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Abstract

Some new results on higher order analogs dR, , o being a sequence of positive
integers, of the standard de Rham complex dR = dR( ;) are presented.
First we sketch an algebraic machinery which allows us to prove an analog of the
infinitesimal Stoke’s formula (also called the Cartan homotopy formula) for dR,’s
with non-decreasing o’s. Second, we outline the key points of the proof that the
cohomology of dR, does not depend on o, under some smoothness assumptions.

1 Definitions

We recall briefly the necessary definitions from [1] and [2] (see also [3]). Let K be
a commutative ring with unity and A a commutative, associative unitary K-algebra.
A — Mod will designate the category of A-modules and, if C is a full subcategory of
A —Mod, [C, C] the category of functors C — C. A functor 7': C — A — Mod will
be said strictly representable in C if it is representable in C, say by 7, and if moreover
there is a functorial isomorphism T' ~ Hom 4 (7,-) in [C, A—Mod].

If P and ) are A-modules and a € A we define:

0o : Homg (P, Q) — Hompg (P, Q)
O r— {6, P:pr— P(ap) —a®(p)} ,peP

(where, as always if no confusion may arise, we use mere juxtaposition to indicate both
A-module multiplications in P and Q). For each a € A, §, is a morphism of K-modules,
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5(11 o] (Sa2 = (Sa2 o] 5(11 ,\V/Cll, ay & A.

Definition 1.1 A (K —) differential operator of order < s from the A-module P to the
A-module Q) , is an element A € Homp (P, Q) such that:

[040 0 gy 0...0, ] (A) =0, V{ag,a1,...,as} C A.

The set Dif fir(P, Q) of differential operators of order < k from P to () comes
naturally endowed with two different A-module structures:

(1) (lefk(PvQ)vT) = lefk(PvQ) (left)v
T AXDiffi(P,Q) — Dif fi(P,Q) : (a,A) — T(a,A): p — aA(p)

(i) (Dif f(P.Q),7)= Dif [F(P,Q) (right).

T AX Dif fr(P,Q) — Dif fi(P,Q) : (a, A) — 7T (a, A) : p— Alap).

We will often write, to be coincise, 7(a, A) = aA and 77 (a, A) = atA. As is easily
seen, (Dif fu(P,Q),(T,7)) = Diff,g—l_)(P, () turns out to be an (A, A)-bimodule.

Remark 1.1 Since
dao(A) = 0 & Alaop) = apAp
Vag e A, Vpe P
we have Dif fo(P, Q) = Hom (P, Q) and also Hom 4(P,Q) ~ Dif fo(P,Q) ~ Dif i (P, Q)

as A-modules.

The obvious inclusions (of sets):

induce the monomorphisms of (A, A)-bimodules:

Dif f(P,Q) — Dif fP(P,Q), k <1

thus giving rise to a directed system (over N) in (A, A) — BiMod (the category of
(A, A)-bimodules):

Diffi7(P.Q) = Dif f{iP(P.Q) — .. = Dif [{(P.Q) — ...
whose direct limit is the (A, A)-bimodule:

dirlim Dif f{9(P,Q) = U Dif f{(P,Q) = Dif fH(P,Q)

filtered by {Dif f{*)(P, Q)}n>0.



Pr: (A, A) — BiMod — A — Mod : (P, P*) —s P
Pr*: (A, A) — BiMod — A —Mod : (P, P*) — P*
we get the two filtered A-modules (Pr and Pr* commutes with direct limits):

Pr (Dif fH(P,Q)) = Dif f(P.Q) = dirlim,s, Dif f,(P,Q) = U, Dif1.(P.Q)
Prt (Dif fO(P.Q)) = Dif [*(P.Q) = dirlims, Dif[F(P.Q) = U Dif [} (P.Q)

(where direct limits are to be understood, now, in A — Mod).
Putting Diffr (A, Q) = Diffr,Q and Diffif (A, Q) = DiffFQ, we obtain the

functors':

Diffx: Qv Dif 1@,
Diffif Qv+ DifffQ
from A — Mod to itself. Remark 1.1 implies Diffi = Diffo = Ids_Mod-
Defining D) (Q) = {A € Dif f,Q | A(1) = 0}, which is an A-submodule of Di f f1.Q)
but not of DiffiFQ, we get a functor Dy A—Mod — A — Mod, together with the

short exact sequence:

0 — Dggy 2 Dif fi 2 Ids_voa — 0 (1)

in [A — Mod,A — Mod], where i, is the obvious functorial inclusion and pj, is defined
by:

Pe(Q): Diffi = Q: A= A(l) A€ Dif frQ

for any A-module ). The functorial monomorphism Ids_moa = Diffo — Diffs
splits (1), so that Dif fy = Dy @ Ida_moa- Dy (Q) is nothing but the A-module of
all @-valued K-linear derivations on A, denoted in literature, mostly, by Ders/k (Q)
(see [5], for example).

Let P and PT be the left and right A-modules corresponding to an (A, A)-bimodule
PW) = (P, PT) (P and P* coincide as K-modules, hence as sets). Let’s denote by
Diffe (P*) (resp. Dty (P*) ) the A-module which coincides with Dif f (PT) (resp.
D@y (PY) ) as a K-module and whose A-module structure is inherited by that of P
(and not of PT)% For an A-submodule S C P we define submodules:

Diffi (S C PH)={A€ Difff (PY)|A(A)C Sy C  Diffi (P)
Dy (S € PHy={A e Dy, (PH) | A(4) C S} L Dy (P

'We omit the obvious rules on morphisms.
2These A-module structures are well defined due to the fact that (P, P*) = PH) is a bimodule.



(01,...,04), we define by\inAduc_ﬁon on n, the fu;ctors Dy (r) A~ Mod —A —\1\//1(;d,
by:

D1y = Dioy) |
Doy : P — Dt (Dioyry (P) C DifJ3 . (P))

.....

For each 0 € N and each n € N, we have an exact sequencein [A — Mod, A — Mod]:

Io(n) e . To(n)
0= Do) = D3ry 0 Dif ff == Dioy..onsoniton) (2)

.....

where I, is the natural inclusion and 7., arises from the "glueing” functorial mor-
phism

Gonron : DUffE 0o Difft — Diffr ..
(9o s (P)] (A) (a) = [A ()] (1)
AeDiffr_ (Diffi (P)), a€ A

Let R be a differentially closed subcategory of A — Mod? ([2]) and P € Ob(R).
Then, by definition, there exist J§ (P) € Ob(R) and 5 (P) € Dif f (P,J’;% (P)) such
that the map

h|—>hoj2%(P)

establishes an A-module isomorphism between Hom 4 (]2% (P), Q) and Diffi, (P,Q),

for any @ € Ob(R), which is natural in Q. J§ (P) is called the k-jet module of P in R.
The (strictly) representative objects A;E(n) of the functors D,y in R are also defined.
They are higher order analogs of the standard modules of differential forms. We also

put, for the sake of uniformity, Age = A.

Examples 1.1 (i) If ® = A — Mod and o (n) = (1,...,1) (n times) then A"
coincides with ¥y ;- ([4] and [5]).

i) I[f K =R, A= C>*(M;R), M being a smooth real manifold*, R is the category
of geometric A-modules® and o (n) = (1,...,1), then A;E(n) is the C (M;R)-module
of n-th order differential forms on M.

3This means that $ is full and all the differential functors A — Mod — A — Mod, when restricted
to R, are strictly representable in ® . A — Mod itself is a differentially closed subcategory.

*Qur smooth manifolds are Haussdorff and with a countable basis.

A C™ (M;R)-module P is called geometric if "each of its elements is univoquely defined by its

values on the manifold M” i.e. if (] I, - P = (0), where I, is the maximal ideal of smooth functions
zeM
vanishing at z.



Now we can associate to any o € NI a de Rham-like complex of differential opera-

tors dR, (R) in R as follows:

d% d%
dR, (R): 0— A ZH ALY oo AQ 2mm) Aot (3)
with d%, 1) = Yo 0 9% (AR), Dogy = I (AFY) — AZ*Y being the

dual-representative (in the sense of duality between representable functors and repre-
sentative objects) of I,(41) in (2). The "higher” differential déc}re(n-l—l) is a differential
operator of order < 0,41 and dR,, (R) is called the higher de Rham complex of type o
in K.

In the situations of the above examples, (3) coincides with the canonical ”algebraic”
and "differential-geometrical” de Rham complex, respectively. We emphasize also that
the complexes dR, (R), R being the category of geometric C* (M;R)-modules, are
natural in the category of smooth manifolds.

The A-modules A;E(n) are generated by elements d,, ., (aldg(n_l) (a2 ol (ag) - ))
ar,az,...,a, € A (reference to £ will be omitted, unless it will be necessary). If
X € Dqy(A), then the Lie derivative operators Ly : A 5 AT() o =1,2, ..., can
be defined as those operators commuting with higher differentials d,(,) and satisfying
the Leibniz rule with respect to the product by elements of A. In particular, the action
of Lx on generators is (ag € A):

LX (Godg(n) (aldg(n—l) (GQ...dgl (an) ))) =
= X (a0) do(n) (@1 (1) (a2--do, (a1) ) + (4)
+ 201 aody(n) (al---da(n—i-l—l) (X (ai) do(r—i) (@iy1...ds, (@) ))) .

If o,7 € NY and 7 > 0, i.e. 7. > o3 Vk € N4, there is a canonical monomorphism
in [R,A —Mod], D,y — D;(n), ¥n € N4, whose dual-representative is an A — Mod-
epimorphism A7 — A" commuting with differentials of dR-complexes. So we
have an inverse system (over N ) of complexes of K-modules:

dR, — dR, ifr>o. (5)

This allows us to define the oo-order de Rham complex in R as:

dR® =inv lim dRY. (6)

CTEN(_T_O

2 The generalized Infinitesimal Stokes’ Formula

We call o0 € N regular if o, < 0,41, Vn > 0; a complex dR, is likewise called
reqular it so is o. In this Section we first define, for regular dR,’s, the insertion
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generalize the Infinitesimal Stokes” Formula to regular dR-complexes. TIn what follows
we adopt the convention of writing V (a,,) (@,-1)--- (a1) in place of the correct but
cumbersome (- - ((V (an)) (an-1))---) (a1) for V€ Dif ff (P)and a1, ay,...,a, €
A, P € Ob(R). Let’s associate to such a V, the operators V,, 0 < r < n, defined by
(ap € A):

Vil(an)...(a1)(ao) = V(an).. (arar—1)...(ag), 0<r<n
Vo(ay)...(a1)(ao) =ao-Vay)...(a1), ag,...,a, € A.
It is a long but straightforward verification, to prove that V. € Dif f* ., ., (P),
g Tl K
with

/“L7(1T—)r-|—1 =0 and (/“LY)v ) ILL7(”LT—)7’7 /“L7(1T—)r-|—27 ce 7/“‘7(;)—1) =0 (n) ) vr.

Definition 2.1 IfX € Dqy(A),[=0,1,....,n;r=0,1,....0 andV € Diff}  (P),
we define (V, X)), € Diffjr,z) LD (P), as:

(V, X), i (an) - (a1) (a0) = ([V (@) .. ], 0 X) (ar) ... (ao) ,
ag,y ..., a, € A.

Remark 2.1 The positive integers I/»(TJ), 1 =1,....,n+ 1, can easily be determined in

terms of o (n) but we will not need their expressions in the sequel.

In the following key proposition, the preceding definitions are applied to elements

of D,y (P), thanks to the natural inclusion (in [R, K — Mod]) D,y C Diff} .

..... on

Proposition 2.1 Let P € Ob(R), 0 € N, n > 0, A € D,y (P), p € P and
ag, ...,a, € A. We define, by induction on n,:

Then:
(i) P+ %X (P) is a well defined functorial morphism in [R,A — Mod]:

where 41 = 0y, fn = max{o,, 0,1}, ..., 2 = max{og, 01}, 1 = o1 (if n =1, to
clear misunderstandings, we declare explicitly that i* Doy = Doy oy )i
(i) the inductive definition (7) can be resolved in the following:
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AP A) =S (C1) (AL X (8)

Dim. (ii) is a straightforward calculation.
(i) is proved by induction on n. For n = 0 the proof is trivial; let us suppose (i)
true for 0 < k < n and let’s prove it for n.

We begin by showing that Va, € A, [iX (A)] (@n) € Diyy,....unsr) (P) (where we have
written i* (P) =¥ ). By the inductive definition we have:

(A (@n) =% (Aan) + Z:(—N A (X(an)).

But by the inductive hypothesis (i), i* (A(an)) € Doy psrins) (P), since Af(a,) €
on) (P). After some combinatorics we also get:

.....

3 17 (30 0] 0 € Dps(P)

r=0

Remembering that ps = max {oy, 05} and putting the two previous results together we
obtain

which is our first step.
To fill the proof of (i), for n, we are left to prove:

.....

(B) [(* ()] (1) =0.
(B) is obvious from the definition and the fact that X (1) = A(1) = 0. To prove (A)

.....

proves that, Vb € A:

o (7 (A)) =i (6,4) + Z:% (—1)" [Sx@mA] +(=1)"[An 0 (3X) = [5A], 0 X].

This can be iterated to give:

which, finally, proves (A), because oy > 1.

From (8) it follows that %X (P) is a homomorphism. Functoriality in P is evident.
O



al = B = . -

morphism:

understood as the composition:

Dcr(n) — D(crl 02,030 n,0n) — Dcr(n—l—l)-

(the last inclusion is allowed by regularity of o: in fact 0, < 0pq1).

In explicit terms, ¥ is given by:

X (A)] (@) - (a1) (a0) = X(ao) - Afan) ... (a1) + Ty a0 (@) .. (X(a)) ... (@) +
+ 30 (=1 Aan) - (ar) (X (@)air) (@i-2) - - (a0) +

+ X0 in (-1 Aan) - (ana) (X (@) (@) - (@) (aiz2) - - (ao) -
(10)

We are now able to give the basic definition of this Section:

Definition 2.2 If 0 € N is regular and X € Dg)(A), we define the X-insertion
A — Mod-morphism (or interior product by X ):
ix : A70HD 5 A7) n >0, (11)

\%
to be the dual-representative of 1~ : iy = (ZX) .

Since the functorial isomorphism D,y ~ Homy (AU(”), ) is realized by A — 2,
with:

I (aodg(n) (aldg(n_l) (a2 codey(an) . ))) = apA (ay) ... (a1),

(11) implies the following expression of ix : A" — A°(") on generators:

( o(n41) (aodg (n) (ald (n—1) (a2 codey(an) . )))) =
X (ao) - don (ald (=1 (a2 doay(an) .. ) +
+ 201 @ody(n) (a1 Ao (n-141) (X(al) .d (1)(an) .. )) +
+2 (_1)ldcr (n) (God (n—1) (Ch cr n—1+2) (aj—2d, (n— l-|-1)(6ll 1 X (ar) .. da(1)(an) ce) )) +
T Sy e (n)( ( o ip2y(@imadynign) (aiais . dg(n_Hl)(X(al)...dg(l)(an)...))



the following diyagr/am in [%,A — l\/iod] is commutative:
Z’X
Dcr(n) — Dcr(n—l—l)

T T
DT(TL) —X> DT(TL-l—l)

K3

(where the vertical arrows are natural inclusions). Its dual-representative is therefore
commutative:

Ac(H) X po(n)

| |
AT(TL-l—l) N AT(TL)

ix

and the vertical (reversed) arrows are now A — Mod epimorphisms.

Now we can extend the Infinitesimal Stokes’” Formula to higher de Rham complexes
by a straightforward verification:

Proposition 2.3 (”Generalized Infinitesimal Stokes” Formula” )
If dR, s regular then, Vn > 1, in:

Acr(n—l) df’iﬁ Acr(n) df’(ﬁ;) Acr(n—l—l)

— —
ix ix
we have:
Lx =ixo0 dg(n_H) + dg(n) oix. (13)

From formula (13) and commutativity of higher order de Rham’s differentials with
pullbacks, as it is well known (see for example [7]), it descends the homotopy-invariance
property of the (standard and) higher de Rham cohomologies when A = C* (M;R), M
being a smooth real manifold, and R is the category of geometric A-modules. The other
Eilenberg-Steenrod’s axioms being easily verified for higher de Rham cohomologies, we
get then that standard de Rham’s and higher de Rham’s cohomologies coincide for
smooth real manifolds. In the next Section we outline the key points of a purely
algebraic proof of a slightly more general result.

It is also worth mentioning that (13) is of great interest in trying to build a C-
spectral sequence ([8]) by working from the very beginning with higher or infinite de
Rham complexes (see [8], 12.2 p.126).



Definition 3.1 A differentially closed subcategory R of A — Mod is called smooth if
Ag%l) is a projective A-module of finite type.

Examples 3.1 (i) If M is a smooth real manifold, A = C* (M;R), by the Serre-Swan
theorem, the subcategory ® = A — Modeom of geometric A-modules, is smooth.

(i) If K is an algebraically closed field and A is the coordinate ring of a regular
affine variety over K, then the whole A — Mod is smooth.

In the rest of this Section A is a K-algebra of zero characteristic, containing K as
a subring and R will be a differentially closed smooth subcategory of A — Mod. All
representative objects (unless otherwise stated) will be considered in R, so we will omit
any reference to R in them.

Smoothness of R implies that, in the exact sequence (2), m,(, is epic, so that we
get, Vo € N and Vn > 1, the following short exact sequence in [R, A — Mod]:

0 — Dyny = Diry 0 Diff5 = Doy onsonston) = 0- (14)

.....

The n-th cohomology K-module of the complex
dR, : 0— AW AT | Ao D peet)

is denoted by:

e ker (dg(m_l))

7 m (dg(n))
Since H! only depends on o (n+ 1), we will write also H(pqq) 10 place of H?. We
recall to reader’s attention that in the situation of Examples 1.1 (ii), H gy 18 nothing
but the n-th de Rham cohomology R-vector space of the smooth manifold M.
In the rest of this Section we will sketch the proof of the following:

= H" (dR,).

Theorem 3.1 ("Smooth” rigidity of higher de Rham cohomologies )
If ® is a smooth subcategory of A — Mod, then, ¥V 7,0 € N with 7 > o, the
canonical epimorphism (5):

dR, — dR,

is a quasi-isomorphism. Then:

H™ ~ H"™, Yn > 0. (15)
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Corollary 3.2 (i) If M is a smooth manifold, A= C* (M;R) and R = C> (M;R) —
Mod o, then the higher de Rham cohomologies coincide with the standard one.

(i) If K is an algebraically closed field of zero characteristic and A is the coordinate
ring of a reqular affine variety over K, then the higher de Rham cohomologies coincide

with the standard algebraic one.

We note that the last Corollary is false, in general, for a non-smooth manifold or a
non-regular affine variety.

The strategy of the proof of Theorem 3.1 is the following:

keeping n > 0 fixed, we will prove the thesis by reducing, step by step, each entry
of o(n+1) to 1, starting from 0,41 :

Hyy 2 Hipyy 2 Hignenypgy & - 2 Hig 1y = Hig (16)

.....

The first step in the chain (16) is accomplished by the following®:

Lemma 3.3 Let n € Ny. If 0,7 € N are such that o (n) =7 (n), then:
(i) ker dy 41y = ker dr g1y
(ZZ) m (dg(m_l)) ~im (dT(n-I—l))

(where ~ means K — Mod-isomorphism,).

Dim. Let 0 € N7, k> 1. Let us consider the functorial short exact sequence:

0 = Diop-1,1) = Diop_1yo Dif fi - Dy — 0
whose dual-representative:

-V

0 — A(cr,k) Z_} Jl (A(U,k—l)) N A(cr,k—l,l) -0

is likewise exact (in ). We embed this last one in the commutative diagram:

0 — NG A (A(g,k_n) ., A1)

Aoy T T
A° A(cr,k—l)
Ao k—1)

(on generators, in fact, we have:

Y (d(mk) (a- w)) =N (d(mk_l) (a- w)) ,a€ A we A,

which proves commutativity).

5This Lemma has been proved, independently, also by Yu. Torkhov.
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A A . hal D N A

and, by commutativity, ( o d,, k)) (w) = 0. But ¢¥ is a monomorphism, so:

kerd,x—1) C kerd(y ), Vk > 1.

The reversed inclusion being obvious, we have proven (i).
(ii) follows from (i) and the Canomcal exact sequences:

0 — kerdpy — A° M m (d(mk)) — 0

diok—1) .
0 — ker d(o’,k—l) — AU — mm (d(g7k_1)) — 0

To prove the k-th step of chain (16), it is enough to prove that:

H(Z(k—l),crk-l—l,l ..... 1) ZHZZ(k_l),gk,l ..... 1) (17)

n+1 n+1

where we write (p), to stress the fact that p € N’.. To prove (17) we use an auxiliary
complex.

Definition 3.2 Let P € Ob(R) and 7 € N. We define the following functors ® —
A — Mod:
HOZP lefﬁ( ) )
Holp™ = Dif 2 (P, Dy C Diff5..)
where, if (Q, Q%) is an (A, A)-bimodule, Q, Qt € Ob(R) and S C Q), we have put:

Difft (PSS cQY)={AeDiff (P.Q*) | A(P) C S}
the A-module structure being that inherited by Dif fi, (P,Q), VkE >0 .

We call these functors Hol-functors” of the A-module P. By an easy diagram chasing
we get:
Proposition 3.4 The functorial sequence:

0 — Holp™ — [Holp" ] o Dif f} — Holy "™ g (18)

(in which the morphisms are natural extensions of that of (2)) is exact in [R, A — Mod].

"Hol stands for ”Holonomy”.

12



R. We shall indicate its representative objects by:

Holr(w)(P)
and call it Hol-object of type T (n) of the A-module P.

Dim. Hol;(l) is strictly representable since R is differentially closed. From Propo-
sition 3.4 we get the thesis by induction on n. O

In fact, taking the dual-representative of (17) we get:

37 (Holr(u-1)(P))
P

Hol, () (P) ~ (19)
) HOZ(T(n—2),Tn—1+Tn)( )
in k.
Let us now define the differential operator (natural in P € Ob(R)):
Or(ng1) (P) : Holy(n)(P) — Hol,(n41)(P) (20)

as the composition:

37+t (Holn)(P))

jrn+1 (]ﬁ(n) (P))
HOZ(T(n—1),Tn+rn+1)(P)

T(n+1 P
Hol ) (P) JTnt1 (HOZT(H)(P)) 8 (+—)>( ) ~ Hol; g1y (P)

Pr(nt1)(P) being the canonical quotient projection. &y, n > 0, will be the " differential”
of our auxiliary complex; in fact one can prove the following:

Proposition 3.6 VP € Ob(R), Vr € N, the sequence:
Hol, (P): 0 — Holy(P) =P —  Hol.;)(P)=J"(P) — ...
6T(n+1)(P)
.= Hol,(y (P) "= " Hol (n41)(P) — ...

is a complex in R, called Hol,-complex of P. Furthermore Hol, is a functor R —

Kaifr (R)%.

We now want to show that if 7 € N is regular, then, VP € Ob(R), Hol, (P) is
acyclic; in fact we are going to exhibit (functorially in P) a trivializing homotopy. With
the notations of Proposition 3.6, we define the following ¥-morphisms:

wo(P)=0:Holy(P)=P —0
@ri1) (P) = (P) s Holyqay (P) = J™ (P) = P = Holy (P).

8Kairf (R) denotes the category of complexes of differential operators formed by objects of R.
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R N EAEe -

©rny (P) 2 Holy iy (P) — Holy -1y (P)

let’s consider the differential operator of order < 7,:

Artugr) (P) = 1d (Holr () (P)) = 82a) (P) 0 9ray (P) : Holyy (P) = Hol () (P).
By duality, it defines a R-morphism

AN
Prtur) (P) 1 37+ (Holr(y (P)) — Holr(ny (P)

(7 being regular).
Since

A
ker [%(nﬂ) (P)] 2D Hol(r(n=1),m+7ns1) (P) 5

AN
?r(nt1) (P) induces a quotient morphism:

©rnt1) (P) : Holr(nyry (P) — Holr(n) (P) .

This accomplishes the inductive definition of the family {997(71) (P)}

It is a direct calculation to prove:

nZl'

Proposition 3.7 VP € Ob(R), V7 € NI regular, {997(71) (P)} L sa trivializing
homotopy for Hol, (P). Furthermore, {997(71) (P)} o is natural in P.

We now use both the Holi-complex and the functorial homotopy {w1, (P)}, s,
1=(1,..,1,...) e N®, 1, =(1,...,1) € N%, to prove formula (16). Let us consider the
epimorphism of fragments of higher de Rham complexes:

A(cr(k—l),crk—l—l,l ..... 1), _ A(cr(k—l),crk—l—l,l ..... 1), N A(cr(k—l),crk-l-l,l ..... 1)n+1 _ A(cr(k—l),crk—l—l,l ..... 1)n+2
l l l
A(cr(k—l),crk,l ..... 1), N A(cr(k—l),crk,l ..... 1), N A(cr(k—l),crk,l ..... 1)n+1 N A(cr(k—l),crk,l ..... 1)n+2
(21)
(where, as before, we write (), if 7 € N% ). If we prove that the kernel of this epimor-
phism is acyclic, then (16) will follow from the cohomology long exact sequence. We
need more sinthetic notations. For each (u), = (p1,...,p0s) € N3, 1 <7 <5, 7,5 € Ny

[(((;;S = ker (A(ul ..... TR _ A(p,l ..... ur—l,...us)) )

Then, the kernel of (21) may be rewritten as:
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KW (22)

K=Ky, forr=n—lnn+1n+42
Finally, we will write [&”((CIZ)S) in place of K((jl) ..... o opts) forl <s<n-—Fk+3.

Now, using;:

(i) the dual-representatives of (18);
(ii) the exactness of functor J*, k& > 0, in %;
(iii) the "3x3” Lemma;

we can prove the commutativity of the following diagram:

0 0 0 0
! l | <k>l
0 0 0 K
. N N (o,n—k+3)
! ! |
(K (K
0 - 0 — KO ) = Holy (K(), 1))
! <k>l l<k> l““)

0 = Kk —  Holgy (K(hpeny) = Holaay (Khoin)
! k - b oo
Ky = ()~ o (K) = el ()

! ! !

The bottom row is (22) while the other rows are fragments of different Hol-complexes.
With a little diagram chasing, we can prove that if in this diagram we substitute the
differentials of the Hol-complexes by their trvializing homotopies®, we still end up with
a commutative diagram. Therefore (22) is isomorphic to a quotient of a Hol-complex,

9Whose arrows are reversed, with respect to differentials.
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motopies pass to this quotient, thus yielding a trivializing homotopy for this quotient,
isomorphic to (22): this proves acyclicity of (22) and also Theorem 3.1.
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