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I. IntroductionThe state space of a classical system with n alternatives is the simplex of proba-bility distributions on the n-point-space. The probability simplex is an n� 1 dimen-sional manifold with boundary and its a�ne structure is fairly trivial. The extremeboundary consists of n discrete points. In quantum mechanics, the state space of ann level system is identi�ed with the set of all n � n positive semide�nite complexmatrices of trace 1. (They are called density matrices.) The case n = 2 is easilyvisualized as the unit ball in the 3-space.12 � 1 + x y � izx � iy 1� x �  ! (x; y; z) 2 IR3 (x2 + y2 + z2 � 1)The boundary consists of noninvertible matrices and it is an in�nite set. The casen = 2 is simple but for higher n the structure of the topological boundary is rathercomplicated. The extreme boundary consists of the density matrices of rank one andfor n > 2 it is much smaller than the topological boundary. As far as dimensionalityconcerned, the topological boundary is n2 � 2 and the extreme one is 2n � 2. Theextreme states are usually called pure and they are described in the textbooks bynonzero vectors of a complex Hilbert space of linear dimension n. The same state isdescribed by a vector  as well as � , where � is any complex number di�erent from0. This means that pure states are in one-to-one correspondence to rays f� : 0 6=� 2 Cg. The rays form a smooth manifold called complex projective space, CP (n�1).On the level of convex structure the di�erence between the classical and quantumstate space is well-understood. The classical one is a Choquet simplex and di�erentaxiomatizations of the quantum one are available in the literature, the reader maybe referred to the works [4, 5], for example. Our main concern here is the possibleRiemannian structure in the quantum case. Before turning to that subject, we reviewbrie
y the classical case, that is, the Riemannian structure on the space of measures.>From the viewpoint of information geometry, the spherical representation of theprobability simplex is adequate, because the squared length of the tangent vector ofa curve equals the Fisher information. Indeed, introduce the parameters zi = 2ppi,where 1 � i � n and Pi pi = 1. Then Pi z2i = 4 and the probability simplex isparametrized with a portion of the n-sphere. Let x(t) be a curve on the sphere. Thesquare of the length of the tangent ish@tx; @txi =Xi (@txi)2 =Xi pi(t)(@t log pi(t))2 ;which is the Fisher information. The geodesic distance between two probability distri-butions Q and R can be computed along a great circle and it is a simple transformof the Hellinger distance. The lecture notes [2] contains further details as well asstatistical applications of this geometric approach. To the best of our knowledge,Riemannian metric on quantum states was �rst considered by Helstrom in connec-tion with state estimation theory [13]. Since Helstrom's work, several other metricsappeared in the literature, see for example [6], [7], [12], [23] and Uhlmann approachedHelstrom's metric in a di�erent way ([25], [26]).2



The present paper is organized as follows. In Section II we survey the workof Chentsov both in the probabilistic and in the quantum case. We explain howhe arrived at the study of invariant metrics on the space of probability measures,motivated by decision theory, and how far he could go towards the quantum gen-eralization after his unicity result about the Fisher information in the probabilisticcontext. Section IV reviewes di�erent approaches to Riemannian metric on the quan-tum state space. The relation of Uhlmann's and Helstrom's work to Chentsov's ideais enlightened and a concise description of the complex projective space is given. Themain results are contained in Sections IV and V. We construct monotome metricsby means of operator monotone functions and prove that all monotone metrics areobtained in this way. Our result completes the program initiated by Chentsov. Itturns out that the symmetric logarithmic derivative metric of Helstron (which isthe same as the metric studied by Uhlmann) is monotone. Furthermore, this metricis minimal among all monotone metrics. The subject of Section V is the extensionof monotone metrics to pure states. We prove that if the extension exists then itcoincides with the standard metric of pure states up to a constant factor.II. The viewpoint of ChentsovChentsov was led by decision theory when he considered a category whose objectsare probability spaces and whose morphisms are Markov kernels. Although he workedin [9] with arbitrary probability spaces, his idea can be demonstrated very well on�nite ones. In this case a morphism from the probability n-simplex Sn to an m-simplex Sm is an n�m stochastic matrix. If � is such a matrix and P 2 Sn then P� 2Sm is considered more random than P . Generally speaking, the parametrized family(Qi) is more random than the parametrized family (Pi) (with the same parameterset) if there exists a stochastic matrix � such that Pi� = Qi for every value of theparameter i. Two parametric families (Pi) and (Qi) are equivalent in the theory ofstatistical inferences if there are two stochastic matrices �(12) and �(21) such thatPi�(12) = Qi and Qi�(21) = Pi (2:1)for every i. Chentsov said a numerical function f de�ned on pairs of measures to beinvariant if (P1; P2) � (Q1; Q2) implies f(P1; P2) = f(Q1; Q2) (2:2)and monotone if f(P1; P2) � f(P1�; P2�) : (2:3)for every stochastic matrix �. A monotone function f is obviously invariant. Statis-tics and information theory know a lot of monotone functions, relative entropy andits generalizations are so. If a Riemannian metric is given on all probability sim-plexes, then this family of metrics is called invariant (respectively, monotone) if thecorresponding geodesic distance is an invariant (respectively, monotone) function.Chentsov's greate achievement was that up to a constant factor the Fisher informa-tion yields the only monotone family of Riemannian metrics on the class of �niteprobability simplexes ([9], see also [8]). A decade later Chentsov turned to the quan-tum case, where the probability simplex is replaced by the set of density matrices.A linear mapping between two matrix spaces sends a density matrix into a density3



if the mapping preserves trace and positivity (i.e., positive semide�nitness). By nowit is well-understood that completely positivity is a natural and important require-ment in the noncommutative case. Therefore, we call a trace preserving completelypositive mapping stochastic. One of the equivalent forms of the completely positivityof a map T is the following. nXi=1 nXj=1 a�i T (b�i bi)ai � 0for all possible choice of ai, bi and n. A completely positive mapping T satis�es theSchwarz inequality: T (a�a) � T (a)�T (a).Chentsov recognized that stochastic mappings are the appropriate morphisms inthe category of quantum state spaces. (The monograph [1] contains more informa-tion about stochastic mappings, see also [18].) The above de�nitions of invarianceand monotonicity make sense when stochastic matrices are replaced by stochasticmappings. Chentsov (with Morozova) aimed to �nd the invariant (or monotone)Riemannian metrics in quantum setting as well. They obtained the following result([21]). Assume that a family of Riemannian metrics is given on all spaces of den-sity matrices which is invariant, then there exist a function c(x; y) and a constantC such that the squared length of a tangent vector A = (Aij ) at a diagonal pointD = Diag(p1; p2; : : : ; pn) is of the formC nXk=1 p�1k A2kk + 2Xj<k c(pj ; pk)jAjk j2 : (2:4)Furthermore, the function c(x; y) is symmetric and c(�x; �y) = ��1c(x; y). Thisresult of Morozova and Chentsov was not complete. Although they had proposalsfor the function c(x; y), they did not prove monotonicity or invariance of any of thecorresponding metrics. A complete result will be given here but now a few commentson (2.4) are in order.Both the function c(x; y) and the constant are independent from the matrix sizen. Restricting ourselves to diagonal matrices, which is in some sense a step back tothe probability simplex, we can see that there is no ambiguity of the metric. Looselyspeaking, the unicity result in the simplex case survives along the diagonal and theo�diagonal provides new possibilities for the de�nition of a stochastically invariantmetric.III. Riemannian metrics on quantum statesThe demand for Riemannian structure on the whole quantum state space or ona parametrized family of density operators appeared in mathematical physics a longtime ago and in rather di�erent contexts.In the parametric problem of quantum statistics a family (D�) of states of asystems is given and one has to decide between several alternative values of theparameter by using measurements. The set of outcomes of the applied measurements4



is the parameter set � and we assume that it is a region in IRm. So an estimatormeasurement M is a positive-operator valued measure on the Borel sets of � andits values are observables of the given quantum system. The probability measureB 7! ��(B) = Tr (D�M(B)) (B � �) represents the result of the measurementM when the \true" state is D�. The choice of the estimators has to be made bytaking into account the expected errors. The aim of an optimal desision process isto search estimators with small error. To an error one can attribute several sizes.For example, one can seek a measurement such that its value is \approximately"equal to the true parameter value. If this holds \in the mean" then the estimatoris free of destorsion and such estimator is commonly called unbiased. The accuracyof an unbiased measurement is described by the total mean-square deviation whichshould be small on the parameter space if we want to choose an e�ective estimatormeasurement.The quantum state estimation was initiated by Helstrom in the 1960's ([13],see also [15]). He followed the Cram�er-Rao pattern of mathematical statistics andintroduced the concept of symmetric logarithmic derivative. Let M be a positive-operator valued measure on IRn. The corresponding measurement is an unbiasedestimator of the parameter � = (�1; : : : ; �m) ifZIRm �i dTr (DtM)(�) = ti (3:1)for every 1 � i � m. (The integration is taken with respect to the measure B 7!Tr (DtM(B)).) The symmetric logarithmic derivatives Li� are observables de�ned as@Tr(D�A)@�i = 12Tr �(Li(�)D� +D�Li(�))A� (3:2)for every observable A. The measurement has two characteristic matrices, the co-variance matrix C(�) = (Cij(�)) and the information matrix J(�) = (Jij(�)). Theyare determined as follows.Cij(�)) = ZIRm(ti � �i)(tj � �j) dTr (D�M)(t) ;Jij(�) = Tr (D�Li(�)Lj (�)) : (3:3)A quantum version of the Cram�er-Rao inequality, due to Helstrom, says thatC(�) � J(�)�1 (3:4)for an unbiased measurement. (The inequality means that the di�erence is positivesemide�nite.) The information matrix J(�) may be regarded the metric tensor onthe parameter space.>From the point of view of the statistical state estimation problem, the numbern of the real parameters is much smaller than the dimension of the whole statespace. However, we can parametrize the whole state space as well. Assume that theparametrization is a�ne, D� = I=n+Xi �iai ; (3:5)5



where ai are traceless selfadjoint matrices. D� is positive de�nite if � is in a certainopen subset of IRn2�1 and the mapping D� 7! � 2 IRn2�1 yields atlas of a singlechart. We refer to (3.5) as the a�ne parametrization of invertible density matricesDn.The symmetric logarithmic derivative Li(�) is given by the equationAi = 12�D�Li(�) + Li(�)D�� : (3:6)When Ai is regarded as a tangent vector at D�, its squared length equals toTr �D�(Li(�))2� = TrLi(�)Ai : (3:7)If Pj �j(�)pj (�) is the spectral decomposition of D�, then the solution of (3.6) maybe written in the formLi(�) =Xk;j 2�k(�) + �j(�)pk(�)Aipj(�) : (3:8)To show an example, we consider the 2 � 2 case and choose ai = �i with the threePauli spin matrices, that is,�1 = 1p2 � 0 11 0 � ; �2 = 1p2 � 0 �ii 0 � ; �3 = 1p2 � 1 00 �1� : (3:9)Then k�ik2D = 2�+ � (i = 1; 2)if the footpoint D is diagonal Diag(�; �). A convenient a�ne coordinate system ex-ists also for the whole setMn of invertible n�n density matrices and the Riemannianmetric of the symmmetric logarithmic derivative may be written in the form (2.4).k(Aij )k2D = nXk=1 p�1k A2kk + 2Xj<k 2pj + pk jAjkj2 ; (3:10)where D = Diag(p1; p2; : : : ; pn). So the value of the constant C is 1 and theMorozova-Chentsov function of the metric of the symmetric logarithmic derivativeis c(x; y) = 2x + y : (3:11)Before we show how Uhlmann obtained essentially the same Riemannian metricin a completely di�erent approach we review shortly the complex projective spaceCP (n�1). It was explained in the introduction that the extreme boundary of thestate space (of an n-level) quantum system is CP (n�1).CP (n�1) is equipped with an atlas containing n charts. Let Ui be the set of theequivalence classes of all n-tuples (z1; z2; : : : ; zn) of complex numbers that zi 6= 0and set  i�p(z1; z2; : : : ; zn)� = �z1zi ; : : : ; zi�1zi ; zi+1zi ; : : : ; znzi �:6



The standard Riemannian metric of CP (n�1) is given by considering the (2n � 1)-sphere jz1j2 + jz2j2 + : : :+ jznj2 = C > 0 ;which is parametrized now by complex numbers. S1 as the group of complex numbersof modulus one has a natural isometric action on the (2n� 1)-sphere. The orbits arehomeomorphic to circles and the space of orbits may be identi�ed with CP (n�1). Theorbits may be given a metric by taking that obtained by projecting the metric onS2n�1 orthogonally to the orbits. This metric is invariant under the natural actionof the unitary group U(n) and called sometimes the Fubini-Study metric. (Strictlyspeaking the Fubini-Study metric is a Kaehler metric on CP viewed as a Kaehlermanifold.)One of the key issues of quantum mechanics (compared with classical one) is thata subsystem of a system in pure state can be in a mixed state. More precisely, if Dis any density operator on the Hilbert space H then one can �nd a vector � in theenlarged Hilbert space H
H such thatTrDA = h�; (A 
 I)�i (3:12)for every observable A of the smaller system, i.e., acting on H. The vector � is notdetermined uniquely and called the puri�cation of D. It is worthwile to regardH
Has the Hilbert-Schmidt operators acting on H. Then the observable A of the smallsystem corresponds to the multiplication operator LA : X 7! AX on H 
 H. Socondition (3.12) reads as TrDA = hW;LAW i (3:13)when W is written instead of �. Since hW;LAW i = TrW �WA, conditions (3.13)simply becomes W �W = D : (3:14)Among all lifts of D into the �bration W 7! W �W there is a canonical one whichsatis�es the so-called parallelity (or horizontality) conditionW � _W = _W �W (3:15)Uhlmann arrived at this condition from the following minimization problem relatedto the generalization of the Berry phase to mixed states ([25, 26]). Let D(t) be asmooth curve of density matrices with puri�cation W (t). If the arclength of W (t)with respect to the standard Fubini-Study metric is minimal then the paralellitycondition is satis�ed. The vectors Y 2 TWCP (2n�1) such that W �Y = YW � arecalled horizontal. Any vector X 2 TDM admits a horizontal lift X 0 2 TWCP (2n�1)and Uhlmann proposed the Riemannian metricgBD(X;X) = gFSW (X 0;X 0) (3:16)for any W with W �W = D. If DG +GD = _D thengB( _D; _D) = 12TrG _DIn G=2 one recognize the symmetric logarithmic derivative and gB is the correspond-ing metric up to a factor one half. The letter B in gB refers to Bures, because the7



geodesic distance in the metric gB coicides with the one introduced by Bures manyyears earlier. The Bures distance isdB(D1;D2) =q2� Tr �D1=21 D2D1=21 �1=2 : (3:17)It is worthwile to mention that Dittmann computed several geometric characteristicsof the space of density matrices endowed with the above metric ([10]). For examplethis space is not locally symmetric and all sectional curvatures are greater than 1.Braunstein and Caves obtained recenly the same metric by optimizing over all gener-alized quantum measurements that can be used to distinguish neighboring quantumstates D and D + dD ([7]).IV. Monotone metricsIf a distance between density matrices expresses statistical distinguishability thenthis distance must decrease under coarse-graining. A good example of coarse-grainingarises when a density matrix is partitioned in the form of a 2� 2 block matrix, andthe coarse-graining forgets about the o�diagonal:� A BB� C � 7�! �A 00 C�In the mathematical formulation, a coarse-graining is a completely positive map-ping which preserves the trace and hence sends density matrix into density matrix.Such mapping will be called stochastic below. A Riemannian metric is de�ned tobe monotone if the di�erential of any stochastic mapping is a contraction. If thea�ne parametrization is considered, then Dt = D + tA is a curve for an invert-ible density D and for a selfadjoint traceless A. Under a stochastic mapping T thiscurve is trasformed into T(Dt) = T(D)+ tT(A) provided that T(D) is an invertibledensity and the real number t is small enough. The monotonicity condition for theRiemannian metric g onMn reads asgT(D)�T(A);T(A)� � gD(A;A) ; (4:1)where D is an invertible density, A is traceless selfadjoint and T is stochastic. Ourgoal is to showmany examples of monotone metrics and to give their characterizationin terms of operator monotone functions.Let us recall that a function f : IR+ ! IR is called operator monotone if therelation 0 � K � H implies 0 � f(K) � f(H) for any matrices K and H (of anyorder). The theory of operator monotone functions was established in the 1930'sby L�owner and there are several reviews on the subject, for example [3], [11] aresuggested.Let us introduce some superoperators asLD(A) = DA; RD(A) = AD: (A 2 Mn(C)) (4:2)Theorem 4.1. Let f : IR+ ! IR+ be an operator monotone function such thatf(t) = tf(t�1) for every t > 0 and set a superoperator8



KD = R1=2D f(LDR�1D )R1=2D (4:3)acting on matrices. Then the relationgD(A;B) = Tr �K�1D (A)B� (4:4)determines a monotone Riemannian metric onMn.Proof. Since an operator monotone function is analytic, the bilinear form (4.4) issmooth in D. The condition f(t) = tf(t�1) on f makes sure that K�1D (A) is selfad-joint whenever A is so. Hence the bilinear form (4.4) is real. For an invertible D thesuperoperator KD is invertible and positive de�nite. So (4.4) is really a nondegen-erate metric and its monotonicity is to be checked.In the paper [22] the following inequality was obtained:TR1=2F f(LER�1F )R1=2F T? � R1=2T(F )f(LT(E)R�1T(F ))R1=2T(F ) (4:5)if E;F are positive de�nite matrices, T is a stochastic mapping and T? denotes itsadjoint with respect to the Hilbert-Schmidt inner product. Putting E = F = D (4.5)becomes TKDT? � KT(D) ;which is equivalent to T?K�1T(D)T �K�1D : (4:6)The latter condition is exactly the monotonicity of the metric (4.4). utIt is in order to make a comment on the relation of the function f in Theorem4.1 and the Morozova-Chentsov function c(x; y) in (2.4). Given f , we have c(x; y) =1=yf(x=y) and conversely f(t) = 1=c(t; 1). Some examples of functions f satisfyingthe hypothesis of Theorem 4.1 are the following.2x�+1=21 + x2� ; x� 1logx ; x � 1logx 2px1 + x ; �x � 1log x �2 21 + x; 1 + x2 (4:7)where 0 � � � 1=2. The lattest function f gives the Morozova-Chentsov function(3.11) and we obtain that the metric of the symmetric logarithmic derivative ismonotone.The metrics onM2 provided by Theorem 4.1 are rotation invariant, they dependonly on r =px2 + y2 + z2 and split into radial and tangential components:ds2 = 11� r2 dr2 + 11 + r g�1� r1 + r�dn2 where g(t) = 1f(t) (4:8)The radial component is independent of the function f . In case of the metric of thesymmetric logarithmic derivative the tangential component is independent of r.Theorem 4.2. Every monotonone metric is provided by Theorem 4.1.9



Proof. A monotone metric is invariant in the sense of Section II and due to theresult of Chentsov and Morozova the metric is of the form (2.4). Set a function fas f(t) = 1=c(t; 1), where c is the function of two variables from (2.4). By meansof this function the monotone metric can be written in terms f exactly in the formdescribed in Theorem 4.1, see (4.3) and (4.2). What we have to prove is that f isoperator monotone. This will be shown following [24].We choose a particular stochastic mapping T:T : X � �X1 AB X2� 7! 12 �X1 +X2 A +BA +B X1 +X2� :With this choice the monotonicity condition yields thatY 7! f(LY R�1Y )RYis a concave mapping, or equivalentlyY 7! f(Y 
 (Y �1)t)(I 
 Y t) (4:9)is concave for a positive de�nite density matrix Y . The concavity extends to allpositive de�nite matrices obviously. We write (4.9) for a block matrixY = �Y1 00 Y2�then we observe that concavity of (4.9) implies the concavity of the mapping(Y1; Y2) 7! f(Y1 
 (Y �12 )t)(I 
 Y t2 ) : (4:10)Now the choice Y2 = I gives that the mapping Y1 7! f(Y1) must be concave. Whatwe have arrived at is the operator concavity of f which is known to be equivalent tothe operator monotonicity of f (cf. [11]). utLet f1 and f2 be functions satisfying the hypothesis of Theorem 4.1 and letK1 and K2 be the corresponding superoperators de�ned by (4.3). If f1 � f2 thenK1D � K1D. The inverse changes this ordering, hence g1D(A;A) � g2D(A;A) for thecorrespondingmetrics. The relation between operator monotone functions and mono-tone metrics established by Theorems 4.1 and 4.2 respects ordering in the sense thatbiger function gives a smaller metric. Comparison of di�erent metrics is meaningfulonly under some normalization. The most natural isgD(A;A) = TrD�1A2 whenever DA = AD (4:11)which corresponds to f(1) = 1. It is known (see [19]) that among all operator mono-tone functions with f(1) = 1 and f(t) = tf(t�1) there is a minimal and a maximal.They are fmin(t) = 2t1 + t ; fmax(t) = 1 + t2 : (4:12)So we obtainTheorem 4.3. Under the normalization (4.11), the metric of the symmetric loga-rithmic derivative is minimal among all monotone metrics.10



Proof. One has to verify that the function fmax yields the stated metric. From (4.3)and (4.4) we have gD(A;A) = 2h(LD +RD)�1A;Ai (4:13)and L = 2(LD + RD)�1 is exactly the solution of equation (3.6). Hence (4.13)matches (3.7).We have to emphesize that the theorem states the minimality of the logarithmicderivative metric only under the essential condition that the whole state space of aspin is parametrized. If this is not the case, then no information is provided by thetheorem. The largest monotone metric is the metric of the so-called left logarithmicderivative. That appeared in the literature in connection with Cram�er-Rao type in-equalities. Its monotonicity was established in [23]. The fact that the left logarithmicmetric is larger than the symmetric one is elementary and it has been known (forexample, [15], p. 282).The metric corresponding to the Morozova-Chentsov functionlog x� log yx� yis the Kubo (or Mori, or Bogoliubov) inner product which showed up in [6] and wasstudied in [23]. In particular, it was proved that the Kubo product is monotone, undermore general assumption than a �nite spin, and a conjecture was made. Namely,the scalar curvature of the Kubo metric is monotone as well. Monotonicity of theKubo metric is not surprising because this result is a kind of reformulation of theLieb convexity theorem ([20]). However, the monotonicity of the scalar curvatureseems to be an inequality of new type (provided that the cunjecture is really true).Concerning details we refer to [23] and [14].In [12] Hasegawa introduced a family of metrics. They can be obtained by theabove construction of monotone metrics, however, we are unable to prove that theauxiliary functions are operator monotone. (Numerical computations support themonotonicity of Hasegawa's metric.)V. Extension to pure statesThe objective of this section is to discuss the extension of monotone metricsof Mn to pure states CP (n�1). Since pure states form a low dimensional part ofthe topological boundary of Mn, it should be well-speci�ed how the extension isunderstood.LetM�n denote the set of all elements ofMn whose eigenvalues are distinct andde�ne a projection � :M�n ! CP (n�1) as follows. Let �(D) be the one-dimensionaleigenspace corresponding to the largest eigenvalue of D 2 M�n. This map is smooth(see [16], II.5.8) andM�n is a smooth �bre bundle over CP (n�1) with projection �(see [17] I.5.). (The structure group of this bundle is U(1)�U(n� 1), where U(k) isthe group of k � k unitary matrices.) The �bre space is ��1(e), where e is the raygenerated by the vector (1; 0; : : : ; 0) 2 Cn.11



Let TD� be the di�erential of � at D and let HD be the orthogonal complementof KerTD� in TDM�n with respect to a �xed monotone Riemannian metric gD( � ; � ).Since TD� is surjective, the restriction of TD� gives a linear isomorphism betweenHD and T�(D)CP (n�1). If v 2 T�(D)CP (n�1), then we can de�ne a unique lift ~v 2 HDof v such that TD�(~v) = v. Using this lift we can de�ne the following inner productkD�(D)( � ; � ) on T�(D)CP (n�1):kD�(D)(u; v) = gD(~u; ~v) (u; v 2 T�(D)CP (n�1)): (5:1)We say that a sequence Dn 2 M�n is radial at p 2 CP (n�1) if �(Dn) = p for every nand Dn is convergent to p when p is considered as a density matrix (that is, a one-dimensional projection operator). Now we can de�ne the radial extension of g( � ; � ).A smooth metric k( � ; � ) on CP (n�1) is called the radial extension of g( � ; � ) if forevery p 2 CP (n�1); u; v 2 TpCP (n�1) and for every radial sequence Dn at plimn!1gDnp (u; v) = kp(u; v)holds. In the next theorem we give a necessary and su�cient condition for the exis-tence of the radial extension.Theorem 5.1. Let g( � ; � ) be a monotone Riemannian metric on Mn and let f :IR+ ! IR+ be the corresponding operator monotone function (described in Theorem4.1). The radial extension k( � ; � ) of the given metric g( � ; � ) ofMn exist if and onlyif f(0) 6= 0. In the case of existencek( � ; � ) = 12f(0) h � ; � i;where h � ; � i is the standard Riemannian metric on CP (n�1).Proof. The proof is based on the direct computation of kD�(D)( � ; � ). For any unitarymatrix U and D 2 M�n we have�(UDU�1) = U�(D)which implies TUDU�1�(UXU�1) = UTD�(X) (X 2 TDM�n)by di�erentiation. Since k( � ; � ) is unitary invariant,U(KerTD�)U�1 = KerTUDU�1� and UHDU�1 = HUDU�1:Moreover, U~vU�1 = ~Uv for any v 2 T�(D)CP (n�1), hence we getgD�(D)(u; v) = gUDU�1U�(D) (Uu;Uv) : (5:2)>From this equality it follows that it is su�cient to compute kD( � ; � ) if D is diagonaland �(D) is the projection onto e. Assume these and let X 2 TDM�n and let �(t)and v(t) be the largest eigenvalue and the unit eigenvector corresponding to �(t) of12



D + tX where t 2 IR. For su�ciently small t, D + tX 2 M�n and �(t) and v(t) aresmooth functions of t. For D(t) = D + tX we have(D(t) � �(t))v(t) = 0 :Di�erentiating this expression we obtain that �0(0) = x11 andTD�(X) = v0(0) = �0; x21�1 � �2 ; : : : ; xn1�1 � �n � ; (5:3)where �1; : : : ; �n are the eigenvalues of D, �1 = �(0) and X = (xij ). If X 2 KerTD�then the expression of TD�(X) givesX =0BB@x11 0 : : : 00 x22 : : : x2n... ... . . . ...0 xn2 : : : xnn1CCALet K�1D = f(LDR�1D )RD as in (4.3). Since D is diagonal,KD(X)ij = xijf��i=�j��j (5:4)hence we get KD(KerTD�) = KerTD�. If V 2 HD then the last equation givesV = 0BB@ 0 �v2 : : : �vnv2 0 : : : 0... ... . . . ...vn 0 : : : 0 1CCA (5:5)where vi 2 C for i = 2; : : : ; n. If v = (0; v2; : : : ; vn) 2 T[e]CP (n�1) then (5.3) and(5.5) give ~v = 0BB@ 0 (�1 � �2)�v2 : : : (�1 � �n)�vn(�1 � �2)v2 0 : : : 0... ... . . . ...(�1 � �n)vn 0 : : : 0 1CCA :Now we can express gD( � ; � ):gD(u; v) = Re nXi=2 (�1 � �i)2f(�i=�1)�1 ui�vi; (5:6)where u; v 2 T[e]CP (n�1).Let us consider now the general case. Let (Dm) be a radial sequence at p and letu; v 2 TpCP (n�1). Let Bmp be linear operators on TpCP (n�1) such thatgDmp (u; v) = hBmp u; vip ;where h � ; � ip is the inner product on TpCP (n�1) induced by the standard metric. LetUm be unitary operators such that, D0m = UmDmU�1m is diagonal and �(D0m) = p0with p0 = [e]. Using (5.2) we have: 13
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