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Abstract

Starting with the dual action of (4,4) 2D twisted multiplets in the harmonic
superspace with two independent sets of SU(2) harmonic variables, we present its
generalization which hopefully provides an off-shell description of general (4,4) su-
persymmetric sigma models with torsion. Like the action of the torsionless (4,4)
hyper-Kéhler sigma models in the standard harmonic superspace, it is characterized
by a number of superfield potentials. They depend on n copies of a triple of analytic
harmonic (4,4) superfields. As distinct from the hyper-Kahler case, the potentials
prove to be severely constrained by the self-consistency condition which stems from
the commutativity of the left and right harmonic derivatives. We show that for
n = 1 these constraints reduce the general action to that of (4,4) twisted multiplet,
while for n > 2 there exists a wide class of new actions which cannot be written
only via twisted multiplets. Their most striking feature is the nonabelian and in
general nonlinear gauge invariance which substitutes the abelian gauge symmetry
of the dual action of twisted multiplets and ensures the correct number of physical
degrees of freedom. We conjecture that these actions describe sigma models with
non-commuting left and right complex structures on the bosonic target.

1 Introduction

An interesting and important class of two-dimensional supersymmetric sigma models con-
sists of those with (4,4) worldsheet supersymmetry. The main reason of current interest
to them is that they can provide non-trivial backgrounds for d = 4 strings (see, e.g., [1]).
Relevant bosonic target manifolds in general possess a nontrivial torsion and two sets
of covariantly constant complex structures (left and right ones) which in general do not
commute [2, 3]. The (4,4) sigma models which can be obtained via a direct dimensional
reduction of N =2 4D sigma models constitute merely a subclass in the general variety
of (4,4) sigma models; their bosonic target manifolds are hyper-Kéahler (or quaternionic-
K&hler in the case of local supersymmetry) and so are torsionless and possess only one
set of complex structures [4]. A manifestly supersymmetric off-shell description of this
latter type of sigma models has been given in [5 - 7] in the harmonic N = 2 4D (or



(4,4) 2D) superspace with one set of harmonic variables parametrizing the SU(2) auto-
morphism group of N =2 4D ((4,4) 2D) supersymmetry [8, 9]. Later on, an analogous
formulation with the use of the same type of harmonic superspace has been constructed
for sigma models with heterotic worldsheet (4,0) supersymmetry [10] (these models in
general possess a torsion).

Since the full automorphism group of (4,4) supersymmetry in two dimensions is
SO(4), x SO(4)R, there arises a possibility to consider more general types of harmonic
superspaces compared to the one utilized in [8 - 10]. In [11] A. Sutulin and the author
have constructed the (4,4) 2D harmonic superspace which involves two independent
sets of harmonic variables parametrizing two commuting SU(2) automorphism groups
in the left and right light-cone sectors, SU(2); and SU(2)r (the automorphism SU(2)
group of the conventional (4,4) 2D harmonic superspace is a diagonal in the product
SU(2)r x SU(2)r)'. We have shown how to describe in this SU(2) x SU(2) harmonic
superspace the (4,4) twisted supermultiplet [2, 13] and presented the most general off-
shell action of the latter as an integral over an analytic subspace of this superspace. The
action involves the standard number of auxilary fields (four bosonic ones) and, in accord
with reasonings of Refs. [2, 14], corresponds to a general (4,4) supersymmetric sigma
model with torsion and mutually commuting sets of left and right complex structures. A
new dual form of the action in terms of unconstrained analytic superfields with an infinite
number of auxiliary fields has been also given. An interesting peculiarity of the dual action
is the abelian gauge invariance which ensures the on-shell equivalence of this action to
the original one. We argued that this form of the action is a good starting point to attack
the problem (as yet unsolved) of constructing a manifestly (4,4) supersymmetric off-shell
description of (4,4) sigma models with non-commuting left and right complex structures.
These models cannot be described only in terms of (4,4) twisted multiplets [2, 14], so
one is led to seek for such generalizations of the dual action which would not allow an
equivalent formulation via (4,4) harmonic superfields representing twisted multiplets 2.

In the present paper we generalize the dual action of (4,4) twisted multiplet along
these lines. As the main result, we find a wide class of (4,4) sigma model actions with a
nonabelian generalization of the abelian gauge invariance of the dual action. They cannot
be written through (4,4) twisted superfields only and, for this reason, can be thought of
as corresponding to the aforementioned more general type of (4,4) sigma models.

Our consideration is largely based upon an analogy with the description of torsionless
N =2 4D ((4,4) in two dimensions) hyper-Kéhler supersymmetric sigma models in the
standard (having one set of harmonic variables) harmonic superspace. So we start in
Sect.2 by recapitulating salient features of this description. Then in Sect.3 we recollect
the basic facts about the SU(2) x SU(2) harmonic superspace and off-shell description
of the twisted (4,4) multiplet in its framework. In Sect.4 we discuss the dual action of
the latter which involves n copies of a triple of unconstrained analytic superfields, and
construct its most general extension, proceeding from the analogy with the general hyper-
Kéhler (4,4) sigma model. This extension includes a few superfield potentials which, as
distinct from the unconstrained potentials of the hyper-Ké&hler (4,4) action, prove to be

1See also [12].
2For other proposals of how to describe off shell (4,4) and (2,2) sigma models with non-commuting
complex structures see Refs. [12, 15, 16].



severely restricted by the integrability condition coming from the commutativity of the
left and right harmonic derivatives. In Sect.5 we elaborate the n = 1 example (with four-
dimensional bosonic target) and show that the integrability constraint just mentioned
reduces the general n = 1 action to that of one twisted multiplet. In Sect.6 we come back
to considering the generic n > 2 action. Under some natural simplifying assumptions we
partially solve the integrability constraint and find a wide variety of the actions which
do not admit a representation through the twisted (4,4) superfields and so presumably
describe sigma models with non-commuting left and right complex structures. Besides the
inevitable presence of an infinite number of auxiliary fields, one more intriguing feature of
these actions is the nonabelian and in general nonlinear gauge invariance which generalizes
the abelian gauge symmetry of the dual action of twisted multiplets and restores the
correct number of physical degrees of freedom (4n bosonic and 8n fermionic ones). We
discuss in some detail an interesting subclass of them, direct bi-harmonic analogs of the
two-dimensional Yang-Mills action.

2 Sketch of (4,4) sigma models in standard harmonic
superspace

To make further consideration more understandable, it is instructive to start with a brief
review of the off-shell formulation of (4,4) sigma models in (4,4) 2D harmonic superspace
obtained by dimensional reduction from the standard N = 2 4D harmonic superspace
[8, 9]. They contain no torsion in the bosonic part of the action; the bosonic target space
metric is necessarily hyper-Kahler [4].

The sigma models in question are described in terms of unconstrained analytic har-
monic superfields ¢ M (¢, u) (M = 1,2,...2n) defined on the (2]4) dimensional (4,4) 2D
analytic harmonic superspace (see [5, 6] for details and terminology).

Here, the harmonic variables u(®)?,

parametrize the two-sphere S* ~ SU(2)/U(1), SU(2) being the diagonal subgroup in the
product of two independent SU(2) automorpism groups (the left and right ones) of the
(4,4) 2D Poincare superalgebra. The indices 4 in the parentheses refer to the harmonic
U(1) charge, other +’s are 2D light-cone indices.

The general action of superfields ¢{*)™ yields in the bosonic sector a generic sigma
model on 4n dimensional hyper-Kahler manifold. The action is given by the following
integral over the (4,4) 2D analytic harmonic superspace

Sy = [ HEHLEP (0,0 DEDGM 4 LE0 (g0, )} (2.2)

The object

. 5 Al .0
DD = g2 4 2;(pD+9H g, + 9B -g__) | (9D =y au<—>i) . (2.3)




is the analyticity-preserving harmonic derivative, (=% is the analytic superspace integra-
tion measure
(Y = d8¢ [du] = d*2d*0 D20~ [du].

Two arbitrary potentials in the superfield Lagrangian in (2.2), L(H) M (¢t M ) and

LED (M ), encode (locally) all the information about the relevant bosonic hyper-
Kahler manifold. The fields parametrizing the latter appear as the first components in
the harmonic and 6 expansions of ¢{*) M

g M u) = Mzl £

The needed number of independent real fields in ¢"*(z) (just 4n) comes out as a result

of imposing the reality condition on the superfields ¢(*) M. (¢ M) = Qurvgt N, where

Qnrn 1s a constant skew-symmetric matrix and the generalized involution “~” is defined
in Refs. [8, 9].

The quantities Lg\}_) and LY have a clear geometric meaning: these are the hyper-
Kahler potentials, the basic objects of unconstrained formulation of hyper-Kéahler geom-
etry given for the first time in [7]. There we started from the standard definition of
this geometry as a Riemann geometry with restricted holonomy group (in case of 4n
dimensional manifold it should belong to Sp(n)). We extended the original (arbitrary)
hyper-Kahler manifold by a set of harmonic variables which parametrize the SU(2) group
rotating complex structures and then solved the constraints on the curvature by passing
to a new, analytic basis in such a harmonic extension. The main feature of this extension
which is visualized by passing to the analytic basis is the existence of an analytic sub-
space with twice as few coordinates compared to the manifold one started with (besides
the harmonic variables the number of which is the same). The basic geometric objects
solving for the hyper-Kahler constraints are just Lg\}_) and LY living as unconstrained
functions on this analytic subspace.

The fact that the action of most general N =2 4D ((4,4) upon the reduction to two
dimensions) supersymmetric sigma model is expressed via Lg\}_) and LY while identifying
superfields ¢(P) M with coordinates of the analytic subspace of the harmonic extension of
the target hyper-Kéhler manifold, and the automorphism SU(2) with the SU(2) group
rotating complex structures on this manifold, makes manifest the remarkable one-to-
one correspondence between N = 2 4D ((4,4) 2D) supersymmetry and hyper-Kahler
geometry [7]. There exists a clear analogy with N =1 4D ((2,2) 2D) sigma models:
the most general off-shell superfield Lagrangian of the latter can be interpreted as some
Kahler potential, with the involved chiral superfields as the coordinates of the associated
Kahler manifold. This makes manifest the one-to-one correspondence between Kahler
geometry and N =1 4D ((2,2) 2D) supersymmetry [17].

It is important to point out that the superfield action (2.2) has been written and
interpreted as the most general N = 2 4D supersymmetric sigma model action [5, 6]
prior to recognizing the potentials Lg\}_) and LY as the basic objects of hyper-Kahler
geometry and deducing them jfrom the primary principles of the latter in [7]. Many
characteristic features of the analytic space formulation of this geometry can be read
off by inspecting the action (2.2). For instance, it is invariant under arbitrary analytic



reparametrizations of ¢(t) M

S = A M (g ) (2.4)
provided Lg\}_) and LU transform as

() OAD T

(+) _ +4) _ () 9(+2) A (1) N
SLY =L ST SLEY = [P oD

) (2.5)

as well as under the following transformations called in [6] the hyper-K&hler ones (because
these are a direct analog of Kahler transformations K (x,z) = K(x,z) + A(x) + A(f))

_ OATT s ) g+ A (H2)
GqHIM ’

AGD 2 AGD(D )L (26)
Here 9% acts only on the explicit harmonics in the arguments of AHM A2 The
geometric origin of these transformations have been fully understood later on [7] within
the analytic space formulation of hyper-Kahler manifolds. Note that these invariances
can be used to gauge Lg\}_) into its “flat” part ¢(t) M

LS = Qg™ N (2.7)

“_»

thus demonstrating that the only essential hyper-Kéhler potential is L+ (the sign
in (2.7) ensures the correct sign of the kinetic term of physical bosonic fields in the
component action).

The equation of motion for ¢ M following from (2.2)

ILHY
DEDGOM = ppMN (aq(+)N —8<+2>L§v+)) , (2.8)
8L(+) 8L(+)
HMNHyr = & Hyr = X I

dgHT — g+ N

also has a nice geometric interpretation. Defining the target space harmonic derivative
D2 which acts in the target analytic subspace spanned by the coordinates ¢(t) M y(#)

0 _ g2 4 psym

(+2) — 5+2) (+2) ,(+) M
D=0+ D g Jq M GqH M

(2.9)

one observes that eq. (2.8) is none other than the expression of the target space analytic
vielbein £(+3) M in terms of the hyper-Kihler potentials [7]. Moreover, just eq. (2.8) tells
us that DA (B M = EE3IM g analytic and, hence, that D) (2.9) preserves the target
space harmonic analyticity.

In what follows we will refer to a slightly different representation of the general action
(2.2). Let us split the target space world index M as M = (i) , ¢t = 1,2; a =1,2,...n
and, using the completeness property of harmonics



equivalently re-express ¢(t) M = ¢(+) i through the pair of analytic superfields w®(¢,u),

()

W= gD e o Wy (2.10)

Y

In terms of these superfields the action (2.2) can be rewritten as
ot = / pEVLLED (0, 1) DD 4 Lo, Lu) DFDIED e 4[4 L)} . (2.11)

To know the precise form of the relation between the potentials in (2.11) and the previous
ones Lg\}_), LY | as well as the w, [ realization of groups (2.4), (2.6), is of no need for our
further purposes. We only note that the potentials L{*?, L, are also pure gauge. They
can be gauged into their flat limits

() _ (+2) e

[} b

Ly = —w® (2.12)

where, without loss of generality, we have chosen Qun = €;;045.
Note that in this gauge and with L{*? displaying no dependence on w®, the general
action reduces to

S = / pI {2200 DEDED @ g (1)) (2.13)

This reduced action is the general action of the so called “N = 2 tensor multiplets”.

Indeed, varying (2.13) with respect to w® we arrive at the action which contains only the
L*4(1,u) part,

S = / MC VA RN (2.14)
with the superfield [(t) @ subjected to the constraint
DHEHED e — ¢ (2.15)

This is just the harmonic superspace action and constraint of N = 2 4D ((4,4) 2D)
tensor multiplet [5]. Alternatively, one could vary (2.13) with respect to [(+¥ @ and, ex-
pressing {(+2) @ from the resulting algebraic equation as a function of D2 w®, rewrite
(2.13) through the unconstrained analytic superfields w®. This kind of N = 2 4D
((4,4) 2D) duality relates to each other two different off-shell descriptions of the same
scalar supermultiplet (444 components on shell): with a finite number of auxiliary fields
(I representation of the action) and with an infinite number of auxiliary fields (w repre-
sentation of the action). Note that the passing to the w form is possible for the general
action (2.11) as well, because for the superfield [(*2) @ the equation of motion is always
algebraic,

(e o DD 4 (2.16)

and by means of this equation [(+2) @ can be expressed in terms of w®. Actually, the [, w and
w actions are the first and second order forms of the same general (4,4) supersymmetric
hyper-Kahler sigma model action.



3 (4,4) SU(2) x SU(2) harmonic superspace

In fixing our further notation we will basically follow Ref. [11] with minor deviations. We

start with some definitions.
The standard (4,4) 2D superspace is defined as

SULIHA) — (pt+ g gtik g=aby,

Here +, — are light-cone indices and i, k, a, b are doublet indices of four commuting SU(2)
groups which constitute the full automorphism group SO(4)r, x SO(4)r of (4,4) 2D
Poincare superalgebra. The harmonic (4, 4) superspace constructed in [11] is an extension
of 81144 by two independent sets of harmonic variables uf', v*!, each parametrizing

one of the SU(2) factors of SO(4), and SO(4)g, respectively (we denote them by SU(2),
and SU(2)g):
HS(H21+2044) _ g(1144) (W 0¥y, wliuit=1, olprl=1.

The harmonics u and v carry two independent U(1) charges which are assumed to be
strictly conserved (like in the standard N = 2 4D harmonic superspace [8, 9]). This
requirement actually implies v and v to parametrize the 2-spheres S; ~ SU(2)./U(1)L
and S ~ SU(2)r/U(1)g. All superfields given on HSU 1244 1065065 two definite U(1)
charges and, correspondingly, are assumed to be decomposable in the double harmonic
series on the above 2-spheres.

Like in the N = 2 4D case, the main merit of passing to the (4,4) harmonic super-
space in question is the existence of an analytic subspace in it which is closed under the
transformations of (4,4) supersymmetry and has twice as few odd coordinates

ASUFRIRRE _ (e L Lo g0le (B WE) = (cny# o) (3

s Wi v Yyg i 9 Ya

where

gLl — gt u ull 790719 — g e v; 7

and the relation between z** and z** can be found in [11]. Superfields given on the
superspace (3.1), ®”((,u,v) (p and ¢ are values of the left and right harmonic U(1)
charges), are called analytic (4,4) superfields.

The analytic superspace (3.1) is real with respect to the generalized involution “~”

which is the product of ordinary complex conjugation and an antipodal map of the 2-

spheres SU(2).,/U (1), and SU(2)r/U(1)r

(0704 = 01

(utl i) = —uf' (3.2)

K3

(and similarly for 012, v*!). The analytic superfields W% can be chosen real with respect
to this involution, provided |p + ¢| = 2n

(Wra) = WP [p+q| = 2n . (3.3)



In what follows we will need the fact of existence of two mutually commuting sets of

derivatives with respect to harmonics u*!*® and v*! ¢ each forming an SU(2) algebra
gE20 Al J 90 = i g y-l J
JuFte T v duli Ju—1?
0 0 0
0,+£2 __ +1a o _ la __,—1la
0 L v i - we vl A v vl (3.4)

The full analyticity preserving harmonic derivatives D*°, D% D%2 D% when applied on
analytic superfields, are given by the expressions

DZ,O — 62,0_I_Z'(gl,Oel,Oa_lnl_7 DO,Z — aO,Z_I_Z'eO,leO,la__

-0 d
0 _ 40, ploi 0 _ 70, p0la
DY = 0 DY = e (3.5)
The operators D2, DY count the U(1) charges of analytic (4, 4) superfields
DRGP(C,u,0) = pBP(C w0 DOBPA(C, ) = 7 (Cue) . (36)

The last topic of this Section will be the harmonic superspace off-shell description of
(4,4) twisted chiral multiplet.

This multiplet is represented by an analytic (4,4) superfield ¢'*(¢, u,v) obeying the
harmonic constraints

DO = pOZghl = (3.7)

They leave in ¢*' 8 + 8 independent components [11], just the off-shell field content of
(4,4) twisted multiplet [2, 13]. Notice a formal similarity of the constraints (3.7) to the
constraint defining N = 2 tensor multiplet in the harmonic N = 2 4D superspace (2.15).
The crucial difference between either constraints is that (2.15) implies a differential con-
dition for a vector component of the relevant superfield, requiring it to be divergenceless,
while this is not the case for the constraints (3.7). These constraints are purely algebraic
and express the higher dimension components of ¢*' through z-derivatives of the physical
dimension ones (they leave as independent also four auxiliary fields which enter the 6
expansion of ¢! with the monomial §:0:9%12).

To understand the origin of the difference between two types of constraints, let us
perform the reduction of the (4,4) SU(2)r, x SU(2)r harmonic superspace to the standard
(4,4) SU(2) one. It is accomplished by identifying harmonic variables v = v*! * and,
correspondingly, both harmonic U(1) charges. The harmonic derivative D*?) (2.3) is
recognized as the sum of the left and right ones

D(-I—2) — DQ,O _I_ DO,? ]

JFrom this consideration it is already clear that there is no smooth transition between
the constraints (3.7) and (2.15). The field content of ¢"! also changes. While before
identifying harmonics u and v the matrix of physical bosons ¢"*(2) (¢"! = ¢"“ulv! + ...)
comprises 4 independent fields, after the identification this number is reduced to 3 (only
the symmetric part of ¢ survives). As a result of imposing the constraint (2.15) on



the reduced superfield, the lost fourth scalar field reappears as a solution to the diver-
gencelessness condition for the 2D vector field components multiplying the § monomials
(0HH)2 ()72, Note that the smooth transition between the two superfield systems
becomes possible in the dual action of ¢"'' (see below).

Despite the essential difference between the constraints (3.7) and (2.15), invariant
actions of ¢"!' look similar to those of [(*?) (2.14). The general off-shell action of n
superfields ¢! ™ (M = 1,2,...n) is given by

Sp= [ 122 (), s ) (3.8)

Here

(7372 = d9¢ [du dv] = d?z d20M° d20°" [du dv]

is the analytic superspace integration measure. The dimensionless analytic superfield La-

LIM L vE!) bears in general an arbitrary dependence on its arguments,

grangian L*?(q
the only restriction being a compatibility with the external U(1) charges 2,2. The free

action of ¢"' M j

u
is given by
SIree ~ //fz’_2 gt Mgt (3.9)

so for consistency we are led to assume

9222
det (W) |q1,1:0 7£ 0 . (310)
For completeness, we also add the constraints on ¢*!' M (¢, u,v)
DQ,Oql,lM — DO,qu,lM =0. (311)

The passing to the component form of the action is straightforward [11]. The bosonic
sigma model action consists of two parts related to each other by (4,4) supersymmetry:
the metric part and the part including the torsion potential.

As an important particular example of ¢"'! action we give the action of (4,4) extension

of the group manifold SU(2) x U(1) WZNW sigma model

1 1 In(1 4+ X)
Swrw = ——/ —22 gl — . 3.12
w2 )T X X2 (3.12)
Here
c}l’l _ ql’l _ L X = c—l,—lql,l : CELEL cmujﬂv;ﬂ 7 Cmcm —9 (3‘13)

Despite the presence of an extra quartet constant ¢'® in the analytic superfield Lagrangian,
the action (3.12) actually does not depend on ¢* [11] as it is invariant under arbitrary
rescalings and SU(2) x SU(2) rotations of this constant.



4 Dual form of the ¢"' action and its generalization

By adding the constraints (3.11) with Lagrange multipliers to the general ¢'' action (3.8)
one puts the latter in the form analogous to the tensor supermultiplet master action (2.13)

Sq,w — /M—Z,—Z{w—l,l MDZ,Oql,l M + wl,—l MDO,qu,lM + LZ,Z(ql,I7 u, U)} . (41)

—11M

w

1,1M7 w

The analytic superfields ¢ L=t M are now unconstrained and one can vary

them to get the superfield equations of motion. Varying w' '™ ow=11M vields the con-
straints (3.11) and we recover the original action (3.8). Alternatively, one can vary (4.1)
with respect to ¢*' ™, which gives rise to the equation

w

D122
dDg' 1M

_ D2O,mLIM | po2 11 M . ALLM (4.2)

M

This algebraic equation is a kind of Legendre transformation expressing ¢ ¥ as a function

of Al,lM
(4.2) = ¢"' M = g M ANy v) . (4.3)

Substituting this expression back into (4.1), one arrives at the dual form of the ¢V
action

Sw — //,L_Q’_2Li’2(A1’1,u,v) ,
LAY uv) = L2 (MY (A ) u,0) — ¢ Y (A v, 0) AV (4.4)

The dual action (4.4) provides a new off-shell formulation of (4,4) sigma models
with commuting left and right complex structures via unconstrained analytic (4,4) su-
perfields. The most characteristic feature of such formulations is the presence of infi-
nite number of auxiliary fields [8, 9]. Thus, in the case at hand the physical compo-
nent action for 4n bosons and 8n fermions is restored only after eliminating an infi-
nite tower of auxiliary fields coming from the double harmonic expansion of superfields
WHTEN(C uyv)  wT BN (G, ).

To see in more detail how this occurs, let us focus on the bosonic degrees of freedom.

11N , 1,-1N 11N
2 2

w ’

The action (4.1) originally involves three independent superfields ¢ w
each including 4n real bosonic fields in the first term of its double harmonic expansion
(higher rank bosonic fields finally prove to be auxiliary and we should not care about
them). Varying ¢'''? yields an algebraic equation (4.2) by which ¢! % i

is eliminated in
terms of the remaining two superfields
G~ DPOLTIIN 4 po2 Lt N (4.5)

(cf. eq. (2.16)). Thereby, the number of physical dimension bosonic fields is reduced from
12n to 8n. However, the number of such fields carried by two w superfields is still twice
the number of those carried by ¢''! in the original formulation. So one may wonder how
the on-shell equivalence of these two off-shell formulations is achieved. The answer is that

10



the equivalence is guaranteed due to the invariance of the action (4.1) and its w version
(4.4) under the abelian gauge transformations

Swl—1M — p20,-1-1M ) WM o2 -1-1M

) (4.6)

LM — =Lt M (¢ 4y v) being arbitrary analytic functions. This gauge free-

-1M
’

with o~
dom takes away just half of the lowest superisospin multiplets in the superfields w
w™ M thus restoring the correct physical field content of the theory. For instance, the
first components in the # expansion of these superfields are transformed as

§wy ™ M(2) = 000 I M () [ §wg M M (2) = 0% M () (4.7)

and one may fix the gauge so as to entirely eliminate one set of these fields (other gauge
choices are also possible). Thus, in contrast to the ¢"* superfield formulation, where the
necessary set of the physical fields is ensured by imposing the harmonic constraints on
q"', the same goal in the dual formulation is achieved thanks to the gauge freedom (4.6)
(and after eliminating an infinite set of auxiliary fields). This gauge invariance is the
main novel feature of the dual formulation of the ¢''' action compared to an analogous
formulation of the [(+?) action in the conventional harmonic superspace. It is a necessary

1,1N7 wl,—1N7 ~11N (

ingredient of the free action of the triple ¢ w corresponding to the
choice L?? = ¢ Ng' 1N in (4.1)) and one can expect that any reasonable generalization
to the case with interaction should enjoy this important symmetry. Below we will see
that this is indeed so, the abelian gauge invariance getting nonabelian in general.

For what follows it will be important to realize that the gauge freedom in question
reflects the commutativity of the left and right harmonic derivatives D*° and D%?. Indeed,

the equations of motion which follow by varying Lagrange multipliers w1t M =11 M,

w
viz. the constraints (3.11), are not entirely independent: due to the above commutativity

they obey the evident integrability condition
D2,0(D0,2q1,1 M) . D0,2(D2,0q1,1 M) -0. (48)

In the simplest case we are considering, this condition is identically satisfied (since L*?

does not depend on w1V w11 N) However, in more general cases it puts non-trivial
restrictions on the structure of the action. Below we will see that in all examples in which
the condition (4.8) is satisfied the relevant actions respect gauge symmetry (4.6) or a
nonabelian extension of it.

It is to the point here to mention a clarifying analogy with the abelian gauge theory
in two dimensions. The harmonic derivatives D*°, D%? are analogous to the z derivatives
L-1N 1IN are analogs of the two-
dimensional U(1) gauge connection A, (actually, of N independent copies of it), the
quantity AN in (4.2) is an analog of the field strength F,, = 9,4, — d,A, = ¢, F.

Then the dual action (4.1) is analogous to the first order form of the Maxwell action of

Oy, 1 = 1,2, two Lagrange multipliers w and —w

A,?, while the constraints (3.7) are the precise analog of the sourceless Maxwell equation

9F,, = e I =0 . (4.9)

3Just as the dual action of (4, 4) supersymmetric hyper-Kéahler sigma model (2.11) is analogous to the
first order form of a scalar field action.
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The self-consistency condition (4.8) is a counterpart of the “kinematical” conservation
law

9"(0"F,,) =0 . (4.10)

The conservation law (4.10) ceases to be trivial after inserting a matter current into the
r.hes. of (4.9): in this case it requires the current to be conserved as a consequence of
the equations of motion, which imposes severe restrictions on the structure of this current
and implies the gauge symmetry of the free action to extend to the whole action. Quite
similarly, after allowing for a w' ™'V, W™V dependence in L?? there will appears a
non-zero “current” in the r.h.s. of eqs. (3.7) and the condition (4.8) will become the
harmonic conservation law for this current, severely restricting the structure of the latter
and, hence, of L*%. In the sequel we will often resort to this analogy.

The last comment concerning transformations (4.6) is that they define a genuine sym-
metry of the actions (4.1), (4.4), contrary, e.g., to the transformations (2.4), (2.5), (2.6)
which are a kind of equivalence redefinitions of the involved superfields and potentials.
These latter transformations leave the relevant actions form-invariant but change the
precise structure of the potentials in them.

Let us turn to generalizations of the action (4.1). As was argued in [2, 14], with
making use of the (4,4) twisted supermultiplet alone one may construct only the (4,4)
sigma models with mutually commuting left and right complex structures. Then a natural
way to approach the problem of constructing off-shell (4,4) superfield actions with non-
commuting structures is to seek for such generalizations of the action (4.1) which do not
admit the passing to a pure ¢** form. The rest of the paper is devoted to deducing such
generalizations.

The action (4.1) is an analog of the dual [(*?) action (2.13), the triple of superfields
gD, Wbt Wb being an analog of the pair [(+?),w. So one may write the most general
action of this triple, making in (4.1) the substitutions like those which lead from (2.13)
to the general [,w action (2.11). In this way one obtains

W

g _ /M—z,—z{Hz,z e MD2,0q1,1 M gt MD0,2q1,1 M | piaM 2o, 1.-1M
——
_|_]j[1,1 M 02, =11 M | pr=13M 20 11 M | 3,1 M o2 —11 M}
2/32 2 W, U, v 4.11
i %

where a priori all the potentials are arbitrary functions of the superfields ¢"' ™, t=1M,

w™ M and harmonics u,v. For the time being we leave aside the important question of
implementing the gauge freedom (4.6) in this action and try to use the set of invariances of
the type (2.4), (2.6) to reduce the number of independent potentials as much as possible.

One type of such invariances of the action (4.11) is related to reparametrizations of

the involved superfields

5q171M = Al’lM(q,w,u,v), (Swl’_lM - AL_IM((LW?U?U)?

SwmHM = AWM ) (4.12)

It is straightforward to find the transformations of the potentials such that the action is
form-invariant. Their explicit structure is not too enlightening.
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Another type of invariance is similar to the hyper-Kahler one (2.6) and is related to
the freedom of adding full harmonic deriavtives to the superfield Lagrangian in (4.11)

L2 = L2 + D*ON? 4 DM2A0 (4.13)

AP = A (qow,u,v), AP = A% (qw,u,v) .
Once again, it is easy to indicate how the potentials should transform to generate the
shifts (4.13). It will be important for our consideration that, assuming the existence of
the flat limit (given by the action (4.1) with L*?*(q,u,v) = "' Vg™ Y), the full gauge
freedom (4.12), (4.13) can be fixed so that

11N _ “11N 1L,-1N _ 1,-1N
H = aw , H = fw ,

HYUN = (14 8)g" N 0N = (14 a)g™ N 1Y (4.14)

«, (3 being arbitrary parameters. In this gauge (which is an analog of the gauges (2.7),
(2.12)) the action still contains four independent potentials, H*?, H=13N [3=1N and
1{[1,1 N7

IS _ /M—z,—z{qm M 02 1,-1M 4 (ql’l N 4 it N)Dz,ow—m M
q7w -
LHIBM D20 1L -1M 31 M po2 11 M Hz,z} : (4'15)

and is invariant under the following transformations which are a mixture of (4.12) and
(4.13) (the parameters A*° A%? below are not the same as those in eq. (4.13), but are
related to them)

. HNO2 OH-13N HHIN

SHWIM _  _A\1IM + + AL-LN + A~LIN
Ow—11 M Ow—11 M Ow—11 M
HAO2 OH-13N a[ﬁ[mN

-1,3M __ 1,-1N -1,1N

oH - Hol—1M +A Hol-1M +A Hol-1M
aAZ,O aHB,—l N
SH3 1M _ + A~LIN
-1 M Ow—11 M
SH22 — §20)02 + H%2A20 + AL-IN 20 =13 N
_I_A—1,1 N(aZ,Olﬁll,lN + 80’2[-[3’_1 N) (4.16)
with
ALIM _ aAZ,O B (B—l)FN aHS,—l N aAO,Z B aAZ,O aH—l,ST
Aoli—1 M Awoli—1 M aqmF aqu aqmF
Al,—l Iy aAZ,O PN aHS,—l N aAO,Z aAZ,O aH—l,S T
- _aqu +(B7) g M | Gt F - g T QgtiF
aAO,Z aAZ,O aH—l,ST
-11M _ —1\NM
A - _(B ) {aqu B dg T gt N } (4‘17)

BMN  _ gMN | OHW M QHP I M gH AT BMN(BINE — gML

Dt N B DLl GgliN )
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(one should add, of course, the coordinate transformations (4.12) with the parameters
(4.17)). Note that in the case of general manifold (M = 1,2..n,n > 1) it is impossible
to gauge away any of the surviving potentials with the help of this remaining gauge
freedom, though one can still put them in the form similar to the normal gauge of the
hyper-Kahler potential L*% [7]. The fact that there remain three more potentials besides
H?*? (which is a direct analog of L) is the essential difference of the considered case
with torsion from the torsionless hyper-Kahler case. It is worth mentioning that upon the
reduction to the (4,4) SU(2) harmonic superspace the superfields w! ' ¥ and w=21 ¥ in
(4.11) are identified with each other and recognized as the superfield wV, "' N = [(+2) N
H?*? = LY and the potentials Hia NoHY3N H37IN are combined into a shift of
[+2N " This shift can be absorbed in an equivalence redefinition of {2V after which
one recovers the w, ! action (2.11) of the general (4,4) hyper-Kahler sigma model in the
“flat” gauge (2.12).

As was noticed in Sect.2, the ¢t) equation of motion (2.8) following from the general
¢*) action (2.2) has a transparent interpretation within the analytic target space geome-
try: it expresses the vielbein £+ M = D2 ¢(H) M of the analytic target space harmonic
derivative via the unconstrained hyper-Kihler potential L(t+%. At present we have no
clear understanding which kind of the central basis geometry underlies the general (4,4)
action (4.11) (in view of the presence of nontrivial torsion terms it certainly cannot be
Riemannian). The direct study of the geometry of the relevant analytic space (spanned
by the coordinates ¢'! ™, wh=1N w1 N and harmonics u, v) starting, by analogy with
the hyper-Kéhler case, from the action (4.11), (4.15) could help to clarify this point.

We will deal with the gauge-fixed action (4.15). Let us introduce, like in the hyper-
Kahler case (eq. (2.9)), the target space harmonic derivatives D?°, D%?. When acting on
the analytic space coordinates u, v, ¢g"' v, w™ 1N !

w wh N they are given by

DQ,O _ 62,0 T E3,1M a T ELlM a T ES,—IM a

i M Dwo-11 M Dwl—1M
PO — o2y plaM 9 4+ El3M 9 4+ pUiM 9 (4.18)
aql,lM dw—L1 M Duwl—1 M 7
F3AM = D2’0q1’1 M : FLIM — 20 ~11M : E3-IM = p20,,1,-1M
E1,3 M = D0,2q1,1 M 7 E—1,3 M = D0,2w—1,1 M 7 El,l M = D0,2w1,—1 M . (419)

The complete target space geometry is as yet unclear to us, so there could exist additional
target space coordinates and D*°, D%? could contain extra partial derivatives appearing
with the related vielbeins (e.g., one may expect that the full harmonic traget space in the

analytic basis involves, in addition to the triple of the analytic subspace coordinates ¢** V,

LN LN one more coordinate [~ N which is represented by a general harmonic

w
superfield). In what follows we will not specify the full structure of D*°, D%? and simply
assume that they have the proper action on all the objects depending on harmonics v and
v. In particular, when acting on an arbitrary analytic harmonic (4,4) superfield (it can
be, e.g., a local function of superfields ¢!t =LV L= N) "they always coincide with
D*% and D%2,

Using the definition (4.19), the equations of motion following from (4.15) can be
written in a geometric way as the relations expressing some of the harmonic vielbeins via

w

w w
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the potentials H%2?, H=13N [3-1N, FaN

FUIM 4 gl N (5NM_|_

5 1N aH—l,S N 8H2,2
+E dgiiM - _aqu J

EYAM gy p3oN (aH_LBM aH_LBN) L pLIN (5H—1’3M 8[9171N)

8[:[1’1 N s NaHS’_l N
8(]171 M aqu

dwl—IN  gol—1M dw-LIN  goL-1M

_E—1,3N8H3’_1N n E3,1N6H_1’3M _ oH*? _ PO g-1sM
Dol —1 M gt N Dol —1 M g
E3AN 5MN_|_6H1’1M _I_E1,3N6H3’_1M_I_El,lNaHS’_lM
dgiiN gt N Jool—1N
_I_El,lN aHl,lM B aHl,lN _I_ES,—IN aHl,lM B aH—l,SN
Jw-LIN — Ho-L1M Jwl—1N — Ju-1iM

. 62,01{[1,1 M 80’2[-[3’_1 M‘ (4‘20)

_I_E—I,SN (aHS,—lM aHS,—l N) 8H2,2

Jw-LIN — guo-LIM | = go-1iM

Looking at these relations one immediately realizes what is the main difference ;from
the hyper-Kahler relation (2.8). Only three harmonic vielbeins, namely, E*3~ E*1 N and
some linear combination of EV1 N, ELIN are really eliminated. Three remaining ones are
not constrained by these equations and so are to be treated as some independent quanti-
ties. One cannot even conclude that they are local functions of the analytic target space
coordinates u, v, ¢"' N, W™ N LTI N  Nonetheless, two of them, £~ N and >~V

can be eliminated by the kinematic relations following from the natural requirement that

Y

full target space harmonic derivatives D*°, D%? commute with each other

[D*°, D% = 0 = (4.21)
PO2E3AN _ pOpl3N g (4.22)
PROp-13N _ po2pliN (4.23)
PP2ga-tN _projraN _ g (4.24)

Of course, these relations are identically satisfied with the definition (4.19). For the time
being let us forget about the latter (from the point of view of the target space geometry
these expressions mean that the harmonic vielbeins are induced as a result of passing to the
analytic basis of the target space from some central basis where the harmonic derivatives
are short, D% = 9*% D2 = 3%2) and treat (4.22) - (4.24) as the consistency conditions
for the harmonic vielbeins. Then (4.23), (4.24) are differential equations defined on the
product of two 2-spheres S? x S%. Such equations can be solved for E~13N p3-1N
(taking into account that E™' and E' are harmonic derivatives of analytic superfields).
As a result, these vielbeins prove to be completely specified by E* N EFL1N and so are
in a sense auxiliary.

Thus, at this step we are left with four basic harmonic vielbeins £*3 N p31 N - plLi N,

EYIN three of which are expected to be related by eqs. (4.20) to the potentials present
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EVINCEBIN which is “or-

in the action (4.15), while the fourth one (a combination of
thogonal” to the one entering first of eqs. (4.20)) remains arbitrary. We will come back
to this general case after studying, in the next Section, the n = 1 example.

The last (but not least) problem is to satisfy the consistency constraint (4.22) which
is none other than the integrability condition (4.8). The natural requirement is that
this condition is obeyed as a consequence of the initial equations of motion (4.20) and
does not produce additional dynamical restrictions on the involved superfields (let us
recall the aforementioned analogy with two-dimensional gauge theory). Thus one should
express D%2ght = E1AN D2Ogbl = B3N from eqs. (4.20), substitute these expressions
into (4.22), evaluate the result of action of the harmonic derivatives on them and use
once more eqs. (4.20) to eliminate three harmonic derivatives: D*%¢'t, D%?¢"! and, say,
D?*°w=11 Finally, one should equate the coefficients before the same harmonic derivatives
in both sides of the resulting equality, as well as the terms containing no such derivatives.
In this way one deduces a set of constraints on the potentials [:IMN, H='W3N 31N,
H?*?. Thus, in contradistinction to the hyper-Kéhler case, the potentials of the general
sigma model action in the considered case with torsion prove to be necessarily constrained.
At present we do not know how to solve these constraints in general. Moreover, they look
rather ugly, for which reason we do not present them here. However, the study of a simple
n = 1 example in the next Section shows that these constraints are very restrictive. Now
we turn to considering this particular case.

5 Digression: n = 1 example

In this case we deal with one triple of analytic superfields ¢!, w1, w
dimensional manifold of physical bosons (provided the gauge freedom (4.6) or some its
generalization hold). The action (4.15) can be further simplified because the potentials
H=13 H3~! become pure gauge

—L1 and four-

H™'S = g%t =90 (5.1)
= 5‘571&)) — /M—27—2{q171D0,2w1,—1 T (ql,l T ]ﬁ[l,l)DZ,Ow—l,l + H2’2} ) (52)
Thus, the general action of the triple ¢'t, w1, w™! is characterized by two potentials

H*? = H**(q,w,u,v) and H11 = ﬁ]l’l(q,w, u,v) which, before enforcing the integrability
conditions (4.22) - (4.24), are arbitrary functions of their arguments. The action is still
invariant under the restricted class of reparametrizations preserving the gauge (5.1)

1 1,1 ON"? —11811{11’1 2,2 2,04 0,2 0,2 12,0 —1,1 52,0 £r1,1
SH " =N+ ——+ AN ——  SH" = 0" A"+ A+ AT 0 H Y (5.3)
Juw—11 Juw—11
0NV 0NV
11— Ald 1,=1 — Al—=1 __
(Sq — A = awlv_l 5 &u — A = —W 5
DI\ 9A0? D02
11 a—-11 _ -1
(Su) = A = — (1 ‘|‘ aqu ) aqu = —B aqu (54)
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DA - A OHM OAC?

_— = 0 = A2’0 = A2’0 1,1 ’ _ _— = 0 . 55
D11 (e wv) s 5T B T g (5:5)
The set of equations (4.20) is also essentially simplified

N O H?? O HM O H??

1,1 i _ 1,3 1,1 _
EV+EYE = - Dt B —E dwb-1 — Hul-1’
oL O H22 )
3,1 3,—1 _ 207711
E"B+ FE ol = il O“°"H . (5.6)

However, even for this simple set of equations the analysis of the restrictions imposed by
the integrability condition (4.22), (4.8) proves to be a rather difficult task. We postpone
it to the end of this Section and first consider the reduced case with

' =0, (5.7)

The action reduced in this way is still invariant under the transformations (5.3), (5.4)
with

AP0 = 220(q u,v) + @ TIA (g uv) A% = A0 (g uv) + w0 AN (g u,0) . (5.8)
The set of equations (5.6) is reduced to

~ OH?*? OH?*? OH?*?
1,1 1,1 1,3 [73:1
A e FE R e R (59)

To extract the consequences of the integrability condition (4.22), we act on the r.h.s.
of the second and third equations in (5.9) by D*® and D%?, use once again (5.9) to
eliminate E'3, E3' and one of E'!, E'! say EY and finally equate the obtained
expressions. Equating, in both sides of the resulting equality, the coefficients before
independent objects E=13, E*1 and E'! as well as the terms without derivatives, we
get four conditions on the potential H*?

2772,2 2772,2 2772,2
6w—alvf_gw—1vl - 6(,0167—%(4;17—1 - &ulav—fgw—lvl =0, (5.10)
N T A ]

iFrom egs. (5.10) we find
H**(u,v,q,w) = h**(u,v,q) + w" A3 (u, v, q) + w1 B3 (u, 0, q) (5.12)

after which eq. (5.11) can be rewritten as

0
g1

0
g1

(82’0 43t ) B3 _ (80’2 413 ) B3 = Y2ORL3 _g02p3l (5'13)

The action and constraints are covariant under the transformations (5.3), (5.4) with the
restricted parameters (5.8)

5h2,2 — vZ,O)\O,Z + vO,Z}\Z,O 7 5h1,3 — vO,Z}\l,I 7 5h3,1 — vZ,O)\l,I . (514)
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It is easy to see that the action, with taking account of the constraint (5.13), is invariant
under the following generalization of gauge transformations (4.6)

B ahS,l L B ahl,?) L
&ul’ = (DQ’O + _aql_’l) a bt 5 dw b= (l)o72 + W) g bt ) (515)

and so propagates just 4 bosonic fields like the action (4.1).

Despite the appearance of nonlinearities, these transformations are abelian like (4.6)
and this property already suggests that the action (5.2) with the additional condition
(5.7) is actually a reparametrization of the dual form of the ¢"' action (4.1). This is
indeed so. It is easy to show (starting with a linearized level) that the general solution to
the constraint (5.13) is given by

B3 — VO’QZI’I(u,v,q) R = VQ’OZM(U,U,Q) : (5.16)

with X! (u, v, ¢) being an arbitrary function (the covariant derivatives V*¢ V%% commute
as a consequence of (5.13)). Then we can make use of the invariance (5.14) to entirely
gauge away h'?® and h*!

Let us return to the generic n = 1 action (5.2). In order to simplify the analysis
of the relevant set of equations of motion (5.6) we will stick to a natural assumption
which will be also used in an analogous analysis of the general set (4.20) in the next
Section. Let us recall that the object E*~1 = D?*Pw!~! entering third of eqs. (5.6) can be
expressed through EYt = D21 from the harmonic differential equation (4.24) and so
can be treated as an auxiliary quantity. Besides, it does not appear at all in the equations
corresponding to the free action. So it seems natural to postulate that it drops out as
well from the equations of motion with interaction. In the considered case this postulate
amounts to the constraint

O
Juwli—1

It is covariant under the transformations (5.3) - (5.5) with the following additional re-

—0= H"' = ﬁl’l(ql’l,w_l’l,u,v) : (5.17)

strictions on the parameters

G2A20
Soiciggot = 0= A =X n) + Wt (g u0)
W W

A0
ﬁ = 0= AO’Q = AO’Q(ql’l,w_l’l,u,v) . (518)
w ?

Keeping in mind that HM s independent of w! ™!, this remaining gauge freedom is suffi-
cient to entirely gauge away [:[1’1, and we recover the H1"! = 0 case already considered.

As a final step in our analysis of the n = 1 case we briefly discuss how to solve the
integrability constraint (4.22) for the general set (5.6) without any ad hoc assumptions. We
will reproduce the condition (5.17) within this setting and thereby justify our dynamical
postulate.

In short, applying the same procedure as in the H' = 0 case (though it becomes
much more involved) we arrive at several constraints. Most essential of them proves to
be the following one

9602

aw—l,l

(5.19)

O
— 02 — p-1
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It is straightforward to check that this condition is covariant under the whole target space
gauge group (5.3) - (5.5). Further, G* transforms as

92 A20
Yl 19wl
where dots stand for field-dependent terms. Taking into account that both G%? and A*°

do not depend on w™!! and eq. (5.19) is covariant, we observe from (5.20) that G can
be gauged away, thus effectively giving rise to the condition (5.17):

5GO? = T (5.20)

aHl,l
G2 =0 = W =0. (521)
Other corollaries of the integrability condition (4.22) are reduced to those already explored
in the A1 = 0 case.

Thus, under the natural assumption (just proved) that the harmonic derivative £*~! =
D*%wh =1 never appears in the equations of motion, the general n = 1 action (5.2) coin-
cides, modulo a field redefinition, with the general dual action (4.1) of one self-interacting
twisted (4,4) multiplet. So the relevant (4,4) sigma models always admit a formulation
in terms of single twisted superfield ¢'* (constrained by (3.7)) and, in accord with the
arguments of Refs. [2, 14], correspond to the case of mutually commuting left and right
complex structures on the target. In the next Section we will see that, beginning with
n = 2, this equivalence to the action (4.1) ceases to hold in general.

6 Back to the general case

In order to simplify the general set of equations (4.20) we accept the same dynamical
postulate as in the n = 1 case. Namely, we require that eqs. (4.20) pose no any restrictions
on the quantities B> N = D?OuL"IN gnd E=13N = DO2u=BI N This requirement
gives rise to the following constraints on the involved potentials (we equate to zero the
coefficients of E>71 N E=13N in eqs. (4.20))

aHS,—lN aHS,—lN aHS,—lN aHS,—lM

Hol—1 M - g M - Hwo—11 M B Hwo—11 N =0 (6‘1)

OH 13N OH 13N alﬁll,lM OH 13N OH-13M

Og' ™M T Do AM T joliN T golIM T jl-iN T 0. (6.2)
We believe that, like in the n = 1 case, these relations can be rigorously derived by

applying the integrability condition (4.22) to the set (4.20) without any prerequisite as-
sumptions. We postpone the check of this natural hypothesis to the future.
The set of constraints (6.1), (6.2) is closed under the action of the group (4.16), (4.17)
with the parameters A%° A%? restricted by
92A20 92A20 92A20

aql,l Naw—l,lM awl,—l Naw—l,lM awl,—l Mawl,—lN

A2O — )\2,0((]7 u,v) + b1y N(q7 u,v) + w11 N )31 N(w—m7 u, ) (6.3)
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H2\0:2
DN Juwl 1M

0,2 02/, 1,1  ~1,1 1L,-1Ny 13N/ 1,-1  —11
=0=A"=X "¢, w " u,v)tw A (W w

,U) .

(6.4)
It is easy to see that this restricted gauge freedom combined with the constraints (6.1)
(6.2) allows one to entirely gauge away the potentials >~V F~13N

Y

oY = =13y — ¢ (6.5)

Taking into account that in this gauge the whole set of eqs. (6.1), (6.2) is reduced to the
single constraint
8[:[1’1 M
Jwl—1N

it is easy to find the relevant remaining gauge freedom

=0, (6.6)

IA20
&u—llM = 0= A270 = )‘270((]7u7v)+w17_1 N)‘Ll N(Qvuvv)

DN
SIS = 0 = A% = \02(gM! Wy, w). (6.7)

11N , —-11N
2

Since H'! M in virtue of (6.6), depends only on ¢ , u, v, while the gauge
function A%? still involves an arbitrary dependence on these variables, the transformation
law of H'! in (4.16) shows that in the coefficients of the expansion of HAM i powers
~L1N one may gauge away all the pieces totally symmetric in indices M, N, ... (in the
case of n = 1 this corresponds to entirely killing [:[1’1). The relevant gauge condition is
as follows

w

of w

W NEMN =g o (6.8)
) 1 QHVAIN (11 -1,1
Hy' Mg w™uw) = / dow™ 1M ( (g SR ) (M N))
0 W
= oW MH2’0 [M’N](ql’l,w_l’l, u, v) 7 (6.9)

with « being a real parameter.
Thus, under the dynamical assumption (6.1), (6.2) and before examining consequences
of the integrability condition (4.8), the general analytic superspace action of n superfield

triples q1,1N7 —1,1N7 1,-1N

w w can be written as

Sq,w — /M—Q,—Q{ql,l MDO,le,—lM _I_ qu MDQ,Ow—l,lM
_I_w—l,l MHQ,O [M,N]DQ,Ow—l,l N T H?,Q} ) (610)

Here H*°MN s defined in eq. (6.9) and H?? for the moment is an arbitrary function of
the involved superfields and harmonics.

Let us now pass to analysing the integrability condition (4.8). It is still rather difficult
to analyse it for the whole action (6.10), so we postpone this task to the future study and
in the rest of the paper consider the simplified case with

HPOMN — o = N = . (6.11)
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The relevant action respects the reparametrization freedom (4.16) with H*~1N =

H-13N = [VIN = () and

AP0 = A(q u,v) + Wt T YAM N (g u )
- )\0,2(q7u7v)_|_w—1,1 N)\l,l N(q7u7v) . (6.12)

The equations of motion are

OH**(q,w,u,v)

Dz,ow—1,1M_|_Do,2w1,—1M _

aqm M ’
DQ,Oql,lM — aH272(Q7w7u7v) 7 DO,qu,lM — 8H2’2(q7w7u7v) . (613)
aw—l,l M awl,—l M

To find out the restrictions imposed by the integrability condition (4.8) on the structure
of H*?, we proceed in the same way as in the n = 1 example. The n > 2 generalization
of the conditions (5.10), (5.11) proves to be

92 [12:2 92 22 92 22
Do-TING-LIM — JoL-INHLL-1M — Hol-1(Ngu-LLM) 0, (6.14)
o, OHX 9 1 9H¥ 9 OH??
O+ Jw=LIN GgliN 9 g N Juw=LIN | gut,=t M
0a  OHY 9 1 9H¥ 9 OH??
— |07+ L1 N aqu - 5 aqu Owl—1N | go-11M =0 (6‘15)
Eqgs. (6.14) imply
H2’2 _ h2,2(q7 u, U) T wl,—l Nh1’3 N(q7 u, U) T w—l,l Nh3’1 N(q7 u, U)
4o BN Lm T M 2,2 [N’M](q,u,v) ) (6.16)

Notice the presence of the term bilinear in w’s in the general case. Plugging this expression
into the constraint (6.15), we finally deduce four independent constraints on the potentials

h2’2, h1’3 N7 h3’1N and h2’2 [N,M]
v2,0h173N _ v072h371 N _I_ h272 [NvM] ah272 = 0 (6 17)
gt M )
OL3IN Oh31M
V20,22 [INM] _ p22(rM] RN — (6.18)
g1 T ogttT
ORL3N O3 M
V02,22 INM] _ p22(rM] RN — (6.19)
g1 T ogttT
ey ORI gy OR22ML o gy ORI (6.20)
aqu aqu aqu - :
where
V20 = 920 4 RN d V02— 902 4 B3N J (6 21)
= aquN ) - aqu ) )
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It is convenient to rewrite the action and the equations of motion through the newly
introduced potentials

IS _ /M—z,—z{ q1,1 M 02, 1,-1M | q1,1 M 20, =11 M 4 1,-1Mp13M
q7w -
Lo BIMpBAM L STIM 11N 2,2 [M,N] 4 p22 } (6.22)
OR3LN OhL3N
2,0 cMN ~11N 0,2 ¢MN 1,-1N
(D ) —I—aquM w + | D46 —I—aquM w
118 11T ahz,z [S,1] B ahz,z
tw w aql,lM - _aqu’
D2,0q1,1M _pBAM g TN 2.2 [NM]

DO,qu,lM o hl,SM o C(J_Ll Nh?,? [N,M] =0 (6 23)
These action and equations enjoy a rich set of invariances.
One of them is the form-invariance under the restricted reparametrizations (4.16),
(6.12). These are realized on the superfields and potentials in the following way

0,2 1L1M
SN LN s -LIN 2 _ 2 w1 M
q = ) T 94N T 9giiN )
2,0 11 M
STV — 2 I 1,1 M

T 9g N T 9giN w )
Sh¥? = WR0\02 L y02)20

SR3AM  _ g20\L1M | p2.2[M.N] oN*°

gt N

ON02

13M  _ 02\1,1 M 2,2 [M,N]
oh = V7 —h Gqi ™
11N 11 M
5h2,2 [N,M] — 2 - 2,2 [L,M] 2 - h2,2 [L,N] (624)
dgit dgit

It is a simple exercise to check also the covariance of constraints (6.17) - (6.20) under
these reparametrizations.

More interesting is the gauge invariance inherent to the action (6.22). It is a highly
nontrivial nonabelian (and in general nonlinear) generalization of the gauge invariance

(4.6)

s M (DQ’OcSMN N Oh3! N) SN _ it PR22ILN

D1 M Dgi 1M g ’

on'? N 1,-1 N 11Lah2’2[L’N] 1,-1 N
aql,lM —w aql,lM g ’

— o L-INp22[NM] (6.25)

5@—1,1M —_ (DO,Z(SMN_I_

5q1,1M

As expected, the action is invariant only provided the integrability conditions (6.17) -
(6.20) are obeyed. In general, these gauge transformations close with a field-dependent
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Lie bracket parameter. Indeed, commuting two such transformations, say, on ¢*!' ", and
using the cyclic constraint (6.20), we find
Oh22 [L,T]
(Squl,lM — 0_6_17_1 Nh272 [NvM] , 0'6_1’_1]\7 ey —0'1_17_1 LO'2_17_1T7 (626)

DN

We see that eq. (6.20) guarantees the nonlinear closure of the algebra of gauge trans-
formations (6.25) and so it is a group condition similar to the Jacobi identities. It is
curious that the gauge transformations (6.25) with the relation (6.20) are precise bi-
harmonic counterparts of the basic relations of a two-dimensional version of the recently
proposed nonlinear extension of Yang-Mills theory [18] (with the evident correspondence
D0, D%2 s 9, whTI M| o TIM Ay)

We point out that it is the presence of the antisymmetric potential A2 N:Ml that makes
the considered case nontrivial and, in particular, the gauge invariance (6.25) nonabelian.
If A22IN:M] s vanishing, the invariance gets abelian and the constraints (6.17) - (6.20)
except for (6.17) are identically satisfied, while (6.17) can be solved on the pattern of the
n = 1 case, eqs. (5.16). As a result, the potentials A1V AN can be gauged away
using the AM Y freedom (6.24), and we return to the general twisted multiplet action
(4.1). On the contrary, with nonvanishing h%?IV:Ml eq. (6.17) does not imply A"V,
R3 N to be pure gauge. We cannot remove the w dependence from second and third of
eqs. (6.23) by any local field redefinition with preserving harmonic analyticity. Moreover,
in contradistinction to the constraints (3.7), these equations are compatible only with
using the first equation. So, the obtained system definitely does not admit in general
an equivalent description in terms of twisted (4,4) analytic superfields. Hence, the left
and right complex structures on the target space can be non-commuting. On the other
hand, ¢"'' " can be expressed by first of eqs. (6.23) (at least, iteratively) via w superfields
to yield w representation of the action similar to (4.4). The main distinguishing feature
of this general w action is the nonlinear and nonabelian nature of the underlying gauge
symmetry.

[t remains to solve the constraints (6.17) - (6.20). They have a nice geometric form
and certainly encode a nontrivial geometry. For the time being we are not aware of their
general solution and are able to present only a particular one. Nonetheless, it is very
remarkable on its own and seems to share most of characteristic features of the general
case.

The solution is given by the following ansatz

RLBN 3N _ 0; p22 — h2’2(t,u,v), 422 ql,qul,lM;

h2,2 [N,M] — bl,lf]VMqu,lL7 bl,l — biaugvi 7 bia — COHSt, (627)

where the constants f¥ML are totally antisymmetric. The constraints (6.17) - (6.19)

are identically satisfied with this ansatz, while (6.20) is now none other than the Jacobi
identity which tells us that the constants fN™% should be the structure constants of some
real semi-simple Lie algebra (the minimal possibility is n = 3, the corresponding algebra
being so(3)). Thus the (4,4) sigma models associated with the above solution can be
interpreted as a kind of Yang-Mills theories in the harmonic superspace. They provide a

natural nonabelian generalization of the twisted multiplet sigma models with the action
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(4.1) which, as was mentioned in Sect.4, are analogs of two-dimensional abelian gauge
theory. The action (6.22), equations of motion (6.23) and the gauge transformation laws
(6.25) specialized to the case (6.27) are as follows

S;/y _ /M—z,—z{ ql’l M( o2 L—1 M 4 D2O,,~11 M Lopht 1t L l-1 NfLNM)
T h22(g,u,v)) (6.28)
D20~ LIN | 02 L-1N 4 git —11 Swl,—leSTN — BN _ _ oh*? :
Dg 1 N
D2,0q1,1M_|_b1,1 wl,—leNMqu,lL — A2,0q1,1M — 0
Do,zqu _plil Lt NfNMLqu — Ao,zqu _— (6.29)
Swl—1M _ Az,oa—l,—1M7 Sw—LIM _ _A02,-1,-1M

St M = pll g1 IN pNMLLIL 7 (6.30)

These formulas make the analogy with two-dimensional nonabelian gauge theory al-
most literal, especially for h%? = ¢g"t Mgt M Under this choice

11N _ _l Bl,lN

9 9

by first of eqs. (6.29), then two remaining equations are direct analogs of two-dimensional
Yang-Mills equations
AQ,OBLI N — AO,QBLI N — 0 (631)

and we recognize (6.28) and (6.29) as the harmonic counterpart of the first order formalism
of two-dimensional Yang-Mills theory. In the general case ¢"''M is a nonlinear function
of BMN however for B!V one still has the same equations (6.31).

It is instructive to see how the fundamental integrability condition (4.8) is satisfied

with the ansatz (6.27):

Oh*?
) ) AM _ ) AN NML 11L __ , AN o NML
[AQO,AOQ]QII __bllBll f qll _2611 at272 1,1 f

We stress once more that in checking this condition in the nonabelian case one necessarily
needs first of egs. (6.29), while in the abelian, twisted multiplet case (4.1) the integrability
condition is satisfied without any help from eq. (4.2). As was already mentioned, this
property reflects the fact that the class of (4,4) sigma models we have found cannot be
described only in terms of twisted (4,4) multiplets (of course, in general the above gauge

ql’lLEO.

group has the structure of a direct product which can include abelian factors; the relevant
q"Vs satisfy the linear twisted multiplet constraints (3.11)).

An interesting specific feature of this “harmonic Yang-Mills theory” is the presence
of the doubly charged “coupling constant” b%! in all formulas, which is necessary for the
correct balance of the harmonic U(1) charges. Since b'' = bulvl, we conclude that in
the geometry of the considered class of (4,4) sigma models a very essential role is played
by the quartet constant 6. When 6® — 0, the nonabelian structure contracts into the

abelian one and we reproduce the twisted multiplet action (4.1). If the action (6.28)
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indeed corresponds to non-commuting left and right complex structures on the target
space (this is still to be checked), then the complex structures become commuting in this
limit and 6™ can be interpreted as a measure of non-commutativity of complex structures.

In forthcoming publications we will present more detailed study of all these issues,
including those related to the target space geometry and complex structures, at the com-
ponent level.

Finally, to avoid a confusing, we point out that the analogy with two-dimensional
gauge theories is somewhat formal because there is no any genuine propagating gauge
fields among the components of the superfields w. The only role of the gauge freedom
(6.30) seems to consist in ensuring the correct number of physical degrees of freedom in
the action (6.28) (after elimination of ¢! V). Tt is also unclear, in what sense the transfor-
mations (4.6), (6.25), (6.30) could be interpreted as gauging of some rigid ones. Indeed,
in the present case the naive definition of the rigid group via imposing the conditions
D?0g=1=tM — PO25=1-1M — () Jeads to the trivial result o=%~'M = (. The group-
theoretical and geometric meaning of this gauge invariance remains to be understood.

7 Summary and outlook

For reader’s convenience, we summarize here the basic steps and results of our analysis.
We have proceeded from the dual action (4.1) of (4,4) twisted multiplet in the an-
alytic harmonic SU(2) x SU(2) superspace and written down its most general conceiv-
able extension (4.11) involving n copies of the triple of analytic harmonic superfields
gt M b M= I M (A = 1), Then, using a freedom with respect to the redef-
initions (4.12) and (4.13), we reduced it to the form (4.15). In order to simplify the
relevant set of equations of motion (4.20), we assumed that the harmonic derivatives
E?IN = DROGL-AN 13 N = 02,-11N which do not appear in the free equations of
motion are not present in the equations with interaction as well. For n = 1 this assump-
tion follows from the basic integrability condition (4.8), while for n > 2 we took it as a
natural postulate. It gives rise to the constraints (6.1), (6.2) which eventually simplify the
gttt wmh action to the form (6.10). After enforcing further simplifying constraint
(6.11) we studied the restrictions imposed on the structure of the reduced action by the
integrability condition (4.8). The latter entirely fixes the w dependence of the superfield
Lagrangian, bringing the action to the form (6.22) with the potentials h%2?, p13N p31N
and A2 INM] constrained by eqs. (6.17) - (6.20). The action (6.22) reveals new features
compared to the twisted multiplet action (4.1) only provided the potential h%2INV:M ig
non-vanishing; otherwise (6.22) can be reduced to (4.1) by a field redefinition. For n =1
the potential h22 N:Ml identically vanishes, so the novel class of (4, 4) sigma model actions

with non-zero h22V:M]

exists beginning with n = 2. Its main novelty is the nonabelian
and in general nonlinear gauge invariance (6.25) which substitutes the abelian gauge in-
variance (4.6) of the twisted multiplets action. These new actions involve an infinite
number of auxiliary fields and do not admit a formulation in terms of the twisted (4,4)
superfields only. For the latter reason they are good candidates for off-shell description
of (4,4) sigma models with non-commuting left and right triplets of complex structures.

There remains a lot of things to be done and questions to be answered. Besides a
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general problem of inquiring the intrinsic geometric aspects of the action (6.22) and con-
straints (6.17) - (6.20) as well as revealing their links with the full target space geometry,
there are a few more specific (and urgent) ones two of which we will outline here.

An interesting problem is to find out whether the constraints (6.17) - (6.20) admit
solutions corresponding to (4,4) supersymmetric WZNW sigma models on the group
manifolds from the list given in [19]. Only for the simplest manifolds from this list,
namely [U(1)]* and SU(2) x U(1), the left and right complex structures commute [14]
and only for the related WZNW models there exists a description via twisted multiplets
(in the ¢"! language, these models are described by the free action (3.9) and the action
(3.12), respectively). On higher-dimensional manifolds which are not reduced to products
of these two, the left and right structures do not commute. We conjecture that the

associated (4,4) WZNW sigma models are described off shell by the actions (6.22) with

proper potentials A%?[NM] The minimal dimension of the superfield triples at which

R22INMI oxists, n = 2, amounts to the dimension 8 of the bosonic target. This precisely
matches with the dimension of the first nontrivial manifold from the aforementioned list,

that of the group SU(3).

One more problem is to prove that the general action of the triples ¢'t, wh =1, w=11

W
in the analytic SU(2) x SU(2) harmonic superspace indeed yields a most general (4,4)
supersymmetric sigma model. Our starting point in this paper was the analytic superfield
g"' which represents a (4,4) twisted multiplet. But this is merely one type of (4,4)
twisted multiplet. There exist other types which reveal the same irreducible (8 + 8) off-
shell content, but differ in the SU(2);, x SU(2)r assignment of component fields (see,
e.g., [20, 21]). For the time being it is unclear how to simultaneously decribe all these
types within the same SU(2) x SU(2) harmonic superspace. Perhaps, they can be related
to each other by a duality transformation (just as all N = 2 4D matter multiplets are
related to the ultimate analytic ¢*) multiplet [5]). Alternatively, it may happen that for
their consistent description one will need to harmonize the whole (4,4) supersymmetry
automorphism group SO(4)r x SO(4)g, i.e. to introduce two extra sets of SU(2) harmonic
variables, and to consider appropriate analytic superfields in this maximally extended
(4,4) harmonic superspace. The relevant actions will be certainly more general than those
discussed in this paper. Anyway, in order to distinguish between all these possibilities,
one should, before all, understand in full the geometry of the target space and various
harmonic extensions of the latter for general (4,4) sigma models, like this has been done
for their hyper-Kahler subclass in [7].
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