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ABSTRACT. We establish an isoperimetric inequality for the first non-zero eigenvalue
of the Laplace operator on the surface of genus one and of a fixed area.

1. INTRODUCTION

In this paper we establish inequalities between eigenvalues of the Laplacian of
a compact surface and geometrical characteristics of this surface. Although this
subject is classical there are still some open problems.

Let M be a compact two-dimensional smooth manifold and ¢ be a smooth Rie-
mannian metric on M. Let A = A, be the Beltrami-Laplace operator on (M, g).
We denote by Ai(g) the first non-zero eigenvalue of Ay, by V(g) we denote area of
the surface (M, g). We define

(1.1) A(M) = sup i (9)V(9),

g

where the supremum is taken over all smooth Riemannian metrics ¢ on M. If
there exists a smooth metric ¢' on M such that A\i(¢') = A(M), we call (M,q¢') a
Ar-maximal manifold. It is well known that A(M) < oo and furthermore, for an
orientable surface of genus 7 the following inequality holds, [YY]:

(1.2) A(M) < 8a(y +1).

Earlier, for the surface of genus zero Hersch, [H], proved that
A(S?) = 8

and (S2, can) is a A;-maximal manifold.
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In the nonorientable case the following equality for the projective plane is due

to Li and Yau, [LY]:
(1.3) A(RP?) =127

and (RP? can) is a A\j-maximal manifold.

Let us consider now the case of an orientable surface of genus one, T?. It can
be shown, (cf. [B1]), that in the class of flat tori of the fixed area the eigenvalue Ay
attains its supremum on the equilateral torus, i.e. on the torus R?/T', where T is
the lattice generated by (1.0) and (1/2,/3/2). In [B1] Berger raised the following
question: is it true that the flat equilateral torus is Aj-maximall’ The main aim of
our paper is to give the affirmative answers to Berger’s problem. We prove.

Theorem 1.
(1.4) AT?) =872 /V/3,
and the flat equilateral torus 1s the only \i-mazimal manifold.

Earlier the inequality \i(¢)V(g) < 87%//3 was proved for certain conformal
classes of (T2, ¢), [LY], [MR]. For instance for conformal flat Riemannian metrics on
the flat square torus Li and Yau proved, [LY], that A;(¢)V (g) reached its supremum
on a flat square torus.

Let us discuss some consequences of the inequalities above. Denote by ¢(M,g)
the systole of the manifold (M, g), i.e. the shortest geodesic loop on (M, ¢) in the
non-trivial homotopical class. Let S(M, ¢) be the length of (M, ¢). The following
isoperimetric inequality is due to Loewner (cf. [B2]): for any Riemannian metric ¢
on T?

Vol(T?, g)/S*T?, g) > 2/V/3,

with equality only for the flat equilateral torus. Combining (1.4) and (1.5), we
recover the isoperimetric inequality of Berger, [B1]:

Mi(9)S*(T?%, g) < 1677 /3
Similar inequalities are also true on RP?:
Vol(RP? g)/S*(RP? g) > 2r
for any Riemannian metric ¢ on RP% [P]. As a consequence of (1.3) we have
M (g)S*(RP?, g) < 67%.

In our proof of Theorem 1 we use certain properties of minimal surfaces in the
n-dimensional sphere. Let S C R"! be the sphere of radius r centred in the
origin. Let

i (M,g) — 5 CR"
be an isometric immersion. It is well known. (cf. [4]), that ¢ is a minimal immersion
if and only if
Ay = — A,
If, in addition A is the first eigenvalue of Ag, i.e. Ai(¢g) = A, then the manifold
(M, g) is called a A;-minimal. We prove



Theorem 2. Any A -mazimal manifold s a Ai-minimal.

If one has the existence of a A;-maximal manifold of genus 1, then Theorem 1
immediately follows from Theorem 2 and the following theorem due to Montiel and
Ros [MR]: any conformal automorphism of a A\;-minimal manifold is isometric. In
Section 4 we prove the existence of a A\;-maximal Riemannian metric on the torus.
Unfortunately, it is technically the most difficult part of the work.

In Sections 5 and 6 we study inequalities for A; on other surfaces.

Theorem 3. Let K? be a Klein bottle. Then there exists a real-analytic Riemann-
ian metric g on K?, such that (K2, ¢g) is a A\1-mazimal manifold. Moreover, the
maultiplicity of the eigenvalue M\i(g) is equal to 5 and 47? < A(K?) < 872//3.

Remark. The \;-maximal manifold (K?,¢) is not flat.

Let us consider the Aj-maximal sphere, projective plane, torus and the Klein
bottle. The multiplicities of A; on these surfaces will be correspondingly 3,4.6,5.
It is interesting to note that these multiplicities are also the maximal possible ones
on these surfaces for any Riemannian metric on them, [C], [B], [CV], [N].

I would like to thank M. Gromov, Y. Colin de Verdiere and T. Hoffmann-

Ostenhof for fruitful discussions.

2. PRELIMINARIES

Let (M,g) be a two-dimensional Riemannian manifold. In local coordinates
(21, 2%) the metric ¢ has the form Y g;jdz'dz?. Then

1 0 0
— — t]
A=Ag= B (vlglg axj,>

where (g*7) = (gr) ™", |g| = det(gi;).
Let go = a(x)g, a > 0, be a metric conformally equivalent to the metric g. We
have

1
Agy = —Ag.
a

Let u € H'Y(M,g). We denote by D(u) the Dirichlet integral of the function wu:

D(u) = Dy(u) := /M |Vu|?dA,

where dA, is the element of area related to the metric g. The Quadratic form D(u)
in the space Ly(M, g) determine the eigenvalues A; and the eigenfunctions u; of the
Laplace operator: 0 = Ag < A1 < A2 < ... A = Ai(g). We denote by R(u) the
Rayleigh quotient:

Ru) = Ry(w) = Dyw)/ [ i,

We have
A(g) =1inf Ry(u)

where inf is subject to all smooth functions u which are orthogonal to 1.
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3. Extremals of eigenvalues of Laplacians.

Let M be a compact smooth surface. Denote by U the set of Riemannian metrics
on M with total area equal to 1. Let us consider Ax(g¢),k > 1, as a functional on
U. In general A\ is a Lipschitz function on U. We say that gy € U is an extremal
of Ay if for all one-parametric families of metrics g, € U smoothly depending on
the parameter 7 € R the following holds: either

(3.1) Ai(gr) < Akl(go) + o(7)

as 7 — 0, or
Ak(gr) 2 Ak(g0) +o(7)

as 7 — 0.

Theorem 5. Let go € U be an extremal of A\p,k > 1. Let E be the eigenspace of
the Laplacian on M, gy corresponding to the eigenvalue Ag(go). Then there exist
orthogonal vectors Wy,..., W, € E such that

Z W2 =1 on M,
23 (dWi)*(X) = Milgo)go( X, X), X € TM.

Proof. Let @ be the space of quadratic forms on R%. Then Q = Q & Q2, where
Ql(X) = Ql(*X)7 QQ(X) = —QQ(*X), Ql ~ Rl, QQ ~ RZ. Let P11, P2 € Q, we set

<ppee= [ alpateis
|z ]

=1

We define maps p; : R — Q1, pi(a) = |az|* and py : R — Q2 such that —g(z) =
< p2(x),q¢ > for all ¢ € Q2, =z € R% Let a1, 22 be coordinates on R?. Evidently
(x1,22) = F(2%, 2%, 2125) for some linear map

(3.2) F:R® = Q.

We denote by &M the space of fields of quadratic forms on TM. We define a

map
N:f>3C>®(M,g) —pe &M,
p(X) = pi(f) + pa(mdf),

for all X € TM, where 7w : T*M — TM is the standard projection. Let h € &M,
denote ¢" = go + 7h, 7 € R. If u € C>°(M) satisfies

Dyl (u) :/ u?dAg, =1
M

then a trivial computation gives us

0
(3.3) 5= Ryulr—0 = — < h, Nu >



We define I = [X|?, X € TM. Then we have

(3.4) %VoZ(M, 9" rmo =< I,k > .

To be definite we assume from now on that the extremal condition on Ay is given
by inequality (3.1). Let K be the convex envelope of the set N(E). Then K is a
convex cone in GM. Let us assume first that I ¢ K. Then by the Hahn-Banach
theorem there exists a vector e € &M such that

(3.5) <I,e>>0
and for any ¢ € K.
(3.6) < e, ><0.

Let dim E = m. We may assume without loss of generality that Ag(go) = 1. Let
An(90) = Ant+1(g0) = -+ = Angm(go) = 1. We denote by D, the restriction of the
quadratic form Dg¢ on the subspace E C La(M,¢%). Let pi(7) < -+ < (7)) be
the eigenvalues of D,. Let S C E be the unite sphere in Ly(M, go) norm. From
(3.3) and (3.4) it follows that for every u € S

0

ER!]’E_ (u)|7-:0 > 0.

Consequently dp1(0)/07 > 0. The last inequality implies, (cf. [K]) that

0
_/\n ; T= .
or (gr)| 0o>0

Since from (3.4) and (3.5) it follows that
2V I(M,qg2) >0
or O\ Ir)ir=0

we get a contradiction to (3.1). Hereby the extremal property of Ag(go) implies

that I € k.
Since (3.2) is a linear map, it follows that dim K < 9m? + 1. By Carathéodory’s
theorem, (cf. [R]) the vector I can be represented as a linear combination of at

most 9m? extremal points of K. Since the extremal set of K is in the cone N(E)
there exist Vi,...,V, € E, n < 9m? such that

I= zn:N(vi).

The last equality implies,
Z Vi=1lon M,
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and for any X € M there is a constant C' > 0 such that
D (dVi(2)*(X) = Cgo(X,X), X €T, M.
If we apply the Laplace operator to the identity (3.7) we obtain

Y ViAVi+ > [VViP =0on M

or
Y IVVIP=> VP on M,

recall that we have assumed that Ag(go) = 1. From the identities (3.8), (3.9) it
follows that

23 (dVi)*(X) = go(X,X) on TM

To finish the proof of Theorem 4 we only need to prove that the vectors V; can be
chosen to be orthogonal. The equalities

—-AV; =V,
and (3.7), (3.10) imply that the map

(M,g) = (V2Vi,...,V2V,) € S"2 C R”

is a minimal isometric immersion, ([L]). Since V; € E the image of the last immer-
sion is in a subspace H C R™ and dim H < m. Let {W;} be an orthonormal basis
in H such that the quadratic form

P(U,V) = / UV dAgo
M

has a diagonal form in the basis {W;}. Since the map

(M,g) — (Wy,...,.Wn)CS

m—1
2

s

is a minimal isometric immersion, the W; are as required. Theorem 5 is proved.

Remark. Extremals of other functionals related to the spectrum of Riemannian
surfaces was considered in [CV2] and [OPS]. It is interesting to compare the results
of these papers with Theorem 5.

We also prove, in relation to Theorem 5, propositions for Schrodinger operators.
Let X € (M,g). We denote by BX C (M, g),r > 0, the geodesic disk on (M, g) of
radius r centred at z. Let E C (M, ¢) be a Borel set. We denote by essOF (essential
boundary) the set of all points # € E such that for every ¢ > 0 meas(B* N E) > 0,
meas(B* NCE) > 0. By essE we denote the set of all points # € E such that for

any ¢ > 0 meas(BX N E) > 0. We define LT :={f € Loo(M),0 < f <T}.
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We consider the Schrodinger operator L = —A — V' with a potential V € LT.
Let A\; be eigenvalues of L. We set

Xi={eeMO0<V(z)<T},
Xo={z e M,V(z)=T},
X3 ={z € M,V(xz)=0}.

We assume that there is an eigenvalue A\; such that for every f € Lo.(M) satisfying
V4 fell, [, fdA, =0 the inequality

(3.11) Ak > Ai(7, f) +o(T)

holds as 7 — 0, 7 > 0. Here A\i(7, f) are eigenvalues of the operator L — 7 f. Let E
be the eigenspace of Ag.

Lemma 3.1. Let z1,...,z, € (essX; U ess0Xy U ess0X3). Then there exists
Wi,..., Wi € E, k <(dim E)? such that

Proof. For u € H' (M, g) we define

ryv(u) = (Dy(u) — /M uZVdAg)//M u?dA,.

Let ¢ € Loo(M), we set
Vi=V+r1p

Then

0
(3.12) 5 Ve (Wlr=0 = —/ UZ@dAg// u?dA,
M M

Weset Z =z U---Uzy,. Let u € E. We define amap u: Z — (u(z1),...,u(z,)) €
R”, then E(Z) is a subspace in R™. We can also define a map @ : R" — R”,
Q(x1,...,2,) = (23,...,2%). We denote by K the convex envelope of the set
QE(Z). Set I = (1,...,1) € R™ If I € K then the existence of the required
functions W; immediately follows, as in the proof of Theorem 4. If I € K then
there is a vector e = (e1,...,e,) € R™ such that < I,e >= 0 and for every
r € Ko # 0, < x,e >< 0. Since E is a finite dimensional space of continuous
functions on M there exists a sufficiently small ¢ > 0 such that the following holds:
ifzi € BZ,Z' = z;U---Uzl , and K' is the convex envelope of QE(Z') then for any
r € Kl',x #0,< z,e >< 0. We also assume that the disks B? have no mutual
intersections. Let A; C B2 be closed sets satisfying the following requirement: for
any 4,1 <1 < n, Voly,(A;) = ¢ and if ¢; > 0 then V|4, < T — ¢, if ¢; < 0 then
V0|a, > 6, for some positive constant 6. By our assumption for sufficiently small
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6 > 0 the required sets A; exist. Let y(-) be the characteristic function of a set.
We define

7

L

€]

f= ‘ eix(Ai)

1=1
Then fM fdA, =0, V+f € LT and forany u € E,u # 0, fM u?fdA, < 0. Now, as

in the proof of Theorem 4, from (3.12) a contradiction with (3.11) follow. Lemma
3.1 is proved. [

Lemma 3.2. Let z1 € essX3 and z2,...,2, € (essXq Uess0X3 U ess0X3). Then
there exists Wy, ..., Wy € E, k < (dim E)? such that

Proof. We use the notations of Lemma’s 3.1 proof. If I € K the statement fol-
lows. Let us assume now that I ¢ K. If e; > 0 there exists 4; € X3 N B,
Voly,(A1) = 6 and then the contradiction follows as above. Hence e; < 0. By
Lemma 3.1 there exists Wy,..., Wi € E such that (3.13) holds. Define a vector
h = W22),1,...,1) € K. Now (3.14) follows from the inequalities ¢; < 0, <
e,h ><0,<e,I>=0. Lemma 3.2 is proved. [

Since E is a finite dimensional space of continuous functions on M we have as
an immediate consequence of Lemma 3.2 the following:

Proposition 3.1. For any point z € essX3 there exists Wy,... Wi € E, k <
(dim E)* such that

k
Z VVi2 =1 on ess X UessO0Xo UessO0X3
=1
and
k
Wiz =1
=1

Lemma3.3. Letz,...,22 € essXo and zpt1,...,2n € (essX1U ess0X3 Uess0X3).
Then there exist Wq,..., Wi, k < (dim E)? such that

k

(3.15) Wiz =1, m<j<n,
=1

and

(3.16) W2(zj)<m

7=1 =1



Proof. We use the notation from the proof of Lemma 3.1. Define a linear map

H:R"— Rr—m+Hl

m

H:(xl,...,xn)H(in/m,xm+1,...,xn)

=1

Let Ky be the convex envelope of the set HQFE(Z). Set Iy = (1,...,1) € R*=™+1,
If Iy € Ky the statement follows. So, let us assume that Iy ¢ K. Then there is
a vector ¥y = (Y1,...,Yn—m+1) such that < Iy,y >= 0 and for any « € Ko, x # 0,
< z,y >< 0. Let us choose sets A; C BZ N Xg,4,...,m, Vol,(4;) = 6 sets
Apmt1,..., A, as they are defined in the proof of Lemma 3.1. in correspondence
with the signs of y.,...,Yn—ms+1. We define

Fm (i) Y (A

i=m-+1

If ;1 < 0 the contradiction follows as above. Hence y; > 0. By Lemma 3.1 there
exists Wh,..., Wy € E such that (3.15) holds. Define a vector h € Ky,

WZ(Zj)/m,l,...,l)

7

h=()_

m k
]:1 1=

1

Now (3.16) follows from the inequalities y; > 0, < h,y >< 0, < I,y >= 0. Lemma
3.3 is proved. [

Since E is a finite dimensional space of continuous functions on M we have as
an immediate consequence of Lemma 3.3 the following:

Proposition 3.2. There exists Wy,..., Wy € E, k < (dim E)?* such that

k
Z Wiz =1 on ess X UessO0Xo UessO0X3

=1

and

/ D WdA, < Voly(Xs).
X2

4. Proof of Theorem 1.

(1) Let (T2,g) be an orientable compact surface of genus one. Then (772, ¢)
is conformally equivalent to a flat torus (R?/T,(dz)?) where T is a 2-dimensional
lattice and (dx)? is the metric on R?/T induced from the Euclidian metric on R2
It is well-known also that each flat torus is isometric, up to dilations, to a flat torus
T(a,b) = R?/T(a,b) where T'(a,b) is the lattice generated by {(1,0),(a,b)} with
0<a<1/2,b>0,a*>+b* >1 (see [BGM]). Let us denote t : ¢ — (a,b),t1 : g — b.

(2) Let g, be a sequence of Riemannian metrics on T? such that A\ (¢,)V(gn) —
A(T?) as n — oo. We prove that t1(g,) < C < o0.
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Without loss of generality we may assume that V(g,) = 1 for all n. Denote
(an,by) :=1(gn). Assume by contradiction that b, — oo as n — oo.

Let h, be a conformally flat metric on R™ with the lattice of periods I'(a,,, by, )
such that the torus (R?, hy,)/T(an, b,) is isometric to (T?,¢,). Let ', 22 be co-
ordinates in R?. Denote by T;,, C R? the fundamental parallelogram of the group
(@, by) with the centre at 0. Without loss we may assume that

/ sin 272? /b, dVy, =0
Ty

Then

(4.1) / |V sin 27a? /b, |*dax = 7 /by,

n

Denote

Ay ={(=',2*) € T,,—~N < 2* < N},
By = {(z',2%) € Tn,~byja + N < 2> < b, — N}

Since A\i(gn) — A(T?) > 872/V/3 as n — oo, it follows from (4.1) that for any
e > 0 there is N(¢) > 0 such that for all sufficiently big n

Vi, (ApUB,) >1—¢

Define ¢} = max(cos 2723 /b,,0), ;; = min(cos 27z*/b,,0). Then

/ IV¢Ede = 7 /2bn,

n

/T (¢ )2 dVi, > Vi, (AN) —en,
/T (¢n )2 dVa, >V, (By) — en,

where ¢, — 0 as n — oo. If inf(Vj, (An), Vi, (Bn)) > C > 0 for all n then
A1(gn) — 0 as n — oo. Therefore we may assume without loss that V, Ay > 1—2¢
for all sufficiently big n. Let us fix n,e > 0 such that b, > 5N(e).

Let S? C R3 be the unit sphere, 7; be the projection of R*® on the coordinate
axis x'. By the result of Hersch [H], see also [G], there exists a conformal map

c,o:AzN—>52

such that function u = m; o ¢ has the following properties

(4.2) / udVy,, =0,
Asn
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1
(4.3) / u?dVy, > =Vi, Asn,
Aon 3

(44) R(Aw’hn)u S A(SZ)/thAQN

Let o < 3, denote
AP = {(a',2?) € Ty,a < 2% < B}

iFrom (4.3), (4.4) it follows that there are a« € (=2N,N), 8 € (N,2N) such that
/ (Ou/dz' ) dx < 8/N
8AL

We denote B = T,\42. Let v be a solution of the Dirichlet problem
Av=0on B,v =0 on 0B

Since |v| < 1 in B it follows from (4.5) that

/ |Vo|?de < CN
B

and

B

|6] < 2e. We define the function w on T), as follows

u—(SomAfy
w =
v—o6on B

iFrom (4.2), (4.6) it follows that

/ wdVy, =0
Ty

and Dy, w < A(S?) — ¢!, where ¢!, — 0, as n — co. Hence

lim Ai(gn) < A(SZ).

Since A(S?) = 87 < 872 /3 < A(T?) we obtain a contradiction. Therefore the b,
are uniformly bounded.

(3) We may assume that #(¢,) — («,3). We also assume that the sequence of
the probability measures V3 is converging weekly to the probability measure p on
T(a, ).

We prove that the support of the measure p is different from a point. Let
us assume by contradiction that suppu = {0} € T, where T is the fundamental
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parallelogram of the group I'(a,3) and T is centred in the origin R% Denote
D, = {x € R%|z| < r}. and D = D,, C T for some fixed rq > 0. By our
assumption for every ¢ > 0

(4.7) Vi, D — 1
as n — oo. By Hersch’s result (see Assertion (2)) there exists a conformal map
©n (D,hn) — 87 CcR?

such that
(4.8) / 70 pndVi, = 0,
D

i =1,2,3 and Rip p,)(m1 0¢n) < A(S?)/Vy, (D). Denote B, = S*\p,(D) and let
pn be the radius of the geodesical circle B, C S?. From (4.7) and (4.8) it follows
that p, — 0 as n — oo. Let us choose a sequence of numbers p!, > 0 such that
ph — 0, pn/pl, — 0 as n — oco. Let Bl C S? be the circle of radius p!, concentric
to B,. Let u, be a continuous function on S? defined by the following:

up(z) = 7 (x) for € S*\B),,
un(x) =0 for « € B,,
Auy,(x) =0 for z € B, \B.

Since the capacity of a point on the plane is equal to zero we conclude that

(4.9) /|vun|2d3H/ Vs () 2ds
S2 S2

as n — oo. Denote

/ Up O PrdVy, = 0p.
D

By (4.9) we obtain that |6,] — 0 as n — co. Set w, = u,, — é,,. From (4.7), (4.9)
1t follows that
Ry, (wy) < A(SZ) + o(n)

as n — oo and since A(S?) < A(T?) we obtained a contradiction.

(4) Let E C T be a closed set. We prove that equality cap E = 0 implies equality
w(E) = 0. Let us assume by contradiction that g(E) > 0. Then by Assertion (3)
there are two closed sets Ey,Ey C E,Ey N Ey = 0, u(E;) > 0,i = 1,2. Let d
be the distance between the sets E; and Es in the Euclidian metric, Q; be (d/2)-
neighbourhood of E;. Then by the definition of the capacity for any ¢ > 0 there
are the functions, f; € C§°(£2;) such that f; > 1 on E; and D(f;) < . Since

/ PV, — / 2y
T T



13

as n — oo, ¢ = 1,2 we obtain that A;(h,) — 0 and this is in contradiction with our
assumption on h,.

(5) We say that a Riemannian metric on torus T(a, ) is in the class Gy if
V,(T?) = 1 and the metric ¢ has a form g = a(x)(sz)?, where the function a(x)
satisfies the inequality 0 < a(x) < N. Denote

An = sup M\(g)
geEGN

Evidently Axy — A(T?) as N — oo. Let M(gn) — Axy as n — oo, g, € Gy,
gn = an(z)(dz)? on T(w, 3). The Beltrami-Laplace operator A, we can represent
in the form )

A!]n — ZA,

here A is the Laplace operator in the Euclidian metric (dz)*. Therefore eigen-
functions u, of Ay, with the eigenvalues Ai(gy) are solutions of the Schrédinger
equation

Lyun = —Aup — AN (gn)an(z)u, =0

and the Schrodinger operator L, has exactly one bounded state.
Without loss of generality we may assume that a,, — by weekly as n — oc.
Then 0 < by < N. Let us consider the Schrodinger operator

Py =—A—Vy,

Vn = Anby. It is well known that the weak convergence of uniformly bounded
potentials of Schrodinger operators on a compact manifold implies the convergence
of its eigenvalues. Let us denote by En the eigenspace of Py of the eigenvalue 0,

X1 ={2€T(a,3),0 < by(x) < N},
Xo ={z € T(a, 8),bn(z) = N},
X3 ={z € T(a, ), bn(z) = 0}.

By Proposition 3.1, for every point z € essX3 there are uy,...,up € En, u:= > u?
such that
u=1on essX; Uess0Xy U ess0X3

and u(z) > 1.

Let us assume first that the set essX3 contains an open component € and z € €.
Then we have: u; are harmonic functions on 2. Hence the u? are sub-harmonic
functions on 2. v =1 on 99 and since u is sub-harmonic on §2 from the inequality
u(z) > 1 it follows that u = 1 on Q. Therefore 0 = Au = A u? = 2> w;Au; +
23 [ Vui?* = 23 [Vu;| on Q and hence u; = const on Q for all i = 1,..., k. We
may assume without loss that all u; are linear independent. Now we consider three
cases:

(i) k& > 2. Then for some constant C € R, u; + Cuz = 0 on 2 and hence by the
Carleman theorem on unique continuation (see [Hol]) u; + Cuy =0 on M.
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(ii) £ = 1 and for all a,b € R, a* +b* # 0 the sum v = v, = aduy/dz' +
bOusz /Dx? # 0.

We have: Av = —NAnv on Xy, since v € C' and uy = 1 on Less X it follows
that v = 0 on JessXy and hence ry,(v) < 0. Therefore the operator Py has as
least two bound states.

(iii) ¥ = 1 and in the orthogonal coordinates y', y* we have Qu;/dy' = 0. Then
w1 = up(y?) and we may assume without loss that Sy is a strip 0 < ya < é. Since
up =1 on 0X3,u; = cos2ry? /6, and § < 1/\/N so we conclude that D(u;) — oo
as N — o0o. Therefore Ay — oo as N — oo.

So, in each of the possible cases we obtained a contradiction. Hence the set
essX3 has an empty interior.

By Proposition 3.2 there are vy n.,vpn € En, v = Ev?’N,k < (dim En)?,
such that

v=1o0nessX; UessO0Xy UessOX3

/vd:z;ﬁ/ dz
X X

Since ess X3 has an empty interior it implies that there is an open, maybe empty
set Qn C essXs such that v =1 on (Qy and

/vdwﬁ/ dz
QN QN

Let us denote by Ly the k-dimensional subspace of Exn spanned by the vectors

and

Vigeeo Vg,

(6) We prove that dim Ex < 6. For the Schrodinger operator with a smooth
potential on the two-dimensional torus the multiplicity of the second eigenvalue is
no more that 6, [N], (see also [B], [CV]). In [N] we used smoothness of the potential
only in the proof of the following proposition.

Let u be a solution of the Schrédinger equation Au = Vu defined in Q C R?,
0€QV e C>®N). Then there exists a homogeneous harmonic polynomial pj of
degree k such that u = py + o(|z|¥) as || — 0 and there is C! diffeomorphism
d:Q — Q, d0) =0 such that the nodal sets of functions u o d and pj coincide in
a neighbourhood of 0.

It was proved in [HO]| that the above proposition is valid for the Schrodinger
operator with a potential V' € L.,. Therefore the multiplicity of the eigenvalue 0
of the operator Py is at the most 6.

(7) We may assume, if necessary, choosing a subsequence L,,, that L, — L
weekly in H'(T(«, 3),dz). By Assertion (6) dimL < 6. Let T C R? be a fixed
fundamental domain of I'(a, #). We also consider functions defined on T(«, ) as
functions defined on T'. Since L is a finite dimensional subspace bH'(T), for any & >
0 there exists an open set w(e) C T and a subsequence L, such that cap w(e) < ¢
and L,, — L uniformly in C(T\w(¢)) ([VGR]). From Assertion (4) it follows that
for any 6 > 0 there exists eg > 0, Ny > 0 such that if 0 < ¢ < g9, N > N; then

(4.10) / Vydz < 6
w(e)
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we may assume that v; v — v; weakly in H'. From Assertion (5) and (4.10) it
follows that we can define

(4.11) / vidp = lim / v NVvda /Ay
T N—oo jp 7
If the convergence v; y — v; is not a strong convergence in H' then
lim D(vy, ;) > D(v;)

and hence

D(vl)// vidp < A(T?)

T

Since the last inequality via (4.11) implies a contradiction, we obtain
(4.12) Upi — v; in HY,

as n — oo. From Assertion (5) it follows that

Zv?zlonT

For any w € H'(T(«, 3)) we have an integral identity
/Vvi,Nde:Jc = AN/vi,waNd:Jc

Thus for any w € H' (T(a, 8)) N C(T(«, 3))

(4.13) /Vvind:Jc = A(TZ)/viwd/,L
. From the identity
Zv?’N =1on 0Oy

=1

we obtain on [Qy
0=AY viy=2> vivAviy+2) |Vovin|’
Thus
(4.14) Y IVoinP =Vn Y viy =Vy =Anby
Let us decompose by. We set by = bk + b% where b(z) = by(z) if z € [Qx
and b (z) = 0 if v € Qu, b% = by — bY,. From (4.12) and (4.14) it follows that

by — b€ Li(T) in Ly as N — oo. Since Volg,2(Qxn) < 1/N it follows that b3 dx

converges to a singular measure po on 7.
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Thus the measure can be decomposed in the form duy = bdx + dpy where b =
Vel /A(T)

(8) Let z € R?, B? be the disk |[v — z| < r,r > 0. Let € T. We prove that for
all sufficiently small ¢ > 0

mf  D(u wldu > A(T?).
ot D [tz A

Let us assume by contradiction that for every € > 0 there is a function u € Cg(B¥)
such that D(u)/ [u?dp < A(T?). Since an isolated point has a zero capacity
for any ¢ > 0 there is a §,0 < § < ¢ such that there is a v € C}(B:\B?), with
D(v)/ [vidu < A(T?). Hence there exists a pair of functions v; € Ca(B:\BY), vz €
CH(B?) such that D(v;)/ [vZdp < A(T?)i = 1,2. Evidently the last inequalities
imply a contradiction.

(9) Let y € T,e > 0 be such that statement (8) holds. Assume also that
u(0BY) = 0. We consider a map

®:BY - (vi,...,v1) € ST CR™

We prove that ® minimizes the Dirichlet integral on the set of all vectors z € H?,
z: BY — S*71 with fixed boundary values:

Z|aB§f = (I)|BB§’

Let us assume by contradiction that there exists z = (z1,...,zx) such that (4.15)

holds and D(z) < D(®). Without loss we may assume also that z is continuous in
the open disk BY. Since > 22 =1, Y v? =1

k k
;/Bngd/,L:;/Bgv?d/,L.

Since u(0BY) = 0 the integrals on the left are correctly defined. Thus there is a
component z; such that

D(z;) — A(Tz)/z:?du < D(v;) — A(TZ)/v?d/,L =0
Define w(z) = z;j(z) — vj(z),2 € BY and w(z) =0, « € T\BY. Then
D(w +v;) — A(T?) /(w +v;)?dp < 0
thus

/(|Vw|2 +|Vu;]? + 2 < Vo;, Vw >)dz — A(TZ)/(w2 + v? + 2w, )dp < 0.
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By identity (4.13) we conclude that

D(w) — /wzd/,L < 0.

The last inequality contradicts Assertion (8) and hence the statement is proved.

(10) By (9) and Morrey’s regularity theorem ([M], Theorem 9.4.2) it follows that
the v; are real-analytic functions.

We prove now that the measure p has no singular part.

Let us fix p(z) € C®(R?) such that p > 0, p(z) = 1if 2 € BY?, p(x) = 0 if
v € R?\BY. Let p.(z) = p(x/e). Let z € T, e > 0. By identity (4.13) we have

/ VoiVpe(z — 2)dr = A(T?) / vi(z)pe(x — 2)dp.

Thus
/vi(:zj)pg(:zj — z)dp = —/,05(:1; — 2)Avidz /A(T?).

Since the function v; is smooth and v;(z) > 0 it follows that

/ dy < Ce?
B:

for some positive constant €' independent of z and ¢. Therefore the singular part
of the measure u is equal to zero.
(11) Thus the Riemannian metric

9= IVoil(de)*/A(T?)

is real-analytic and A;-maximal metric on T'(«, #). By Theorem 5 there are v; € E
such that the map

O (T(a,3),9) = (v1,...,08) € gkt

is a minimal isometric immersion in S*¥~1.

(12) Since the map @ is A\;-minimal immersion then by the Montiel-Ross theorem,
[MR], (see also [ESI]), we conclude that the group of isometrics of T(«, 3) is R2.
Therefore ¢ is a flat metric.

For the flat metric ¢ we have an inequality A1 (¢)V,(T*) < A(T?), [B1]. Thus
Theorem 1 is proved.

5. Proof of Theorem 3.

(1) Let K% be a Klein bottle, ¢ be a smooth Riemannian metric on K2. Then
(K?,g) has a conformal type of a flat Klein bottle of a form R?/T,,a > 0,T, is a
discrete group generated by (z,y) — (z + a,y) and (z,y) — (z,y + 1).

Denote 7: g — «.

(2) Let 7 : T? — (K?,g) the standard two-sheets covering of the Klein bottle,
g* be a pull-back metric on T?. Let u be an eigenfunction of Laplacian on (K?,g¢),
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u* be the pull-back of v on T?. Then u* is an eigenfunction of the Laplacian on

(T?,¢*). Thus \(R?/T';) = 47* and consequently
(5.1) A(K?) > 4r? > 127 = A(RP?) > A(S?)

(3) Let g, be a sequence of Riemannian metrics on K? such that A(¢,)V(gn) —
A(K?) as n — oo. Then for some constant C' > 0

Cl<1(gn)<C

The Assertion (5.2) follows from (5.1) via the reasoning of Section 4, Assertion (2)
in just the same way. (To exclude the case 7(g,) — 0 we utilize instead of the
Hersh’s theorem the corresponding Li-Yau result on RP?, see [LY]).

(4) There exists a real-analytic A\;-maximal Riemannian metric ¢ on K2

Since the conformal class of K? is bounded the proof of the proposition is just
the same as in Section 4, Assertions (3)-(10).

We set 7(¢g) = a. Let (R?*/T,, f(dz)*) be isometric to (K?,¢). Then by [MR]
(see also Section 4, Assertion (12)) it follows that f(x,y) = f(y).

(5) Let g* = 7*¢ be the pull-back of a ¢ on T?. Then the operator Ay ad-
mits a separation of variables z,y. If u is an eigenfunction of Ay« with an eigen-
value A then w is a linear combination of the following functions: ¢x(y)cos2nkz/a,
or(y)sin2rka/a, Yi(y)cos(2k — V)ma/a, Yi(y)sin(2k — L)rx/a, k = 0,1,... and
¢k, Vx satisfy the following Sturm- Liouville equations: ¢ = (\/f —4k*7?/a?)ey,

v = (VF — (2h — 12(a)n) and paly) = oxly + 1), on(y) = Taly + 1)
Consequently if F is the A-eigenspace of Laplacian on (R?/Ty, f(dz)?) any u € E
is a linear combination of the following functions: w; = p1(y)cos2ra/a, uy =
w1(y)sin2na/a, us = P1(y) cosma/a, uy = 1 (y)sinwa/a, us = @o(y).

By Courant’s theorem on nodal domains, [CH| each of the functions ¢q, 1y has
2 zeros on R/Z and ¢ > 0.

Denote by U the space spanned by uq,...,us.

(6) By Theorem 4 there are v;,...,v5, k <5 such that the map

d: (K% g)— (v1,...,05) € SF1 C RF

is a minimal isometry. Denote by V' the space spanned by vy,..., vg.

It is required to prove that £ = 5. Evidently the inclusion of one of the two
functions w1, uz in V implies the inclusion of the other and inclusion of any of ug, uy
in V also implies the inclusion of the other. Since dim V' > 4 then either U =V, or
V spanned by uq,us,us,us. Let us assume by contradiction that dim V' = 4. Since
u; are orthogonal there are exist a; > 0,2 = 1,...,4 such that the map

CI)O : (IX’Z,g) — (ozlul, ce ,Oé4U4) € 53

is a minimal isometry. Let us assume that in point yy function ¢’y has a supremum.
Sine ¢1 > 0 from the identity
4
Z a?u? =1
=1

it follows that (1 has an infimum at yo. Thus ¢¥j(yo) = ¢(yo) = 0. Therefore
Oui(+,y0)/0y = 0,1 =1,...,4. Since @, is an isometry we obtained a contradiction.

(7) Denote by I' the lattice generated by (0,1), (a,0). Then us is an eigenfunction
of Laplacian on the torus (R?/T, f(ds)?). Hence A(k?) < A(T?). Theorem 3 is

proved.
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