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Abstract

Graphs are attached to Zgr where Zor is the ring with 2" elements using an
analogue of Euclidean distance. M. R. DeDeo (2003) showed that these graphs
are non-Ramanujan for » > 4. In this paper, we will show that finite Euclidean
graphs attached to Zgr are non Ramanujan for r > 2 except for r =2 and d = 2, 3.
Together with the results in Medrano et al. (1998), this implies that finite Euclidean
graphs over Z, for p prime are non-Ramanujan except for the smallest cases.

1 Introduction

Finite Euclidean graphs have been studied by many authors (see [10]). In [8], Medrano,
Myers, Stark and Terras studied the spectral of the finite Euclidean graphs over finite
fields and showed that these graphs are asymptotically Ramanujan graphs. In [2], Ban-
nai, Shimabukuro and Tanaka showed that these graphs are again always asymptoti-
cally Ramanujan for more general setting (i.e. they replace the Euclidean distance by
nondegenerated quadratic forms). The author recently applied these results in several
interesting combinatorics problems, for example tough Ramsey graphs (with P. Dung)
[12], Szemeredi-Trotter type theorem and sum-product estimate [14], the Erdds distance
problem [13] and integral graphs (with S. Li) [5].

Medrano et al. [9] study a finite analogue of real symmetric spaces, namely the finite
Euclidean space Zgr over the finite ring Z,- for odd prime p using a finite analogue of the
usual Euclidean distance. It is shown that, for p an odd prime, Euclidean graphs over
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Zg,« are non-Ramanujan for » > 2 unless p = 3 when r = d = 2 (see Medrano et al [9],
Theorem 2.5). The case p = 2 was avoided as this case is unwieldy. DeDeo [4] addresses
the question of how graphs attached to Z%,. He shows that Euclidean graphs over 74,
are non-Ramanujan for » > 4. Although the degree and the spectrum of the Euclidean
graphs over Z,- can be related to the degree of the Euclidean graphs over 7, for odd prime
p, the degree and the spectrum of the Euclidean graphs over Zso- can only be related to
the Euclidean graphs over Zg by DeDeo’s method. This bars him from proving that the
Euclidean graphs over Zso- are non-Ramanujan for » = 2 and 3. Note that, a part of the
motivation to study these graphs is to find finite analogues of real Euclidean space Rn
and analogies to the harmonic analysis on R" as discussed in Terras [11]. This has been of
interest to physicists for some time in areas such as statistical theory of the energy levels
of a complex physical system. The analogous properties, the distribution of eigenvalues
and eigenfunctions associated to finite Euclidean graphs, are discussed in Medrano et al.
9], and DeDeo [4].

In this paper, we will show that the Euclidean graphs over Zs- for r = 2 and 3 are
also non-Ramanujan except for the smallest cases, » = 2, d = 2 and 3. Together with
Theorem 2.5 in Medrano et at. [9] and Theorem 11 in DeDeo [4], we have a complete
picture of the Ramanujancy of finite Euclidean graphs over Z, (Theorem 11).

The rest of this paper is organized as follows. In Section 2, we summary preliminary
facts of finite Euclidean graphs over Zsyr and study the spectrum of these graphs. We show
that eigenvalues of the finite Euclidean graphs over Zs: also can be related to Kloosterman
sums and Gauss sums (Theorem 7) as in the odd case (see Theorem 2.9 in [9]). We then
prove that the finite Euclidean graphs over rings are non-Ramanujan except the smallest
cases in Section 3.

2 Spectrum of finite Euclidean graphs

Let Zor be the ring 7/2"7, r > 2. The finite Euclidean space 7.2, consists of column
vectors z with jth entry z; in Zgr. Define the distance between x and y in Zg, by

d
d(z,y) ="z —y).(x—y) =Y (& — )" (2.1)
i=1
This distance has values in 7y and it is point-pair invariant.

Given a in Zor define the finite Euclidean graph F(2",d, a) with vertices the vectors
in 74, and two vectors being adjacent if and only if d(x,y) = a.

Let T be a additive group. For S CT,0¢ S and S™!' = {—s:s € S} = 5, the Cayley
graph G = C(I', S) for additive group I" and edge set S is the undirected graph having
vertices the elements of I' and edges between x and y = x + s for z,y € I', s € S. The
Cayley graph G = C(I', ) is regular of degree |5].

Let

Sorg(a) = {x € 73, | d(x,0) = a}. (2.2)

Then the finite Euclidean graph E(2",d,a) is a Cayley graph C(Zg., Sor 4(a)).
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Recall that the eigenvalues of Cayley graphs of abelian groups can be computed easily
in terms of the characters of the group. This result, described in, for example, [6], implies
that the eigenvalues of the finite Euclidean graph E(2",d, a) are all the numbers

Ay = > exr(b), (2.3)

fEeSd’Q”‘ (a)

where b € 74,. In this section, we will study these eigenvalues )\((f)(b)’s.
We define the following conventions which will be used throughout the paper.

e The notation §(P) where P is some property, means that it’s 1 if P is satisfied, 0
otherwise.

e For any k € 7Z3.. We define I-(k) the unique element I (k) € 73, satisfying

klor(k) =1 mod 2".

e For any integer k and x = (x1,...,74) € Z4,, k | x if and only if k | z; for all 4 in
{1,...,d}.
e For any integer k and x = (z1,...,74) € 74, k { z if and only if k { x; for some i in

{1,....d}.

e The exponential:
en(x) = exp{2miz/n}.

Before beginning the discussion, we need to consider the Gauss sums over rings. For
c € 7, define the Gauss sum

Gulc) = enlch?). (2.4)

kE€Zn
If (¢,n) =1and n =2 mod 4, then

Gn(c) = 0. (2.5)

If (¢,n) =1and n =0 mod 4, then

Golc) = (ﬁ) (1+i)v/n, (2.6)

c
here the Jacobi symbol (%) is defined as follows:

e If ¢ = p is prime then

n 1 pt{n, nissquare mod p
(_) =< —1 pftn, nisnonsquare mod p
p 0 pl|n



o If c=pi'...p* is the prime decomposition of ¢ then

O-=0G) - G)

For more information about the Gauss sums, we refer the reader to Section 1.5 in [3].
For any a € Zoyr and b € 74, we define

for(a,b) = Z ear(—va) Z exr (b +v'2.7), (2.7)

vEZor z€ZY,

and

gor(a,b) = Z ear(—va) Z exr("b.x + v'w.x) (2.8)

vEZL €L,
If r =1 then f5(a,b) is easy to compute.
Lemma 1 For any a € 7% and b € 74 then

2d b=1(0,...,0)
fala,b) =4 —2% b=(1,...,1) (2.9)
0 otherwise.

Proof We have

fala,b) = > es("bw) —eaa) Y | ea'bw +" )

ze7d ze7d
d
= ] (e2(0) + ea(bi)) — [ [ (€2(0) + (b + 1))
=1 i=1
d d
= 2'[[obi=0)—2*]]6(bi = 1)
i=1 i=1
24 b =(0,...,0)
= —2¢ ph=(1,...,1)
0 otherwise.
This concludes the proof of the lemma. 0

The following lemmas relate )\((f)(b) with for(a,b) and gor(a,b).

Lemma 2 For any a € Zior and b € Zgr then

A (b) = 23 far(a, b). (2.10)



Proof We have
AP0 = Y en(ba)

z€Sg,2r (a)

— Z 217 Z exr(tb.x +v(tw.x — a))

iEGZgr UGZQT

1
= o ear(—va) Z exr("b.x + v'w.x)
VEZior meng
1
= —fo(a.b
27- f2 (a’7 )7
completing the lemma. O

Lemma 3 For any a € Zior and b € Zgr then
for(a,b) = gor(a, b) + 6(2|0)2% for—1(a, ¢), (2.11)
where ¢ € 74, 1 satisfies b= 2c given that 2|b.
Proof We have
for(a,b) = gor(a, )+ > exr(—wa)ex (ba+ 2u'x.x). (2.12)

weZQ’I‘—l 7"E€Zgr

We can write £ = 2" '2; + 25 uniquely where z; € Zg and zo € ZgT_l. Substitute into
(2.12), we have

far(a,b) = gor(a,b) + Z ear_1(—wa)ea(*b.xy)eqr (th.wy + 2w xg.29)

WEZigr—1 75”162%75”262;7«—1

= gor(a,b)+ Z ea("h.1) Z egr—1(—wa)eqr (0.9 + 2w ry.27)

zleZg weZQ’I‘—l
erZgr—l
d
= gr(a,b)+ [JA+e) | D eri(—wa)ear("bas+ 2w'ws.0)
i=1 WEZLigr—1
ZQGZ;T_l
= gor(a,b) +3(2]b)2¢ Z egr—1(—wa)eyr—1(fe.vg + weg.z9)

WELyr—1,22€L3, 4
= gor(a,b) + 5(2[b)2% fyr—1(a, c).
This concludes the proof of the lemma. 0

From Lemma 1 and Lemma 2, we have the following formula for the spectrum of
E(2,d,a).



Theorem 4 For any a odd and b € 74 then

241 p=(0,...,0)
ADB) = =241 p=(1,...,1) (2.13)
0 otherwise.

Lemma 5 For any v,b € Z% and r > 2 then

> ear(br +v2®) =0. (2.14)

TEZor

Proof We have
Z €2r(b$ + U:Ez) = Z €or+2 (U(Qél? + blgrt2 (U))2 — Tori2 (U)bz)

TEZor TEZor
= egrea(—Lr2(0)0?) Y e (0(23 + blari2 (v))?)
TEZor
1
= Gerea(—lyea(v)?) D earn (022 + by (v)?),
IEEZQT+1

since (2 + blyr+2(v))? = (2(x + 27) + blyr+2(v))? mod 272, Let a = blyr+2(v) then a is
odd as b and v are so. Thus, we have

Z eort2(V(2r + a)?) = Z egriz (V%) — Z egri2(vr?)

(EGZQT+1 IEGZQT+2 Z€222T+1

= Gor2(v) — Z ear(v?)

2E€Zgr41

= G2r+2 (U) — 2G27‘ (U) = 0,

where the last line follows from (2.6). This completes the proof of the lemma.

[
From Lemma 5, we have the following formula for gor(a,b).
Lemma 6 For any a € Zior and b € Zgr then
By — 0 there exists i such that 21 b;
g2 (a,b) = D vezs, €2r(—va— I (v)te.c)(Gar(v))E 2| b; for all i,
(2.15)

where ¢ € 74, 1 satisfies b = 2c given that 2 | b.
Proof We have

gor(a,b) = Z ear(—va) Z eor (b + v'w.1)

VEL Sy ez,
d
= Z ezr(—va)H < Z ear (b —|—w:2)> )
VELSy i=1 \x€Zor
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From Lemma 5, if there exists some ¢ such that 2 1 b; then gor(a,b) = 0. Now, we suppose
that 2|b; for all i. We write b = 2¢ for some ¢ € Zgr_l C 74,.. Then

gor(a,b) = Z ear(—va) Z eor(2'c.w + v'x.7)

UGZ;T IEGZgT

= Z egr(—va) Z er (Vi (2 + Ior(v)c).(x + Iar(v)e) — Ior(v)te.c)
UGZ;T IEGZgT

= Z egr(—va — Iyr(v)te.c) Z eor (Vi)
VETL, vz,

= Z eor(—va — Iy (v)'e.c)(Gor(v))2
vEZy

This concludes the proof of the lemma. 0

Putting Lemmas 2, 3 and 6 together, we derive the following simple formula for eigen-
values A (b)’s of E(2",d, a) in the spirit of formula (11) of Medrano et al. [8] and Theorem
2.9 of Medrano et al. [9].

Theorem 7 Leta € Zor, b € Zgr and r,d > 2. We have two cases.

1. Suppose that 21 b, i.e. there exists i such that 21 b;, then )\((f)(b) =0.
2. Suppose that 2| b, i.e. 2| b; for all i. Let c € 74, , satisfies b= 2c, then

A (h) = S Z eor(—va — Inr(v)e.c)(Gor (V) 4 27NV (). (2.16)

T
vELS

Proof Suppose that 21 b. From Lemma 2 and Lemma 3 we have S (b) = >Gor(a,b).

Together with Lemma 6, this implies that )\((f)(b) = 0. Now suppose that 2 t b. From
Lemma 2 and Lemma 3 we have

1
A (B) = orgar(a,0) + 207NV (e). (2.17)
The lemma follows immediately from (2.17) and Lemma 6. O

We also remark that most of results in DeDeo [4] can be derived from Theorem 7 and
the properties of Kloosterman sums over ring Zo:.

3 Ramanujancy of finite Euclidean graphs

Now we will study the Ramanujancy of finite Euclidean graphs F(4,d,a) and F(8,d,a).
We are only interested in the case a odd as these graphs are disconnected for even a.



Theorem 8 Let a be an odd integer and d > 4 then the Euclidean graph E(4,d,a) is not
Ramanugan.

Proof Note that G4(1) = 2+ 2i, G4(3) = 2 — 2i and if v € Z] then I4(v) = v. Thus,
equation (2.16) becomes

A2 (2¢) = i S ea(—v(a+ ) (Ga®)) + 272D (o) (3.1)

vEZ}

Substitute b = (0,...,0) into (2.16), we obtain the degree of E(4,d, a)

|Saa(a)] = AP(0) = i {ea(—a)(Ga(1))? + ea(—3a)(Ga(3))"} + 2" AN(0)
= 272(eq(—a)(1 + 1) + es(—3a)(1 — 0)?) 4 22472 (3.2)

where the last line follows from Theorem 4. We have four cases.
Case 1. Suppose that d = 4k for some k > 1. Then equation (3.2) becomes

|Syan(a)| = 2572, (3.3)

We choose ¢ = (1,1,1,0,...,0) or ¢ = (1,0...,0) for a = 1 or 3 mod 4, respectively.
From Theorem 4, )\((11)(0) = 0. Thus, equation (3.1) becomes

A2 (2¢) = i((z +20)% 4+ (2 — 2i)%) = (—1)k2%k—L, (3.4)

But |)\((12)(20)| > 24/|Ss4k(a)|, so E(4,4k, a) is not Ramanujan.
Case 2. Suppose that d = 4k + 2 for some k£ > 1. Then equation (3.2) becomes

28k+2 1 (—1)k20k+2 g =1 mod 4
Suanea(o)l = { S T i o2 s e d (35

We choose ¢ = (1, 1,0,...,0). From Theorem 4, )\((11)(0) = 0. Thus, equation (3.1) becomes
1
A (2¢) = Z(ﬂm'(z +2i) Fi(2 — 20)%) = £ (—1)k20kF2, (3.6)

But |)\((12)(20)| > 24/|S4ak+2(a)|, so E(4,4k + 2, a) is not Ramanujan.
Case 3. Suppose that d = 4k + 1 for some k& > 1. Then equation (3.2) becomes

28k 4 (—1)k2%% =1 mod 4

[Saii(@)] = { 28k — (—1)*2% =3 mod 4. (3.7)

We choose ¢ = (1,1,1,0,...,0) or ¢ = (1,0...,0) for a = 1 or 3 mod 4, respectively.
From Theorem 4, )\((11)(0) = 0. Thus, equation (3.1) becomes

A2 (2¢) = %((2 + i) 4 (2= 20)) = (—1)Fo0% (3.8)



But |)\((12)(20)| > 24/|S44k+1(a)|, so E(4,4k + 1, a) is not Ramanujan.
Case 4. Suppose that d = 4k + 3 for some k& > 1. Then equation (3.2) becomes

28k+4 L (_1)k206k3 =1 mod 4
|Saax+3(a)| = { O8k+4 _ E_lgk26k+3 a=3 mod 4. (3.9)

We choose ¢ = (1, 1,0,...,0). From Theorem 4, )\((11)(0) = 0. Thus, equation (3.1) becomes
1
AP (2¢) = 7 (2 + 2i) T (2 — 20)%) = £(—1)k25k+3, (3.10)

But |)\((12)(20)| > 24/|S44k+3(a)|, so E(4,4k + 3, a) is not Ramanujan.
This completes the proof of the theorem. O

Remark 9 For the smallest cases, d = 2 and 3, finite Euclidean graphs E(4,2,a) and
E(4,3,a) are Ramanugan. This can be checked easily by computer (see [4], p. 54).

Theorem 10 Let a be an odd integer and d > 2 then the Euclidean graph E(8,d,a) is
not Ramanujan.

Proof Note that Gg(1) = (1 +14)2%2, Gg(3) = —(1 —1)2%2, Gs(5) = —(1 +14)2%2,
Gs(7) = (1 —)2%? and Ig(v) = v if v € Z%. Thus, equation (2.16) becomes

1
A (2¢) = S > es(—v(a+' c.0))(Gs(v)* + 27 AP (). (3.11)
veZ}
Substitute b = (0,...,0) into (3.11), we obtain the degree of E(8,d,a)
1
Ssala)| = N2(0) = £ 3 es(—va)(Go)) + 27 Suata) . (312

veZ}

We have four cases.
Case 1. Suppose that d = 4k for some k£ > 1. Substitute (3.3) into (3.12), we have

[Ss.ar(a)] = 27" Sp.a(a)] = 2277, (3.13)

where we use the fact that Zvezg es(—va) = 0if a is odd. We choose ¢ = (1,1,1,0,...,0)
or ¢ = (1,0...,0) for a = 1 or 3 mod 4, respectively (to make a +' c.c = 0 mod 4).
From Theorem 7, )\((12)(0) = 0. Thus, equation (3.11) becomes

A®)(2¢) = ié D (Gs(v))* = £2%1, (3.14)

veZ}

But |)\((13)(20)| > 24/|Ss.ak(a)|, so E(8,4k, a) is not Ramanujan.



Case 2. Suppose that d = 4k + 2 for some k£ > 0. Substitute (3.5) into (3.12), we have
|S8,4k+2(a)| —  912k+3 4 9l0k+3 | 98k—3 Z 68(—21&)(G8(U))2

veEZg

212k+3 :l: 210k+37 (315)

where the last line follows from eg(—va) = —es(—(v + 4)a) and Gg(v) = —Gs(v + 4).
If d = 2 then from (3.15), we only need to consider the case a = 1 mod 4 (otherwise,
|Ss.ak+2(a)| = 0 and the graph is isolated points). So we can choose ¢ = (1,0...,0) or
c=(1,1,1,0,...,0) for a = 1 or 3 mod 4, respectively (to make a + ‘c.c =2 mod 4).
From Theorem 7, )\((12)(0) = 0. Thus, equation (3.11) becomes

AP (20) = 229753 ex(—v(du + 2))(Gs(v))?
— :|:28k+1(i(1 + i)z - i(l - 2)2) — j:26k+3‘

But |)\((13)(20)| > 24/|Ss ak+2(a)|, so E(8,4k + 2, a) is not Ramanujan.
Case 3. Suppose that d = 4k + 1 for some k£ > 1. Substitute (3.7) into (3.12), we have

[Ssaria(a)) = 2 £ 2 L0 ey(—va)Gi(v)
veZg
286+ =1 mod 4
_ 12k 10k
= 2T+ i{0 a=3 mod 4. (3.16)

We choose ¢ = (1,1,1,1,0...,0) or ¢ = (1,1,0,...,0) fora = 1 or 3 mod 4, respectively,
to make a + ‘c.c = 1 mod 4. From Theorem 7, )\((12)(0) = 0. Thus, equation (3.11)
becomes

AP (20) = 2570 " eg(—v(du+ 1))Gs(v)
veZ}
— j:28k+1‘

But |)\((13)(20)| > 24/|Ss.ak+1(a)|, so E(8,4k + 1,a) is not Ramanujan.
Case 4. Suppose that d = 4k + 3 for some k£ > 3. Substitute (3.9) into (3.12), we have

|S8,4k+3(a)| — 9I2k+6 | 9l0k+5 | 98k—3 Z 68(—Ua)(G8(U))3
veEZg
0 a=1 mod4
12k+6 10k+5
2 +2 + { 2845 =3 mod 4. (3.17)

We choose ¢ = (1,1,0,...,0)or ¢ = (1,1,1,1,0...,0) fora = 1 or 3 mod 4, respectively,
to make a + ‘c.c = 3 mod 4. From Theorem 7, )\((12)(0) = 0. Thus, equation (3.11)
becomes
AP (20) = 2575 " eg(—v(du+ 3))(Gs(v))?
veZ}

— j:28k+5‘
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But |)\((13)(20)| > 24/|Ss.ak+3(a)|, so E(8,4k + 3,a) is not Ramanujan.
This completes the proof of the theorem. O

Putting Theorem 2.5 in [9], Theorem 11 in [4], Theorem 8 and Theorem 10 in this
paper together, we have the following theorem.

Theorem 11 Let r,d > 2, a € Z and p is prime such that p t a, then the Euclidean
graph E(p",d,a) is not Ramanujan except the smallest cases: p = 2,7 =2, d =2 and 3,
andp=3,r=d=2.
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