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INVARIANT OPERATORS ON MANIFOLDS WITHALMOST HERMITIAN SYMMETRIC STRUCTURES,II. NORMAL CARTAN CONNECTIONSAndreas �Cap, Jan Slov�ak, Vladim��r Sou�cekAbstract. We construct explicitly the canonical principal B-bundles P and theircanonical Cartan connections for all AHS-structures. Our methods are di�erent fromthe development in [Tanaka, 79] or [Baston, 91], in particular they are simpler, moreexplicit and transparent. We also compute explicite formulae for the canonical Cartanconnections in terms of the underlying distinguished linear connections.In the �rst part of this series, [�Cap, Slov�ak, Sou�cek], we de�ned almost Hermitiansymmetric structures as `second order structures'. Now, we will �rst show thatany �rst order structure with the `right' structure group gives rise to an almostHermitian symmetric structure in this sense. Basically, the construction is just thestandard �rst prolongation of G{structures, see [Kobayashi] or [Sternberg]. Due tothe special situation, there is a canonical prolongation which admits the structureof a principal bundle with the structure group B. Moreover, it turns out that for allalmost Hermitian structures, there exists a unique normal Cartan connection. Weshall present the explicit construction in section 2. Thus, the calculus developed inPart I of this series will yield natural operators in all these cases. Furthermore, wecompute explicitly the corresponding deformation tensors � in the last section.Our results extend those by [Ochiai, 70], but his methods using the vanishingtorsion assumption restrict in fact the considerations to the locally 
at structuresin many cases, cf. [Baston, 91] or [�Cap, Slov�ak, 95]. Tanaka's general developmentcertainly covers our existence result, however his approach and aims are so far dif-ferent from ours, that we believe to need much more space to refer to [Tanaka, 79]than to present our simple independent proof. Another approach to the construc-tion of the canonical Cartan connections on certain auxiliary vector bundles, thusavoiding the construction of the prolongation, can be found in [Baston, 91].In the sequel, we shall use the notation and results from Part I of this series ofpapers, the citations like I.2.3 mean the corresponding items in that part.1. The prolongation of first order structures1.1. Let us recall the setting we work in from the �rst part of this series of papers:We start from a connected semisimple real Lie group G whose Lie algebra g isequipped with a grading g = g�1� g0� g1. By B we denote the closed (parabolic)This work was mostly done during the stay of the authors at the Erwin Schr�odinger Institutein Vienna. The second author is also supported by the GA�CR, grant Nr. 201/93/2125Typeset by AMS-TEX1



2 ANDREAS �CAP, JAN SLOV�AK, VLADIM��R SOU�CEKsubgroup corresponding to the Lie subalgebra b = g0 � g1, further we have theclosed subgroup B0 � B corresponding to g0 and the closed normal subgroup B1of B corresponding to g1. Then it is known that(1) g0 is reductive with one{dimensional center(2) the map g0 ! gl(g�1) induced by the adjoint representation is the inclusionof a subalgebra and an irreducible representation(3) the Killing form identi�es g1 as a g0 module with the dual of g�1.(4) the restrictions of the exponential map to g1 and g�1 are di�eomorphismsonto the corresponding closed subgroups of G.(5) B0 \B1 = feg(6) B is the semidirect product of B0 and B1,see [Ochiai, Sections 3 and 6].Examples of such Lie algebras and the corresponding structures can be found inI.3.3. In particular recall that there are the classical projective structures, whichoccur in this picture as the extremal case of an almost Grassmannian structure.The projective structures behave rather exceptionally and we will have to treatthem separately.1.2. Our starting point is a �rst order B0{structure on a smooth manifold M ofdimensionm = dim(g�1), so assume that we have given a principalB0 bundle P0 !M together with a soldering form ��1 2 
1(P0; g�1) which is strictly horizontal,i.e. its kernel in each tangent space is precisely the vertical tangent space, andB0 equivariant, so (rb)���1 = Ad(b�1) � ��1. This is equivalent to P0 being areduction of the (�rst order) frame bundle P 1M of M , cf. I.3.6. Now consider thetangent bundle TP0, the vertical subbundle V P0 and the quotient bundle TP0=V P0.The fundamental vector �eld map gives a trivialization V P0 ' P0 � g0, while thesoldering form induces a trivialization TP0=V P0 ' P0 � g�1.For a point u 2 P0 consider a linear isomorphism ' : g�1 � g0 ! TuP0 which iscompatible with the two trivializations from above, i.e. such that '(0; A) = �A(u)and ��1(u)('(X;A)) = X. Via ' the exterior derivative d��1(u) gives rise to amapping g�1 ^ g�1 ! g�1, de�ned by (X;Y ) 7! d��1(u)('(X; 0); '(Y; 0)), and weview this mapping as t' 2 g��1 ^ g��1 
 g�1, and call it the torsion of '. Now let �'be another isomorphism compatible with the trivializations. Then there is a linearmap  : g�1 ! g0 such that �'(X;A)�'(X;A) = � (X)(u). The di�erence betweenthe corresponding maps constructed using d��1(u) can be easily computed:Lemma. In this situation we have:d��1(u)( �'(X; 0); �'(Y; 0)) � d��1(u)('(X; 0); '(Y; 0)) = �[ (X); Y ] + [ (Y );X]:Proof. Using bilinearity of d��1(u) and the fact the �'(X;A) = '(X;A) + � (X)(u)the di�erence can be expressed asd��1(u)(� (X); '(Y; 0)) + d��1(u)('(X; 0); � (Y )) + d��1(u)(� (X); � (Y )):Since ��1 is horizontal and the Lie bracket of vertical vector �elds is vertical, the lastterm vanishes. On the other hand, the in�nitesimal version of the B0{equivariancy



II. NORMAL CARTAN CONNECTIONS 3of ��1 is clearly L�A��1 = �ad(A) � ��1, and again by horizontality this reduces toi�Ad��1 = �ad(A)���1. Applying this we see that the �rst term from above reducesto �[ (X); ��1('(Y; 0))] = �[ (X); Y ] and similarly for the second term. �There is a canonical map @ from L(g�1; g0) ' g��1 
 g0 to g��1 ^ g��1 
 g�1, thecomposition of the alternation in the �rst two factors with the map induced by theinclusion g0 ! g��1 
 g�1 obtained from 1.1.(2). Using this map, the lemma abovejust says thatd��1(u)( �'(X; 0); �'(Y; 0)) � d��1(u)('(X; 0); '(Y; 0)) = �@( )(X;Y ):Thus the above construction gives rise to a well de�ned functionP0 ! (g��1 ^ g��1 
 g�1)=@(g��1 
 g0);called the structure function of the B0{structure.1.3. The map @ : g��1 
 g0 ! g��1 ^ g��1 
 g�1 from above is the di�erentialin the Spencer cohomology, the cohomology of the abelian Lie algebra g�1 withvalues in the representation g. It is a crucial fact for the computation of thiscohomology that there is an adjoint @� : g��1 ^ g��1 
 g�1 ! g��1 
 g0, de�ned by(@�')(X) = Pi[Zi; '(Xi;X)], where fXig is a basis of g�1 and Zi is the dualbasis of g1, see 1.1.(3). It turns out that there is an inner product on g such that@� is the adjoint of @, see [Ochiai, Proposition 4.2]. Thus the kernel Ker(@�) is acomplementary subspace to the image of @.Note that all spaces occurring in the above considerations are in fact g0{modules.It is easy to verify that both @ and @� are in fact homomorphisms of g0{modules.In particular, this implies that Ker(@�) is even a complementary g0{module to theimage of @. This will be crucial in the sequel.1.4. Now we de�ne P to be the set of all linear isomorphisms ' : g�1� g0 ! TuP0as in 1.2 such that @�(t') = 0. It is easy to see that for each u 2 P0 such 'actually exist as follows: Take any ' satisfying the conditions of 1.2. Then, asKer(@�) is complementary to Im(@), there is a linear map  2 g��1 
 g0 suchthat @��d��1(u)('(X; 0); '(Y; 0)) + (@ )(X;Y )� = 0. (In fact the image of  under @ is uniquely determined.) Then one immediately veri�es that �'(X;A) :='(X;A) + � (X)(u) satis�es the condition.Next take an element b 2 B. Viewing b as an element of G we have the adjointaction Ad(b) : g! g, and since Ad(exp(Z))�X = X + [Z;X] + 1=2[Z; [Z;X]] + : : :(cf. I.3.8), we see that g1 is stable under this adjoint action, so we get an inducedlinear automorphism Ad(b) of the space g=g1 ' g�1 � g0.For b 2 B denote by b0 the class of b in B=B1 ' B0. Then for an element ' :g�1�g0 ! TuP0 of P we de�ne '�b : g�1�g0 ! Tu�b0P0 by '�b := Trb0 �'�Ad(b),where rb0 denotes the principal right action of b0 on P0.1.5. Proposition. This de�nes a free right action of B on P . In each case exceptthe one of projective structures this action is also transitive on each �ber of theobvious projection P !M .Proof. Let us �rst verify that '�b is again in P . So we have to computed��1(u�b0)(('�b)(X; 0); ('�b)(Y; 0));



4 ANDREAS �CAP, JAN SLOV�AK, VLADIM��R SOU�CEKfor elements X;Y 2 g�1. By B0{equivariancy of ��1 this equalsAd(b�10 )(d��1(u)('(Ad(b)�(X; 0)); '(Ad(b)�(Y; 0)))):Now we may write b = b0b1 for some b1 2 B1 and by 1.1.(4) there is a Z 2 g1 suchthat b1 = exp(Z). Using the formula for the adjoint action of an exponential fromabove we see thatAd(b)�(X; 0) = Ad(b0)�Ad(exp(Z))(X; 0) = (Ad(b0)�X;Ad(b0)�[Z;X]);and thus '(Ad(b)�(X; 0)) = '(Ad(b0)�X; 0) + �Ad(b0)�[Z;X](u). The same computa-tion as in the proof of lemma 1.2 then shows thatd��1(u)('(Ad(b)�(X; 0)); '(Ad(b)�(Y; 0))) == d��1(u)('(Ad(b0)�X; 0); '(Ad(b0)�Y; 0))+Ad(b0)�([[Z;X]; Y ]� [[Z; Y ];X])= d��1(u)('(Ad(b0)�X; 0); '(Ad(b0)�Y; 0)):This shows that t'�b = b0�t', so @�(t'�b) = b0�@�(t') = 0, and hence '�b 2 P .Next, let us assume that '�b = ' for some ' 2 P and b 2 B. Then obviouslyb 2 B1, since B0 acts freely on P0. So as before we may write b = exp(Z). But then'�b = ' implies that [Z;X] = 0 for all X 2 g�1, which implies Z = 0 by 1.1.(3).Finally, to prove transitivity of the action it su�ces to show that B1 actstransitive on each �ber of P ! P0, since B0 acts transitive on each �ber ofP0 !M . But for two maps '; �' in the same �ber we see from 1.2 that �'(X;A) ='(X;A) + � (X)(u) for some  2 g��1 
 g0, and lemma 1.2 shows that if both mapsare in P we must have @( ) = 0. But now in all cases except the projective onethe corresponding Spencer cohomology groupH1;1(g) is trivial, so there is a Z 2 g1such that  = adZ , see [Ochiai, Proposition 7.3]. Thus �' = '�exp(Z). �1.6. The soldering form. From now on we exclude the projective case whichwe will discuss separately later. So P !M is a principal B{bundle, and the proofof 1.5 also shows that p : P ! P0 is a principal B1{bundle. Now we de�ne onP a one{form � with values in g�1 � g0 as follows: For a point ' 2 P consider atangent vector � 2 T'P . Then Tp�� is a tangent vector in Tp(')P0 and by de�nition' is a linear isomorphism from g�1 � g0 to this tangent space, so we may de�ne�(�) := '�1(Tp��). This form is called the soldering form or displacement form onP . The torsion T of � is de�ned by the structure equationd��1 = �[�0; ��1] + T:Lemma. The one form � has the following properties:(1) the component ��1 is the pullback of the form from 1.2.(2) �0(�Y+Z) = Y for all Y 2 g0, Z 2 g1.(3) � is B{equivariant, i.e. (rb)�� = Ad(b�1) � �, where Ad is the action from1.4(4) The torsion T is horizontal over M and can be viewed as a function inC1(P; g��1 ^ g��1 
 g�1). Moreover, @� � T = 0.



II. NORMAL CARTAN CONNECTIONS 5In particular (P; �) is a B{structure on M in the sense of I.3.4.Proof. (1) is clear since ��1('(X;A)) = X. For (2) note that �Z lies in the kernel ofTp, while �Y is mapped by Tp to the fundamental vector �eld on P0 correspondingto Y . Next, (3) follows immediately from the de�nition of the B{action on P , andthe fact that p � rb = rb0 � p. Finally, i�X with X 2 g1, applied to any of the termsin the structure equation yields zero, while for X 2 g0 we obtaini�X (d��1 + [�0; ��1]) = L�X ��1 + [i�X �0; ��1] = 0by the equivariancy of ��1. Now, we can de�ne T (X;Y )(u) by evaluating thestructure equation on arbitrary vectors �, � 2 TuP such that ��1(�) = X and��1(�) = Y . It remains to prove @� � T = 0 which can be done pointwise. So take' 2 P and choose �; � 2 T'P so that Tp:� = '(X; 0) and Tp:� = '(Y; 0). Then�0(�) = �0(�) = 0 by the construction. Using (1), we see thatd��1(�; �) + [�0; ��1](�; �) = t'(X;Y ) + 0: �1.7. Consider a principal connection 
 on P0. Then at each point u 2 P0 we getan isomorphism g�1 � g0 ! TuP0 as in 1.2, de�ned by the soldering form ��1 andthe connection form of 
. Thus we have the torsion t
 : P0 ! g��1 ^ g��1 
 g�1,which is in fact the frame form of the usual torsion of 
.The connection 
 is called harmonic if @� �t
 = 0. (The name harmonic is due tothe fact that the Spencer coboundary operator @ is trivial on the space in questionso that our condition is equivalent to harmonicity of the torsion.)Proposition. There is a B0{equivariant section � : P0 ! P , and the space of allsuch sections is in bijective correspondence with the space of all harmonic principalconnections on P0. Moreover, it is an a�ne space modeled on 
1(M), the space ofone{forms on M .Proof. We have already shown in I.3.6 that a global B0-equivariant section � alwaysexists, but now we shall supply another simple (and more geometric) argument.Note �rst that any principal connection 
 on P0 splits the exact sequence0! V P0 ! TP0 ! TP0=V P0 ! 0and thus gives rise to a linear isomorphism 'u : g�1 � g0 ! TuP0, which satis�esthe conditions of 1.2, in each point u.Further, let us choose a B0-module homomorphism  which is a right inverseof @ : g�1 
 g0 ! Im(@) � g��1 ^ g��1 
 g�1. Starting from a chosen principalconnection 
, let f be the Im(@){part of the torsion t
 , and consider the smoothmap u 7! 'u+� (f(u))(u). By the construction, this has values in P , since t'+� �f =t' � @ �  � f = t' � f by lemma 1.2. Due to the equivariancy of  , this de�nes aB0{equivariant section of P ! P0. If the original connection 
 was harmonic, thenf = 0 and the mapping u 7! 'u itself is a B0-equivariant section.Any B0-equivariant section � : P0 ! P can clearly be interpreted as a principalconnection 
 on P0. For each point u 2 P0 and � 2 TuP0, we have(���)(u)(�) = �(�(u))(T�:�) = �(u)�1(�) 2 g�1 � g0



6 ANDREAS �CAP, JAN SLOV�AK, VLADIM��R SOU�CEKand the g0{part of this expression is just the connection form of the connection 
.Applying �� to the structure equation from 1.6.(4) we obtain (using 1.6.(1))d��1 = �[
; ��1] + ��T;so that ��T is the torsion of the principal connection 
. Thus 
 is a harmonicconnection.Finally, if � and �� are two B0-equivariant sections of P ! P0, then there is aunique smooth map � : P0 ! g1 such that ��(u) = �(u):exp� (u). Since the sectionsare B0-equivariant, we obtain � (u:b0) = Ad(b�10 ):� (u), so that � is a frame form ofa one-form on M . �1.8. The bundle P can be viewed as a subbundle of the frame bundle P 1P0 ofP0. In fact, a point ' 2 P is by de�nition an isomorphism g�1 � g0 ! Tp(')P0.Moreover, taking into account that P0 is a reduction of P 1M to the group B0, wecan view P as a reduction of P 1(P 1M) to the group B. In fact, it can be shownthat this reduction has values in the second order frame bundle P 2M of M , if andonly if the torsion of � vanishes, cf. [Slov�ak, 96], but we will not pursue this pointof view.1.9. The projective case. In this case the underlying �rst order structure isthe whole P 1M , so it carries no information. Thus to get a B{structure in thesense of I.3.4 with harmonic torsion, one has to choose a reduction of the secondorder frame bundle P 2M to the appropriate group B. (Note that in this case@ : g��1 
 g0 ! g��1 ^ g��1 
 g�1 is surjective, so the harmonic connections areexactly the torsion free ones.)2. Canonical Cartan connectionsOur next task is to prove that in all but the very low dimensional cases, on allprolongations as constructed in the previous section, there is a canonical Cartanconnection. Basically, this is a consequence of the fact that in these cases the nextprolongation is trivial, so its soldering form is a Cartan connection.2.1. Assume we have constructed the B{bundle P ! M with the soldering form� = ��1 � �0 for a B0{bundle P0 !M as above. As we have seen in 1.8 this is infact a B1 structure on P0, so we can try to apply the same construction as aboveto this structure using the additional information we have in this case.The starting point is to consider for ' 2 P linear isomorphisms� : g�1 � g0 � g1 ! T'Psuch that �(�(X;A;Z)) = (X;A) and �(0; A;Z) = �A+Z(') (here we use the �nerstructure and do not only �x �(0; 0; Z)). Having given such a � we have to considerits torsion t� 2 (g�1 � g0)� ^ (g�1 � g0)� 
 (g�1 � g0)((X;A); (Y;B)) 7! d�(')(�(X;A; 0);�(Y;B; 0)):In fact, several parts of this mapping are independent of �. For later use we provea slightly more general result than we need here:



II. NORMAL CARTAN CONNECTIONS 7Lemma. Let pr : g ! g�1 � g0 be the obvious projection. Then for all (X;A;Z),(Y;B;W ) 2 g we haved�(�(X;A;Z);�(Y;B;W )) = d�(�(X; 0; 0);�(Y; 0; 0))�pr([X+A+Z; Y +B+W ]):Proof. The in�nitesimal version of the equivariancy of � givesi�A+Zd� = �ad(A + Z) � �;where ad is the composition of pr with the adjoint action on g. Now the resultfollows easily using bilinearity of d� and the fact that �(X;A;Z) = �(X; 0; 0) +�A+Z('). �Consequently, the torsion of � is determined by its component in g��1^g��1
g0.2.2. The next step is to compute the change of the torsion if one replaces � byanother isomorphism satisfying the above conditions. As in the proof of 1.2 oneveri�es that in fact the change lies in the image of g��1 
 g1 under the compositionof the alternation with the map induced by the inclusiong��1 
 g1 ! g��1 
 g��1 
 g0 � (g�1 � g0)� 
 (g�1 � g0)� 
 (g�1 � g0):To get a well de�ned structure function as in section 1 we have to factor the latterspace by the image of @ : g��1
g1 ! g��1^g��1
g0. As before this is the di�erentialin the Spencer cohomology and it has an adjoint @� de�ned by the same formulaas in 1.3.2.3. Theorem. In all cases but the one of g = sl(2), for each ' 2 P there is aunique linear isomorphism � as in 2.1 such that @� � t� = 0. The inverses of thesecan be viewed as a smooth one form ! 2 
1(P; g) with the following properties:(1) !(�X) = X for all X 2 b(2) (rb)�! = Ad(b�1) � ! for all b 2 BProof. First, since the kernel of @� is a complement to the image of @, we canconstruct such a � in a point ' like in 1.4. Moreover, it is clear that the set ofall such � is parameterized by the kernel of @ : g��1 
 g1 ! g��1 ^ g��1 
 g0. Thiscoincides with the Spencer cohomology group H2;1(g) which is trivial for all casesin question, see [Ochiai, Proposition 7.1], so � is unique.Let us verify the properties of !. For A 2 g0 and Z 2 g1 we have �(0; A;Z) =�A+Z('), so ! reproduces the generators of fundamental vector �elds. Finally, wehave to verify the equivariancy of !. Put � = !(')�1 : g ! T'P and consider��b := Trb � � � Ad(b) : g ! T'�bP for b 2 B. If we verify that ��b satis�es theconditions of 2.1 and that @� �t��b = 0, then the uniqueness proved above concludesthe proof.For A 2 g0 and Z 2 g1 we have(��b)(0; A;Z) = Trb�Ad(b)�(0;A;Z)(') = �A+Z('�b):Further, �('�b)((��b)(X;A;Z)) = Ad(b�1)�(')(�(Ad(b)�(X;A;Z))) = (X;A),since Ad(b)�(X;A) is by de�nition just the �rst two components of Ad(b)�(X;A;Z).



8 ANDREAS �CAP, JAN SLOV�AK, VLADIM��R SOU�CEKIt remains to check the condition on the torsion. For b 2 B, we write b =b0exp(W ) (see 1.5). Using the equivariancy of � and lemma 2.1 we compute:d�('�b)(Trb�(Ad(b)�X); T rb�(Ad(b)�Y )) == Ad(b�1)(d�(')(�(Ad(b)�X);�(Ad(b)�Y )))= Ad(b�1)(d�(')(�(Ad(b0)�X);�(Ad(b0)�Y ))) + pr([Ad(b)�X;Ad(b)�Y ])The second term in this expression vanishes since Ad(b) is a Lie algebra homomor-phism, so for the g0{component we getAd(b�10 )(d�0(')(�(Ad(b0)�X);�(Ad(b0)�Y )))++ Ad(b�10 )([W;d��1(')(�(Ad(b0)�X);�(Ad(b0)�Y ))]):The �rst term lies in the kernel of @� since this is a B0{submodule. The secondone lies in this kernel since by de�nition of @� we have @� � ad(W ) = ad(W ) � @�(cf. 1.3). �Since the restriction of the one form ! to any tangent space T'P is an isomor-phism, ! is a Cartan connection on P , see the de�nition in I.2.1. Moreover, the�rst condition put on � in 2.1 implies that the (g�1 � g0){part of ! coincides with�. Thus, ! is an admissible Cartan connection in the sense of I.3.9.Let us remark that another approach to the construction of canonical prolon-gations equipped with canonical Cartan connections can be found in [Alekseevsky,Michor, 95].2.4. Let us return to the point of view of G{structures and compute the structurefunction of the last prolongation. Clearly this is induced by(X;A;Z); (Y;B;W ) 7! d!(!�1(X;A;Z); !�1(Y;B;W )):Using the B{equivariancy of ! one proves precisely as in lemma 2.1 thatd!(!�1(X;A;Z); !�1(Y;B;W )) == d!(!�1(X; 0; 0); !�1(Y; 0; 0)) + [X +A+ Z; Y +B +W ]:By de�nition the �rst term of the right hand side is just the curvature �(X;Y ),see I.2.1. Thus, if this curvature vanishes then the structure function is constant(and equal to the Lie bracket, viewed as an element of (g� ^ g�)
 g), independentof the manifold under consideration.In this situation, taking into account that the components !�1 and !0 coincidewith the respective components of �, we see from 2.1 that also the next \lower"structure function is constant and independent of the manifold. Similarly, oneshows that the same is true for the �rst structure function constructed in 1.2 .In the 
at case M = G=B the canononical Cartan connection is just the MaurerCartan form, and the Maurer Cartan equation means just that � = 0 in thiscase. Thus we see that a B0{structure P0 ! M has the structure functions ofall prolongations constant and equal to those of the 
at model if and only if thecurvature of the canonical Cartan connection vanishes. From [Sternberg, p. 339]we conclude:



II. NORMAL CARTAN CONNECTIONS 9Proposition. P0 ! M is locally isomorphic to the 
at model if and only if thecanonical Cartan connection has zero curvature.2.5. Using the properties of Cartan connections derived in [�Cap, Slov�ak, Sou�cek] itis quite easy to compute explicitely the obstructions against 
atness of the canonicalCartan connection in terms of any of the underlying linear connections. The mainstep is to understand the link of the second cohomologyH2(g�1; g) to the curvature.Then it is easy to determine, which parts of the curvature are the true obstructions,and which vanish automatically. Essentially, this can be found implicitly also in[Tanaka, 79], and quite explicitly in [Baston, 91] for the four main series of complexsimple groups. This is also worked out in our approach in [�Cap, Slov�ak], using theresults on cohomologies listed in [Baston, 91]. However, an easy computation usingthe Kostant's version of the Bott-Borel-Weil theorem yields that the cohomologyis sitting only in the torsion part for the two exceptional simple groups. Thus theonly obstructions are the torsions in both these cases.3. Explicit formulae for the canonical Cartan connectionsLet us consider a B-structure P ! P0 !M , its soldering form � with a harmonictorsion T , and the canonically de�ned Cartan connection ! on P , as constructed insection 2. Note that the canonical Cartan connection is characterized by the factthe the component �0 of its curvature is in the kernel of @�.For each global B0{equivariant section � : P0 ! P there is the principal con-nection ���0 on P0, the induced admissible Cartan connection ~
 on P , and thedi�erence between the canonical Cartan connection and the latter one is describedby the so called deformation tensor �, see I.3.9. In this section, we shall computeexplicitly the deformation of a chosen induced admissible Cartan connection whichleads to the canonical one. It turns out, that for each of the structures in question,there is a universal formula for � in terms of the curvature tensor of the chosenunderlying connection 
.Since the computations are quite elementary and in fact an explicit use of thegeneral result from section 2 does not spare much work, we prefer to recover com-pletely also the existence and uniqueness of the canonical Cartan connection in thisway. Thus a part of the next considerations will be redundant, but on the otherhand, this will also provide the link to the traditional concept of the normal Cartanconnection, see e.g. [Kobayashi, 72].3.1. The trace of the curvature. Let ! be an admissible Cartan connection ona B-structure P ! M , i.e. ! = ��1 � �0 � !1. Let us recall the de�nition of thetrace of the g0-component �0 of the curvature function � of !. We can view thevalues of �0 as elements in g��1 
 g��1 
 g��1 
 g�1 = g��1 
 g��1 
 g��1 
 g�1.There are three possible evaluations in the target space. The evaluation over thelast two entries is just the trace in g0, the other two possibilities coincide up to asign. By de�nition, the trace Tr�0 of the curvature function �0 is the evaluationover the �rst and the last entry.Lemma. For all X 2 g�1 we have (@��0)(X) = (Tr�0)(X; ) 2 g1. In particular,Tr�0 = 0 if and only if @��0 = 0.



10 ANDREAS �CAP, JAN SLOV�AK, VLADIM��R SOU�CEKProof. By the de�nition above, (Tr�0)(X;Y ) =Pi �0(ei;X)(Y )(ei), where ei is abasis in g�1 while ei is its dual basis in g1. If we take Y as a free argument, weobtain Tr�0(X; ) 2 g1, Tr�0(X; ) = Pi[ei; �0(ei;X)]. But the latter is exactlythe formula for (@��0)(X), see 1.3. �3.2. De�nition. A normal Cartan connection ! 2 
1(P; g) is an admissibleconnection with the curvature satisfying Tr�0 = 0.3.3. Lemma. Let P ! M be a B structure with harmonic torsion, P0 be theunderlying �rst order structure. Then for each admissible Cartan connection ! onP , @��0 is constant on the �bers of P ! P0.Proof. By the formula I.3.8.(4), for each section � of P ! P0 and u 2 P we have�0(u)(X;Y ) = �0(�(p(u)))(X;Y ) � [� (u); ��1(�(p(u)))(X;Y )];where � is the mapping introduced in the proof of I.3.7.Further, @���1 = 0 since the torsion ��1 is harmonic, and we obtain@��0(u)(X) = [ei; �0(�(p(u)))(ei ;X)] � [ei; [� (u); ��1(�(p(u)))(ei ;X)]]= @��0(�(p(u)))(X) � [� (u); [ei; ��1(�(p(u)))(ei ;X)]]= @��0(�(p(u)))(X) � [� (u); @���1(�(p(u)))(X)]= @��0(�(p(u)))(X): �We shall also need another technical lemma. In view of lemma 3.1, it is a directconsequence of the uniqueness result from the previous section, the elementaryargument used here is an easy application of the Bianchi identity for general Cartanconnections.3.4. Lemma. Let ! and �! be two normal Cartan connections on a B-structureP , � and �� be their curvatures. Then the trace Trg0(��0 � �0) within g0 vanishes.Proof. Let us write � = ��0��0, and let ei and ei be the dual bases in g�1. Accordingto the Bianchi identity (proved in I.2.4) we have for X;Z 2 g�1[�(X;Z); ei] = [�(X; ei); Z] + [�(ei; Z);X]+r!Z��1(X; ei) +r!X��1(ei; Z) +r!ei��1(Z;X)+��1(��1(X; ei); Z) + ��1(��1(ei; Z);X) + ��1(��1(Z;X); ei)�r�!Z���1(X; ei)�r�!X���1(ei; Z)�r�!ei���1(Z;X)����1(���1(X; ei); Z)� ���1(���1(ei; Z);X) � ���1(���1(Z;X); ei):Since ���1 = ��1 and the torsion ��1 is constant on the �bers of P ! P0, all linesexcept the �rst one vanish, see I.3.8.(4), I.3.10.(3) and the de�nition of r! in I.2.3.Now, Trg0(�)(X;Z) = Pi[�(X;Z); ei](ei) while (Tr �)(X;Z) = [�(ei;X); Z](ei) =0. Thus the above computation shows that the traces inside of g0 coincide asrequired. �



II. NORMAL CARTAN CONNECTIONS 113.5. Remark. If the torsion of a B-structure P vanishes, then all the admissibleCartan connections have vanishing g�1-part of the curvature. Then the Bianchiidentity implies directly that @�0 vanishes for all admissible Cartan connections.Thus, in the language of the Hodge theory for the corresponding cohomologies,this means just that the normal Cartan connections are exactly those admissibleCartan connections for which �0 is harmonic. As discussed in 1.8, if there is atorsion free connection on a reduction P0 of P 1M to the structure group B0, thenthere is the canonical B-structure P over P0 with vanishing torsion and a normalCartan connection on P is then an admissible Cartan connection with a harmonicg0-part of the curvature. This is the point of view adopted in [Ochiai, 70] wherethe torsion{free case is discussed. However this cannot yield a canonical Cartanconnection in the cases of non vanishing torsion in view of the results of the previoussection.3.6. The conformal case. Since there is always a torsion{free linear connectionon each Riemannian manifold, the canonical prolongation P of a �rst order con-formal Riemannian structure P0 ! M is always a reduction of P 2M and so wereproduce the classical construction in this case, cf. [Kobayashi, 72]. We alreadydeduced in I.6.3 the existence and uniqueness of the normal Cartan connections,and the corresponding explicit deformation tensors �, on all manifoldsM with con-formal Riemannian structures, dimM � 3. Let us recall the �nal formula: Startingwith a torsion{free connection 
 on P0 with curvature tensor Rijkl, Ricci tensor Rijand scalar curvature R, the necessary deformation tensor � 2 C1(P0; g��1 
 g��1)is given by �ij = �1m�2 �Rij � �ij2(m�1)R�:3.7. The almost Grassmannian case. Now we shall construct the normalCartan connections on manifolds with almost Hermitian symmetric structures cor-responding to the algebras g = sl(p + q;R). The description of the algebra g =Matq;p(R)� (sl(p;R)� sl(q;R)�R)�Matp;q(R) yields easily the formulas for thebracket. Let us use the generators e�� of the vector spaces of matrices, the matriceswith all entries zero except a 1 in the �{th line and the �{th column. We shall usethe letters a; b; c; : : : for the indices between 1 and p, the letters i; j; k; : : : will indi-cate indices running between 1 and q. For example, eai means one of the generatorsin Matq;p(R). Using the fact that the Killing form of g = sl(p + q;R) is a scalarmultiple of the trace form one easily see that the bases feiag and feai g are also dualwith respect to the Killing form, up to a �xed scalar multiple, and this su�ces forour purposes. Then we have[eai ; ejb] = �ab eji � �ji eab ; [eka; ebc] = ��baekc ; [eka; ejl ] = �kl eja:Let us �x the sizes p and q, and consider an almost Grassmannian structureP ! M with a harmonic torsion. Let P0 ! M be the underlying �rst orderstructure with the distinguished class of the harmonic connections.The deformation tensor � is expressed through functions �bjai de�ned by �(eai ) =�bjai ejb. The possible deformations ��0 of the curvature are described in I.3.10.(4)The trace of the curvature is obtained through evaluation in g��1
 g��1
 g��1
 g�1



12 ANDREAS �CAP, JAN SLOV�AK, VLADIM��R SOU�CEKover the �rst and the fourth entry, however according to Lemma 3.1, we can compute@�(�0) instead. Let us �rst evaluate [eib; [�:ebi ; Y ]� [�:Y; ebi ]] on the generators.[eib; [�:eak; ebi ]� [�:ebi ; eak]] = [eib; [�dsakesd; ebi ]� [�dsbi esd; eak]]= [eib;��bsakesi + �di akebd + �asbi esk � �dkbi ead]= (��ii�bsak + �ik�asbi )esb + (��bb�di ak + �ba�dkbi )eidThe application of the formula for @� from 1.3 yields@�(��0)(eak) =Pqs=1Ppb=1(�q�bsak + �asbk)esb +Ppd=1Pqi=1(�p�di ak +�dkai )eid(1) =Pql=1Ppc=1(�q�cl ak � p�cl ak + �al ck + �ckal )elc:According to 3.1, the trace of �0 evaluated on the base elements eak, ecl is exactlythe expression inside the brackets in the last sum.For each admissible Cartan connection ! on P there are the two parts �0;1, �0;2of �0, corresponding to the decomposition of g0 into two components. They aregiven by functions Kadbkcl , Kijbkcl , one set for each of the two blocks in the matrices ing0. From the second line of the above computation, we can read the formulae forthe deformation of these functions achieved by the chosen deformation tensor ��K lsbiak = �bsak�li � �asbi �lk; �Kdcbiak = �dkbi �ac � �di ak�bc:Consequently, the deformation of the traces Trg0(�(�0;1)), Trg0(�(�0;2)) of thesetwo components within g0 are �(�akbi � �bi ak).Now, given a connection 
 in the distinguished class on P0, we shall computethe deformation tensor � which deforms the induced admissible Cartan connection~
 into a normal Cartan connection ! with curvature �� = � � ��. Let � be thecurvature function of ~
, and write �� for its change achieved by the choice of �.We haveTrg0(�(�0;2))cl ak = �cl ak � �akcl(p+ q)Tr(�(�0))cl ak = �(p+ q)2�cl ak + 2(p+ q)�al ck � (p + q)Trg0(�(�0;2))al ck2Tr(�(�0))al ck = �2(p+ q)�al ck + 4�cl ak � 2Trg0(�(�0;2))cl akwhere the aim of our manipulation is to get rid of the interchanging indices in theformula for the trace of �0.Let � : P0 ! P be the section corresponding to the connection 
. The curvatureR = R1+R2 : P0 ! g��1^g��1
g0 of 
 is �-related to �0 = �0;1+�0;2. In particular,on the image �(P0) � P , we can achieve the vanishing of the trace of ��0 by thefollowing choice of the deformation(2) �cl ak = �14�(q+p)2 �(p+q)Tr(R)cl ak+2Tr(R)al ck+(p+q)Trg0(R2)al ck+2Trg0(R2)cl ak�:Since the torsion of the B-structure P is harmonic, this choice of � leads to anormal Cartan connection according to Lemma 3.3.



II. NORMAL CARTAN CONNECTIONS 13The results of the previous section assure that there is a unique normal Cartanconnection on P , however it is easy to verify this directly. Indeed, it is equivalent toprove, that if ! and �! are two normal Cartan connections on P , then the (uniquelyde�ned) deformation tensor � is identically zero. In fact, we have computed abovea tensor � deforming a given ! in such a way, that on the image of a section� : P0 ! P the achieved deformation of the trace of g0-part of the curvature of
 reaches a value prescribed in advance. But Lemma 3.4 states that the tracesof �0 and ��0 inside of g0 coincide. In view of our computation this means, thatthe deformation tensor � satis�es �akbi = �bi ak and so for any two normal Cartanconnections !, �!, the corresponding deformation tensor � is symmetric. Further,the achieved deformation of the trace of �0 by means of � has to vanish too andsince we can use the equality �akbi = �bi ak we obtain 2�ckal = (p+ q)�cl ak . Applying thelatter equality twice, we get2(p + q)�cl ak = 4�ckal = (p+ q)(p + q)�ckal :Thus, if q � p � 1, q + p � 3 then �ckal = 0 for all c; a; k; l and so there is at mostone normal Cartan connection ! on P .Thus, we can formulate the �nal result of our computations.3.8. Theorem. Let P ! M be a real almost Grassmannian structure with aharmonic torsion, on a smooth manifold M and assume q � p � 1, q+p � 3. Thenthere is a uniquely de�ned normal Cartan connection ! on P and for each linearharmonic connection 
 on the underlying �rst order structure P0 with curvatureR = R1 + R2, ! = ~
 � � � ��1, where the corresponding deformation tensor � isgiven by the formula 3.7.(2).3.9. Corollary. Let P ! M be a projective structure on a smooth manifold M ,dim(M) = q > 1. Then there is a uniquely de�ned normal Cartan connection !on P and for each linear torsion{free connection 
 from the underlying class onthe �rst order structure P0 with curvature R = (Rijkl), we obtain ! = ~
 � � � ��1,where the corresponding deformation tensor � is given by�jk = 1(q�1)(Rljlk +Rlljk):3.10. The almost Lagrangian case. We have to deal with g = g�1 � g0 � g1where g�1 = S2Rm, g1 = S2Rm�, g0 = gl(m;R), cf. I.3.3. Let us �x the base ek�elconsisting of symmetric matrices with entries aij = 12 (�ik�jl + �il�jk). Let es � et bethe dual base of g1 and let eij be the usual base of g0. The commutators of the baseelements are [es � et; ek � el] = �14(�sketl + �sl etk + �tkesl + �tlesk)(1) [es � et; epw] = �twep � es + �swep � et:(2)We shall express the deformation tensor � by its values on the generators, so wewrite �:(ei � ej ) =:Ps;t �(st)(ij)es � et. Similarly to the above cases we compute



14 ANDREAS �CAP, JAN SLOV�AK, VLADIM��R SOU�CEKthe deformation of the curvature.(3) [�:(ek � el); ei � ej ]� [�:(ei � ej); ek � el] ==Ps;t��(st)(kl):[es � et; ei � ej ]� �(st)(ij)[es � et; ek � el]�= �14Ps;t��(st)(kl)(�si etj + �sj eti+�tiesj + �tjesi )� �(st)(ij)(�sketl + �sl etk + �tkesl + �tlesk)�= 12Pp;w��wl �(kp)(ij) + �wk �(lp)(ij) � �wj �(ip)(kl)� �wi �(jp)(kl)�epwIn order to get the deformation of the trace we compute @�(�0)(ek � el):(4) [ei � ej ; [�:(ek � el); ei � ej ]� [�:(ei � ej ); ek � el]] == 12Pp;w(the above coe�cient at epw)(�jwep � ei + �iwep � ej)=Pp;q��(kp)(ql) + �(lp)(qk) � (m+ 1)�(pq)(kl)�ep � eqand so the value of the deformation of the trace on the generators is(5)�Tr(�0)(pq)(kl) = � Tr(�0)(ek � el; ep � eq) = �(kp)(ql)+ �(lp)(qk)� (m+ 1)�(pq)(kl):Now, similarly to the Grassmannian case, we have to consider a suitable combina-tion. Surprisingly enough, we do not need the traces inside of g0 in order to expressthe tensor �. If we substitute (5) intom�Tr(�0)(pq)(kl) + �Tr(�0)(pk)(ql) + �Tr(�0)(pl)(qk);we are left with (2 �m(m + 1))�(pq)(kl) on the right hand side. Thus if we startwith a linear harmonic connection 
 on M and � is the curvature of ~
, then we canachieve vanishing of @���0 on the section which corresponds to 
 by the choice(6) �(pq)(kl) = 1m(m+1)�2 (mTr(R)(pq)(kl) +Tr(R)(pk)(ql) +Tr(R)(pl)(qk))where Tr(R) is the Ricci curvature of 
. In view of Lemma 3.3, this deformationtensor leads to a normal Cartan connection. Moreover, this deformation is uniquelydetermined by our computation. Thus, we have proved3.11. Theorem. Let P !M be an almost Lagrangian structure with a harmonictorsion, on a smooth manifold M with dimension greater then 2. Then there is auniquely de�ned normal Cartan connection ! on P and for each linear harmonicconnection 
 on the underlying �rst order structure P0 with curvature R, ! =~
 � � � ��1, where the corresponding deformation tensor � is given by the formula3.10.(6).3.12. The almost spinorial case. The situation is very similar to the almost La-grangian case. We have to proceed quite analogously with the symmetric matricesreplaced by the antisymmetric ones.



II. NORMAL CARTAN CONNECTIONS 15We have g�1 = �2Rm, g1 = �2Rm�, g0 = gl(m;R). The commutators of thebase elements are[es ^ et; ek ^ el] = 14 (��sl etk + �tl esk + �sketl � �tkesl )(1) [es ^ et; epw] = �twes ^ ep � �swet ^ ep:(2)We write, �:(ei ^ ej) =: Ps;t �[st][ij]es ^ et. Similarly as before we compute thedeformation of the curvature.(3) [�:(ek ^ el); ei ^ ej ]� [�:(ei ^ ej ); ek ^ el] ==Ps;t��[st][kl]:[es ^ et; ei ^ ej ]� �[st][ij][es ^ et; ek ^ el]�= 14 Ps;t��[st][kl](��sj eti + �tjesi + �si etj � �tiesj)��[st][ij](��sl etk + �tl esk + �sketl � �tkesl )�= 12 Pp;w��wi �[pj][kl] + �wj �[ip][kl] + �wk �[lp][ij] + �wl �[pk][ij]�epwFurther we compute(4) @�(�0)(ek ^ el) = [ei ^ ej ; [�:(ek ^ el); ei ^ ej ]� [�:(ei ^ ej); ek ^ el]] == 12 Pp;w(the above coe�cient at epw)(�jwei ^ ep � �iwej ^ ep)=Pp;q��[pk][ql] + �[lp][qk] + (1�m)�[pq][kl]�eq ^ ep�Tr(�0)(ek ^ el; ep ^ eq) = �[pk][ql] + �[lp][qk] � (m� 1)�[pq][kl]Now, we have to �nd a suitable combination. Let us substitute (4) intom�Tr(�0)[pq][kl] + �Tr(�0)[pk][ql] � � Tr(�0)[pl][qk]:Then only (2�m(m� 1))�[pq][kl] remains on the right hand side. Thus if we startwith a linear harmonic connection 
 on M and � is the curvature of ~
, then we canachieve global vanishing of @���0 by the choice (cf. Lemma 3.3)(5) �[pq][kl] = 1m(m�1)�2 (mTr(R)[pq][kl] +Tr(R)[pk][ql] � Tr(R)[pl][qk])where Tr(R) is the Ricci curvature of 
. Since this deformation is uniquely deter-mined by our computation, we have proved:3.13. Theorem. Let P ! M be an almost spinorial structure with a harmonictorsion, on a smooth manifold M with dimension greater then 2. Then there is auniquely de�ned normal Cartan connection ! on P and for each linear harmonicconnection 
 on the underlying �rst order structure P0 with curvature R, ! =~
 � � � ��1, where the corresponding deformation tensor � is given by 3.12.(5).ReferencesAlekseevsky, D.V.; Michor, P.W., Di�erential geometry of Cartan connections, Publ. Math. De-brecen 47 (1995), 349{375.Baston, R. J., Almost Hermitian symmetric manifolds, I: Local twistor theory; II: Di�erentialinvariants, Duke Math. J. 63 (1991), 81{111, 113{138.
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