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BERGER'S ISOPERIMETRIC PROBLEMAND MINIMAL IMMERSIONS OF SURFACESNikolai NadirashviliInternational Erwin Schr�odinger Institute for Mathematical PhysicsFebruary 13, 1995Abstract. We establish an isoperimetric inequality for the �rst non-zero eigenvalueof the Laplace operator on the surface of genus one and of a �xed area.1. IntroductionIn this paper we establish inequalities between eigenvalues of the Laplacian ofa compact surface and geometrical characteristics of this surface. Although thissubject is classical there are still some open problems.Let M be a compact two-dimensional smooth manifold and g be a smooth Rie-mannian metric on M . Let � = �g be the Beltrami-Laplace operator on (M;g).We denote by �1(g) the �rst non-zero eigenvalue of �g, by V (g) we denote area ofthe surface (M;g). We de�ne(1.1) �(M) = supg �1(g)V (g);where the supremum is taken over all smooth Riemannian metrics g on M . Ifthere exists a smooth metric g0 on M such that �1(g0) = �(M), we call (M;g0) a�1-maximal manifold. It is well known that �(M) < 1 and furthermore, for anorientable surface of genus 
 the following inequality holds, [YY]:(1.2) �(M) � 8�(
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2 In the nonorientable case the following equality for the projective plane is dueto Li and Yau, [LY]:(1.3) �(RP 2) = 12�and (RP 2; can) is a �1-maximal manifold.Let us consider now the case of an orientable surface of genus one, T 2. It canbe shown, (cf. [B1]), that in the class of 
at tori of the �xed area the eigenvalue �1attains its supremum on the equilateral torus, i.e. on the torus R2=�, where � isthe lattice generated by (1.0) and (1=2;p3=2). In [B1] Berger raised the followingquestion: is it true that the 
at equilateral torus is �1-maximal? The main aim ofour paper is to give the a�rmative answers to Berger's problem. We prove.Theorem 1.(1.4) �(T 2) = 8�2=p3;and the 
at equilateral torus is the only �1-maximal manifold.Earlier the inequality �1(g)V (g) � 8�2=p3 was proved for certain conformalclasses of (T 2; g), [LY], [MR]. For instance for conformal 
at Riemannian metrics onthe 
at square torus Li and Yau proved, [LY], that �1(g)V (g) reached its supremumon a 
at square torus.Let us discuss some consequences of the inequalities above. Denote by '(M;g)the systole of the manifold (M;g), i.e. the shortest geodesic loop on (M;g) in thenon-trivial homotopical class. Let S(M;g) be the length of '(M;g). The followingisoperimetric inequality is due to Loewner (cf. [B2]): for any Riemannian metric gon T 2 V ol(T 2; g)=S2(T 2; g) � 2=p3;with equality only for the 
at equilateral torus. Combining (1.4) and (1.5), werecover the isoperimetric inequality of Berger, [B1]:�1(g)S2(T 2; g) � 16�2=3Similar inequalities are also true on RP 2:V ol(RP 2; g)=S2(RP 2; g) � 2�for any Riemannian metric g on RP 2; [P ]. As a consequence of (1.3) we have�1(g)S2(RP 2; g) � 6�2:In our proof of Theorem 1 we use certain properties of minimal surfaces in then-dimensional sphere. Let Snr � Rn+1 be the sphere of radius r centred in theorigin. Let  : (M;g)! Snr � Rnbe an isometric immersion. It is well known. (cf. [4]), that  is a minimal immersionif and only if � = �� :If, in addition � is the �rst eigenvalue of �g, i.e. �1(g) = �, then the manifold(M;g) is called a �1-minimal. We prove



3Theorem 2. Any �1-maximal manifold is a �1-minimal.If one has the existence of a �1-maximal manifold of genus 1, then Theorem 1immediately follows from Theorem 2 and the following theorem due to Montiel andRos [MR]: any conformal automorphism of a �1-minimal manifold is isometric. InSection 4 we prove the existence of a �1-maximal Riemannian metric on the torus.Unfortunately, it is technically the most di�cult part of the work.In Sections 5 and 6 we study inequalities for �1 on other surfaces.Theorem 3. Let K2 be a Klein bottle. Then there exists a real-analytic Riemann-ian metric g on K2, such that (K2; g) is a �1-maximal manifold. Moreover, themultiplicity of the eigenvalue �1(g) is equal to 5 and 4�2 < �(K2) < 8�2=p3.Remark. The �1-maximal manifold (K2; g) is not 
at.Let us consider the �1-maximal sphere, projective plane, torus and the Kleinbottle. The multiplicities of �1 on these surfaces will be correspondingly 3,4,6,5.It is interesting to note that these multiplicities are also the maximal possible oneson these surfaces for any Riemannian metric on them, [C], [B], [CV], [N].I would like to thank M. Gromov, Y. Colin de Verdi�ere and T. Ho�mann-Ostenhof for fruitful discussions.2. PreliminariesLet (M;g) be a two-dimensional Riemannian manifold. In local coordinates(x1; x2) the metric g has the form Pgijdxidxj . Then� = �g = 1pjgjX @@xi �pjgjgij @@xj ;�where (gij) = (gkl)�1, jgj = det(gij ).Let g0 = a(x)g, a > 0, be a metric conformally equivalent to the metric g. Wehave �g0 = 1a�g:Let u 2 H1(M;g). We denote by D(u) the Dirichlet integral of the function u:D(u) = Dg(u) := ZM jruj2dAgwhere dAg is the element of area related to the metric g. The Quadratic form D(u)in the space L2(M;g) determine the eigenvalues �i and the eigenfunctions ui of theLaplace operator: 0 = �0 < �1 � �2 � : : : ; �i := �i(g). We denote by R(u) theRayleigh quotient: R(u) = Rg(u) = Dg(u)=ZM u2dAgWe have �1(g) = inf Rg(u)where inf is subject to all smooth functions u which are orthogonal to 1.



43. Extremals of eigenvalues of Laplacians.LetM be a compact smooth surface. Denote by U the set of Riemannian metricson M with total area equal to 1. Let us consider �k(g); k � 1, as a functional onU . In general �k is a Lipschitz function on U . We say that g0 2 U is an extremalof �k if for all one-parametric families of metrics g� 2 U smoothly depending onthe parameter � 2 R the following holds: either(3.1) �k(g� ) � �k(g0) + o(� )as � ! 0, or �k(g� ) � �k(g0) + o(� )as � ! 0.Theorem 5. Let g0 2 U be an extremal of �k; k � 1. Let E be the eigenspace ofthe Laplacian on M;g0 corresponding to the eigenvalue �k(g0). Then there existorthogonal vectors W1; : : : ;Wl 2 E such thatXW 2i � 1 on M;2X(dWi)2(X) � �k(g0)g0(X;X);X 2 TM:Proof. Let Q be the space of quadratic forms on R2. Then Q = Q1 � Q2, whereQ1(X) = Q1(�X), Q2(X) = �Q2(�X), Q1 ' R1, Q2 ' R2. Let �1; �2 2 Q, we set< �1; �2 >= Zjxj=1 '1(x)'2(x)d�We de�ne maps p1 : R! Q1, p1(a) = jaxj2 and p2 : R! Q2 such that �q(x) =< p2(x); q > for all q 2 Q2; x 2 R2. Let x1; x2 be coordinates on R2. Evidently(x1; x2) = F (x21; x22; x1x2) for some linear map(3.2) F : R3 ! Q:We denote by SM the space of �elds of quadratic forms on TM . We de�ne amap N : f 3 C1(M;g)! � 2 SM;�(X) = p1(f) + p2(�df);for all X 2 TM , where � : T �M ! TM is the standard projection. Let h 2 SM ,denote gh� = g0 + �h; � 2 R. If u 2 C1(M) satis�esDgh0 (u) = ZM u2dAg0 = 1then a trivial computation gives us(3.3) @@� Rgh� j�=0 = � < h;Nu >



5We de�ne I = jXj2, X 2 TM . Then we have(3.4) @@� V ol(M;gh� )j�=0 =< I; h > :To be de�nite we assume from now on that the extremal condition on �k is givenby inequality (3.1). Let K be the convex envelope of the set N(E). Then K is aconvex cone in SM . Let us assume �rst that I 62 K. Then by the Hahn-Banachtheorem there exists a vector e 2 SM such that(3.5) < I; e >> 0and for any ' 2 K.(3.6) < e;' >< 0:Let dimE = m. We may assume without loss of generality that �k(g0) = 1. Let�n(g0) = �n+1(g0) = � � � = �n+m(g0) = 1. We denote by D� the restriction of thequadratic form Dge� on the subspace E � L2(M;ge� ). Let �1(� ) � � � � � �m(� ) bethe eigenvalues of D� . Let S � E be the unite sphere in L2(M;g0) norm. From(3.3) and (3.4) it follows that for every u 2 S@@� Rge� (u)j�=0 > 0:Consequently @�1(0)=@� > 0. The last inequality implies, (cf. [K]) that@@� �n(ge� )j�=0 > 0:Since from (3.4) and (3.5) it follows that@@� V ol(M;ge� )j�=0 > 0we get a contradiction to (3.1). Hereby the extremal property of �k(g0) impliesthat I 2 k.Since (3.2) is a linear map, it follows that dimK � 9m2+1. By Carath�eodory'stheorem, (cf. [R]) the vector I can be represented as a linear combination of atmost 9m2 extremal points of K. Since the extremal set of K is in the cone N(E)there exist V1; : : : ; Vn 2 E, n � 9m2 such thatI = nXi=1 N(Vi):The last equality implies, X V 2i � 1 on M;



6and for any X 2M there is a constant C > 0 such thatX(dVi(x))2(X) = Cg0(X;X); X 2 TxM:If we apply the Laplace operator to the identity (3.7) we obtainXVi�Vi +X jrVij2 � 0 on Mor X jrVij2 �XV 2i on M;recall that we have assumed that �k(g0) = 1. From the identities (3.8), (3.9) itfollows that 2X(dVi)2(X) � g0(X;X) on TMTo �nish the proof of Theorem 4 we only need to prove that the vectors Vi can bechosen to be orthogonal. The equalities��Vi = Viand (3.7), (3.10) imply that the map(M;g)! (p2V1; : : : ;p2Vn) 2 Sn�1p2 � Rnis a minimal isometric immersion, ([L]). Since Vi 2 E the image of the last immer-sion is in a subspace H � Rn and dimH � m. Let fWig be an orthonormal basisin H such that the quadratic formP (U; V ) = ZM UV dAg0has a diagonal form in the basis fWig. Since the map(M;g)! (W1; : : : ;Wm) � Sm�1p2is a minimal isometric immersion, the Wi are as required. Theorem 5 is proved.Remark. Extremals of other functionals related to the spectrum of Riemanniansurfaces was considered in [CV2] and [OPS]. It is interesting to compare the resultsof these papers with Theorem 5.We also prove, in relation to Theorem 5, propositions for Schr�odinger operators.Let X 2 (M;g). We denote by Bxr � (M;g); r > 0, the geodesic disk on (M;g) ofradius r centred at x. Let E � (M;g) be a Borel set. We denote by ess@E (essentialboundary) the set of all points x 2 �E such that for every " > 0 meas(Bx" \E) > 0,meas(Bx" \ {E) > 0. By essE we denote the set of all points x 2 �E such that forany " > 0 meas(Bx" \E) > 0. We de�ne LT := ff 2 L1(M); 0 � f � Tg.



7We consider the Schr�odinger operator L = �� � V with a potential V 2 LT .Let �k be eigenvalues of L. We setX1 = fx 2M; 0 < V (x) < Tg;X2 = fx 2M;V (x) = Tg;X3 = fx 2M;V (x) = 0g:We assume that there is an eigenvalue �k such that for every f 2 L1(M) satisfyingV + f 2 LT , RM fdAg = 0 the inequality(3.11) �k � �k(�; f) + o(� )holds as � ! 0, � > 0. Here �k(�; f) are eigenvalues of the operator L� �f . Let Ebe the eigenspace of �k.Lemma 3.1. Let z1; : : : ; zn 2 (essX1 [ ess@X2 [ ess@X3). Then there existsW1; : : : ;Wk 2 E, k � (dimE)2 such thatkXi=1W 2i (zj ) = 1; i � j � nProof. For u 2 H1(M;g) we de�nerV (u) := (Dg(u)� ZM u2V dAg)=ZM u2dAg :Let ' 2 L1(M), we set V� = V + �'Then(3.12) @@� rV� (u)j�=0 = �ZM u2'dAg=ZM u2dAgWe set Z = z1 [ � � � [ zn. Let u 2 E. We de�ne a map u : Z ! (u(z1); : : : ; u(zn)) 2Rn, then E(Z) is a subspace in Rn. We can also de�ne a map Q : Rn ! Rn,Q(x1; : : : ; xn) = (x21; : : : ; x2n). We denote by K the convex envelope of the setQE(Z). Set I = (1; : : : ; 1) 2 Rn. If I 2 K then the existence of the requiredfunctions Wi immediately follows, as in the proof of Theorem 4. If I 2 K thenthere is a vector e = (e1; : : : ; en) 2 Rn such that < I; e >= 0 and for everyx 2 K;x 6= 0, < x; e >< 0. Since E is a �nite dimensional space of continuousfunctions on M there exists a su�ciently small " > 0 such that the following holds:if z0i 2 Bzi" ; Z 0 = z01[� � �[z0n, and K 0 is the convex envelope of QE(Z 0) then for anyx 2 Kl0; x 6= 0; < x; e >< 0. We also assume that the disks Bzi" have no mutualintersections. Let Ai � Bzi" be closed sets satisfying the following requirement: forany i; 1 � i � n, V olg(Ai) = � and if ei � 0 then V jAi � T � �, if ei < 0 thenV jAi � �, for some positive constant �. By our assumption for su�ciently small



8� > 0 the required sets Ai exist. Let �(�) be the characteristic function of a set.We de�ne f = �jej nXi=1 ei�(Ai)Then RM fdAg = 0, V +f 2 LT and for any u 2 E;u 6= 0, RM u2fdAg < 0. Now, asin the proof of Theorem 4, from (3.12) a contradiction with (3.11) follow. Lemma3.1 is proved. �Lemma 3.2. Let z1 2 essX3 and z2; : : : ; zn 2 (essX1 [ ess@X2 [ ess@X3). Thenthere exists W1; : : : ;Wk 2 E, k � (dimE)2 such thatkXi=1W 2i (zj) = 1Proof. We use the notations of Lemma's 3.1 proof. If I 2 K the statement fol-lows. Let us assume now that I 62 K. If e1 � 0 there exists A1 2 X3 \ Bz1" ,V olg(A1) = � and then the contradiction follows as above. Hence e1 < 0. ByLemma 3.1 there exists W1; : : : ;Wk 2 E such that (3.13) holds. De�ne a vectorh = (PW 2i (zi); 1; : : : ; 1) 2 K. Now (3.14) follows from the inequalities e1 < 0; <e; h >< 0; < e; I >= 0. Lemma 3.2 is proved. �Since E is a �nite dimensional space of continuous functions on M we have asan immediate consequence of Lemma 3.2 the following:Proposition 3.1. For any point z 2 essX3 there exists W1; : : : ;Wk 2 E, k �(dimE)2 such that kXi=1W 2i = 1 on essX1 [ ess@X2 [ ess@X3and kXi=1W 2i (z) � 1:Lemma 3.3. Let z1; : : : ; z2 2 essX2 and zn+1; : : : ; zn 2 (essX1[ ess@X2 [ess@X3).Then there exist W1; : : : ;Wk; k � (dimE)2 such that(3.15) kXi=1W 2i (zj ) = 1; m < j � n;and(3.16) mXj=1 kXi=1W 2i (zj) � m



9Proof. We use the notation from the proof of Lemma 3.1. De�ne a linear mapH : Rn! Rn�m+1H : (x1; : : : ; xn)! ( mXi=1 xi=m; xm+1; : : : ; xn)Let K0 be the convex envelope of the set HQE(Z). Set I0 = (1; : : : ; 1) 2 Rn�m+1.If I0 2 K0 the statement follows. So, let us assume that I0 62 K0. Then there isa vector y = (y1; : : : ; yn�m+1) such that < I0; y >= 0 and for any x 2 K0; x 6= 0,< x; y >< 0. Let us choose sets Ai � Bzi" \ X2; i; : : : ;m, V olg(Ai) = � setsAm+1; : : : ; An as they are de�ned in the proof of Lemma 3.1. in correspondencewith the signs of yz ; : : : ; yn�m+1. We de�nef = �jyj+m(Xi=1 y1�(Ai) + nXi=m+1yi�m+1�(Ai))If y1 � 0 the contradiction follows as above. Hence y1 > 0. By Lemma 3.1 thereexists W1; : : : ;Wk 2 E such that (3.15) holds. De�ne a vector h 2 K0,h = ( mXj=1 kXi=1W 2i (zj)=m; 1; : : : ; 1)Now (3.16) follows from the inequalities y1 > 0, < h; y >< 0, < I0; y >= 0. Lemma3.3 is proved. �Since E is a �nite dimensional space of continuous functions on M we have asan immediate consequence of Lemma 3.3 the following:Proposition 3.2. There exists W1; : : : ;Wk 2 E, k � (dimE)2 such thatkXi=1W 2i � 1 on essX1 [ ess@X2 [ ess@X3and ZX2XW 2i dAg � V olg(X2):4. Proof of Theorem 1.(1) Let (T 2; g) be an orientable compact surface of genus one. Then (T 2; g)is conformally equivalent to a 
at torus (R2=�; (dx)2) where � is a 2-dimensionallattice and (dx)2 is the metric on R2=� induced from the Euclidian metric on R2.It is well-known also that each 
at torus is isometric, up to dilations, to a 
at torusT (a; b) = R2=�(a; b) where �(a; b) is the lattice generated by f(1; 0); (a; b)g with0 � a � 1=2; b > 0; a2 + b2 � 1 (see [BGM]). Let us denote t : g ! (a; b); t1 : g! b.(2) Let gn be a sequence of Riemannian metrics on T 2 such that �1(gn)V (gn)!�(T 2) as n!1. We prove that t1(gn) < C <1.



10 Without loss of generality we may assume that V (gn) = 1 for all n. Denote(an; bn) := t(gn). Assume by contradiction that bn !1 as n!1.Let hn be a conformally 
at metric on Rn with the lattice of periods �(an; bn)such that the torus (R2; hn)=�(an; bn) is isometric to (T 2; gn). Let x1; x2 be co-ordinates in R2. Denote by Tn � R2 the fundamental parallelogram of the group�(an; bn) with the centre at 0. Without loss we may assume thatZTn sin 2�x2=bndVhn = 0Then(4.1) ZTn jr sin2�x2=bnj2dx = �=bnDenote AN = f(x1; x2) 2 Tn;�N < x2 < Ng;BN = f(x1; x2) 2 Tn;�bn=2 +N < x2 < bn=2 �NgSince �1(gn) ! �(T 2) � 8�2=p3 as n ! 1, it follows from (4.1) that for any" > 0 there is N(") > 0 such that for all su�ciently big nVhn(An [Bn) > 1� "De�ne �+n = max(cos 2�x22=bn; 0), ��n = min(cos 2�x2=bn; 0). ThenZTn jr��j2dx = �=2bn;ZTn(�+n )2dVhn > Vhn (AN ) � "n;ZTn(��n )2dVhn > Vhn (BN )� "n;where "n ! 0 as n ! 1. If inf(Vhn (AN ); Vhn (BN )) > C > 0 for all n then�1(gn)! 0 as n!1. Therefore we may assume without loss that VhnAN > 1�2"for all su�ciently big n. Let us �x n; " > 0 such that bn > 5N(").Let S2 � R3 be the unit sphere, �i be the projection of R3 on the coordinateaxis xi. By the result of Hersch [H], see also [G], there exists a conformal map' : A2N ! S2such that function u = �1 � ' has the following properties(4.2) ZA2N udVhn = 0;



11(4.3) ZA2N u2dVhn � 13VhnA2N ;(4.4) R(A2N ;hn)u � �(S2)=VhnA2NLet � < �, denote A�� = f(x1; x2) 2 Tn; � < x2 < �g>From (4.3), (4.4) it follows that there are � 2 (�2N;N), � 2 (N; 2N) such thatZ@A��(@u=@x1)2dx < 8=NWe denote B = TnnA��. Let v be a solution of the Dirichlet problem�v = 0 on B; v = 0 on @BSince jvj < 1 in B it follows from (4.5) thatZB jrvj2dx < CNand(4.5) ZB vdVhn = �;j�j < 2". We de�ne the function w on Tn as followsw = (u� � on A��v � � on B>From (4.2), (4.6) it follows that ZTn wdVhn = 0and Dhnw < �(S2) � "0n where "0n ! 0, as n!1. Hencelimn!1�1(gn) � �(S2):Since �(S2) = 8� < 8�2=p3 � �(T 2) we obtain a contradiction. Therefore the bnare uniformly bounded.(3) We may assume that t(gn) ! (�; �). We also assume that the sequence ofthe probability measures Vhn is converging weekly to the probability measure � onT (�; �).We prove that the support of the measure � is di�erent from a point. Letus assume by contradiction that sup� = f0g 2 T , where T is the fundamental



12parallelogram of the group �(�; �) and T is centred in the origin R2. DenoteDr = fx 2 R2; jxj < rg. and D = Dr0 � T for some �xed r0 > 0. By ourassumption for every " > 0(4.7) VhnD" ! 1as n!1. By Hersch's result (see Assertion (2)) there exists a conformal map'n : (D;hn)! S2 � R3such that(4.8) ZD �i � 'ndVhn = 0;i = 1; 2; 3 and R(D;hn)(�1 � 'n) � �(S2)=Vhn (D). Denote Bn = S2n'n(D) and let�n be the radius of the geodesical circle Bn � S2. From (4.7) and (4.8) it followsthat �n ! 0 as n ! 1. Let us choose a sequence of numbers �0n > 0 such that�0n ! 0, �n=�0n ! 0 as n! 1. Let B0n � S2 be the circle of radius �0n concentricto Bn. Let un be a continuous function on S2 de�ned by the following:un(x) = �1(x) for x 2 S2nB0n;un(x) = 0 for x 2 Bn;�un(x) = 0 for x 2 B0nnB:Since the capacity of a point on the plane is equal to zero we conclude that(4.9) ZS2 jrunj2ds! ZS2 jr�1(x)j2dsas n!1. Denote ZD un � 'ndVhn = �n:By (4.9) we obtain that j�nj ! 0 as n!1. Set wn = un � �n. From (4.7), (4.9)it follows that Rhn(wn) < �(S2) + o(n)as n!1 and since �(S2) < �(T 2) we obtained a contradiction.(4) Let E � T be a closed set. We prove that equality cap E = 0 implies equality�(E) = 0. Let us assume by contradiction that �(E) > 0. Then by Assertion (3)there are two closed sets E1; E2 � E;E1 \ E2 = ;, �(Ei) > 0; i = 1; 2. Let dbe the distance between the sets E1 and E2 in the Euclidian metric, 
i be (d=2)-neighbourhood of Ei. Then by the de�nition of the capacity for any " > 0 thereare the functions, fi 2 C10 (
i) such that fi � 1 on Ei and D(fi) < ". SinceZT f2i dVhn ! ZT f2i d�



13as n!1, i = 1; 2 we obtain that �1(hn)! 0 and this is in contradiction with ourassumption on hn.(5) We say that a Riemannian metric on torus T (�; �) is in the class GN ifVg(T 2) = 1 and the metric g has a form g = a(x)(sx)2 , where the function a(x)satis�es the inequality 0 < a(x) � N . Denote�N = supg2GN �1(g)Evidently �N ! �(T 2) as N ! 1. Let �1(gn) ! �N as n ! 1, gn 2 GN ,gn = an(x)(dx)2 on T (�; �). The Beltrami-Laplace operator �gn we can representin the form �gn = 1an�;here � is the Laplace operator in the Euclidian metric (dx)2. Therefore eigen-functions un of �gn with the eigenvalues �1(gn) are solutions of the Schr�odingerequation Lnun = ��un � �1(gn)an(x)un = 0and the Schr�odinger operator Ln has exactly one bounded state.Without loss of generality we may assume that an ! bN weekly as n ! 1.Then 0 � bN � N . Let us consider the Schr�odinger operatorPN = ��� VN ;VN = �NbN . It is well known that the weak convergence of uniformly boundedpotentials of Schr�odinger operators on a compact manifold implies the convergenceof its eigenvalues. Let us denote by EN the eigenspace of PN of the eigenvalue 0,X1 = fx 2 T (�; �); 0 < bN (x) < Ng;X2 = fx 2 T (�; �); bN (x) = Ng;X3 = fx 2 T (�; �); bN (x) = 0g:By Proposition 3.1, for every point z 2 essX3 there are u1; : : : ; uk 2 EN , u :=Pu2isuch that u = 1 on essX1 [ ess@X2 [ ess@X3and u(z) � 1.Let us assume �rst that the set essX3 contains an open component 
 and z 2 
.Then we have: ui are harmonic functions on 
. Hence the u2i are sub-harmonicfunctions on 
. u = 1 on @
 and since u is sub-harmonic on 
 from the inequalityu(z) � 1 it follows that u = 1 on 
. Therefore 0 = �u = �Pu2i = 2Pui�ui +2P jruij2 = 2P jruij on 
 and hence ui � const on 
 for all i = 1; : : : ; k. Wemay assume without loss that all ui are linear independent. Now we consider threecases:(i) k � 2. Then for some constant C 2 R, u1 + Cu2 � 0 on 
 and hence by theCarleman theorem on unique continuation (see [Ho]) u1 +Cu2 � 0 on M .



14 (ii) k = 1 and for all a; b 2 R, a2 + b2 6= 0 the sum v = va;b = a@u1=@x1 +b@u2=@x2 6� 0.We have: �v = �N�Nv on X2, since v 2 C1 and u1 � 1 on {essX2 it followsthat v = 0 on @essX2 and hence rVN (v) < 0. Therefore the operator PN has asleast two bound states.(iii) k = 1 and in the orthogonal coordinates y1; y2 we have @u1=@y1 � 0. Thenu1 = u1(y2) and we may assume without loss that S2 is a strip 0 < y2 < �. Sinceu1 � 1 on {X3; u1 = cos 2�y2=�, and � < 1=pN so we conclude that D(u1) ! 1as N !1. Therefore �N !1 as N !1.So, in each of the possible cases we obtained a contradiction. Hence the setessX3 has an empty interior.By Proposition 3.2 there are v1;N:::; vk;N 2 EN , v := Pv2i;N ; k � (dimEN )2,such that v � 1 on essX1 [ ess@X2 [ ess@X3and ZX2 vdx � ZX2 dxSince essX3 has an empty interior it implies that there is an open, maybe emptyset 
N � essX2 such that v � 1 on {
N andZ
N vdx � Z
N dxLet us denote by LN the k-dimensional subspace of EN spanned by the vectorsv1; : : : ; vk.(6) We prove that dimEN � 6. For the Schr�odinger operator with a smoothpotential on the two-dimensional torus the multiplicity of the second eigenvalue isno more that 6, [N], (see also [B], [CV]). In [N] we used smoothness of the potentialonly in the proof of the following proposition.Let u be a solution of the Schr�odinger equation �u = V u de�ned in 
 � R2,0 2 
; V 2 C1(
). Then there exists a homogeneous harmonic polynomial pk ofdegree k such that u = pk + o(jxjk) as jxj ! 0 and there is C1 di�eomorphismd : 
! 
, d(0) = 0 such that the nodal sets of functions u � d and pk coincide ina neighbourhood of 0.It was proved in [HO] that the above proposition is valid for the Schr�odingeroperator with a potential V 2 L1. Therefore the multiplicity of the eigenvalue 0of the operator PN is at the most 6.(7) We may assume, if necessary, choosing a subsequence Lni , that Ln ! Lweekly in H1(T (�; �); dx). By Assertion (6) dimL � 6. Let T � R2 be a �xedfundamental domain of �(�; �). We also consider functions de�ned on T (�; �) asfunctions de�ned on T . Since L is a �nite dimensional subspace bH1(T ), for any " >0 there exists an open set !(") � T and a subsequence Lni such that cap !(") < "and Lni ! L uniformly in C(Tn!(")) ([VGR]). From Assertion (4) it follows thatfor any � > 0 there exists "0 > 0;N0 > 0 such that if 0 < " < "0;N > N0 then(4.10) Z!(") VNdx < �



15we may assume that vi;N ! vi weakly in H1. From Assertion (5) and (4.10) itfollows that we can de�ne(4.11) ZT v2i d� := limN!1ZT v2i;NVNdx=�NIf the convergence vi;N ! vi is not a strong convergence in H1 thenlimn!1D(vn;i) > D(vi)and hence D(vi)=ZT v2i d� < �(T 2)Since the last inequality via (4.11) implies a contradiction, we obtain(4.12) vn;i ! vi in H1;as n!1. From Assertion (5) it follows thatX v2i � 1 on TFor any w 2 H1(T (�; �)) we have an integral identityZ rvi;Nrwdx = �N Z vi;NwbNdxThus for any w 2 H1(T (�; �)) \ C(T (�; �))(4.13) Z rvirwdx = �(T 2)Z viwd�>From the identity kXi=1 v2i;N � 1 on {
Nwe obtain on {
N0 = �Xi v2i;N = 2Xi vi;N�vi;N + 2Xi jrvi;N j2Thus(4.14) X jrvi;N j2 = VNX v2i;N = VN = �NbNLet us decompose bN . We set bN = b1N + b2N where b1N (x) = bN (x) if x 2 {
Nand b1N (x) = 0 if x 2 
N , b2N = bN � b1N . From (4.12) and (4.14) it follows thatb1N ! b 2 L1(T ) in L1 as N !1. Since V oldx2(
N ) � 1=N it follows that b2Ndxconverges to a singular measure �0 on T .



16 Thus the measure can be decomposed in the form d� = bdx + d�0 where b =P jrvij2=�(T 2)(8) Let z 2 R2; Bzr be the disk jx � zj < r; r > 0. Let x 2 T . We prove that forall su�ciently small " > 0 infu2C10(Bx" )D(u)=ZBx" u2d� � �(T 2):Let us assume by contradiction that for every " > 0 there is a function u 2 C10(Bx" )such that D(u)= R u2d� < �(T 2). Since an isolated point has a zero capacityfor any " > 0 there is a �; 0 < � < " such that there is a v 2 C10 (B"xnB�x), withD(v)= R v2d� < �(T 2). Hence there exists a pair of functions v1 2 C10 (B"xnB�x), v2 2C10 (B�x) such that D(vi)= R v2i d� < �(T 2)i = 1; 2. Evidently the last inequalitiesimply a contradiction.(9) Let y 2 T; " > 0 be such that statement (8) holds. Assume also that�(@By" ) = 0. We consider a map� : By" ! (v1; : : : ; vk) 2 Sk�1 � Rn:We prove that � minimizes the Dirichlet integral on the set of all vectors z 2 H1,z : By" ! Sk�1 with �xed boundary values:zj@By" = �j@By"Let us assume by contradiction that there exists z = (z1; : : : ; zk) such that (4.15)holds and D(z) < D(�). Without loss we may assume also that z is continuous inthe open disk By" . Since P z2i � 1, P v2i � 1kXi=1 ZBy" z2i d� = kXi=1 ZBy" v2i d�:Since �(@By" ) = 0 the integrals on the left are correctly de�ned. Thus there is acomponent zj such thatD(zj )� �(T 2)Z z2j d� < D(vj )� �(T 2)Z v2j d� = 0De�ne w(x) = zj(x) � vj(x); x 2 By" and w(x) = 0, x 2 TnBy" . ThenD(w + vj) � �(T 2)Z (w + vj)2d� < 0thusZ (jrwj2 + jrvj j2 + 2 < rvj ;rw >)dx � �(T 2)Z (w2 + v2j + 2wvj)d� < 0:



17By identity (4.13) we conclude thatD(w) � Z w2d� < 0:The last inequality contradicts Assertion (8) and hence the statement is proved.(10) By (9) and Morrey's regularity theorem ([M], Theorem 9.4.2) it follows thatthe vi are real-analytic functions.We prove now that the measure � has no singular part.Let us �x �(x) 2 C1(R2) such that � � 0, �(x) � 1 if x 2 B01, �(x) � 0 ifx 2 R2nB02. Let �"(x) = �(x="). Let z 2 T; " > 0. By identity (4.13) we haveZ rvir�"(x � z)dx = �(T 2)Z vi(x)�"(x � z)d�:Thus Z vi(x)�"(x � z)d� = �Z �"(x � z)�vidx=�(T 2):Since the function vi is smooth and vi(z) > 0 it follows thatZBz" d� � C"2for some positive constant C independent of z and ". Therefore the singular partof the measure � is equal to zero.(11) Thus the Riemannian metricg =X jrvij2(dx)2=�(T 2)is real-analytic and �1-maximal metric on T (�; �). By Theorem 5 there are vi 2 Esuch that the map � : (T (�; �); g)! (v1; : : : ; vk) 2 Sk�1is a minimal isometric immersion in Sk�1.(12) Since the map � is �1-minimal immersion then by the Montiel-Ross theorem,[MR], (see also [ESI]), we conclude that the group of isometrics of T (�; �) is R2.Therefore g is a 
at metric.For the 
at metric g we have an inequality �1(g)Vg(T 2) � �(T 2), [B1]. ThusTheorem 1 is proved.5. Proof of Theorem 3.(1) Let K2 be a Klein bottle, g be a smooth Riemannian metric on K2. Then(K2; g) has a conformal type of a 
at Klein bottle of a form R2=�a; a > 0;�a is adiscrete group generated by (x; y)! (x + a; y) and (x; y)! (x; y + 1).Denote � : g! a.(2) Let � : T 2 ! (K2; g) the standard two-sheets covering of the Klein bottle,g� be a pull-back metric on T 2. Let u be an eigenfunction of Laplacian on (K2; g),



18u� be the pull-back of u on T 2. Then u� is an eigenfunction of the Laplacian on(T 2; g�). Thus �1(R2=�1) = 4�2 and consequently(5.1) �(K2) � 4�2 > 12� = �(RP 2) > �(S2)(3) Let gn be a sequence of Riemannian metrics on K2 such that �(gn)V (gn)!�(K2) as n!1. Then for some constant C > 0C�1 < � (gn) < CThe Assertion (5.2) follows from (5.1) via the reasoning of Section 4, Assertion (2)in just the same way. (To exclude the case � (gn) ! 0 we utilize instead of theHersh's theorem the corresponding Li-Yau result on RP 2, see [LY]).(4) There exists a real-analytic �1-maximal Riemannian metric g on K2.Since the conformal class of K2 is bounded the proof of the proposition is justthe same as in Section 4, Assertions (3)-(10).We set � (g) = a. Let (R2=�a; f(dx)2) be isometric to (K2; g). Then by [MR](see also Section 4, Assertion (12)) it follows that f(x; y) � f(y).(5) Let g� = ��g be the pull-back of a g on T 2. Then the operator �g� ad-mits a separation of variables x; y. If u is an eigenfunction of �g� with an eigen-value � then u is a linear combination of the following functions: 'k(y) cos 2�kx=a,'k(y) sin 2�kx=a,  k(y) cos(2k � 1)�x=a,  k(y) sin(2k � 1)�x=a, k = 0; 1; : : : and'k,  K satisfy the following Sturm- Liouville equations: '00k = (�=f �4k2�2=a2)'k, 00k = (�=f � (2k � 1)2�2(a2) k) and 'k(y) � 'k(y + 1),  k(y) � 	k(y + 1).Consequently if E is the �-eigenspace of Laplacian on (R2=�a; f(dx)2) any u 2 Eis a linear combination of the following functions: u1 = '1(y) cos 2�x=a, u2 ='1(y) sin 2�x=a, u3 =  1(y) cos �x=a, u4 =  1(y) sin�x=a, u5 = '0(y).By Courant's theorem on nodal domains, [CH] each of the functions '0;  1 has2 zeros on R=Zand '1 > 0.Denote by U the space spanned by u1; : : : ; u5.(6) By Theorem 4 there are vi; : : : ; vk; k � 5 such that the map� : (K2; g)! (v1; : : : ; vk) 2 Sk�1 � Rkis a minimal isometry. Denote by V the space spanned by v1; : : : ; vk.It is required to prove that k = 5. Evidently the inclusion of one of the twofunctions u1; u2 in V implies the inclusion of the other and inclusion of any of u3; u4in V also implies the inclusion of the other. Since dimV � 4 then either U = V , orV spanned by u1; u2; u3; u4. Let us assume by contradiction that dimV = 4. Sinceui are orthogonal there are exist �i > 0; i = 1; : : : ; 4 such that the map�0 : (K2; g)! (�1u1; : : : ; �4u4) 2 S3is a minimal isometry. Let us assume that in point y0 function  1 has a supremum.Sine '1 > 0 from the identity 4Xi=1 �2i u2i � 1it follows that '1 has an in�mum at y0. Thus  01(y0) = '01(y0) = 0. Therefore@ui(�; y0)=@y = 0, i = 1; : : : ; 4. Since �0 is an isometry we obtained a contradiction.(7) Denote by � the lattice generated by (0; 1); (a; 0). Then u5 is an eigenfunctionof Laplacian on the torus (R2=�; f(ds)2). Hence �(k2) < �(T 2). Theorem 3 isproved.
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