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Vienna, ESI-...(1995)Dubna, JINR-E2-95-53On the harmonic superspace geometry of (4; 4) supersymmetricsigma models with torsionEvgenyi A. IvanovBogoliubov Laboratory of Theoretical Physics, JINR, 141 980 Dubna, RussiaAbstractStarting with the dual action of (4; 4) 2D twisted multiplets in the harmonicsuperspace with two independent sets of SU(2) harmonic variables, we present itsgeneralization which hopefully provides an o�-shell description of general (4; 4) su-persymmetric sigma models with torsion. Like the action of the torsionless (4; 4)hyper-K�ahler sigma models in the standard harmonic superspace, it is characterizedby a number of super�eld potentials. They depend on n copies of a triple of analyticharmonic (4; 4) super�elds. As distinct from the hyper-K�ahler case, the potentialsprove to be severely constrained by the self-consistency condition which stems fromthe commutativity of the left and right harmonic derivatives. We show that forn = 1 these constraints reduce the general action to that of (4; 4) twisted multiplet,while for n � 2 there exists a wide class of new actions which cannot be writtenonly via twisted multiplets. Their most striking feature is the nonabelian and ingeneral nonlinear gauge invariance which substitutes the abelian gauge symmetryof the dual action of twisted multiplets and ensures the correct number of physicaldegrees of freedom. We conjecture that these actions describe sigma models withnon-commuting left and right complex structures on the bosonic target.1 IntroductionAn interesting and important class of two-dimensional supersymmetric sigma models con-sists of those with (4; 4) worldsheet supersymmetry. The main reason of current interestto them is that they can provide non-trivial backgrounds for d = 4 strings (see, e.g., [1]).Relevant bosonic target manifolds in general possess a nontrivial torsion and two setsof covariantly constant complex structures (left and right ones) which in general do notcommute [2, 3]. The (4; 4) sigma models which can be obtained via a direct dimensionalreduction of N = 2 4D sigma models constitute merely a subclass in the general varietyof (4; 4) sigma models; their bosonic target manifolds are hyper-K�ahler (or quaternionic-K�ahler in the case of local supersymmetry) and so are torsionless and possess only oneset of complex structures [4]. A manifestly supersymmetric o�-shell description of thislatter type of sigma models has been given in [5 - 7] in the harmonic N = 2 4D (or1



(4; 4) 2D) superspace with one set of harmonic variables parametrizing the SU(2) auto-morphism group of N = 2 4D ((4; 4) 2D) supersymmetry [8, 9]. Later on, an analogousformulation with the use of the same type of harmonic superspace has been constructedfor sigma models with heterotic worldsheet (4; 0) supersymmetry [10] (these models ingeneral possess a torsion).Since the full automorphism group of (4; 4) supersymmetry in two dimensions isSO(4)L � SO(4)R, there arises a possibility to consider more general types of harmonicsuperspaces compared to the one utilized in [8 - 10]. In [11] A. Sutulin and the authorhave constructed the (4; 4) 2D harmonic superspace which involves two independentsets of harmonic variables parametrizing two commuting SU(2) automorphism groupsin the left and right light-cone sectors, SU(2)L and SU(2)R (the automorphism SU(2)group of the conventional (4; 4) 2D harmonic superspace is a diagonal in the productSU(2)L � SU(2)R)1. We have shown how to describe in this SU(2) � SU(2) harmonicsuperspace the (4; 4) twisted supermultiplet [2, 13] and presented the most general o�-shell action of the latter as an integral over an analytic subspace of this superspace. Theaction involves the standard number of auxilary �elds (four bosonic ones) and, in accordwith reasonings of Refs. [2, 14], corresponds to a general (4; 4) supersymmetric sigmamodel with torsion and mutually commuting sets of left and right complex structures. Anew dual form of the action in terms of unconstrained analytic super�elds with an in�nitenumber of auxiliary �elds has been also given. An interesting peculiarity of the dual actionis the abelian gauge invariance which ensures the on-shell equivalence of this action tothe original one. We argued that this form of the action is a good starting point to attackthe problem (as yet unsolved) of constructing a manifestly (4; 4) supersymmetric o�-shelldescription of (4; 4) sigma models with non-commuting left and right complex structures.These models cannot be described only in terms of (4; 4) twisted multiplets [2, 14], soone is led to seek for such generalizations of the dual action which would not allow anequivalent formulation via (4; 4) harmonic super�elds representing twisted multiplets 2.In the present paper we generalize the dual action of (4; 4) twisted multiplet alongthese lines. As the main result, we �nd a wide class of (4; 4) sigma model actions with anonabelian generalization of the abelian gauge invariance of the dual action. They cannotbe written through (4; 4) twisted super�elds only and, for this reason, can be thought ofas corresponding to the aforementioned more general type of (4; 4) sigma models.Our consideration is largely based upon an analogy with the description of torsionlessN = 2 4D ((4; 4) in two dimensions) hyper-K�ahler supersymmetric sigma models in thestandard (having one set of harmonic variables) harmonic superspace. So we start inSect.2 by recapitulating salient features of this description. Then in Sect.3 we recollectthe basic facts about the SU(2) � SU(2) harmonic superspace and o�-shell descriptionof the twisted (4; 4) multiplet in its framework. In Sect.4 we discuss the dual action ofthe latter which involves n copies of a triple of unconstrained analytic super�elds, andconstruct its most general extension, proceeding from the analogy with the general hyper-K�ahler (4; 4) sigma model. This extension includes a few super�eld potentials which, asdistinct from the unconstrained potentials of the hyper-K�ahler (4; 4) action, prove to be1See also [12].2For other proposals of how to describe o� shell (4; 4) and (2; 2) sigma models with non-commutingcomplex structures see Refs. [12, 15, 16]. 2



severely restricted by the integrability condition coming from the commutativity of theleft and right harmonic derivatives. In Sect.5 we elaborate the n = 1 example (with four-dimensional bosonic target) and show that the integrability constraint just mentionedreduces the general n = 1 action to that of one twisted multiplet. In Sect.6 we come backto considering the generic n � 2 action. Under some natural simplifying assumptions wepartially solve the integrability constraint and �nd a wide variety of the actions whichdo not admit a representation through the twisted (4; 4) super�elds and so presumablydescribe sigma models with non-commuting left and right complex structures. Besides theinevitable presence of an in�nite number of auxiliary �elds, one more intriguing feature ofthese actions is the nonabelian and in general nonlinear gauge invariance which generalizesthe abelian gauge symmetry of the dual action of twisted multiplets and restores thecorrect number of physical degrees of freedom (4n bosonic and 8n fermionic ones). Wediscuss in some detail an interesting subclass of them, direct bi-harmonic analogs of thetwo-dimensional Yang-Mills action.2 Sketch of (4; 4) sigma models in standard harmonicsuperspaceTo make further consideration more understandable, it is instructive to start with a briefreview of the o�-shell formulation of (4; 4) sigma models in (4; 4) 2D harmonic superspaceobtained by dimensional reduction from the standard N = 2 4D harmonic superspace[8, 9]. They contain no torsion in the bosonic part of the action; the bosonic target spacemetric is necessarily hyper-K�ahler [4].The sigma models in question are described in terms of unconstrained analytic har-monic super�elds q(+)M(�; u) (M = 1; 2; :::2n) de�ned on the (2j4) dimensional (4; 4) 2Danalytic harmonic superspace (see [5, 6] for details and terminology).(�; u) = (z++; z��; �(+)+; ��(+)+; �(+)�; ��(+)�; u(+)i ; u(�)j ) ; (2.1)Here, the harmonic variables u(�)i, u(+)iu(�)i = 1 ;parametrize the two-sphere S2 � SU(2)=U(1), SU(2) being the diagonal subgroup in theproduct of two independent SU(2) automorpism groups (the left and right ones) of the(4; 4) 2D Poincare superalgebra. The indices � in the parentheses refer to the harmonicU(1) charge, other �'s are 2D light-cone indices.The general action of super�elds q(+)M yields in the bosonic sector a generic sigmamodel on 4n dimensional hyper-K�ahler manifold. The action is given by the followingintegral over the (4; 4) 2D analytic harmonic superspaceSq = Z �(�4)fL(+)M (q(+); u)D(+2)q(+) M + L(+4)(q(+); u)g : (2.2)The objectD(+2) = @(+2) + 2i(�(+)+��(+)+@++ + �(+)���(+)�@��) ; (@(+2) = u(+)i @@u(�)i ) ; (2.3)3



is the analyticity-preserving harmonic derivative, �(�4) is the analytic superspace integra-tion measure �(�4) = d6� [du] = d2zd2�(+)+d2�(+)� [du]:Two arbitrary potentials in the super�eld Lagrangian in (2.2), L(+) M(q(+)M ; u) andL(+4)(q(+)M ; u), encode (locally) all the information about the relevant bosonic hyper-K�ahler manifold. The �elds parametrizing the latter appear as the �rst components inthe harmonic and � expansions of q(+)Mq(+)M (�; u) = qiM(z)u(+)i + ::: :The needed number of independent real �elds in qiM(z) (just 4n) comes out as a resultof imposing the reality condition on the super�elds q(+)M : g(q(+)M) = 
MNq+ N , where
MN is a constant skew-symmetric matrix and the generalized involution \�" is de�nedin Refs. [8, 9].The quantities L(+)M and L(+4) have a clear geometric meaning: these are the hyper-K�ahler potentials, the basic objects of unconstrained formulation of hyper-K�ahler geom-etry given for the �rst time in [7]. There we started from the standard de�nition ofthis geometry as a Riemann geometry with restricted holonomy group (in case of 4ndimensional manifold it should belong to Sp(n)). We extended the original (arbitrary)hyper-K�ahler manifold by a set of harmonic variables which parametrize the SU(2) grouprotating complex structures and then solved the constraints on the curvature by passingto a new, analytic basis in such a harmonic extension. The main feature of this extensionwhich is visualized by passing to the analytic basis is the existence of an analytic sub-space with twice as few coordinates compared to the manifold one started with (besidesthe harmonic variables the number of which is the same). The basic geometric objectssolving for the hyper-K�ahler constraints are just L(+)M and L(+4) living as unconstrainedfunctions on this analytic subspace.The fact that the action of most general N = 2 4D ((4; 4) upon the reduction to twodimensions) supersymmetric sigmamodel is expressed via L(+)M and L(+4), while identifyingsuper�elds q(+)M with coordinates of the analytic subspace of the harmonic extension ofthe target hyper-K�ahler manifold, and the automorphism SU(2) with the SU(2) grouprotating complex structures on this manifold, makes manifest the remarkable one-to-one correspondence between N = 2 4D ((4; 4) 2D) supersymmetry and hyper-K�ahlergeometry [7]. There exists a clear analogy with N = 1 4D ((2; 2) 2D) sigma models:the most general o�-shell super�eld Lagrangian of the latter can be interpreted as someK�ahler potential, with the involved chiral super�elds as the coordinates of the associatedK�ahler manifold. This makes manifest the one-to-one correspondence between K�ahlergeometry and N = 1 4D ((2; 2) 2D) supersymmetry [17].It is important to point out that the super�eld action (2.2) has been written andinterpreted as the most general N = 2 4D supersymmetric sigma model action [5, 6]prior to recognizing the potentials L(+)M and L(+4) as the basic objects of hyper-K�ahlergeometry and deducing them >from the primary principles of the latter in [7]. Manycharacteristic features of the analytic space formulation of this geometry can be reado� by inspecting the action (2.2). For instance, it is invariant under arbitrary analytic4



reparametrizations of q(+)M �q(+)M = �(+) M(q(+); u) ; (2.4)provided L(+)M and L(+4) transform as�L(+)M = �L(+)N @�(+) N@q(+)M ; �L(+4) = �L(+)N @(+2)�(+) N ; (2.5)as well as under the following transformations called in [6] the hyper-K�ahler ones (becausethese are a direct analog of K�ahler transformations K(x; �x)) K(x; �x) + �(x) + ��(�x))�q(+)M = 0 ; �L(+)M = @�(+2)@q(+)M ; �L(+4) = @(+2)�(+2) ; �(+2) = �(+2)(q(+); u) : (2.6)Here @(+2) acts only on the explicit harmonics in the arguments of �(+)M , �(+2). Thegeometric origin of these transformations have been fully understood later on [7] withinthe analytic space formulation of hyper-K�ahler manifolds. Note that these invariancescan be used to gauge L(+)M into its \
at" part q(+)ML(+)M = �
MNq(+) N ; (2.7)thus demonstrating that the only essential hyper-K�ahler potential is L(+4) (the sign \�"in (2.7) ensures the correct sign of the kinetic term of physical bosonic �elds in thecomponent action).The equation of motion for q(+) M following from (2.2)D(+2)q(+)M = �HMN  @L(+4)@q(+) N � @(+2)L(+)N ! ; (2.8)HMNHNT = �MT ; HNT = @L(+)N@q(+) T � @L(+)T@q(+)Nalso has a nice geometric interpretation. De�ning the target space harmonic derivativeD(+2) which acts in the target analytic subspace spanned by the coordinates q(+)M ; u(�)iD(+2) = @(+2) +D(+2)q(+) M @@q(+)M � @(+2) + E(+3)M @@q(+)M ; (2.9)one observes that eq. (2.8) is none other than the expression of the target space analyticvielbein E(+3) M in terms of the hyper-K�ahler potentials [7]. Moreover, just eq. (2.8) tellsus that D(+2)q(+)M � E(+3)M is analytic and, hence, that D(+2) (2.9) preserves the targetspace harmonic analyticity.In what follows we will refer to a slightly di�erent representation of the general action(2.2). Let us split the target space world index M as M = (i�) ; i = 1; 2; � = 1; 2; :::nand, using the completeness property of harmonicsu(+)iu(�)k � u(+)ku(�)i = �ki ; (�12 = ��12 = �1) ;5



equivalently re-express q(+)M = q(+) i� through the pair of analytic super�elds !�(�; u),l(+2) �(�; u) q(+) i� = u(+)i!� � u(�)il(+2) � ;!� = u(�)i q(+) i� ; l(+2) � = u(+)i q(+) i� : (2.10)In terms of these super�elds the action (2.2) can be rewritten asS!;l = Z �(�4)fL(+2)� (!; l; u)D(+2)!� + L�(!; l; u)D(+2)l(+2) � + ~L+4(!; l; u)g : (2.11)To know the precise form of the relation between the potentials in (2.11) and the previousones L(+)M , L(+4), as well as the !; l realization of groups (2.4), (2.6), is of no need for ourfurther purposes. We only note that the potentials L(+2)� , L� are also pure gauge. Theycan be gauged into their 
at limitsL(+2)� = l(+2) � ; L� = �!� ; (2.12)where, without loss of generality, we have chosen 
MN = �ij���.Note that in this gauge and with ~L(+4) displaying no dependence on !�, the generalaction reduces to Sl = Z �(�4)f�2!�D(+2)l(+2) � + ~L+4(l; u)g : (2.13)This reduced action is the general action of the so called \N = 2 tensor multiplets".Indeed, varying (2.13) with respect to !� we arrive at the action which contains only the~L+4(l; u) part, Sl = Z �(�4) ~L+4(l; u) ; (2.14)with the super�eld l(+) � subjected to the constraintD(+2)l(+2) � = 0 : (2.15)This is just the harmonic superspace action and constraint of N = 2 4D ((4; 4) 2D)tensor multiplet [5]. Alternatively, one could vary (2.13) with respect to l(+2) � and, ex-pressing l(+2) � from the resulting algebraic equation as a function of D(+2)!�, rewrite(2.13) through the unconstrained analytic super�elds !�. This kind of N = 2 4D((4; 4) 2D) duality relates to each other two di�erent o�-shell descriptions of the samescalar supermultiplet (4+4 components on shell): with a �nite number of auxiliary �elds(l representation of the action) and with an in�nite number of auxiliary �elds (! repre-sentation of the action). Note that the passing to the ! form is possible for the generalaction (2.11) as well, because for the super�eld l(+2) � the equation of motion is alwaysalgebraic, l(+) � � D(+2)!� + ::: ; (2.16)and by means of this equation l(+2) � can be expressed in terms of !�. Actually, the l; ! and! actions are the �rst and second order forms of the same general (4; 4) supersymmetrichyper-K�ahler sigma model action. 6



3 (4,4) SU(2) � SU(2) harmonic superspaceIn �xing our further notation we will basically follow Ref. [11] with minor deviations. Westart with some de�nitions.The standard (4; 4) 2D superspace is de�ned asS(1;1j4;4) = (x++; x��; �+ ik; �� ab):Here +;� are light-cone indices and i; k; a; b are doublet indices of four commuting SU(2)groups which constitute the full automorphism group SO(4)L � SO(4)R of (4; 4) 2DPoincare superalgebra. The harmonic (4; 4) superspace constructed in [11] is an extensionof S(1;1j4;4) by two independent sets of harmonic variables u�1i ; v�1a , each parametrizingone of the SU(2) factors of SO(4)L and SO(4)R, respectively (we denote them by SU(2)Land SU(2)R):HS(1+2;1+2j4;4) = S(1;1j4;4)
 (u�1i ; v�1a ) ; u1 iu�1i = 1; v1 av�1a = 1 :The harmonics u and v carry two independent U(1) charges which are assumed to bestrictly conserved (like in the standard N = 2 4D harmonic superspace [8, 9]). Thisrequirement actually implies u and v to parametrize the 2-spheres S2L � SU(2)L=U(1)Land S2R � SU(2)R=U(1)R. All super�elds given onHS(1+2;1+2j4;4) possess two de�nite U(1)charges and, correspondingly, are assumed to be decomposable in the double harmonicseries on the above 2-spheres.Like in the N = 2 4D case, the main merit of passing to the (4; 4) harmonic super-space in question is the existence of an analytic subspace in it which is closed under thetransformations of (4; 4) supersymmetry and has twice as few odd coordinatesAS(1+2;1+2j2;2) = (z++; z��; �1;0 i; �0;1 a; u�1i ; v�1a ) � (��; u�1i ; v�1a ) ; (3.1)where �1;0 i = �+ ii u1i ; �0;1 a = �� aa v1a ;and the relation between z�� and x�� can be found in [11]. Super�elds given on thesuperspace (3.1), �p;q(�; u; v) (p and q are values of the left and right harmonic U(1)charges), are called analytic (4; 4) super�elds.The analytic superspace (3.1) is real with respect to the generalized involution \�"which is the product of ordinary complex conjugation and an antipodal map of the 2-spheres SU(2)L=U(1)L and SU(2)R=U(1)Rg(�1;0 i) = �1;0i ; g(u�1 i) = �u�1i ; (3.2)(and similarly for �1 a; v�1a ). The analytic super�elds 	p;q can be chosen real with respectto this involution, provided jp + qj = 2ng(	p;q) = 	p;q ; jp+ qj = 2n : (3.3)7



In what follows we will need the fact of existence of two mutually commuting sets ofderivatives with respect to harmonics u�1 i and v�1 a, each forming an SU(2) algebra@�2;0 = u�1 i @@u�1 i ; @0u = u1 i @@u1 i � u�1 i @@u�1 i@0;�2 = v�1 a @@v�1 a ; @0v = v1 a @@v1 a � v�1 a @@v�1 a : (3.4)The full analyticity preserving harmonic derivatives D2;0, D0u, D0;2, D0v, when applied onanalytic super�elds, are given by the expressionsD2;0 = @2;0 + i�1;0�1;0@++ ; D0;2 = @0;2 + i�0;1�0;1@��D0u = @0u + �1;0 i @@�1;0 i ; D0v = @0v + �0;1 a @@�0;1 a : (3.5)The operators D0u, D0v count the U(1) charges of analytic (4; 4) super�eldsD0u�p;q(�; u; v) = p�p;q(�; u; v) ; D0v�p;q(�; u; v) = q�p;q(�; u; v) : (3.6)The last topic of this Section will be the harmonic superspace o�-shell description of(4; 4) twisted chiral multiplet.This multiplet is represented by an analytic (4; 4) super�eld q1;1(�; u; v) obeying theharmonic constraints D2;0q1;1 = D0;2q1;1 = 0 : (3.7)They leave in q1;1 8 + 8 independent components [11], just the o�-shell �eld content of(4; 4) twisted multiplet [2, 13]. Notice a formal similarity of the constraints (3.7) to theconstraint de�ning N = 2 tensor multiplet in the harmonic N = 2 4D superspace (2.15).The crucial di�erence between either constraints is that (2.15) implies a di�erential con-dition for a vector component of the relevant super�eld, requiring it to be divergenceless,while this is not the case for the constraints (3.7). These constraints are purely algebraicand express the higher dimension components of q1;1 through z-derivatives of the physicaldimension ones (they leave as independent also four auxiliary �elds which enter the �expansion of q1;1 with the monomial �1;0i�0;1a).To understand the origin of the di�erence between two types of constraints, let usperform the reduction of the (4; 4) SU(2)L�SU(2)R harmonic superspace to the standard(4; 4) SU(2) one. It is accomplished by identifying harmonic variables u�1 i = v�1 a and,correspondingly, both harmonic U(1) charges. The harmonic derivative D(+2) (2.3) isrecognized as the sum of the left and right onesD(+2) = D2;0 +D0;2 :>From this consideration it is already clear that there is no smooth transition betweenthe constraints (3.7) and (2.15). The �eld content of q1;1 also changes. While beforeidentifying harmonics u and v the matrix of physical bosons qia(z) (q1;1 = qiau1i v1a + :::)comprises 4 independent �elds, after the identi�cation this number is reduced to 3 (onlythe symmetric part of qia survives). As a result of imposing the constraint (2.15) on8



the reduced super�eld, the lost fourth scalar �eld reappears as a solution to the diver-gencelessness condition for the 2D vector �eld components multiplying the � monomials(�(+)+)2, (�(+)�)2. Note that the smooth transition between the two super�eld systemsbecomes possible in the dual action of q1;1 (see below).Despite the essential di�erence between the constraints (3.7) and (2.15), invariantactions of q1;1 look similar to those of l(+2) (2.14). The general o�-shell action of nsuper�elds q1;1M (M = 1; 2; :::n) is given bySq = Z ��2;�2 L2;2(q1;1M(�; u; v); u; v) : (3.8)Here ��2;�2 = d6� [du dv] = d2z d2�1;0 d2�0;1 [du dv]is the analytic superspace integration measure. The dimensionless analytic super�eld La-grangian L2;2(q1;1M ; u�1i ; v�1a ) bears in general an arbitrary dependence on its arguments,the only restriction being a compatibility with the external U(1) charges 2; 2. The freeaction of q1;1M is given by Sfreeq � Z ��2;�2 q1;1M q1;1M ; (3.9)so for consistency we are led to assumedet @2L2;2@q1;1M@q1;1N ! jq1;1=0 6= 0 : (3.10)For completeness, we also add the constraints on q1;1M(�; u; v)D2;0q1;1M = D0;2q1;1M = 0 : (3.11)The passing to the component form of the action is straightforward [11]. The bosonicsigma model action consists of two parts related to each other by (4; 4) supersymmetry:the metric part and the part including the torsion potential.As an important particular example of q1;1 action we give the action of (4; 4) extensionof the group manifold SU(2) � U(1) WZNW sigma modelSwzw = � 14�2 Z ��2;�2 q̂1;1q̂(1;1) 1(1 +X)X � ln(1 +X)X2 ! : (3.12)Here q̂1;1 = q1;1� c1;1 ; X = c�1;�1q̂1;1 ; c�1;�1 = ciau�1i v�1a ; ciacia = 2 : (3.13)Despite the presence of an extra quartet constant cia in the analytic super�eld Lagrangian,the action (3.12) actually does not depend on cia [11] as it is invariant under arbitraryrescalings and SU(2) � SU(2) rotations of this constant.9



4 Dual form of the q1;1 action and its generalizationBy adding the constraints (3.11) with Lagrange multipliers to the general q1;1 action (3.8)one puts the latter in the form analogous to the tensor supermultiplet master action (2.13)Sq;! = Z ��2;�2f!�1;1 MD2;0q1;1M + !1;�1 MD0;2q1;1M + L2;2(q1;1; u; v)g : (4.1)The analytic super�elds q1;1M , !1;�1M , !�1;1M are now unconstrained and one can varythem to get the super�eld equations of motion. Varying !1;�1M , !�1;1M yields the con-straints (3.11) and we recover the original action (3.8). Alternatively, one can vary (4.1)with respect to q1;1M , which gives rise to the equation@L2;2@q1;1M = D2;0!�1;1M +D0;2!1;�1M � A1;1M : (4.2)This algebraic equation is a kind of Legendre transformation expressing q1;1M as a functionof A1;1M (4.2)) q1;1M = q1;1M (A1;1; u; v) : (4.3)Substituting this expression back into (4.1), one arrives at the dual form of the q(1;1)action S! = Z ��2;�2L2;2! (A1;1; u; v) ;L2;2! (A1;1; u; v) � L2;2(q1;1M (A;u; v); u; v)� q1;1M(A;u; v)A1;1M : (4.4)The dual action (4.4) provides a new o�-shell formulation of (4; 4) sigma modelswith commuting left and right complex structures via unconstrained analytic (4; 4) su-per�elds. The most characteristic feature of such formulations is the presence of in�-nite number of auxiliary �elds [8, 9]. Thus, in the case at hand the physical compo-nent action for 4n bosons and 8n fermions is restored only after eliminating an in�-nite tower of auxiliary �elds coming from the double harmonic expansion of super�elds!1;�1 N (�; u; v) ; !�1;1 N (�; u; v).To see in more detail how this occurs, let us focus on the bosonic degrees of freedom.The action (4.1) originally involves three independent super�elds q1;1N , !1;�1 N , !�1;1 N ,each including 4n real bosonic �elds in the �rst term of its double harmonic expansion(higher rank bosonic �elds �nally prove to be auxiliary and we should not care aboutthem). Varying q1;1N yields an algebraic equation (4.2) by which q1;1N is eliminated interms of the remaining two super�eldsq1;1N � D2;0!�1;1 N +D0;2!1;�1 N + ::: (4.5)(cf. eq. (2.16)). Thereby, the number of physical dimension bosonic �elds is reduced from12n to 8n. However, the number of such �elds carried by two ! super�elds is still twicethe number of those carried by q1;1 in the original formulation. So one may wonder howthe on-shell equivalence of these two o�-shell formulations is achieved. The answer is that10



the equivalence is guaranteed due to the invariance of the action (4.1) and its ! version(4.4) under the abelian gauge transformations� !1;�1 M = D2;0��1;�1M ; � !�1;1 M = �D0;2��1;�1M ; (4.6)with ��1;�1M = ��1;�1 M(�; u; v) being arbitrary analytic functions. This gauge free-dom takes away just half of the lowest superisospin multiplets in the super�elds !1;�1M ,!�1;1M , thus restoring the correct physical �eld content of the theory. For instance, the�rst components in the � expansion of these super�elds are transformed as� !1;�1M0 (z) = @2;0��1;�1M (z) ; � !�1;1 M0 (z) = �@0;2��1;�1M (z) ; (4.7)and one may �x the gauge so as to entirely eliminate one set of these �elds (other gaugechoices are also possible). Thus, in contrast to the q1;1 super�eld formulation, where thenecessary set of the physical �elds is ensured by imposing the harmonic constraints onq1;1, the same goal in the dual formulation is achieved thanks to the gauge freedom (4.6)(and after eliminating an in�nite set of auxiliary �elds). This gauge invariance is themain novel feature of the dual formulation of the q1;1 action compared to an analogousformulation of the l(+2) action in the conventional harmonic superspace. It is a necessaryingredient of the free action of the triple q1;1N , !1;�1 N , !�1;1 N (corresponding to thechoice L2;2 = q1;1 Nq1;1 N in (4.1)) and one can expect that any reasonable generalizationto the case with interaction should enjoy this important symmetry. Below we will seethat this is indeed so, the abelian gauge invariance getting nonabelian in general.For what follows it will be important to realize that the gauge freedom in questionre
ects the commutativity of the left and right harmonic derivativesD2;0 andD0;2. Indeed,the equations of motion which follow by varying Lagrange multipliers !1;�1M , !�1;1M ,viz. the constraints (3.11), are not entirely independent: due to the above commutativitythey obey the evident integrability conditionD2;0(D0;2q1;1M)�D0;2(D2;0q1;1M ) = 0 : (4.8)In the simplest case we are considering, this condition is identically satis�ed (since L2;2does not depend on !1;�1 N , !�1;1 N ). However, in more general cases it puts non-trivialrestrictions on the structure of the action. Below we will see that in all examples in whichthe condition (4.8) is satis�ed the relevant actions respect gauge symmetry (4.6) or anonabelian extension of it.It is to the point here to mention a clarifying analogy with the abelian gauge theoryin two dimensions. The harmonic derivatives D2;0;D0;2 are analogous to the x derivatives@�; � = 1; 2, two Lagrange multipliers !1;�1 N and �!�1;1 N are analogs of the two-dimensional U(1) gauge connection A� (actually, of N independent copies of it), thequantity A1;1N in (4.2) is an analog of the �eld strength F�� = @�A� � @�A� � ���F .Then the dual action (4.1) is analogous to the �rst order form of the Maxwell action ofA�3, while the constraints (3.7) are the precise analog of the sourceless Maxwell equation@�F�� = @����F = 0 : (4.9)3Just as the dual action of (4; 4) supersymmetric hyper-K�ahler sigma model (2.11) is analogous to the�rst order form of a scalar �eld action. 11



The self-consistency condition (4.8) is a counterpart of the \kinematical" conservationlaw @�(@�F��) = 0 : (4.10)The conservation law (4.10) ceases to be trivial after inserting a matter current into ther.h.s. of (4.9): in this case it requires the current to be conserved as a consequence ofthe equations of motion, which imposes severe restrictions on the structure of this currentand implies the gauge symmetry of the free action to extend to the whole action. Quitesimilarly, after allowing for a !1;�1 N , !�1;1 N dependence in L2;2 there will appears anon-zero \current" in the r.h.s. of eqs. (3.7) and the condition (4.8) will become theharmonic conservation law for this current, severely restricting the structure of the latterand, hence, of L2;2. In the sequel we will often resort to this analogy.The last comment concerning transformations (4.6) is that they de�ne a genuine sym-metry of the actions (4.1), (4.4), contrary, e.g., to the transformations (2.4), (2.5), (2.6)which are a kind of equivalence rede�nitions of the involved super�elds and potentials.These latter transformations leave the relevant actions form-invariant but change theprecise structure of the potentials in them.Let us turn to generalizations of the action (4.1). As was argued in [2, 14], withmaking use of the (4; 4) twisted supermultiplet alone one may construct only the (4; 4)sigma models with mutually commuting left and right complex structures. Then a naturalway to approach the problem of constructing o�-shell (4; 4) super�eld actions with non-commuting structures is to seek for such generalizations of the action (4.1) which do notadmit the passing to a pure q1;1 form. The rest of the paper is devoted to deducing suchgeneralizations.The action (4.1) is an analog of the dual l(+2) action (2.13), the triple of super�eldsq(1;1), !1;�1, !1;�1 being an analog of the pair l(+2); !. So one may write the most generalaction of this triple, making in (4.1) the substitutions like those which lead from (2.13)to the general l; ! action (2.11). In this way one obtainsSq;! = Z ��2;�2fH2;2 +H�1;1 MD2;0q1;1M +H1;�1 MD0;2q1;1M +H1;1MD2;0!1;�1M+ ~H1;1MD0;2!�1;1 M +H�1;3 MD2;0!1;�1 M +H3;�1 MD0;2!�1;1Mg� Z ��2;�2L2;2q;!(q; !; u; v) ; (4.11)where a priori all the potentials are arbitrary functions of the super�elds q1;1M , !1;�1M ,!�1;1M and harmonics u; v. For the time being we leave aside the important question ofimplementing the gauge freedom (4.6) in this action and try to use the set of invariances ofthe type (2.4), (2.6) to reduce the number of independent potentials as much as possible.One type of such invariances of the action (4.11) is related to reparametrizations ofthe involved super�elds�q1;1M = �1;1M (q; !; u; v) ; �!1;�1M = �1;�1M (q; !; u; v) ;�!�1;1M = ��1;1M(q; !; u; v) : (4.12)It is straightforward to �nd the transformations of the potentials such that the action isform-invariant. Their explicit structure is not too enlightening.12



Another type of invariance is similar to the hyper-K�ahler one (2.6) and is related tothe freedom of adding full harmonic deriavtives to the super�eld Lagrangian in (4.11)L2;2q;! ) L2;2q;! +D2;0�0;2 +D0;2�2;0 ; (4.13)�2;0 = �2;0(q; !; u; v) ; �0;2 = �0;2(q; !; u; v) :Once again, it is easy to indicate how the potentials should transform to generate theshifts (4.13). It will be important for our consideration that, assuming the existence ofthe 
at limit (given by the action (4.1) with L2;2(q; u; v) = q1;1 Nq1;1 N), the full gaugefreedom (4.12), (4.13) can be �xed so thatH�1;1 N = �!�1;1 N ; H1;�1 N = �!1;�1 N ;H1;1 N = (1 + �)q1;1N ; ~H1;1 N = (1 + �)q1;1 N + Ĥ1;1 N ; (4.14)�; � being arbitrary parameters. In this gauge (which is an analog of the gauges (2.7),(2.12)) the action still contains four independent potentials, H2;2, H�1;3 N , H3;�1 N andĤ1;1 N , Sq;! = Z ��2;�2fq1;1MD0;2!1;�1 M + (q1;1N + Ĥ1;1 N)D2;0!�1;1 M+H�1;3MD2;0!1;�1M +H3;�1MD0;2!�1;1M +H2;2g ; (4.15)and is invariant under the following transformations which are a mixture of (4.12) and(4.13) (the parameters �2;0;�0;2 below are not the same as those in eq. (4.13), but arerelated to them)�Ĥ1;1M = ��1;1M + @�0;2@!�1;1M + �1;�1 N @H�1;3 N@!�1;1M + ��1;1 N @Ĥ1;1 N@!�1;1M�H�1;3M = @�0;2@!1;�1M + �1;�1 N @H�1;3 N@!1;�1M + ��1;1 N @Ĥ1;1 N@!1;�1M�H3;�1M = @�2;0@!�1;1M + ��1;1 N @H3;�1 N@!�1;1M�H2;2 = @2;0�0;2 + @0;2�2;0 + �1;�1 N@2;0H�1;3 N+��1;1 N(@2;0Ĥ1;1 N + @0;2H3;�1 N ) (4.16)with �1;1M = @�2;0@!1;�1M � (B�1)FN @H3;�1 N@!1;�1M ( @�0;2@q1;1 F � @�2;0@q1;1 T @H�1;3 T@q1;1 F )�1;�1M = � @�2;0@q1;1M + (B�1)FN @H3;�1 N@q1;1M ( @�0;2@q1;1 F � @�2;0@q1;1 T @H�1;3 T@q1;1 F )��1;1M = �(B�1)NM ( @�0;2@q1;1N � @�2;0@q1;1 T @H�1;3 T@q1;1N ) (4.17)BMN = �MN + @Ĥ1;1M@q1;1N � @H3;�1M@q1;1 F @H�1;3 F@q1;1N ; BMN(B�1)NL = �ML13



(one should add, of course, the coordinate transformations (4.12) with the parameters(4.17)). Note that in the case of general manifold (M = 1; 2:::n; n > 1) it is impossibleto gauge away any of the surviving potentials with the help of this remaining gaugefreedom, though one can still put them in the form similar to the normal gauge of thehyper-K�ahler potential L(+4) [7]. The fact that there remain three more potentials besidesH2;2 (which is a direct analog of L(+4)) is the essential di�erence of the considered casewith torsion from the torsionless hyper-K�ahler case. It is worth mentioning that upon thereduction to the (4; 4) SU(2) harmonic superspace the super�elds !1;�1 N and !�1;1 N in(4.11) are identi�ed with each other and recognized as the super�eld !N , q1;1N ) l(+2) N ,H2;2 ) L(+4), and the potentials Ĥ1;1 N , H�1;3 N , H3;�1 N are combined into a shift ofl(+2)N . This shift can be absorbed in an equivalence rede�nition of l(+2) N , after whichone recovers the !; l action (2.11) of the general (4; 4) hyper-K�ahler sigma model in the\
at" gauge (2.12).As was noticed in Sect.2, the q(+) equation of motion (2.8) following from the generalq(+) action (2.2) has a transparent interpretation within the analytic target space geome-try: it expresses the vielbein E(+3)M � D(+2)q(+)M of the analytic target space harmonicderivative via the unconstrained hyper-K�ahler potential L(+4). At present we have noclear understanding which kind of the central basis geometry underlies the general (4; 4)action (4.11) (in view of the presence of nontrivial torsion terms it certainly cannot beRiemannian). The direct study of the geometry of the relevant analytic space (spannedby the coordinates q1;1N , !1;�1N , !�1;1 N and harmonics u, v) starting, by analogy withthe hyper-K�ahler case, from the action (4.11), (4.15) could help to clarify this point.We will deal with the gauge-�xed action (4.15). Let us introduce, like in the hyper-K�ahler case (eq. (2.9)), the target space harmonic derivatives D2;0, D0;2. When acting onthe analytic space coordinates u, v, q1;1 N , !�1;1 N , !1;�1 N , they are given byD2;0 = @2;0 + E3;1M @@q1;1M + E1;1M @@!�1;1M + E3;�1M @@!1;�1M ;D0;2 = @0;2 + E1;3M @@q1;1M + E�1;3M @@!�1;1M + ~E1;1M @@!1;�1M ; (4.18)E3;1M � D2;0q1;1M ; E1;1M � D2;0!�1;1M ; E3;�1 M � D2;0!1;�1 ME1;3M � D0;2q1;1M ; E�1;3 M � D0;2!�1;1 M ; ~E1;1M � D0;2!1;�1 M : (4.19)The complete target space geometry is as yet unclear to us, so there could exist additionaltarget space coordinates and D2;0, D0;2 could contain extra partial derivatives appearingwith the related vielbeins (e.g., one may expect that the full harmonic traget space in theanalytic basis involves, in addition to the triple of the analytic subspace coordinates q1;1N ,!�1;1 N , !1;�1 N , one more coordinate l�1;�1 N which is represented by a general harmonicsuper�eld). In what follows we will not specify the full structure of D2;0, D0;2 and simplyassume that they have the proper action on all the objects depending on harmonics u andv. In particular, when acting on an arbitrary analytic harmonic (4; 4) super�eld (it canbe, e.g., a local function of super�elds q1;1N , !�1;1 N , !1;�1 N ), they always coincide withD2;0 and D0;2.Using the de�nition (4.19), the equations of motion following from (4.15) can bewritten in a geometric way as the relations expressing some of the harmonic vielbeins via14



the potentials H2;2, H�1;3 N , H3;�1 N , Ĥ1;1 N~E1;1M + E1;1 N  �NM + @Ĥ1;1N@q1;1M !�E�1;3 N @H3;�1 N@q1;1M+E3;�1 N @H�1;3 N@q1;1M = � @H2;2@q1;1M ;E1;3M + E3;�1 N  @H�1;3M@!1;�1 N � @H�1;3 N@!1;�1M !+ E1;1 N  @H�1;3M@!�1;1 N � @Ĥ1;1 N@!1;�1M !�E�1;3 N @H3;�1 N@!1;�1 M + E3;1 N @H�1;3M@q1;1N = @H2;2@!1;�1M � @2;0H�1;3M ;E3;1 N  �MN + @Ĥ1;1M@q1;1N !+ E1;3 N @H3;�1M@q1;1N + ~E1;1 N @H3;�1M@!1;�1 N+E1;1 N  @Ĥ1;1M@!�1;1 N � @Ĥ1;1 N@!�1;1M !+ E3;�1 N  @Ĥ1;1M@!1;�1 N � @H�1;3 N@!�1;1M !+E�1;3 N  @H3;�1M@!�1;1 N � @H3;�1 N@!�1;1M ! = @H2;2@!�1;1M � @2;0Ĥ1;1M � @0;2H3;�1 M :(4.20)Looking at these relations one immediately realizes what is the main di�erence >fromthe hyper-K�ahler relation (2.8). Only three harmonic vielbeins, namely, E1;3N , E3;1 N andsome linear combination of ~E1;1 N , E1;1 N , are really eliminated. Three remaining ones arenot constrained by these equations and so are to be treated as some independent quanti-ties. One cannot even conclude that they are local functions of the analytic target spacecoordinates u, v, q1;1 N , !�1;1 N , !1;�1 N . Nonetheless, two of them, E�1;3 N and E3;�1 N ,can be eliminated by the kinematic relations following from the natural requirement thatfull target space harmonic derivatives D2;0, D0;2 commute with each other[D2;0;D0;2] = 0) (4.21)D0;2E3;1 N �D2;0E1;3 N = 0 (4.22)D2;0E�1;3 N �D0;2E1;1 N = 0 (4.23)D0;2E3;�1 N �D2;0 ~E1;1 N = 0 : (4.24)Of course, these relations are identically satis�ed with the de�nition (4.19). For the timebeing let us forget about the latter (from the point of view of the target space geometrythese expressions mean that the harmonic vielbeins are induced as a result of passing to theanalytic basis of the target space from some central basis where the harmonic derivativesare short, D2;0 = @2;0, D0;2 = @0;2) and treat (4.22) - (4.24) as the consistency conditionsfor the harmonic vielbeins. Then (4.23), (4.24) are di�erential equations de�ned on theproduct of two 2-spheres S2L � S2R. Such equations can be solved for E�1;3 N , E3;�1 N(taking into account that E1;1 and ~E1;1 are harmonic derivatives of analytic super�elds).As a result, these vielbeins prove to be completely speci�ed by E1;1N , ~E1;1 N and so arein a sense auxiliary.Thus, at this step we are left with four basic harmonic vielbeins E1;3 N , E3;1 N , E1;1 N ,~E1;1N three of which are expected to be related by eqs. (4.20) to the potentials present15



in the action (4.15), while the fourth one (a combination of E1;1N , ~E1;1N which is \or-thogonal" to the one entering �rst of eqs. (4.20)) remains arbitrary. We will come backto this general case after studying, in the next Section, the n = 1 example.The last (but not least) problem is to satisfy the consistency constraint (4.22) whichis none other than the integrability condition (4.8). The natural requirement is thatthis condition is obeyed as a consequence of the initial equations of motion (4.20) anddoes not produce additional dynamical restrictions on the involved super�elds (let usrecall the aforementioned analogy with two-dimensional gauge theory). Thus one shouldexpress D0;2q1;1 � E1;3 N , D2;0q1;1 � E3;1 N >from eqs. (4.20), substitute these expressionsinto (4.22), evaluate the result of action of the harmonic derivatives on them and useonce more eqs. (4.20) to eliminate three harmonic derivatives: D2;0q1;1, D0;2q1;1 and, say,D2;0!�1;1. Finally, one should equate the coe�cients before the same harmonic derivativesin both sides of the resulting equality, as well as the terms containing no such derivatives.In this way one deduces a set of constraints on the potentials Ĥ1;1 N , H�1;3 N , H3;�1 N ,H2;2. Thus, in contradistinction to the hyper-K�ahler case, the potentials of the generalsigma model action in the considered case with torsion prove to be necessarily constrained.At present we do not know how to solve these constraints in general. Moreover, they lookrather ugly, for which reason we do not present them here. However, the study of a simplen = 1 example in the next Section shows that these constraints are very restrictive. Nowwe turn to considering this particular case.5 Digression: n = 1 exampleIn this case we deal with one triple of analytic super�elds q1;1, !1;�1, !�1;1 and four-dimensional manifold of physical bosons (provided the gauge freedom (4.6) or some itsgeneralization hold). The action (4.15) can be further simpli�ed because the potentialsH�1;3, H3;�1 become pure gauge H�1;3 = H3;�1 = 0 (5.1)) S(1)q;! = Z ��2;�2fq1;1D0;2!1;�1 + (q1;1 + Ĥ1;1)D2;0!�1;1 +H2;2g : (5.2)Thus, the general action of the triple q1;1, !1;�1, !�1;1 is characterized by two potentialsH2;2 = H2;2(q; !; u; v) and Ĥ1;1 = Ĥ1;1(q; !; u; v) which, before enforcing the integrabilityconditions (4.22) - (4.24), are arbitrary functions of their arguments. The action is stillinvariant under the restricted class of reparametrizations preserving the gauge (5.1)�Ĥ1;1 = ��1;1+ @�0;2@!�1;1 +��1;1 @Ĥ1;1@!�1;1 ; �H2;2 = @2;0�0;2+ @0;2�2;0+��1;1@2;0Ĥ1;1 (5.3)�q1;1 � �1;1 = @�2;0@!1;�1 ; �!1;�1 � �1;�1 = �@�2;0@q1;1 ;�!�1;1 � ��1;1 = � 1 + @Ĥ1;1@q1;1 !�1 @�0;2@q1;1 � �B�1@�0;2@q1;1 (5.4)16



@�2;0@!�1;1 = 0) �2;0 = �2;0(q1;1; !1;�1; u; v) ; @�0;2@!1;�1 �B�1 @Ĥ1;1@!1;�1 @�0;2@q1;1 = 0 : (5.5)The set of equations (4.20) is also essentially simpli�ed~E1;1 + E1;1B = �@H2;2@q1;1 ; E1;3 � E1;1 @Ĥ1;1@!1;�1 = @H2;2@!1;�1 ;E3;1B + E3;�1 @Ĥ1;1@!1;�1 = @H2;2@!�1;1 � @2;0Ĥ1;1 : (5.6)However, even for this simple set of equations the analysis of the restrictions imposed bythe integrability condition (4.22), (4.8) proves to be a rather di�cult task. We postponeit to the end of this Section and �rst consider the reduced case withĤ1;1 = 0 : (5.7)The action reduced in this way is still invariant under the transformations (5.3), (5.4)with�2;0 = �2;0(q; u; v) + !1;�1�1;1(q; u; v) ; �0;2 = �0;2(q; u; v) + !�1;1�1;1(q; u; v) : (5.8)The set of equations (5.6) is reduced to~E1;1 + E1;1 = �@H2;2@q1;1 ; E1;3 = @H2;2@!1;�1 ; E3;1 = @H2;2@!�1;1 : (5.9)To extract the consequences of the integrability condition (4.22), we act on the r.h.s.of the second and third equations in (5.9) by D2;0 and D0;2, use once again (5.9) toeliminate E1;3, E3;1 and one of E1;1, ~E1;1, say E1;1, and �nally equate the obtainedexpressions. Equating, in both sides of the resulting equality, the coe�cients beforeindependent objects E�1;3, E3;�1 and ~E1;1 as well as the terms without derivatives, weget four conditions on the potential H2;2@2H2;2@!�1;1@!�1;1 = @2H2;2@!1;�1@!1;�1 = @2H2;2@!1;�1@!�1;1 = 0 ; (5.10) @2;0 + @H2;2@!�1;1 @@q1;1! @H2;2@!1;�1 �  @0;2 + @H2;2@!1;�1 @@q1;1! @H2;2@!�1;1 = 0 : (5.11)>From eqs. (5.10) we �ndH2;2(u; v; q; !) = h2;2(u; v; q) + !1;�1h1;3(u; v; q) + !�1;1h3;1(u; v; q) ; (5.12)after which eq. (5.11) can be rewritten as @2;0 + h3;1 @@q1;1!h1;3 �  @0;2 + h1;3 @@q1;1!h3;1 � r2;0h1;3 �r0;2h3;1 = 0 : (5.13)The action and constraints are covariant under the transformations (5.3), (5.4) with therestricted parameters (5.8)�h2;2 = r2;0�0;2 +r0;2�2;0 ; �h1;3 = r0;2�1;1 ; �h3;1 = r2;0�1;1 : (5.14)17



It is easy to see that the action, with taking account of the constraint (5.13), is invariantunder the following generalization of gauge transformations (4.6)�!1;�1 =  D2;0 + @h3;1@q1;1! ��1;�1 ; �!�1;1 = � D0;2 + @h1;3@q1;1!��1;�1 ; (5.15)and so propagates just 4 bosonic �elds like the action (4.1).Despite the appearance of nonlinearities, these transformations are abelian like (4.6)and this property already suggests that the action (5.2) with the additional condition(5.7) is actually a reparametrization of the dual form of the q1;1 action (4.1). This isindeed so. It is easy to show (starting with a linearized level) that the general solution tothe constraint (5.13) is given byh1;3 = r0;2�1;1(u; v; q) ; h3;1 = r2;0�1;1(u; v; q) ; (5.16)with �1;1(u; v; q) being an arbitrary function (the covariant derivativesr2;0,r0;2 commuteas a consequence of (5.13)). Then we can make use of the invariance (5.14) to entirelygauge away h1;3 and h3;1.Let us return to the generic n = 1 action (5.2). In order to simplify the analysisof the relevant set of equations of motion (5.6) we will stick to a natural assumptionwhich will be also used in an analogous analysis of the general set (4.20) in the nextSection. Let us recall that the object E3;�1 � D2;0!1;�1 entering third of eqs. (5.6) can beexpressed through ~E1;1 � D0;2!1;�1 from the harmonic di�erential equation (4.24) and socan be treated as an auxiliary quantity. Besides, it does not appear at all in the equationscorresponding to the free action. So it seems natural to postulate that it drops out aswell from the equations of motion with interaction. In the considered case this postulateamounts to the constraint@Ĥ1;1@!1;�1 = 0) Ĥ1;1 = Ĥ1;1(q1;1; !�1;1; u; v) : (5.17)It is covariant under the transformations (5.3) - (5.5) with the following additional re-strictions on the parameters@2�2;0@!1;�1@!1;�1 = 0) �2;0 = �2;0(q; u; v) + !1;�1�1;1(q; u; v) ;@�0;2@!1;�1 = 0) �0;2 = �0;2(q1;1; !�1;1; u; v) : (5.18)Keeping in mind that Ĥ1;1 is independent of !1;�1, this remaining gauge freedom is su�-cient to entirely gauge away Ĥ1;1, and we recover the Ĥ1;1 = 0 case already considered.As a �nal step in our analysis of the n = 1 case we brie
y discuss how to solve theintegrability constraint (4.22) for the general set (5.6) without any ad hoc assumptions. Wewill reproduce the condition (5.17) within this setting and thereby justify our dynamicalpostulate.In short, applying the same procedure as in the Ĥ1;1 = 0 case (though it becomesmuch more involved) we arrive at several constraints. Most essential of them proves tobe the following one @G0;2@!�1;1 = 0 ;  G0;2 � B�1 @Ĥ1;1@!1;�1! : (5.19)18



It is straightforward to check that this condition is covariant under the whole target spacegauge group (5.3) - (5.5). Further, G0;2 transforms as�G0;2 = � @2�2;0@!1;�1@!1;�1 + ::: ; (5.20)where dots stand for �eld-dependent terms. Taking into account that both G0;2 and �2;0do not depend on !�1;1 and eq. (5.19) is covariant, we observe from (5.20) that G0;2 canbe gauged away, thus e�ectively giving rise to the condition (5.17):G0;2 = 0 ) @Ĥ1;1@!1;�1 = 0 : (5.21)Other corollaries of the integrability condition (4.22) are reduced to those already exploredin the Ĥ1;1 = 0 case.Thus, under the natural assumption (just proved) that the harmonic derivativeE3;�1 =D2;0!1;�1 never appears in the equations of motion, the general n = 1 action (5.2) coin-cides, modulo a �eld rede�nition, with the general dual action (4.1) of one self-interactingtwisted (4; 4) multiplet. So the relevant (4; 4) sigma models always admit a formulationin terms of single twisted super�eld q1;1 (constrained by (3.7)) and, in accord with thearguments of Refs. [2, 14], correspond to the case of mutually commuting left and rightcomplex structures on the target. In the next Section we will see that, beginning withn = 2, this equivalence to the action (4.1) ceases to hold in general.6 Back to the general caseIn order to simplify the general set of equations (4.20) we accept the same dynamicalpostulate as in the n = 1 case. Namely, we require that eqs. (4.20) pose no any restrictionson the quantities E3;�1 N � D2;0!1;�1 N and E�1;3 N � D0;2!�1;1 N . This requirementgives rise to the following constraints on the involved potentials (we equate to zero thecoe�cients of E3;�1 N , E�1;3 N in eqs. (4.20))@H3;�1 N@!1;�1M = @H3;�1 N@q1;1M = @H3;�1 N@!�1;1M � @H3;�1M@!�1;1 N = 0 (6.1)@H�1;3 N@q1;1M = @H�1;3 N@!�1;1M � @Ĥ1;1M@!1;�1 N = @H�1;3 N@!1;�1M � @H�1;3M@!1;�1 N = 0 : (6.2)We believe that, like in the n = 1 case, these relations can be rigorously derived byapplying the integrability condition (4.22) to the set (4.20) without any prerequisite as-sumptions. We postpone the check of this natural hypothesis to the future.The set of constraints (6.1), (6.2) is closed under the action of the group (4.16), (4.17)with the parameters �2;0, �0;2 restricted by@2�2;0@q1;1N@!�1;1M = @2�2;0@!1;�1 N@!�1;1M = @2�2;0@!1;�1M@!1;�1 N = 0)�2;0 = �2;0(q; u; v) + !1;�1 N�1;1 N (q; u; v) + !�1;1 N�3;�1 N (!�1;1; u; v) (6.3)19



@2�0;2@q1;1N@!1;�1M = 0) �0;2 = �0;2(q1;1; !�1;1; u; v) + !1;�1 N��1;3 N(!1;�1; !�1;1; u; v) :(6.4)It is easy to see that this restricted gauge freedom combined with the constraints (6.1),(6.2) allows one to entirely gauge away the potentials H3;�1 N , H�1;3 NH3;�1 N = H�1;3 N = 0 : (6.5)Taking into account that in this gauge the whole set of eqs. (6.1), (6.2) is reduced to thesingle constraint @Ĥ1;1M@!1;�1 N = 0 ; (6.6)it is easy to �nd the relevant remaining gauge freedom@�2;0@!�1;1M = 0 ) �2;0 = �2;0(q; u; v) + !1;�1 N�1;1 N(q; u; v)@�0;2@!1;�1M = 0 ) �0;2 = �0;2(q1;1; !�1;1; u; v) : (6.7)Since Ĥ1;1M , in virtue of (6.6), depends only on q1;1 N ; !�1;1 N , u, v, while the gaugefunction �0;2 still involves an arbitrary dependence on these variables, the transformationlaw of Ĥ1;1 in (4.16) shows that in the coe�cients of the expansion of Ĥ1;1M in powersof !�1;1 N one may gauge away all the pieces totally symmetric in indices M;N; ::: (in thecase of n = 1 this corresponds to entirely killing Ĥ1;1). The relevant gauge condition isas follows !�1;1 NĤ1;1 N0 = 0 ) (6.8)Ĥ1;1 N0 (q1;1; !�1;1; u; v) = Z 10 d�!�1;1 M  @Ĥ1;1 N(q1;1; �!�1;1; u; v)@!�1;1M � (M $ N)!� !�1;1MH2;0 [M;N ](q1;1; !�1;1; u; v) ; (6.9)with � being a real parameter.Thus, under the dynamical assumption (6.1), (6.2) and before examining consequencesof the integrability condition (4.8), the general analytic superspace action of n super�eldtriples q1;1N ; !�1;1 N ; !1;�1 N can be written asSq;! = Z ��2;�2fq1;1MD0;2!1;�1M + q1;1MD2;0!�1;1M+!�1;1MH2;0 [M;N ]D2;0!�1;1 N +H2;2g : (6.10)Here H2;0 [M;N ] is de�ned in eq. (6.9) and H2;2 for the moment is an arbitrary function ofthe involved super�elds and harmonics.Let us now pass to analysing the integrability condition (4.8). It is still rather di�cultto analyse it for the whole action (6.10), so we postpone this task to the future study andin the rest of the paper consider the simpli�ed case withH2;0 [M;N ] = 0) Ĥ1;1 N0 = 0 : (6.11)20



The relevant action respects the reparametrization freedom (4.16) with H3;�1 N =H�1;3 N = Ĥ1;1 N = 0 and�2;0 = �2;0(q; u; v) + !1;�1 N�1;1 N (q; u; v) ;�0;2 = �0;2(q; u; v) + !�1;1 N�1;1 N (q; u; v) : (6.12)The equations of motion areD2;0!�1;1M +D0;2!1;�1M = �@H2;2(q; !; u; v)@q1;1M ;D2;0q1;1M = @H2;2(q; !; u; v)@!�1;1M ; D0;2q1;1M = @H2;2(q; !; u; v)@!1;�1M : (6.13)To �nd out the restrictions imposed by the integrability condition (4.8) on the structureof H2;2, we proceed in the same way as in the n = 1 example. The n � 2 generalizationof the conditions (5.10), (5.11) proves to be@2H2;2@!�1;1 N@!�1;1M = @2H2;2@!1;�1 N@!1;�1M = @2H2;2@!1;�1 (N@!�1;1M) = 0 ; (6.14) @2;0+ @H2;2@!�1;1 N @@q1;1N � 12 @H2;2@q1;1N @@!�1;1 N ! @H2;2@!1;�1M� @0;2+ @H2;2@!1;�1 N @@q1;1N � 12 @H2;2@q1;1N @@!1;�1 N ! @H2;2@!�1;1M = 0 (6.15)Eqs. (6.14) implyH2;2 = h2;2(q; u; v) + !1;�1 Nh1;3 N(q; u; v) + !�1;1 Nh3;1 N (q; u; v)+ !�1;1 N!1;�1Mh2;2 [N;M ](q; u; v) : (6.16)Notice the presence of the term bilinear in !'s in the general case. Plugging this expressioninto the constraint (6.15), we �nally deduce four independent constraints on the potentialsh2;2, h1;3 N , h3;1 N and h2;2 [N;M ]r2;0h1;3 N �r0;2h3;1 N + h2;2 [N;M ] @h2;2@q1;1M = 0 (6.17)r2;0h2;2 [N;M ] � @h3;1N@q1;1 T h2;2 [T;M ] + @h3;1M@q1;1 T h2;2 [T;N ] = 0 (6.18)r0;2h2;2 [N;M ] � @h1;3N@q1;1 T h2;2 [T;M ] + @h1;3M@q1;1 T h2;2 [T;N ] = 0 (6.19)h2;2 [N;T ] @h2;2 [M;L]@q1;1 T + h2;2 [L;T ] @h2;2 [N;M ]@q1;1 T + h2;2 [M;T ] @h2;2 [L;N ]@q1;1 T = 0 (6.20)where r2;0 = @2;0 + h3;1 N @@q1;1N ; r0;2 = @0;2+ h1;3 N @@q1;1N : (6.21)21



It is convenient to rewrite the action and the equations of motion through the newlyintroduced potentialsSq;! = Z ��2;�2f q1;1MD0;2!1;�1M + q1;1MD2;0!�1;1 M + !1;�1 Mh1;3M+!�1;1Mh3;1M + !�1;1 M!1;�1 N h2;2 [M;N ] + h2;2 g (6.22) D2;0�MN + @h3;1N@q1;1M !!�1;1 N +  D0;2�MN + @h1;3N@q1;1M !!1;�1 N+!�1;1 S!1;�1 T @h2;2 [S;T ]@q1;1M = � @h2;2@q1;1M ;D2;0q1;1M � h3;1M + !1;�1 Nh2;2 [N;M ] = 0D0;2q1;1M � h1;3M � !�1;1 Nh2;2 [N;M ] = 0 (6.23)These action and equations enjoy a rich set of invariances.One of them is the form-invariance under the restricted reparametrizations (4.16),(6.12). These are realized on the super�elds and potentials in the following way�q1;1N = �1;1 N ; �!�1;1 N = � @�0;2@q1;1N � @�1;1M@q1;1N !�1;1M ;�!1;�1 N = � @�2;0@q1;1N � @�1;1M@q1;1 N !1;�1 M ;�h2;2 = r2;0�0;2 +r0;2�2;0 ;�h3;1M = r2;0�1;1M + h2;2 [M;N ] @�2;0@q1;1N�h1;3M = r0;2�1;1M � h2;2 [M;N ] @�0;2@q1;1N�h2;2 [N;M ] = @�1;1 N@q1;1L h2;2 [L;M ] � @�1;1M@q1;1L h2;2 [L;N ] : (6.24)It is a simple exercise to check also the covariance of constraints (6.17) - (6.20) underthese reparametrizations.More interesting is the gauge invariance inherent to the action (6.22). It is a highlynontrivial nonabelian (and in general nonlinear) generalization of the gauge invariance(4.6) �!1;�1M =  D2;0�MN + @h3;1N@q1;1M ! ��1;�1 N � !1;�1 L @h2;2 [L;N ]@q1;1M ��1;�1 N ;�!�1;1M = � D0;2�MN + @h1;3N@q1;1M ! ��1;�1 N � !�1;1 L @h2;2 [L;N ]@q1;1M ��1;�1 N ;�q1;1M = ��1;�1 Nh2;2 [N;M ] : (6.25)As expected, the action is invariant only provided the integrability conditions (6.17) -(6.20) are obeyed. In general, these gauge transformations close with a �eld-dependent22



Lie bracket parameter. Indeed, commuting two such transformations, say, on q1;1N , andusing the cyclic constraint (6.20), we �nd�brq1;1M = ��1;�1 Nbr h2;2 [N;M ] ; ��1;�1 Nbr = ���1;�1 L1 ��1;�1 T2 @h2;2 [L;T ]@q1;1N : (6.26)We see that eq. (6.20) guarantees the nonlinear closure of the algebra of gauge trans-formations (6.25) and so it is a group condition similar to the Jacobi identities. It iscurious that the gauge transformations (6.25) with the relation (6.20) are precise bi-harmonic counterparts of the basic relations of a two-dimensional version of the recentlyproposed nonlinear extension of Yang-Mills theory [18] (with the evident correspondenceD2;0;D0;2 $ @�; !1;�1M ;�!�1;1M $ AM� ).We point out that it is the presence of the antisymmetric potential h2;2 [N;M ] that makesthe considered case nontrivial and, in particular, the gauge invariance (6.25) nonabelian.If h2;2 [N;M ] is vanishing, the invariance gets abelian and the constraints (6.17) - (6.20)except for (6.17) are identically satis�ed, while (6.17) can be solved on the pattern of then = 1 case, eqs. (5.16). As a result, the potentials h1;3 N , h3;1 N can be gauged awayusing the �1;1 N freedom (6.24), and we return to the general twisted multiplet action(4.1). On the contrary, with nonvanishing h2;2 [N;M ] eq. (6.17) does not imply h1;3 N ,h3;1N to be pure gauge. We cannot remove the ! dependence from second and third ofeqs. (6.23) by any local �eld rede�nition with preserving harmonic analyticity. Moreover,in contradistinction to the constraints (3.7), these equations are compatible only withusing the �rst equation. So, the obtained system de�nitely does not admit in generalan equivalent description in terms of twisted (4; 4) analytic super�elds. Hence, the leftand right complex structures on the target space can be non-commuting. On the otherhand, q1;1N can be expressed by �rst of eqs. (6.23) (at least, iteratively) via ! super�eldsto yield ! representation of the action similar to (4:4). The main distinguishing featureof this general ! action is the nonlinear and nonabelian nature of the underlying gaugesymmetry.It remains to solve the constraints (6.17) - (6.20). They have a nice geometric formand certainly encode a nontrivial geometry. For the time being we are not aware of theirgeneral solution and are able to present only a particular one. Nonetheless, it is veryremarkable on its own and seems to share most of characteristic features of the generalcase.The solution is given by the following ansatzh1;3 N = h3;1 N = 0 ; h2;2 = h2;2(t; u; v) ; t2;2 = q1;1Mq1;1M ;h2;2 [N;M ] = b1;1fNMLq1;1 L ; b1;1 = biau1i v1a ; bia = const ; (6.27)where the constants fNML are totally antisymmetric. The constraints (6.17) - (6.19)are identically satis�ed with this ansatz, while (6.20) is now none other than the Jacobiidentity which tells us that the constants fNML should be the structure constants of somereal semi-simple Lie algebra (the minimal possibility is n = 3, the corresponding algebrabeing so(3)). Thus the (4; 4) sigma models associated with the above solution can beinterpreted as a kind of Yang-Mills theories in the harmonic superspace. They provide anatural nonabelian generalization of the twisted multiplet sigma models with the action23



(4.1) which, as was mentioned in Sect.4, are analogs of two-dimensional abelian gaugetheory. The action (6.22), equations of motion (6.23) and the gauge transformation laws(6.25) specialized to the case (6.27) are as followsSY Mq;! = Z ��2;�2f q1;1M ( D0;2!1;�1M +D2;0!�1;1M + b1;1 !�1;1 L!1;�1 NfLNM )+ h2;2(q; u; v)g (6.28)D2;0!�1;1 N +D0;2!1;�1 N + b1;1 !�1;1 S!1;�1 TfSTN � B1;1N = � @h2;2@q1;1N ;D2;0q1;1M + b1;1 !1;�1 NfNMLq1;1 L � �2;0q1;1M = 0D0;2q1;1M � b1;1 !�1;1 NfNMLq1;1 L � �0;2q1;1M = 0 (6.29)�!1;�1M = �2;0��1;�1 M ; �!�1;1M = ��0;2��1;�1M ;�q1;1M = b1;1 ��1;�1 NfNMLq1;1 L : (6.30)These formulas make the analogy with two-dimensional nonabelian gauge theory al-most literal, especially for h2;2 = q1;1Mq1;1M . Under this choiceq1;1N = �12 B1;1Nby �rst of eqs. (6.29), then two remaining equations are direct analogs of two-dimensionalYang-Mills equations �2;0B1;1N = �0;2B1;1 N = 0 ; (6.31)and we recognize (6.28) and (6.29) as the harmonic counterpart of the �rst order formalismof two-dimensional Yang-Mills theory. In the general case q1;1M is a nonlinear functionof B1;1 N , however for B1;1 N one still has the same equations (6.31).It is instructive to see how the fundamental integrability condition (4.8) is satis�edwith the ansatz (6.27):[�2;0;�0;2] q1;1M = �b1;1 B1;1 NfNMLq1;1 L = 2b1;1 @h2;2@t2;2 q1;1NfNMLq1;1 L � 0 :We stress once more that in checking this condition in the nonabelian case one necessarilyneeds �rst of eqs. (6.29), while in the abelian, twisted multiplet case (4.1) the integrabilitycondition is satis�ed without any help from eq. (4.2). As was already mentioned, thisproperty re
ects the fact that the class of (4; 4) sigma models we have found cannot bedescribed only in terms of twisted (4; 4) multiplets (of course, in general the above gaugegroup has the structure of a direct product which can include abelian factors; the relevantq1;1's satisfy the linear twisted multiplet constraints (3.11)).An interesting speci�c feature of this \harmonic Yang-Mills theory" is the presenceof the doubly charged \coupling constant" b1;1 in all formulas, which is necessary for thecorrect balance of the harmonic U(1) charges. Since b1;1 = biau1i v1a, we conclude that inthe geometry of the considered class of (4; 4) sigma models a very essential role is playedby the quartet constant bia. When bia ! 0, the nonabelian structure contracts into theabelian one and we reproduce the twisted multiplet action (4.1). If the action (6.28)24



indeed corresponds to non-commuting left and right complex structures on the targetspace (this is still to be checked), then the complex structures become commuting in thislimit and bia can be interpreted as a measure of non-commutativity of complex structures.In forthcoming publications we will present more detailed study of all these issues,including those related to the target space geometry and complex structures, at the com-ponent level.Finally, to avoid a confusing, we point out that the analogy with two-dimensionalgauge theories is somewhat formal because there is no any genuine propagating gauge�elds among the components of the super�elds !. The only role of the gauge freedom(6.30) seems to consist in ensuring the correct number of physical degrees of freedom inthe action (6.28) (after elimination of q1;1N ). It is also unclear, in what sense the transfor-mations (4.6), (6.25), (6.30) could be interpreted as gauging of some rigid ones. Indeed,in the present case the naive de�nition of the rigid group via imposing the conditionsD2;0��1;�1M = D0;2��1;�1M = 0 leads to the trivial result ��1;�1M = 0. The group-theoretical and geometric meaning of this gauge invariance remains to be understood.7 Summary and outlookFor reader's convenience, we summarize here the basic steps and results of our analysis.We have proceeded from the dual action (4.1) of (4; 4) twisted multiplet in the an-alytic harmonic SU(2) � SU(2) superspace and written down its most general conceiv-able extension (4.11) involving n copies of the triple of analytic harmonic super�eldsq1;1M ; !1;�1 M ; !�1;1 M (M = 1; :::n). Then, using a freedom with respect to the redef-initions (4.12) and (4.13), we reduced it to the form (4.15). In order to simplify therelevant set of equations of motion (4.20), we assumed that the harmonic derivativesE3;�1 N � D2;0!1;�1 N , E�1;3 N � D0;2!�1;1 N which do not appear in the free equations ofmotion are not present in the equations with interaction as well. For n = 1 this assump-tion follows from the basic integrability condition (4.8), while for n � 2 we took it as anatural postulate. It gives rise to the constraints (6.1), (6.2) which eventually simplify theq1;1; !1;�1; !�1;1 action to the form (6.10). After enforcing further simplifying constraint(6.11) we studied the restrictions imposed on the structure of the reduced action by theintegrability condition (4.8). The latter entirely �xes the ! dependence of the super�eldLagrangian, bringing the action to the form (6.22) with the potentials h2;2, h1;3 N , h3;1 Nand h2;2 [N;M ] constrained by eqs. (6.17) - (6.20). The action (6.22) reveals new featurescompared to the twisted multiplet action (4.1) only provided the potential h2;2 [N;M ] isnon-vanishing; otherwise (6.22) can be reduced to (4.1) by a �eld rede�nition. For n = 1the potential h2;2 [N;M ] identically vanishes, so the novel class of (4; 4) sigma model actionswith non-zero h2;2 [N;M ] exists beginning with n = 2. Its main novelty is the nonabelianand in general nonlinear gauge invariance (6.25) which substitutes the abelian gauge in-variance (4.6) of the twisted multiplets action. These new actions involve an in�nitenumber of auxiliary �elds and do not admit a formulation in terms of the twisted (4; 4)super�elds only. For the latter reason they are good candidates for o�-shell descriptionof (4; 4) sigma models with non-commuting left and right triplets of complex structures.There remains a lot of things to be done and questions to be answered. Besides a25



general problem of inquiring the intrinsic geometric aspects of the action (6.22) and con-straints (6.17) - (6.20) as well as revealing their links with the full target space geometry,there are a few more speci�c (and urgent) ones two of which we will outline here.An interesting problem is to �nd out whether the constraints (6.17) - (6.20) admitsolutions corresponding to (4; 4) supersymmetric WZNW sigma models on the groupmanifolds from the list given in [19]. Only for the simplest manifolds from this list,namely [U(1)]4 and SU(2) � U(1), the left and right complex structures commute [14]and only for the related WZNW models there exists a description via twisted multiplets(in the q1;1 language, these models are described by the free action (3.9) and the action(3.12), respectively). On higher-dimensional manifolds which are not reduced to productsof these two, the left and right structures do not commute. We conjecture that theassociated (4; 4) WZNW sigma models are described o� shell by the actions (6.22) withproper potentials h2;2 [N;M ]. The minimal dimension of the super�eld triples at whichh2;2 [N;M ] exists, n = 2, amounts to the dimension 8 of the bosonic target. This preciselymatches with the dimension of the �rst nontrivial manifold from the aforementioned list,that of the group SU(3).One more problem is to prove that the general action of the triples q1;1; !1;�1; !�1;1in the analytic SU(2) � SU(2) harmonic superspace indeed yields a most general (4; 4)supersymmetric sigma model. Our starting point in this paper was the analytic super�eldq1;1 which represents a (4; 4) twisted multiplet. But this is merely one type of (4; 4)twisted multiplet. There exist other types which reveal the same irreducible (8 + 8) o�-shell content, but di�er in the SU(2)L � SU(2)R assignment of component �elds (see,e.g., [20, 21]). For the time being it is unclear how to simultaneously decribe all thesetypes within the same SU(2)�SU(2) harmonic superspace. Perhaps, they can be relatedto each other by a duality transformation (just as all N = 2 4D matter multiplets arerelated to the ultimate analytic q(+) multiplet [5]). Alternatively, it may happen that fortheir consistent description one will need to harmonize the whole (4; 4) supersymmetryautomorphism group SO(4)L�SO(4)R, i.e. to introduce two extra sets of SU(2) harmonicvariables, and to consider appropriate analytic super�elds in this maximally extended(4; 4) harmonic superspace. The relevant actions will be certainly more general than thosediscussed in this paper. Anyway, in order to distinguish between all these possibilities,one should, before all, understand in full the geometry of the target space and variousharmonic extensions of the latter for general (4; 4) sigma models, like this has been donefor their hyper-K�ahler subclass in [7].AcknowledgementsThe major part of this work has been accomplished during the author's visit to The ErwinSchr�odinger International Institute for Mathematical Physics in Vienna. The authorthanks Professors D. Alekseevsky and P. Michor for their kind hospitality in ESI. He isgrateful to Emery Sokatchev for stimulating discussions of the geometry of (4; 4) models.A partial support from the Russian Foundation of Fundamental Research, grant 93-02-03821, and the International Science Foundation, grant M9T000, is also acknowledged.26



References[1] E. Kiristis, C. Kounnas and D. L�ust, Int. J. Mod. Phys. A9 (1994) 1361[2] S. J. Gates Jr., C. Hull and M. Ro�cek, Nucl. Phys. B 248 (1984) 157[3] P.S. Howe and G. Papadopoulos, Class. Quantum Grav. 5 (1988) 1647[4] L. Alvarez-Gaum�e and D.Z. Freedman, Commun. Math. Phys. 80 (1981) 443;J. Bagger and E. Witten, Nucl. Phys. B 222 (1983) 1[5] A. Galperin, E. Ivanov and V. Ogievetsky, Nucl. Phys. B282 (1987) 74[6] J.A. Bagger, A.S. Galperin, E.A. Ivanov and V.I. Ogievetsky, Nucl. Phys B303(1988) 522[7] A.S. Galperin, E.A. Ivanov, V.I. Ogievetsky and E. Sokatchev, Ann. Phys. 185 (1988)22[8] A. Galperin, E. Ivanov, V. Ogievetsky and E. Sokatchev, Jetp. Lett. 40 (1984) 912[9] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky and E. Sokatchev, Class. Quant.Grav. 1 (1984) 469[10] F. Delduc, S. Kalitzin and E. Sokatchev, Class. Quantum Grav. 7 (1990) 1567[11] E. Ivanov and A. Sutulin, Nucl. Phys. B 432 (1994) 246[12] T. Buscher, U. Lindstr�om and M. Ro�ocek, Phys. Lett. B 202 (1988) 202[13] E. A. Ivanov and S. O. Krivonos, J. Phys. A: Math. and Gen. 17 (1984) L671[14] M. Ro�cek, K. Schoutens and A. Sevrin, Phys. Lett. B 265 (1991) 303[15] U. Lindstr�om, I.T. Ivanov and M. Ro�cek, Phys. Lett. B 328 (1994) 49[16] F. Delduc and E. Sokatchev, Int. J. Mod. Phys. B 8 (1994) 3725[17] B. Zumino. Phys. Lett. B 87 (1979) 203[18] N. Ikeda, Ann. Phys. 235 (1994) 435[19] Ph. Spindel, A. Sevrin, W. Troost and A. Van Proeyen, Phys. Lett. B 206 (1988)71; Nucl. Phys. B 308 (1988) 662[20] O. Gorovoy and E. Ivanov, Nucl. Phys. B 381 (1992) 394[21] S. James Gates Jr., Phys. Lett. B 338 (1994) 3127


