivial Tractor holonomy.

Proof of Lemma. To do so, it suffices to find a manifold with non-trivial Cotton-York tensor.
But if we have local coordinates x and y and corresponding vector fields X and Y . Define ∇ such
that ∇XY = ∇Y X = ∇Y Y = 0 and ∇XX = y2Y . ∇ is torsion-free and

Ric
∇ = 2y dx ⊗ dx,

thus

CY ∇ = 4 dx ∧ dy ⊗ dx.

�

We may use these same ideas to construct a manifold with complex projective Tractor holonomy
sl(3, C) – and hence a real projective manifold with same holonomy, one dimension higher. The
existence proof Lemma 4.27 works in the holomorphic category, and in then has a tractor holonomy
algebra containing h ⊗ C. Then given a holomorphic M with these properties, we can use the trick
of Proposition 4.26, with (xj) holomorphic coordinates, to get ∇′ = f∇+ (1− f)∇̂. This obviously
preserves the complex structure (though it is not holomorphic), and we can then patch UC

1 and UC
2

together using s ∈ SL(2, C), which also preserves the complex structure. �

Corollary 4.28. Tractor holonomy sl(4, C) also exists.

Proof. The cone over any manifold with Tractor holonomy sl(3, R) has Tractor holonomy sl(3, R)
as well (to see this, see the properties of projectively Ricci-flat manifolds in paper [Arm2], which
demonstrate the cone has Tractor holonomy sl(3, R) or sl(3, R)⋊ R3; the properties of a cone insure
the former. The author’s thesis [Arm4] shows this in detail). Then we construct the cone over the
manifold of the previous proposition, choose a preferred connection that does not make it Ricci flat
(so that the tangent bundle T [µ] is not holonomy preserved), and then use the same patching process
to conjugate sl(3, R) and get full Tractor holonomy. �

Proposition 4.29. The algebras sp(4, R) and sp(4, C), do exist as Tractor holonomy algebras. They

even exist for the ‘symplectic projective’ construction of Section 4.6.1.

Proof. This is a sketch of a proof, without going into too many details. The Lie algebra sp(2n+2, R)
splits into

sp(2n + 2, R) = V ∗ ⊕
(
sp(2n, R)⊕ sp(2, R)

)
⊕ V,

where V ∼= R2n, [V, V ] ⊂ sp(2, R) and [V ∗, V ∗] ⊂ sp(2, R). The Lie bracket between V and V ∗ is
given by

[
X, ξ

]
= X(ξ) · ν |sp(2,R) + X ⊗ ξ + ν(ξ) ⊗ ν(X),
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ν the symplectic structure. Note here that ν |sp(2,R) is a map V → V ∗, equal to the identity under the
isomorphism V ∼= V ∗ given by ν |sp(2n,R), the other piece of ν . We may then interpret the construction
of Section 4.6.1 as a ‘symplectic projective structure’ whose preferred connections change via

∇XY → ∇′
XY = ∇XY +

[
X, Υ] · Y

for some one-form Υ. This implies that there exist non-flat symplectic projective manifolds in two
dimensions (as ⊙3R2 = (sp(2, R))(1) is of dimension four, while R2∗ = T ∗

x is of dimension two).

Then since the tangent space of the underlying manifold N2 cannot be preserved by
−→
∇ (since

N cannot be Ricci-flat without being flat) we may construct a patching argument as in Proposition
4.26 to get the full tractor holonomy, using three copies patched together if need be. The process
still works, as given any symplectic connection ∇ with symplectic form ν , and ∇̂ a flat connection
preserving ν , then ∇′ = f∇ + (1 − f)∇̂ also preserves ν .

To generalise this argument to the complex case is slightly subtle, as we are no longer in the case
of a manifold that can be made holomorphic, and the complex symplectic curvature expressions (the
complex equivalent of Equations 9) become considerably more complicated – though Equations 9
remain valid if we look at the holomorphic (J-commuting) part of the curvature only.

Therefore we may start with a holomorphic symplectic connection, not C-symplectically flat.
These exist by the same argument as in the real case. Then we use partition of unity ‘patching’
arguments on this manifold, to conjugate whatever holonomy algebra it has locally, and thus to
create a manifold with full Tractor holonomy. This manifold is no longer holomorphic, but the
terms from the anti-holomorphic part of the curvature cannot reduce the holonomy algebra; and
since they must be contained in sp(2n + 2, C), they can’t increase it either. �
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