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UWThPh-1995-5March 27, 1995What are the Quantum MechanicalLyapunov Exponents?W. ThirringInstitut f�ur Theoretische PhysikUniversit�at WienDedicated to Paul Urban, teacher and friendAbstractThe origin of chaotic behaviour of a dynamical system in the sense of sensitive depen-dence on initial conditions is the action of a certain group. We are used to the importanceof a group from the theory of relativity and in fact this group happens to be a subgroup ofthe Poincare group. Physical consequences like sensitive dependence on initial conditionsor exponential decay of time correlations can be deduced if we add some continuity re-quirements on the action of this group. This will be illustrated by examples from classicalmechanics, quantum mechanics and quantum �eld theory.



11 IntroductionIn the past years it has been possible to widen the scope of ergodic theory so as tocontain also quantum systems. It was rather easy to generalize the notions of mixing [1]and topological mixing [2,3]. The dynamical entropy was a long time ago de�ned for typeII1 systems [4] but now there are three di�erent proposals for the general case [5,6,7]. Theyagree for commutative systems but show di�erent features in the quantum domain. Thetopological entropy could also be generalized to noncommutative systems [8]. Recentlythere have been proposals for a generalization of the Lyapunov exponents [9,10,11] forquantum systems. I shall follow here a de�nition �rst given in [12] for the quantum catand elaborated in a general setting in [13]. It seems that the heart of the matter is acertain group. Its action immediately dictates sensitive dependence on initial conditionsand exponential decay of correlations provided the action is su�ciently continuous. Weshall �nd many examples of the action of this group starting from elementary mechanicsto wave mechanics and to quantum �eld theory. They give feeling when the continuityrequirements are met so that our general theorems become applicable.The reader might be suspicious since physical properties depend crucially on con-tinuity properties. It is a sad fact that the key notions in ergodic theory are highlydiscontinuous objects and this does by no means become better in the quantum domain.As example may serve the cat map on the noncommutative torus which depends on arotation parameter � (= �h in appropriate units). This system is random in the sense ofalgorithmic complexity theory only for � = 0 ([14] where this was called failure of thecorrespondence principle). The Connes{St�rmer entropy is zero for almost all �'s [15]but for rational �'s it has the classical value and for countably many �'s it is positive[12]. Also the topological structure of this system considered is quite di�erent for rationaland irrational �'s [16], in the �rst case it is a �bre bundle, in the latter it is not. On theother hand, the Alicki{Fannes entropy has the classical value irrespective of � and theVoiculescu entropy has always at least half the classical value. The Lyapunov exponentdoes not show this nervous behaviour and all de�nitions [9,10,11,12] give it its classicalvalue for all �'s.2 The Anosov groupsThe intuition behind the sensitive dependence on initial conditions is that next to anypoint on any trajectory there is a point at a distance s such that in the course of timetheir distance grows exponentially. In formulas it reads� t � �s = �se��t � � t (2:1)which is the multiplication law of the semidirect product R �� R. From this we abstracttheDe�nition (2.2) The multiplication laws



2 (i) (t; s) � (t0; s0) = (t+ t0; s+ s0e��t)(ii) e = (0; 0)(iii) (t; s)�1 = (�t;�e�ts)de�ne for(a) (t; s) 2 Z �R+ the Anosov semigroup(b) (t; s) 2 Z �R the Anosov group(c) (t; s) 2 R�R the continuous Anosov group.An Anosov dynamical system is a realization of these groups by endomorphisms � t, �sof a C* algebra A.Remarks (2.3)1. We shall consider only the biggest Lyapunov exponent and in the continuous casethe groups with di�erent �'s are isomorphic. Then we shall scale � to 1.2. Rescaling s does not change �. In fact �s should shift by the distance s which has tobe gauged by some metric. In [13] it is shown that � is independent of the metric.3. Since we are interested in the long time behaviour t 2 Z or t 2 R are equally good.However we need � to be invertible so t 2 Z+ would not do.4. s has to be continuous since on a compact manifold the �nal distance cannot bearbitrarily big only the initial distance arbitrarily small. We do not only considerthe case s 2 R because we shall see that then an invariant state cannot be �{KMS.5. The systems we shall consider will be time{reversible, i.e. there is an automorphism(or antiautomorphisms) T with T�1 � � t � T = ��t. In this case �s� = T�1 � �s � Tsatis�es (2.1) with �! ��.6. In the physics we have in mind A is the algebra of observables and � t its trueevolution. In spite of the nonlinearity of the dynamics � t is represented by lineartransformations, namely isometries of the Banach space underlying A. With theaid of invariant states we shall later construct unitary representations in a Hilbertspace. There are �nite{dimensional non{unitary representations. Since �s generatesan invariant subgroup (t; s) ! et is a representation which represents the factorgroup � t faithfully. (t; s)!  1 0s e�t ! represents the whole group faithfully.



33 ExamplesWe shall �rst show that the Anosov groups appear quite frequently in physics. We beginwith the simplest situation, namely classical linear systems. Contrary to the folkloresensitive dependence on initial conditions is not a characteristic of nonlinear systems.3.1 Hamiltonian 
owsAbelian C* algebras A are spaces of continuous functions and any automorphism � isinduced by a homeomorphism �� of the underlying space: � (f) = f � ��1� 8 f 2 A. Forthe 
ows corresponding to � t� and �s� we shall take the Hamiltonian 
ows generated byH;K 2 C(T �(R)) and because of (� t � �s)� = � t� � �s� the di�erential version of (2.1)imples fH;Kg = K and � tK = e�tK; �sH = H + sK: (3:1)3.1.1 Repulsive harmonic forcesThese are the prototype of sensitive dependence on initial conditions since the particleruns with exponentially increasing velocity to in�nity.H = 12(p2 � x2), K = p � x� t(x; p) = x cosh t+ p sinh t; p cosh t+ x sinh t)�s(x; p) = (x+ s; p + s)which satisfy (3.1).3.1.2 The dilationIt represents the 
ow near a hyperbolic �xed point and corresponds to 3.1.1 written inthe coordinatesX = x+ p2 , P = p� xH = XP , K = P� t(X;P ) = (Xet; P e�t)�s(X;P ) = (X + s; P ).We see here that restriction to the half plane (x; p) 2 R�R+ still gives an action of thecontinuous Anosov group whereas on (x; p) 2 R+ � (R or R+) we have an action of thesemigroup (s; t) 2 R+ � (R or Z). Thus Anosov 6) ergodicity.



43.1.3 The exponential of the age operatorIf one wants to use H as a canonical variable its conjugate, the \age operator" is thelogarithm of K:H = �p, K = ex� t(x; p) = (x� t; p)�s(x; p) = (x; p � sex).Note that now K is a positive function, in (3.1.1,2) it was not. However , in (3.1.2) wecould have used K = jpj which generates the 
ow �s(x; p) = (x + sp=jpj; p) which alsosatis�es the Anosov relation.3.1.4 Discretized Arnold map on the torusSo far our phase space was R2 and there was no invariant probability measure. We canalso take the compact torus R2=Z2 but then � t will no longer be a di�eomorphism.However, for discrete time steps � (x; p)! (ax+ bp; cx+ dp), a; b; c; d 2 Z, ad � bc = 1,we obtain a symplectic transformation T 2 SL(2;Z) that stretches in one direction andcontracts in another. If �s shifts in the expanding direction we have again a realizationof the Anosov group. It is not continuous and� = t2 +st24 � 1; t = Tr T = a+ d > 2:3.2 Quantum mechanics of one particleThe examples (3.1.1,2,3) can be readily translated into quantum mechanics where x andp = 1i @@x are operators on L2(R). In all three cases H and K are essentially selfadjointon C10 (R) and therefore de�ne two families of unitaries eiHt, eiKs which satisfyeiKse�teiHt = eiHteiKs:Therefore they generate automorphisms of B(L2(R)) by� t(A) = eiHtAe�iHt; �s(A) = eiKsAe�iKswhich satisfy (2.1). The quantum analogue of (3.1.4) is the Weyl algebra W generatedby ei(�x+�p) = W (�; �); �; � 2 �Z� Z; � 2 (0; 2�):The \cat map" � (W (�; �)) = W (T t(�; �)) gives an automorphism of W and togetherwith a transversal shift in direction ~e�s(W (�; �)) = eis(�e1+�e2)W (�; �)we have again a realization of the Anosov group with the same Lyapunov exponent � asin the classical case. Note that � does not depend on � which plays the rôle of Planck'sconstant.



53.3 Remarks1. In the version (3.1.3) ln jKj and H appear as canonically conjugate variables and ift! eiHt is strongly continuous the von Neumann uniqueness theorem of the repre-sentations of the CCR applies. This means that the spectrum of H and ln jKj hasto be zero or absolutely continuous and �ll all of R (resp. R+), only the multiplicityis free. Hence there is no chance to �nd the Anosov properties in �nite quantumsystems where H has a discrete spectrum. If the representation is not faithful ornot unitary ln jKj may not exist as operator. In the �rst case we have the one{dimensional representations (t; s) ! ei
t, 
 2 R, so K = 0 and ln jKj = �1. Inthe faithful two{dimensional representation given in (2.3.6) we haveH =  0 00 �1 ! and K =  0 01 0 ! :They do satisfy [K;H] = K, but [ln jKj;H] = �i cannot be represented by matricesand indeedjKj = jK�Kj1=2 =  0 00 1 ! ; so ln jKj =  �1 00 0 ! :2. In these cases the dynamics is reversible and there exists also a contracting direction.In the form (3.1.1) time reversal is simply T (x; p) = (x;�p) and �s� is generated by�p+ x and gives (x; p)! (x� s; p� s).3.4 One{dimensional quantum �eldsThe CCR and CAR algebras A are characterized by[ f;  �g ]� = hf jgi; [ f ;  g]� = 0; f; g 2 L2(R): (3:4:1)For fermions k fk = kfk2 but for bosons  f is not bounded and A is generated by theWeyl operators ei(z f+z� �f ), z 2 C, f 2 L2(R). Since the unitary actions f ! ft = e�iHtf ,f ! fs = e�iKsf leave (3.4.1) invariant they generate automorphisms � t( f) =  ft,�s( f) =  fs which again satisfy (2.1).3.5 Classical motion in extended phase spaceHere the time becomes a dynamical variable x0 and the energy p0 is conjugate to it. ThePoisson brackets are fxi; pkg = �ik; �ik =  �1 00 1 !and physics requires the constraint pipk�ik +m2 = 0.



63.5.1 Free motionThe Lorentz transformation (\boost") generated by L = x1p0 � x0p1 and the shift alongthe light cone K = (p0 + p1)=2 satisfy fL;Kg = K. Therefore their 
ows realize theAnosov group. This was to be expected because the 
ow lines of the boost in con�gurationspace are hyperbolas as the time evolution in phase space in (3.1.1). A physical realizationof such a dynamics is given by a constant acceleration to be considered next.3.5.2 The constant electric �eldA constant �eld is generated by a vector potential A = 12(�Ex1; Ex0) and the dynamics(with respect to proper time) is generated by the HamiltonianH = (pi + eAi)(pk + eAk) �ik2m = 12m  �p1 + eE2 x0�2 � �p0 � eE2 x1�2! :The mass shell is given by H = �m=2. The two velocities_x0 = � 1m �p0 � eE2 x1� =: Pm1=2 and _x1 = �p1 + eE2 x0� 1m =: eEm3=2Qare up to constants conjugate, fQ;Pg = 1 and H obtains the form (3.1.1)H = �12(P 2 � �2Q2); � = eEm :Therefore H and the shift generated by K = Q+ P satify fH;Kg = K. Here is anotherpair of canonical coordinates [17] which do not appear in H. They describe the foci ofthe hyperbolas and are constant. Thus the 4 Lyapunov exponents are ��, �0.3.5.3 The de Sitter universeThe in
ationaary universe is the prototype of an exponentially expanding space and weshall now see how the Anosov group is at work. In two space{time dimensions the deSitter space can be identi�ed with the hyperboloid�x20 + x21 + x22 = 1 =: xixk�ik = (xjx) (3:5:1)in the three-dimensional Minkowski space where� = 0B@ �1 1 1 1CA :The geodesic 
ow follows from an LagrangianL = 12( _xj _x) (3:5:2)



7and taking (3.5.1) into account by a Lagrangian multiplier c we get as Euler equations�x = cx: (3:5:3)(3.5.1) requires 0 = (xj _x) = (�xj _x): (3:5:4)Thus ( _xj _x) is constant and we shall take the proper time as 
ow parameter which nor-malizes this to ( _xj _x) = �1: (3:5:5)By (3.5.1, 4 and 5) the originally six{dimensional phase space (x; _x) is reduced to athree{dimensional mass shell M. In con�guration space the geodesics are simply theintersections of the hyperboloid (3.5.1) with planes through the origin and steeper than450. This follows from the constancy of the generators of SO(2; 1)`i = "ik`xk _x` (3:5:6)since (`jx) = 0 any point x(t) on the trajectory remains con�ned to the plane ? `. Anypoint on M can be reached by a Lorentz transformation L 2 SO(2; 1) from the pointx(0) = (0; 1; 0), _x(0) = (1; 0; 0). This induces a di�eomorphism of M and SO(2; 1). Thegeodesic through this point is according to the above x(t) = M(t)x(0), _x(t) = _M(t)x(0)with M(t) = 0B@ cosh t sinh t 0sinh t cosh t 00 0 1 1CA 2 SO(2; 1): (3:5:7)Since Lorentz transformations L are isometries they transform geodesics into geodesics.Thus the geodesic through the point (Lx(0); L _x(0)) will be (LM(t)x(0); L _M (t)x(0)) orwith the identi�cation of M and SO(2; 1) we have� t(L) = LM(t): (3:5:8)The tranasversal shift is easily found. With the Lie algebra of SO(2; 1)(`0; `1; `2) = 0B@0B@ 0 0 00 0 �10 1 0 1CA ;0B@ 0 0 10 0 01 0 0 1CA ;0B@ 0 1 01 0 00 0 0 1CA1CA : (3:5:9)M(t) can be written as et`2, and since one calculates [`0 � `1; `2] = `1 � `0 we see that � tand �s(L) = Les(`1�`0) represent the continuous Anosov group.To get the 
ow explicitly it is convenient to use the isomorphism SO(2; 1) =SL(2;R)=f1;�1g which gave the two{dimensional representation of section 2. A pointon (3.5.1) is given by a 2� 2 matrixX =  x2 x1 + x0x1 � x0 �x2 !



8which is characterized by Tr X = 0, detX = �1. SO(2; 1) is represented by theaction X ! L�1XL, L 2 S(2;R) which leaves Tr and det invariant. The geodesicthrough X(0) =  0 11 0 ! with _X(0) =  0 1�1 0 ! is given by X(t) = m�1(t)X(0)m(t),m(t) =  e�t=2 00 et=2 !. Thus the geodesic through fX = L�1X(0)L is given byfX(t) = L�1m�1(t)X(0)m(t)L. A family of geodesics with _X(0) =  0 1�1 0 ! whichcovers every point on (3.5.1) is obtained with L =  cos' sin'� sin' cos' ! and one calcu-lates (x0; x1; x2) = (sinh t; cos 2' cosh t; sin 2' sinh t). In this representation the transver-sal shift has the action�s(L�1X(0)L) = L�1
�1s X(0)
sL with 
s =  1 s0 1 ! :Since 
smt = mt
set we also have�s(� t(L�1X(0)L)) = � t(�set(L�1X(0)L)):3.6 Remarks1. The spacelike hyperboloid �x20+ x21+ x22 = �1 is locally isometric to R�R+ withg = (dx2 + dy2)=y2 (\Poincar�e half plane") and exactly the same arguments showthat there the geodesic 
ow also furnishes an Anosov dynamics. This still holdsclassically if one compacti�es M by going to the coset space SL(2;R)=SL(2;Z).However quantum mechanically this is no longer the case since the Laplacian onthis space of �nite volume has a discrete spectrum [13].2. In section 3.5.1 the wedge x1 > jx0j is invariant under � t but �s maps the wedgeinto the wedge only for s > 0. Thus the algebra of functions supported on the wedgegive an example of an Anosov semigroup.3. We shall not go into the quantum mechanical generalizations of the examples 3.5.Since we have identi�ed the Anosov group as a subgroup of both the Poincar�e andthe de Sitter groups any quantum �eld theory with an action of these groups givesa realization of an Anosov dynamics.4 Sensitive dependence on initial conditionsThe unlimited expansion as it happened in some of our examples can certainly not happenon a compact space. So it is better to look at the Anosov property as saying that some-thing arbitrarily small can become �nite rather than that something �nite can become



9arbitrarily big. So we will consider the limit and require the continuitylims!0Ds(A) = 0 8 A 2 A with Ds(A) = k�s(A)�Ak: (4:1)Ds(A) will not always be di�erentiable in s but one can construct a norm{dense setD � A where it is. In this case we get theSensitive dependence on initial conditions (4.2)lims!0 Ds(� tA)Ds(A) = e�t 8 A 2 D:Proof: Since � t is norm preserving we seelims!0 k�s� t(A)� � t(A)kDs(A) = lims!0 k�se�t(A)�AkDs(A) = lims!0 Dse�t (A)Ds(A) = e�t 8 A 2 D:Remarks (4.3)1. We do not need continuity in t, t 2 Z is just as good. s has to be continuous buts 2 R+ is also su�cient.2. Di�erentiability means that there is a derivation � : D ! A such thatlims!0 




�s(A)�As � �A




 = 0:This implies weak di�erentiability and thus we have for all �{invariant states !lims!0 !(�s� t(A)� � t(A))!(�s(A)�A) = e�t 8 A 2 D:Example (4.4) Going back to section 3 we see that the continuity (4.1) is not realizedin the examples (3.1.1,2,3) only in (3.1.4). The reason is that for continuous functionsf the translates fs(x) = f(x+ s) are an equicontinuous family on compact sets but notnecessarily in an in�nite space. Similarly in the quantum version s! �s(A) = eiKsAe�iKswill be strongly continuous but not necessarily norm continuous. Only in the secondquantized version for fermions � t and �s will be norm continuous. The reason is thatk�s( f )�  fk = k e�iKsf �  fk = ke�iKsf � fk ! 0for s! 0. In this case D is norm{dense in A since K has a dense set of analytic vectorsand (4.2) is fully applicable.Continuity can be gained by restriction to the subalgebra of quasiperiodic functionsgenerated W (�; �) = ei(�x+�p); (�; �) 2 R2: (4:5)



10The shifts of (3.1.1,2,4) are continuous sincek�sW (�; �)�W (�; �)k = k(ei(�+�)s � 1)W (�; �)k = jei(�+�)s� 1j ! 0 for s! 0:Exactly the same holds in quantum mechanics, (4.5) generates the Weyl algebra W andthe noncommutativityW (�; �)W (�0; � 0) = ei�h(��0���0)W (� + �0; � + � 0)does not change the Anosov properties. In fact, � is independent of �h.It is instructive to verify that (4.2) holds on W and not on all of B(L2(R)). Considerei�x 2 W and ei�x2 2 B(L2(R)). We havelims!0 k�s� t(ei�x)� � t(ei�x)kk�s(ei�x)� ei�xk = lims!0 supx2R jei�et(x+s) � ei�etxjsupx2R jei�(x+s) � ei�xj = lims!0 jei�ets � 1jjei�s � 1j = etbutlims!0 k�s� t(ei�x2)� � t(ei�x2)kk�s(ei�x2)� ei�x2k = lims!0 supx2R jei�e2t(x+s)2 � ei�(etx)2jsupx2R jei�(x+s)2 � ei�x2j = 22 = 1 8 t 2 R:To see how (4.2) works in relativistic quantum �eld theory we consider �nally a masslessDirac �eld in two space{time dimensions. It has two components, the right and left movers j(x1 + (�)jx0), j = 1; 2 which satisfy the anticommutation relationsf j(x);  �k(x0)g = �(x� x0)�jk: (4:6)The actions of � t, �s from section 3.5.1 (boost and shift on the light cone) are� t( j(x) = e(�)jt=2 j(xe�t); �s( j(x)) =  j(x+ s) for j = 1 j(x) for j = 2:The  j(x) do not form an algebra but the smeared  j;f = R dxf(x) j(x), f 2 L2(R) do.For the  j;f , f 0 2 L2(R) (4.2) holds and they generate a norm dense set in the CARalgebra: limr!0 k�s� t( f)� � t( f)k2k�s( f)�  fk2 = lims!0 R dxetjf(et(x+ s))� f(etx)j2R dxjf(x+ s)� f(x)j2= e2t R dxetjf 0(xet)j2R dxjf 0(x)j2 = e2t:5 Exponential decay of time correlationsIt is sometimes considered as characteristic for chaos that time correlations decay expo-nentially. To see whether this happens in Anosov systems we have �rst to verify thatthere are invariant states ! = ! � � t = ! ��s. A priori this is assured because the Anosovgroup is amenable. Rather then proving this assertion we make the following observa-tion. Abelian groups are always amenable so there exists an invariant state ! = ! � � tand therefore � t is unitarily implemented, � t(a) = V�taVt. Vt can be chosen such thatVtj
i = j
i where j
i is the cyclic vector in the GNS construction with !. Now we havethe simple



11Lemma (5.1) If �s is unitarily implemented, �s(a) = U�saUs and s ! Us is stronglycontinuous then Vtj
i = j
i implies Usj
i = j
i.Proof: 8 t 2 R we haveUsj
i = UsVtj
i = VtUetsj
i t!�1�! Vtj
i = j
i:This has the sad consequence that ! cannot be an equilibrium (= KMS) state for thetime evolution � t. This follows from the following well{knownLemma (5.3) If ! is � t{KMS and �s{invariant for an automorphism group �s then[� t; �s] = 0.Proof: For any s ! is KMS for the automorphism group �� t = ��s� t�s since!(b�� i�(a)) = !(b��s� i��s(a)) = !(�s(b)� i��s(a)) = !(�s(a)�s(b)) = !(ab):However the modular automorphism of a state is unique, thus �� t = � t or � t�s = �s� t.We have given the standard proof because it shows the way out of this dilemma. If �s,s � 0, is only a semigroup of endomorphisms then it is possible that ! is � t{KMS.Example (5.3) (The poor man's Bisognano{Wichmann theorem.) We take the exam-ple of the end of section 4, namely a Dirac �eld in 1 + 1 dimensions, =   1(x1 � x0) 2(x1 + x0) !where � t is the boost and �s the shift in a light{like direction u = x0 + x1. We consideronly one component: (u) = Z 1�1 dp2�a(p)eipu; [ (u);  �(u0)]+ = �(u�u0); [a(p); a�(p0)]+ = 12��(p�p0):The C* algebra A is generated by the  f = R1�1 du (u)f(u), f 2 L2(R). The automor-phisms act as � t( f) =  ft, ft(u) = e�t=2f(e�tu), and �s( f) =  fs, fs(u) = f(u + s).We know that the spectrum of the generator H of � t is all of R whereas the generatorK of �s can have positive (or negative) spectrum. FormallyH = Z 1�1 dp2� : a�(p) 12i(p @@p + @@pp)a(p) :; K = Z 1�1 dp2� : a�(p)pa(p) :and to realize the �rst possibility we let the : : refer to a vacuum where the negativep{states are �lled: !(a�(p)a(p0)) = 12��(�p)�(p � p0)



12and therefore !(a(p0)a�(p)) = 12��(p)�(p� p0)which means : a�(p)a(p) : = �a(p)a�(p) for p < 0:Next we consider the subalgebra A� generated by  f with supp f 2 R�. ! is faithfulover A+ since k f j
ik2 = h
j �f f j
i = Z 0�1 dp2� j ef(p)j2and for supp f 2 R+, ef (p) = R10 dueipuf(u) is analytic in the upper half plane. ef (p) = 08 p < 0 implies then f = 0 or  f = 0. On A+ � t acts as automorphism and �s for s > 0as endomorphism. ! is invariant under both since these actions imply ef(p)! et=2 ef(etp)or ef(p)! eips ef(p). FurthermoreA+j
i is dense in H! the representation space of �!(A)since h
j �g f j
i = Z 0�1 dp2� eg�(p)f(p) = 0 8  f 2 A+implies supp g � R+ and thus  gj
i = 0. Thus �!jA+ (A+) = �!(A+) and we claimthat !jA+ is � 2�i{KMS and �!(A+)0 = �!(A�)00 but ! is not a product state overA = A+ 
A�. To show this note that � t f j
i =  ftj
i can with eft(p) = et=2 ef (etp) becontinued in the upper half plane to t = i� and similarly  �f j
i in the lower half plane to�i� since ef�(p) = R10 due�ipuf�(u) is analytic for Im p < 0. � i� f =  f�, ef�(p) = if(�p)and the KMS condition saysh
j �g f j
i = Z 0�1 dp2� eg�(p)f(p) = h
j��i� f� i� �g j
i = Z 10 dp2� eg�(�p)f(�p)and is therefore satis�ed for the two point function. Since the two point function deter-mines here the n{point function these considerations can be extended to all of A+.Remark: Note that �!(A+)00 is of type III1 whereas �!(A)00 is type I1 so this featureappears already in this simple example.Theorem (5.4) Let ! be � t invariant, � t and �s represented by strongly continuousunitaries Vt = eiHt, Us = eiKs, resp. Let j
i be the cyclic vector in �! such that Hj
i = 0and therefore Kj
i = 0. Let �� be the characteristic function of � = (�1;�a)[(a;1),a > 0 and A;B 2 A such that(i) Aj
i 2 D(Kr) the domain of Kr, r > 0, and(ii) ��c(K)Bj
i = 0, thenj!(A� tB)j � e�tra�rkBj
ik � kKrAj
ik:



13Remarks1. Without loss of generality we may assume that K � 0, otherwise Kr may be readas jKjr.2. Since Kj
i is zero (ii) implies h
jBj
i = 0 which can be achieved by B ! B �h
jBj
i. Thus the left hand side can be replaced by j!(A� tB)�!(A)!(B)j whichshows that the theorem proves decay of correlations.3. (i) can be achieved by replacing A by Af = R dsf(s)�s(A). In fact by our continuityassumptions A can be approximated in norm by Af 's which qualify for the theorem.4. Because of !(A� tB) = !(��t(A)B) = !(B���tA�)� the decay is in both timedirections.Proof: We use ��(x) � �xa�r 8 r > 0 to concludejh
jA��tBj
ij = jh
jAV�t��Bj
ij = jh
jA�et�V�tBj
ij� h
jA�et�A�j!i1=2h
jB�Bj
i1=2 � (aet)�rkBj
ik � kKrAj
ik:Examples1. The Weyl algebraWe consider the algebra W which consists of polynomials of W (z) = ei(�x+�p),z = (�; �) 2 R2 with the multiplication lawW (z)W (z0) = ei�(z;z0)W (z + z0);with the symplctic form �(z; z0) = 12(�� 0� ��0). The unitaries V (t) = exp[i12(px+xp)t] =2 A and U(s) = eips 2 A generate� t(W (�; �)) = W (et�; e�t�); �s(W (�; �)) = ei�sW (�; �):The action � t is not norm{continuous. A state ! is characterized by E(z) = !(W (z))and has to satisfy E(0) = 1, and e�i(�(z;z0)f(z � z0) has to be a positive integralkernel. (This implies jE(z)j � 1.) If ! is to be invariant under �s we need E(�; �) =0 8 � 6= 0 and then invariance and � t requires that E(0; �) is constant on R+ orR� resp. The positivity requirement leaves two possibilitiesa) The tracial state E0 = 0 8 (�; �) 6= (0; 0). This state is well{known fromthe Hilbert space of quasiperiodic functions which is not separable. Here theactions of � t and �s on W (z) are not weakly continuous since the typicalmatrix elements of W (z) arehz0jW (z)jz00i := h
jW �(z0)W (z)W (z00)j
i = ei�(z;z00�z0)�i�(z0 ;z00)E(z + z00 � z0):Thus neitherH norK exists. The representation is type II1 but not hyper�nite.



14 b) The other state is E(�; �) = 0 8 � 6= 0, = 1 for � = 0 and again � is notweakly continuously represented so Theorem (5.4) does not apply. Neverthelessin both cases there is some extreme clustering sinceh
jW �(z)� tW (z0)j
i = 0for all t except if � = et�0.2. Here we consider the subalgebra Wc = fW (z); z 2 �Z � Zg. As in the classicalcase the � t of (2.1) is not an automorphism of Wc but if we choose other directionsfor expansion and contraction it can happen that for a discrete set of times we getthe following automorphism of Wc, �W (z) = W (Tz), T 2 SL(2;Z). Of course, forW there exists a � t such that � 1 = � but � t(Wc) � Wc only for t 2 Z. In this casethe Lyapunov exponent cannot be scaled to 1 but turns out to have the classicalvalue [11,12,13] � = c2 +sc24 � 1; c = Tr T > 2:E0 gives the only invariant state and a regular representation �0. It acts in aseparable Hilbert space and �0(Wc)00 is type II1 hyper�nite. If � is the shift intransversal direction X such that �s(W (z)) = eishxjziW (z) then �s acts even normcontinuously and the theorem applies.
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