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AbstractWe de�ne and study the theory of derivation-based connectionson a recently introduced class of bimodules over an algebra whichreduces to the category of modules whenever the algebra is commu-tative. This theory contains, in particular, a noncommutative gener-alization of linear connections. We also discuss the di�erent noncom-mutative versions of di�erential forms based on derivations. Then weinvestigate reality conditions and a noncommutative generalization ofpseudo-riemannian structures.1 Introduction and notationsThere are several noncommutative generalizations of the calculus of di�eren-tial forms and, more generally, of the di�erential calculus of classical di�er-ential geometry, e.g. [2 to 10]. As stressed in [3], the extension of classicaltools to the noncommutative setting is never straightforward. This meansthat, in order to produce relevant objects, one must have in mind a lot ofexamples coming both from mathematics and from physics. In this paper,we concentrate on the di�erential calculus based on derivations as generaliza-tion of vector �elds, [4]. It was shown in [5] that this di�erential calculus isnatural for quantum mechanics in the sense that with it, quantum mechanicshas the same relation to noncommutative symplectic geometry as classicalmechanics to classical symplectic geometry. For �nite quantum spin systemsthis was already pointed out in [6].In this paper, A is an associative algebra over K = R or C with a unit 1l. Thealgebra A is to be considered as the generalization of the algebra of smoothfunctions and the Lie algebra Der(A) of all derivations of A as the generaliza-tion of the Lie algebra of smooth vector �elds. The Lie algebra Der(A) is alsoa module over the center Z(A) of A and furthermore Z(A) is stable by theaction of Der(A). The corresponding Lie algebra homomorphism of Der(A)2



into the Lie algebra Der(Z(A)) factorizes through the Lie algebra Out(A) ofall derivations of A modulo the ideal Int(A) of all inner derivations of A; theLie algebra Out(A) is also a Z(A)-module. Notice that if A is commutative,A = Z(A) and Der(A) = Out(A); so Out(A) is also a generalization of the Liealgebra of vector �elds and this is a good generalization for a theory of \invari-ants". Indeed in general one has H0(A;A) = Z(A) and H1(A;A) = Out(A),(whereas Der(A) = Z1(A;A)), where H(A;A) is the Hochschild cohomologyof A with value in A. So Z(A) and Out(A) are Morita invariant as well asthe homomorphism of Out(A) into Der(Z(A)). We now recall the relevantgeneralizations of di�erential forms in this context [4], [9]. As for the com-mutative case [11], the notions of di�erential forms can be extracted from thedi�erential algebra C(Der(A); A) of Chevalley-Eilenberg cochains of the Liealgebra Der(A) with values in the Der(A)-module A. There are two naturalgeneralizations of the graded di�erential algebra of di�erential forms whichuse Der(A) as generalization of vector �elds : A minimal one, 
Der(A), whichis the smallest di�erential subalgebra of C(Der(A); A) which contains A anda maximal one, 
Der(A), which consists of all cochains in C(Der(A); A) whichare Z(A)-multilinear.As mentioned above, it is also useful to use Out(A) as generalization of vec-tor �elds. The corresponding generalizations of di�erential forms 
Out(A)and 
Out(A) are respectively graded di�erential subalgebras of 
Der(A) and
Der(A). To obtain them, one notices that there is a canonical opera-tion, in the sense of H. Cartan [1], X 7! iX for X 2 Der(A), of theLie algebra Der(A) in the graded di�erential algebra C(Der(A); A) de�nedby iX�(X1; : : : ;Xn�1) = �(X;X1; : : : ;Xn�1) for Xk 2 Der(A) and � 2Cn(Der(A); A). Both 
Der(A) and 
Der(A) are stable by the iX ;X 2 Der(A),and 
Out(A) and 
Out(A) are de�ned to be the respective di�erential subal-3



gebras which are basic with respect to the corresponding operation of Int(A),i.e. one has:
Out(A) = f� 2 
Der(A)jiX� = 0 and LX� = 0; 8X 2 Int(A)g
Out(A) = f� 2 
Der(A)jiX� = 0 and LX� = 0; 8X 2 Int(A)g;where LX = diX + iXd as usual. One has the inclusions of graded di�erentialalgebras 
Der(A) � 
Der(A)S S
Out(A) � 
Out(A)In the case where A is the algebra of smooth functions on a �nite-dimensionalparacompact smooth manifold, all these graded di�erential algebras coincidewith the graded di�erential algebra of di�erential forms. In general, there isa di�erential calculus for A in 
Der(A) and in 
Der(A). However if A is notcommutative, i.e. A 6= Z(A), then 
Out(A) and 
Out(A) do not contain Aand are not A-modules. So they do not carry a di�erential calculus for A.The di�erential algebra 
Out(A) can be identi�ed with the di�erential alge-bra CZ(A)(Out(A); Z(A)) of Z(A)-linear cochains of the Lie algebra Out(A)with values in Z(A). So 
Out(A) is a Morita invariant generalization of dif-ferential forms. We shall use 
Der(A) for the di�erential calculus and then,the \invariants" will be closed elements in the subalgebra 
Out(A) leading toMorita-invariants in the cohomology HOut(A).In this paper, we wish to extend, for A noncommutative, the theory of con-nections (derivation laws) on A-modules for A commutative as formulatedin [11]. There are several noncommutative generalizations of the notion ofmodule over a commutative algebra. First one can consider the notion ofright (or left) A-module. Alternatively, one can remember that a moduleover a commutative algebra is canonically a bimodule of a very speci�c kind4



and we speak of the induced structure of bimodule. In [8], we introduced thenotion of central bimodule: This is just a A-bimodule such that the under-lying structure of Z(A)-bimodule is induced by a structure of Z(A)-module,i.e. multiplication by elements of Z(A) on both sides coincide. This notionis stable by arbitrary projective and inductive limits and by tensor productsover A or over Z(A). When A is commutative, a central bimodule is justa module (for the induced bimodule structure). It is for this notion thatwe de�ne and study connections in this paper. There are several reasonsto prefer this notion rather than that of right or left module. The �rst oneis that our one-forms constitute such a bimodule and that we wish to beable to de�ne linear connections. A second very general reason, which isconnected with quantum mechanics, is explained in the remark of Section8. In [8] and [9] we also introduced the more restrictive notion of diagonalbimodule: This is a bimodule isomorphic to a subbimodule of AI , for someset I, where A is equipped with its canonical structure of A-bimodule. Adiagonal bimodule is central and, if A is commutative, a diagonal bimoduleis just a module such that the canonical mapping into its bidual is injective.Both 
Der(A) and 
Der(A) are diagonal and therefore central; this is why thenotion of connection considered here includes a generalization of the notionof linear connection. Furthermore, and this was the very reason diagonal bi-modules were introduced, it was shown in [8] that the derivation (di�erential)d : A ! 
1Der(A) is universal for derivations of A into diagonal bimodules:i.e. for any derivation � : A!M of A into a diagonal bimodule M , there isa unique bimodule homomophism i� : 
1Der(A)!M such that � = i� � d.Finally we shall need, to describe torsion for instance, the generalization ofvector valued di�erential forms. It was shown in [9] that the right spaces togeneralize the Fr�olicher-Nijenhuis bracket were the space Der(A;
Der(A)) of5



derivations of A into 
Der(A) if one uses 
Der(A) as generalization of di�eren-tial forms and the space Der(A;
Der(A)) if one uses 
Der(A) as generalizationof di�erential forms. In this paper it is this latter generalization that will beconsidered. If N and M are A-bimodules, we use the notation HomAA(N;M)to denote the space of bimodule homomorphisms of N into M . This is aZ(A)-bimodule which is in fact a Z(A)-module whenever M is central.The plan of the paper is the following. In Section 2 we de�ne the notion ofderivation-based connection on central bimodules. In Section 3 we describesome constructions which allow to produce new connections from given con-nections. In Section 4 we de�ne linear connections and their torsions. InSection 5 we give some basic examples. In Section 6 we introduce and studya duality between bimodules and modules over the center. In Section 7 weapply this duality to the one-forms showing, in particular, that 
1Der(A) is thebidual of 
1Der(A) for this duality. In Section 8 we study reality conditions forthe case of �-algebras. Finally, in Section 9 we investigate a noncommutativegeneralization of pseudo-riemannian structures in our framework.2 Connections on central bimodulesLet M be a central bimodule over A, a connection on M is a linear mappingr, X 7! rX , of Der(A) into the linear endomorphisms of M such that onehas ( rzX(m) = zrX(m)rX(amb) = X(a)mb+ arX(m)b+ amX(b)8m 2M;8X 2 Der(A);8z 2 Z(A) and 8a; b 2 A.Given r as above, the curvature R of r is the bilinear antisymmetric map-ping (X;Y ) 7! RX;Y of Der(A) � Der(A) into the linear endomorphisms of6



M de�ned byRX;Y (m) = rX(rY (m))�rY (rX(m))�r[X;Y ](m);8X;Y 2 DerA; 8m 2M:One has the following properties( RzX;Y (m) = zRX;Y (m);RX;Y (amb) = aRX;Y (m)b8m 2M;8X;Y 2 Der(A);8z 2 Z(A);8a; b 2 A:Thus R is an antisymmetric Z(A)-bilinear mapping of Der(A)�Der(A) intothe Z(A)-module HomAA(M;M) i.e.R 2 HomZ(A) (�2Z(A)Der(A);HomAA(M;M)):>From its very de�nition and from the Jacobi identity, it follows that Rsatis�es the Bianchi identity[rX; RY;Z] + [rY ; RZ;X ] + [rZ; RX;Y ] = R[X;Y ];Z +R[Y;Z];X +R[Z;X];Y :There is another way to describe all that. Let 
nDer(A;M) be the space(in fact the Z(A)-module) of antisymmetric Z(A)-multilinear mappings of(Der(A))n into M , i.e. one has
nDer(A;M) = HomZ(A)(�nZ(A)Der(A);M):The spaces 
nDer(A;M) as well as
Der(A;M) = �n 
nDer(A;M)are canonically A-bimodules which are central bimodules. Then a connectionr as above on M is simply a linear mapping of M into 
1Der(A;M) whichsatis�esr(amb) = da
Amb+ ar(m)b+ am
Adb; 8a; b 2 A and 8m 2M;7



where the canonical bimodule homomorphisms
1Der(A)
AM ! 
1Der(A;M) and M
A
1Der(A)! 
1Der(A;M)have been used.More generally, by using the canonical bimodule homomorphisms
mDer(A)
A
nDer(A;M)! 
m+nDer (A;M)and 
nDer(A;M)
A
mDer(A)! 
m+nDer (A;M);one equips 
Der(A;M) with a structure of graded 
Der(A)-bimodule. Let usextend r : 
0Der(A;M) ! 
1Der(A;M) to an endomorphism, again denotedby r, of 
Der(A;M) with r(
nDer(A;M)) � 
n+1Der (A;M) by the followingde�nition(r')(X0; : : : ;Xn) = X0�k�n(�1)krXk'(X0; k_: : :; ;Xn)+ X0�r<s�n(�1)r+s'([Xr;Xs];X0; r_: : : s_: : :;Xn)for ' 2 
nDer(A;M) and Xk 2 Der(A), where k_: means omission of Xk. Onehas, for � 2 
aDer(A), � 2 
bDer(A) and ' 2 
nDer(A;M):r(�'�) = (d�)'� + (�1)a�r(')� + (�1)a+n�'d�:It follows that r2 which is the canonical extension of the curvature satis�esr2(�'�) = �r2(')�, i.e. it is a homomorphism of 
Der(A)-bimodules (andof graded 
Der(A)-bimodules) of 
Der(A;M) into itself, (the Bianchi identitynow reads r(r2) = (r2)r). 8



3 Associated connectionsThere exist central bimodules which do not admit connections. For instance,in [11], J.L. Koszul gives the following example: take A = K[t], i.e. thecommutative algebra of polynomials in t, and M = A=N where N is theideal of polynomials without constant term; then M is a central bimodulesince it is an A-module with A commutative and there is no connection onM because if r is such a connection and if e denotes the class of 1l in A=N ,one must have 0 = r@=@t(te) = e+ tr@=@t(e) = e;i.e. a contradiction. However, ifX 7! rX is a connection on a central bimod-uleM and if X 7! �X is a Z(A)-linear mapping of Der(A) into HomAA(M;M)then X 7! rX + �X is also a connection on M and all connections on Mare of this form; i.e. if the set of connections on a central bimodule M isnot empty, it is an a�ne space modelled on HomZ(A)(Der(A);HomAA(M;M)).Notice that, for M = A, rX(a) = X(a) (8a 2 A; 8X 2 Der(A)) is a connec-tion on A with vanishing curvature which will be referred to as the canonicalconnection on A. In this section, we will describe connections on centralbimodules associated with bimodules which admit connections. These con-nections will be accordingly called associated connections.Let M be a central bimodule equipped with a connection r and let N be asubbimodule of M . Assume that rXN � N for any X 2 Der(A). Then therestriction of r to N , ( i.e. of the rX; X 2 Der(A)), is a connection on Nand r induces a connection on the quotient bimodule M=N . In both cases,we shall speak of the induced connections by r to design these connectionson N and on M=N .Let (Mi)i2I be a family of central bimodules equipped with connections ri.9



Then rX((mi)i2I) = (riX(mi))i2I , for mi 2 Mi and X 2 Der(A), de�nes aconnection on the productYi2IMi. By restriction, one obtains a connection onthe direct sum �i2IMi, rX(Pimi) = PiriXmi, since rX(�i2IM) � �i2IMi forany X 2 Der(A). These connections will be called product and direct sumof the connections ri. One de�nes similarily projective limits and inductivelimits of connections when the appropriate stability conditions are satis�ed.LetM andM 0 be two central bimodules equipped with connectionsr andr0.For X 2 Der(A), consider the linear endomorphisms rX 
 idM 0 + idM 
r0Xof M 
M 0. The bimodule M 
M 0 is not central in general, however thesubbimodules generated, respectively by thema
m0 �m
 am0; a 2 A; m 2M; m0 2M 0and by the mz 
m0 �m
 zm0; z 2 Z(A); m 2M; m0 2Mare stable by the above endomorphisms (remembering thatDer(A)(Z(A)) � Z(A)), so they de�ne endomorphisms of M
AM 0 and ofM 
Z(A)M 0 which are easily seen to be connections on M
AM 0 and M 
Z(A)M 0,respectively. These connections will be called tensor product of r and r0over A and over Z(A), respectively. By induction, one de�nes the tensorproduct (over A or over Z(A)) of a �nite family of connections on a �nitefamily of central bimodules. This tensor product is associative in an obvioussense.In particular, if M is a central bimodule with a connection r, then by ap-plying the above construction, one obtains a connection r
 on the tensoralgebra of M over A, TA(M) = �n(
nAM), satisfying r
X(a) = X(a) fora 2 A = T 0A(M) and X 2 Der(A). One has r
X(tt0) = r
X(t)t0 + tr
X(t0) for10



t; t0 2 TA(M); X 2 Der(A).Let M be a central bimodule, then HomAA(M;M) is an algebra over Z(A).The group of invertible elements of HomAA(M;M) will be called the groupof gauge transformations of M . Given a connection X 7! rX and a gaugetransformation g on M , X 7! g � rX � g�1 is again a connection which willbe referred to as the gauge transform of r by g. Two connections belongingto the same orbit will be called gauge equivalent connections.4 The case M = 
1Der(A): Linear connectionsThe bimodule 
1Der(A) is diagonal and therefore central. A connection r on
1Der(A) will be called a linear connection. There is a canonical bimodulehomomorphism � : 
1Der(A;
1Der(A)) ! 
2Der(A) which extends the product
1Der(A)
A
1Der(A) ! 
2Der(A), namely �(')(X;Y ) = 'X(Y ) � 'Y (X) forX;Y 2 Der(A) and ' 2 
1Der(A;
1Der(A)). Given a linear connection r, onede�nes a linear mapping T of A into 
2Der(A) by setting T (a) = �� � r(da)for a 2 A. One has T (ab) = T (a)b + aT (b) for a; b 2 A, therefore T isan element of Der(A;
2Der(A)) which will be called the torsion of the linearconnection r. Since 
2Der(A) is a diagonal bimodule, it follows from theuniversal property of the derivation d : A ! 
1Der that there is a uniquebimodule homomorphism iT : 
1Der(A) ! 
2Der(A) such that T = iT � d.The explicit form of iT is easy to write, one has iT = d � � � r whichextends as a bimodule homomorphism of 
1Der(A) into 
2Der(A). We shallfrequently identify the torsion T 2 Der(A;
2Der(A)) with this element ofHomAA(
1Der(A);
2Der(A)). 11



5 Examples5.1 The case where A is commutativeIn the case where A is commutative, a central bimodule is simply an A-module and the notion of connection de�ned here reduces to the usual one,i.e. to the notion of derivation laws of [11]. One obtains the classical notionof connection on a smooth vector bundle E of �nite rank over a smooth�nite-dimensional paracompact manifold V by taking the algebra C1(V ) ofsmooth functions on V for A and by taking the module �(E) of smoothsections of E, i.e. a typical �nite projective module over A = C1(V ). Sincethe canonical mapping of �(E) into its bidual is injective, the underlyingbimodule is not only central but it is also a diagonal bimodule.Now we investigate cases which are of \opposite side".5.2 The case where Out(A) = 0Let us now assume that A is a noncommutative algebra which has only innerderivations, i.e. Int(A) = Der(A) or, equivalently Out(A) = 0. In this case,every central bimodule M admits a canonical connection cr with vanishingcurvature de�ned by: crad(x)(m) = xm � mx, 8x 2 A and 8m 2 M . Theother connections on M are of course of the form rad(x) = crad(x) + �ad(x)where � 2 HomZ(A)(Int(A);HomAA(M;M)). Since the curvature of cr van-ishes one cannot have a non trivial theory of characteristic classes using theabove notion of connection for such algebras. This also partly explains why,in the general case, one has to factorize the inner derivations out in order toget a good theory of invariants.For M = 
1Der(A), cr is a linear connection. Its torsion T is given byT (a)(ad(x); ad(y)) = �ad[x; y](a) = �[[x; y]; a], or iT (!)(ad(x); ad(y)) =12



�!(ad([x; y])), for x; y; a 2 A, ! 2 
1Der(A).5.3 The case where A has a trivial center Z(A) = K :1lIn this case, Z(A)-linearity reduces to K-linearity, so in particular the Liederivative X 7! LX = iXd + diX is a connection on any of the centralbimodules 
nDer(A) and 
nDer(A). These connections have vanishing curva-tures since the Lie derivative is a homomorphism of Lie algebras. Actingon 
1Der(A) the Lie derivative is then a linear connection with a torsion Tgiven by T (a)(X;Y ) = [X;Y ](a), or iT (!)(X;Y ) = !([X;Y ]), for a 2 A,X;Y 2 Der(A), ! 2 
1Der(A).Notice that if one has also Out(A) = 0, then both cr and L are connectionswith zero curvature on the 
nDer(A) and 
nDer(A) but in general they are notgauge equivalent, except for n = 0 where they coincide with the canonicalconnection on A. In particular, on 
1Der(A) they are linear connections withopposite torsion and therefore 12( cr+ L) is (on 
1Der(A)) torsion-free.RemarksA priori, examples 5.2 and 5.3 are independent (Morita invariant) classesof algebras. For instance if C is a unital commutative algebra which isdi�erent from K:1l and which has no nonzero derivation, e.g. C = Kn withn � 2, then the matrix algebraMN(C) has a non-trivial center, C, and all itsderivations are inner; on the other hand, if E is a vector space of dimension� 2, the tensor algebra T (E) of E has a trivial center but any non vanishingendomorphism of E extends uniquely as a derivation of T (E) which is neverinner. However since here A is the analog of the algebra of smooth functions,one could prefer to choose A in such a way that it has \many" derivations.From this point of view, it is natural to introduce the following class C1;0:13



A belongs to the class C1;o if X(a) = 0, 8X 2 Der(A) for a 2 A impliesa 2 K:1l. It is worth noticing here that this condition might not be su�cientto ensure the existence of \many" derivations: For instance let A = �Anbe a Z-graded algebra with A0 = K:1l, then the degree derivation de�ned bydeg(a) = na if a 2 An is such that deg(a) = 0 implies a 2 K:1l, so A is inC1;0 but it is easy to construct examples such that the only derivations arethe multiple of deg. In any case, any A in C1;0 such that Out(A) = 0 has atrivial center (i.e. examples 5.2 in C1;0 are contained in examples 5.3).6 Duality and diagonal bimodulesLet M be a central bimodule over A, then the space HomAA(M;A) of allbimodule homomorphisms of M into A is a module over the center Z(A) ofA, i.e. it is a Z(A)-module which will be denoted byM�A and called the dualof the bimodule M when no confusion arises. The reader must be aware ofthe fact that M�A is not the dual of M as A 
 Aop-module or as A 
Z(A)Aop-module. Conversely, let N be a Z(A)-module then the space HomZ(A)(N;A)is canonically a bimodule over A which is diagonal, and therefore central,since it is a subbimodule of AN . This diagonal bimodule will be denotedby N�A and called the dual of the Z(A)-module N . Thus one has a dualitybetween central bimodules over A and modules over Z(A) which obviouslyrefers to A; this duality is similar to the duality between left and right A-modules. In fact, when A is commutative ! all these four notions coincidewith the notion of A-module. Notice that if M is a central bimodule, theduality (M;M�A) is separated if and only ifM is diagonal; another way to saythe same thing is to remark that there is a canonical bimodule homomorphismcM : M ! M�A�A and that this canonical homomorphism is injective if14



and only if M is diagonal. Dually, if N is a Z(A)-module, then there is acanonical Z(A)-module homomorphism cN : N ! N�A�A which is in generalnot injective nor surjective; a su�cient condition for the injectivity of cN isthat the canonical mapping of N into its Z(A)-module bidual N�Z(A)�Z(A) isinjective. A Z(A)-moduleN will be said to be A-diagonal, or simply diagonalif no confusion arises, whenever the canonical mapping cN is injective or,which is the same, whenever it is separated by N�A = HomZ(A)(N;A); thismeans that it is i! somorphic to a Z(A)-submodule of AI for some set I.Thus the dual M�A of any central bimodule M is diagonal. More generally,a duality between a central bimodule M and a Z(A)-module N will be abimodule homomorphism h; i ofM 
Z(A)N into A, (m;n) 7! hm;ni; the dualityh; i is separated in M if and only if hm;ni = 0 8n 2 N implies m = 0, itis separated in N if and only if hm;ni = 0 8m 2 M implies n = 0 and itis separated if and only if it is separated both in M and in N . We alreadyknow that if h; i is separated inM , thenM is diagonal and if h; i is separatedin N then N is diagonal.Finally a central bimodule M will be said to be re
exive whenever M =M�A�A, which implies that M is diagonal, and a Z(A)-module N will be saidto be A-re
exive, or simply re
exive, whenever N = N�A�A, which impliesthat N is diagonal. IfM is re
exive thenM�A is re
exive and if N is re
exivethen N�A is re
exive.RemarkIn fact the duality between central bimodules and Z(A)-modules comes froma duality between bimodules and Z(A)-modules. Indeed, ifM is an arbitrarybimodule over A, then M�A = HomAA(M;A) is again canonically a moduleover the center Z(A) of A. FurthermoreM�A�A = HomZ(A)(M�A; A) is still a15



diagonal bimodule and one has again a canonical bimodule homomorphismcM :M !M�A�A which is, as a homomorphism of M onto cM(M), the func-tor Diag de�ned and studied in [8] and [9] of the category of bimodules intothe category of diagonal bimodules. The very reason why we here restrictattention to central bimodules is that only central bimodules reduce canoni-cally to modules whenever A is commutative. From the point of view of theabove duality, the diagonal bimodules and the A-diagonal Z(A)-modules arefavoured and of course, even more favoured are the re
exive bimodules andthe A-re
exive Z(A)!-modules.After having introduced a notion of connection for central bimodules, it isnatural to de�ne a dual notion for Z(A)-modules. Let N be a Z(A)-module,a connection on N related to A, or simply a connection on N when no con-fusion arises, is a linear mapping r;X 7! rX, of Der(A) into the linearendomorphisms of N such that one has( rzX(n) = zrX(n)rX(zn) = X(z)n+ zrX(n)8n 2 N; 8X 2 Der(A) and 8z 2 Z(A).One de�nes, as in x2, the curvature R of r by RX;Y = [rX;rY ] � r[X;Y ]and R is now an antisymmetric Z(A)-bilinear mapping of Der(A)� Der(A)into the Z(A)-module HomZ(A)(N;N). The set of connections on N is, if notempty, an a�ne space modelled onHomZ(A)(Der(A);HomZ(A)(N;N)):The above de�nition is justi�ed by the following lemma.LEMMA 1 Let M be a central bimodule with a connection r. Then, thereis a unique connection, again denoted by r, on the Z(A)-module M�A which16



satis�esX(�(m)) = rX(�)(m) + �(rX(m)); 8X 2 Der(A); 8� 2M�A ;8m 2M:Dually, let N be a Z(A)-module with a connectionr. Then there is a uniqueconnection, again denoted by r, on the central bimodule N�A which satis�esX(�(n)) = rX(�)(n) + �(rX(n)); 8X 2 Der(A); 8� 2 N�A;8n 2 N:Proof. De�ne rX(�) for X 2 Der(A) and � 2 M�A by rX(�)(m) =X(�(m))��(rX(m)), then it is easy to show that rX(�) 2M�A and that ris a connection onM�A in the above sense. On the other hand r is obviouslyunique under the condition of the lemma. The proof of the dual statementis similar. �In the case where M (resp. N) is re
exive then the a�ne space of all con-nections on M (resp. N) and the a�ne space of all connections on M�A(resp.N�A) are isomorphic under the above mapping.More generally, let h; i be a duality between a central bimodule M and aZ(A)-module N , then a pair (r;r0) of a connection r on M and a con-nection r0 on N will be said to be compatible with the duality h; i if onehas X(hm;ni) = hrX(m); ni + hm;r0X(n)i; 8X 2 Der(A); 8m 2 M and8n 2 N . If the duality is separated inM (resp. N) then given r0 (resp. r),if r (resp. r0) exists it is unique.7 Derivations and formsAs an illustration of the notions introduced in the latter section, let us in-vestigate the duality, between 
1Der(A) and Der(A) and between Der(A) and
1Der(A). We summarize the result in the following theorem.17



THEOREM 1 One has 
1Der(A) = (
1Der(A))�A�A. More precisely, one hascanonically:a) 
1Der(A))�A = Der(A) and the duality is separated,b) (Der(A))�A = 
1Der(A) and the duality is separated.Proof. By the universal property of d : A ! 
1Der(A), [8], we know thatwe have canonically HomAA(
1Der(A);M) = Der(A;M) for any diagonal bi-module M ; so the equality of a) follows by taking M = A. The corre-sponding duality is separated since 
1Der(A) is diagonal (in fact this followsdirectly from the de�nitions). On the other hand, the equality b) is justthe de�nition of 
1Der(A) and the corresponding duality is separated becausea) implies that the Z(A)-module Der(A) is A-diagonal. (Actually this laststatement also follows directly from the fact that if X 2 Der(A) is such that!(X) = 0; 8! 2 
1Der(A), then da(X) = X(a) = 0; 8a 2 A, which meansX = 0). �This theorem shows exactly in what sense the minimal bimodule of derivation-based one-forms 
1Der(A) is \dense" in the maximal one 
1Der(A). Appliedto the case where A is the Heisenberg algebra, it implies that the algebra
̂Der(A) introduced in [5] in connection with the noncommutative symplecticstructure of quantum mechanics is just 
Der(A) (and in fact all the cochainsin this case).In Section 4, we have de�ned a linear connection to be a connection on
1Der(A). Part b) of the theorem shows that there is a more restrictive notionof linear connection, namely a connection relative to A on the Z(A)-moduleDer(A) because by applying the second part of lemma 1, to such a con-nection corresponds a unique connection on 
1Der(A) and this mapping isa�ne and injective. In fact, given a connection r on Der(A) the torsion of18



the corresponding linear connection can be identi�ed with the element T ofHomZ(A)(�2Z(A)Der(A);Der(A)) de�ned byTX;Y = rX(Y )�rY (X)� [X;Y ]; 8X;Y 2 Der(A):Part a) of the theorem combined with lemma 1 shows that there is an evenmore restrictive notion of linear connection, namely a connection on 
1Der(A).8 Reality and hermitian structuresIn this section A is a unital �-algebra over C . An involutive bimodule or a�-bimodule over A is a bimodule M equipped with an antilinear involutionm 7! m� such that (amb)� = b�m�a�; 8m 2 M and 8a; b 2 A. Dually aninvolutive Z(A)-module is a Z(A)-module N equipped with an antilinear in-volution n 7! n� such that (zn)� = z�n�; 8n 2 N and 8z 2 Z(A). Given aninvolutive bimodule M then the Z(A)-module HomAA(M;A) is an involutiveZ(A)-module with involution � 7! �� given by ��(m) = (�(m�))�; 8� 2HomAA(M;A) and 8m 2 M . Given an involutive Z(A)-module N then thediagonal bimodule N�A = HomZ(A)(N;A) is an involutive bimodule with in-volution � 7! �� given by ��(n) = (�(n�))�; 8� 2 N�A and 8n 2 N . Elementsof suc! h sets satisfying � = �� are called hermitian or real. The Z(A)-moduleDer(A) is an involutive Z(A)-module with involution X 7! X� de�ned byX�(a) = (X(a�))�; 8X 2 Der(A) and 8a 2 A. 
1Der(A) and 
1Der(A) aretherefore involutive bimodules. More generally one extends the involutionto 
Der(A) and 
Der(A) by setting !�(X1; : : : ;Xk) = (!(X�1 ; : : : ;X�k ))� for! 2 
kDer(A), (or 
kDer(A)) and Xi 2 Der(A). With this involution 
Der(A)is a di�erential graded �-algebra in the sense that one has d(!�) = (d!)� and(��)� = (�1)k`���� for ! 2 
Der(A) and � 2 
kDer(A); � 2 
D̀er(A); thesubspace 
Der(A) is a di�eren! tial graded �-subalgebra.19



RemarkIt is more or less well known that from the point of view of quantum theoryas well as from the point of view of spectral theory the good generalizationof the notion of algebra of real functions is not the notion of real associativealgebra but is the notion of the real Jordan algebra of all hermitian elementsof an involutive complex algebra, i.e. �-algebra, which plays the role of thenoncommutative generalization of the algebra of complex functions. It fol-lows that what must generalize the module of sections of a real vector bundlefor instance, or more generally the notion of module over an algebra of realfunctions is not the notion of right or left module or a notion of bimod-ules over a real noncommutative algebra but the set of real (i.e. hermitian)elements of a �-bimodule over a �-algebra which plays the role of the sec-tions of the complexi�ed vector bundle. Thus the natural category at handis the category of involutive central bimodules over! a �-algebra, and evenmore, if one thinks of real vector bundles for instance, the category of invo-lutive diagonal bimodules and for the �nite case the category of involutivere
exive bimodules over a �-algebra, (with some other conditions replacingprojectivity). Notice also that one can alternatively use the dual notion ofthe real elements of an involutive Z(A)-module or of an involutive diago-nal or involutive re
exive Z(A)-module. In fact, there is a more restrictivenotion of involutive diagonal and involutive re
exive which we call diagonalinvolutive and re
exive involutive which we now de�ne. For any �-algebraA and any set I, AI is canonically an involutive bimodule. A diagonal in-volutive bimodule over A, (resp. a A-diagonal involutive Z(A)-module), isa A-bimodule (resp. a Z(A)-module) which is isomorphic to an involutivesubbimodule (resp. sub-Z(A)-module) of AI for some set I. These notions20



are A-dual and therefore ifM ! is diagonal involutiveM�A�A is also so, and iffurthermore M = M�A�A we say that M is re
exive involutive. Notice that
Der(A);Der(A) and 
Der(A) are diagonal involutive.Recall that a hermitian form on a right A-module E, [2], [3], is a sesquilinearmapping h : E � E ! A such that h('a; b) = a�h('; )b and (h('; ))� =h( ;'); 8'; 2 E and 8a; b 2 A.For a bimoduleM , a right-hermitian form on M , or simply a hermitian formonM when no confusion arises, will be a sesquilinear mapping h :M �M !A such that h(ma; nb) = a�h(m;n)b and (h(m;n))� = h(n;m); 8m;n 2 Mand 8a; b 2 A, as above, and h(m; cn) = h(c�m;n); 8m;n 2 M and8c 2 A. The reason why the latter condition has been included is thatit allows to compose hermitian forms on right modules with (right-) her-mitian forms on bimodules. Namely if E is a right module with a her-mitian form hE and if M is a bimodule with a right-hermitian form hMthen one de�nes a hermitian form h on the right module E
AM by settingh('
m; 
 n) = hM (m;hE('; )n)(= hM (hE( ;')m;n)); 8'; 2 E and8m;n 2 M . It is also clear that if E is a bimodule and if hE is a right-hermitian form then t! he above de�nition gives a right- hermitian form hon the bimodule E
AM . Furthermore, this composition of (right-) hermitianforms is associative in an obvious sense. Assume now that the positive coneA+ = fPi a�iaijai 2 Ag of A is strict i.e. that one has A+T(�A+) = f0g,then a (right-) hermitian form h on a right module or a bimodule E is posi-tive if h(';') 2 A+; 8' 2 E and strictly positive if furthermore h(';') = 0implies ' = 0.Let M be an involutive bimodule and let g be a bimodule homomorphism21



of M 
A M into A, i.e. g 2 HomAA(M 
A M;A), such that (g(m;n))� =g(n�;m�) then (m;n) 7! h(m;n) = g(m�; n) is a right-hermitian form onM . Conversely, if h is a hermitian form on M then one de�nes a g 2HomAA(M 
A M;A) by setting g(m;n) = h(m�; n) and one has (g(m;n))� =g(n�;m�). Such a g 2 HomAA(M 
A M;A) satisfying (g(m;n))� = g(n�;m�)will be called a real inner product on the involutive bimodule M ; g(m;m)is real whenever m is real. We shall say that g is positive (resp. strictlypositive) whenever the corresponding hermitian form is so.Let M be a bimodule and let M 0 = HomA(M;A) be the left A-module dualof M as a right A-module. The left module M 0 is in fact a bimodule ifone de�nes �:a for � 2 M 0 and a 2 A by (�:a)(m) = �(am), 8m 2 M .If M is a central bimodule, then M 0 is also a central bimodule since, for� 2 M 0, m 2 M and z 2 Z(A), one has (z�)(m) = z�(m) = �(m)z =�(mz) = �(zm) = (�z)(m). Assume now that M is an involutive bimoduleequipped with a real inner product g. One de�nes a bimodule homomor-phism g] 2 HomAA(M;M 0) by setting g](m)(n) = g(m;n) 8m;n 2 M . Thereal inner product g on M will be said to be nondegenerate whenever g] isinjective. If g is strictly positive, then g is nondegenerate.Given an involutive central bimodule M , a connection r on M will be saidto be real if (rX(m))� = rX�(m�). If g is a real inner product on M , a realconnection r on M will be said to be compatible with g if one hasX(g(m;n)) = g(rXm;n) + g(m;rXn); 8m;n 2M;8X 2 Der(A):With obvious notations the above condition also readsXg(m
A n) = g(r
2X (m
A n)) or X � g = g � r
2X :Notice that a nondegenerate real inner product g on 
1Der(A) is not yet a22



complete noncommutative generalization of the notion of pseudo-riemannianstructure (and of riemannian structure whenever g is strictly positive); indeedthe noncommutative generalization of the symmetry is still missing.9 Noncommutative (pseudo-)riemannianstructuresIn this section A is again a unital �-algebra over C . We wish to investigatewhat kind of additional symmetry one has to impose on a nondegenerate realinner product on 
1Der(A) in order that it can be considered as a noncommu-tative generalization of a pseudo-riemannian metric. Although the solutionis quite obvious in simple situations, for instance if A is �nite-dimensional,this is not the case for a general �-algebra A as we shall see. Fortunately, bytaking a dual point of view, there is a natural generalization of the notion of apseudo-riemannian metric on the Z(A)-module Der(A). We de�ne a pseudo-metric to be a symmetric Z(A)-bilinear mapping g� of Der(A)�Der(A) intoA, i.e. g� 2 (S2Z(A)Der(A))�A, which is real, i.e. (g�(X;Y ))� = g�(X�; Y �),and which is nondegenerate in the sense that the corresponding mappingg]� : Der(A) ! 
1Der(A) de�ned by g]�(X)(Y ) = g�(X;Y ) is injective. A con-nection r relative to A on the Z(A)-module Der(A) which is torsion-free,i.e. which satis�es rX(Y ) � rY (X) = [X;Y ], and which is such that onehas Z(g�(X;Y )) = g�(rZ(X); Y ) + g�(X;rX(Y )) for X;Y;Z 2 Der(A) willbe called a Levi-Civita connection for g�. Summing over the cyclic permuta-tions of the last equation with signs ++� and using the symmetry and thevanishing of the torsion one obtains2g�(rX(Y ); Z) = X(g�(Y;Z)) + Y (g�(X;Z))� Z(g�(X;Y ))+g�([X;Y ]; Z)� g�([Y;Z];X) + g�([Z;X]; Y ):23



So if there exists such a Levi-Civita connection for g�, then it is uniquesince g� is nondegenerate. It follows from the reality of g� and from theuniqueness that a Levi-Civita connection for g� is real, i.e. that one has(rX(Y ))� = rX�(Y �). As pointed out in Section 7, such a connection canbe identi�ed with a connection on 
1Der(A) (i.e. with a linear connection)which is torsion-free and the above reality condition implies that it is areal connection on 
1Der(A) in the sense of Section 8. We are now in aposition to discuss the additional symmetry that one has to impose on anondegenerate real inner product on 
1Der(A) in order that it generalize apseudo-riemmannian metric. Both 
1Der(A)
A
1Der(A) and (S2Z(A)Der(A))�Aare sub-bimodules of the diagonal bimodule (Der(A) 
Z(A)Der(A))�A of allZ(!A)-bilinear mappings of Der(A) � Der(A) into A. One de�nes a bi-module automorphism � of (Der(A) 
Z(A)Der(A))�A by setting �(b)(X;Y ) =b(Y;X) for b 2 (Der(A) 
Z(A)Der(A))�A and X;Y 2 Der(A). The set ofall �-invariant elements constitutes the bimodule (S2Z(A)Der(A))�A whereas
1Der(A)
A 
1Der(A) is not stable by � in general. The latter point is theonly draw back to writing the additional symmetry on the nondegener-ate real inner product on 
1Der(A). Indeed, suppose that A is such that
1Der(A)
A
1Der(A) is stable by �, for instance assume that
1Der(A)
A
1Der(A) = (Der(A) 
Z(A)Der(A))�Awhich is the case when A is �nite-dimensional, then one can take the pseudo-metrics in 
1Der(A)
A 
1Der(A). One sees, by duality, that in order that a non-degenerate real inner product g be a generalizati! on of a pseudo-riemannianmetric, it must be �-invariant, i.e. g = g � �. In any case, in our frame-work, we can content ourself with the above de�nition of pseudo-metric. Itis worth noticing that it has been suggested in [13] that one can generalize24



our de�nition of linear connections in the case where 
Der(A)
A
Der(A) is �-invariant to other di�erential calculi (non derivation-based) by generalizingthe bimodule homomorphism �. This latter approach has been used in twosimple cases [7],[12].ConclusionThis paper is the �rst one of a series. Here we essentially introduce thebasic de�nitions and motivations without paying attention to the existenceproblems. Also we have not introduced characteristic classes but we havecontented ourself with some comments on what they cannot be, (factorizationof inner derivations etc.). It must be clear that, in order to de�ne such classesas well as to develop a corresponding K-theory, one must restrict attentionto a class of bimodules (and Z(A)-modules) which is smaller than the classof all central bimodules (and all Z(A)-modules). It is also obvious that the(�nite projective) right and left modules together with their tensor productsand their tensor products with the appropriate bimodules have to be takeninto account. It is also worth noticing here that many notions introduced inthis paper do not refer to the speci�c di�erential calculus (derivation-based)that we use and could be applied to other di�erential calcu! li. Finallyhere we have worked in the purely algebraic setting; but one can easily puteverything in the setting of convenient vector spaces in order to eventuallytake into account topologies as in [9].AcknowledgementsIt is a pleasure to thank John Madore and Thierry Masson for their kindinterest. 25
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