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Abstract

We study parity symmetries and boundary conditions in the framework of gauged
linear sigma models. This allows us to investigate the Kéhler moduli dependence of
the physics of D-branes as well as orientifolds in a Calabi-Yau compactification. We
first determine the parity action on D-branes and define the set of orientifold-invariant
D-branes in the linear sigma model. Using probe branes on top of orientifold planes, we
derive a general formula for the type (SO vs Sp) of orientifold planes. As applications,
we show how compactifications with and without vector structure arise naturally at
different real slices of the Kéhler moduli space of a Calabi-Yau compactification. We
observe that orientifold planes located at certain components of the fixed point locus
can change type when navigating through the stringy regime.

2008 PACS classification: 11.25.-w Strings and branes
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1. Introduction and results

Orientifolds and D-branes play an important role for the consistency of type II string com-
pactifications [1-7] as both classes of objects are needed to ensure a balance of Ramond-
Ramond charges and to preserve spacetime supersymmetry at the same time.

In this paper we are interested in B-type orientifolds of Calabi-Yau manifolds, and in
particular their dependence on the Ké&hler moduli. A suitable framework to investigate
these issues are gauged linear sigma models [8], which provide the possibility to interpolate
between the large and small radius regime of a Calabi-Yau compactification. Here, the
compactification is described in terms of a 1 + 1 dimensional abelian gauge theory; the
stringy Landau Ginzburg point and the geometric limit are located at different limits of the
Fayet Iliopoulos-parameters r of the gauge theory. Together with the theta angles 6 the
combination ¢ = r 446 parametrizes the Kahler moduli space. Here, the theta angle contains
in particular the information on the B-field at large volume.

The possibility of turning on a discrete B-field plays an important role in the discussion of
type I string theory or, more generally, of orientifolds in type IIB string theory. In particular,
it implies the possibility of compactifications without vector structure [9-11]. In the context
of the linear sigma model, the different discrete values of the B-field descend from different
real slices in the Kéhler moduli space parametrized by 6 [12,13]. In particular, the linear
sigma model allows to understand large volume compactifications distinguished by B-fields
as extremal limit points of different branches of a stringy moduli space. In some cases the
branches can get connected in the stringy regime, such that it becomes possible to navigate
from one large volume point to another taking a path in the interior of the moduli space.
However, the interior of the moduli space contains a singular locus, and the real slices singled
out by the orientifold projection might pass through it, depending on the particular value
of the theta angles; this was observed in [13] and will be reviewed and worked out in detail
below.

An important problem is to understand the D-brane categories compatible with the
orientifold projection [14,15]. At the Landau-Ginzburg point D-branes are described in
terms of matrix factorizations of the superpotential, and the brane category relevant for
the description of unoriented strings has been constructed in [16]. On the other hand, a
geometric description of branes on Calabi-Yau manifolds is provided by the derived category
of coherent sheaves, and parities have been studied in this context in [17]. In this paper, we
lift the constructions of these two approaches to the linear sigma model, thereby connecting
different corners in the Kahler moduli space. For D-branes without orientifolds this analysis
was already carried out in [18], and before in the mathematics literature (up to monodromies)
in [19-24]. Earlier results on the level of Ramond-Ramond charges were obtained for D-
branes in [25-29] and including orientifolds in [13].

Once the parity action on D-branes is understood, we can proceed and determine under
certain assumptions the type of an orientifold plane (SO vs Sp gauge group). Generically,
the fixed point set of the parity action consists of several irreducible components, and the
type of the individual orientifold planes can be tested by determing the gauge group on
probe branes positioned on top of the fixed point set. We work out explicit formulas that
determine the orientifold type (up to an overall sign to be fixed once and for all for each



parity) from the linear sigma model data of the brane and the parity. With this at hand,
we show that the orientifold type can change when navigating through the non-geometric
regime. Similar effects have already been observed in [13, 30, 31] using tadpole cancellation
conditions. In the cases where large volume regimes with different values of the B-field are
connected in the interior of the moduli space, we observe that the type of the orientifold
plane changes along the path. This of course is in agreement with the fact that, at least for
toroidal orientifolds, compactifications distinguished by a B-field at large volume correspond
to compactifications with or without vector structure. Interestingly, we also find non-trivial
monodromies: starting out at large volume, continuing to the stringy regime and going back
to the same large volume point with the same B-field, a change of type can be observed in
examples.

To give a further application of our techniques, we consider configurations of O7~-planes
and D7-branes with SO(NV) gauge group, where the D7 intersects the orientifold locus in
a pinch point singularity. Such configurations have been studied recently in the context of
F-theory model building [32,33]. F-theory and probe branes in type IIB were used to argue
that the D7-brane geometry in the presence of the orientifold is constrained to be singular,
admitting fewer deformation parameters than a D7-brane on a generic hypersurface. We
will give an explanation of the singularity that relies just on the requirement to have an
orientifold-invariant D-brane with the right gauge group.

The issue of tadpole cancellation and the construction of consistent supersymmetric string
vacua is one out of several interesting model building applications, which we omit at present,
but hope to address in future work. This question has however been investigated in some
detail, for instance at points of enhanced symmetry using explicit constructions in rational
conformal field theory [13,34-39]. In our context the Gepner point corresponds to the
Landau—Ginzburg point and all the RCFT branes considered in the papers cited correspond
to very simple matrix factorizations of the superpotential. However, the techniques presented
in this work provide many more possibilities of constructing consistent string vacua' and
additionally give control over the Kéhler moduli dependence.

In the following, we give a brief outline of the paper and its main results in more detail.

D-branes

In order to set the stage we start this work with a brief review section on gauged linear sigma
models with abelian gauge group 7' = U(1)* [8,18]. This section can be skipped by readers
that are familiar with the results of [18].

In particular, we introduce the complexified Kihler moduli space MMy = (C*)¥\ &,? where
G is the singular locus of complex codimension one on which the world sheet description
breaks down in view of massless D-branes [40].

We define D-branes in the linear sigma model as matrix factorizations or complexes of
Wilson line branes and explain the notion of D-isomorphism classes, or equivalently quasi-

'For example, not all Landau-Ginzburg models correspond to rational conformal field theories. Even if
the bulk theory is rational, most branes will break the enhanced symmetry making a conformal field theory
construction hard, while a Landau—Ginzburg description is still possible.

2Here, we mean the Kiahler moduli space before orientifold projection.



isomorphism classes, which define the set of low-energy D-branes in each phase of the linear
sigma model. The transport of D-branes across phase boundaries is implemented in view of
the grade restriction rule, which is a “gauge” fixing condition on the D-isomorphism classes
and depends on the path between phases. We also briefly discuss the fibre-wise Knorrer map
that relates the matrix factorizations of the linear sigma model to geometric D-branes on
the hypersurface or complete intersection in the low-energy theory.

Orientifolds

After these preparations we proceed in Sec. 3 with defining and studying B-type parity ac-
tions and orientifolds in gauged linear sigma models, first on a world sheet without boundary.
The world sheet parity action is the composition of three operators, P = (—1)™Z 0 Qo7 for
m € Z. () flips the orientation of the world sheet, 7 is a holomorphic involution acting on
the chiral fields of the linear sigma model, and for m odd the operator (—1)* flips the sign
for left-moving states in the Ramond sector.

We observe the well-known effect that only slices in i of real dimension k survive the
orientifold projection [13]. In fact, there are 2¥ such slices parametrized by Zy-valued theta
angles 6 = (04, ...,0) for 6, € {0, 7}. Each slice may or may not intersect the singular locus
G, which is now real codimension one and cannot be avoided by any path. This leads to the
observation that some phases of the linear sigma model are not connected to others, at least
not in a world sheet description.® Somewhat surprising, there are even non-perturbative
regions “deep inside” the moduli space that are not connected to any of the phases where,
at least in principle, perturbative string methods can be applied.

The fixed point set of the holomorphic involution 7 takes a particularly simple form.
For linear sigma models without superpotential (which have toric varieties as low-energy
configurations) it splits into a finite number of irreducible components, the orientifold planes
Oy, that are parametrized by a discrete choice of k phases k = (k1,...,k;). For linear
sigma models with superpotential the components O, may become reducible at low-energies
so that they split up into a finite number of irreducible components O, ,. The explicit
parametrization of the irreducible components of the fixed point locus turns out valuable for
determining a simple formula for the types of the indiviual orientifold planes.

Orientifolds and D-branes

In Sec. 4 we investigate the world sheet parity action in the presence of boundaries and define
the set of invariant D-branes in the gauged linear sigma model. The latter depends on the
following data: (i) the slice on the Kéhler moduli space, (i) the integer m that controls the
appearance of (—1)f% (iii) the involution 7 and (iv) a sign €, associated with the orientifold.
In fact, changing the latter sign flips the gauge groups, SO(n) to Sp(n/2) or vice versa, of
all invariant D-branes as well as the type of all orientifold planes simultaneously.

On a slice of My where two adjacent phases of the linear sigma model are not separated
by the singular locus we can still move D-branes between the two phases by applying the

3For an M-theory analysis that allows avoiding the singularity see [41].



grade restriction rule of [18]. We show that the latter is compatible with the world sheet
parity action and can indeed be applied to invariant D-branes.

A particularly important piece of information on an invariant D-brane is the type of its
gauge group [6,16,17]. Applying our formalism we are able to derive an explicit formula (85)
for the sign that determines the gauge group (SO or Sp) of an important class of invariant
D-branes, i.e. D-branes given by Koszul complexes (or Koszul-like matrix factorizations) that
localize at the intersection of a finite number of holomorphic polynomials.

In Sec. 5 resp. 6 we proceed discussing non-compact models (without superpotential)
and compact models (with superpotential) separately, as some of the results will depend on
whether we deal with complexes or matrix factorizations.

In Sec. 6.1 we consider the effect of the (fibre-wise) Knérrer map on the world sheet
parity action and on the set of invariant D-branes.

In Sec. 5.1 and 6.2 we have a closer look at the Kahler moduli space MMy and its slicing
by the discrete theta angles. In general, the slices are not connected. However, at special
loci of the moduli space, such as orbifold points or Landau—Ginzburg orbifold points, they
can be connected, cf. [13]. In the linear sigma model this can be seen by considering the set
of invariant D-branes at these special loci. For higher-dimensional moduli spaces this leads
to the phenomenon that large volume points corresponding to different values of the discrete
B-field can be connected through a path in moduli space.

We continue in Sec. 5.2 and 6.3 with computing explicit formulas (98) and (114) for the
type o, = %1 of an orientifold plane OF by testing the gauge group of a probe brane on top
of the orientifold plane. We find that the relative types of the various fixed point components
O, depend on the slice in M. In particular, the type o, is proportional to the character
X_gn(K) = iy TR

In Sec. 6.4 we discuss the simple example of O7-planes at four points on the torus.
Depending on the choice of the B-field, this configuration is T-dual to an orientifold with
or without vector structure. We reproduce the result of [9], where it was found that for
vanishing B-field all four points carry the same type, whereas for non-vanishing B-field one
point carries a type opposite to the other three points. In Sec. 5.3 and 6.5 we examplify
the phenomenon of type change along continuous paths in moduli space in two-parameter
models. We close this work in Sec. 6.6 by commenting on the weak-coupling limit of a certain
F-theory compactification that was discussed in [32,33].

2. A brief review of D-branes in gauged linear sigma models

In this section we introduce gauged linear sigma models and review the main results and
concepts of [18] for desribing D-branes.

The motivation to consider N' = (2, 2) supersymmetric gauged linear sigma models relies
on the observation that they provide an ultra-violet description for A" = (2, 2) superconformal
field theories such as a non-linear sigma model on Calabi-Yau hypersurfaces [8]. In that way
the complicated non-linear sigma model is lifted to a model with linear target space CV
described by chiral multiplets X; for ¢« = 1,..., N, while all non-linear interactions are
governed by the coupling of the chiral multiplets to gauge multiplets V, for a = 1,... k.

In this work we consider only abelian gauge groups T' = U(1)*. The action of the gauge



group on the chiral multiplets is controlled by the integral charges Q¢, i.e. g-X; = g9 X,
where g% = g?} . .gk? for an element g € T.

The classical action involves a gauge-invariant F-term superpotential, W (X) = ¢*W(X),
whose coefficients parametrize the complex structure moduli space M in the infra-red the-
ory. In this work we are not interested in deforming the complex structure and fix the
coefficients in the superpotential once and for all.

The action furthermore involves a twisted F-term superpotential 25:1 t*>., where X, =
D.D_V, is the gauge field strength. The parameters t* = r* — 6% turn out to become
coordinates on the (complexified) Kéhler moduli space My of the low-energy theory. The
Fayet-Illiopoulos parameters 7 take values in RE;, and the theta angles ¢ enter in the action
via a topological term that measures the instanton number of the gauge bundle and therefore
take values in (S')*. It is convenient to work with the parametrization ef = (ef', ..., e!") €

(C)*.

Phases in the classical Kdhler moduli space

The main advantages of the gauged linear sigma model over the non-linear sigma model is
its explicit dependence on the Kéhler moduli space 9k, even more so as moving around in
My involves generalized flop transitions between low-energy geometries, which are hard to
control in the non-linear sigma model but can be studied easily in the gauged linear sigma
model.

Classically the infra-red dynamics is governed by the zeros of the potential

k 2k 2 (X 2 N
a a a 2 a 2
E Qoo + g B ( 1 Qf|xi|* —r ) + ;:1 oW ()], (1)

a=1 a=1 1=

N

Upot = Z

i=1

where x; are the lowest components of the chiral multiplets, and o, are the complex scalars
in the vector multiplets. Setting U,, = 0 requires that each term in (1) has to vanish
individally. The second one yields the D-term equations

N
ph(x;) = ZQ;’|$Z|2 =7, for a=1,... k, (2)
i=1

and the last one the holomorphic F-term equations
oW (x) =0, for i=1,...,N. (3)

Let us first consider the situation without superpotential, W(z) = 0. The solutions
to the D-term equations modulo gauge transformations restrict the chiral fields x; to the
symplectic quotient ' (r)/T, which is in fact a toric variety. It will suffice and in fact be
more convenient in the following to drop the explicit dependence on the parameters r* and
work with the algebraic instead of the symplectic quotient. The latter is given by

CN - A,

X = o

7



where (C*)* is the complexification of the gauge group 7T'. In fact, X, is the space of (C*)*-
orbits in CV that intersect the solution set of the D-term equation (2). The deleted set A,
contains precisely the subset of points in C, whose (C*)*-orbits do not intersect (2).

For generic values of the parameters r* the first term in the potential (1) provides a
non-degenerate mass matrix M?(x, ) for the scalars o, and therefore sets them to zero.

As we move around in Rf; the symplectic quotient changes and can undergo generalized
flop transitions. The flops occur at (real) codimension one walls, which subdivide the FI-
space into phases (or Kéhler cones), and are usually referred to as phase boundaries. In terms
of the algebraic quotient X, the walls are the locations where the deleted set A, changes.

In view of the potential (1) the positions of the phase boundaries in Rf; are the loci where
the D-term equation (2) admits a solution such that the mass matrix M®(z, ¥) degenerates.
Consequently, a subgroup U(1); C T remains unbroken and the corresponding scalar ot
can take non-vanishing expectation values, thus leading to non-normalizable wave functions
and therefore to a singularity in the low-energy theory.

If we turn on a superpotential W (z) the F-term equations limit the low-energy dynamics
to a holomorphic subvariety in X,. Generically, the directions transverse to (3) are not
massive, and the fields x; can still fluctuate around (3) so that we end up with a Landau-
Ginzburg model with potential W (z) over the base toric variety X,. In the other extreme,
if all transverse directions are massive, the theory is confined to the subvariety given by
O;W(x) =0 fori=1,...,N. In the situation of both massive and massless directions the
low-energy dynamics is described by a hybrid model.

The (quantum) Kdhler moduli space My

In the classical analysis the singular locus is real codimension one in (C*)k. However,
when quantizing the system some of the flat directions for the scalars ¢ get lifted by an
effective potential W,;;(o,t) and only a singular locus & C (C*)* of complexr codimension
one remains. The complexified Kahler moduli space of the low-energy theory is then

My = (CH*\ &.

For k = 1 the moduli space is depicted in Fig. 1. The singular locus is a point at

G = {e—t:HQin}‘ (5)

For the higher dimensional moduli spaces it suffices to note that for large values of r the
singular locus between two adjacent phases is determined by the unbroken subgroup U(1),.
Asymptotically, it is & ~ (C*)f x &, C (C*)*, where &, is given by (5) with respect
to the Kéhler parameter and the charges of the unbroken gauge group U(1),. At the
boundary between two adjacent phases the singularity therefore reduces effectively to the

one-dimensional situation.

R-symmetries

For the sake of completeness let us briefly note that a necessary condition to obtain a
superconformal theory in the infra-red is the invariance of the gauged linear sigma model
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Figure 1: The classical and quantum moduli space of one-parameter models.

under an axial and a vector U(1) R-symmetry, cf. for instance [42]. The former is ensured
by requiring the conformal condition (or Calabi—Yau condition)

N

ZQf:(), for a=1,...,k. (6)

i=1

We will henceforth impose this condition.

If no superpotential is present, we assign vector R-charge zero to all supermultiplets,
which then turns into the standard R-charge assignment for the non-linear sigma model in
the infra-red. If a superpotential is present, some of the chiral multiplets have to carry
non-vanishing vector R-charge and the global symmetry is ensured by

WA o) = AW (a) (7)
where \-x = (Af1zy, ..., MV ay) for some phase A. We shall henceforth assume an integrality

condition on the R-charges of the fields in the linear sigma model, i.e. the R-charge is equal
modulo 2 to the fermion number, (—1)F = (—1)%:.

Some interesting examples

Example 1

Let us consider the gauged linear sigma models with the following chiral multiplets:

O N " ®)

The deleted sets at » < 0 resp. r > 0 are
A_={p=0} and Ay ={r;=...=ay =0}, 9)

9



2

Ay ={z1=22=0U{p=0} Ar={z1=22=0}U{zs=... =26 =0}

A[[[:{$6:O}U{p:0} A]]:{xlz...:.fvg):O}U{CU@:O}

Figure 2: The classical Kdhler moduli space of Example 2 without theta angle
directions of the two-parameter model.

and the corresponding toric varieties in the infra-red are the orbifold X_ = CV /Zy and its
crepant resolution X, which is the total space of the line bundle O(—N) — CPN,

Let us turn on a superpotential W (p, z) = pG(z) with a homogeneous degree N polyno-
mial G(z). A frequent choice is the Fermat type polynomial,

Gz) = + ... +2¥.

We assign R-charge +2 to p and 0 to all other fields. In the small volume limit the theory
becomes a Landau-Ginzburg model with potential G(z) on the orbifold X_. At large vol-
ume we obtain a Landau—Ginzburg model over X, whose potential however induces F-term
masses. The low-energy theory therefore localizes at {p = G(x) = 0} and becomes a non-
linear sigma model on a degree N hypersurface in projective space CPV~!.

Example 2

A frequently considered two-parameter model is given by the following fields and charges:

r1 Ty XT3 T4 Ts T P
U(1)1 O o0 1 1 1 1 —4 (10)
U(1)2 1 1 0 0 0 -2 0

Its classical phase diagram together with the deleted sets is shown in Fig. 2. Phase III
contains the orbifold C°/Zs, and phase I its smooth total resolution. Phases IT and IV are
partial resolutions, the former being a line bundle over weighted projective space, O(—8) —
WP 505

Let us turn on the superpotential W (p, z) = pG(z) with a homogeneous polynomial G(z)
of bidegree (4,0), for example,

G(z) = zg(af + 23) + a5 + x5 + 5.

10



We assign R-charge +2 to p and 0 to all other fields. In phase III this results in a Landau—
Ginzburg model over the orbifold C®/Zs and in phase IV in a LG-model over the toric
variety X7y. Phases I and II are geometric in view of massive F-terms. In particular, phase
IT corresponds to a degree 8 hypersurface in WP} ,,, and phase I to a smooth Calabi—Yau
hypersurface.

2.1. D-branes from the ultra-violet to the infra-red

Let us consider boundary conditions that preserve B-type supersymmetry N = 25. The
latter is characterized by the unbroken vector R-symmetry.

As usual in supersymmetric theories the variation of the bulk action gives rise to total
derivatives and thus to boundary terms. The strategy in [18] was to introduce appropriate
boundary counter terms prior to imposing boundary conditions. In fact, the supersymmetry
variations of the bulk kinetic terms can be compensated by standard boundary terms that
are equal for all D-branes. We are not interested in these and instead concentrate on the
part that specifies the D-brane data.

Let us first consider the situation without superpotential. The modification to include W
will turn out to be only minor from the ultra-violet perspective of the gauged linear sigma
model.

D-branes in models without superpotential

A D-brane in the gauged linear sigma model is described by an N/ = 2p invariant Wilson
line at the boundary of the world sheet,

P exp{z'/azdsfl}. (11)

It carries a representation p(g) of the gauge group T as well as a representation R(A) of the
vector R-symmetry and a representation o of the world sheet fermion number. In view of
the integrality condition on the R-charges we may set o = R(e'™).
The simplest choice for the Wilson line corresponds to an irreducible representation of
the gauge group, p(g) = g‘fl . .ggk, ie.
k
A= p.[vs—Re(0)] = 3" ¢"[(vn)s — Re(o)] - (12)
a=1
We call it a Wilson line brane and denoted it by W(q) = W(q', ..., ¢"). The representation
of the R-symmetry is R(\) = M for some integer j, and o = (—1)’. We refer to a Wilson
line brane with even and odd j as brane resp. antibrane.
The general D-brane B can be constructed by piling up a stack of Wilson line branes,
W = @ W(g),* and turning on a supersymmetric interaction, i.e. a tachyon profile Q,
among the individual components. The corresponding superconnection reads

A = p.[vs — Re(o)] + %{@ Q' - %Z%@Q + % Z&@QT ; (13)

4By abuse of notation we sometimes refer to W as the Chan-Paton space of the D-brane.

11



where 1); is the N’ = 2p superpartner of the chiral field z;.

The Wilson line (11) is supersymmetric if and only if the tachyon profile Q(x) depends
holomorphically on the chiral fields z; and squares to zero. Also, Q(x) has to respect the
representation of the gauge group,

p(9)~" Qgx) plg) = Q(x). (14)

In view of the R-symmetry representation the stack W splits up into components of
definite R-degree, W = &; W, and from A we find that Q(z) has to carry R-charge one,

RO Q- 2) RO = Q). (15)
This impies in particular that Q(z) is odd,
o Q(z) o =-Q(z), (16)

and therefore the interaction Q(x) in the superconnection couples branes to antibranes only.
Moreover, having R-charge one implies that the tachyon profile can be brought into the
block-form

0 imax—1 0 .. 0 0
0 0 dImaz=2 () 0
Qz)=1] : - :
0 0 0 .. 0 imin
0 0 0 .. 0 0

Each non-trivial map &’ : W7 — WJT! increases the R-degree by one. The data for the
D-brane, B = (W, p(g), R(\), Q(x)), can therefore conveniently be encoded in a complex of
Wilson line branes,

42 it @ A
Wit % Wit o (17)

where W/ = @77 W(¢/). In explicit examples we will often drop the R-degree index and use
the convention to underline the component of R-degree 7 = 0. We denote the set of D-branes
in a gauged linear sigma model without superpotential by D(CV,T).

D-branes in the presence of a superpotential

Let us next study the impact of a superpotential W (z). As observed by Warner in [43]
its supersymmetry variation gives rise to a boundary term that needs to be compensated
appropriately. In the present context the form of the superconnection (13) as well as the
transformation properties (14-16) remain unchanged. The only modification comes from the
necessity to cancel the Warner term and results in the condition that Q(z)* = W (z) - idyy,
i.e. Q(z) is a matrix factorization of the quasi-homogeneous polynomial W (z) [44-48]. In
the even/odd basis of W it has the familiar off-diagonal form

Q(a:):(g(ox) f%x)), with fg=W()-id, gf=W()-id.  (18)
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Let the superpotential be of the form W (p,x) = pG(z) with the chiral field p carrying
R-charge 2. Then, in a basis of increasing R-degree for VW, the matrix factorization reads
schematically

An asterisk coming with p™ is short for a map W/ — WJH1=2m Note that the data for
the matrix factorization can conveniently be encoded in a form analogous to a complex (17).
For instance, a matrix factorization without terms of order O(p?) in Q(p, z) reads

dy? a)! - d) gt
— W =W — Wit — (20)
pdi” p di p di p d

We denote the set of matrix factorization of the gauged linear sigma model by 9MMFy, (CV, T').
To summarize we found that a D-brane 28 in the gauged linear sigma model is given by
the data (W, p(g), R(\), Q(z)) satisfying the relations (14-16) and

Q(z)*=0 Q(z)2 = W(z) -id

without superpotential, with superpotential.

RG-flow and D-isomorphisms

Let us study the RG-flow of the Wilson line (13) to the infra-red while staying deep inside
of one of the phases in the Kéahler moduli space. The discussion here will be independent of
F-terms and is applicable to both complexes and matrix factorizations. In particular, we do
not yet integrate out fields with F-term masses that constrain the low-energy dynamics to
a holomorphic subvariety in X,, i.e. in a model with superpotential W (z) we consider the
low-energy theory as a Landau—Ginzburg model over X, in any phase.

As the gauge coupling constants are massive parameters in two dimensions they will blow
up as the theory flows to the infra-red and as a consequence the equations of motion for the
gauge multiplets become algebraic. In particular, integrating out the gauge fields v, and the
scalars o, shows that the superconnection (12) becomes the supersymmetric pullback of a
connection A to the world sheet,

. i
A is the connection of the holomorphic line bundle O(q) = O(qu, . .., qx) on the toric variety

X,, and F' is its field strength. The charges ¢, now determine the divisor class, or more
physically, the world volume flux on the D-brane. The complex (17) then turns into a

13



complex of holomorphic vector bundles over X,, and the matrix factorization (20) couples
together line bundles over the base space X, of the LG-model.

In the following we are particularly interested in the interplay of the boundary RG-flow
and the bulk D-term equations (2). Instead of considering the RG-flow explicitly we identify
deformations of the Wilson line (13) that do not alter the infra-red fixed point. These
deformations lead to equivalence relations between D-branes, called D-isomorphisms in [18].
The low-energy D-branes can then be defined as equivalence classes in the gauged linear
sigma model. D-isomorphisms are composed of the following two kinds of manipulations:

(i) The first manipulation can be seen by noticing that the superconnection (13) contains
a matrix valued boundary potential {Q, Q'}.
Suppose a D-brane is reducible, B = B, ® B,, with tachyon profile

o= (4" o ) 2y

and the boundary potential {Q2, Q2'} is positive definite everywhere on the toric vari-
ety X,. Then as the theory flows to the infra-red the boundary potential for 2B, blows
up and its Wilson line is exponentially suppressed. We call such D-branes empty. As
a consequence both D-branes, B and 9B, flow to the same infra-red fixed point. We
write

B=B 0B, =B, . (22)

We can therefore freely add and remove D-branes with positive definite boundary
potential in the gauged linear sigma model as long as we are only interested in the
low-energy D-brane.

We stress that the positive definitness of {Q, @'} depends in an essential way on the
phase of the gauged linear sigma model, or more explicitly, on the deleted set A, that
defines the algebraic quotient X,.. In fact, a D-brane B is empty if and only if

{det{Q,QT} =0} C A,

Examples for D-branes that are empty in any phase are the complex W(q) SRR W(q)
for models without superpotential and the matrix factorization W(q) == W(q) for
models with superpotential.

Example 1 with N = 3 and no superpotential

Consider the D-branes

B W(-1) w<0>@3<@——u> 0 e )

and

By WE) — W(-1), (24)



as well as the reducible D-brane B = 98B, & B,. Here, the underlined Wilson line
components are at R-degree j = 0. The boundary potentials are given by {Q1, QI} =
> |zi]? - id and {Q-, Qg} = |p|* - id, respectively. Comparing with the deleted sets (9)
we find the following pattern for the infra-red D-branes:

r<<0 | r>0
B | B =B | empty (25)
By | empty | By =B

For the model with superpotential W (p, x) = pG(x) it is possible to add backward ar-
rows in (23) and (24) to make B; and B, into matrix factorizations. (Note however the
non-trivial R-charge 2 for p.) We leave it to the reader to compute the corresponding
boundary potentials and to verify that table (25) is not altered.

For the second manipulation the essential idea is that renormalization group flow can
change the boundary action by boundary D-terms, QQT(...), but not by boundary
F-terms, Q(...). Here, Q and Q' are the N' = 25 supercharges. The theory flows to
an infrarred fixed point with a particular D-term, irrespective of the chosen D-term
in the gauged linear sigma model, i.e. deforming boundary D-terms does not alter the
infra-red D-brane.

In order to describe these D-term deformations it is convenient to consider the super-
symmetry generator on the world sheet boundary from the Noether procedure. In the
zero mode approximation it becomes

iQ = P(0;+14;)+Q . (26)

and reduces to Quillens superconnection [49-51]. It can be used to express the super-
connection A of the low-energy theory as

A=a'A-{Q.Q'}. (27)

Quillens superconnection in (26) is written in the unitary frame for the associated
graded holomorphic vector bundle £ with hermitian metric. In what follows it is more
convenient to work in the holomorphic frame, for which iQ"! = 79; + Q(x).

A D-term deformation M = M(x,Z,47) in the holomorphic frame is then a transfor-
mation (Q')" = MQ" M1, or equivalently

Q'(x) = MYRM " + MQ(x) M. (28)

We assume that M commutes with the representations of the gauge group and the
global symmetries. In particular,

P9 = gMp(g) M,

(29)
R(\) = M RO MM,
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In the special situation when M depends only on the chiral fields x; it is simply a
similarity transformation

Q'(z) = MQx)M ™", (30)
i.e. a change of the holomorphic frame of €.

An important example of the general transformation (28) is as follows. Consider
_ [ Qulz) s¥(x)

with 1V + VQ, = 0, and assume that for s = 0 the D-brane becomes the reducible
D-brane (21) with B, empty.

As long as we keep s non-zero we can deform Q¢(z) by a similarity transformation
(30),

Qulw) = MQu(@)M™",  for M:(sgdyid).

However, setting s = 0 by a similarity transformation is not possible. Let us consider
the general D-term deformation (28) in infinitesimal form M = id — s €(z,v),

0 , Y -
%Qs(x”szo =1 [ g l? E(.T,QXJ)} . (31)
Inserting the D-brane under consideration on the left-hand side we obtain

sela= (o Y57)

The existence of a D-term deformation to set s = 0 therefore reduces to the requirement
that U is Q)°-exact. To see that this is indeed true we merely remark that since W is

SOZ-closed it corresponds to a state between the D-branes B, and B,. However, since
the open string spectrum between any D-brane and an empty one is empty, it follows

that ¥ must be Q°-exact. See [18] for a more detailed discussion of this point.
Example 1 with N = 3 and no superpotential

Consider B = B; @ B, defined in (23) and (24). In both the orbifold and the large
volume phase the D-brane ‘B is D-isomorphic to

1
T2

0 T3 —T2
—xz3 0 z1 (PZLPIQ»PIS )

B W(-1) — wW(0)®? <§2—_ZJ—’O >1/V(1)@3 — W(-1). (32
To show this we start with % and first use relation (31) to turn on a constant map

from the Wilson line components W(2) in By to W(2) in B;. Then we use a change of

basis (30) to transform it to B’ & W(2) = W(2)) = B’. This shows the equivalence
of B and B’ in the infra-red.

Again we can add backward arrows in B’ to make it into a matrix factorization of
W(p,x) = pG(x). Then B and B’ are still D-isomorphic.
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For later applications it turns out to be more convenient to reformulate the two ma-
nipulations from above in terms of quasi-isomorphisms on the set of linear sigma model
D-branes (or the underlying category) [52]. Indeed, D-isomorphisms are nothing else but
quasi-isomorphisms [18].

Recall that a quasi-isomorphism U between two D-branes 28, and B, is a ()-closed map,
i.e. QU = U@, such that its cone,

Qecw) = ( %1 _222 ) ) (33)

is empty. The following manipulations show that quasi-isomorphic D-branes, 8; and Bs,
are indeed related by a chain of brane-antibrane annihilations and D-term deformations [18]:

1 0 0 Q1 0 0 Q1 0 0
Q1 = 0 —@Q2 id |=| U Q2 id |=| U Q2 0 = Q2
0 0 @ 0 0 Q2 0 0 Q2

In the first and last step we used brane-antibrane annihilation (22), in the second a similarity
transformation (30) to turn on U, and in the third an infinitesimal D-term deformation (31)
to turn off id.

Having introduced D-isomorphisms we can define now the set of low-energy D-branes on
a toric variety X, as D-isomorphism classes of linear sigma model branes. Let us denote the
set of low-energy D-branes by D(X,) and MFy (X,). We obtain the following two pyramids
of maps, where the vertical maps correspond to modding out by D-isomorphisms in the
respective phase:

D(CN,T) MFw (CV,T)

D(X7) D(Xiv)
D(X) D(Xn)

MSw (X)) V MFw (Xin)

RG-flow to orbifolds or LG-orbifolds

In order to close the discussion of D-isomorphisms, let us briefly consider their role in the
special case when the phase in 9 corresponds to an orbifold X, =& CN=*/T". It occurs if
the deleted set consists of k irreducible factors, A, = {J,cz{z; = 0}, where Z C {1,..., N}
contains k elements. The fields x; for [ € Z get vacuum expectation values, say <xl> =
1, which break T to I'. For D-branes the representation p(g) of 7' then descends to a
respresentation p(y) of I'.

How does this affect the D-isomorphisms? In view of the deleted set A, the empty
D-branes are given by

W(q— Qi) A W(q) for 1 e€T.
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After assigning expectation values this descends to the trivial complex,

0@@) —— 0(q) .

where ¢ = ¢ mod (), is now a representation of I'. Since the only empty D-branes in the
orbifold model are given by such trivial complexes, we find that any quasi-isomorphism is a
similarity transformation as in (30) and thus invertible, i.e. there are no non-trivial quasi-
isomorphisms anymore. A similar argument holds for matrix factorizations in LG-orbifolds
as well.

RG-flow and F-term masses

Before we turn to the question of how to relate the sets of low-energy D-branes across phase
boundaries, let us consider another issue that is specific to models with a superpotential
and thus to matrix factorizations. As elucidated above the superpotential can give rise to
masses for some of the chiral multiplets, which then must be integrated out in the strict
infra-red limit. As an example consider the superpotential W (p,z) = pG(x) which gives
masses to p and to the transverse mode of the hypersurface {G(z) = 0} at large volume.
Let —N = —(N*',..., N*) be the gauge charge of p.

The effect of the massive modes on matrix factorizations was studied in [18], cf. also
[53-57]. Indeed, a fibre-wise version of Knorrer periodicity [58] implements the equivalence
of the set of matrix factorizations in MFy (X,) and the set of complexes (of coherent sheaves)
D(M,) on the hypersurface M, = {p = G(z) =0} C X,.

Take a matrix factorization given by the data (W, p(g), R(A), Q(p,z)). Let j,, be the
minimal R-degree in the representations R(\). The matrix factorization is mapped to the
D-brane on M, as follows. First impose G(z) = 0, which implies Q(p,z)* = 0. Second
consider a Wilson line component W(q) as a graded module A(q), where A = Clp, z]/(G).
Here Clp, z] is the graded coordinate ring of the linear sigma model and taking the quotient
by the ideal (G) corresponds to imposing G(z) = 0. Now consider A(g) as an infinite
module over the ring B = C[z|/(G), that is A(q) = &X_,p"B(qg+mN), i.e. every Wilson
line component W(q) becomes an infinite stack of line bundles on M,

B O, (g+mN)[-2m] .

m=0

[—2m] denotes a shift in R-degree by 2m, which is due to the R-charge 2 of p.

It remains to work out the action of Q(p, ) on the infinite Chan-Paton space. Consider
the matrix factorization in the basis (19). Write Q(p,z) = Y, p"Qn(x) and denote by £7 the
vector bundle over M,., which descends from W7. Then we obtain a half-infinite complex,

Qo Qo Qo . Qo . Qo

Eimtl ——  Cimt2 — % Cimt3 —— CimtH ——  Cimtd

\QE @ \Qi @ Q2 Ql @ Q2 Q 1 @
gf'm &, €{m+1 0 €{m+2 0 €{m+3
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where &7 is short-hand for £(nN)[—2n]. After a finite number of steps to the right, the
rank of the entries in this complex stabilizes to the rank of the matrix factorization, and
the complex becomes two-periodic with alternating maps f(a:) = f(p,x)|p=1 and g(z) =
g(p,x)|p=1. In fact, the half-infinite complex is quasi-isomorphic to a finite complex of
coherent sheaves over the hypersurface M, i.e. the infinite tower of brane anti-brane pairs
condenses to a finite number of branes and anti-branes, which gives the geometric D-brane
in D(M,.).

We finally remark that the gauge charges —N and N of the massive modes p and G(z)
induces a non-trivial relation between the B-field in the non-linear sigma model on M, and
the theta angle [18,59], that is

B*=60"+ N7 . (34)

We postpone a more detailed discussion of this effect to a later section.
Example 1 with N = 3 with superpotential
Consider the superpotential W (p,z) = pG(z) with cubic Fermat polynomial G(x). At

r >> 0 the theory localizes at the elliptic curve F = {G(z) = 0} C CP2. Let us exmaine the
matrix factorizations

px? px? px?
and
G(x)
B, : W(—l) W(Q) ,
p

which are the analogs of the complexes (23) and (24), respectively.
At large volume the Knorrer map acts on them in the following way. 28, becomes

_z @3 L @3
o(-1) —2+ o) —+ o) —~ o)
\x_* ©® \x_* ©®

T

o(

Z

[\
~—

X
— 5 00
x2
x
O(B) —— 0(6)%

where the line bundles O(q) are understood to be pulled back from CP? to the elliptic curve
E. In fact, this complex is an empty D-brane, in accordance with table (25).
On the other hand, B, is mapped to

0 1 0 1 0
O(—1) — 0(2) — O(2) O(5) )

Trivial brane antibrane pairs can be dropped in the infra-red, and the single line bundle
O(—1)[1] remains.
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Figure 3: Windows for the grade restriction rule. Here 8§ is odd.

2.2. Moving around in moduli space

So far we considered the renormalization group flow to the infra-red only deep inside of the
phases in the Kahler moduli space. We defined the set of low-energy D-branes in the infra-
red theory as the set of D-isomorphism classes of D-branes in the linear sigma model. Let us
now turn to the question of how to transport low-energy D-branes across phase boundaries
between adjacent phases.

Grade restriction rule

The analysis of the gauged linear sigma model on the cylinder, corresponding to a propa-
gating closed string in the infra-red, shows that along the singular locus & C 9 the world
sheet description breaks down. Additional non-normalizable modes show up, which are due
to noncompact directions in field space, i.e. the effective potential W, (o;t) for large values
of the scalar fields ¢ has flat directions along &.

In the presence of D-branes, the analysis of the effective potential was redone in [18] on
a strip of width L and led to the following result. For the gauge group 7' = U(1) a Wilson
line component W(g) in a D-brane B causes no singularity near the phase boundary if and
only if the grade restriction rule,

S 0 S
2<27T+q<2, (35)
is satisfied. Here, § =1/2 . [Q;|.

The grade restriction rule is illustrated in Fig. 3. Take a path through a window w
between singular points in the Fl-theta-plane. Then the condition (35) admits only a set
N of § consecutive charges for the Wilson line components W(q) of the D-brane 8. Denote
the set of grade restricted complexes and matrix factorizations by 7% resp. MFw (7).

For higher rank gauge groups, 7' = U(1)*, only the unbroken gauge group U(1), at the
respective phase boundary enters in the condition (35).
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Combining D-isomorphisms and the grade restriction rule

As it stands the grade restriction rule is a condition on the D-branes in the gauged linear
sigma model, i.e. 7% C D(CY,T) and MFw (T*) C MFw (CN,T). For the low-energy
D-branes the important observation is the fact that the grade restriction rule is a unique
‘gauge choice’ in the D-isomorphism class (for £ > 1 unique up to D-isomorphisms that are
common to both phases, see [18]). A low-energy D-brane can therefore be transported, say
from phase I to phase II, by first imposing the grade restriciton rule on the D-isomorphism
class in phase I and then mapping the grade restricted representative to its D-isomorphism
class in phase II.

In fact, the compositions of maps, 7 o wyr and 7y o wiry in the following diagram are
inverse to each other:

D(CN,T) M (CV,T)
U U
W IT " 1 W11 I
D(X[) - T — D(X[[) mgw(X[) - E)J?SW(’T”) - mgw(X[[)
sl WILI 1 WII,1

Here, 7, denotes modding out by D-isomorphisms in the respective phase, and w, , is picking
the representative of the D-isomorphism class in the grade restricted set. Let us illustrate
this in our example.

Example 1 with NV = 3 and no superpotential

Here, § = 3. We pick a window w = {—7 < 6 < 7}, which admits N* = {—1,0,1}
according to the grade restriction rule. At r << 0 we found the D-isomorphic D-branes,
By = B = W', and at r >> 0 we found By = B = B'. From its definition (32) it
follows that in both phases the D-brane 8’ is the grade restricted representative in the D-
isomorphism class and can thus be transported across the phase boundary:

r<<0 |GRR| r>>0
B, =B | B | B, =B

3. Orientifolds in linear sigma models

In this section we put aside D-branes and review and study world sheet parity actions in
gauged linear sigma models without boundary. Let us pick the cylinder ¥ = R x S* with
coordinates (t,z) ~ (t,z + 27m) as world sheet. The partiy action is an orientation reversal
Q:(t,z) — (t,—x) dressed by an involution 7 of the target space coordinates and possibly
dressed by a sign on the left-moving Ramond sector states, (—1)f~.

In theories preserving NV = 25 supersymmetry the action of the orientation reversal needs
to be extended to the A = (2, 2) superspace coordinates by 2 : (8%, 0F) — (6F,0%F). This in
particular implies that (anti)chiral multiplets are mapped to (anti)chiral multiplets, twisted
chiral multiplets are mapped to twisted antichiral multiplets, and vector multiplets to vector
multiplets [12]. Also, the involution 7 is holomorphic and acts non-trivially on the chiral
superfields of the gauged linear sigma model.
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In the following we will have a closer look at the fixed point locus of the holomorphic
involution 7 and at the orientifold Kahler moduli space.

3.1. The holomorphic involution and orientifold planes

Recall the bulk Lagrangian of N = (2,2) gauged linear sigma models,
k

N
o / " <_ 3" 5EaTa + ZXieQ?'V“XZ’> (36)

a=1 =1

k
+Re / 4?0 <—Zt“2a> + Re / d*OW(X) .
a=1

The kinetic terms in the first line are invariant under the orientation reversal 2 by itself, but
we can dress the latter by the holomorphic involution,
T X = wiXe) for +=1,...,N,
T: Vo +— Vi for a=1,... k.
2

(37)

The permutation o is of order two, o° = id, and preserves the gauge charges, Q); = Q).
Invariance of the action requires the coefficients w; to be phase factors. We obtain the
parity action on the component fields by combining the right-hand side of (37) with the
transformation of the supercoordinates with respect to €2. The result is

Qor: (w0, Fi)  — (wz®®, wpZ? | —w, Fo0),

Qor: (vy,0,As,D) — (v,,0,—Xs, D).
The holomorphic involution 7 needs to be involutive only up to gauge transformations,
?Xi=qg-X;, (39)

(38)

that is wiw,@) = Xg,(9), where x, (9) = g?% . .g,?i'c is the character of the representation
determined by the charges @;.

In view of (39) we see that only gauge equivalence classes of holomorphic involutions,
7 ~ g7, matter. Note that we can always find a representative 7o of the class so that 7& = 1.
It is however not unique. There are in fact 2¥ gauge equivalent choices. If we take a reference
involution 7, we can dress it by an elements k = (K1, ..., k) € T for K, = £1. The resulting
involution,

Ty = KTo , (40)

still satisfies the property (75)* = 1.

In the presence of a superpotential the phase factors in the B-type parity (37) are further
constrained by

W (x) :=W(r(x)) = —W(x). (41)

The minus sign on the right-hand side compensates the sign from Q : d0tdf~ — —db6+do~

in the action (36). For a model with Fermat polynomial, G(z) = ixfi“, and W(p,z) =
pG(x), this is ensured by

Wit =—w ' for i=1,...,N. (42)

Here, w, is an arbitrary phase factor. In particular, in 7y the phase w, must be a sign.
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Orientifold planes

Orientifold planes are the irreducible components of the fixed point locus Fix” (7) of the
holomorphic involution 7. The fixed point locus can be determined by finding solutions to
gTx; = x; for appropriate elements g € T. Using the gauge symmetry it can be expressed in
terms of special gauge choices 7, that is

Fix' (1) = U Fix(7f) , (43)

HGIT

where Fix(75) = N, {r¢x; = x;}/(C*)*. In (43) the union is taken over a discrete subset of
elements in the gauge group, Z, C T In particular, any x = (K1, ..., ;) with k, = £1 is an
element in Z,.

Note that in the low-energy configuration the deleted set A, is removed in view of the
D-term equations. Therefore, depending on the phase some of the components Fix(7}) of
the fixed point locus may be removed in the infra-red. In models without superpotential the
irreducible components of the fixed point locus, that is the orientifold planes, are then given
by

O, = Fix(1f) — A, /(C*)* (44)

In models with superpotential there are geometric phases where the low-energy configu-
ration localizes on a holomorphic subvariety M, = {9;/W = 0}. The orientifold planes are

then given by
O, = Fix(15) N M, — A, /(C)" . (45)

As we will observe explicitly in examples later on, the intersection in (45) may be reducible
(or even empty) and splits into a finite number of irreducible components Oy 4,

Or =] Ora -

Example 1 with N =3

Orientifolds in local CP?

Let us consider the allowed parity actions 7 in Example 1 without superpotential. We can
work in coordinates that diagonalize the holomorphic involution,

T(wiwaws;wp) (.Tl,.TQ,.T?,,p) = (Wlxl,WQ.Tg,wg.Tg,pr) .
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We find the following distinct choices of parity actions with corresponding orientifold planes

Oy

Involution 7 Fix' (1) at the orbifold point | at large volume

T1,1,1:1) O, = space filling C3/Zs 09 on Ocpz(—3)

T(1,1,-151) O ={z3 =0} 2 — plane/Zs O7 on Ocpi(—3)
O1={r1=20=p=0} — O3 on pt

T(1,-1,-1;1) O ={ry=123=0} line/Zs O5on C
O_1={x1=p=0} — 05 on CP!

T(—1,-1,-1:1) Op={r1 =29 =23=0} fixed pt of Zs -
O_1={p=0} — O7 on CP?

Orientifolds on the elliptic curve
Let us next turn on a superpotential W (p, z) = pG(x) with Fermat polynomial
G(z) =23 + a5 + a3 .
In view of the superpotential we have besides the diagonal involution 7(,,uyws:w,) the addi-
tional involutions,

T(/wl,WQ,w;;;wp) (xb L2, L3, p) = (wlx% Wal'1, W33, wpp) ’

where two coordinates are exchanged. However, we need to satisfy condition (42), which
rules out some of the involutions that we considered in the non-compact situation. There
are in fact only two independent involutions, which are related by T-duality:

Involution 7 Fix! (1) at the Gepner point | at large volume
T(=1,~1,—11) O ={r1 =120 =23=0} fixed pt of Zs -
O ={p=0} - E
T(/_L_L_l;l) O ={r1+ 22 =123=0} line/Zs lpt CE
O_1={r1—22=p=0} - 3ptsC E

In the table, £ C CP? denotes the elliptic curve at large volume. The locus O_; for the
second involution is reducible at large volume and consists of three points,

O_ian={r1—22=23—ar,=p=0} CE,

where a3 = —2.
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Figure 4: The slices of the moduli space in the presence of an orientifold. One slice
connects the large volume and the ’small’ volume point (sometimes Gepner point).

3.2. Orientifolds and their constrained moduli space

So far we considered the parity action on the kinetic terms and the chiral superpotential in
(36). As for the effect on the twisted chiral superpotential, t*Y,, we note that the orientation
reversal ) maps the gauge field strength 3, to ¥,. Invariance of the path integral therefore
requires t* = t* mod 2mi, where the mod 27 shift is due to the topological term for the
theta angle. The theta angle is therefore restricted to

0*=0orm mod 2. (46)

According to these conditions the orientifold constrains the allowed complexified Kéhler
moduli to 2* real half-dimensional slices in 9tx. Note that the orientifold slices may or may
not intersect the singular locus &.

One-parameter models

For k& = 1 the slices in the Kahler moduli space are depicted in Fig. 4. The singularity
S sits at the theta angle § = 87 (mod 27), where 8 = >~ _;Q;.The slice at § = S7 is
therefore divided by & into two disconnected components. Otherwise, on the slice 6 # 8w
the singularity is avoided and the slice connects large and small volume limits. We will find
later, after a detailed investigation of D-branes in the orientifold background, that under
special circumstances the two slices may be joined at the small volume point.

Higher dimensional moduli spaces

For k > 1 the slices in moduli space are complicated but more interesting. Let us illustrate
this in the two-parameter model Example 2.

Example 2

The singular locus & is the union of the following two loci [59]:
So={e " =1/41-2")? | and & ={e " =1/4}.

The orientifold action admits four slices. Two of them, # = (0,7) and § = (7w, 7), do not
intersect the singular locus & so that we can move freely between the four phases. On the
other hand, the intersections of the slices 8 = (7, 0) resp. # = (0,0) with & are depicted in
Fig. 5. In the former slice we can move from phases I to IV. In the latter all phases are
separated, even more, there is a non-perturbative regime that is not accessible from any of
the four perturbative regions.
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Figure 5: The slices § = (7,0) resp. # = (0,0) divide the moduli space in distinct
sectors.

3.3. Orientifolds at orbifold points

At an orbifold point of My the gauge group T of the linear sigma model is broken to a
discrete subgroup I' in view of vacuum expectation values <xl> ez = 1. Let us examine the
consequences for the holomorphic involution.

The vacuum expectation values require special gauge choices for 7, namely the ones that
act trivially on the fields x; for [ € Z, so that a I'-equivalence class of parity actions, 7 ~ ~7
for v € T, remains and acts on the orbifold CY=*/T". The orientifold group and the orbifold
group are combined in an extension [60],

F—>f—>Z2.

Notice that after breaking the gauge group to the discrete group it is in general not possible
to find a representative for the holomorphic involution that satisfies 73 = id.

4. D-branes in the presence of orientifolds

In this section we study the parity actions on world sheets with boundary. We will combine
the considerations of the previous two sections to define parity-invariant, low-energy D-
branes. The presentation will follow the discussion in [16].

4.1. The world sheet parity action on D-branes

Let us pick the strip 3 = R x [0, 7] with coordinates (¢, x) as world sheet. The orientation
reversal acts as  : (t,z) — (t,m — x). Let us study the effect of the world sheet parity
Ppt:= (—1)™% 0 Qo7 on the general Wilson line (13).

Recall that the boundary action on the strip for a single Wilson line brane W(q%) is given

Zk: (29—; + qa) /_00 dt < [(va)t — Re(aa)hlzo - [(va)t - Re(aa)hlzw) ) (47)

o

26



Here we included the contribution from the theta angle. The orientation reversal {2 exchanges
the two boundaries of the strip giving rise to an overall sign in front of (47) and, therefore,
inverting the sign of /27 + ¢“, i.e. its effect on the charges is

Pyt gt = =07+ q") - (48)
Notice that this map is well-defined because of the integral values of #*/7 that we found
earlier in (46).

Let us now consider a general Wilson line with tachyon profile Q(x). For convenience we
set

N N
1 1 1 o
=1 i=1
The path ordered Wilson line on the strip is

Str (61 (2)| oo P! I AR 6 ()| P ot AL ) (50)

where the time ¢’ on the boundary x = 7 is oppositely oriented to the time ¢ on the strip
itself. Here, the fields ¢;(z) and ¢2(x) take values in End(W) and correspond to incoming
and outgoing string states at minus and plus infinite time.

The orientation reversal {2 swaps the two boundaries, and the involution 7 acts on the
connection as 7*A[Q] = A[T*Q(z)], resulting in

Str <T*¢1|—OO Pelffooo dt'A[T*Q]Z:TF T*¢2|OO Pe—iffooodt/.A[T*Q]z:()) —=
Str <¢*¢1T|_Oo Pet It AT QI e T Peiffoooth[T*Q]f:ﬂ) ‘ (51)

In the second line we applied the graded transpose and its properties as summerized in the
appendix A.1. The appearance of the transposition in the parity action tells us that the
Chan—Paton vector space W is mapped to its dual vector spaces,

Py W — W
In order to extract the parity transform of () we rewrite the transposed superconnection as
SAFQT = QT QY + 5l QT — LI QN =
= FrLE ) 4 AT - AN = 6
= A-7Q"], (53)
Here the hermitian conjugate of an endomorphism on the dual space W* is defined by

(MT)T" .= (M")T. Comparing with (50) we can easily read off the action of the world sheet
parity Py" on the tachyon profile,

Pg: Qz) = —m"Q(2)" (54)
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and on fields,

Py d(x) = T ()" (55)

Let us consider the generalization of the parity transform of the charges in equation (48)
to the stack of Wilson line branes V. The representation p(g) of the gauge group 7" on W
is determined by the charges of its Wilson line components, so that (48) turns into

Pit = p(9) = X, (9)p(9)~ " (56)

The graded transpose appears by the same reasoning as above and is consistent with relation
(14).

In order to determine the effect on the representation R(A) of the vector R-symmetry
we take the graded transpose of relation (15) and compare it with (54). We find that the
representation has to transform as R(\) — R(\)~T. Note however that the world sheet parity
action P} contains the operator (—1)™ % which, for m odd, inverts the sign of left-moving
Ramond sector states and in particular the sign of Ramond—Ramond fields. Since D-branes
are sources for these fields, the overall sign of the D-brane charges is also flipped, i.e. branes
are mapped to antibranes if m is odd. In the context of D-branes the operator (—1)% is
called the antibrane operator (or antibrane functor on the D-brane category [16,17]). Since
the components WY with R-degree j even and odd correspond to branes and antibranes
respectively, we conclude that the operator (—1)™ induces the shift [—m] : j — m + j.
The parity action P}* on the representation R(A) is therefore dressed by a character,

Py R(N) — x,,(\) RO (57)
The relation 0 = R(—1) implies furthermore
Pl o (=)0l . (58)

Let us summarize our findings of this section. A D-brane B = (W, p(g), R(\), Q(z)) in
the linear sigma model is mapped by the world sheet parity action as

Pit s (W0, R.Q) = W x . (9)p " x,, WRT, =7"QT). (59)

We sometimes use the abbreviation Py*(B) for the parity image of B.

4.2. Dressing by quasi-isomorphisms

A well-defined parity operator on D-branes should square to the identity, so that we can
gauge it in order to obtain an orientifold background. However, P;* does not square to the
identity, rather it acts as

(P5")?: Q) = (=1)" 1 p(1%)Q()p(7%) " .
Recall that 72 is an element of the gauge group and therefore the dressing by the represen-

tation p(72) arises from applying the gauge invariance condition (14) on Q(7%z). The sign
(—1)™*! is due to the graded double transpose (128) in the appendix.
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The non-involutive property of Pg* is cured in conjunction with our wish to describe low-
energy D-branes as D-isomorphicsm classes in the gauge linear sigma model. We supplement
the D-brane data by an arbitrary quasi-isomorphism, B = (W, p(g), R(\), Q(x),U-(z)), and
define a dressed parity operator F;" as follows:

Q) U, = ~U, 7*Q(x)",
Fr(p(9) U = X_,.(9) g°U: p(g) ", (60)
P (R(N) XU, = x,,(\) Ur RN,
P (o) U, = (-1)™ U, ol

By abuse of notation we often summarize these transformations in Fy*(8)U. = U, Py*(‘B).
Note that quasi-isomorphisms in the “inverse” direction are also possible, that is V, P;"(B) =
Py (B)V;. A homomorphism ¢ taking values in Hom(W,, W) transforms as

B'(¢) Uy = Ury 707 . (61)

In order to ensure that the parity operator F;"* depends only on the gauge equivalence
class of the holomorphic involution, 7 ~ g7, the quasi-isomorphism U, must transform as

Ugr == U- plg)" . (62)

Inserting (62) in the definition of the parity operator P;* one can easily check that the latter
does not depend on the gauge choice.

Two orientifold actions

The definition of the dressed parity operator F;" does not yet ensure that it squares to the
identity. We may however utilize the dressing by the quasi-isomorphism U, to ensure this
property by an appropriate transformation behaviour of the quasi-isomorphism itself, i.e. we
determine PJ"(U,) so that (P;*)* = id.

Let us pick a homomorphism ¢ taking values in Hom(W,, W) and apply the parity
operator (61) twice. With the Ansatz PJ*(U,) = A 7*U," for some constant invertible
matrix A we have

Py o P (9) B (Urs) = A1 7°Ury T'F(9)" =
— Al (,7_2)*¢TT T*Uq—g —

= (7)ot 6 o () UL

Requiring equality with the original field ¢ determines A up to a constant €,, so that U, has
to transform as
P U,) = ep(t)tomtiru, (63)

A quasi-isomorphism in the inverse direction, i.e. Vo BJ*(¢) = 7*¢T V.1, transforms as

Py (Ve) = e TV o™ () (64)
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Here the inverse constant appears for consistency with the case when the quasi-isomorphism
is invertible, U, = V.71

The constant e, is associated with the parity operator. It has to be the same for all
mutually compatible D-branes. In order to stress this we henceforth denote the parity
operator on D-branes by P;7"™. By abuse of notation we continue to denote the set of
D-branes, now supplemented with U,, by D(CY,T) or MFy (CN, T).

Like the quasi-isomorphism, the constant €, depends on the gauge choice of 7. Comparing
the transformation (63) for U, and Uy, and using P,""(U,,) = P, (U;) Py (p(g))" as
well as (62) reveals that

€97 = X_o/x (9)67— . (65)

The combined shift, (62, ¢%) — (0% + 27n%, ¢ — n®) for n® € Z*, alters the constant e, as
follows:

& — exx_, (7). (66)

What we have considered so far ensures that P, squares to the identity on the D-brane
data (W, p, R, Q). However, since the quasi-isomorphism transforms now under the parity
operator we have to impose (P,”"™)?* = id on U, as well. In fact, using (60) and (63) we
obtain

Ur — P;T,m(P;T,m(UT)) — ETP;T,m -1 P;T,m(a)m—i-l T*P;T,m(UT)T —

1 P;T,m(o_)m-i-l (ETp(T2)—10_m+1(T*)2UTT)T _

The constant e, is therefore determined up to a sign,
€, =€ec,, with e==+1.

The constant ¢, depends on 7 and 6. We will refer to the constant e, as orientifold sign,
although it is strictly speaking not a sign. In the following we will often pick an involution
Tp that squares exactly to the identity, which implies that €,, = £1. Also the combined shift
of the theta angles and the gauge charges resulting in (66) does not alter the sign €.

In summary, P, is a parity operator on the set of D-branes in the gauged linear sigma
model. It squares to the identity operator and is determined by the discrete theta angle 6,
by the dressing with the antibrane operator, m odd or even, and by the orientifold sign e,
whose role will be elucidated in a moment.

Shift of R-degree

As known in D-brane categories an overall shift of the R-degree, [I] : j +— j — [, is unphysical
because all measurable quantities depend on the difference of R-degrees [61]. In view of the
interpretation of the Zy-grading (—1)7 as distinguishing branes from antibranes the shift [1]
is indeed the antibrane operator as it appeared already in the previous subsection.

Let us study the effect of the antibrane operator on the quasi-isomorphism U, and on the
sign e,. First, the partiy action commutes with the shift only if the latter is accompanied
by m — m — 21, i.e. Py ol = [I] o Py~
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The R-symmetry representation and the Z,-grading operator are mapped as follows,

[1]:R(\) — MR\, (67)
[:0 — (=Do.

In view of the sign change of the Zs-grading operator ¢ the graded transpose is altered to
(1] M* (UT)ZMT(UT)I )

The transformation property (60) of Q(z) then tells us that the quasi-isomorphiams U is
mapped as
[1]: U, — d'U, .

Inserting (67) in the defining equation (63) of the orientifold sign €, we observe that it
is mapped as
& — (=1Dle, . (68)

Alltogether we have shown that the shift [/] transforms the parity operator as follows,
By o i) = [l o By (69)

Notice that the combination e,(—1)"/? is an invariant under the shift of R-degree. Here,
the square bracket denotes taking the next lower integer. We therefore expect that physical
quantities depend on this invariant combination.

4.3. Parity invariant D-branes

As next step we define parity-invariant low-energy D-branes as D-isomorphism classes that
are preserved by the parity operator P, i.e. there exists a quasi-isomorphism U, or V; from
B = W, p(g9), R(N),Q(x)) to its world sheet parity image Pj*(B), so that P, (B) = B.
Explicitly,

Qx) Uy = —U, 7Q(x)",
p(9) Ur = x_,,.(9) ¢U- p(g)",
RO\ MU, = x,(\) U RO, (70)
oU, = (-1)"U, o",
Ur = ep(r?) tom U .

Analogous relations hold for quasi-isomorphisms V,. Note thate the quasi-isomorphism is
now determined by the invariance conditions (70), whereas in the previous subsection it was
completely arbitrary. We denote the sets of invariant low-energy D-branes in gauged linear
sigma models without and with superpotential by D¢ ™¢(X,.) and E)JTS;{/m’e(XT), respec-
tively.

Let us point out a subtlety here. In general, a D-brane B is invariant if it can be related
to its world sheet parity image Pj*(8) by a chain of quasi-isomorphisms. However, if both
types of quasi-isomorphisms, U, and V., appear in the chain it is not clear how to determine

the sign €,. We will later find an elegant resolution to this problem.
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4.4. Gauge groups on D-branes and the type of orientifold planes

All D-brane in an orientifold background have to carry the same orientifold sign e.. In
this section we want to consider the situation when the D-brane is a stack of identical D-
branes B;, that is the Chan—Paton space is the tensor product of an external Chan—Paton
space V, = C" and the internal Chan—Paton space WW,. The orientifold sign €, can then be
distributed appropriately on the two contributions,

€r = € € .

Stacks of irreducible invariant D-branes

Let us consider a stack of irreducible and invariant D-brane, i.e. the tachyon profile Q;(z)
on the internal Chan—Paton space W; is an irreducible endomorphism. The internal sign ¢;,
which is now associated with the irreducible D-brane (not the orientifold), is defined through

Uy = € pi(7%) Lo Ul (71)

The stack of D-branes on the Chan—Paton space W = V., ® W, is defined as follows:

Qz) = id®Qs(x),
plg) = ide pilg) .
RO\ = id® R\,
U, = U.®U,; .

In particular, the quasi-isomorphism splits into an external isomorphism U, on V. and an
internal quasi-isomorphism U.;.

Comparing the last relation of (70) for U, and relation (71) for U,; we find that the
external sign €. enters in the symmetry condition of the external isomorphisms,

U.=¢e. (U)".
It therefore determines the gauge group on the stack of D-branes [6,16],

SO(n), neZ for  e.=+1, (72)
Sp(n/2), n €27 for e =-—1. (73)

In the following we will mainly work with the internal, irreducible part of a D-brane. We
drop the index ¢ for convenience, with the exception of ¢;.

The type of orientifold planes

Given a parity action with multiple components of the fixed point locus in the infra-red
theory, we may consider a probe D-brane that sits on top of one of the components. According
to the gauge group of the probe D-brane, ¢, = +1 or ¢, = —1, we follow the general
convention in the literature to define the type of the orientifold plane by o := —¢.. Indicating
the type we refer to the orientifold plane as O%plane. We will have to say more on the type
of orientifold planes in later sections.
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Stacks of brane image-brane pairs

A special class of invariant D-branes is given by brane image-brane pairs, i.e. D-branes that
are of the form irreducible brane plus parity image brane. In particular, the internal Chan—
Paton space reads W; =V @ V*. If we consider a stack of such branes we tensor ¥V @ V* with
the external Chan—Paton space V., which is equivalent to considering

W=V.eV & V,V",
and setting

Qz) = Wd®Qi(r) ® id® (-7"Qi(x)") ,
plg) = id@p(g) @ idex_,, (9) pi(e)™",
R(\) = id® R/()\) @ id®y,, (A\) Ri(A\)™7T.

The quasi-isomorphism for this D-brane can be written in the brane image-brane basis as

B 0 cer Ul @ o™ p(r2)7!
w_(@®ﬁ 0 ' (74)

where ¢ is an a priori arbitrary constant and ¢, was introduced for later convenience. Let
us try to match the sign € of the parity action by computing

x77—T _m-+1 2\ CCTid®id 0 . .
U.mU7 0™ p(1%) = ( 0 Aeideid ) = ecrid .

So we find that we can always adjust the constant ¢ to be equal to the sign €. In particular,
this means that the brane image-brane pairs appear for both orientifold signs €., and since
there is no symmetry restriction on the isomorphism U, the gauge group is U(n).

4.5. Moving between phases — Orientifolds and the grade restriction rule

In view of the observations of Sec. 3.2 the transport of low-energy D-branes between phases
in the gauged linear sigma model is not always possible in the presence of orientifolds, at
least not within the world sheet description. The reason is the singular locus &, which is
real codimension one on the orientifold slices in 9.

Let us concentrate on linear sigma models with gauge group 7" = U(1) in the subsequent
discussion.

Awvoiding the singularity

If the slice in Kéhler moduli space does not intersect with the singular locus, that is 6 # 87
mod 27, we can apply the grade restriction rule of [18] to transport D-branes between the
phase. It reads
S 0 S
—2 < o +qg < 5
In fact, the world sheet parity action Pj*, mapping 0/27 +q +— —(0/2m+q), preserves the
grade restriciton rule. Once we have found a grade restricted representative for a D-brane,
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its image under the world sheet parity action Py" is again grade restricted. This is important
for consistency of the gauged linear sigma model near the phase boundary.

i From [18] we recall that there are no non-trivial D-isomorphisms between D-branes in
the grade restricted set. The grade restricted D-branes are unique up to a basis change (30) of
the Chan—Paton space V. Since Pj" does not map out of the grade restricted set this implies
that a grade restricted invariant D-brane B and its parity image Py (8) must be related by
an (invertible) basis change U.. It is therefore convenient to work with the grade restricted
representative of a given D-isomorphism class. In particular, since U, is an isomorphism it
is easy to compute the sign ¢; and the problems with chains of quasi-isomorphisms that we
mentioned in Sec. 4.3 do not show up.

Colliding with the singularity

If we consider a slice in 9k that collides with the singularity, we cannot transport D-branes
from one phase to the other. We want to add a remark on the sign ¢; though.

Suppose we sit on the slice § = 8w. The windows that are adjacent to the singularity at
8w, cf. Fig. 3, admit the charges N~ ={0,...,8—1} resp. N*+ = {1,...,8}. If we pick a
representative B for the D-brane that is grade restricted with respect to N~ its world sheet
parity image Py (*B) will be grade restricted with respect to N*+. In order to map Py*(B)
back to 8 the associated quasi-isomorphism has to remove all the Wilson line components
W(S8). This can be achieved by a chain of quasi-isomorphisms, all of which are of the same
type, either U, or V,. In fact, these can then be composed to a single quasi-isomorphism,
which allows to compute the sign ¢;.

Example 1 with N = 2 and no superpotential

Let us consider a simple example of an invariant D-brane at large volume. We take the
world sheet parity action with 7 = id and m = 1 and pick the slice § = 0 that collides with
the singularity &. The adjacent windows at the phase boundary determine N*- = {—1,0}
and N*+ = {0, 1}.

Regard the D-brane

xr
B W(-1) —— W), Q:(g %2) ’
which is an element of 7%-. It is mapped by the world sheet parity to

PLB) : WH(0) —— W (1) , —T*QTz( 0 0) |

.TQO

In view of the different gauge charge assignments the latter is clearly not isomorphic to the
original complex. However, at large volume, » >> 0, we can bind to it an empty D-brane
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via a D-term deformation (31),

(_zjl) (z1,22)
S 0)®2 2 w(1) |

After eliminating trivial pairs W*(q) R W(q) for ¢ = 0, 1, we get back the original D-brane.
The associated quasi-isomorphism is

VT:(O xl), with ¢ =1.
X1 0

4.6. Orientifolding complexes and matrix factorizations

Let us formulate invariant D-branes in models without superpotential in terms of complexes
(17). This will facilitate some of the subsequent, explicit computations in examples. In
the low-energy interpretation the following makes contact with the discussion of orientifold
projections in the derived category of coherent sheaves in [17].

Similarly, invariant matrix factorizations can be described by merely adding “backward
arrows” in the complexes, as in (20). This is straight forward, and we will skip the general
discussion of matrix factorizations here.

The defining conditions (70) for an invariant D-brane can be rewritten for a complex (17)
in terms of a commutative diagram,

—T*(dm_j)T —T*(dm_j_l)T _T*(dm—j—2)T
_ W*] - W*j—‘,—l -
W Wil . (75)
di—1 d7 Qi1
_— Wi —  WWitl -

The second line is the complex for Q(x), and the first line represents the world sheet parity
image Py (Q(z)) = —7*Q(z)”. Note that we have (¢/)T = —(—1)/(d’)" according to the
definition of the graded transpose, where ? is the ordinary transposition of matrices. W7 =
@W(¢) is the component with R-degree j, and

W = W = e W (—0/m — ¢])

is its dual, now carrying R-degree m — j.
The chain maps, v/ : W* — W/, preserve the global symmetries as well as the gauge
charges. They are the components of the quasi-isomorphism
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The last condition in (70) becomes
W= p (7371 (=1)mEDT ()t (76)

Koszul complexes

As examples for invariant D-branes we consider coherent sheaves O¢(q) that are localized at
the common zero locus C' of n polynomials (f1, ..., f,). They can be described via tachyon
condensation [52,62-64] by Koszul complexes, which we define below. We determine the
chain maps «’ that render the Koszul complexes invariant and provide a simple formula for
the type of gauge group that is supported on them.

Let us denote the gauge charges of the polynomials by (Qy,,...,Qy,) and introduce
Q=" Q. The Wilson line (11) associated with the Koszul complex can be realized in
terms of boundary fermions n; for ¢ = 1, ..., n, which upon quantization satisfy the Clifford
algebra relations {n;, 7;} = 0;;. The associated Fock space, built on the Fock vacuum defined
by 7;]0) = 0, is then the Chan—Paton space W. The boundary interaction is given by

Q) =3 flwn

and acts naturally on the Fock space W. Since Q(z) needs to be gauge invariant, the
boundary fermions 7; must carry the gauge charges —Q)y,. The resulting complex reads

C: W%(q—Qf) ! ! @W&{_n_l(q—in) L. Wﬂéﬁﬂ(q) . (77)

=1

We assigned R-degree (m + n)/2 to the Fock vacuum |0), i.e. to the right-most entry in the
complex. This assignment is necessary for an invariant D-brane. Note that it also requires

m=mn mod 2. (78)

In order to determine the chain maps u’/ and the corresponding sign ¢; it is instructive to
describe the Koszul complex C in the language of alternating (or exterior) algebras. Let
R* = @, , C[z];,”> where C[z] is the graded coordinate ring of chiral fields. We introduce
the interior product

Ly c NPRY _)/\p—1R*7 ﬂ'_)bvﬁ:ﬁ(vf“)? (79)

where 3 denotes a p-form in APR* and v = ), v;1; a vector field in R. The tachyon profile
Q(z) in the complex C can then be realized as interior product ¢,

Lf Lf

ng* * Lf *

For sack of brevity we did not indicate the gauge charges.

®Henceforth, we drop the Fock vacuum |0).
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To calculate the parity image of this D-brane we need to determine the graded transpose
of ty. The dual pairing of p-forms, 8 € APR*, with p-vectors, o € APR, is

(@, B)p i=taB = % Z Qiy.iy By iy (81)

i1yl

where t, is the natural generalization of the interior product to polyvectors. With the
convention used in (81) it satisfies to t4 = tyra. Note that, according to the R-degree
assignment in C, p-forms have R-degree (m +n)/2 — p. Since the world sheet parity maps
R-degrees as j — n — j, we assign the R-degree (m — n)/2 + p to p-vectors. The graded
transpose L}F of the interior product is then defined by

<L?O‘>ﬂ>p+1 = (=1) 2 +p+m<o‘>bfﬁ>p>

which is in accord with the definition (122) in the appendix. Inserting the right-hand side
in the dual pairing (81) we readily find that

L? ANPR — APTIR, a— (—1)%ﬂ+pf Ao,

T

and the world sheet parity image of the boundary interaction —7*Q(z)" is realized as

—(—1)m+m/ 2P (7% FYA on p-vectors.
Let us next construct the quasi-isomorphism U, that makes C invariant. According to
(75) we have to construct maps u? such that the following diagram commutes,

(/\n—pR*) mon ., i) (/\n—p—IR*) men i (82)

uPT 1up+1

(7N Ry (0 A R

The idea is to chose a volume form o € A"R* and try the Ansatz
w(a) =& fo(x) brita¥ - (83)

¢p are constants to be determined below. 7 is defined as the representation matrix of the
holomorphic involution on the polynomials f;, that is 7*f; = (74);;f; for j = 1,...,n. Its
inverse is inserted in every contraction between « and o. The polynomial fo(x) must be
such that U, is a quasi-isomorphism, i.e. according to the definition of a quasi-isomorphism,
around (33), the polynomials (fo, f1, ..., fn) must give rise to an empty Koszul complex, or
put in yet another way, the common zero locus of all polynomials must be contained in the
deleted set A,. Note also that in view of Pj" : ¢ — —60/m — ¢ the polynomial fy has to carry
gauge charge

Qp=0/T+2¢ - Qy . (84)
The constants €, for p = 0,...,n are fixed by inserting the Ansatz in the diagram (82)
and requiring that it commutes. We obtain €,41 = —(=1)(m+n)/ %e,. Using the freedom to
normalize U,, we fix ¢g = 1 and obtain
= (—1)E
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The internal sign ¢; of the D-brane is determined by constructing the graded transpose
of uP. Since the latter is even its graded transpose equals its ordinary transpose,

(o, (") (8))p 1= (B, u"(@))np

where o € APR and 3 € A" PR. Inserting u? on the right-hand side we find after some
algebra,

(uP)t = £, (—1)P" ) det 74 Tf_z-u”_p ,
where (T]c_z)ij = X_in(Tz) 87, which acts on a (n — p)-form as Tf_2 = x_,(1*)pp(7?). Applying
the holomorphis involution on both sides we obtain

2
P =g (-1 P(m+1)M 21 %P\t
! en(=1) so det 7¢ p(77) T (W)

The factor sg is from 7* fo = s fy in u"P. Comparing with (76) we obtain the internal sign
¢; for the Koszul complex,

mn X, (7%)
i = —1 2 k! s
&= (=1) det 7]9

where we introduced det 7]9 = spdet7s. We have therefore succeeded in determining the
gauge group for Koszul complexes, i.e.

€ce = €/€ = eT(—l)(m_”)/zx_q(Tz) det 7y . (85)

Note that this result confirms the expectation that the gauge group does not depend on shifts
of R-degree [l], which exchanges branes and antibranes. Indeed, the external sign depends
on the invariant combination e,(—1)"/2 cf. relation (69). To see this note that in view of
(78) we have (m —n)/2 = [m/2] — [n/2].

Koszul-like matriz factorizations

Let us briefly comment on models with non-vanishing superpotential. A natural analog of
Koszul complexes is provided by introducing additional polynomials (g1, . .., g,) and defining

a matrix factorization
n

Qz) =Y (filx)ms + gi(w)my) -

i=1
The condition @* = W is ensured by W = 3", fig;.
On the level of complexes, we complete the factorization by including arrows “backwards”

Ly Ly
g o g g
where g = > ¢;7; is a 1-form in R*. Obviously, {¢f,gA} = W realizes the matrix factoriza-
tion. The graded transpose can be found to be

—m(gN)" = —(=1)

The chain maps u? and thus the sign ¢; turn out to be the same as for Koszul complexes.

C: (/\HR*)mQ—n (/\IR*)%}ﬂ_l (/\OR*)%ﬂ 5 (86)

m4+n

2 Py .
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4.7. Tensor products of invariant D-branes

Tensor products of complexes or matrix factorizations have been studied and used to con-
struct special types of D-branes on many occasions [65-77]. In particular, all the known
boundary states of Gepner models are realized as tensor products of simple matrix factor-
izations in the corresponding Landau—Ginzburg model.

Here we want to address the question of how the invariance of a D-brane under the
orientifold action behaves under taking graded tensor products. The results of this subsection
will be most important when we later study the fibre-wise Knorrer map that relates matrix
factorizations of the linear sigma model to complexes of coherent sheaves at low energies.

Some properties of the graded tensor product are listed in appendix A.1. Let us briefly
present its definition. For two endomorphisms of definite R-charge, A € End(W;) and
B € End(W,), we define the graded tensor product as

AR B=A®d'B

where we used the ordinary tensor product on the right-hand side. |A| is the R-charge of A.
In order to not forget subtle signs related to the insertion of 0|2A|, which takes care of the
grading, we will work explicitly with the ordinary tensor product.

Let us consider two invariant D-branes, B, = (W, pa, Ra, Qu, U,) for a = 1,2, satisfying
(70) with (04, €ia,mq). We can form the tensor product brane B = (W, p, R, Q,U,) with
W =W, ® W, and

Q = Qi1®or+idi ®Q2,

plg) = pi(g) @ p2(yg) , (87)

For matrix factorizations the tensor product brane is associated with the sum of superpo-
tentials W = Wy + Ws.
These definitions together with (56) and (57) imply that

0 = 0,+0,,

m = mi-+mo. (88)

A rather non-trivial question is to build the quasi-isomorphism U, out of U; and Us, and
in turn relate the sign ¢; to €;; and €;2. U; cannot just be the naive guess, that is U; ® Us.
To see this notice that upon using the graded transpose of tensor products, formula (129) in
the appendix, the world sheet parity image of () is

QT = QT ®idy — ol @ 7QT .

We find that U; ® U, cannot map —7*Q7 back to @), since it cannot turn the o,’s into id,’s
and vice versa.

We need a more sophisticated quasi-isomorphism for the tensor product D-brane. To
construct it we introduce the projection operators pi = 1/2(id, + (—1)"0,) and note that
they can be used to switch between o, and id,, i.e. plo, = o.pl = (—1)"plid,. This suggests
an Ansatz for U., which is a linear combination of four terms, pi'U; ® py2U, with r, = 0, 1.
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Inserting the Ansatz in the invariance condition for @ in (70) it turns out that the quasi-
isomorphism has to take the form

U= ) (=) gt @ piUs . (89)

r1,72=0,1

U. is furthermore compatible with all other equations in (70). In particular, the last one
gives the simple sign relation
€ = €1 €2 - (90)

An application: The Koszul complex revisited

Let us reconsider the Koszul complexes of the previous subsection. Using the tensor product
techniques we recompute the sign €, that determines the gauge group. Let us first assume
that C is invariant with invertible quasi-isomorphism U,,,, which requires

—0/mr—q=q—Qy . (91)
Moreover, we work in a basis for the polynomials f, that diagonalizes the action of the
holomorphic involution, i.e. 7*f, = s, f, for a = 1,... ,n. Recall that an invariant D-brane

requires m = n mod 2.
We start by using the fact that a Koszul complex C of n polynomials (fi,..., f,) is the
tensor product of n Koszul complexes of a single polynomial,

Ja
Cot Wana (00 = Q) = Wasgss ()

Each m, has to be odd and we set 0,/ := Q, —2q,. By (88) the integers (my,...,m,) and
the auxiliary theta angles (64, ..., 6,) must be chosen so that they sum up to

m = mi+...+m,,

Now let us compute the signs ¢; , for the complexes C,. The isomorphism U, is given by the
chain map

maq—1

(_1) 2 Sqfa
WmaT_l (Qa - Qfa) - W’"GTH (qa)

1 (1) 7 s, !

WmaT_l (Qa - Qfa) W’"GTH (qa)

Applying equation (76) we find that €, = (—1)™+=D/2y_(72) s, '. For the tensor product
complex C we therefore have

€ =

€ha= (=12 x () [ [ 2"

n n
=1 a=1

a
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If the condition (91) for an invertible quasi-isomorhism U, is not satisfied, the Koszul
complex may still be invariant provided that there exists a polynomial fy(x) so that U, =
foUiny is a quasi-isomorphism, cf. equation (83). Setting 7* fo = s¢ fo we find

d

ei= (=12 () []s." -

a=0

In general, the polynomials f, will not diagonalize 7. For an invariant D-brane we have
T o= 10 T})ﬂbfb for a =0,1,...,n. The sign that determines the gauge group can then
be written in terms of the determinant of 7]9,

€e = €/€ = ET(—l)(m_”)/zx (72) det 7]9 )

—q

5. Non-compact models

So far we discussed aspects of D-branes in gauged linear sigma models that are largely
independent of the presence or absence of an F-term superpotential W (x), the discussions
included both, Q(z) describing complexes and matrix factorizations. Let us now specialize to
the case without superpotential and consider some examples of orientifolds and invariant D-
branes described through complexes of Wilson line branes. As an application of the formula
(85) we determine the type of orientifold planes by testing the gauge group of probe branes.

We are mainly interested in the dependence of the set of invariant D-branes and the
orientifold planes on the slices of the Kéhler moduli space. As a particular consequence of
our linear sigma model approach we will find that the different slices may be connected along
special loci in M. We investigate the phenomenon of type change of orientifold planes that
was discussed in [13].

5.1. Orbifold phases and the orientifold moduli space

Let us consider linear sigma models with an orbifold phase and study the relation between the
linear sigma model and the orbifold description. We illustrate the main points in Example
1 that becomes the quotient CV /T" with discrete group I' = Zy at the orbifold point. Recall
the charges (8) and the moduli space in Fig. 4.

From the linear sigma model to the orbifold

As briefly reviewed in Sec. 3.3 the discrete group I' in the orbifold phase is due to a vacuum
expectation value for the field p of gauge charge —N. This expectation value also restricts
the gauge equivalence class of holomorphic involutions to a I'-equivalence class, 7 ~ ~7 for
v €T, i.e. it requires 7(p) = v Vp = p.

By conveniently setting p = 1 an invariant D-brane in the orbifold theory is determined
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by the linear sigma model data through

Q(z) = Qlp=1x),

p(v) = ply) for yeT' CU(1),
RO\ == R(\),

U, = U.(p=1).

A Wilson line component W(q) becomes a I'-equivariant line bundle O(g) with charge § = ¢
mod N. We denote the I'-equivariant Chan-Paton bundle descending from W by &.

It follows immediately that the orbifold data (€, p, R, Q,U,) of an invariant D-brane
satisfies the invariance conditions (70), now with a representation p(v) of T, cf. [60].° In
particular, x /ﬂ('y) is a character of the orbifold group I', which implies that the theta angle
is defined only modulo N7 at the orbifold point,

0:=0cZr mod Nr . (92)
This can be seen explicitly in the world sheet parity action on the charges,

G —0/m —q€Z mod N .

From the orbifold to the linear sigma model

For the inverse map, lifting D-branes from the orbifold to the linear sigma model, we first
have to decide to which slice of the Kahler moduli space we want to lift. For a given 6 we
have a mod N choice of theta angles in the linear sigma model. Let us pick one such choice.

The representation of the gauge group p(g) is obtained by lifting the charges ¢ in p(7)
to integers ¢ (= ¢ mod N) in a fixed interval, say {0,..., N — 1}. Then the tachyon profile
Q(p,z) is constructed from Q(z) by multiplying the entries in the latter by appropriate
powers of p as to match the gauge charges determined by p(g). The representation of the
R-symmetry is simply R()\) := R(A). Finally, the isomorphism U, just lifts to U, by filling
in appropriate powers of p.

The freedom of choosing the theta angle mod N7 actually means that we can lift a D-
brane from the orbifold point to different slices of the moduli space, i.e. a priori distinct slices
of the Kahler moduli space are connect at the orbifold point. This can easily be picturized
in the N-fold cover of the moduli space parametrized by the algebraic mirror coordinate v,
defined by e! = (—N)". Since a shift # — @ — N7 corresponds to a phase shift ¢ +— e,
changing the slice means going straight throught the orbifold point at 1) = 0. As depicted in
Fig. 6 this leads to a qualitative difference for N odd and N even. In view of the combined
shift (0,q) — (0 + 2m,q — 1) we see that the slices # = 0 and § = 7 are connected at the
orbifold point for N odd, but remain disconnected for N even. So for N odd we have two
disconnected components of the orientifold moduli space, whereas for N even we have three.

In [60] the representation p(v) for v € T and the isomorphism U, are denoted by v(g) for g € I and
~v(£2), respectively. In particular, the first two lines in their conditions (3.10) correspond to the second and
to the last line in (70).
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N odd ! E N even

Figure 6: The N-fold cover of the Kihler moduli space, et = (—=Nv)¥. Relation
(92) says that we can move straight through the orbifold point. For N odd (here 5)
the two slices, at # = 0 and 0 = 7, are connected at the orbifold point. For N even
(here 6) the two slices, at # = 0 and § = 7, remain disconnected.

When changing the slice at the orbifold point we have to be careful with relating the
corresponding two sets of invariant D-branes properly. Let us pick an arbitrary invariant D-
brane with quasi-isomorphism U, in the orbifold phase. Recall that the sign ¢; is determined

via
__ml o 2\—1 T
U, =€0™  p(r?) 77U .

As we shift the theta angle to # — N7 the parity action (48) on the gauge charges is changed
to
g— —0/mr+ N —q.

Accordingly, in order to keep the D-brane invariant, we need to modify the quasi-isomorphism
to U. = pU, with a new sign €. Using 7"p = w,p, we find

Since the gauge group on a stack of D-branes cannot be altered as we change the slice, the
orientifold sign is modified in the same way,

e = w;leT . (93)
Consequently, when we move straight through the orbifold point in Fig. 6 we have to take
into account the orientifold sign change (93).

Higher-dimensional moduli spaces

In general, for gauge group T = U(1)* a necessary condition for a connection between
different slices of the orientifold moduli space is that the deleted set A, that determines X
in the particular phase has at least one irreducible component of the form {x; = 0} for some
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I €{l,...,N}. The vacuum expectation value for z; then breaks the gauge group so that
q® ~ ¢"+ @Qf and in particular,

0" ~ 0" =0+ Qi and € =w; e, . (94)

Taking into account the change of quasi-isomorpism, U’ = x;U,, this shows an equivalence
of the sets of invariant low-energy D-branes,

DrmO(X,) — DT (X, ) (95)

For higher-dimensional moduli spaces this leads to the interesting phenomenon that large
volume limits distinguished by different values of the theta angles may be connected through
a path in Kéhler moduli space. This will be illustrated later in the two-parameter model of
Example 2.

Example 1

Let us consider the inequivalent spacetime involutions of Example 1. We can always
choose coordinates so that the involution acts diagonally, T(u,. wyiw,)(Tip) = (WiTi, wpp).
For N odd we have

Ty ‘= T(1,..1,-1,...,-1;1) » for v=0,...,N.
N———

v X

In the orbifold phase the fixed point locus is an (N — v)-dimensional plane through the fixed

point p = {21 = ... =2y = 0}. For N even we have
Ty = TA,.1,-1,...,—-1;1) »
N———
;o v for v=0,...,N/2.
T, = TA,.,1,—-1,...,—1;—1) »
N———

v X

The fixed point locus of the involution 7, is a union of an (N — v)-dimensional and an v-
dimensional plane in the orbifold phase, whereas the fixed point locus of 7/ is always the
orbifold fixed point.

Fractional D-branes O,(g) on the orbifold CV /Zy are localized at p and carry Zy-charge
g. They can be represented in the linear sigma model through the Koszul complexes (77)
of N coordinate fields (z1, ..., zy). In the orientifold context fractional branes were studied
before from different perspectives, see for instance [78-81,83|. Let us reexamine them from
the linear sigma model point of view. In particular, we want to know which fractional branes
are invariant for a given orientifold specified by (e, m, 0,7, or 7).

. From equation (78) we conclude that m = N mod 2, i.e. an invariant fractional brane
must be dressed by (—1)% for N odd, whereas there is no dressing for N even.

In order to study the role of the theta angle, we note that the Zy-representation g has
to obey 2¢ = —0/m mod N or formally

g=—0/2r mod N/2 .
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Figure 7: Branes in an Zg orbifold and possible reflection planes, related by the
Zs-symmetry

Recall that 6 is defined mod N7. For N even this has two solutions for ¢ if #/27 is an integer
and no solution if #/27 is half-integer. For N odd it always has only one solution. This has a
nice pictorial representation in the quiver diagram corresponding to this orbifold. Here, the
branes corresponding to irreducible representations of the orbifold group become dots of the
diagram, see Fig. 7 and 8. The N fundamental fractional branes are related by the quantum
Zy symmetry, i.e. 27 shifts of the theta angle at the orbifold point, which is depicted as a
rotational symmetry in the corresponding diagram. Orientifolds are mirror-planes in these
diagrams, respecting the symmetry.

It is now easy to see that for the case N odd there are N possible symmetry planes, each
of them passing through exactly one point, as depicted in the figure for the case N = 3.
The different orientifolds are related by rotational quantum symmetry. The corresponding
invariant fractional brane can be lifted to both slices of the Kéhler moduli space, see Fig. 6.

On the other hand, for N even there are two classes of orientifolds. The first class passes
through precisely two points, leaving two of the fractional branes fixed, whereas the second
class does not leave any point fixed, as shown in the figure for the case N = 4. The orientifold
with two invariant fractional branes lies on the slice of 9, that collides with the singularity.
The orientifold without invariant fractional branes is on the slice that is connected to the
large volume point.

For the discussion of the gauge group let us distinguish between the two types of holo-
morphic involutions, 7, and 7,,. We use formula (85) to determine the gauge groups.

Since the involutions 7, square to zero, the orientifold sign €., is indeed just a sign,
€, = €, and we can readily compute

e =e(—1)"T

For N even and on the slice # = 0 that collides with the singularity, the invariant fractional
branes O,(0) and Op(N—/Q) therefore carry the same gauge group. For N odd the two slices
in moduli space are connected at the orbifold point, which is reflected by the fact that e,
does not depend on the theta angle.

For the involution 7}, (only N even) we use the representative 7/, . forw™ = —1,
which ensures 7/p = p. However, 72 = w? € T and the orientifold sign is actually a sign
times a nontrivial constant, €, =ex_, . (w?). Using this the external sign on the slice § = 0
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I
Figure 8: Branes in an Z,4 orbifold and possible inequivalent reflection planes: Either
two or no branes are invariant under the parity.

becomes

= (96)

(=)™ for O,(N/2) .
The two invariant fractional branes carry opposite type of gauge group. These orientifolds
appeared in the construction of six-dimensional RG fixed points from branes see for instance
[81,82]. From a mirror perspective they have been discussed in [83].

) { —e(=1)"T 1 for 0,(0)

5.2. The type of an orientifold plane

Let us use the results from Sec. 4.7 to compute the type o, for the orientifold planes O, as
defined in (44). It will be convenient to work with the holomorphic involution 7§ = k7 that
defines O, through its fixed point locus. Furthermore, we use coordinates that diagonalize
the involution. The probe brane that we will use to determine the type is given by the
Koszul complex C, of the coordinates for which 7jx; = w;z; with w; # 1. Setting these
coordinates to zero gives the orientifold plane O,. Let us denote them by (fi,..., f4). d is
the codimension of O,.

We are already making several assumptions here. Indeed, a Koszul complex that corre-
sponds to a D-brane that lies on top of O, need not always exist. First the condition m = d
mod 2 has to be satisfied. Second a quasi-isomorphism U, must exist for C, in order to
render it invariant. If it does not exist, it is sometimes possible to utilize a probe brane of
higher codimension, that is d + 2p, which lies on O,. Keeping in mind that the type of the
gauge group alternates with p [6], we find that the type of the orientifold plane is given by

0p = —(—1)Pe. ,

where €, is the external sign of the probe brane.

As we observed in the example (96), orientifold planes at orbifold singularities may lead
to the effect that there exist two probe branes carrying opposite gauge group. The following
result on the type of an orientifold plane can therefore be applied reliably only if we deal
with a smooth orientifold geometry.

Under the above assumptions, the probe brane is a Koszul complex of the coordinates

fi, ..., fa, which are not invariant under 7§, and the 7-invariant polynomials fqi1, ..., farop.
The polynomial f; that enters the quasi-isomorphism (83) is 7{-invariant as well. We find
op = —(—1)Pe. = —em(—l)(m_d)/2 det(7) X_e/ﬂ_zq(“) (97)
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where det(7) = +1 is the sign associated with the involution 7,7 and ¢ is the maximal charge
in the Koszul complex (77). In the special situation that x = (k1, ..., k) is given by signs
ke = £1 we have det(7) = (—1)¢ and the formula for the type simplifies to

O = —eTO(—l)(erd)/zx_e/ﬂ(/@) for K, = %1 (98)

We want to stress again that the result (97) requires the existence of a Koszul complex
on Oy. If such a Koszul complex fails to exist it is unclear which probe brane should be used
to determine the type. Also, let us remark that the two probe branes (96) are reflected in
formula (97) in a two-fold choice for the maximal charge g.

5.3. Type change in the orientifold moduli space

In this section we want to explore orientifolds and the dependence of their type on the slice
in the Kahler moduli space. We will illustrate this point in a particular example. We will
observe that the type of an orientifold plane is not an invariant concept and can change over
the Kahler moduli space.

Example 2

Recall the list of chiral fields (10) and the moduli space for this example. Out of the list
of possible target space involutions we consider:

X1 X2 XT3 T4 Xz g p
-1 +1 -1 -1 -1 +1 -1

The holomorphic involution acts diagonaly with the indicated signs on the linear sigma model
coordinates. For consistency with tadpole cancellation we pick m = 1, which is equal to the
codimension of the fixed point locus modulo 2.

Deep inside phases II and III, cf. the dotted line in Fig. 9, the field x4 with charge
Qs = (1, —2) gets a vacuum expectation value, and relation (94) connects the slice § = (0, 7)
with (7, —), and the slice § = (0, 0) with (7, —27). Now recall from the discussion in Sec. 3.2
that the former two slices of the orientifold moduli space do not intersect the singular locus
S. We can therefore move from the large volume point along Path A to the dashed line at
infinity in phase II or III, change slice and move back to large volume. With our choice of
7o the orientifold sign €, is not altered as we change slices.

On the other hand, deep inside phases III and IV, along the dotted line, the field p with
charge ), = (—4,0) gets a vacuum expectation value. The associated shift of § now does not
correspond to a change of the slice. However, the orientifold sign is altered, €/ = w, le,, =
—é5,. If we move along Path B in Fig. 9 we return to the original large volume point, but
pick up a non-trivial monodromy on the D-branes. This discussion can be summarized in
the following diagram, which shows how the various large volume points are connected via

"It is a sign and independent of the gauge choice for 7 only if the Calabi-Yau condition is satisfied.
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0= (0,7) or (m,m)
hybrid Path B
)

» - LV
§ 'Path A
S !0
T ¥ wps
T L
2 )
s g
Orb ® 0~

Figure 9: In the two-parameter model, Example 2, the two slices, § = (0, 7) and
(m,7), are connected along the (dashed) line at infintiy in phases IT and III. This is
due to the vacuum expectation value of the field xg. As a consequence, two large
volume limits are connected via Path A in the moduli space. Path B induces a
non-trivial monodromy but returns to the original large volume point.

Paths A and B:

D+1,1,(0,7r) (X) D+1,1,(7r,7r) (X)

B B (99)
A

D—l,l,(OJr)(X) D—l,l,(w,w) (X)

Here, D0-™%(X) denotes the set of invariant D-branes on the toric variety X at large volume.
Let us analyse the orientifold planes O, = Oy, x,). At large volume the fixed point locus
of the involution is the union of two points,

Pa = O1,—(—1)e) = {Ta =23 =24 = 25 = p = 0} for a=1,2,
and two compact surfaces,
Sa = O(—l,—(—l)“) = {xa = Teg =P = 0} for a= 1, 2.

At this point we could just use formula (98) in order to obtain the types. Let us be more
explicit an put the probe branes on p, resp. S,.

The probe brane for the point p, is the Koszul complex of (z,, 3, x4, z5, p), which has
Qs = (—1,1) and right-most gauge charge ¢ = (—1,0),

}MJQ—D—L*-”.4L*MM—LM.
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The polynomial fj in the quasi-isomorphism (83) must therefore carry gauge charge according
to the conditions

Qfo = Q/W_Qf—i_Qq:(O?O) on 02(”7”)7

Qfo = Q/W_Qf—i_Qq:(_l?O) on 9:(077T)
In the former situation fy = 1, thus the quasi-isomorphism is U, = U;,, and the type
0p, = —€. of the orientifold plane on p, is determined using (85),

Op, = —em(—l)(m_d)/2 det(T](?) =—(—1)%,, .
In the latter case we can set fy = x2xg, where (73, 15) := (79, 71), with the quasi-isomorphism
V, = 2226(Uiny) ™! and
Op, = —em(—l)(m_d)/2 det(T](?) =—(—1)%,, .
For the surface S, the naive Koszul complex does not provide an invariant D-brane. We
therefore use a Koszul complex for (z,, x3, x4, 6, p), which corresponds to a point on S,. The

type og, of the orientifold plane is then determined by og, = €.. We have Q; = (-1, —1)
and right-most gauge charge ¢ = (—1, —1),

W_5(0,0) L. A1 Wi(—1, 1) .

The condition on the gauge charge of fy reads
Qfo = Q/W_Qf—i_Qq: (070) on 0= (7T77T) >
Qfo = Q/W_Qf—i_Qq: (_170) on 0= (077T) .

For § = (7, ) the quasi-isomorphism is the invertible one, U;,,, and the type of the orientifold
plane S, is

0s, = —(—1)(167-0 .
For 6 = (0, ) the quasi-isomorphism is V; = x5(Uj,, )~ and
0s, = (—1)(167-0 .

We observe that for both, the points and the surfaces, the two respective types are
opposite, so that the total configuration of orientifold planes does not carry a net RR-charge
in this example.

Let us summarize our results on the types of orientifold planes at large volume as follows:

large volume 0=(0,m) 0= (m,m)

A
€rg = +1 O;_l O;Q 051 O;Q O;_l O;Q 0;1 52
lB lB (100)

A
_ - e i - -t
€ro = —1 Opl O;; 051 Sa Opl O;; 051 052

JFrom this diagram we find that all four different type assignments are connected through
paths in moduli space. Path B leads back to the original large volume point, but still changes
the overall type. Path A, which connects two different large volume points, swaps the types
of the surfaces S,,.
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6. Compact models

Let us next turn to linear sigma models with superpotential. They give rise to compact
low-energy configurations. From now on we have to deal with matrix factorizations instead
of complexes. In fact, many of the features that we observed for complexes in the previous
section carry over to matrix factorizations, so that we elaborate on the peculiarities of the
latter in the following.

First thing to keep in mind when turning on a superpotential is that in order to satisfy
the homogeneity equation (7) some of the chiral fields have to carry non-vanishing R-charge.
In particular, for a gauge-invariant potential of the form

W(ps.2:) = > psGalai) . (101)
3

we will assign R-charge +2 to the fields pg and 0 to the fields x;. This non-trivial charge
assignment plays a special role in Landau—Ginzburg orbifold phases, which we discuss in
Sec. 6.2.

Second, in a phase where the superpotential (101) gives rise to F-term masses for pg and
the transverse modes to G(x;) = 0, the low-energy dynamics is restricted to the subvariety
M = ng{ps = Gz = 0}. In that case the matrix factorizations are mapped to geometric
D-branes on M by the Knorrer map [18]. We start in Sec. 6.1 with investigating how the
world sheet parity action P," on the matrix factorizations gets mapped to the parity action
P on the geometric D-branes in the low-energy configuration.

6.1. The effect of the Knorrer map on the parity action

Let us review the standard Knorrer periodicity before we move on to orientifolds and the
fibre-wise version that is needed in the context of gauged linear sigma models. Consider flat
space CV with coordinates x1, ..., 2y and CV*? with coordinates u, v, ry,...,xy. Over the
latter we consider the superpotential W (u, v, z) = uv + W(z).

Knorrer periodicity then states that the set of (isomorphism classes of) matrix iactoriza—
tions of W (u,v,x) over CN*2 is equivalent to the set of matrix factorizations of W (z) over
CN. Physically, in the Landau-Ginzburg model the superpotential W (u, v, z) gives masses
to the fields u and v so that they can be integrated out in the infra-red. A canonical matrix
factorization of the term wv in W (u, v, x) then establishes the equivalence of the two sets of
matrix factorizations. The canonical matrix factorization reads

Qc(u,v)z(g 8) .

In fact, a matrix factorization Q(z) of W(w) is mapped to a matrix factorization of
W (u,v,z) by taking the graded tensor product with @,

Qz) — Qu,v,2) = Q.(u,v) ® 0 +id. ® Q(x) . (102)

Conversely, Knorrer observed in [58] that by isomorphism any matrix factorization of W (u, v, x)
can be brought to the tensor product form as in (102), thus providing Q(z).
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In the context of gauged linear sigma models the coordinate fields u, v, xy, ..., xy carry
gauge charges as well as R-charges, and we have to determine how their representations
on D-branes are mapped under Knérrer periodicity. The tensor product (102) dictates the
following decomposition of representations,

p(g) = pelg) @ plg) (103)
R(\) = R\ ®@R(\) .

Let us set the R-charges for v and v to 0 and 2, the R-charge assignment of the remaining
fields z; does not play a role for the subsequent discussion. The representation of the R-
symmetry R.(A) can be chosen up to an (unphysical) multiplication by a character x, (\).
We set R.(\) = diag(1, A).

In order to determine the representation p.(g) in the uv-system we note that the canonical
matrix factorization (). can be obtained by quantizing a boundary fermion 7, 7 with canonical
commutation relations {n,7} = 1. The two states in the Hilbert space of the boundary
fermion are |0> and 77|0>, where 77|0> = 0. The fermion is coupled to the bulk uv-system
through the boundary supercharge Q). = un + v7.

If we assign to v and u the charges @), resp. —(@),, then gauge invariance of the boundary
supercharge requires @, = —Q5; = (,. Accordingly, the Chan-Paton factors associated with
the states |0) and 7|0) have the canonical charge assignments —@,/2 resp. @Q,/2. Note
however that @,/2 does not have to be an integer. We therefore shift it into the auxiliary
theta angle 0. = Q,m and obtain p.(g) = diag(1,¢g~9"). The canonical matrix factorization

is therefore
u

B, : W(0) —— W(-Q,) .
U/—\_/
To summarize, a matrix factorization of W (z) is mapped to a matrix factorization of
W (u,v,x) by taking the tensor product with B.. The auxiliary theta angle gives rise to the
non-trivial relation

0=0+Q,m. (104)

where 6 and 6 are the theta angles of the ultra-violet theory, including the uv-system, and
the infra-red theory, respectively.

Orientifolds and the Knorrer periodicity

Let us now check the compatibility of the Knorrer map with the parity action. Note first
that condition (41) on the superpotential requires that the involution 7 acts in the uv-system
as 7: (u,v) — (—w, u,w,v) for some phase w,.

We need to determine how the parity operator on matrix factorizations of W (u,v,x)
splits up in the tensor product (102) and (103). On the canonical matrix factorization the
world sheet parity acts as

P(Qc) = —T'Q¢ , (105)
Pelpe(9)) = X_oyn(9) pelg)™" (106)
Po(Re(N) = X (A) Re(N)T, (107)
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where m. = 1. The canonical quasi-isomorphism that makes B, invariant is

0 1
(L)

Ue = ecpe(T?) UL with €. = —w ! . (108)

v

It satisfies

Using the results of Sec. 4.7 on tensor product branes we can construct the quasi-
isomorphism U, for the matrix factorization Q(u,v,z) in terms of the quasi-isomorphism
U for @(w) The relations between the constants associated with the orientifold action can
be summarized as follows:

m = m-—1,
0 = 0—Q,m, (109)
€ = —Wy€s .

In summery, we found that the Knorrer map relates the sets of invariant D-branes as
follows:

mg;—/mﬂ(c]\/—i—Q) - 5 mg%,ﬁl,é((c]\[)

In particular, the dressing of the parity action by the antibrane operator (—1)f* changes

under the Knérrer map, i.e. no dressing maps to dressing and vice versa &.

Fibre-wise Knorrer map

Let us return now to our original question. Given a parity operator in the linear sigma model
we want to determine the parity operator on the compact hypersurface M, in a geometric
phase.

As pointed out in [18] the relation between matrix factorizations in MFy (CV,T) and
geometric branes in D(M,) is governed by a fibre-wise version of Knorrer periodicity. For
W = pG(zx) we can therefore adopt our previous discussion, replacing (v, u) by (p, G(x)) and
setting W =0.

If we have a superpotential W = 2221 psGp(x) that gives rise to a complete intersection
M, in the large volume phase we have to apply fibre-wise Knorrer periodicity ¢ times,

~

mgi{/mﬂ(cN—ﬂ) DgT’m’B(MT)

where the relation between the B-field and the theta angle is
¢
B=0-Y Qpr,
B=1

and the dressing by the antibrane operator is shifted according to

m=m — /(.

8This shift was observed in the context of defects in [84]
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The relation between orientifold signs is €, = (—1)* Hizl wa€,. Here the phases w, are

defined through the holomorphic involution on the field pq, i.e. T(pa) = Wapa- In a general
coordinate basis the action of the involution 7 on the p,’s may not be diagonal, so that the
more invariant expression between the ultra-violet and the infra-red signs is in terms of the
determinant of 7 acting on the p,’s or on the polynomials G, i.e.

€ = (—1)6 det (7)) € = det(7]g) ™! e,

As we have reviewed in Sec. 2.1 the price for applying the Knorrer map fibre-wise is to
deal with half-infinite complexes in D(M,). The world sheet parity action on R-degrees,
j + m — 7, implies that P maps right-infinite complexes to left-infinite complexes and vice
versa. A D-brane is invariant if there exists a quasi-isomorphism between the left- and the
right-infinite complex, i.e. the joined complex must be an infinite exact (i.e. empty) complex.

Since the description in terms of infinite complexes is cumbersome, in particular in the
situation of complete intersections, we prefer to work directly with the matrix factorizations
in the linear sigma model in the subsequent examples. We will make an exception if the
low-energy D-brane in D ™8 (M,.) is expressible through a finite complex of vector bundles.

6.2. Landau—Ginzburg orbifolds and the orientifold moduli space

Landau—Ginzburg orbifolds are the ‘compact’ analog of the orbifold models that we discussed
in Sec. 5.1. We therefore closely follow the discussion therein. We start with the one-
parameter model, where the vacuum expectation value for the field p of charge ), = —N
breaks the gauge group from U(1) to Zy.

The main difference to the noncompact situation is the non-trivial R-charge assignment,
R, = 2, for the chiral field p. When this field gets a vacuum expectation value, for instance
p = 1, it is convenient to dress the R-symmetry by a global gauge transformation, i.e. in the
Landau-Ginzburg model we use the shifted R-symmetry with charges R; = R; + 2Q;/N on
the chiral fields. A matrix factorization is correspondingly mapped from the linear sigma
model to the Landau—Ginzburg model through

Q(zr) = Qp=1,1),

p(y) = p(v), for yeT CU(1),
R(\) = R\)p\N)7,

U, = Uf(p=1).

The Landau-Ginzburg orbifold data of the D-brane clearly satisfies the invariance conditions
(70) for the discrete group Zy, provided that the theta angle is given by

0:=0cZ mod N,

and the R-symmetry character x,. (\) is determined by

20
7, = —_— . 11
m m+N7T € Q (110)
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N odd ! E N even

Figure 10: The N-fold cover of the Kéhler moduli space, et = (—=N)". For both

N even and odd only the large volume point with non-trivial B-field, B = =, is

connected to the Gepner point, the large volume point with vanishing B-field is not.

This is due to the relation B =0 + N.
In this way we obtain the set of invariant D-branes 93?35{/7%’9(@]\’ ,I') in the Landau-Ginzburg
orbifold model, as it was studied before in [16]. Therein, the triangulated structure of the
category of matrix factorizations was worked out in detail. In particular, the world sheet
parity action was represented as a functor on the triangulated category.

In Sec. 5.1 we found that a shift of the theta angle by Nx leaves the theory invariant at

the orbifold point. In view of (110) this shift has to be supplemented by a shift of m, so that
m is not altered, i.e.

@,m)= (@, m)=0—Nr,m+2) < (0,m)=(0— Nr,m). (111)

The lift of a matrix factorization from the Landau—Ginzburg orbifold to the linear sigma
model can be found along the lines of Sec. 5.1 and is explained in detail in [18]. According
to (111) we have a choice in lifting to different slices of the moduli space. Suppose we have
a matrix factorization with quasi-isomorphism U, for given (6,m). Then in view of the
relations (70) a combined shift (111) implies that we have to dress the quasi-isomorphism
by the field p, i.e. U. = pU,. Note that m — m + 2 is conform with the R-charge R, = 2.
The sign of the orientifold action is altered according to (93),

e = w, le .
Note that the implications for the moduli space are essentially the same as for the non-
compact situation, see Fig. 10.

Higher-dimensional moduli spaces

Let us generalize this discussion to models with higher-rank gauge group, 7' = U(1)*. We
consider a phase where the deleted set A, has one or several irreducible component of the
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form {x; = 0} for some [ € {1,..., N}. The vacuum expectation value for z; then breaks
the gauge group so that ¢* ~ ¢* + @) and in particular,

0 ~ 0" = 0" + Qfm, m' =m+ Ry, € = w e, (112)

Note that the field x; may or may not carry R-charge.
We obtain the equivalence

M (X) o M (X

As distinguished from the non-compact situation (95) the integer m may get shifted by 2.
In order to see that this can indeed have a non-trivial effect, recall that a common shift of
R-degree [1]:j — j—1 is accompanied by m + m — 2. This can be used to undo the shift of
m in (112). However, the orientifold sign is then altered according to (68), that is €, — —¢’.

6.3. The type of orientifold planes

Recall from Sec. 3.1 that in a geometric large volume phase the orientifold plane O, is
given by the intersection of the fixed point locus Fix(7§) with the holomorphic subvariety
M = {pg = Gg = 0}ys. This intersection may be reducible, O, = |, Ok, which adds some
subtleties as compared to the discussion of the type of orientifold planes for non-compact
models in Sec. 5.2. The assumptions on the applicability of the type formulas are the same
as in Sec. 5.2.

For the following let us denote the ambient space by Y = {p; = ..., pr = 0} C X and
the complete intersection by M = {G1(z) = ... = G¢(x) = 0} C Y. For simplicity we work
in a coordinate basis that diagonalizes 7.

For a given component O, C M, let us probe the type with a Koszul-like matrix
factorization with tachyon profile @ = > .(fimi + ¢:7:;). The polynomials f; are given by
those coordinates x; whose common zero locus is O,,. Note that the fields ps are not
included, because in the geometric phase they obtain zero expectation values from the F-
term equations no matter how the involution 7§ acts on them.

The polynomials that determine O, , can be separated in two sets. The first contains
coordinate fields x; that are not invariant under 7§. Let us denote them by f1,..., fs. Their
common zero locus gives Fix(7f). In order to restrict to M and to pick an irreducible
component we have to add a finite number of 7{-invariant polynomials, fsi1,..., fstr, Where
r € {0,..., ¢} is the number of polynomials needed to restrict to M and to pick an irreducible
component.

As for the non-compact models in Sec. 5.2 the resulting Koszul-like matrix factorization
may not be an invariant D-brane. In some cases a way out is to utilize a lower-dimensional
probe brane to determine the type. For that we need to add the appropriate 7{-invariant
polynomials feiry1,..., fstr+2p to the Koszul complex. The type is then given by

0p = —(—1)Pe. = —eTO(—1)(m_D+€)/zx_9/ﬂ_2q(/<;) det(7§|¢) det(7) . (113)

Here, D = s +r — ( is the codimension of O, , in M. Notice that its codimension in the
ambient space Y is s + r. For xk containing only signs we obtain the simpler expression

(_1)r+(m+D+€)/2X_9/Tr(K/) for r, =41 . (114)

Ox = _ET()
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6.4. Orientifolds with and without vector structure

Compactifications without vector structure have been introduced in [9,10], where they were
investigated for toroidal compactifications, see [11] for a recent work. The starting point
was the observation that the gauge group for the heterotic string is Spin(32)/Z, rather than
SO(32). This allows compactifications with gauge bundles which do not admit vectors of
SO(32). The obstruction to having vector structure is determined by a generalized Stiefel-
Whitney class ws, defined modulo 2. On the dual type I side it was observed that the choice
of ws corresponds to the choice of a discrete B-field that is still allowed by the orientifold
projection, see [85].

Under T-duality these compactifications get mapped to IIB compactifications with O7-
planes. As opposed to the T-dual of a compactifications with vector structure, the different
orientifold planes will have unequal type, leading effectively to a rank reduction of the gauge
group. The orientifold action with fixed points on a two torus has four O7-planes. In the
case without vector structure three of them are O~ planes, and one is an O™, such that
tadpole cancellation requires only 8 D7 branes, resulting in the gauge group SO(8).

In the current paper we have developed a framework where the physics of orientifolds can
be studied over the whole Kahler moduli space, in particular for all values of the discrete
B-field. The earlier results on compactifications without vector structure should therefore
be reproduced by our methods.

Example 1 with NV = 3 and superpotential

To see this in the simplest example, we consider orientifolds of the cubic torus E C CP2.
The superpotential is taken to be

W = p(a? + 25 + 23) . (115)
We will focus on the holomorphic involution
7’0(:171,5172,273,]9) = (—%2,—%1,—%3,}9) . (116)

As was discussed in Sec. 3.2 its fixed point set at large volume consists of 3 + 1 points on
the torus,
O1a = {11 —22=123—ary =0} for o= -2 ,
On = {m+taa=13=0}.

The types can readily be computed using (114), where r = 1 for the three points and r = 0
for the single one. Taking into account the shift B = 6 4+ 37 we obtain

0-ta = ex(=1)"2(=1)P/m,

041 — ETO(_l)m/Q ] (117)

As expected the four points have equal type for vanishing B-field. Otherwise, for nonvanish-
ing B-field the type of one point is different from the types of the other three points. Note
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that m being even in the gauged linear sigma model means m being odd in the geometric
phase, so that the parity action is dressed in the infra-red by the antibrane operator (—1)f%,
as it should be for O7-planes in the type IIB context.

Let us be more explicit and construct the probe branes that are used to test the type of
each of these points. Since the fixed point set can in each case be described by two linear
equations, f; = fo = 0, the matrix factorizations are of Koszul type with W = fig1 + f2g2,
see the general discussion in section 4.6.

The B-field turned on

For # = 0 the matrix factorization and its parity image take the form

™ (1) —7*(f2, — f1)
Wiz (—1) — 2(0)% == Wau(l)
—7*(91, 92) ()
U_1 uo U
(%) (f1: f2)
Waa (1) 2= Wa(0)® Wassz (1)
(=91, 92) ()

The brane and its image fit through the window w = —7 < 6 <7 with N' = {-1,0,1},
see Sec. 2.2. In order to determine the isomorphism (u_j,ug,u1) we need to consider the
individual orientifold points separately.

To the single point O4y we can associate the factorization W = 3" flgl with

f11 = 1+ X2, f21:$3
g1 = p@i—zize+13), gy =pai

The polynomials f! are odd under the holomorphic involution 7. The isomorphism is then

given by
-1
ut, =1, ué:((l) 0 ), up=1.

We find that o(U')” = —U" and hence oy, = —¢. = ¢,,(—1)™/?, which confirms the result
(117) for non-vanishing B-field.
For the three orientifold points O_; , we have

f1a = I — T, félzx?,—oéa?z

gr = pai+mzy+13), g5 = p(af + awgrs + o’a3).
The holomorphic involution acts on the polynomials as
TR = TR = Fall,

so that the isomorphism U“ is given by



As a consequence, o(U*)T = U® and therefore 0, = —¢, = —¢,,(—1)™/2. This confirms
that for non-vanishing B-field the type at the three orientifold points is opposite to the one
at the single point calculated before.

To make contact with the discussion in Sec. 4.6 note that det 7 = —1 for the three
points, and det 7y = 1 for the single point, such that our explicit calculation is in agreement
with the general discussion.

Vanishing B-field

Let us next turn to the case # = m. The D-brane and its image are related as follows,

™ (1) —7*(f2, = f1)
Wae(=2) ———= Wa(-1)% ——= Wuwu(0)
—7*(g1, 92) ™ ()
U_1 uo U
(—flgl) (f17f2)
Wae(=1) ———= Wz(0)* ———= Wan(l)
(=91, 92) (2)

Obviously, U can in this case not be an isomorphism, it increases the degree by one, and
therefore can only be a quasi-isomorphism linear in the coordinates x;. That U is a quasi-
isomorphism means that the bound state of the brane and its image brane obtained by
binding them using the tachyon profile given by U is an empty brane. Which branes are
empty depends on the phase under consideration. Since we are interested in relating our
construction to compactifications without vector structure, we would like to make contact
with the geometric regime at large volume. Here, the set A, = {z1 = 22 = 23 = 0} is
excluded and any brane located there flows to an empty brane. This means that the quasi-
isomorphism should be of the form fyU, where U is the isomorphism considered previously,
and fy is a polynomial in the fields z; such that the common zero locus of (fo, fi, f2) is
contained in A,.
For the single fixed point O, one can choose

folzlfl—xz-

Since fy is symmetric under the holomorphic involution, we conclude that again o7*(foU*)" =
—fIU", such that the type does not change, 041 = €,,(—1)"™/2.
At the three fived points O_; , this is different. Here, one can choose

fo=z1+z2.

Since f¢ flips sign under parity transformation, we have o7*(f¢U*)" = — f¢U* and the type
of the orientifold will also flip, that is 0_j ., = €,,(—1)"/2. All four points carry the same
type for vanishing B-field.

To summarize, the transformation properties of the quasi-isomorphism between a D-
brane and its parity image determine whether or not the orientifold type is changed when
the theta angle is modified.
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6.5. Type change in the orientifold moduli space

In models with higher-dimensional Kahler moduli space it may happen that different large
volume points are connected via a path in moduli space. In this section we illustrate the
change of orientifold type along paths in the compact version of Example 2.

Example 2

Recall the charges (10) and the moduli space from Fig. 9. The superpotential is W =
pG(x) with a quasi-homogeneous polynomial G(z) of gauge charge (4,0). For simplicity we
pick the Fermat type polynomial G(z) = wzg(2f + 25) + 23 + x + x;. For the world sheet
parity action we choose the holomorphic involution [13]

X1 X XT3z T4 Xz g p
o+ +1 =1 =1 —1 +1 -1

which acts diagonally on the chiral fields. We set m to be even.

Let us follow the two paths in Fig. 9. The two slices of interest have theta angles § = (0, 7)
and € = (7, 7). Along Path A we meet the dashed line, which stretches between the Landau—
Ginzburg point and the weighted projective model point. On this line x4 obtains a vacuum
expectation value, and according to the shifts (112) neither €,, nor m is altered when we
change from slice (0, 7) to (m, —m).

Following Path B is different. Along the dotted line between the Landau-Ginzburg
point and the hybrid point the field p gets a vacuum expectation value, thus connecting
0 = (0,7) with ' = (—4m, 7). The corresponding shifts are m’ = m + 2 and € = —ey,.
Indeed Path B connects the large volume theories MF,™ "™ (X) and MF,, ™0™ (X).
In the latter we can perform an overall shift of the R-degrees and use (68) to find that

g, 2O (x) B ongermOm () We obtain the following diagram:

De-r,m—l,(OJr)(M) De-r,m—l,(w,w) (M)

~ ~

m er,m,(0,m) X _A> ms,ef,m,(mw) X
Sw (X) W (X)

\_JB[1] \_JB[1]

The vertical map is the Knorrer map. Note that as compared to the diagram (99) for the
non-compact model, now the sets of invariant D-branes 93?3;},1’"1’(0’”) (X) and 93?3;,1 m(0m) (X)
are not connected through a path in Kahler moduli space.

Let us investigate the fixed point locus of 7y on the hypersurface M = {p = G(z) = 0}

at large volume. The non-trivial components O, are

O(+17+1) = {.Tg =24 = T5 = 0} cM ,
O(—l,—i-l) = {.TG = 0} Cc M.
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The second is a divisor D, and the first is a union of eight points on M,
Do = O(+1,+1),a ={r1—ars=aw35=x4=25=0}C M for o =—-1.

Let us compute the type of O41 1), first. The matrix factorization for the probe brane
can be written in terms of boundray fermions as Q = f,(2)n. + ga(p, )7, With

f1=£E1—04£172, f2=$3, f3=$4, f4=$5-

The polynomials g, are such that W = 5" f,g,. Using formula (114) with » = 1 we find for
the type,
O(+1,41),a0 = ETO(—l)m/z .

The type of O(_1 41y is computed using (114) with r =1,

O(-1,41) = —€r(—1)™2(=1)7 /™.

Let us summarize our results in the following table:

large volume | 6 = (0,7) 0 = (m,m)

ETO(_]‘)

3

A
—+1|0f 0, —— 0O 0},

\_B \_JB (118)

A
en(—1)7 =—1 O;CJOB — O, (?5
B \_/B

We found that orientifold planes of opposite type sit in the same moduli space. In particular,
the type change of the O7-plane on D has non-trivial implications: In order to be able
to cancel tadpoles and preserve space-time supersymmetry we need an O7~ -plane in the
large volume limit. Assume that we have found a supersymmetric and tadpole cancelling
configuration of D-branes. As we follow Path A we end up with an O7*-plane, that is with
positive tension, which implies that space-time supersymmetry must have been broken along
the way.

6.6. A pinch point singularity on an O~ -plane

In this section we consider a particular type IIB compactification with D-branes and orien-
tifold planes that is known to descend from the weak coupling limit of F-theory of an elliptic
fibration over CP? [86]. The authors of [32,33] investigated the geometry of the D7-brane
and found that it intersects the O7-plane in a singularity. This can be attributed to the fact
that the D7-brane is located at a non-generic hypersurface polynomial, i.e. the D7-brane
geometry has less deformation parameters than a D7-brane on a generic hypersurface. In [33]
the type IIB explanation for the singular intersection involves a test brane.

At present we want to re-examine this model and explain the non-generic hypersurface
from a type IIB world sheet perspective.”

9 Andrés Collinucci pointed out in his talk at the workshop on “Mathematical Challenges of String Phe-
nomenology” at the ESI Vienna that a world sheet argument should exist.
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The model

The type IIB compactification at hand is a system of O7-planes and D7-branes on a degree
eight hypersurface in weighted projective space WP$,,,,. This is the large volume point of
the following gauged linear sigma model.

1 Ty w3 wa & p
U(l) 1 1 1 1 4 -8
To +1 +1 +1 +1 -1 -1

The involution 7y acts diagonally on the coordinates with the signs given in the table. The
superpotential is given by W = p G(&, x), where

G(& ) = h(x)+ &%,

and h(x) is a degree eight polynomial. The low-energy configuration at large volume is the

hypersurface M = {G(¢,z) = 0} € WP%,,,,- The B-field vanishes. We set m = 0 in the

gauged linear sigma model, which means m = —1 in the non-linear sigma model on the

hypersurface, i.e. the parity action is dressed by (—1)%, as it should be for an O7-plane.
The fixed point locus of 7y gives the orientifold plane at (k = +1)

Descending from F-theory, the orientifold plane is an O7~-plane, which means that 0o, = —1.
Using the type formula (114) for orientifold planes we can determine ¢,, = —o;1 = +1. The
set of invariant D-branes is therefore given by

All D-branes that we consider in the following must be contained in this set.
The D7-brane descending from F-theory carries gauge group SO(N) and is localized on
the divisor
D = {n(x)’ - &x(z) =0} C M, (119)

where 7(z) and y(z) are polynomials of degree n resp. 2n — 8 for some integer n > 4.'°

Invariant D-branes in the orientifold background

The D7-brane on D intersects the orientifold plane in a pinch point singularity, which is
locally described by {u? = v*w} C C3. One of the goals of [32,33] was then to explain this
singular behaviour and the obstruction to deforming the special divisor D to a generic degree

2n divisor,
D' ={Py,(z)=0} C M .

10Tn fact, in the configuration that descends from F-theory the integer takes the value n = 16 and the
gauge group on the D-brane is O(1), so that tadpole cancellation is automatic.

61



In our approach we first check the gauge group for a D7-brane on the divisor 2’ , that is
for a coherent sheaf Op/(n). In D*H=LB=0(Af) it can be described through a D9D9-system

given by the complex
Pgn(l‘)

OM(—TL) OM(TL) . (120)

Oy is the pull-back of the trivial line bundle from the ambient space WP$,;,,.' The external
sign for this D-brane is readily computed to be ¢, = —1, and tells us that Op/(n) has to
carry gauge group Sp(N). Note that we could even choose the polynomial P, to assume the
special form 7(z)* — h(x)x(x). The gauge group on this brane tells us however that Op(n)
is not the D-brane from the weak-coupling limit of F-theory. Also, nothing prevents us from
deforming Op(n) back to a generic divisor.

We conclude that the D-brane on the divisor D does not correspond to a single D9D9—
system (120). As suggested in [33] the next best guess for the actual D-brane that descends
from F-theory is a rank two D9D9-system, that is a complex

Ou(—a) T(¢z) Oula)
@ D , (121)
Oum(—0) Owm(b)

where T'(§, x) is a rank two tachyon profile.
The D-brane (121) is invariant if we find an isomorphism U, that satisfies condition (76).

In fact, we have

u' =& Ti(ut) = €. - id

where we used €. = €,/&,i = €r,; and the freedom of choosing a basis for the Chan—Paton
space to set u~! = id. The invariance condition on Q(z) in (70) becomes

xrt
T =—e 15T

Recall that the D-brane should carry an orthogonal gauge group SO(N), so ¢, = +1 and
the tachyon profile takes the form

Tz = ( &fin Y ) '

In the infra-red the D-brane localizes on the determinant
det T = & (xp — %)+,

which is a polynomial of degree 2n = 2(a + b).

"'Note that in this simple situation the complex can be lifted to a matrix factorization by tensoring it
with the canonical matrix factorization

Instead of doing so we will directly work in D+H~=LB=0(p1).
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The determinant is already very similar to the polynomial in D. In fact, the D-brane on
the divisor D corresponds to the tachyon profile 7" with the largest number of deformation
parameters in the polynomials. It can be obtained by setting a = 2 and b = n — 2. Then the
polynomials (p, 1, x,n) have degrees (0,n — 4,2n — 8, n). In that case the polynomial ¥ is
redundant and can be set to zero by a similarity transformation of the Chan—Paton space.
Finally setting p = —1, the tachyon profile becomes

T(¢, ) = ( o ) |

and its determinant is precisely the polynomial in (119), i.e.
D={detT =n*—&x =0} .

We conclude that we have found strong indications that the D7-brane from the weak-
coupling limit of F-theory corresponds to a rank two D9D9-system that carries gauge group
SO(N) and is localizes on the divisor D. It does not however correspond to the coherent
sheaf Op(n). In fact, we found that the latter supports the gauge group Sp(N).
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A. Appendix

A.1. Zsy-graded vector spaces and their dual

Let us consider a Z,-graded complex vector space V =V, ¢ V_ with involution o : V — V
that has Eigenvalue +1 on Vi. An element v € V. has degree |v| so that (—1)l = 4+1.12
The dual vector space V* is defined through the dual pairing <f, U>v forveVand f € V"
It is non-vanishing for |f| + |v| = m. The pairing is called even/odd if m is even/odd .

The grading on V naturally induces a grading on the vector space of homomorphism,
Hom(V1,Vs) = Homy (Vy, Vo) @ Hom_ (V1, V,). For an element M € Hom(Vy, Vs) of definite
degree we denote the degree by |M| and we have

oMo, = (—1)|M|M.

2Tn the main text the degree corresponds to the R-charge.
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The graded transpose

To an element M € Hom(V;,Vs) we can associate a dual homomorphism in Hom(Vs, Vy),
the graded transpose M7, via

(MTf,0),, = (=1)MUTE (M) (122)

Here v € V; and f € V. In an even/odd basis, in which o; = 09 = diag(id, —id), a
homomorphism and its graded transpose are'3

[a b r [ ad =
v (2 ). e () a2
where ! is the ordinary transposition of matrices. In view of the shift m in grading between
the vector space and its dual, the involution on the dual vectro space V* is (—1)"o ™.

Let us subsume some properties for the graded transpose that are useful for the main
part of this work. For compositions of homomorphisms we have

(AB)T = (—1)MIBIBT AT (124)
Its behaviour with respect to matrix inversion is
(M) = oy (M) o] = (=)M(MH)T (125)

For even homomorphisms we do not pick up a sign on the right-hand side and we can use the
abbreviation M1 := (M7*)~! unambiguously. The hermitian conjugation on the dual space
is defined by requiring that hermitian conjugation commutes with the graded transpose,

(MY .= (M . (126)

Double transpose

The double dual V** of a vector space )V is canonically isomorphic to )V via the canonical
isomorphism e : V — V** defined by (e(v), f),. := (f,v),."* In the following and in the
main part of this work we do not explicitly write out this isomorphism.

The double transpose of a homomorphism M : V; — Vs, acts via the canonical isomor-
phism as MTT : VY, — V,. Let us determine its relation to M,

(MTT, £y = (=)Mo AT gy = () MIEm) (T 0 =
(_1)|M|(|v|+|f|)<f7 MU>V — (_1)|M|(|v|+|f|)<MU7 f>w ' (127)
We therefore find, using |M| + | f| + |v| = m, that
MTT = (=1)m+DIMIpL — grtt ppgmt (128)

Alternatively, this can be seen directly with (123), keeping in mind that the grading operator
on the dual vector space is (—1)"o ™.

13The slightly non-standard definition of the graded transpose in (122), including the sign (—1)/*Im,
ensures that M7 has the same form for both m even and odd.

14Note that this isomorphism is defined without sign as compared to [16], and therefore t¢pere = €here © 7.
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Graded tensor products

The graded tensor product, ¥V = V; ® V, can be defined for endomorphisms A and B in
terms of the ordinary (non-graded) tensor product,

(AR B):=A®ay'B .

The grading operator on the right-hand side ensures the multiplication rule

(A® B)(C ® D) = (-1)PI¢4c) ® (BD) .

However, the graded transpose is not the naive one, an explicit computation in the

even/odd basis reveals

(A& B)' = AT(6T)P1 & (o])B" = AT(oT)P @ BT . (129)
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