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The constant mean curvature slices ofasymptotically 
at spherical spacetimesMirta Iriondo�, Edward Malec�� and Niall �O Murchadha+� Royal Institute of Technology, Mathematics Department, Stockholm, Sweden�� Institute of Physics, Jagellonian University, 30-059 Cracow, Reymonta 4, Poland+ Physics Department, University College, Cork, IrelandWe investigate the formation of trapped surfaces in asymptotically 
at spherical spacetimes,using constant mean curvature slicing.04.20.Me, 95.30.Sf, 97.60.Lf, 98.80.DrI. INTRODUCTIONIn the analysis of General Relativity as a Hamiltonian system [1] one chooses a time function and considers thefoliation of the spacetime by the slices of constant time. Two natural geometrical quantities arise on such three slices.One is the intrinsic three metric, usually gab, and the other is the extrinsic curvature Kab, the time derivative of gab.These are not independent: they are related by the constraintsR(3) �KabKab + (trK)2 = 16��raKab � gabratrK = �8�jawhere R(3) is the three scalar curvature, � is the energy density and ja is the current density of the sources.It is often useful to specify the foliation, and thus the time, by placing a condition on the extrinsic curvature, Themost common choice in asymptotically 
at spacetimes is the maximal slicing condition, trK = 0. In cosmologies, thefavoured slicing is the constant mean curvature (CMC) foliation with trK = constant.Such CMC slices have also been used in an asymptotically 
at context [3]. They are everywhere spacelike, but atin�nity they approach null in�nity. Thus they are very useful in investigating the relationship between spatial andnull in�nity. A standard model of CMC hypersurfaces are the mass hyperboloids in Minkowski space [4].In this paper we investigate a very special class of CMC, those which are spherically symmetric. Because ofthe absence of gravitational radiation, spherical spacetimes are particularly simple, yet realistic, models of generalsolutions to the Einstein equations.If we have a spherically symmetric three surface, the intrinsic metric can be written asds2 = dl2 + R2d
2where l is the proper distance in the radial direction and R is the Schwarzschild or areal radius. The geometry isencoded into the relationship between R and l and a useful object to use is the mean curvature of the spherical twosurfaces, given by p = 2R dRdlThe constraints now can be written as@lp = �8��� 34(Krr )2 � 34p2 + 1R2 + 12trKKrr + 14(trK)2@l(Krr � trK) = �32pKrr + 12ptrK � 8�jl (1)It has been recently shown [2] that the constraints of General Relativity in the spherically symmetric case can beexpressed very simply by using the null expansions as subsidiary variables and the constraints can be expressed as asystem of quasilinear �rst order O.D.E.'s. We apply this new formulation in the CMC case to investigate a numberof interesting problems.Much work has been carried out in recent years on how concentrations of matter may gravitationally collapse [2],[5], [6]. One of the motivations for repeating the calculation in various slicings of asymptotically 
at spacetimes is1



due to the fact that no covariant formulation of the question has been found. This article, in which we derive bothnecessary and su�cient conditions for the formation of trapped surfaces, can be regarded as an attempt to see how thecriteria we obtain are more or less independent of the details of ths slicing used. Let us emphasise that the appearanceof trapped surfaces indicates that irreversible gravitational collapse has commenced.We derive, for the sake of completeness, the general line element for the Reissner-Nordstr�om spacetime in the slicingby constant mean curvature hypersurfaces. That is a generalization of the corresponding solution in the maximalslicing [7]. II. CMC HYPERSURFACES IN MINKOWSKI SPACE.Let us consider spherically symmetric CMC hypersurfaces in Minkowski space. We write the four metric asds2 = �d�2 + �2[dr2 + sinh2 rd
2]; (2)where d
2 = d�2 + sin2 �d�2 is the standard round two metric. The scalar curvature R(3) of the three space de�nedby � = constant is R(3) = � 6�2 .The extrinsic curvature of this slice is pure trace, Kab � 12@�gab = 1� gab which implies trK = K = 3� . The properradial distance l along the slice is related to the coordinate radius r by �dr = dl which yieldsr = l� = Kl3 : (3)The Schwarzschild radius R is given by R = � sinh r= 3K sinh Kl3 (4)and its derivative reads R0 = dRdl = cosh Kl3 : (5)The primary objects we deal with are the optical scalars, the expansion � of the outgoing null rays and theconvergence �0 of the ingoing light rays. These are given byR� = 2R0 + 23KR= 2 cosh Kl3 + 2 sinh Kl3= 2eKl3 (6)and similarly R�0 = 2e�Kl3 ; (7)therefore the product of R� and R�0 remains constant, R�R�0 = 4. We also haveR� = 4RK3 + 2e�Kl3 : (8)Thus at the origin we have R�0 = R� = 2 (9)and at in�nity one of the scalars is divergent while the other vanishesR� ! 43KR;R�0 ! 0: (10)An alternative form of the metric (2) is that in terms of the Schwarzschild radiusds2 = ��2�2 + R2d�2 � 2R��2 +R2 dRd� + �2�2 +R2 dR2 + R2d
2: (11)2



III. GENERAL STRUCTURE OF THE SPHERICALLY SYMMETRIC CONSTRAINTSThe two divergences of null rays are given by!+ = R� = Rp� RKrr +RK; (12)!� = R�0 = Rp+ RKrr �RK; (13)where p = 2R dRdl ; (14)is the mean curvature of a surface of constant R in the slice where R is the Schwarzschild radius and l is the properdistance. The constraints now can be written as@l(!+) = �8�R(� � j)� 14R (2!2+ � !+!� � 4� 4!+RK); (15)@l(!�) = �8�R(� + j) � 14R(2!2� � !+!� � 4 + 4!�RK); (16)@lR = R0 = 14(!+ + !�): (17)We assume we are given � (the energy density), j = ~j � n̂ (the current density), where n̂ is the outgoing radialnormal and RK as functions of l and then solve the triplet of O.D.E's (15), (16) and (17) for (R;!+; !�). The onlyconditions we assume are regularity at the origin (R = 0; !+ = !� = 2), asymptotic 
atness and that the sourcessatisfy the dominant energy condition, � � jjj.Combining Eq. (15) and (16) we can write@l(!�!+) = �8�R��(!+ + !�) + j(!+ � !�)� � 14R (!�!+ � 4)(!+ + !�) (18)and by regularity and asymptotic 
atness we have that limR!0 !�!+ = 4 also limR!1 !�!+ = 4.Suppose that !�!+ > 4, if both are positive we have that the right hand side of Eq. (18) is strictly negative andif both are negative the right hand side is positive. Thus we have!�!+ � 4: (19)IV. CONSTRAINTS ON ASYMPTOTICALLY FLAT CMC HYPERSURFACES.When we consider asymptotically 
at CMC hypersurfaces, it is useful to use variables that are �nite at the originand in�nity. From the Minkowski analysis, it is clear that we need as boundary conditions that !+ ! 2eKl=3 and!� ! 2e�Kl=3. Thus the natural variables to use are A = !+e�Kl=3 and B = !�eKl=3. Using these the equations(15) and (16) become@lA = �8�Re�Kl=3(� � j) � eKl=34R [2A2 � 83KRe�Kl=3A�ABe�2Kl=3 � 4e�2Kl=3]; (20)@lB = �8�ReKl=3(�+ j) � e�Kl=34R [2B2 + 83KReKl=3B � ABe2Kl=3 � 4e2Kl=3]: (21)We know, from the previous Section (inequality (19)) that AB = !+!� is bounded above by 4 . Let us write theexpression which does not depend on the sources in Eq. (20) as3



�eKl=32R [A2 � 43KRe�Kl=3A� 4e�2Kl=3]� e�Kl=34R [4� AB]: (22)Consider � = 2rK2R29 + 1 + 23KR;� = 2rK2R29 + 1� 23KR; (23)these are essentially the roots of the quadratic equation in A in (22). If A lies outside the range[��e�Kl=3; �e�Kl=3]; (24)then every term on the right hand side of (20) is negative and therefore @lA < 0.It is clear that � > 43KR and also � � 2, and these are the limiting values of A at in�nity and at the originrespectively. At any maximum of A we have that @lA = 0 which implies that A � �e�Kl=3 at that point. We canshow that this is a global upper bound, or equivalently!+ � 2rK2R29 + 1 + 23KR: (25)Consider the function f(l) = 2rK2R29 + 1 + 23KR � !+; (26)f(l) is zero at the origin and by asymptotic 
atness it is positive at in�nity. We can show that it is always positive. Letus assume, to the contrary, that f(l) is negative somewhere. This means that there must exist a negative minimum,i. e., a point where(i) !+ > 2qK2R29 + 1 + 23KR and(ii) f 0(l) = 0.However, we can show that if (i) holds then f 0(l) > 0. Using Eq. (15) and (17), we can calculatef 0(l) = 14R�KR3 �(!+ + !�)qK2R29 + 1+2!2+ � !+!� � 4!+KR� 4�+ 8�R(� � j): (27)The coe�cient of !� is 14R�� !+ + KR�3qK2R29 + 1�: (28)This is obviously negative since !+ � �. Therefore we minimize f 0(l) by choosing the maximum value of !�. Thereis a condition, Eq. (19), that constrains the product of both optical scalars, !+!� � 4. Therefore the maximum of!� is 4!+ .Now consider the function ~f (l) = 14R�KR3 �(!+ + 4!+ )qK2R29 + 1+2!2+ � 8� 4!+KR�: (29)4



The derivative of this function with respect to !+ is positive (assuming !+ � �) and therefore its minimum isachieved at the minimum of !+, i. e., at !+ = �.Hence f 0(l) � 14R�KR3 �2 + 4qK2R29 + 1 + 2�2 � 8� 4�KR�+ 8�R(� � j): (30)It is easy to see that this expression is positive. Hence we get a contradiction. We could show, in a similar vein,the existence of the upper bound on B as well of the lower bounds. Therefore we have the following global boundson the optical scalars �� � !+ � �; (31)�� � !� � �: (32)Those bounds are valid for both signs, positive and negative, of the trace of the extrinsic curvature K.V. SUFFICIENT CONDITION FOR TRAPPED SURFACES IN CMC HYPERSURFACESWe can use the formulae (15) and (17) in Section II to derive@l(!+R) = �8�R2(�� j) + 1 + 14(2!+!� � !2+ + 4!+RK) (33)and we have the bounds on !+ and !� from the previous section. It is easy to show that the maximum value of(2!+!� � !2+ + 4!+RK) occurs when i) !+ = � and !� = � if K >), and ii) !+ = �� and !� = ��. Hence we getin both cases 2!+!� � !2+ + 4!+RK � 4 + 169 K2R2 + 163 jKjRrK2R29 + 1: (34)We can complete the square in the square root to �nally get14(2!+!� � !2+ + 4!+RK) � 1 + 89K2R2 + 43 jKjR; (35)thus we get @l(!+R) � �8�R2(�� j) + 2 + 89K2R2 + 43 jKjR: (36)If we integrate this equation out to some surface S we get!+RjS � �2(M � P ) + 2L + 2K29� V + 43 jKj Z l0 Rdl; (37)where M = R 4�R2�dl is the total amount of matter inside S, P = R 4�R2jdl is the total outward radial momentumof the matter, L is the proper radius and V is the volume inside S (notice that 4�R2�dl = dV is the proper volumeelement). Therefore we have that if (M � P )(S) � L+ K29� V + 23 jKj Z Rdl;we must have that !+RjS is negative and so the surface at S is a future trapped surface. We can estimate R Rdl asfollows: Z Rdl � �Z R2dl� 12 � Z dl� 12 = �V L4� �12 : (38)Therefore a su�cient condition for the appearance of a future trapped surface on a slice with constant trace of theextrinsic curvature is that (M � P )(S) � L+ K29� V + jKj3 �V L� � 12 : (39)5



VI. A NECESSARY CONDITION FOR A TRAPPED SURFACE IN A CMC HYPERSURFACELet us return to the equality (33) we derived in Section V and again integrate it out to some surface S!+RjS = �2(M � P ) + L(S) + 14 Z L0 (2!+!� � !2+ + 4!+RK)dl; (40)but now we wish to minimize the integral rather than maximize it. We assume that no future trapped surface existswithin S , i.e. !+ � 0. We also assume that no past trapped surface exists in S. Not only that, but that !� isstrongly bounded away from zero, i.e. !� � C > 0; that means that all radially ingoing null rays are converging.In other words we want to minimize the function f(!+; !�) = 2!+!� � !2+ + 4!+RK in the region given by0 � !+ � � and C � !� � �. A simple calculation gives fmin = min(f(�;C); 0).Because � is a function of R, we need to study the function~f (R) = f(�(R); C)= 2�C � �2 + 4�RKin order to �nd fmin.We will consider separately two cases, with the positive and negative trace of the extrinsic curvature.i) Let K > 0. By inspection we obtain that this function is an increasing function in the variable R, thereforemin( ~f ) = f(�(0); C) = 4C � 4:Clearly when C � 1 fmin = 0 otherwise fmin � 4C � 4. Inserting this into Eq. 40 we obtain two estimates!+RjS � 8<: �2(M � P )(S) + L(S) for C � 1�2(M � P )(S) +CL(S) for C � 1, (41)that is, since �(S) = 0, M (S) � P (S) � 8<: L2 for C � 1CL2 for C � 1is the necessary condition for the existence of a trapped surface.The above result obviously applies to maximal slices. In connection with that, two of us have to admit that Theorem2 in [2] should be stated as above; the actual statement of [2] that the necessary condition for future trapped surfacesis M (S) � P (S) � CL2 can be wrong.ii) Let K < 0. In this case one easily estimates ~f (R) from below by8<: 4(C � 1) + 4KR(4+C)3 for C � 14KR(4+C)3 for C � 1That leads to a necessary condition for S to be trappedM (S) � P (S) + (4 + C)jKj6 Z L(S)0 dlR(l) �8<: L2 for C � 1CL2 for C � 1Using relations dl = 2RpdR and pR = 12(!+ + !�) � C2 one obtainsZ L(S)0 dlR(l) � S2�C6



and the necessary condition M (S) � P (S) + (4 + C)jKjS12�C � 8<: L2 for C � 1CL2 for C � 1A similar necessary condition, under a somewhat stronger condition, has been obtained by Zannias ( [6]). Thusnegative values of the trace of the extrinsic curvature can help to form trapped surfaces.Let us recall that yet another necessary result has been derived in [8], where the following equation has been provenR38 �(S)�0(S) +m � S16� 1=2 =� Z 1r paR3h�0(� + �0) + j(� � �0)i: (42)(42) has been derived on maximal slices, but it holds true on any slicing, assuming a quick enough fallo� of matter�elds. Under the dominant energy condition one concludes that an outermost trapped surface S (future or past) musthave a radial radius R not greater than 2m. This conclusion is slicing-independent.VII. REISSNER - NORDSTR�OM GEOMETRY IN CMC FOLIATIONSIn this Section we will present an explicit line element for electrovacuum in constant mean curvature foliations.The most general spherically symmetric line element can be putds2 = �N2dt2 + adr2 + R2d
2: (43)We assume that the trace of the extrinsic curvatureK = @t(paR2)2NpaR2 (44)is constant on a particular slice and, morever, is time independent. The three nonzero components of the extrinsiccurvature are Krr = @t(pa)2Npa ; K�� = K�� = @tRNR = 12(K �Krr ): (45)The spherically symmetric Einstein equations consist of constraint equations (1), the evolution equation@t(Krr � trK) = �p3R22N @rpa ( NpR)2 + 3N2 (Krr )2 + 8�(T rr + �) + N2 K2 � 2NKKrr (46)and the lapse equation �(3)N = N [ 32(Krr )2 + 12K2 �KKrr + 4�(T ii + �)]: (47)In electrovacuum we have q28�R4 = � = T ii = �T rr , where q is the electric charge. The mean curvature p of nestedtwo spheres and the extrinsic curvatures are easily found from the constraints (1) and they readpR = 2r1 + CR + q2R2 + (KR3 + C12R2 )2;Krr = K3 + C1R3 : (48)The lapse equation becomes now 7



�(3)N = N [ 3C212R6 + q2R4 + K23 ] (49)and one easily �nds out that it is solved by N = 
 pR2 ; (50)where 
 is given by 
(r; t) = 1 + C2 Z 1R(r) d ~R 1( ~R)2(p ~R)3 : (51)Inserting the whole information into (46) and using the relation @rpa = Rp2 @R one obtains that the constant C2depends on the rate of change of the radial - radial component of the extrinsic curvature,C2 = 4@tC1: (52)The change of the coordinate variable r into the areal radius R transforms the line element (43) intods2 = dt2[�N2 + 
24 �C1R2 � 2KR3 �2] + 2
 C1R3 � 2K3p dtdR+ 4(pR)2dR2 +R2d
2;= �
2!+!�4 dt2 + 2
!� � !+!� + !+ dRdt+ 16(!� + !+)2 dR2 + R2d
2; (53)with N and p de�ned above. Let us point out that the parameter C that appears in the expression for p may beidenti�ed with �2mB , where mB is the Bondi mass.VIII. \CMC SURFACES AVOID SINGULARITIES"In the article [2] an argument was advanced as to how foliations with bounded trace of the extrinsic curvaturemight avoid singularities. In this section we wish to produce a di�erent (and sharper) argument to the same end.This argument works for essentially any slicing, but we present it here speci�cally for CMC slices. Let us consider amodel of a collapsing system where the support of the matter becomes ever smaller as the collapse continues so thateventually the star is con�ned to a region much smaller than that enclosed by the apparent horizon. If the star wereto be compressed inside a boundary which satis�es R� m, where m is the conserved ADM mass of the star, beforeany singularity appears then regular CMC foliations will be excluded from this part of the spacetime.From the inequalities (31) and (32) we can show that on any regular CMC slice!+!� � �4(2K2R29 + 1 + 2jKjR3 r1 +K2R29 )� �4�2jKjR3 + 1�2: (54)However, both the Schwarzschild radius R, and the product !+!� are four-scalars and we have!+!� = 4(1� 2mHR ): (55)where mH is the so-called Hawking mass, which equals the constant ADM mass outside the support of the matter.Inequality (54) and equality (55) can be combined to give the following inequalitymH � 2K2R39 + 2jKjR3 +R: (56)This means that for a �xed positive mH we have a lower bound for R. Let us assume that we are considering aspherical collapse and viewing it using a CMC foliation. Let us also assume that during this collapse a two-surfaceappears which violates this inequality (56) before the CMC slices become singular. This means that the CMC foliation8



cannot progress past this point, the lapse collapses. Since the lapse equation is elliptical, not only does the lapse goto zero at this point, it becomes small on the whole interior and the CMC slicing freezes.This means that if we wish to �nd a solution where CMC slices run right up to the singularity we cannot allow alarge accumulation of matter near the center before the singularity appears. A possible way for this to happen is thatif the collapse were such that in addition to the infall of matter, one also had an explosion that pushed signi�cantamounts of the star outwards, away from the horizon.This bound is valid for solutions which have the spatial topology R1�S2 as in the extended Schwarzschild solutionas well as topology R3. Maximal slicing can be viewed as a special case of CMC slicing and it was observed manyyears ago (see [7]) that the regular maximal slicing of the Schwarzschild solution saturates at R = 3m=2, in agreementwith the bound stated above. ACKNOWLEDGMENTSThis work was initiated during the ESI Summer School in Mathematical Relativity, Vienna, 1994. It has beenpartially supported by the Forbairt grant SC/94/225. and the KBN project 2 PO3B 090 08.[1] C. W. Misner, K. S. Thorne, J. A. Wheeler, Gravitation (Freeman, San Francisco, 1973).[2] E. Malec and N. �O Murchadha, Phys. Rev. D50, R6033(1994).[3] M. Iriondo, The existence and regularity of constant mean curvature hypersufaces in asymptotically 
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