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EXTREMAL BASIS, GEOMETRICALLY SEPARATED DOMAINS AND APPLI  CATIONS

PHILIPPE CHARPENTIER & YVES DUPAIN

ABSTRACT. In this paper we introduce the notion of extremal basis ngént vector fields at a boundary point of finite type of a
pseudo-convex domain i@", n > 3. Using this notion we define the class of geometrically seipd domains at a boundary point
and we give a description of their complex geometry. Exaspfesuch domains are given, for instance, by locally converains,
domains with locally diagonalizable Levi form at a point ardains for which the Levi form have comparable eigenvaluess a
point and moreover we show that geometrically separatedaittsrcan be localized. Next we define what we call “adapted-plu
subharmonic function and give sufficient conditions, mdetb extremal basis, for their existence. Then, for theseadies, when such
functions exist, we prove global and local sharp estimat¢hfe Bergman and Szeg0 projections. As an application, reagthen a
result by C. Fefferman, J. J. Kohn and M. Machedon ([FKM96i)the local Holder estimate of the Szegd projection remgire
arbitrary small loss in the Holder index and giving a strongen-isotropic estimate.

1. INTRODUCTION

The study of the regularity with sharp estimates for the Beag and Szeg6 projections for pseudo-convex domaifig in
became very active for domains of finite type when D. Catloved his fundamental characterization of subellipticeates
([Cat87]).

Quite quickly, the case of domains (¥ was completely solved by D. Catlin in [Cat89], A. Nagel, JR@say, E. M.
Stein and S. Wainger in [NRSW89], M. Christ in [Chr88] and byRefferman and J. J. Kohn in [FK88] and J. Mc Neal in
[McN89].

In higher dimensions, the situation is more complicated, amdil now, there are only partial results. One of the main
difficulties is the description of the geometry of the domaimere are some special basis of the complex tangent space at
the boundary playing an important role in this descriptiod also in the Lipschitz estimates of the projectors. Theditist
results concern domains for which these basis are more ®elédent. For example, the class of domains for which thé Lev
form have rank larger than— 2 was studied by M. Machedon in [Mac88] (see also S. Cho [ChG8496], [AC99]) and,
even in that case, the situation is not so simple. An othanelais given by decoupled domains, treated by several aaitho
(see for example [McN91], [CG94]).

A typical example where the choice of the special basis isrei&, and not evident, is the case of convex domairis'in
In [McN94, MNO2] J. Mc Neal introduced some special basidl¢cas-extremal in [BCD98]) and gave a description of the
complex geometry with the construction of a pseudo-distarear the boundary related to these basis. With that gepmetr
and a construction of a “good” pluri-subharmonic functibe,proved sharp pointwise estimates for the Bergman kentkl a
its derivatives. Always using the geometry related to tHessis J. Mc Neal and E. M. Stein ([MS94] and [MS97]) proved all
sharp estimates for the Bergman and Szegd projections.

More recently similar results were obtained, when the Lewirf have comparable eigenvalues, by K. Koenig in [Koe02]
and S. Cho in [Cho03], [Cho02b].

In [FKM90] C. L. Fefferman, J. J. Kohn and M. Machedon studlegicase where the Levi form is locally diagonalizable
near a poinipy of the boundary. They solved tté-Neuman problem and deduced thaf ifs aL?(dQ) function which is
locally in the classical Lipschitz spade, (nearpp) then, for alle > 0 it's Szeg6 projectios f is locally (nearpo) in Ag—_¢
(an application of our theory will remove the lossain this estimate and get, in fact, a better non-isotropiceste).

The main idea of the present paper is to introduce a geneti@mmaof “extremal basis” of the complex tangent space at a
boundary point of a pseudo-convex domaiftfh n > 3, generalizing the-extremal basis of the convex case. With this notion
we define a class of pseudo-convex domains, containingeliquisly studied classes, called “geometrically sepdrafer
which a good family of extremal basis exist near a point ofttbendary. The fundamental properties of extremal basisvall
one to prove that, for these domains, there exists an assdc#&ructure of homogeneous space on the boundary (and an
extension of that structure inside the domain) which dessrithe complex geometry of the domain. An important prgpert
of domains which are geometrically separated at a boundzny i that this structure can be nicely localized (see titba
Section 2 for more details).

Moreover, when special pluri-subharmonic functions @altadapted pluri-subharmonic functions” in this paperisgx
this structure is used to obtain sharp global and local eddmfor classical analytic objects as Bergman kernel, Barg
and Szegd projection and invariant metrics. The existeficaich adapted pluri-subharmonic functions for geomeitsica
separated domains is not evident in general. For examplee ilomain is locally convex, this is done using special supp
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functions (see [DF99, MNO2]) which cannot exist, in gengwdthout convexity. Here we prove their existence, under an
additional condition (which is satisfied, for example, whiea Levi form is locally diagonalizable) on the extremalisator
the domain and also for the localized one (see the end ofde2tior more details).

2. NOTATIONS AND ORGANIZATION OF THE PAPER

In all the paperQ = {p < 0} denotes a bounded domain@, n > 3, with a¢* boundary, angh € ¥*(C") is a defining
function of Q such thaflp| = 1 ondQ. We denote bN = ﬁ S g—ga% the unitary complex normal vector field p(i.e.
Np =1and|N| =1).

For each poinfp of the boundary let us denong,l’o(dQ) the subbundle of,(dQ) of tangential complex vectors and
T,?’l(dQ) its conjugate. As usual, we will say that a family )1<i<n—1 of € vector fields is a basis of the complex tangent
space abQ in a open neighborhood c dQ of a pointpg in dQ if it is a basis of sections 6F19(dQ) inV (i.e. Li(p) =0
inV, a condition which is independent of the defining function).

Clearly, all'€> vector fieldL in a open neighborhodd C dQ can be extend in a open neighborh&bigy) C C" so that
L(p) =0 onV(pp). Of course this extension depends on the defining fungtiobut all the results we will state will be
independent of such a choice. Thus, in all the paper, thesténgector fields considered W(pp) are always supposed to
annihilatep in V(po), and we will use the terminology of “vector fields tangenptdor this property.

LetL andL’ be two(1,0) vector fields tangent tp. The brackefL,L’] being tangent t@, it can be written
[L,U]=2V—1c /T +L"

whereT is the imaginary part oN andL” € Tpl’o(dQ) @T,?’l(dQ). Thusc ./ = [L,L](dp) = <0p; [L,U]). The Levi form

of Q at pis defined as the hermitian form whose valuélat.’) is the numbec, .. The pseudo-convexity & means that
this hermitian form is non-negative. (Li)i<i<n-1 is a local basis of1,0) vector fields tangent tp, (ci.,)i,j is then the
matrix of the Levi form in the given basis. This basis will bengrally denotedc;; )i’j.

Let po € Q andV (po) be a neighborhood gfp in C". If W is a set of6™ (V (po)) (1,0) complex vector fields,Z’ (W)
denotes the set of all listg = (L,...,L¥) such thal.! € WUW, and, forl € N, % (W) denotes the set of such list of
length|.Z| =k e {0,1,...,1}. Moreover, if|.Z| =k > 2, we denote

Z(dp) =LL.. L2 (<ap, [Lk*l, Lk} >) :

LetL be ag*(V(po)) (1,0) complex vector field tangent mandM > 2 be an integer. We define the weidi(L, p,d) =
F(L,p,0)=F(L) associated ta at the pointp € V(pp) and tod > 0 by

Z(9p)(p)
5

2/1<]

F(Lv P, 5): z

LeL (L)

Moreover, for the complex normal directidhwe defineL, = N andF (N, p,d) = 6 2.

Note that, with the conditions g, the functionsZ(dp) restricted ta?Q does not depend on the choice of the defining
functionp. Thus the defining functiop of Q is suppose to be fixed and the numbkalso. When we say that some number
depend on &” and on “the data”, we mean that it depends &, n, M, andp but neither on the poinp in V (po) nor on
0 < &.

If ={Ly,...,Ln_1} is @a¥™ basis 0f(1.0) vector fields tangent tp in V(po), and.¥ € ¥ (# U {N}), we denote

n
F(p.8)%/% = rlFm, p,8)"/2,
i=

wherel; = |;(.#) is the number of timek; or Lj appears inZ,i < n—1, andl, = Io(.#) the number of timesl or N appears
in.Z (and thug.Z| =k= S ).

The organization of the paper is as follows:

In Section 3 we define the notion of extremal basis and giveesexamples. Then we give their basic properties and, in
Section 3.3 we prove the following fundamental property ek&remal basis at a point of finite type: under this hypothesi
there exists a coordinate system which is adapted to thi lmathe sense that all the derivatives of the matrix of theiLe
form in that basis are controlled by the weights attachedhéoextremal basis. We give also some sufficient conditions of
extremality for a given basis, useful for some examplesalfyinin Section 3.5 we show how the existence of extremailsbas
can be localized in the sense that, near a boundary pgiot Q of finite type, if there exists extremal basis at every boupda
points neamp, then one can construct a small pseudo-convex doDaififinite type inside the original domain, containing
a piece of the boundary @1 in its boundary such that there exists extremal basis a ex@nt of the boundary ob.

In Section 4 we define the notion of geometrically separatedains at a poinpg of its boundary and give examples.
Then we show that a geometrically separated domain is atiatip equipped with a local structure of homogeneous epac
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on its boundary. In Section 4.3 we prove that the structugeoimetrically separated domain can always be localizeithén
sense described above).

In Section 5 we study the existence of a pluri-subharmonictions adapted to a given geometrically separated domain.
In particular, we prove their existence when the domain iefgly” geometrically separated at a pojm of its boundary,
and we prove that, in this case, such function exists forabalized domain at every point of its boundary.

In the last Section (6) we show that all the sharp global amdlloesults for Bergman kernel, Bergman and Szegd
projections and invariant metrics can be established forrgarically separated domains when there exists adapted pl
subharmonic functions. The local sharp estimate of the &pegjection when the Levi form is locally diagonalizablesis
example of these results.

3. EXTREMAL BASIS
3.1. Definition and examples.

Definition 3.1. Let Q andV (po) defined on Section 2. Le® = {L;,...,Ly_1} be a¥* basis of(1,0) vector fields tangent
top inV(po) andM an integer. Lep € V(pp) and 0< 4. We say thatB = {L;,...,Ln_1} is (M, K, p, 8)-extremal (or simply
(K, p, &)-extremal orK-extremal) if thez™ norms, inV (o), of theL; are bounded b, the Jacobian o2 is bounded
from below by /K onV(po), and the two following conditions are satisfied:

EB; For any vector field. of the formL = zi”;llaiLi, g; € C, we have
1 n—-1 5 n—-1 5
= lail“F(Li,p,d) <F(L,p,d) <K [a|"F(Li,p,d).
K 2, 2

EB, For all indexi, j,ksuch that, j < n, k< nand all listZ of % (ZU{N}),

F(Lk, p,8)Y?2 <KF(p,8)%/?F(Li, p,8)Y?F (Lj, p,5)Y/2,

.zaiﬁk, (p)

Wherea';f . is the coefficient of the brack%ﬂ, I‘_ﬂ in the directiori:( (with Ln = N), andi:; meansL; orL;.
i

Remark. In general this Definition depends of the choice of the defjriimctionp. But note that, folp € Q, it does not
and depends only on the restriction@fto 0Q NV (po).

Example 3.1.

(1) Locally convex domaing\ first example of extremal basis concerns the case of a pcalivex domain near a point
of finite type: it can be easily shown, using the work of Mc N@atN94], that if Q is convex near a point of finite
type po € 0Q, if the canonical coordinate system is chosen so that thedasdinate is the complex normal g4,
and, ifP is the projection onto the complex tangent space of the defifuinction ofQ parallel to the last coordinate,
then for each poinp in a small neighborhood giy, and eactd < &y, theP-projection of the firsh— 1 vectors of the
Mc Neal d-extremal basis g (c.f. [BCD98, McN94]) is(K, p, d)-extremal in our sense for a const&tlepending
only on the data.

(2) Levi form with comparable eigenvalue&.second example is given by a pseudo-convex domain havirgjre f
finite typepo € 0Q where the eigenvalues of the Levi form are comparable (see(Q&, Cho02b, Cho03, Cho02a]).
Indeed, in [ChoO03] it is proved that any (hormalized) bagithe complex tangent space Ksextremal for a well
controlled constark.

(3) Locally diagonalizable Levi fornmin Section 3.4 we will show that if at a point of finite tyjpg € dQ the Levi form
is locally diagonalizable then the basis diagonalizingltbe form is K-extremal for a constari{ depending only
on the data (in fact, this basis ksstrongly-extremal (see Definition 3.5) for every constant 0 with 6 < &y, &
small depending onr).

(4) Localization.An other important example will be given in Section 3.5: faya > 0 there exist®(7) such thatif a
family of (M(1),K, p, d)-extremal basis exists in a neighborhood of a boundary pgminof finite typet, of Q then
one can construct a small smooth pseudo-convex doBaiontaining a neighborhood @b in dQ in its boundary
and for which there existtM(1),K’, g, d)-extremal basis at every poirgse dD.

3.2. Basic properties of extremal basis.The first property states that an extremal basip aan be orthogonalized at the
point p:

Proposition 3.1. For any K there exists a constant epending only on K and the data such thatfifs a basis of complex
(1,0) vector fields tangent tp in an open set Ypo) which is(K, p, d)-extremal, there exists a bas#’, orthonormal at p
which is(K’, p, 3)-extremal.

Proof. We can suppose that the vector fieldof % are ordered such th& (L1, p,0) < F(Lj, p,9d), fori <n—1. Then,
. . 12
using the Graam-Schmidt process, we first define a basisy decreasing inductioh! = z'j‘;il alLj, al € C, andy ’ai‘ ’ =
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1. The determinant condition implies that there exésts0 such thata!| > c. Then

)= ) |a

=

’ Ljapa ) KF(Liapaa)'

Now, letL = ¥; gL} be a linear combination, with constant coefficients, ofitheThen

F(L,p,0)~ nga.a,

using|yi<xaak| > cla| — ¥i-k|ai| and the fact that thE (L, p, &) are decreasing. This proves EBr .

Note now that property EBfor 4 trivially implies the same property fo#; becausé.! involves only fieIdsLJl for j >
(and the decreasing property).

Finally, definez’ by L{ = L!/||L||. The condition on th&? norm of the vectors; immediately implies the result.(]

Lka P, 5) =K z |ak|2F(Lka p, 5)3

Let us now prove that the mixed derivatives of the Levi fornttia directions of an extremal basis are controlled by the
pure ones, that is by the weights associated to the vectdsfidithe basis:

Proposition 3.2. Let Z = {L;j, 1 <i < n—1} be a¥* basis of complexl, 0) vector fields tangent tp in V(po) which is
(K, p, 8)-extremal for a fixed > 0. Let.# be a list of vector fields belonging & (% U {N}). Then there exits a constant
C > 0 depending only o® and K such thatZ(dp)(p)| < CSF</2(p, ).

Proof. Recall the notation notatiors = (dp, [Li,L;]).

Lemma 3.2.1. With the previous notations (and the definition of the cdefiis efl given in Definition 3.1):
Lick = Licik+ S agcis— 3 afjcsk— 5 @G,
Ciok =L + Y aicsi+ 5 aesc— 3 a5

Proof. The first formula is simply obtained considering the coefifitiof OmN in Jacobi’s identity applied to the bracket
[Lj, [Li,L«]], and the second usir(d , [Li,Li]]. O

The proof ofProposition 3.2s done by induction on the length of the lists. Supposelfitst= 2. Hypothesis EBimply
that, for all numbers andb and all index and j,

— 2
’|a|zcn + |b|Zij +abg; +§iji’ < 6(|a|2F. + |b| Fj) )

Suppose botly andF;j non zero. Takingh= Fjl/ZFfl/Z)\ andb = p, |A| and|y| less than 1, the equivalence of norms in
finite dimensional spaces gives the resulf; & 0 or Fj = 0 a similar argument gives; = cjj = 0.

Now we use the following notation: i € .Z (% U {N}), we denote by? (resp.1?) the number of times; (resp. Lj)
appears inZ (thusl; = 11 +12).

For lists of greater length, we prove, at the same time, byétidn the estimate and the following Lemma:

Lemma 3.2.2. Let . and .’ be two lists of%u(Z U {N}), £(dp) = #aj and £’ (dp) = Z{cq, such that} = 1"t
12=1"2,. Then?(dp) ~ .¢'(dp) in the sense that

Z(9p) .2 (dp) = a2 (dp),
|z% 2

where a satisfy.2" € %u(#U{N}), FZ/2| 2"a 4| < 5F(#+2")/2 the constant depending only on K and the data.

Suppose thus the estimates and the Lemma proved for alf lishgth less or equal thl.
First, we prove Lemma 3.2.2 for lists of lenghi- 1. Let us write.Z(dp) = 16 and.Z’'(dp) = £»cq. Then three
cases can happen:

(1) (i, ) = (k,D);

(2) i#k j#1;

() i#kandj=Ilori=kandj#1.
The first case is a trivial consequence of EB-or the second, the hypothesis on the length and case (1y tfrgt there
exists a listZsuch that#Gj ~ .i”LkL| Cij and.Z>¢y ~ .ZL Ljcx, in the sense of Lemma 3.2.2. By Lemma 3.2.1 and,EB
L Cij ~ Ljci. The result is obtained using an other timejEBemma 3.2.1 and the induction hypothesis. The third case is
similar.

Now we prove the estimate of the Proposition for lists of kg + 1. Suppose that the vector fields are ordered so that

there exists an integemp € {0,...,n— 1} such that, folk < ng, R # 0, and, forn—1 >k > ng, R, = 0. LetL = J ajL;;,
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aj= e)\anlo/ZFj*l/Z if j <ngandaj = Ajif j > ng, with |)\j| < 1. If we apply the extremality property (L), we obtain,
for example, foralk <N —1,

sup
|Aj]<1

No

LkEN*k*chL’ < 5e(N+1)/2p (N+1)/2

with the conventiorFy,, = 0 if np = 0. Writing LN e, = zCaB)\")TB, the equivalence of norms in finite dimensional
spaces gives, when— 0,

Cap=0 if there exitsj > ng such thatrj + 8 > 0,
|Cap| S OF@+P)/2 otherwise.

Let &, be the set of listsZ’ such that! () = a; andl? = . ThenC,; = Y ves,;-Z(0p). Then, Lemma 3.2.2 and the
induction hypothesis give the expected estimation for diatin &,z and finishes the proof of the Proposition. O

(3.1)

3.3. Adapted coordinates system for points of finitel-type.

3.3.1. Definition of an adapted coordinate system and statemeltmeainain result.Let pg € dQ andV (pp) a neighborhood
of pp in C".
Definition 3.2. Abasis% = (L1, ...,Ln_1) of sections 0f 1,0) complex tangent vector fields min V(pp) and a coordinate
system inC", z= ®3(Z), are called M, K, 5)adapted (or simplyK, 5) adapted) at the point | V(o) if ®3 and (®§)~*
are polynomial maps (of degree less th{am)"~1) diffeomorphisms ofC" centered ap (i.e. CDg(p) = 0) satisfying (with
the notatiori = F(p, d) = F(Li, p,9)):

(1) The coefficients of the polynomials 8% and(®3)~* (and the Jacobians @f and(®5) 1) are bounded bi;

a(po(pd)—1 a(po(pd)—1
(2) Forallla] <2M, 2 (p (00;/%{) )O _ 2% gﬁ}) )© =0,Z=(z1,...,Z0-1);
(3) If Li = y &/ 2, thena)(0) = &; and for all.Z € L (BU{N}),

’.i”aij’ < K in ®p(V (po)) andF;"? ’.Zaij(O)’ < KRY2RZ/2;

2B (po(®3) 1) (0)

(4) Forall(a,B), |a+B| <M, 9299P

< Kmin{éF(‘”B)/Z, 1};

One of our main goals is to prove the following existence Tago

r\n-1 n-1
Theorem 3.1. Suppose ¢is of finitel-typert, and choose an integer M larger thé&(W . For any positive
constant K, there exists a constajgt> 0, a neighborhood ¥po), both depending on the data, and a constahtd&pending
on K and the data such thati® = {L;, 1 <i <n-— 1} is a%* basis of(1,0) complex vector fields tangent foin V (po)
which is(M, K, p, d) extremal at a point  V (po) N dQ, then there exists a coordinate systémi<ij<n centered at p which
is (K’, d)-adapted taz.

To proofis divided in two steps: in the next Section we workhaut the assumption of finite type and construct an adapted
coordinate system using modified weights; then in SectiBrB3ve use the finite type hypothesis to deduce the Theorem.

3.3.2. Construction of an adapted coordinate systdmthis Section we suppose that the intelyeis fixed. Letp € V(po)
andd > 0. Suppose? = (L1,,Ln_1) is a basis of1, 0) vector fields tangent tp in V (o), satisfying the following properties:
(A) The & (V(po)) norms of theL; are bounded bk and.Z is ordered so that (L. 1, p,d) < F(Li, p, d).
(B) LetpeW(po) €V (po) andd > 0. Denotings = K+ 1= F(L;, p, )+ 1:

(By) Foralllist.Z € %u(BU{NY), |.Z(9p)(p)| < KSF(p,8)%/?

(B,) 4 satisfies condition EBof Definition 3.1 with theF (Ls, p, 8) replaced by thés.

Then under these hypothesis, we have:

Proposition 3.3. There exists a constant idepending on K, M and the data (but neither on p nodysuch that there exists
a (M,K’, d)-adapted coordinate system.#d at p in the sense of Definition 3.2, the weight& F p, d) being replaced b¥.

Proof. In [CDO6b] (Prop 3.2, p. 85) we proved that hypothesis (A) liepthe existence of a coordinate systérp s
satisfying conditions (1) and (2) of Definition 3.2 and

(3.2)

{ Forj <i<n, anda = (a1,...,an-1) € N"1suchthaja| <M, ap=0if p>iorp<j,
0“61-J(0) .
oz = 0.
We now prove that under condition (B) the two last propertiEBefinition 3.2 (with theR) are satisfied. This follows
quite closely the ideas of p. 87-90 of [CDO06b], but, as theedarhere is more general and as it is a fundamental tool, we
write it completely.
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Let.Z € .2(#U{N}) considered as a differential operator. Denotdff the denvatweW in the coordinate system
z=®J, itis easy to see that, jiZ’| =
7o 5y e
lgﬂgsaﬁﬁi:m
where

© S ©
_ I1 .alp S [ a'k
cfa=cop= 3 5yl ] 0% (d)
k=p+1
where the summation in the second formula is taken over theatiwes associated to the multiindgysatisfyingy i pr1Skt
(Mg, - ,my) =51 X(ik)s Si—1 X (i) = (I, - -, In-1,1n) and the coefficients are absolute constants. The following Lemma

is then easily established:

Lemma 1. Ifforalls e N", | < S, we havn%DSaij (0)’ <k, F¥?F; Y2EY2 then we have

(3.3) lcap(0)] S ﬁﬁf/zﬁ*#.

To fix notations, recall that if is a? function andL andL’ two vector fields, ther{ddf L L> =L'Lf+ [L T (af),
and, in particular, iLp =0, <00p L 7 [L _] (dp) = cLL, wherec | is the coefficient of the Levi form in the directidn
In all the proof that follows, we denoti;, Lj] (9p) = Gij.

To state the second Lemma let us introduce the notgtiernp o (CDg)*l):

Lemma2. (1) For every multindex |]I| < 2M, we have|D'5(0)| < 6F'/2, where D is any derivatlv% with
la+B|=1.

(2) For every multiindex ng (0, ---,0), |m| < M, and every jj, ’Dmaij (O)’ < Ifm/zlfil/zlfj’l/z.

Proof. Note first that, for (2), it suffices to get the estimatelwl‘aiJ (0) and that the estimate (1) (resp. (2)) is trivialif> 0

(resp.m, > 0) (recallR, = 62 and the fact that the fields are of* norms controlled). We then suppdge= m, = 0. The

proof is done by induction: The induction hypothes#, is the two conclusions of the proposition fiof < ko and|m| < ko.
Remark first that?, and the first property of?,,1 imply the second property o, 1 for j = n: this is evident if

i=j=nand,ifi < j=n, Lir =0implies
al = 9P lnzl kdp
07y

and the result is clear becaugr%(O) =0fork<n.

Moreover, note also that, the weiglisi < n— 1, being “decreasing”, the second inequalityss, is trivial if i < j <n
and ifi = n. Thus it suffices to prove this inequality wherc i < n.
Let us now prove@kO by induction. The casky = 1 is trivial. Let us study first the cade = 2. By definition of the
coordinate syste [,w’; (0) =0, and, using the notations and remarks stated before ttesrstat of the Lemma, we have
ia] 32.5 kP 32.5
(3.4) dal o ——=cj— ; afal 5—=
070z; (koZii.0) 0701,

which impliesa‘;i,’% (0) = ¢(0) and gives the first inequality by definition Bf To prove the second inequality, let us look

at the definition of the functiorﬂg__,. Writing the brackefL;, Lp] with the coordinate system and taking the compone@%qf
i
we get

(35) nzl aikl%’llJ(’ B z apazk ( ) _C|PJaH

Extracting the ternjr ( ) and taking all at zero we obtag% ( ) 0)= aijp{O) and the inequality follows (B hypothesis.

We have now to considefi. If q < j, the inequality comes from the decreasing property ofihend ifj < q <i, this
ea*z

derivative is zero at the origin by the properties of the dowaite system. Suppose thgr i < q. Looking at the Lie bracket
[Li, Lg] and taking the component g% we obtain

(3.6) ii( ) — qi( J')_ i j j)+nfl P
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and then, at the origin, - (a,) (0) = [,% (aé) (0) — aijq(O) = —aijq(O), by the properties of the coordinate system, and the
conclusion comes again from {B This proves%.

Let us now suppos@ko verified ko < 2M). Let DI be a derivative of ordekg + 1. If D is purely holomorphic or anti-
holomorphic D'p(O) 0. Then we suppodﬁ' D' 04 [,Z and we denote b.;i” ZLiL;j alist of vectors fields associated
toD' (in the obvious sense that, df/dz (resp.d/dz) appeard; (respl;) times inD' thenL; (resp. ;) appeard; (respl;)
times in.Z). Applying (3.4), we get

9 x

Iyl
(3.7) - D (a-@ % ><0>
(k,péa,j) 10207,
- Cafp’DaB(Cif)(o)a
o+ fT<ko-1

with s = 0 or 1. The first term of the second member of (3.7) satisfiewtight inequality (i.e.< 6F' /Zlfil/zlfjl/2 in modulus)
by (By). For the second; being non 0, we can apply the induction hypothesiB'Fo(Lp_) (0) to get the wright estimate.
The third term is of the same nature because(kop) # (i, j), a}‘a?( ) = 0. If we replacec;j by its expression in (3.4), the
induction hypothesig? implies directly (fors < kg —1):

D% {0)| < OFY 2R},

and then, using Lemma 1 f&= ko (whose hypothesis are also verified by the induction hyisii#y), we prove that the
last term in (3.7) satisfies also the wright estimate.

We finish now proving the second inequality &4, 1. It suffices to consider the cage< i < n. Let us first look at a
derivativeD™ of the formD™ = DS |s| = ko — 1. Using formula (3.5), we can write

) n-1 . _ 0 . )
D™Ma) = DS xasal — Y xal=—=(a) + xca) | = DS(A) — D3(B) 4 DS(C),
3 <; % t;p po7 (@) ;f%) (A) —D>(B) +D(C)

wherex is equal to—lp In D%(B), to get a non zero term at eTt must be derivated becauge# t; this gives derivatives of
= (al) of order< ko — 1 which are well controlled by the induction hypothesis amehiDS(B)(0)| < Ifm/zlfil/zlfjl/z.
Consider now the termis® (*a, 5ak) :

Claim. For|l| <k, D' (aEB) < |:il/2|:&/2|:t*l/2|:|/2_

Proof of the Claim.We do it by induction orjl|. (By) proves the result fofl| = 0. Suppose the claim proved fof < k' <
ko — 1 and supposg| = K. Then,

D'aly(0) = £'d(0)+ 5 cs(O)D*(0).
\
But, by (B),
0] <P
and for the second term of the previous identity, we halfe< | and we can apply the induction hypothesis and Lemma 1
whose hypothesis are satisfied, usiify,, becausgl| < ko. O

Then the estimate db® (ezea}‘ﬁa‘j() follows the induction hypothesis?y, becausgs| < ko. Thus we getD3(A)(0)| <
Igm/zﬁl/zlg_l/z
i j o
Finally, the term®* (ezeci,fa,‘]) satisfies also the good estimates beca}é®) = 0 and, for|s| < ko — 1, we have seen that
D% (c 5)(0)’ < 6I55'/2I5il/2ﬁpl/2, and, the derivatives @), are controlled by the induction hypothes#,.
To finish, we have to consider the case whgféis a holomorphic derivative. Note that the inequality isial if i < j or

if there existsk < j such thatm, # 0. Suppose then, for ai < j, m¢=0andj <i < n. Let q the largest index such that
my > 0. If g < i, we haveD™a/ (0) = 0 by the properties of the coordinate systenq f i, write D™ = D ‘7 . To conclude it

suffices then to use (3.6), the first Claim and the factlﬂf%_ (aq) 0) = 0 also by the properties of the Coordlnates system.
This completes the proof of the Lemma. O
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To finish the proof of Proposition 3.3, it suffices to note thataddition to the estimates of the coefﬁcienﬁ; given by
Lemma 1, we also have, foar + | < 2M,
Do = z dyf.,
1<|Z[<|a+8|

with dgﬁ(o)’ < Ela+B)/2(p, 5)E-212, .

For the case of extremal basis we have thus proved (usingBitam 3.2):

Corollary. If # is (M, K, p,6)-extremal, ford small enough, there exists a coordinate systénK’(K), 5)-adapted to%
in the sense of Definition 3.2with the weightsdplaced by = F + 1.
3.3.3. Proof of Theorem 3.1If pg is a point of finite 1-typea, then, by a Theorem of D’Angelo (see [D’A82, Cat87]) there
exists a neighborhoadd (po) such that, ifp € dQ N U (po), thenp is of finite 1-type less tham’ = 2 (%)"71. We suppose
V(po) CU(po). Then, if# is a (M, K, p,d)-extremal basis, by the Corollary of Proposition 3.3 we haveoordinate
= ! nil . . .

system®,, 5 adapted to# in terms of theF. SupposeM larger than 2(%) . Then, considering the manifold —
(0,...0,¢,0,...,0), || < g, Theorem 3.4 of [Cat87] (applied with a suitable constangives us a derivative @ = po ®, 5
which is bounded from below by a constant depending only erdtita. The last property of Definition 3.2 shows thus that
F(p,d) > &2M with a constant depending only on the data, and, of coursesame is true fof (p, 3).

This proves the following essential Proposition:
Proposition 3.4. Let p € dQ be a point of finitel-typet. Let M= M(T) = [2(%)”71] + 1. Then for all integer K there
exists a real numbedy > 0 and a constant C, depending on K and the data, such that, ié tiexdsts a coordinate system
(M, K, 8)-adapted to a basis? = (L1,...,L, 1) at po, then y(Li, po,d) > C6~2M. In particular, if T’ = 2(%)rFl and

A\ N1

M =M'(1) = [2 (%) ] + 1, for all integer K there exists a neighborhood ) a real numberdy > 0 and a constant
C (depending orr, Q and K) such that, for & V(po) NdQ and0 < d < J, if there exists a coordinate systéM’ K, d)-
adapted to a basi®? = (Li,...,Ln_1) at p, then FL;, p, 8) > C5 /M’

This proves completely Theorem 3.1.

Remark3.2. Note that the proofs show that if a basi satisfies only properties (A) and (B) of the beginning of &ett
3.3.2, then, under the assumption of finite 1-type, the emichs of Proposition 3.4 and Theorem 3.1 are still valid.

A simple consequence (which will be used in Section 3.5) efitiinoration of the weights is the following:
Lemma 3.1. Suppose the pointf finite1-typet. For any K, there exists two constants C ak¢ddepending only on Kz,
and the data, such that 8 = {Lip"s, i <n}is (K, p,d)-extremal, pc WV(po) N9dQ, and(aj) is a family of¢* functions,
of M norm< K and1/K < |aj| < K, then the basis?; = {L;}, where |, = aiiLip"s, is (C, p, 9)-extremal, and, moreover,
F(Yali,p,d)~cF (zaaLip"S, P, 5)). aeC.

3.3.4. Associated polydiscs and pseudo-balls for finite type pointthis Section we suppog® of finite 1-typer and we
chooseM = M’(1). Now we will associate to an adapted coordinate system spewas “polydiscs” and give some related
properties.

Definition 3.3. Let W(po) € V(po) small enough. Suppose that for some pgirg W(pg) N dQ and 0< d there exists a
basis#(p,d) = {Lip"s} of (1,0) vector fields tangent tp in V (po) satisfying conditions (A) and (B) (of Section 3.3.2) and
let CDg = @, the coordinate system which (¥, §)-adapted ta(p, d). Then the function§ (L;, p,5) = F(p, d) does not
vanish and, for < ¢ < 1, we denote

Ac(p, &) = {ze C"such thatlz| < cF /2

,1<i<n},
and
B%(p, ) = @, (Ac(p, 8)) NV (po).
Taylor’s formula, Proposition 3.2 and Theorem 3.1 leadlgasithe following properties (denoting = Lip"s):

Proposition 3.5. There exists three constantg, &, and d, depending only on K and the data, such that the following
properties hold:

(1) IfLi = 58 22 and - = $biLi, [a + B| < M, for 2 Ay (p, 5),

D2 < KoF“P/2(p, )R (p,8)F, Y2(p,5),

DBl < KoF(P)2(p,5)R"2(p, 5)F; M2 (p,5).
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(2 If £ ¢ %u(ZB(p,d)U{N}), | .£| =S, and D is a derivative in the coordinate systefm with [T| < M, then
L = ¥19<sCD% DT = 3 o<1 A, and, for ze Ay (p, 8) and = ®p(2) we have

s(2) < KoF'¥97%(p, ),
de(q) < KoF & =2)/2(p,5).
(3) ForL =y aiLi, a € C, for allg € B®(p,d), 3F (L, p,d) < F(L,q,8) < 2F (L, p, ).

(4) Foralllist £, |.Z| < M belonging tofM (%) and all point ge B¢(p, d),
(@) [-2(9p)(q)| < KodF (p, 3)“/2,
(b) with the notation introduced in EBn Definition 3.1,

28k ()] < KoFZ/2(p, 8)F2(p, 8)FY2(p, 8)F, Y2(p, 5).
ij

(5) p(B°(p,&)) C [~39,33.
The proofs are almost straightforward calculus.
In Section 4 we will need to use two other kind of “pseudo-4¥adind we will prove that they are closely related to the
“polydisc” B®:
Definition 3.4. Suppose tha® = (L1, ...,Ln_1) is a basis satisfying conditions (A) and (B) (at a point oftérii-type).
(1) DenoteZf = Oelj and%,n = OmL;, 1<i < n (recallL, = N). Then we denote b’ (%, p, d) the set of points
q € V(po) for which there exists a piecewisg! curve ¢ : [0,1] — V such thatp(0) = p, ¢(1) = q and¢’(t) =

s aZ(o(t)), with |a| and |ain| < cF~Y2(Li, p,8),0< c < 1.
(2) exp, denoting the exponential map basecpassociated to the vector field$ (defined in (1)), we put

BExp(P, 0) = {q = expy(Un, - -, Uzn), such that magui , [uin|) < cF (p, 5)’1/2} NV (po)-
The terminology used in Definition 3.1 is justified by the @oliing property:
Proposition 3.6. Let 8 = {L4,...,Ls_1} be a basis (of1,0) complex vector fields, tangentpan V (po)) satisfying condi-

tions (A) and (B) (for example |f itis K- extremal) atgpN (po) N 9Q. Let B = {L1,... Ll |} be an other basis in \o)

such that, for alli, I = za,‘L aI eC,3 |a.| = 1. Then there exists a constant A depending only on &hd the dimension
n such that B, (%, p, 5) C BS(p, d).

The proof of this Proposition is immediate following propye{B).

3.4. Sufficient conditions of extremality. In this Section we always suppose tipatis a point of finite 1-typa and choose
M = M(T).

Here and in Section 5.2 we will need a stronger control oragederivatives of the coefficients of the Levi form. Thus
we introduce the following condition: suppogis a basis of 1, 0) vector fields tangent tp in V(pp). We say that it satisfy
to condition B@), a > 0, if for all list £ € %4u_2 (%) we have
Ba) fori#j, 1<i,j<n—1,|Zacj(p)| < adF(p,d)%/?F(Li,p,d)Y2F(Lj,p,5)Y>2

Note that Bfr) together with conditions (A) and (B) implies a new conditian the brackets of the vector fields:

Lemma 3.2. SupposeZ satisfies conditions (A) and (B). Then there exists two emstg = K1 (K, M, n) and dydepending
on K, a and the data such that, foralk¥ k, i,k <n, j<nand all.Z € £ (ZU{N}),if # satisfy B@r) at p,d), p€ W(po),
0< <o,

280(9)| < KaF (5. ) 2 (.82 (p. 8% (p.3) 2
I

—2/M

Proof. To simplify the notations we write the proof fanj} Choosedgso thatCd, > a1, whereC is the constant of

Proposition 3.4. Note that the property is trivialifs 0 or if I, = 0 and j = n (all = 3¢ andal) = 0), thus we suppose
In=0andj < n. As the property is also trivial if ork is > i, we have to study only the case whgra min(i, k).
To simplify the notations, we introduce the following spawoé functions:

>I<0 ={e, ea'_:‘,(:,, eci.,(j,, wheree € {-1,0,1, —/—1,v—1}},
i
and

3
= L u d fi, fi € % .
U  andsk {.Z i .e*kH}

The elements oikk will be generlcally denoted byk.



10 PHILIPPE CHARPENTIER & YVES DUPAIN
The Jacobi identity applied to the bracKeg, [Li, L] ] imply

o4l o P —a o —Lic Pe gk Po, —
& Cjj +LjCik + ;ajgcjp—ajkcu —Licjk— ;ajgclp—aijckk— ;kajicpk_o
PZ] p7i p

which we writealj%cjj = %qGiji + *oCkk+ h. Then, by induction on the lengttof alist.Z € A (L)), it is easy to show that

alj%fc“:fh+ z (*Iflcii+*|$/0kk)+ z *|$/ij,
g,eﬁf\(Lj) f’eﬁg‘,l(Lj)

and choosing? so that|.Zcjj(p)| 2 8F(p,5)(¢*2/2, the Lemma is easily proved using the control on the liststaed
hypothesis. O

Now we first prove that conditions B{, (A) and (B) imply the extremality of the basis and then tbatnma 3.2implies a
better control on mixed lists, result that will be importamSection 5.

Lemma 3.3. Suppose tha® = (L1,...,Ln_1) is a basis of(1,0) vector fields in \(pp) satisfying conditions (A) and (B) at
a point pe V(po) N9Q for a fixedd. Then there exists a functienK), depending on K and the data, such that#isatisfy
B(a) for a < a(K), there exists a constant;Kdepending on K, M and n, such that 41 € % (%)satisfie§.#c; (p)| >
L8R (p, 6)F(p,8)%/? then there existsgk2ko + 2 < |.Z/|, such thaﬂe((LiE)k"cﬁ) (p) > KiléF.(p, 5)(%0+2)/2 |n partic-
ular,

1

/ De((LiL_i)ZCii>(p)>0 |:

2K+1<M
where K is a constant depending only on K and the data.

Proof. We know that there exists a coordinate syst@@ adapted toZ. These new coordinates are denotad. The

derivativesD?P are the derivatives with respect (@), and if.Z is a list of vector fields theB is the derivative[% with

ai = 11(.2) andB = 12(£) (notation of Lemma 3.2.2). In the proof we will use a geneealuit on derivatives of positives
function proved in Section 7.
SupposeZ € % (%) is such thatZ (dp) = .#°c; and|.Z(dp)(p)| >k SF(p, 8)F(p,d)</2. Then we can write

Z(9p) = D% i + > CapDPa;
|la+B]<|.20|
with [cap| Sk F2°/2F~(@+R)/2,

Thus there exists a derivati@? satisfying|DPc;i (0)| 2k SRF(@+P)/2 and|a + | < |£°| andan + B = O (indeed,
if o+ Bn > 1, |cap(0)] Sk FZ%/2F—(a+P)/2 < 5F4°/2 and as|DPc;| Sk 1, [capDPci| < 8F%/2). Then applying
Lemma 7.1 to the functiog(z) = 3F*(p, 8)cii o @, 5(2), whereZ = (cFlfl/Zzl, e Y, 5)2,1,1,0) with ¢ < ¢, Co
given by Proposition 3.5, we conclude that there exists avatire D98, satisfyinga] = B1, Vj, aj = B =0, such that
DB (0)>k FF(@+BY/2,

_ 1 o 1
writing 2’ = (LiLi) ™ M. j<n(CiLj)" and-2"ci = DB + ¥ |a-+p/<|. 2| CapDPcii, by induction we conclude that

there exists a differential operatef? of the form.#* = (LiL;)“ |'|#i’j<n(L_ij)aj such thatle(.£c;) (p) =k SFL/2E,
Suppose there exisis# i such thatrj # 0. Then

ZLlei = L'TiLjci = LT <—Vijcjj +LiCjk + (aijk —ah) Ci — ; (a%cip —a}’icpi) + ; yipcip> .
pAi PZi

The controls of the coefficientg.‘} and of the listsZ ¢k, k # p (by condition (B)), implies, for sufficiently small (depending
only onK), that

|$/L_JC”| zK 5F$’/2Fj3/2 and ’VIJ’ zK FiFj*l/Z.
Repeating the initial procedure, we conclude that therstex list?” € £ (%), “completely even”|.#"| < |#’| such
that|.#"c;j| 2k 8F<"/2F;. Consider then

2"Tici = 2" <—Vijcjj + LiCjk + (aijk—a}j) Gi — ; (a%cip —a}’icpi) + ; yipcip> :
p7]

pP#l
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Then ’.Z”cjj y ’ > 6F$"/2Fjl/2|:., and, by similar arguments, for sufficiently small, we conclude that there exists a i,

|-2?| < | -£°|such that#?c; >k 5FZ?/2F;, and we can repeat the procedure. The Lemma is thus provedibgtion. [

Proposition 3.7. There exists constantg and K depending on K and the data such that if the bagisatisfies (A), (B) and
B(a) fora < apat (p,d), pe V(po), thenZ is (K', p, d)-extremal.

Proof. We may suppose the basis ordered so that the welghts- (L, p, &) are ordered decreasingly. Let= zi”;llaiLi,
a € C,5|al®=1sothacy = st |a?| ci. DenoteF (L) = F(L, p, ). By hypothesis (B) itis clear th&(L) <k ¥ lail?F.
To show the converse inequality, we prove the following agse

Claim. For every constarK > 0, there exists a constaldi, depending oK and the data, such that:

12E _ Frott
ifipe {1,...,n—1} andky € {1,...,M} are such thataio|2F.o(p) > ‘a“;F'(p) and De(LioLio)k"cioio(p) > 5'°T(p),
then:

_ 12E (py) 0L
. eitherDe(LL)kOCLE> 5%'

Kyl
o or there exist; andk; < ko such thata;,|*F,(p) > ‘a"‘:fi(p) andDe(Li,T;) " ciyiy (p) > 5F'1K—(p).

1
Proof of the Claim.We have
(38) (LD ar =Y [a** (LT) 6 + Y ax.Z(9p).
where the second sum contains lists of lend@-22 containing.; or L; for, at least, two different values of As

s laR(p)

|a50|2ko+2De(LioL_io)koCioio(p) > 5(

K ko+2 )
the conclusion is clear except in the two following casegh@asecond member of (3.8), there is a term in the first sumtwhic
2 ko+1
is<—-A= —5%, or a term in the second sum which is, in modulus, bigger thamith a constan€ depending

only onM and the coefficients;.
Suppose first that there exists an index i such thaﬂai|2k°+2De(LiE)k°cii(p) < —A. This implies firstja|*F (p) >
‘a"‘:fi(p) and secondI)De(LiE)kocn (p) < -0 Fik"”. By Lemma 3.3 there existg < ko such thaﬁ]e(LiE)k1 Gi(p) >

K_Z,I.,
8 &-F*!. Thus the second assertion of the Claim is verified.
1
Suppose now that there is a team,.£(dp) in the second sum of (3.8) satisfyin@».Z(dp)| > A. Denote byl; the
number of times the vector fields andL; appear inZ. If I, # 0, hypothesis (B) implies immediate)gy|* F > > i’ R

and|.| (9p) 2 81F". O
O

Corollary. Suppose thatgpe dQ is a point of finite typa where the Levi form is locally diagonalizable. Then theristex
a neighborhood Vpp) of pp and constants K and, > 0 such that at every point p of(\fp) N dQ and for every0 < d < dy,
the basis diagonalizing the Levi form($!, p, d)-extremal (with M= M'(1)).

Proof. Properties (A) and (B) where proved in [CDO6b], and, by définithe basis diagonalizing the Levi form satisfycB(
forall a > 0. d

Definition 3.5. Zis called(K, a, p, 0)-strongly-extremaif itis (K, p, d)-extremal and, if, it satisfies B at (p, d).

Note that the first part of Proposition 3.2 say that evé€yp, 0)-extremal basis i$K, a, p, d)-strongly-extremal for some
large positive numberr depending oK andQ. Thus this is an extra hypothesis only for snall

The next Proposition shows that for a strongly extremaldasime derivatives of the diagonal terms of the Levi matrix
satisfy a better control:

Proposition 3.8. Suppose @ of finite 1-type T and let M= M’(1). There exists a neighborhood ) of pp such that,
for a > 0, there exists constanty = d(a,datg and K = K’(K,datg such that if% is a (K, a, p, d)-strongly-extremal
basis then for all listsZ € Zom (%) such that there exists>} i with |; # 0 (here we suppos# ordered so that the;Fare

decreasing) we haveZc; (p)| < K'aF (p,3)</2R(p,d).

Proof. Let Z = .Z’If]— If;)f” with j <i and write

Zei = 2" LpLi.2"ci + >y (a']‘,BLk + a'j‘,BL_k> ZL"G.
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Then successive application of the Lemma 3.2 show that tlests a listZ = .§’Lj such that, for allk, I = Iy and
’D?/Cii — ZGil < KZGF"?/ZH.
Now the result is trivial applying once again Lemma 3.2, Lem®2.1 and the hypothesisds) O

Proposition 3.9. If the basis#Z is (K, a, p, &)-strongly extremal, the conclusion of Proposition 3.8 i salid at each points
g € B%(p, o) with a replaced by2a for 6 < d(a) (6(a) depending o, K and the data).

3.5. Localization of extremal basis.

3.5.1. Definition of the local domain.

Definition 3.6. Let Q be a bounded pseudo-convex domairClh Suppose tha® is a boundary point o andW(Ry) &
V (Ry) are neighborhood d%. Let O be a point of the real normal @Q atR, and denote by the distance fron® to Ry. Let
us denote byz)i<j<n the coordinate system obtained translating the origiD.at

Letu >0andy(z) = ¢ (|z|2) where

0 if x < p?,
()= { Koe Y/O-H) if x> p2,

with 3d < p < 2d.
Let us denote(z) = p(z) + Y(2). Thend is chosen small enough akg large enough such that, in particular:
D = {r(2) < 0} c W(Py) andr is a defining function ob;
D have & ™ boundary and is pseudo-convex;
At each point o9 Q\ 9D, the boundary ob is strictly pseudo-convex;
In the closure 0B(0, 2i1) the vectorz (in the coordinate system centered at 0) is not tangept(te. 51 ; 04 Lz 40
everywhere irB(0, 2u)).

The fact that such a domain always exits for @y 0 small andKg > 0 large is based on the construction of R. Gay and
A. Sebbar in [GS85] (Théoréme 2.1). Simply, note thatg@n\ 6Q, the functiorr is strictly pluri-subharmonic iKg is large

enough angt small enough (the hessian pfis O (qb (|z|2))). Moreover, ifR is of finite type, then all the boundary points

of D are of finite type because the order of contac®©fwith dD is infinite at the points 08 (dQ N dD).
The goal of this Section is to prove the following:

Theorem 3.3. Suppose thatFis a point of finitel-typet of dQ and choose M) (c. f. Proposition 3.4). Led > 0 and

K > 0. If at every point oPQ NV (R) there exists €K, p, d)-extremal basis then one can construct the domain D condiaine
in V(Py) so that, at every point’mf its boundary there exists @', p’, d)-extremal basis with Kdepending only on K and
the data.

3.5.2. Preliminary remarks.We fix now some general notations.

Let rrbe the®™ projection ofV () N Q ontodQ defined with the integral curves of the real normabtdNe can suppose
V(Py) small enough such that can be considered as&” diffeomorphism ofdD NV (Ry) ontodQ NV (Ry).

If L is a¥™ vector field, defined on an open détof dD NV (pp), tangent tadD, we associate to it a vector field,
defined in the open set(U) C 9Q, tangent tadQ usingrr as follows: ifL = Zaa%. considering it as an application of

into C", we denote by o 171 the vector field inr(U ) defined byLom 1 =S a0 rrla%, and

(3.9) LP =Lom 1—pN,
whereN is the complex unitary normal to andB =Lom(p).
Clearly,L — L* is an isomorphism fronT aDmu ontoT[,lgfmn( u) (V(Py) sufficiently small), and thus, we also consider

associated tbP by L =LPom+ (BomNormand, ad is tangent taD and(LP o 1)(p) is identically zero o Q, we have
—(LPom2)¢'(|Z?)
(Nom)(p)+(Nom,2)¢'(]2°)

wherek is a¢® function whose derivatives of order less tHdrareO(¢(|z%)), with constant controlled by tH&? norm
of L, and, ifL = Zaa[,% (in the coordinate system of Definition 3.€),,2) denotes the usual scalar prodgycsz, and
(L,L') =3 aia.

With the previous notations, I€t be a point ofdD such thatp(P) = 0 (thusP € dDNJdQ) andV (P) a neighborhood of
P such thattis a diffemorphism o¥ (P) N dD ontoV (P)NdQ.

Let pe dDNV(P). Essentially, the construction of the extremal bagist p for D is done using a suitable basi’ of
the tangent space ofQ near the pointt(p) translated ap (using ) then projected onto the tangent space?Df to geta
basisZ from which the basisZ is defined. Now, we only look at the relation between the wisigiithe basis# and %°.

Bomn(z) =

)
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Thus, if% = {L1,...,Ln_1} is a basis off ;-7 in V(P) N 9D, with our notations, the basig® = {L,...,L?_;} of T,7, in
V(P)noQ, is given by

(3.10) L =Liomr -GN
with B = Liom1(p), and

(3.11) Li=LPom+ (BomNor
with

—(fom2)¢'(12%)
(Nom)(p)+(NoT,2) ¢'(|2°)
Let us calculate the weights(L;, p, ) in terms of the weight§ (L P 1(z2),8) and the derivatives of. We suppose that

(3.12) Bom=

theL? are normalized. Writingij = [I:,LTJ} (dr) andcf] = [L,p, Lﬂ (dp), using thalN o ris identically 1 ondQ, a simple
calculus shows

G = domt <Lip omLfo rr> ¢'(12%) + (LPom2) <L’j’o T, z>¢”(|z|2)+
(3.13) +4'(12) 35 (+ (Lo )+ (L omz)) +k
= ciomt¢’ (12?) (<Lip om Lo rr> +h) +{LPom,z) <L’j’o I, Z>¢”(|z|2) K
where all the derivatives dfareO(¢(|z/%) and the functions have a bounde@™ norm the constants depending only@n

and theg norms of the.;.
As theL? are normalized, we also have

G = domte'(2)+|(LLom )| 9" (12P) +¢'(12%) Sit (+ (Lhom2) ++ (L omz)) +k
Gi o T+ ¢/ (|22) (1+h) + (L o m,2)* 9" (12%) + K

andd is chosen small enough such that #¥ norm ofh is small.
Now we need to introduce a new notation. lLebe a€*(dDNV(P)) vector field tangent tdD. Forze dDNV (P) let

us define "
. M/2 (k) 2
FHL28)= 3 <w> HiPona
k=1 o

(3.14)

2/k

|Z| L 5IMm,

Lemma 3.4. We have, fod and V(P) small enough, for 2 DNV (P),
. (192 (152
Fo(L25)~ 2120 ((|52| ) o m g 2020 ((|52| ) gm
Proof. It suffices to consider the case whigtf = 2+ x > 2. Note that, foV (P) small, ¢ (2 4-x) ~ Ke~/*x2% and
()—l()2k < e/MX fork < M.
1/k
Suppose(%) > 5 UM ande ¥/ < 5. Then

1/k 1/k
M (u?+x) - Koe 1/ 1 25 1km s 1M
< 5 =75 @ SKo o= 0,

1/k 1/k '
for & small. Thus, fo < &(Ko), (¢<k( 2+x)) > 5™ impliese /x> & anolzM/z (¢<k>(g2+x)) ~ ¢ (u52+x)_
2/k

Similarly, (M)Z/k > 3 YMimpliese ¥* > 5 andy ¥ (‘p(k( 2“)) ~ %2“). O
Thus, we denote
FO(L,z8)= %Z'Z) +(LPo 7T,z>|2¢”%2|2)+51/'\",
andF"’ F‘p(z 0)= F‘P(Ifi,z, 0),1<i<n-1. Define agairF,? = 52, LetL, denotes the unitary complex normalrto
the deflnmg function ob, andLf the unitary complex normal tp.
Proposition 3.10. Let.Z be alist of Lu (@U {Ifn}) and.#* be the list obtained replaciné inZ bylff)’. Then, reducing
V(P) if necessary, o@D NV (P) we have I{ denoting the number of times the vector fidldsr L; appears in%):
W) |2(fom -~ (2o o] < 51y ()W, for [ 2] > 2,
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_ L2
@ |Zo(12")| SNy (FY)"* | 2] = 2
the constants depending only nand thez™+2 norms of the.;.

Proof. These properties are trivially satisfiedl?i,f;é 0, thus we supposl?a = 0. Using (3.13) and the fact that ffis a4
function ondQNV(P) andLPp = 0 then(LP o) (fo1T) — (LP f) o T = O¢(¢) on dD NV (P), the Proposition is an easy
consequence of (3.12) and the the following Lemma:

Lemma 3.5. Let.#Pbe alist of £y {LF o ;i < n—1} of length> 1, then|.£P | < S 1-F (F"’) 2

Proof of Lemma 3.5By induction, we have

2oy =207 (12P)) = [E @0 (1) + S apt (1z?).

where
(=]
amfk = z * |_| <VV|*5 > )
L ={Wf . W dc Pt Wres*
m*<m-2k

Where< W* “> denotesW*, z) if W* is of type(0,1) and (W*,Z) if not, and the functions have a¢™norm controlled by
the’ norms of the vector fields;. Now, the proof of Lemma 3.4 shows

m-1 , m/2
[E] *¢(|)(|z|2) ) (51/M+¢ (:'2)) |

2 5

and it is enough to see th%ﬂ ¢ (|z| )’ < S(F#)“/2 forl e {[™£],...,m}. If | = m, this follows Lemma 3.4; suppose

l=m-k k>1.
2y |2/(m=K)

(m—k (m—k 2/(m-k)
Suppose{‘pi(z)’ > &M By Lemma 3.4/ ¢ (%)

" 2
< ? (JSZ‘ ). Let £* C £ of lengthm* =

o

m—2k = S L. The corresponding term iay, « is bounded by

(m—k)/2 k/2 e
¢" (12 " 9" (12° n-1 [ ¢" (|2? L)
*(—(5 )) Mol = ¥) ﬂ(¥l<tf’omz>|>

- ¢/(|z|2)> nfl(F(p)l*/2

" 2 1/2 / 2
because the hypothesis impliég (JSZ‘ )> <? ((\SZ\ ) -

To finish the proof of Proposition 3.10 note that, *dﬂ >1,

2 (Bom (2| <F*(28)7 %R (2 5)2
and use (3.12). O

Finally the relations between the weights associated tnd to#Pare as follows.
Let L a holomorphic vector field odD tangent ta?D nearp andLP the associated vector field tangenttQ. Then

Proposition 3.11. For V sufficiently small, we have,%f < HEH <K,
F(L,z8)~F(L?,n(2),8) +F?(L,z ),
with constants depending on t#&M norm ofL, K and the data.
Proof. From Proposition 3.10 it easily follows th&(L,z ) < F(LP o 11,2,8) + F?(L,z 3). Let us then see that there
exists a listZ composed of andL such thatZc; ~ 6( (LPom,zd)+F¢(L,z 5))(|§]+2)/2 def sp(2+2/2 5 LA

[{LPom(2),Z >|2¢’ ~F, ¢ doit. Supposé’L+| LP o 11(2),2)? "’ < F, there exists a list#Psuch thal.ZPc o e (11(2))] ~

SE(Z]+2/2 Then calculatmgi”cr interm of P (cLpLp) o T, the result follows Proposition 3.10, (3.14) and the prtiper
of the functionsh andk.
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t

3.5.3. Extremal basis on DIn this Section, we suppose always tipatis of finite typer, M = M’(1) and that at all pointg
of V(Ry)NdQ and for alld > 0, 0< & < &, there exists &K, g, d)-extremal basis, and we show that at all poiptsf 9D
and for alld > 0 there exists &K', p, &)-extremal basis (fob) with a constanK’ controlled byK and the data.

If Pis a point ofdD such thatP| > u thendD is strictly pseudoconvex ne& and the construction of extremal basis in
V(P)naD is trivial (for V(P) small). If |P| < T thenV(P)NdD is contained i?Q and the existence of extremal basis is the
hypothesis. Thus, we have only to consider neighborhoodioitgP € D such thatP| = u (that is point$ in the boundary
of 0QNdD). N

As we said before, the final extremal basis Brat p € V(P) N dD, will be obtained extending a basig defined on
V(P)nadD which is a projection onto the tangent space tf a translation of a basi®”, at ii(p), tangent t.

Formula (3.14) shows that the expressiéh-‘r%o 11, Z) plays an important role: we have to take into account theovdields
which are orthogonal ta. In particular, to construct a extremal basisaid, we cannot simply translate an extremal basis on
0dQ and project it onto the tangent spacedid, because, even if the bailsf’) is extremal, we can hav(d.ip oI, z> #0, for
all i, and there are linear combinations of ttfeo Twhich are orthogonal ta.

Now the pointp and the positive numbe¥ are fixed. We suppose we havekd, 1i(p), &)-extremal (forp) basis#® =
{L$,...,L2 .} at the pointz(p) (theL{? beingé™ in V (P)), such that the vectolls? (7t(p)) are orthogonal (c.f. Proposition
3.1) and we construct the bas#® = {L7,...,L" ,} using it. The weight associated % are denoted® = F?(ri(p), &) =
FO (L, n(p), ), and we supposg?; < R®, fori < n— 2, changing the order of tHe” if necessary.

Recall that the canonical coordinate system is centerdtkbgidintO of Definition 3.6, thugz(P)| = u.

For simplicity of notations, we denotg= m1(p) (thusp = m1(q), T being considered as a diffeomorphism between open
sets of the boundaries &f andD).

Let

g = {W: ZaiLiQ, aeCy lai|? = 1, such that(W(q), p) = 0}.

LetWh_1 = ya 'L € 54 _; such thatg =2 |a,-”*l|2F(LiQ, 0,8)=infy_sai0c4 , s 2|ai|?F(L2,q,3), and define

. o 1,2 " 2 2

(3.15) o =) LWy i s 0.0) > HEE (LR (@) )
W,h_1 otherwise

SupposeL? | defined for 1< | <k—1<n. Let # x = 10 [ELL 1. L2 D] ELL 4, L2, ) be-

ing the linear space span tl;ﬁfl, Lﬁ7k+l, the orthogonality being taken at Let Wh_x = z{‘;llai”’kL? a vector

in % _x minimizing ¥"X"1|a |?F (L2, q,5) for vectorsT""1aL® € 4 . Let T, x a vector field, of norm 1 ag, in

ELL 4, LN [ELl .., L2 )] ThenLl? ,is defined by

i ke k12 " 2
e ) T i SRR, 0,8) > R (T (@), p)IP,
n—k W,_x otherwise.

Note that{L(qg), 1 <i < n—1} is orthonormal.

The two next Lemma prove some important properties of theovdieldsL? . Let us denote#? = {L”,i < n} andLf the
unitary complex normal t@.

If L=y lalLl, & € C, letus denote

,¢" (1)

o' (1pP)
FP?(L) =F(L,q,8) + —=—=+[(L(a), p)| 5

5
andFP? = FPO(LP), 1<i<n—1,R? = L and(FP9)%/2 =, (FP9)"/2, it 2 is a list of L (2P U {LR}), with the
usual notation fol;.

Lemma 3.6. There exits a constant’Kdepending only o, such that £? < k'F°% and F*? > LF(LP2,q,0), fori<n.
Moreover, if L= 5 aiL’, ¥ |a|* = Lis orthogonal, at g, to the linear vector space generatedy L., LY ,, then FP#(L) >
%F(Lngfkflv d, 5)

Proof. Note first that, the basis#® being extremal and thE(L{?,q,d), i < n—1, ordered decreasingly, it is clear that
FP? > F(L2,q,9). Let us show nowthat it =  aL”, ¥ |ai|? = 1, we haverP? (L) > FP?,.

n-1~
’ 2
If LQ | € # 1, thenl? =12 andFP? =F(L2 ;,q,8)+ % which gives the result. Suppose tHufs | ¢ %4 1.

We separate the two cases of (3.15):
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Suppose we are in the first caské,’(l =L ). If L € J%_1, the inequality is an immediate consequence of the extigmal
(EBy) of #%. Supposé. ¢ /1. Then we can writd = o (L5, +yH) with H € J%_1. Writing H = 5 a/L{?, we have
o' (1) 4" (1pP) >
N/ 2\ / Q
s+l —5— |(LE@.p)|",

n-2
FP¢<L>:|a|2[_zlwaﬂzF(L?,q, )+ [+ vah o[ F (LR 1.0.8) | +
I=

_ _ 112 2 .
and asy"2|a/|*F (L2, q,5) > y2 et F (L2, 0,0) > o (‘ P) (L2 (a), p>|2, we obtain

" 2 " 2
FPOWL) 2 fal (1+1vP) w {121@.0)| 2« w ENC

because, by equivalence of norms in finite dimensional spaaé? (1+ |y|2) >k 1. The extremality ofZ< implying
F(L,q,9) > F(Lanl, g, d), and the inequality is proved.

The case? | =W,_1is obtained using the same method.

Thus, F,f‘pz > F(L® ,,q,6), and for allL = 5 &L, z|ai|2 = 1 which is orthogonal, ap to Ln_1, we haveFP?(L) >
F(Ly 2,0,90).

The Lemma is then proved by a simple induction argument. O

We now estimate the brackets of the vector fidlfisi < n, at the poing.

“(

with K’ depending only on K and the data.

Lemma 3.7. Let [L_’k’,l__’s’] sh lbt Pisn lb Lp For all list ., of %y (%P U {LR}), we have

bt

(S

) @] <K (R4 212 (R0 (R 2 (09) 2

Proof. Note that the Lemma is trivial if,(.#) > 1 and if R*? < %‘)‘2) (becausd? andF£? are both> to (‘p‘ ) and
#'0p%)|* 5 | ¢ p) SF(LP,,8)+ 00 and, ifLP =T, then,

by definition of T; and the extremahty of2?, F(Lf,q,6) <F(LR,q,8), and, ifLy =W, F (L, q,6) S F(LR, g, 5)+%.
Thus, it suffices to prove thatlif =

2 (v) <q>] < (P72 (RES) 2 (RO (F (LR 0.9))

") > 5-2/M implies

~1/2

=) =)

Let us writeLf = 5 af L andL? = 5 BILL. Using the notatior[L,Q, L?] S, a4 5 allE, acalculus gives
ij ij

[
t i ~jam t
b‘k’u - % <|Z aas a*;“j’) Bma

with Bi, = de(a 720 [0 ), whereo describes the set of permutations fréfy...,n—1}\ {t} onto{1,...,n—1}\ {m}.

First, we prove that, it <m, |BY] < (Fp¢)l/2(FSp¢)l/2( F(L®,q,9))" Y2 for anyk ands. In that case, there exists an
indexi >t such thao (i) <t; if L’ = T thena, 9() _ 0, and ifL? =W then

) ” 2 - " 2\ 72 - a
) < [qb U ((.9,,6,0) 1] . <%> (FLa) < R0 o0 (FLP.0 ) .

! " ! 2
becausdh? 2 5-1M + L1285 and UL > 5-2M implies (#0p1)" > 2080,
To finish the proof, it suffices to remark that the extrematityZ® implies
o SF(LL,0,8)2F (L q,8) %2,

and

[1F (.0 0)W?F(LP,q,8)"%F (L, q,0)"%F (L§.0,8) Y2

AN
A~
_R
=53
~—
N

A

(FP“I2F(L2,q,8)Y7F (LD, q,0)Y2F (L2, q,8) 2,
by Lemma 3.6, fot > m. O



EXTREMAL BASIS, GEOMETRICALLY SEPARATED DOMAINS 17

Then, with the notations introduced before, we considebtiss atp (for D)
1
ILP o |

Note that Lemma 3.6 and Lemma 3.7 are proved for the vectmsﬁlé’] but it is easy to see that they are also valid for the
vector fieldsL{ / [|LF |-

To simplify the notations, in the remainder of the proof, tleetor fleldsHLpH will be denoted by_f’, and the function

will be denoted3; so thatl; = (LP o+ (BiomNPom).

PB={L1,...,Lo_1} with [ = (LPom+(BomNPom).

HL"H
Proposition 3.12. The basisZ is (K’, p, &)-extremal for a constant kdepending only on K and the data.

Proof. We first prove condition EB that is, ifa; are complex numbers then

n-1 n-1 9 _
F <izlai|_i’ p,5> ~ i;|ai| F (Li, p,5).

By induction, it suffices to see that, for &l

n-k k-1 _ , -
F <iZlO!iLi, p, 5) ~F < i; aili, p, 5) +|an_«|°F (Lnik’ P, 5)_

To simplify notations we writ&X = S K=1giL; andXP = St K=1g; Lp By Proposition 3.11, we have to prove

” 2 ! 2
(3.16) F(xp+an7kLﬁ,k,q,5)+% [{(XP +an-ilg i) o 7(p), P)| + : (|5p| !

" 2 ’ 2
~ F(XP,,8) + ankF (L84, 8) + TP ((((x0 o m(p), )2 + i s (L8 o () p) ) + ELPE)

t P ~ ~
Indeed, if(q) = w, B~ have a&™ norm controlled by andF (B*lz}:l aiLi, p, 5) ~cF (z}:l aili, p, 6).

Note that if that ifY andZ are two linear combinations (with constant coefficientsraf L, by extremality,F (Y +
Z,9,8) <K?[F(Y,q,0) +F(Z,q,9)], and then

(3.17) F(Y+2,q,0)> Klz (Y,99) —F(Z,q,9).

This implies that the first member of (3.16){sthan the second one, and we have only to prove the convergedlity. To
do it, we consider separately the two possibilitieslipry.

Suppose firsth |, =T, .

If the second member of (3. 16) is equivalenﬂ@(”,q, o)+ |an,k|2F(Lﬁ7k,q, d), by (3.17), we have only to consider

the case wheR (XP,q, 8) ~ |apn_[>F (LP P 0,0). UsingF (Tn_k,q,0) SF(LE,,q,5), Lemma 3.6 gives the result.
Suppose now that the second member of (3.16) is equivalent to

" 2
#UBE) (140 o (P P + a2 (L2 o (- )I)-

Then, we only have to consider the case WHEXP o )(p), p) = —(1+ &)an_k ( (L2 _, o )(p), p), with &€ small. Then
if W is the vector fieldXP + (1+ €)an_kL" , normalized atg, W € % and thusF(W,q, &) > ‘% (Thok(a), p)? =
O (LP (@), p>|2. ThenF (X,q,8) > % (%ﬁ [(LE_ (a), p>|2) —2F(L? ,,q,8), and the conclusion follows.

To finish suppose that? |, =W .

Ifth is equivalenfdP”) (1((x? 2 2|((LP 2 i

e second member of (3.16) is equivalenftol (|<(X om)(p), P)|“+ [an—«|” (LY _ o m)(p). )| ) there is noth-

ing to do becauséL’ , o ri(p), p) = 0.

Suppose then that the second member of (3.16) is equivalEiiX®, q, d) + |an,k|2F(Lﬁ7k, g,d). As before, the conclu-
sion is evident except F (X?,q,8) ~ |an_«|*F(L2_,,q, ). Suppose
¢'(1p°)

o
Note that(T, (), p) # 0, and we can defing/ = X +ay,_ kL _+ UTh_ such thatW(q), p) = 0. Then by Lemma 3.6,

().
(G 1 2F (W10, 8) > F(L2 .0, 8), and (extremality of2%) | (T y(a). p)* 0P > 2 (F (W1, q.5) — KF(L2 ,.q. ).

F(XP+an kLP \,q,8)+ < |t *F (Wh—k, G, 5).
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From this we deducku| < |a,_k| andW is of norm almost 1 af. Then
FW,q,8) < K? (F(X" +anklp 4,0, ) + [ *F (Tak, G, 5))
< |an—k|2 (F(ankaqa5)+F(Ln97k?q35)) 5

becausd, € & (LY ,,...,L? ;), and thus (W, g, d) < F(Wh_, g, &) which contradicts the definition &/, .
To see that% satisfy EB, a simple calculus shows that it suffices to apply Lemma 3d7Rmoposition 3.10. d

Then, by Lemma 3.1 we conclude:

Proposition 3.13. The basis#Z previously defined byZ = {Li,...,In_1}, with i = L o 1+ (Bio MNP o s (K, p, 8)-
extremal for a constant kKdepending on the constant K of extremality#fand the data.

Now the proof of Theorem 3.3 is complete.

4. GEOMETRICALLY SEPARATED DOMAINS
4.1. Definition and examples.

Definition 4.1. Let Q = {p < 0} be a bounded pseudo-convex domain vt boundary Up # 0 in a neighborhood of
0Q). We callQ K-geometrically separatedt po € 0Q if po is a point of finite 1-typea and there exists two neighborhood of
Po, W(po) € V(po), a constandy > 0, a constank, an integeM larger tharr +1 and a basisg® = {L?,...,L2 ,} of (1,0)
vector fields tangent tp in V (po), whosez? norm are bounded big their “determinant” bounded from below by K and

a positive real numbeysuch that:

For each poinp € W(po) NdQand eactd, 0 < & < &, there exits &M, K, p, 5) extremal basisg(p, 5) = {LP°,...,LP°}
such that, for each the vector field_"° can be written (oI (po)) LP? = 5 ; &/ L9 with al €C, y|a|?=1. In other words,
theLip"S are normalized vector fields belonging to the vector syi&ocgenerated byz°.

A notable property (that will not be used later) of these dm®és that the weightE; satisfy a better estimate than the one
given in Proposition 3.4:

Proposition. Suppos& is geometrically separated afof typet). Then for [ pp) anddp sufficiently small, there exists a
constant C> 0 depending only on K an@, such that the extremal basi(p, d) = {Lip"s, 1<i<n- 1}, peW(po)NaQ,

0< & < &, satisfy iy (LP°, p,8) > C5 %™+ foralliand all 5 € [0, &), with M = [1] + 1.

Proof. Suppose there exists a sequence of pgiptsonverging topg, a sequencén, in ]0, [ and an integer < n— 1 such
that, denotingZ (pm, om) = (LT .., L7 ;) the(M, K, pm, dm)-extremal basis 8dm, ¥ e 4,1m [-£(dp)(pm)| < 1/m. Then

. . 2 . .
L= zai‘(pm)L(j’, h ’ai‘(pm)’ =1, and we may suppose that the sequemnesai‘(pm) converge to complex numbead

satisfyingy |a/ |2 = 1. Then, by uniform convergence, the vector fiele- 5 alL? satisfiesru (L, po, 8) = 0, for all 5. But,
we havel = 5 b L, 5 |be|* >k 1, and, by extremality (L, po, 5) ~ ¥ |bk|*Fu (L, po, 8), thus there existk such that
FM(LEO, po,8) =0, i. e. zi”efm(LEo) |-Z(@p)(po)| = 0. Then, by (4) of Definition 3.2 this contradicts the defimitiof the
1-type. |

Thus, in all the paper, for a geometrically separated doratizn boundary poinpp, the integemM could be changed to
[1]+1. As this change gives no advantage, we will kkeg M’(T) and then we can apply directly the results of the preceding
Sections.

Remark4.1 SupposeQ is geometrically separated @b € Q. Let p be a point ofQ NW(pp). If mis the projection
onto Q defined in Section 3.5.2 lef= mi(p). Then, reducingV(po) and & if necessary, it-3p(p) < & < &, the basis
B(q,3) = (L¥°,...,L%%) is clearly(2K, p, 5)-extremal, and (L*°, p, §) > C'6-2/T+1 for a constan€’ depending only on
K and the dataThus we will always consider that a geometrically separateshain is equipped, by definition, with extremal
basis of the form given in the definition at every point ¢py) N Q for —3p(p) < & < &.

This is clear, because i¥ € .4y (£), then|.Z(dp)(p) —-Z(dp)(n(p))| = O(J), whereO depends only oK and Q.
Then EB is satisfied becausg(p, §) > C3 %M with C depending only o® and EB is also satisfied becaubg(p, §) < 52
(6o small enough).

Example 4.1.
(1) The three first examples of extremal basis given in Exar8dl immediately show that, fip is a point of finite type
of 0Q thenQ is geometrically separated g, under one of the three following conditions:
(a) 0Q s convex neapy;
(b) The eigenvalues of the Levi form are comparablpgat
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(c) The Levi form is locally diagonalizable @b.
(2) Moreover, we will see in Section 4.3 that(fis geometrically separated pg then the local domai® defined in
Section 3.5.1 is geometrically separated at every poirtsdfoundary.

4.2. Structure of homogeneous spaceFirst recall that we define in Section 3.3.4 the “polydi&{ %, p, d) (Definition
3.3) and the “pseudo-ballg, (%, p, 5) andB, (%, p, d) (Definition 3.4).

In general, we will just denote bg,,(p, 5) andBZ(p, ) the pseudo-ballBg,,(#, p,d) andBZ (%, p, §) omitting %,
but recall that, ifd1 # &, the ballsBg,,(p, &1) andBg,,(p, &) are not necessarily constructed with the same basis.

Then by the methods used in [CDO06b] (based on the Campbelbdtaf formula and the ideas of [NSW85]), reducing
W(po) if necessary, one can prove the following properties of tésb

Proposition 4.1. There exists constants,@, o, B andy such that, for p= W(po) N1dQ, & < & and c< co, B{,(p,d) C
B(p, &) C BEG(p. 8) and B,(p. 8) C B (p. ) C BLp(p. 5).

The importance of this Proposition to construct the strretf homogeneous space is the following: to be able to use
Taylor's formula, we have to work with a coordinates systerich is easy in the se®°(p, d); the hypothesis of geometric
separation and Proposition 3.5 imply that the sets assutiatcurves are associated to a pseudo-distance; andy,fihall
sets associated to the exponential map are used to prowalttiese sets are equivalent.

Ideas of the proof of Proposition 4.1t is similar to the proofs of Proposition 3.4 (p. 96) and Lean3.16 (p. 101) of
[CDO6b]. Thus we will only give the main articulations.

The first inclusion comes easily from the control of the caogffits of the vector fieldk; in the coordinate systei(z) in
the polydisc (Proposition 3.5). The second one is more cimamgld.

Let exp, be the exponential map basedmtelatively to the vector fieldg/ (real an imaginary parts of this). Let
WP = (Wh)._, , = (expp)fl. We establish the following estimate on the derivativeshef functions¥’: there exists
constantg andK3, depending orK and the data, such that

(4.1) f g = expy(u), max{|ui v} < BF(p,8) Y2 then | #4WP(q)| < KaF(p. 8)/2F;(p,8) 2,

with the notation of Definition 3.4.
To prove this, we estimate the derivatives of the exponkemntép. Considering, fou € R", the vector field? = S u %,
the derivatives of expare estimated via the Campbell-Hausdorff formula. d.et g(u) = exp,(u), |u < Uo,

< C|U|M+l,

0 M
dexp, (0_u.> (u)—%(q) +k;ak [ [ [Z0,#4]-- ) (@)

whereay are universal constants corresponding to brackets of hekgsee Lemma 1 (p. 97) of [CD06b]). The brackets
are then estimated with Proposition 3.5 and (4.1) is eaditgpinoed. The second inclusion of the Proposition is theilyeas
proved.

The equivalence between the sets defined with the expohemdja and the curves is a quite simple consequence of
(4.2). O

Proposition 4.2. Let Q be a bounded pseudoconvex domain K-geometrically sephedtgy € Q. Then there exists

a constant g > 0, depending on K and the data such that, for alka@y, the sets B#(p,d), p,d) are associated to a
pseudo-distance in the following sense: there exists atanh€ depending on K and the data (but not on c) such that, if
peW(pp)NdQandd < &, and if ge B(#(p,9d), p,d)NaIQ, then

B(#(q,9),q,0) C B(#(p,d), p,CI),

B denoting one of the set§ BB, or BC.

Xp

Remark. If we definey, onW(po) N 9Q, by

4.2) y(p,q) = inf{d such thag € B(#(p,d),p,d)}.,

theny s a real pseudo-distance.

Proof.

Lemma. 1. For all A> Othere exists B depending on A and K such that
B%°(#(a,5).00) C B (#(q,B),q, BJ).

2. For all B> O there exists C depending on B such that
B% (#(q,B9),q,B5) C BF(#(q,9),q, ).
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Proof. Let us denote by(g, d) (respLi(q,Bd)) the vector fields 0f2(q, o) (resp. #(q,Bd)). By the hypothesis o, we
haveLi(q, d) = Sk BFLk(q, BS), with B constants. By extremality,

B < KF(Li(a,5),q.85)"% (Li(q,B3),q,83) 2
< KB YMF(Li(q,8),9,8)"/%F (L«(0,Bd),q,B8) 2,

which proves the first part of the Lemma wih= (AK(n—1))M. The second part is proved similarly wi@= (BK(n—
M. O

IN

To prove the assertion on the pseudo-distance in the Pragosby Proposition 4.1, it is enough to prove that, there
exists a constargsuch that ifq,q € BS (#(p,d), p,d) thenz e Bt}oc(@(q, 8),q,8). But there existsp, € piecewise
smooth, such thap(0) = g, ¢(1) = z and, almost everywhere' (t) = 32", & (t)Z($(t)), with max{|ai(t)|, [an(t)|} <
2cF(Li(p,9), p,d) < 4cF(Li(p, d),q,0), if we choosec small enough (Proposition 3.5). Now, as in the Lemma, wgitin
Li(p, 8) = ¥ akLy(q, ) (with a¥ constants), using extremality we easily conclofie B°(#3°,q, 5). O

Let us now define “pseudo-balls” centered at pointQofW (o), denotedB®(q, d) (resp.™B%(q, 8) ™Beyp(d, 0)) by

"B°(q,8) = {q €V(po) such that(q) € B(#(m(q), 6), 11(q),5) andp(q') € [p(a) —cd, p(q) +¢d] } -
Then:
Theorem 4.1. Let Q be a pseudo-convex domain geometrically separatedpat #Q. There exists a constang ¢ 0,
depending on K and the data, such that, for akk@y, the sets B(q,d) define a structure of “homogeneous space” on
W (po) N Q in the following sense: there exists a constant C, dependiflg on K and the data (not on c) such that, if
g1 € W(po)NQ,d < &, and @ € B(qs, d), we have
B(d2,9) C B(a1,C9)
and
Vol (B(q,25)) < CVol (g, 5)),
B denoting one of the set§ BB, or B°.
Proof. The first assertion follows immediately the Propositionpfove the second, we use that b&h (%4(p, d), p, ) and

Bexp(#(p.d), p,d) are equivalent td° (#(p, ), p,d), the fact that the coordinate system associated to theneatrieasis
have a Jacobian uniformly bounded from above and below angriceding Lemma. O

Remark4.2. (1) Forpe dQ, the setdB°¢(q,d) N dQ (for each definition) are the pseudo-balls of a structurecohbge-
neous space ofQ NW(po).
(2) On2dQ, as in [NRSW89], we could define equivalent pseudo-ballsgisomplex tangent curves.

4.3. Localization. Suppose thaf is K-geometrically separated @ € 0Q, and consider the domaid constructed in
Section 3.5.1 near that point. ThBris K-geometrically separated at each poinf6in dD, and, by strict pseudo-convexity,
the same is true oD \ 0Q N dD.

Suppose thaP is a point of the boundary a?QNdD, and letp be a point ofV (P) N dD and d small enough (with the

notations of the previous Section). Let us denote&iyp, 0) = {Lf"s, e Lﬁfsl} the extremal basis given by Proposition 3.13
and by %9 = {L?’Q, . .,Lgle} the basis denotel? in Definition 4.1. Then, by the construction & (p, ) made in the
previous Section, we haté™® = L o 1— B(L")NP o rwith L — B(L) linear. Thus, if we definez®P = {L%D, - Lgf)l} by

Lio’D = Lio’Q oTr— B(L?’Q)NP o 1T, we see that the vector fields #(p, o) are linear combinations (with constant coefficients)
of the vector fields 0f2%P. Thus, we have proved the following result:

Theorem 4.2.If Q is K-geometrically separated ap g dQ, then the domain D defined in Definition 3.6 is¢leometrically
separated (at every point of its boundary) for a constahti&ending only on K and the data.

Remark.Recall that every point dfQ is of finite 1-type.

5. ADAPTED PLURFSUBHARMONIC FUNCTION FOR GEOMETRICALLY SEPARATED DOMAINS
5.1. Definition and examples.

Definition 5.1. Let Q be geometrically separated p§. Let E be the vector space generated 8§ U {N}, and, ifL =

2
zi“;ll biL® +byN = L +byN € E denotes, fod < &, F(L,q,8) = F(Lr,q,8) + %. A pluri-subharmonic functiots is

said to beB-adapted ta° at py if there exists a constayt such that the following properties hold:
(1) Hs] <1onQ;
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(2) Forge W(po) NQn{p > —24} and for all vector field_ € E,
(00H5L.T) (@) > 5F (L.0.3);

(3) Forge W(po) NQnNn{p > —20} and for all list.Z € #(E),

|ZHsl(a) < B [ F(L,q,8)Y2
Le®

Remark5.1 Note that (3) implies in particular that, for alf € £3(#(n(q),d) U{N}),
2 He| (a) < F(#(n(q).0).0,8)%/2.

Definition 5.2. A bounded pseudo-convex domdhis called ‘K-completely geometrically separated” pg if it is K-
geometrically separated and, there exi&s> 0 such that, for all 0< d < &, there exists a pluri-subharmonic function
K-adapted taz° at po.

Example 5.1.

(1) If the boundary ofQ is locally convex neapg (a point of finite type), it is proved in [McN94, MNO2] that i§ i
completely geometrically separatedpat

(2) In [Cho02b, Cho02a, Cho03], it is proved that, at a pointiite type, if the eigenvalues of the Levi form are
comparable apg then it is also completely geometrically separateg@gat

(3) Inthe next Section, we prove that geometrically segardbmains whose extremal basis are strongly extremal with a
sufficiently smalla are completely geometrically separated, and, moreoverfdrahose domains, the local domain
defined in Section 3.5 is completely geometrically sepdratesvery point of its boundary. In particular, this applies
when the Levi form is locally diagonalizable pg.

5.2. The case of geometrically separated domains with stronglyxéremal basis. In this Section we prove the two follow-
ing Theorems:

Theorem 5.1. Suppose is K-geometrically separated ap@E dQ. Then there exists a constamg, depending on K and
the data, such that, if for all g W(po) NdQ andd < d, the basisZ(p, d) are (K, a, p, d)-strongly extremal (c.f. Definition
3.5) witha < ap then it is completely geometrically separated at p

The second deals with the local dom@irconstructed in Section 3.5.1, and, in fact contains thedinst We state the two
theorems separately because the proof of Theorem 5.1 isogedve the second:

Theorem 5.2. Suppose tha® is K-geometrically separated ap g dQ. There exists a constaat, depending on K and the
data such that, if for all pe W(po) N9dQ andd < &, the basis#(p, d) are (K, a, p, d)-strongly extremal witlw < a4, then
the local domain constructed in Section 3.5.1 isdémpletely geometrically separated at every point of @erimary for a
constant K depending only on K and@.

5.2.1. Proof of Theorem 5.1Here we suppose that the basigp,d), pe W(p)NaQ, d < &, are (K, a, p,d)-strongly
extremal for a constartt not yet fixed. During the proof, we will impose successiveditons ona (depending oK, M
andn) to be able to construct the good pluri-subharmonic fumctibhe existence oft will be clear at the end of the proof
but we will not give an explicit value. Now, we fi& > 0.

The ideas of construction are comparable to those develimpgDO06b] (following ideas of [Cat87]) but the technical
proofs are slightly different. On one hand the basis arellostead to be global and we have to construct local “almost
pluri-subharmonic” functions and then add them using thecstire of homogeneous space instead to construct diractly
global function. On the other hand, the control of lists daling our hypothesis are weaker than those following thalloc
diagonalizability of the Levi form. Thus, for reader’s c@mience, we will write the proof with enough details.

Theorem 5.1 is proved using a local construction. We needttoduce new notations.

Let us fixd and denot&)®(p, d) the pointsq in V (pp) such thatrr(q) belongs taB®(p, d), the polydisc associated to the
extremal basisZ(p, 6) (see Definition 3.3). Let be a vector field irE (the vector space generated 4 ansN). We write
L =L +anN, whereL is tangent tqo. Because? is geometrically separated we can wilite= y™1aPLP° (af € C), and
finally, ¢! will denote the coefficient of the Levi form associated toketor fieIdLip’5 € A(p,0).

Now we state the local result and show how it leads to Theordm Bor the proof we need only estimates in the strip
Q35 = {—30 < p <0}, but in Section 5.2.3we need corresponding results in a&fadgmain, and thus we state the local
result for the setQ°(p, d):

Proposition 5.1. For all constant C> 1 there exists constants (depending only on K, ¢, C and the datf)and y; such
that if the basis#(p, d) are (K, a, p, d)-extremal witha < ag, then for alld < d(ap) (depending orxp, K and the data)
and all point pe W(po) N dQ, there exists a function k3 = H with support in Q(p, d) satisfying, for every vector field L,
the following conditions:

(1) H[ <L
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L o
(2) (99H;L,L) (a) = BF (Lr,0.8) — va (33 [af " § + B+ B9 (q), for g € Q*2(p, 5);
(3) Forallq,(00H; L, L) (o) = —£F(LY,,8) -y (373 [aP9* G + 12k + %42 (q).
Z\/2
(4) For £ € £ (B(p,8) U{N}), |.ZH|(q) < Va[TLer F(L,q,8)Y%+ (%)‘ / , where is the distance @Q.

We will prove this Proposition in the next Section. Now weshHmw the proof of Theorem 5.1 follows this Proposition:

Proof of Theorem 5.1We coverdQ NW(po) with a minimal system of pseudo-balf8%2(py, 5) N dQ, px € Q. As the
pseudo-balls are associated to a structure of homogenpaus,ghere exists an integgrindependent 0d, such that each
point of W(po) belongs to at mos$setsQ°(pj, 8). We apply Proposition 5.1 wit = 2SG to get the functiot, 5.
For all pointq € V(PRy) there existgo such thaty € Q%/2(pj,, &) and thus (denoting the coefficient of the Levi form in
the directionL* andak = a), by Proposition 5.1,
B
2

5 - 2lSk@] | Janl 5Q<q>>
5.1 005 Hy s:L,L > ZF(Ly,q,0) — + + .
( ) < Z Px,0 >(q) ( q ) ykstqech (B0) <ZIQI 52 5

We now suppose that we are in the s@ips. Let us consider the function

H= ZHpk,5+Ae*P/5 +Bz?,

for suitable constar andB anda small enough:

Claim. There exists constanfs B, y anda’q depending only ok and the data such thataf < o'y,

(1) H is uniformly bounded, independently &f< &y, on Qgzs;

2
(2) For any vector field., for everyk, for g € Q%?(px, &) N Qa5 "W (po), <0707H L L> (q) > % (L?,q,5)+%;
(3) Forg € Qz5NW(po) and all list.Z € Z5(E), |-ZH|(q) < yo[Leer F(L,q,8)Y2.

Proof of the Claim.As we are inQszs, (5.1) implies

y - B "okl @] | Janl?
< 2 > 2 kSL. a0 (ped) 'Zl’ T

Moreover, for evenk such thag € Q°(py, 9),

_ . _ _ _ 2
<aaep/5;L,L>() ep/él < Za,akc,1+2De<Zla, (00p; ka,N>>+|an|2<aap;N,N>>+%

Then, we use the hypothesis of strong extremality and Taylemula to estimat%c}‘j ’ i # J, in the setQ®(pk, 0) N Qgs.

Using the fact that; = |cji| + O(0) (recall Q is pseudo-convex), this gives a constiptdepending oK and the data such
that

(00¢/%:L,L) (q) > Ko+ |an| + ’a,’ ’c,, ] 4naF (L% q, ),

because, by definition af in the setsQ¢(py, 8), F (L, q) < 3F(L?k, pk) (see Proposition 3.5).

Now we choos@ = 2S€y; + 1, thenB = KA, anda’g < l%nA, which proves the two first properties of the Claim.

The third property follows (4) of Proposition 5.1, the extraity of every basisZ(p, 9), Proposition 3.5, and the fact that,
in the considered domaidg (q) = O(9d). O

To finish the proof of Theorem 5.1, we cht to adapt it to good neighborhoodg pg) andW(pp) and the required
properties in the strig 5o (p) < 25}, and we addD |z for a large constanb. More precisely, the cutting functions are
defined as follows:

Let 8 = 919, whered1(q) = x1 (% \quo\)' with x1 a ¢ increasing function equal to 0 dn-,0], 1 on[1/4, +oo[

r
andx1(t) =t*on[0,1/8], and8,(q) = x5(p(q)) with x5(t) = x(t/5), x being even, increasing dn-«, 0], equal to 0 on
4
] — 0, —4],to 1 on] —2,0[ and to% fort € [-4,-8/3].
Then the final calculus is made as in [CDO6b]. d
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5.2.2. Proof of Proposition 5.1.The proof uses essentially the ideas developed in Sectlonf4CDO06b], except that we
have to work locally around the poipt Thus the technique is more complicated (it needs to usethetgre of homogeneous
space) and we will give it with some details.

Forpe W (po) NdQ andd < & fixed, let#(p,d) = {Lip"s =L,;,1<i<n-1} bethelK,a,p,d)-strongly extremal basis
associated, an® = CDS the adapted change of coordinate$@®).

Fori=1,...,n—1andl =3,...,M, let us define

& ={0e(Z(dp), IM(Z(dp), |Z|=1-1, 2 ={L1, .. U ke {,,L}},
&=J4"
|
If ¢ € &', we denoté(¢) =1.

Note that(.,d) = F(Li,.,0) ~ ‘%"‘ +Ypesi %’M(m. The functioné%—“ and’% ’2/|(¢) are called theomponentsf F
and are denoted genericalfy We also definé(c;i) = 2, and, for the other functior, [ (f;) =1(¢). In the following proof,
these components cannot be considered individually. Meesntroduce the terminology of fi — 1)-uplet” of components:

f = (f1,..., fa_1), wheref; are component df, is called an— 1)-uplet of components of the weigtfs The set of all such
(n—1)-upletis denoted by?’. 57 is ordered by the lexicographic order.

First we define a cutoff function with support the popénd in the set where a component is "dominant”. More pregisel

if B is a positive number anfl= (f;) a (n— 1)-uplet of components df, we define, for fixed < co,

fiom ,
XtB= |T|XB (W) Xo = Xt gXo;
where xg(t) = x(Bt), x : [0,+%[— [0,1], being a¥* function equal to 0 or{0,1/2] and 1 on[1,+o|, and xo(q) =
X1 ((Fi(p’ci‘s)l/zd)p(n(q))i) i) , with x1 a€™ function identically 1 orB(0, 1/2) and with compact support B(0, 1).

We say thatf is B dominant ifx g = 1.

p ’2/|(¢)

Then, to each component Bf of type f; = ’# , We associate, fok > 1 the function

Hi(f,A,B)=A"32eMix g,

whereys (q) = 4T E (p, 5) )

Lemma 5.1. For each constant B- 0, there exists a constanfKlepending only on B, ¢, K and the data such that, for each
i, ifq € Q°(p,8), for each L= 3", aiLi, ¥ |aj|* = 1, we have the following estimates:

1/2 _
(1) [Lwi(a)] <Ko (F(Lr,q, 5)Y2+ gl 1 (B2) ) and|LL () (0)] < Ko (F(Lr,q, 8) + 2 + B40);
1/2 — 2
(2) |Lxr8(0)] <Ko (F(Lr,q, 5)Y2+ gl 1 (S0) ) and|LLx 1 g| < Ko (F(Lr,0,8) + -+ B);

@ [LOH(TAB) <Kod H2e (F(Lr,q.812+ B+ (52 )"7),

Proof. If g€ 0Q, the inequalityLyi(g)| < Ko (F(LT, q,0)Y2+ ‘%‘) follows immediately Proposition 3.5 and the extremal-
ity of the basigLj) at (p, d). The general case for (1) follows.

(2) is obtained using the fact that, (i) is the change of coordinates associatedbtandL; = zaij[,izj, then ’aij’ <
Fil/z(p, 5)Fj71/2(p, 0) for g € Q%(p, ) N dQ, and similar techniques as for (1).
(3) is proved similarly, using the estimates of the coeffitseof the bracketLj] in Q°(p, 5) NdQ (Proposition 3.5). O

For f = (f1,..., fo_1), a(n— 1)-uplet of components of the weighis let us denote by the set of indices$ such that
Py 2/1(90)
L'T‘p" . Then we consider the function

i:
H(f,A,B)=S Hif,A,B).
% i

The next Lemma gives some properties of the funchidr, A, B). To state it we need to introduce the following set:
For f a(n— 1)-uplet of components of the weighHEsandB' a positive number, we denote

Ug t = {g€ Q%(p,d) for which there existd’ < f such thatf’(q) is B' dominan} .

Lemma5.2. Let f be a(n—1)-uplet of component, A, B aredthree positive fixed real numbers. Then there exists cotsstan
ap, A, A, B, A > A, B >B, ¢ and K, depending only on A, B, K and the data, such that, if the constanbf strong
extremality is< ao, then the function if |A B, &) = H(f,A,B) = H satisfies:
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(1) H| <Ky;
() L =3 alP =L +aN,a €C, 3 [af* = 1, therf(9oH; L L)| () < A (F(Lr,q,8) + &= + 22
(3) ifg ¢ Ug, Xf!B(q) =1, xo(q) > &, forthe same L,

(4) (90H;L,L)(q) < — (F(Lr, q,9) +“"j5”—2‘2 + @) implies ge Ug and xo(q) > €'.
. 5)1/2 5(q) \ <172
(5) Foralllist £ € £ (%(p,d)U{N}), |ZH(q)| < Kz (I'Ing (L,q,0)2+ (—) >

Proof. Recall thatH = ¥, Hi, thus the properties are trivially satisfied i= @ and we supposke 0. The functiongy|
being bounded by 2 (see Proposition 3.5), (1) is satisfied avitonstanK; depending only ol andn.
Leti € I. Then(ddH;;LL) = LLH; +[L,L] (H;), and as

LLH; = A~%2g\w [(AZ L 2+ A Eup.) Xre+A (LWLxts+LWilxig) + ELXf,B} ,

Lemma 5.1 implieio"d_Hi; LL) (q) > A~3/2er¥ ()\2|LLM|2X1‘,B— KGAF (Ly,q, ) + 20 ‘ + %l )) and thus the existence of a

constan®, depending only on the choice #f B, ¢, K and the data, satisfying (2).
Now, if foralli €I, |A¢s| < 1, then, forA large enough, we haw@dH;L,L) > —F (L). Thus we suppose that there exists

ani € | such thatA ¢ (q)| = 22UMIE (p, 5)(1-1(#))/2 > 1. Thus there exists a constdit> B, depending o, such that
2/(1(¢i)—1

’w’ o= > &F(p,d), and this implies that there exists(a— 1)-uplet f’ < f which isB'-dominant at the point

g. In other words, to each choice afwe can associatB’ such that the first conclusion in (4) is true. Moreovkr,B and

c being fixed,x1 beingé™, there existg’, depending ok, B, c and x1, such that the hypothesis of (4) implies the second

conclusion.

Let us now show that we can chookdthusA/, B, K; ande’ will be fixed) such that (3) is satisfied éf is small enough.
Suppose theix; g(q) = 1andxo(d) > €. The hypothesis of strong extremality and the invariancénefri(q) and a}‘j in
B¢(p, d) ( Propositions 3.5 and 3.9) gives,af< d(a),
2

—4nC(K) [ 2a |a-|2F-(p)+M>
nfépi : : 52 ’

2
Cu(K )<aF(L q,8) + '%”l +@>.

ILgx(q Zzal Ljs)(a)

I<i

and then, by extremality g,
2

ILyi(q

Zaj iwi(q

1<i

Now we make use of the following Lemma:
Lemma. Let 3! be complex numbers= 1,2,---,n—1, j <i, verifying |B/| > ca; and ’Bij’ < Caj for j < i. Then there
exists a constant W= W(c,C, n) such thaty . ’zj 1B/ ’ >W s (o).
It implies, using the invariance d%(q) and F(L,q) in the ball and the extremality of the basistthat there exists
constant®, K3 andK4, depending o8, M, K and the data, such that:
> lw@P+y S X F(L,a.8) - aks (F(hqﬁﬂ@) —K4@"—2'2,

i¢l
and thus, fomp = W/4KKj3 (depending only on the daM, K, B, c andn),

ZILLM(Q)IZﬂL;'C'%@'zW’F(LT,q,a) <%+¥>
le &l

This finishes the proof of the Lemma for a choiceloflepending o\, €, B, M, K andc, c depending itself only oM, K
and the data, the property (5) being trivial. d

Proof of Proposition 5.1 First, note that there exists a const&tdepending orM andn, such that, forp € W(pp) and
o> % |p(p)|, there exists a componefitof F(p, &) verifying fi (q) > %F. (p, 0) for all pointsg € B¢(p, d), ¢ < ¢p (Proposition
3.5).

To define completely our functiod, we have to define, for eagim— 1)-uplet of component € J# (the set of(n—1)-
uplets of components of the weightg p, 8)), the constant#\s, Bf and & from which A (f) is constructed. Letf© be
the largest element of# for the lexicographic order. Definds, = C4M"*1 By =D andé&g, = 1. Suppose we have
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constructed the constams, Bs ande; for f > f. Consider the constanss, ;, B}, ande}, obtained applying Lemma 5.2
for the constants\;1, B1 and &1, and define, forf? precedingf?, Az = 3Cy ;. r2A;, Biz = B}, and gz = 1. Thus

H =S ier H(f,Ar, Bir) is well defined.
Forq e Q°(p, d) define the following subsets o#:

Ei(q) = 4 f e suchthatthere exists < f, such thatf’(q) is B;-dominant and(o(q) > &} },
Es(q) = 4fe# suchthal}g (q) =1andxo(q) > & } ’
Eo(q) = #\{Ei(q)UEs(q)}.

Note that ifE1(q) is not empty, and iff is it's smallest element, then there exi$ts< f such thatf’(q) is B} dominant,
that iSX?/,Bf,(Q) =1, and, as¢ < €, we also have(o(q) > &5 which meansf’ € E3(q), f being the smallest element of
Ei(a).

Now suppose first thag € Q%2(p, 5). Then, by definition oD, Es(q) is not empty, and, i€1(q)is also not empty there
exists inEz(q) some strict minorant dE; (q). Then, by Lemma 5.2

3 3 Gii
<00H;L,L> (q) > < z Af — z A’f_#Ez(q)> (Lr,0,9) ZKZ At,Bg, A}) <Zl|a||2 i |an| 4 5(Q)> :
feE3(q) feE1(q)

for a small enough, depending only &, K andn (#E,(f) denoting the number of elements B5(f)). Then, by the
preceding remark and the fact thdé#q) < 4V" < iAfo imply

2
_HL E > 4MFIF L 2 |C|| (q |an| 5Q(q) )
<00 1= >(q) C Taqa <Z|a| o 52 + o
Finally, if q is any point inB®(p, d) thenEz(q) may be empty but thel; (q) is also empty, and thus
T T Mn 2la@l [ da(@
This finishes the proof of Proposition 5.1, property (4) lgeunlvlal. O

5.2.3. Proof of Theorem 5.2If P is a point of the boundary dd, by the definition ofD and Theorem 5.1, to prove that
there exists a pluri-subharmonic function adapted to thectire of geometrically separated domain neawe have only
to consider the case whekeis in the boundary 00Q N dD. Thus, with the notations introduced just before, we prinwee t
following reformulation of Theorem 5.2:

Proposition 5.2. Let P be a point of the boundary ¢fQ N dD, and V(P) the neighborhood considered in the previous
Section. For all K> 0, there exists constant®; and ; depending on K and the data such thafifis K-geometrically
separated at pe dQ and if the extremal basis @ are (K, a, p, d)-strongly extremal wittor < a1, then, for0 < é < o,
there exists a pluri-subharmonic functior lén the local domain D which i&, K’)-adapted to%P.

Proof. We fix 4 small enough and then will omit the subscrdpin the notations of the vector fields. Consider, as in Section
5.2.1 the covering 0d#Q NV (P) by the pseudo-ballB%2(py, 5) N dQ (note that heré plays the role ofy in the previous
Sections).

Let L’ be a vector field irEP the vector space generated by the vector fields in the 6% on D and the normaNP.
To evaluate the hessia(lzim.; L’,U) (g), only the value oL’ at the poing is relevant and then we ca associaté ta vector
field in E? (the vector space generated 87 andN®) such thal.(q) = L'(q). Thus for the estimation of the hessian, we
will assume that the vector field belongsi8.

Let us denotgL;>™) the extremal basis for the domaf at (px, 3), and, forL € E2, let us writeL = L2 + a,N® =
s Lak P4 a,N®, with ak € C.

With these notations, (5.1) say that the functiﬂ)gﬁ = YkHp, 5 satisfies

Be (e |af@] | lanl | So(q)
(5.2) 00H5 L,L)(q) > =F(L7,q,0)—wn +—=+ .
(orgiry@= e (Rag)n 5 (54 Gy
Let us consider now the functios#” = H3 +A€/% 1+ B|Z?. First we prove the following Lemma:

Lemma. There exists constants A, B ang, depending only on K and the data, such that, gPM {0 >r > —3d} the

function# satisfy, fora < agand L= zaiLio’D of norm1,

LD @ (F<L$,q,5>+ b ¢ (9) (o) KL?’ZMZ)

4 0? o o
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with the notation L= L? + b,NP.

Proof of the LemmaFirst we estimate the hessianef®:

_ Ir-1D N 2 _ _
(5.3) <aae'/5;L,E> =d/ <2De(b”<0§r'L“N>) + |k:5”2| ) (Q>+<aae'/5;L?,LP>(Q>-

Forg e {r > —3d}, the first term of (5.3) is> %“}%‘2 — Ko. Let us look at the second term of (5.3).

(00d/%;12.17) = %/5 ((00p:L2. 1)+ [L2)%¢ (1ar?) +[ (L0 ¢" (1a?))

Note that<00_p; L?,@> = <00_p; L,L) + O(bn), thus we estimatéﬁgp; L,L). Using the vector fields®P«9, we have

(0000 (q) = <r_§a}<a_lj<c=‘j (q) +20e <a Y a (000107 NQ>> . an|2> |

i= j<n

and, as in the proof of Theorem 5.1, we get
_ _ n-1 2
(00piL.T) > 3 [al]"|dli(@)] — 4naC ()8R (LP.4.8) + O(n(a)) + Ofaw).
i=

As L(g) = L? +a,N® = LD 1 b,NP, we havea, = by + O (¢’ (|q|2) |q|), and then, fo € V(0) N {35 < r < 0} and all
K

%(05.0;L,E> (@) > %?l]a“ﬁd?(m] —4naC(K)F(L?aqa5>+%O(bn+ al¢’ (o) + ’q’ (1a?) ’ +9).

Now, shrinkingV (P) if necessary, note tha (|q|2) < ¢’ (|q|2) and|q| < 1, and, ford small, separating the cases
|LP|| > 1/2 and||L?|| < 1/2 which implies|by|large, we obtain

<05er/6;L,E> 2 %i’@kmcﬁ(qﬂ —4naC(K)F (L7,,8) + 5

—1 ! 2 D 2 0 2
+ g5 (¢ (19°) (2.6 (1a7)) .
Now, takingA = 2S€ max(2, y1) + 1 andB = K;A (constants depending only &q and the data), and noting that the term

— / 2
—yl@ coming fromdng2 is absorbed (fod small) by the termsﬁtjs”—z‘2 and% we finally get

Jbn|*
o

(00 (H§ + A/ +BIZ);L.T) (0) = gF (+%a0) +.nZi’6“k’2’Ch(“)’ *

o' (1) [(LP.a)*¢" (1aP)

5 5 !

—2naC(K)A > F(L?,9,0)+
kS. 1.9eQc(py,0)

which proves the Lemma far; small enough, depending only #h and the data, becauske?, q) = (L?,q)+O(¢’). O

To control derivatives (of order less than three) of the fioreH relatively to vector fields belonging &P, i.e. of the form
L= zi”;llaiLio’D +anNP. By definition of the basi{Lio’D) , for a point belonging t@D, we havel_io’D = Lio’Q omm+BN%om,

and it is easy to remark that= zi“;ll Lio’Q +apN®? +W whereW has a uniform norm (resgg’ norm, 2 norm) controlled

by Ok (q&’ (|q|2)) (resp.Ok (q&” (|q|2)), Ok (¢’” (|q|2))). Then the expected controls of derivatives are obtainethby
same methods than in the study of the hessian.

Now, the proof of Proposition 5.2 is finished using argumesittslar to the one used at the end of the proof of Theorem
5.1. O

6. APPLICATIONS TO COMPLEX ANALYSIS

6.1. Statements of the results for geometrically separated donias. In [CDO6b] and [CD06a] we proved that the methods
introduced, for the study of the Bergman and Szegé projectig A. Nagel, J. P. Rosay, E. M. Stein and S. Wainget4n
(INRSW89]) and by J. McNeal and E. M. Stein for convex domd[ivS94, MS97]) can be adapted to pseudo-convex
domains having an “adapted geometry”. The study made in t&équs Sections show that it is the case for completely
geometrically separated domains and thus we have the fiolgpsharp estimates:
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Theorem 6.1. Supposé& is completely geometrically separated atgpdQ. Let Kg(z w) be the Bergman kernel 6f. There
exists a neighborhood o) of pp such that:

(1) For pe W(po) NQ, Ka(p, p) ~ MM ,F(LP°P p, 8o(p)), wheredq (p) is the distance from p t8Q.

(2) For p1, p2 € W(po) N Q, for all integer N, there exists a constant @epending o2 and N, such that for all list
Ly, ={L},... L5} (respZz, = {L},...LK}) of length k< N (resp. k< N) with U € #(n(p1),T) U {N} (resp.
L} € #(m(p1), T) U{N}), we have

n
| L2, L2,K8(Z1,Z2) (p1, P2)| < Cn _HF(Lin(pl)’T, n(py), T)/2,
i=

wheret = d30(p1) + O30 (P2) + Y(11(p1), TT(p2)), Y(11(p1), i(p2)) is the pseudo-distance from{p;) to m(p,) asso-

ciated to the structure of homogeneous space gisdie number of times the vector field&#" or L/PV'" appear
in the union of the lists#%, and. %z, .

Corollary. Suppose& satisfies the hypothesis of Theorem 5.2. Let D be the locahthoronsidered in Theorem 5.2. Then
the Bergman kernel §{(z, w) of D satisfy all the estimates stated in the Theorem at anytpdiits boundary.

Using the methods of Section 5 of [CD92] the following resuitinvariant metrics is easily proved:

Theorem 6.2. Suppose? is completely geometrically separated af 9 dQ. Let us denote by &z L) (resp. G(zL),
resp. Kqo(zL)) the Bergman (resp. Caratheodory, resp. Kobayashi) meifri@ at the point z= Q. Then there exists a
neighborhood Vpp) such that, for all vector field € E, L= L; +a,N, we have, for ¢V (po) N Q,

|an|

BQ(qa L) = CQ(qa L) = KQ(qa L) = F(LTaqa 5(q)) +Wa

whered(q) is the distance of q to the boundary @fand the constants in the equivalences depend only on theartred
geometric separation and the data.

Theorem 6.3. Supposé is completely geometrically separated at every point obd@andary. Then the following results
hold:
(1) Let R be the Bergman projection 6f. Then:
(a) for1 < p < +o and s> 0, B maps continuously the Sobolev spagé®)into itself;
(b) for 0 < a < 400, Bs maps continuously the Lipschitz spakg(Q) into itself;
(c) for 0 < o < 1/M, Rs maps continuously the Lipschitz spag(Q) into the non-isotropic Lipschitz space
Ma(Q).
(2) Let B be the Szegd projection ©f. Then:
(a) for 1 < p < +o and sc N, Ps maps continuously the Sobolev spagédQ)into itself;
(b) for 0 < a < 4o, PBs maps continuously the Lipschitz spaeg(dQ) into itself;
(c) for 0 < a < 1/M, Rs maps continuously the Lipschitz spatg(dQ) into the non-isotropic Lipschitz space
e (0Q).

Note. (1) (c) and (2) (c) can be extended to alt> 0 with convenient definitions of the spadeg(Q) andll4 (0Q).

Corollary. Suppos& satisfy the hypothesis of Theorem 5.2. Let D be the local docoasidered in Theorem 5.2. Then all
the results stated faR in the previous Theorem are valid for D.

Using an idea of M. Machedon [Mac88] we deduce local estisfatethe Szeg6 projection:

Theorem 6.4. Suppos&Q satisfies the hypothesis of Theorem 5.2. Leb® the Szegd projection 6. Then if f is a
L%(8Q) function which is locally near gin the Sobolev spacefl.1 < p < + and sc N, (resp. in the Lipschitz spadk,,

0 < a < 1/M) then its projection § f) is locally near pin LY (resp. in the non-isotropic Lipschitz spakcg). In particular
this applies if the Levi form d is locally diagonalizable at @

Proof. if f € L?(Q) and if x € ¥*(dQ) has compact support in a sufficiently small neighborhooggénd x = 1 in a
neighborhood ofpg, then the subelliptic estimates fol, and Kohn's theory ([Koh85, KN65]) implieBs((1 — x)f) is €%
nearpo, and, denotingl the Szegé projection d, (Ps— PY)(x f) is € in a neighborhood ofy (see also [Kan90]); the
result follows thus the previous Corollary. d

6.2. A guide of the proofs of the results of Section 6.1Let U be a neighborhood atQ where we can define a projection
montodQ using the integral curve of the real normalgoWe will always suppose that(pg) C U.

The two notions of “weak homogeneous space” and “adapteait@ibharmonic function” plays a crucial role in [CD06b,
CDo06a]:

Definition 6.1. We say that the domaif) satisfy the hypothesis of “weak homogeneous space” at adaoypointpg of
finite typertif there exists two neighborhoo®g pg) andW(po) € V(po) and a constarK such that:
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(1) There existgyp > 0 such that, for everp € W(pp), Vo € [—%p(p), do), there exists a basis of vector fields tangent to
pinV(po), B(p,d), for which there exists &-adapted coordinate system
(2) There exists two constan@sandcy, depending oK andt, such that, foic < ¢y, the setB°®(#(p, d), p,d) (asso-
ciated to the coordinate systersf, (%(p, d), p, 6) andBg,,(#(p. d), p, d) satisfy the following conditions, for all
pEW(po)NQand alld € [-3p(p), &:
(a) forqe B§(p,d), BG(#(q,9),q,0) C BI(A(p,d), p,Cd), whereBj and B denotes one of the sels, B, or
C

exp:

(b) Vol (B§(#(p,25), p,25)) < CVol (B§(#(p,9), p,d)).
Note that, in this Definition the weights are defined wittvl = M'(T).

Definition 6.2. Let 8 = {L1,...,Ln_1} be a basis of vector fields tangentdan a neighborhool (po) of a boundary point
po and 0< & < &. We say that a pluri-subharmonic functithe PSHQ) is (po, K, c, d)-adapted to this basis? if the
following properties are satisfied: _
[H| <1 in Q, and, for all pointp € W(po) N Q, p(p) > —39, the two following inequalities are verified for points
qe B (#,p,0)NQ:
(1) ForallL=y3,aLi, & €C,

— 1 n 2
< 7 Ki; [

(2) ForZ € L5(#BU{N}),
| ZH| <K [ F(L,p,5)Y2
Le
Note that this Definition depends on the values of the vect;'!jdsfiLip at pointsq in Q. But, in the situation of the
applications below (i.e. with a finite type hypothesis) ibhdze shown that it depends only (up to uniform constants) en th
restriction of the basis 04Q.

The following Proposition follows the work in [CD06b, CD(6a

Proposition. LetQ be a bounded pseudo-convex domain aptiea boundary point of finite type (resp. a bounded pseudo-
convex domain of finite type). Then(Qfsatisfies the hypothesis of “weak homogeneous spacep &epp. at every point

of its boundary) and if there exists a pluri-subharmonicdiion %5 adapted to%(p,d) for all p € W(pp) N Q and all

o€ [—%, oo (resp. if this property holds at every poing pf Q) then the conclusions of Theorem 6.1 (resp. Theorem 6.3)are
satisfied.

To prove Theorems 6.1 and 6.3it suffices then to use the piepef extremal basis and to note the two following facts:

(1) The existence of extremal basis and adapted coordigsterss for points 08 Q NW(pp) allows us to define basis
and coordinate systems for points insid¢see Remark 4.1) and, -

(2) if p1€W(po) NQ, p=1(p1), the setB§(A(p, d), p1, 8), —30(p1) < & < &, defined byq € B§(£(p, 5), p1, 8) if
n(q) € B§(#(p,d),p,0) and|p(q) — p(pz1)| < ¢d induce a structure of “weak homogeneous space”.

6.3. Main articulations of the proof of the Proposition. In the Section 2 of [CD06b] we showed that if the Levi form is
locally diagonalizable then the local hypothesis of theg@sition is satisfied, and in [CD06a, CD06b], even if theestants
are given in the case of a locally diagonalizable Levi foring proofs of the estimates on the Bergman and Szeg6 prajsctio
are made only using the hypothesis of the Proposition. Wegjue here the main articulations of the proofs:

e The Bergman kernel estimates on the diagonal is done usiagrém 6.1 of [Cat89] and the change of coordinates
®,, adapted to the basi#(p, 5(p)).

e The estimates on the derivatives of the Bergman kernel @eitsie diagonal follow the methods developed by A.
Nagel, J. P. Rosay, E. M. Stein and S. Wainger [NRSW89] andcIN®hI [McN89] for the pseudoconvex domains
of finite type inC?, and used for some generalizations (see the introductiguditicular by J. Mc Neal [McN94] in
the case of convex domains. It consists to obtain uniforrallestimates for the Neumann operatér and then to
apply the ideas developed by N. Kerzman [Ker72] in the studyrictly pseudoconvex case. This requires scaling.
The starting point is to write the Bergman keri§ using the Bergman projection. More precisely,Jif is a
radial function centered af with compact support if2 and of integral 1, andPg is the Bergman projection of
Q, thenDHDVKE (w, {) = D4R (DY Y ) (w). Then,R§ being related to th@-Neumann problem by the formula

PS =1d— 9.9, whered is the formal adjoint t& and.4" the inverse operator afd* + d*d, the estimates on
P$ are obtained via estimates off. To obtain these estimates, we use the theory developeddbyKadhn and L.
Nirenberg [KN65] which gives local Sobolev estimates fof if there exists a local sub-elliptic estimates for the
d-Neumann problem and the famous work of D. Catlin ([Cat8a)ere it is proved that the existence of an adapted
pluri-subharmonic function implies the existence of slitp#c estimates for th&-Neumann operator.

The study of the Bergman kernel is not directly don&itbut in ®(€Q), where®;, is a coordinate system adapted
to the basisB(p, %aq(p) + da(q) + Y(1(p), 11(q))), wherey is the pseudo-distance @). One difficulty is to
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see that all the constants appearing in the estimates atitealomains where the estimates are done are uniformly
controlled.

e The estimates for the Bergman and Szeg0 projectors arenebtadapting the methods developed by J. Mc Neal and
E. M. Stein in [MS94, MS97] (and also [NRSW89)), related, arficular, to the theory of non isotropic smoothing
operators, to non convex domains.

Remark. The results on the Szegd projection are thus obtained adgite theory of NIS operators to our settings. The
estimates, for example, for the domains considered by Mrid@jén [Der99] can also be obtained using the estimate fgiof
Derridj's paper, the estimate on the Bergman projectioivddrfrom the fact that these domains are completely gedcadir
separated and the results on the comparison of the Bergnia8zag6 projection obtained by K. D. Koenig in [Koe07].

7. APPENDIX
The following Lemma is an improvement of Lemma 3.9 of [CDQ6b]

Lemma 7.1. Let Bj be the unit ball inCJ. Let Kibe a positive real number, M and n two positive integers. &lesists a
constant @K;) depending on I M and n such that, for & 1,...,n— 1, if g is a non negative function of clags"on B;

satisfyingsups {|D“Pg(w)|. |a +B| < M} < Ky, where BF = j’\‘ﬂgéﬂ , then, for all(a®, B°) € (N1)?, |a® + B°| < M, there
exists ac NI, 2|a| < |a®+ BO| such that

j oo 127+l
<_|1Aﬁ> 00> g P a0

where = #;Z denotes the Laplacian in the @ordinate.

Note that there is no absolute value in the left hand sideeirtbquality.

Proof. We only indicate how the proof of Lemma 3.9 of [CD06b] has taredified.
Without loss of generality, we can suppo&@“ofog(0)| = MaX g\ (g0 po| |D?Fg(0)|. By induction, it is enough to
prove that there exists two constantandC, depending oM andn, such that one of the following two cases holds:

Firstcase  there existe e NI, 2|a] = |a®+ B°| such tha ﬂij:lAf“') g(0) > c’D"oBog(O)’;

Second case there existdd, ) €€ (Nj)z,

Letp=|a®+B°, & = e, p€l0, 1], e =(5), |£.| < 1, and, as in the proof of Lemma 3.9 of [CDO6b] let us write Bay!
formula:

FH—E’ < |a®+ BP9 such that

B 0,10
DGOBO oﬂ |a+B|+|a +B|+1.

p—-1
9(&) Zou" S #D%Pg(0)e”e’ + P ; «D?Yg(0)” &P + uPHIR(e, 1)
k |a+B|=k la+ p

= AUE)+HPA(E) + HPTIR(e, ),
wherex are multinomial coefficients anii| < K;Kj3, Kz depending only oM andn.
Remark now thatyg being non negative,
*) If there existsy ~ ’D"oﬁog(O)’ such thatAy (&) + uR(g, 1) < —¢1 ’D"oﬁog(O)’, c1 > 0, then theSecond
casehold.

In the proof of Lemma 3.9 of [CD06b] we introduced a multiirde(|c| = p), depending om, and complex numbers
(Vi, |&] > c(M, n)), depending oy andK (M, n), such that

GOBO
7.1 «DP < L g(o)’
(7.1) 9(0)e K
la+B[=p
a+p#c
and
D%g(0)|
(7.2) S «Dg(0)eeP| > 4
a+p=c K

To finish the proof, we show now that, either we can findnd u satisfying the hypothesis of (*), or we are in thist

case
%0 D840
We takep = JTEE)L Then|Ax(&) +uR(E)| > Kg( ) andAy(&) + pUR(€) has the sign of 4, g—c*DPg(0)e€P.
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If ¥ a:p-c*xDPg(0)e%EP <0, (*)is then satisfied, thus consider the case wiyeres_.xD*Pg(0)e?€P > 0.
If there exists an indeksuch that; is odd, takinge’ defined byej = ¢; if j # i andgf = —&, then

— 4
y +D%Pg(0)e " < - |pg(0)|,
a+p=c

and, by (7.1), (*) is verified.
So we suppose that for allc; = 2¢/, and we write

+Dg(0)e' " = zoe'i?‘il “AL(e), ..., &),
a+p=c k=

with |&| = |&|, and we choose <« 4/K. We separate two cases.
First suppose thaﬁg,l(ez, oo &n) < c’D"oBog(O)’. If c1 = Othen (7.2) implies

S «D%Pg(0)e"EP < ¢ ]D""B"g(O)]
a+p=c
which gives (*). Thus supposg # 0. Let
o =1{€,suchthag =¢g,i> 1 & = d¢&, with 9% =1}.
Thus
«DPg(0)e"E" = 1AL [ea]t.
geéa+p=c !
Then, by (7.2), there exis& € & such that
S «DPg0)e e’ < ¢’
a+p=c
(recall |&1] > ¢(M, n)) and (*) is verified as before.
Suppose nomg,l(ez, ..., &) >C ’D"oﬁog(O)’. Write

00
D"’g(0)|

C2
AL = zoe'z‘e_chkAﬁ(eg,, .. .En).
k=

As before, ifc, = 0 or if Ag,z(£3, ...&) <"

D"oﬁog(O)’ we can change, such that we obtain

AL (6....60) < "

00
D"°g(0)|.

and we conclude that (*) is satisfied. Af,(e3, .. .&n) > ¢” D"oﬁog(O) , we do an other time the same thing, on the third
variable. Then, by induction, if the process does not stop|dst step shows that if (*) is not satisfied, then the inktyuan
D“g(0) implies that we are in thEirst case O
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