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LONG-TIME ASYMPTOTICS FOR THE CAMASSA-HOLM
EQUATION

ANNE BOUTET DE MONVEL, ALEKSEY KOSTENKO, DMITRY SHEPELSKY,
AND GERALD TESCHL

ABSTRACT. We apply the method of nonlinear steepest descent to compute the long-
time asymptotics of the Camassa—Holm equation for decaying initial data, completing
previous results by A. Boutet de Monvel and D. Shepelsky.

1. INTRODUCTION

In this paper we want to study the long-time asymptotics of the Camassa—Holm
(CH) equation, also known as the dispersive shallow water equation,

U + 220Uy — Uppr + SUUE = 2UzlUyy + Ulgrs, t>0, Tz €R, (1.1)

where u = u(z,t) is the fluid velocity in the = direction, s > 0 is a constant related
to the critical shallow water wave speed, and subscripts denote partial derivatives. It
was first introduced by R. Camassa and D. Holm in [ and R. Camassa et al. [§] as a
model for shallow water waves, but already appeared earlier in a list by B. Fuchssteiner
and A. Fokas [l9]. More on the hydrodynamical relevance of this model can be found
in the recent articles by R. Johnson [Z24] and A. Constantin and D. Lannes [[]. With

W= U — Ugg + 7, (1.2)

called the “momentum”, equation (&) can be expressed as the condition of compati-
bility between

1 y o1
! (—f n Zf) ), (1.3)
and
1 r 1y
Otf:—<ﬁ—|—u>f +§uf, (1.4)
that is,

at ammf = ammatf

is the same as saying that (E) holds. Equation () is the spectral problem associated
to (EM). In particular, the CH equation is completely integrable and can be solved
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via the inverse scattering method. Correspondingly, we consider real-valued classical
solutions u(x,t) of the CH equation (), which decay rapidly, that is,

I+1 _
Orgtaé/R(lJr |z[)  (Jw(, t) = 52| + (w2, )] + [we (2, 8))Jdz <00 (1.5)

for all T > 0 and some integer [ > 1. Moreover, we will assume

w(z,0) >0 (1.6)
throughout this paper. Then u exists for all times ¢ > 0 with w(z,t) > 0 (for exis-
tence of solutions we refer to A. Constantin and J. Escher Jil] and the discussion in
A. Constantin and J. Lenells [iF], see also [H]).

The aim of this paper is to establish the long-time asymptotics of such solutions
using the nonlinear steepest descent method from P. Deift and X. Zhou [E&] which was
inspired by earlier work of S. Manakov [Z4 and A. Its [ZH]. More on this method and
its history can be found in the survey by P. Deift, A. Its, and X. Zhou [i2].

The starting point for this method is the representation of a solution of the nonlinear
equation under consideration in terms of a solution of an associated Riemann-Hilbert
problem.

Recently, A. Boutet de Monvel and D. Shepelsky have used the inverse scattering
approach to the CH equation, based on the construction and analysis of an associated
matrix Riemann-Hilbert problem [B H]. The analysis, via the nonlinear steepest descent
method, of a vector oscillatory RH problem derived from the original matrix-valued
problem, allowed [H] distinguishing four main regions in the (z, t)-half-plane, where the
leading asymptotic terms were qualitatively different: a solitonic sector, two sectors of
(slowly decaying) modulated oscillations, and a sector of rapid decay.

Here we want to simplify the original approach, deriving the vector Riemann-Hilbert
problem directly from scattering theory for the underlying Sturm—Liouville operator.
We notice that the matrix and vector RH problems, being closely related, have specific
features concerning, particularly, the uniqueness issue. For the matrix problem, we
refer to [5], whereas the uniqueness for the vector problem is addressed in detail in the
present paper, see Section H below.

At the same time we want to provide complete proofs including the effects of solitons
in the sectors of decaying oscillations (formulas given in [H] for the oscillatory regions
are true in the solitonless case only) and the error estimates in terms of decay of the
initial condition. Moreover, we will make use of some simplifications to the nonlinear
steepest descent method recently given in H. Kriiger and G. Teschl [Z4] respectively
K. Grunert and G. Teschl [Z1].

The asymptotics in the transition regions, near the lines x /st = 2 and =/t = —1/4,
involves Painlevé transcendents. A detailed analysis is presented in [i].

2. MAIN RESULT

In order to state our main result we first need to recall a few things.
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Scattering data. Associated with w(z,t) is a self-adjoint Sturm—Liouville operator

1 2 1
H(t) = w(x,t) <_@ + Z) ’ (2.1)
D(H(t)) = H*(R) C L*(R,wdx).

Here L?(R, wdz) denotes the Hilbert space of square integrable (complex-valued) func-
tions over R and H?(R) the corresponding Sobolev space.

By our assumption (=) the spectrum of H(¢) (independent of t) consists of an
absolutely continuous part [ﬁ{, o0) plus a finite set of eigenvalues \; € (0, ﬁ{), 1<

j < N, possibly empty (“solitonless case”), see [, Theorem 2.1]. For j =1,..., N we

denote
11
A= ;<Z _“j>’

1
0<Ii1<%2<"'<%]\/<§.

Moreover, associated with the continuous spectrum is a (right) reflection coefficient
R (k,t), and associated with every eigenvalue )\; is a (right) norming constant v, ;(t)
(see the next section for details).

1

One-soliton solution. Given x € (0,5) and v > 0 we have the corresponding one-

soliton solution uisl’w = usol(, t) given by
325k — sct
(1 =4822 (14 a(y(z — »ct))? + 155 a(y(z — »ct))
with
2
aly) = o—e Y, (2.3a)
2K
1
c= € (2,00), (2.3b)
2(3 — K?)

where y(z) is given implicitly by

1+a y 142k
2= y+log Wk (2.4)
1+ a(y) 153.

(ks7)

ol = Wsol(,t) of this solution is given by

1652 aly(z — sct)) >
1— 42 (1 + a(y(x — sct)))2)

The momentum w

Weol(x — »ct) = %(1 + (2.5)
Note that the one-soliton solution has the form of a single peak which is symmetric
with respect to its center

72 142k

Lo 2”41
o = — 10g — O
0= 5, %89 T8 T Tog




4 A. BOUTET DE MONVEL, A. KOSTENKO, D. SHEPELSKY, AND G. TESCHL
. . . 2
The maximum at z¢ is given by Usolmax = %lf’fmz and taller waves are narrower and

travel faster (for fixed s). See Fig.ll where uso(x — ) for fixed > and different values
of k is displayed.

uso|($)

x

FIGURE 1. One-solitons for fixed s = 1 and k = .15, .25, .3

Note also that if k = k() is changing in such a way that the soliton velocity
2
1—4k2
is fixed, then, as s — 0, the form of the soliton approaches that of a peakon, ve™*!,
which is a nonsmooth, weak solution of the Camassa—Holm equation with s = 0

(see [@]). See Fig. B where ugo(z — ) for fixed velocity v and different values of
(5, k) is displayed. Note that tsolmax = v — 22¢.

V=Cx =

uso|($)

FIGURE 2. Fixed velocity v = 2.5 and (s, k) = (1, .22), (.5,.39), (.1, .48)

Now we are ready to state our main result.

Theorem 2.1 (solution asymptotics). Suppose u(x,t) is a classical solution of the CH
equation (BE) satisfying (L) for some integer | > 1. Let
R(k) = Ry (k,0) and Kis V5 = 7+,j(0)7 Jj=1...,N,

be the (right) scattering data associated with H(0) and the initial condition w(z,0).
There are four sectors in the (x,t) half-plane in which the long-time asymptotics of
a solution of the CH equation satisfying @) are given by the following formulas:
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(i) The “soliton” region c := 35 > 2+ C for any small C > 0. Let
1

2(1 —/{?)’

Cj = jZl,...,N,

and let € > 0 sufficiently small such that the intervals [c; — €, ¢j + €] are disjoint
and lie inside (2, 00).

(i1) If |5 — ¢j| < € for some j, one has

w(z,t) = uj(x — & — scjt) + o™, (2.6)
where uj = uiﬁf’vj) is the one-soliton solution formed from k; and
Nk
~ i vy
Gi= [] S (27)
! i=1y11 Ki Ky

and having a phase shift

1+ 2k;
§=2) log > (2.8)

For j = N the product is 1 in (B=l) and the sum is 0 in (B).
(ig) If ’% — cj’ > ¢ for all j, one has

u(z, t) = O(t™). (2.9)
(i) The “first oscillatory” region 0 < c:= = <2 —C for any C > 0. Here

o 25¢ko(c)vy(c) sin 25cko(c)3 e o .
wlnt) = \/ T+ k(@2 — ko))t <<i+ko<c>2>2t ole)log(t) + ool )>

+O(t™) (2.10)
for any % < a <1 provided | > 5, where
k‘o(C)Zl\/—lJrC_ Lrde (2.11)
2 c
1
vo(c) = —5—log(1 — | R(ko(c))?), (2.12)

do(e) = 5 — arg(R(ko(<))) + arg(L(ivo(c))
8cko(c)?(3/4 — ko(c)?)
T lelos ( (/+ (@ >

N .
A3 aeetan() 5 [ oK R st — RO

al 14265\ | dsck log(|T(¢)|2
+4%k0(c)210g<1j222> + %7T0(C) /E(C) %d(, (2.13)
J:
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with X(c) = (—ko(c), ko(c)) and T’ the Gamma function.

2nd oscillatory
C:—% region
\ 't
|
vy e=0
\ (iii) |
\ |
| ..
\ [ (ii)
\ I 15¢ oscillatory
\ | region c=2
. v e
-~
(IV) \ : -7 _c=qC
fast decay \ | 5
\ &
v ///// /’//
Vi //////’///’ solltgni___ c=cn
\l //////// ________
___________________ o —
0 T

FIGURE 3. The different regions of the (z,¢)-half-plane, ¢ = £

(iii) The “second oscillatory” region —% +C <c= 5 <0 for any C > 0, where

+O(t™) (2.14)
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for any % < a <1 providedl > 5. Here, for { =0,1,

kg(c):%\/_1+c—(—cl)€, Lide (2.15)
(e) = 5 log(1 = [R(k()P), (2.16)
de(c) = % — (=1) arg(R(ke(c))) + arg(T(ive(c)))
(—1)%85cke(c)2(3/4 — ke(c)?) N K
—1g(c) log (/4 + ke(0)2) + (—1)64;::1 arctan k‘g(yc)
Ry
=L tog(lc = ee)atog(n — RO
™ 3(c)
k1(c) — ko(c)
+ (—1)£2V5/( ) log m
142k,  4dsxk(c) log(|T(¢)|?)
+ dcky(c Zlog : _%j - /E(C) 1462 dc, (2.17)

with ¥(c) = (—o00, —k1(c ))U( ko(c ) ko(c)) U (k1(c), 00), 0" =1, and 1" = 0.
(iv) The “fast decay” region c = =5 < —3 — C for any C >0, where

u(z, t) =0(t™). (2.18)
We can also give the asymptotics of the momentum w(z, t).

Theorem 2.2 (momentum asymptotics). Under the same hypotheses and with the
same notations the momentum of the solution behaves as follows:

(i) In the soliton region c = % > 2+ C.
(i1) If |5 —¢j| < € for some j, one has

w(z,t) = wi(x — & — scit) + Ot (2.19)

where w; is the momentum of the one-soliton solution formed from the same
parameters {k;,v;} and with the same phase shift &; as above.
(i2) If | % —¢j| > € for all j, one has

w(z,t) =2+ 0™, (2.20)

(ii) In the first oscillatory region 0 < ¢ = 5 <2 —C for any C > 0, one has

w(z, t) = 2 — 4\/2%k0(()§( + Fo(©)*)vo(e) sin (Mt —1p(c) log(t) + 50(c)>
1

— ko(c)?)t (1 + ko(c)?)?
+0(t™), (2.21)

for any % < a <1 provided l > 5.
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(iii) In the second oscillatory region —% +C <c= 5 <0 forany C >0, one has

Wl t) = 4\/2;:1%(6)(% + ko(e)?)p(c) “in (( 23¢ky c)?;

(
(3 — ko(c)?)t I ko(e)?)
23k (c)(% + ki(c)?)vi(c) | M -
_4¢ (k(c)? = Dt ﬁnQi+h@aJ+W@Wﬂﬂ &@0
+00™), (2.22)

zwﬁmomgw+%@0

for any % < a <1 provided [ > 5.
iv) In the fast decay region = < —3z — C for any C > 0, we have
iv) In the fast d jon }1 C f C>0 h

w(z,t) =2+ 0. (2.23)

In particular we recover the fact that a pure soliton solution (i.e., R(k) = 0) asymp-
totically splits into single solitons with associated phase shifts. This was shown only
recently by R.S. Johnson [Zd] (for two solitons) and in the general case by Y. Matsuno
[Z9]. For further results on solitons of the CH equation and their stability we refer to
A. Constantin and W. Strauss [i2], L.-C. Li [Zd], and K. El Dika and L. Molinet [I5].

Notice that the oscillatory regions (ii) and (iii) match at z = 0. Indeed, as x — 0
with 2 < 0, k&1 — oo in (B) and thus the amplitude of the second term in (B
vanishes, while the parameters of the first term in (BEZX0) match those in (E). As
for the transition between the other regions, we have already noticed in Section [l that
there exist transition zones, where the asymptotics are described in terms of Painlevé
transcendents. More precisely (details are given in [il]), these zones are:

(trl) |a/»t — 2| t*/3 < Const,
(tr2) |z/set + 1/4|t3/3 < Const.

It should also be emphasized that unlike the (modified) Korteweg—de Vries (KdV)
equation (originally considered in [fH] ), the asymptotic form is given implicitly, however,
to leading order this fact only manifests itself in additional phase shift. More precisely,
the term &; in the soliton region (as already pointed out in [Z9]) and the last two terms
in d;(c), have no analog in the (modified) KdV equation (cf. i, respectively [E]).
For results on CH on the half-line we refer to A. Boutet de Monvel and D. Shepelsky
2.

Finally, note that if u(x, t) solves the CH equation, then so does u(—x, —t). Therefore
it suffices to investigate the case t — +oc.

3. THE INVERSE SCATTERING TRANSFORM AND THE RIEMANN—HILBERT PROBLEM

In this section we derive a vector Riemann—Hilbert problem directly from the scat-
tering theory for the differential operator (IE). We begin by recalling some required
results from scattering theory, respectively the inverse scattering transform for the CH
equation from [B, [EH] (see also [29]).
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Recall also that by virtue of the unitary Liouville transform

f(x) = fly) = w(z)/*f(2),

pee [ =

the Sturm-Liouville operator H () introduced in (B can be mapped to a self-adjoint
Schrédinger operator
- 1/ d2 1
Ht) =~ -—— )+
0= 2(~gpz a0+ 7).
D(H(t)) = H*(R) C L*(R).

(3.2)

where

(y, 1) = fwmm($vt) w(z,t) — 5_%wm($vt)2
W= 0@, 02 4wzt 16 w(z, )3
From our assumption (E=3) it follows that ¢(y,t) € LY(R, (1+ |y))*dy).

Lemma 3.1. There exist two Jost solutions vy (k,xz,t) which solve the differential
equation

U<k, = 2 (38 valban, (i) 20 (33)
and
mkrinoo etk (k,a,t) = 1. (3.4)

Both 14 (k,z,t) are analytic for Im(k) > 0 and continuous for Im(k) > 0. For large k
we have

] 1/4 +o0 1 1
ik B () / 1 ot
Vi(k,x,t)=e P ORI (1 F i q(r,t)dr 5Tk + O<k2> (3.5)

H_1(w) :/R< w(r) —1>dr (3.6)

18 a conserved quantity of the CH equation.

as k — oo, where

Proof. This is immediate from the corresponding results for (BA) (cf., e.g., [I] or [29])
by virtue of our Liouville transform (BJ). Just observe

ko t) = e -1 (w) AN k,y,t
¢:|:( y L, )_e W¢ﬂ:( ' Y, )7
where 94 (k,y, t) are the Jost solutions of (E). O

Furthermore, one has the scattering relations
T(k)¢$(k7$at) :¢:|:(k7$at) +R:|:(k7t)¢:|:(k7$at)v ke Rv (37)

where T'(k), Ry (k,t) are the transmission, resp. reflection coefficients. We have sym-
metry relations

Ri(—k,t) = Ry(k,t) and T(—k)="T(k).
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Note also that if T(k), Ri(k‘: t) are the corresponding quantities for H(t), then T'(k) =
A WT(K), Ry(k,t) = Ry(k,t), and R_(k,t) = eXFH1(W)R (K, t) and hence all
results known for (BZ) readily apply in our situation. In particular, they have the
following well-known properties:

Lemma 3.2. The transmission coefficient T(k) is meromorphic for Im(k) > 0 with
simple poles atikq,...,ikN, where as above K; = \/i — 2\ € (0, %), and is continuous
up to the real line. Asymptotically we have

T(k) = eFH-1() (1 + O(k™1)). (3.8)
The residues of T'(k) are given by
Resi, T(k) = it (1715 ()% = i, (3.9)
where
107 =7 [ g 0Pl (3.10)
R
and ¢+(il{j7 z, t) = Mj(t)¢— (il{jv €, t)
Moreover,
TR (50 + TR (k1) =0, [T+ [Re(k,0)2 = 1. (3.11)

Note that one reflection coefficient, say R(k,t) = R4(k,t), and one set of norming
constants, say v;(t) := v4+;(t), suffices.
The time dependence is given by (see [H]):

Lemma 3.3. The time evolutions of the quantities R(k,t) and ~;(t) are given by,

: »k
R(k,t) = R(k)e 742", (3.12)
%l{j/Z ‘
(1) =81 (3.13)

where R(k) = R(k,0) and v; = v;(0).

Vector Riemann—Hilbert problem. We will set up a vector Riemann—Hilbert prob-
lem as follows. Let m(k, x,t) = (ml(k‘,:n,t) mg(k‘,:n,t)) be defined by

(D) (k) (2, )0y (k) ™), Tm(k) >0, .
(B (g (<k, 2,0 T(—R)p_(~k,z, e ™), Im(k) <0.

We are interested in the jump condition of m(k, z,t) on the real k-axis (oriented from
negative to positive). To formulate our jump condition we use the following convention:
when representing functions on R, the lower subscript denotes the non-tangential limit
from different sides. By m (k) we denote the limit from above and by m_ (k) the one
from below. Using the notation above implicitly assumes that these limits exist in the
sense that m(k) extends to a continuous function on the real axis. In general, for an
oriented contour X, m (k) (resp. m_(k)) will denote the limit of m(k) as k — k from
the positive (resp. negative) side of 3. Here the positive (resp. negative) side is the one
which lies to the left (resp. right) as one traverses the contour in the direction of the
orientation.
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Theorem 3.4 (vector RH-problem). Let Sy (H(0)) = {R(k), (kj,7;),j=1,...,N} be
the right scattering data of the operator H(0) associated with the initial data w(z,0).
Then m(k) = m(k, x,t) defined in (BIA) is a solution of the following vector Riemann—
Hilbert problem. Find a function m(k) which satisfies:
(i) The analyticity condition:
m(k) is meromorphic away from the real axis with simple poles at £ik;.
(ii) The jump condition, for k € R:

my (k) = m_(k)v(k),

o= (L [RE)P —R(k)e"*®) (3.15)
’U( )_ R(k,)etq)(k) 1 :
(iii) The pole conditions, for j =1,...,N:
_ 0 0
Resiy, m(k) = k—lgl-;] m(k) iyjzetq’(i“i) NE (3.16)
In (ii) and (iii) the phase is given by
. xk oY
(k) = —1% e + 21k‘¥. (3.17)
(iv) The symmetry condition
m(—k) = m(k) (0 1>. (3.18)
10
(v) The normalization
lim m(k)=(1 1). (3.19)

k—o0

Remarks. (a) Note that det v(k) =1 and v(—k) = oyv(k) 1oy with a1 = (§}).
(b) Note also that (iii) and (iv) imply the pole conditions, for j =1,..., N:

0 _i,yjzetq?'(ilij))

Res_j.; m(k) = lim m(k) (0 0

k——ik;
Proof. The jump condition (BZ) is a simple calculation using the scattering relations
(B2 plus (B2XM). The pole conditions follow since T'(k) is meromorphic for Im(k) > 0
with simple poles at ix; and residues given by (BM). The symmetry condition holds by
construction and the normalization (B™) is immediate from (BH) and

T(k) = eFH-1(w) (1 + / +°O q(r,t)dr(2ik) "1 + O(k:—2)> (3.20)

which implies h
m(k,z,t)= (1 1) +Q+(y,t)£7 (1 =1)+0(k™?), (3.21)
where Q1 (y,t) = [7 q(r, t)dr. O

Y
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Observe that the pole condition at ix; is sufficient since the one at —ix; follows by
symmetry. Hence, the Riemann—Hilbert problem for the Camassa—Holm equation is,
for given scattering data Sy, to find a sectionally meromorphic vector function m(k)
satisfying (BEZI)—(BXd). We will show that the solution given in the above theorem
is in fact the only one in Corollary B below. Moreover, it should be pointed out
that except for the phase, this Riemann—Hilbert problem is identical to the one for the
Korteweg—de Vries equation (cf. [Z, Thm. 2.3]).

Next we note the following useful asymptotics

Lemma 3.5. The function m(k,z,t) defined in (BI) satisfies

Lot
MEED _ o, 322)
m2(§7 x, t)
and
t . . .
mi(k, z, tyma(k, z,t) = @(1 + 2y, t) (k — 5) + Ok — 5)2). (3.23)

Proof. The Jost solutions admit the representation v+ (k, x,t) = e**%g. (k, x,t), where
g+ (k, z,t) are the solutions of the integral equations

2 1
k*+ 1 o0
2ixk [,
Since w satisfies (=), the solution of (BZZH) exists and is unique (see, for example,

[2]). Moreover, g is analytic for Im(k) > 0.
Since k* + 1 = (k— 5)(k + 3), we get

ge(k,z,t)=1=+ (1 —eTHRE=) g (k, v, t) (w(r, t) — »)dr. (3.24)

ek o t) =14 i;(k: (e, ) £ Ok — 12,k i/2, (3.25)
where .
Fo(z,t) = / (@) — 1) (w(r, t) — s)dr. (3.26)
Moreover, differentiating with resmpect to x, we see
(k1) = £ (k — )L, 1) + Ok — )%, (3.27)
with .
Fi(z,t) =+ / @) (w(r, t) — s)dr. (3.28)
Using '
u(e,t) = (1= 2) " (wla, 1)~ ) = ¢ /R 17"l (w(r, 1) — s¢)dr, (3.29)

we thus obtain

Yo 09 (, 2, 0) = 1+ (i) = F(2,0)(k — §) + O(k — £

=1+ Lule,t) — Ho(w)(k— 5) + Ok — )%, (3.30)

ya
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where

Ho(u) = /R (w(, 1) — 30)d = / u(z, t)dz (3.31)

R

is a conserved quantity of the CH equation.
Furthermore, straightforward calculations show that

1 W,y
T = St

—14 i(ﬂ(x, t) = F_(2,t) — Fy(,t) — F(2,8))(k — &) + O(k — )?
i . .
=1~ —Ho(u)(k—3) + Ok — 3). (3.32)
where W(f, g) = f¢’ — fg is the usual Wronskian. Therefore,
i i i)2
T(k)=1+ ;Hg(u) (k—3)+0(k—13)". (3.33)

Substituting (B2Z) and (BZJ) into (BE), we arrive at (B2Z0). Substituting (BEM) and
(B3) into (BZX), we obtain (B2Z3). O

Regular Riemann—Hilbert problem. For our further analysis it will be convenient
to rewrite the pole condition as a jump condition and hence turn our meromorphic
Riemann—Hilbert problem into a holomorphic Riemann—Hilbert problem.

Choose ¢ so small that the discs |k — is;| < € lie inside the upper half plane and do
not intersect. Then redefine m(k) in a neighborhood of ix;, resp. —ix; according to

1
m(k) 926 0%)) , |k —ikj| <e,
k—ik;
m(k) = | et (3.34)
m(k) ktir; .k +ikg| <,
0 1
m(k), else.

Note that we redefined m(k) such that it respects our symmetry (EZ3).
Then a straightforward calculation using Res;i, m(k) = limg_ix(k — ik)m(k) shows:

Lemma 3.6 (regular RH-problem). Let C; be the circle |k —ikj| = ¢ with e > 0 as
above, 1 < j < N. Let m(k) be defined as in (BEM). Then m(k) is a solution of the
following vector Riemann—Hilbert problem. Find a function m(k) which satisfies:

(i) (k) is holomorphic away from the real azis and from the circles Cj and C;, for
j=1,...,N.
(ii) The jump condition (BIH) across the real azis.
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(iii) The additional jump conditions across the circles Cj, C_’j, forj=1,...,N:

1 0
m+(k> — m_(k) < i'\/]z,otq)(iﬂj) 1) 5 k S Cj,
T k—ikj
ey (3.35)
R R S A =
m+(k) = m_(k‘) ( k+ik; ) , ke CJ,
0 1

where C; is oriented counterclockwise and C_’j is oriented clockwise.
(iv) The symmetry condition (BEI3).
(v) The normalization condition (BEIM).

_ i,

!
FIGURE 4. Contour of the regular RH problem

Uniqueness result. Next we turn to uniqueness of the solution of this vector Riemann—
Hilbert problem. This will also explain the reason for our symmetry condition. We
begin by observing that if there is a point k; € C, such that m(ky) = (0 0), then
n(k) = ﬁm(k‘) is a solution of the associated vanishing Riemann—Hilbert problem,
i.e., it satisfies the same jump and pole conditions as m(k) but the normalization
now reads lim,—.o m(ix) = (0 0). In particular, there is a whole family of solutions
m(k)+9n(k) for any 9 € C. However, these solutions will clearly violate the symmetry
condition unless ¥ = 0! Hence, without the symmetry condition, the solution of our
vector Riemann—Hilbert problem will not be unique in such a situation. Moreover, a
look at the one-soliton solution verifies that this case indeed can happen.

Lemma 3.7 (one-soliton solution). Suppose that the reflection coefficient vanishes, i.e.,
R(k,t) =0 and that there is only one eigenvalue k € (0, %), with the norming constant
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v(t). Then the unique solution of the Riemann—Hilbert problem (BId)—(BI™) is given
by

mo(k) = (f(k) f(=k)) (3.36)
1 k+ik
= 1a (H k—m>’
o= %eté(iﬁ)‘
In particular,
32 2 16 2 —1
o) = gz a0 (L+ aln 0P 4 Tz al0) (33D

16k2 a(y,t) 2
))2> , (3.38)

t) = 1
w(z, ) %< +1—4/{2(1—|—a(y,t

where Lo
1+ a(y, t) =2
xr=1y+log L}:gz . (3.39)
1 + Oé(y, t) 172k
Proof. By assumption the reflection coefficient vanishes and so the jump along the real
axis disappears. Therefore and by the symmetry condition, we know that the solution
is of the form mg(k) = (f(k) f(—k)) where f(k) is meromorphic. Furthermore the
function f(k) has only a simple pole at ix, so that we can make the ansatz f(k) = C +
D%. Then the constants C' and D are uniquely determined by the pole conditions and
the normalization. Formule (BZ)-(B23) are obtained applying Lemma BEZ formula
B=). O

In fact, observe that f(k;) = f(—k1) = 0 if and only if k; = 0 and 2k = ~2e!®(%),
Furthermore, even in the general case m(ki) = (0 0) can only occur at k; = 0 as the
following lemma shows.

Lemma 3.8. If m(k1) = (0 0) for m defined as in (BXA), then k1 = 0. Moreover,
the zero of at least one component is simple in this case.

Proof. By (BEE) the condition m(ki) = (0 0) implies that the Jost solutions ¢_(k, z)
and 14 (k,x) are linearly dependent or that the transmission coefficient T'(k;) = 0.
This can only happen at the band edge, k1 = 0 or at an eigenvalue k1 = ix;.

We begin with the case k1 = ix;. In this case the ¢_(k, z) and ¢4 (k, ) are linearly
dependent. Moreover, T'(-) has a simple pole at k = k; since the derivative of the
Wronskian W(k) = ¢ (k, )Y (k, z) — ¢ (k, 2)y_(k,z) does not vanish by the well-
known formula

WOt = =22 [ ) (b () da £0

(cf. Lemma B=l). The diagonal Green’s function g(z,z) = W(k) ", (k, 2)_(k, ) is
Herglotz as a function of z = —k? and hence can have at most a simple zero at z = —k2.
Since z — —k? is conformal away from z = 0 the same is true as a function of k. Hence,

x
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if ¥4 (ikj, ) = ¥_(ikj,z) = 0, both can have at most a simple zero at k = ix;. But
T'(k) has a simple pole at ix; and hence T'(k)iy—_(k, ) cannot vanish at k& = ix;, a
contradiction.

It remains to show that one zero is simple in the case k; = 0. In fact, one can show

that d
5 WE) =k, # 0

in this case as follows: first of all note that ¢4 (k) (where the dot denotes the derivative
with respect to k) again solves

. 1 /1 .
Hi<(n) = - (3 +#2) (i)
if k1 = 0. Moreover, by W(k1) = 0 we have 94 (k1) = c¢_(k1) for some constant ¢
(independent of ). Thus we can compute
W(k1) = Wty (k1) - (k1)) + W (e (k1) 9p— (k1))
= ¢ W( (k1), ¥y (k1)) + e W (K1), v (k1))
by letting 2 — o0 for the first and x — —oo for the second Wronskian (in which case
we can replace ¢1 (k) by e¥*?) which gives
W(k;) = —i(c+¢1).

Hence the Wronskian has a simple zero. But if both functions had more than simple
zeros, so would the Wronskian, a contradiction. O

By [El Theorem 3.2] we obtain

Corollary 3.9. The function m(k,z,t) defined in (BIA) is the only solution of the
vector Riemann—Hilbert problem (B -(EId).

4. CONJUGATION AND DEFORMATION

This section demonstrates how to conjugate our Riemann—Hilbert problem (with
respect to the augmented contour) and how to deform our jump contour, such that
the jumps will be exponentially close to the identity away from the stationary phase
points. Throughout this and the following section, we will assume that the R(k) has
an analytic extension to a small neighborhood of the real axis. This is for example the
case if we assume that our solution is exponentially decaying. This assumption can
then be removed using analytic approximation.

For easy reference we note the following result:

Lemma 4.1 (conjugation). Let S be a part of some contour X. Let D be a matrix of

the form o
D(k) = ( 0 d(k‘)) , (4.1)

where d: C\ > - Cisa sectionally analytic function. Set
m(k) = m(k)D(k), (4.2)
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then the jump matriz transforms according to
o(k) = D_ (k) *v(k) Dy (k). (4.3)
If d satisfies d(—k) = d(k)™! and limg_.oo d(k) = 1, then the transformation
m(k) = m(k)D(k)

respects our symmetry condition, that is, m(k) satisfies (BIA) if and only if m(k) does,
and our normalization condition.

In particular, we obtain

—2
vord V22

d_

—U11 vigd4d_ ~

G 4 * , kel
’U21d+ d_ 7 V22

2 N
( v11 1)1207/>7 ken\ 5,

(k) = (4.4)

In order to analyse the regular vector RH problem from Lemma Bl there are two cases
to distinguish.

(a) If ®(irj) < 0 then the corresponding jump matrix (BZ) is exponentially close to
the identity as ¢ — +o0o and there is nothing to do.

(b) Otherwise we use conjugation to turn the jumps into one with exponentially de-
caying off-diagonal entries.

It turns out that we will have to handle the jumps across C; and C_’j in one step in
order to preserve symmetry and in order to not add additional singularities elsewhere.

Lemma 4.2. Assume that the Riemann—Hilbert problem for m has jump conditions
near ik and —ik given by

1 0 .
m_ (k) (—,jf 1) , |k —1ik| = ¢,
my (k) = "o (4.5)

[
m_ (k) ke | Ok +ik] =€

Then this Riemann—Hilbert problem is equivalent to a Riemann—Hilbert problem for
m = mD which has jump conditions near ik and —ik given by

1 — (htin)?
m_(k) ( 1”2('““)> |k =ikl =€,

0 1
(k) =
1 (k) ) 1 0 .
m-(k) (k—ik)? 1] |k +ik| =€,

T 12(k+ik)

(4.6)
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and all remaining data conjugated by

1 _k—izli k—ik 0
iy k+ik o

172 0 0 ktix s |k 1/{| < g,

k—ik - k—ik
puy=d (0 Em) (B O ) i < (4.7)
- k+ik 1 0 k+ik ? ? :

iy2 k—ik
k—ik 0
k+ik

0 ks | else.

k—ik

The jump along the real axis is of oscillatory type and our aim is to apply a contour
deformation following [f8] such that all jumps will be moved into regions where the
oscillatory terms will decay exponentially. Since the jump matrix v contains both
exp(t®) and exp(—t®) we need to separate them in order to be able to move them to
different regions of the complex plane.

We recall that the phase of the associated Riemann—Hilbert problem is given by

. xk Y
O(k) = —1% o + 21k‘;. (4.8)
Let y
= t) = = . 4.
e=cly.t) = L (49)

The stationary phase points, i.e., ® (k) = 0, are given by +ky and +k;, where

_1\/ 1+c—+1+4c

k‘OEk‘o()—§ . ; )
. 1 1+c++V1+4c
kl:kl(C)—g - c .

There are four cases to distinguish:

(i) 222 < ¥, i.e. ¢ > 2. In this case
> ko, k1 € R,
> Re(®) < 0 for Im(k) > 0 near R U i(0, ko) and
> Re(®) > 0 for Im(k) > 0 near i(ko, 3), where

ko= 34/1— 2. (4.11)

We will set kg = 0 for % < 22« for notational convenience later on.
(i) 0 < ¥ <25, ie. 0 < ¢ < 2. In this case
> ko € R, ky € R,
> Re(®) > 0 for Im(k) > 0 near (—ko, ko) Ui(0, 1) and
> Re(®) < 0 for Im(k) > 0 near (—oo, —kg) U (ko, 00).
(iii) —% < ¥4 <0,i.e —1/4 <c<0. In this case
> ko, k1 € R,
> Re(®) > 0 for Im(k) > 0 near (—oo, —k1) U (—ko, ko) U (k1, 00) Ui(0, 3) and
> Re(®) < 0 for Im(k) > 0 near (—ky, —ko) U (ko, k1).
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(iv) ¥ < =% ie. ¢ < —1/4. In this case
> k‘(], k1 Q R and
> Re(®) > 0 for Im(k) > 0 near RUi(0, 3).

The situation is depicted in Figure B

c<—1/4 —1/4<¢c<0 0<e<?2 2<ec
A
C—FB —kﬂ -\ko —kof Ako O Ko

ND, T Y

FIGURE 5. Sign of Re(®(k)) for different values of ¢ = S

Accordingly we will introduce

R, c< —%,
— 0. — _ _1
E(C): ( o0, kl)U( k‘(],k‘(])U(k‘l,OO), 1 <C<07 (412)
(_k(]vk(])v 0<e<2,
a, 2<e.
As mentioned above we will need the following factorizations of the jump condition
EI3):
o(k) = b_(k)"2b4 (), (4.13)
where
(1 R(k)et*®) _ 1 0
= (5 ) = (e 1)- @0
for k € R\ ¥(c) and
1—|R(k)|? 0
oy =Bop (PO 0 g, (4.15)
1—|R(k)[?
where
1 0 1 _moitq)(k)
B_(k) = R(k)e!*™® | By (k) = 1-[R(K) | . (4.16)
1-R()P 0 1
for k € X(c).

To get rid of the diagonal part in the factorization corresponding to k € ¥(c¢) and to
conjugate the jumps near the eigenvalues we need the partial transmission coefficient
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with respect to ¢ defined by
k+ik;
<nj<tjo T
K Kj
T(k,e)={ N~ (4.17)

k+ik; log(|T(¢)|?
Hl k— m; X p(27r1 fE(c Og(l‘—( dC) c<2,
J:

for k € C\ X(c¢). Thus T'(k, ¢) is meromorphic for k € C\ Z( ). Note that T'(k, c) can

c> 2,

be computed in terms of the scattering data since |T'(k)|?> = 1 — |R, (k,t)|>. Moreover,
we set
Z log ?t;:jv c> 2,
. Ko<k;j<1/2
Ti(0) = log(T(3.0)) = { "% (4.18)

142+, log(|T
Z:llog 1_2:; + % fZ}(c og1(|—|_4(§2 ~d¢, c<2.
Note that combining T'(k) = e*-1()T(k c) for ¢ < —1 with (BE=J) shows

. 2
Hoy(w) =2 log -t 250 4 % /R % dc. (4.19)

Theorem 4.3. The partial transmission coefficient T'(k, ¢) is meromorphic in C\ %(c)
with simple poles at ik; and simple zeros at —ik; for all j with kg < kj, and satisfies
the jump condition
T (k,c)=T_(k,c)1—|R(k)[?), forke S(c). (4.20)
Moreover:
(i) T(~k,c) =T(k,c)~ !, ke C\ 2(c).
(ii) T(—k,c) =T(k,c), k € C, in particular T(k, c) is real for k € iR.
(iii) If ¢ < 2 the behaviour near k = 0 is given by T'(k,c) = T(k)(C+o0(1)) with C # 0
for Im(k) > 0.

Proof. That ix; are simple poles and —ix; are simple zeros is obvious from the Blaschke
factors and that T'(k, ¢) has the given jump follows from Plemelj’s formulas. Properties

(i), (ii), and (iii) are straightforward to check. O
Now we are ready to perform our conjugation step. Introduce
1 k—ik;
1’*{2 td (m]) )
p{gotd(ln]) ! DO(k)v |k - 1Kj| <&, ko < Ky,
k ik 0 (i
td(ik
D(k) = 0 _1“/]2k+“€‘] .
ki, g Do(k), |k+ikj| <e, ko < Ky,
Do(k), else,

where
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Observe that D(k) respects our symmetry:

D(-k):(? é) D(k) (? (1)>

Now we conjugate our problem using D(k) and set
m(k) = m(k)D(k). (4.21)

Note that even though D(k) might be singular at £ = 0 (if ¢ < 2 and R(0) = —1), m(k)
is nonsingular since the possible singular behaviour of T'(k,c)~! from Dg(k) cancels
with T'(k) in m(k) by virtue of Theorem B2 (iii).

Then using Lemma Bl with ¥ = Y(c) and Lemma B the jump corresponding to
ko < K; (if any) is given by

1 — I?—inj

o(k) = ( w?oﬁ“‘“”%@?) k=] = e,
0 1

(4.22)

1 0
(k)= _ k+ir; . |k+iki|=¢,
RETITG ’

and corresponding to ko > ; (if any) by

1 0

_iy?otq)(i“j)T(k,c)*z 1 |k _lﬁj| =¢,

k—ir;

(k) = " (4.23)
1 _iﬁ/]zotq)('“j)T(k,c)z

ktir; , |k +ikj| =e.

0 1

In particular, all jumps corresponding to poles, except for possibly one if k; = kg, are
exponentially close to the identity. In the latter case we will keep the pole condition
for kj = ko which now reads

~ : i 0 0
Resi,; m(k) = lim (k) (iﬁet‘b(i“f’)T(ilij, )2 0> )

k—ik;

. (4.24)
S - 0 —iy?etq’(“’“f)T(i/{j, c)?
Res_j,; m(k) = k_l)lirilﬁj m(k) (0 0 .
Furthermore, the jump along R is given by
. b- (k)4 (K), k& 3(c),
k) =<4 ~ L 4.25
o {B_<k>—1B+<k>, ke (o), 2

where

. ] BCRet® - 1 0
b_(k) = T(_f’c) o b (B) = { Rerew (4.26)

T(k,c)?
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. 1 0 1 0
B_(k‘) = T_(k,c)~2 d(k = T_(—k,c >
<_1—|R(k)|E R(k)e! ™M 1 _ﬁR(k’i)et@(k) 1

~ _ Tv (k0% pr 1\ —tD(k) _ Ti(k0) pp_1)a—td(k)
Boky= (1 “immp Rk _ (b kg R(Re .
0 1 0 1

Here we have used

R(—k) = Ma k €R,
Ti(—k,c) =Tx(k,c)™!, ke X(e),

and the jump condition (EZZ0) for the partial transmission coefficient T'(k, c¢) along X(c)
in the last step. This also shows that the matrix entries are bounded for £ € R near
k =0 since Ty (—k,c) =Ty (k, ).

Since we have assumed that R(k) has an analytic continuation to a neighborhood of
the real axis, we can now deform the jump along R to move the oscillatory terms into
regions where they are decaying.

There are four cases to distinguish:

Case (i): ¢ > 2. Weset X1 = {k € C | Im(k) = +e} for some small ¢ such that ¥
lies in the region with &= Re(®(k)) < 0 and such that the circles C;, C; around +ix; lie
outside the region in between %_ and Y. Then we can split our jump by redefining
m(k) according to

m(k)by (k)™ 0 <Im(k)<e,
m(k) = { m(k)b_(k)~', —e <Im(k) <0, (4.27)
m(k), else.

Thus the jump along the real axis disappears and the jump along X4 is given by

_ bi(k), kex

o(k) = b+(k) ) € 2 (4.28)
b_(k)~, keX_.

All other jumps are unchanged. By construction the jump along >4 is exponentially

close to the identity as t — oco.

Cases (i) and (iii): 0 < ¢ < 2, respectively —1/4 < ¢ < 0. We set ¥y = ¥} U3
according to Figure @ respectively Figure @l again such that the circles around +ix; lie

outside the region in between ¥ and Y. Again note that X1 respectively % lie in
the region with £ Re(®(k)) < 0.
Then we can split our jump by redefining m (k) according to

m(k)by(k)~', k between R and X7,

m(k)b_(k)™', k between R and X!,

m(k) = m(k)B;J,_(k)_l, k between R and 2, (4.29)
m(k)B_(k)~', k between R and %2,
m(k), else.
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One checks that the jump along R disappears and the jump along ¥4 is given by

ZN)-I-(k)v ke 2}1—7
b_(k)™', kex!
ok = § W) ke (4.30)
B—l—(k)v ke 2-1—7
B_(k)™', keXx?.

All other jumps are unchanged. Again the resulting Riemann—Hilbert problem still
satisfies our symmetry condition (BZE) and the jump along ¥y \ {+ko, £k1} is expo-
nentially decreasing as t — oc.

Case (iv): ¢ < —1/4. We set X1 = {k € C | Im(k) = £e} for some small € such that
¥+ lies in the region with +Re(®(k)) > 0 and such that the circles around +ix; lie
outside the region in between »_ and ¥;. Then we can split our jump by redefining
m(k) according to

(k)B+(l<:)—1, 0 < Im(k) < e,
m(k) = < m(k)B_(k)~!, —e<Im(k) <0, (4.31)
n(k), else.
Thus the jump along the real axis disappears and the jump along X4 is given by

B(k) = {B+(k)’ ke Zy (4.32)

B_(k)™', kex_.
All other jumps are unchanged. By construction the jump along > is exponentially
close to the identity as t — oo.
Note that in all cases the resulting Riemann—Hilbert problem still satisfies our sym-
metry condition (BZH), since we have

-0 = (1 5)ew (§ 5). Beem= (1 §) B (] §). s

In Cases (i) and (iv) we can immediately apply Theorem Bl to m as follows:

Re ®>0 Re <0 e T Re <0 ‘ Re ®>0

: . Re ®>0 '
2 im0 N s om
N TN NN
NN\ N R
52 LN 52 »! 52
Re®<0 § Redso i piang 1 Rea<o

FIGURE 6. Deformed contour for —1/4 < ¢ <0
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Re <I><021 ’ R_e @5‘20\ El?e P<0
+ + +
a .=‘ R
SRR »2 »!
Re®>0 NRe @< Re >0

FIGURE 7. Deformed contour for 0 < ¢ < 2

Proof of Theorem EEBHEA (iv). Since 0(k) = I+ O(t™) for any [ as t — oo, the same
is true for m(k) = (1 1) + O(¢t™") by Theorem EZH (for the case v = 0). Hence

2(k) =1+ 0(t™),
1(3)
2(

for k near % and the claim follows from Lemma B2 in case the reflection coefficient has
an analytic extensions.

Otherwise one has to split the reflection coefficient into an analytic part plus a small
remainder. One can literally follow the argument of [Z, Lemma 6.1]. U

3

=N
D=+

=21 L o™, (4.34)
ma(3)

3
NIE

Proof of Theorem EEHEA (i). If |7 — c;| > ¢ for all j we can choose v = 0 in Theo-
rem BZl Hence as in the proof of (iv),

mi (kyma(k) = i (k)mg(k) = 14+ O(t™),
ml(%) _ 2T1(0) Al(%) _ 2T1(0) -1
T Frald) +O(t™), (4.35)

for k near % and the claim follows as before.
Otherwise, if | — ¢;| < € for some j, we choose v = v;j(x,t). Again we conclude

ma(k)ma(k) = f(k)f(—k) +O(t™),

3
—
—~
&y
~—
3
V)
—
&y
~—
I

ml(%) — 211(9) fh(%) — 211(9) —f(%i) +0(t™, (4.36)
ma(3) ma(3) f(=3)
where f(k) is the one-soliton solution from Lemma BEZ3 O

In the cases (ii) and (iii) the jump will not decay on the small crosses containing the
stationary phase points and we need to continue the investigation of this problem in
the next section.
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5. REDUCTION TO A RIEMANN—HILBERT PROBLEM ON A SMALL CROSS

In the previous section we have seen that for —1/4 < ¢ < 2 we can reduce everything
to a Riemann—Hilbert problem for m(k) such that the jumps are exponentially close
to the identity except in small neighborhoods of the stationary phase points +ky and
+k1. Hence we need to continue our investigation of this case in this section.

Denote by ¥¢(xky), £ = 0,1 the parts of ¥, U _ inside a small neighborhood of +ky.
We will now show how to solve the two problems on the small crosses X¢(ky) respectively
Y¢(—ky) by reducing them to Theorem B This will lead us to the solution of our
original problem by virtue of Theorem B=3

Now let us turn to the solution of the problem on

S (ke) = (S US) N {k | [k — kel < €}

for some small £ > 0. We can also deform our contour slightly such that 3¢(ky) consists
of two straight lines. Next, abbreviate

Oy = (—1) 2t = (—1)f T
" (ky) 25cky(3/4 — k2)
) = (—1)* = (-1 = e 5.1
F= () = () T e (5.1)
where @ > 0 for —1/4 < ¢ <2 and ®] > 0 for —1/4 < ¢ < 0.
As a first step we make a change of coordinates
—1)¢
G= (Vo k) k=kt g (52)

N
¢
such that the phase reads ®(k) = (—1)%i (P, + %Cz +0(¢?)).

Next we need the behavior of our jump matrix near ky, that is, the behavior of T'(k, ¢)
near ky.

Lemma 5.1. We have

k_kg>i”° <_k—k1>_i”f k), —1/d<ec<0
r ey d ) () Tk,

1V ~
(%&) Tk, ), 0<c<?2,

(5.3)

where v, = —Llog(|T'(k¢)|) > 0 and the branch cut of the logarithm is chosen along the
negative real axis. Here

N

70 =[] i en( 5 [ los(lk =) Aog(TOP)).  (5.)

— i,{.
j=1 J

The function T( -, ¢) is Holder continuous of any exponent less than 1 at the stationary
phase points k = k¢ and satisfies |T (k¢ c)| = 1.

Proof. This is a straightforward calculation. Holder continuity of any exponent less
than 1 is well-known (cf. [EO]). O
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If k(¢r) is defined as in (B=3) and 0 < o < 1, then there is an L > 0 such that

—1)4, 5
T(k(Ge) ) = ¢~ Tu(e)e (55)
where the branch cut of C“" is chosen along the negative real axis and
- k — ko —(—1Dtivg
Ty(c) = ((-1)* T : 5.6
1o = ((-D57) k., (5.6)
We also have
|R(k(Ce)) — R(ke)| < L|Ge|™ (5.7)
Set
ro = R(kg)fg(c)_ze(_l)zi”f log(4k2®7) (5.8)
and note vy = —5=log(1 — |R(k()|?) since |r¢| = |R(k¢)|. Then the assumptions of

Theorem B are satisfied with r = rg near for 3(kg). Similarly, for X¢(k1) they are
satisfied with = 77 after a conjugation with ().
Therefore we can conclude that the solution on X¢(ky) is given by

M) =1+ 2o (5 ") + o)

Cgtl/z Be 0
1 i -
:Hmﬂ%% 7)o zast 59
14

where Gy is given by
Bo = \/V_gei(ﬁ/4—afg(ro)+arg(r(ivo))—tq’o)t—il/o

_ \/%ei(w/4—arg(R(ko))+2 arg(To(c))—wo 10g(4k3<1>8)+arg(1"(iu0))—t@O)t—iVO : (5.10)
ﬁl — Vl€i(—7r/4—arg(r1)—arg(l"(ile))—i-tq)l)tiyl
_ \/V—Zei(—w/4—arg(R(k1))+2 arg(T1(c))+1 10g(4k%<1>’1’)—arg(f‘(iyl))+t<1>1)tiy1 ) (5 1 1)

We also need the solution Mg (k) on $¢(—k¢). We make the following ansatz, which is
inspired by the symmetry condition for the vector Riemann—Hilbert problem, outside
the two small crosses:

w0 = (o) Mo (§ )

_ (- i (0 B .

Now we are ready to finish the proof of Theorem EEHEA
Proof of Theorem E=MEA (ii). By Theorem B we infer

m(k)=(1 1)+ \/(ka I<: (Bo —Bo) — \/<I>Tk‘—|—k‘ (=Bo Do)

+0(t™) (5.13)
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and thus
~ 4 _
m(z)=(1 1)+ N Re (1—52011% 1+21k0> +0(t™),
0
1/ 81 u
m'(3) = NG Re ((1—6?1%)2 _(1+§?k0)2> +0(t™). (5.14)
Hence
N 1 4ko _
k k) =mq(k -1-—__ "7 1 o
ma(K)ma0) = (s (8) = 1~ s Im(h) + O(1™)
1 Ak - .
— I = k—3 - 5.15
(fq>g‘t (/a+ gy ) O )> (k=2)+ (5:15)
for k near % and Lemma B2 implies
> 8k o
4 2k0 —
t) = — I = 5.16
Similarly,
mi(3) 27y (¢) T (3) 2T} (¢) 1 2 o
— < —e¢ —=L —¢ 1+ ———-Re(fBy) | + O(t™°),
mo (1) o (L) NV N
implies
x—y=2T1(c Re(5o) + O(t™). (5.17)

/<I>// 1 /4 + k‘2
Thus the claim follows in case the reflection coefficient has an analytic extensions.
Otherwise one has to split the reflection coefficient into an analytic part plus a small
remainder using [Z Lem. 6.2 and 6.3]. Again one can literally follow the argument
given there. U

Proof of Theorem E=HEA (iii) This follows as in the previous case using

1

\/<I>Tk‘ k: (ﬁl _ﬁl)_\/{T’tk‘%—k‘l (=61 B)
I +0O(t™%). (5.18)
w(e,t) = Wl TR PO ~ R () +007)
o) =~ ) — o () £ O (519
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respectively
2

1 12
x—y=2T1(c)+ ———-5Re(fp) + ————
y=27(c) N (Bo) ST /At R

Re(B1) +O(t™®). (5.20)
O

APPENDIX A. SOME RESULTS FOR RIEMANN—HILBERT PROBLEMS

In this section we state the results required to prove or main theorems. We will
assume that ¥ is a nice contour, say a finite number of smooth oriented finite curves in
C, which intersect at most finitely many times with all intersections being transversal.
Moreover, suppose the distance between 3 and {iy | y > yo} is positive for some yy > 0.

A.1. Riemann—Hilbert problem for the soliton region. The first result is needed
in the soliton region. Consider the Riemann—Hilbert problem of finding a function m(k)
satisfying
(i) m(k) is sectionally meromorphic with simple poles at +ix ¢ 3,
(ii) the jump condition
my(k) = m_(kyo(k),  keS,

(iii) the pole condition
. 0 O
Resi, m(k) = kh—{ﬁ; m(k) (Wz 0> ,

(iv) the symmetry condition

0 1
m(-k)=m(®) (§ g).
(v) the normalization condition

lim m(k)= (1 1).

k—o0

Clearly the symmetry condition implies that our jump data (3, v) should be symmetric

as well, that is,
(0 1 1 (0 1
= (O e (O 1), e )

and ¥ is invariant under k +— —k and oriented such that under the mapping k — —k
sequences converging from the positive sided to > are mapped to sequences converging
to the negative side. Moreover (ii) and (iii) imply

in?
Res_i, m(k) = lim m(k) (8 67 > .
Finally we will assume [[v — [||2 < co and ||v — I[]|o < 00.
We are interested in comparing this Riemann—Hilbert problem with the one-soliton
problem (where v = 0) in the case where ||v — ||, and ||v — I||2 are small. For such a
situation we have the following result:
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Theorem A.1 ([ ). Assume v = v(t) satisfies
[v(t) = Ifloo < p(2),
[v(t) = Ifl2 < p(2)

for some function p(t) — 0 as t — oo. Then the above Riemann—Hilbert problem has

a unique solution for sufficiently large t and the solution differs from the one-soliton
solution by O(p(t)) uniformly in k away from X U {xik}.

(A.2)

A.2. Riemann—Hilbert problem for oscillatory regions. For the oscillatory re-
gions we will need the following result which allows us to reduce everything to a model
problem whose solution will be given below.

Theorem A.2 ([F, ). Consider the vector Riemann—Hilbert problem
my (k) =m_(k)o(k), ke,
. A.3)
1 Ey=1(1 1 (
dim m(k) = (1 1),
with det(v) # 0 and let 0 < a < B < 2a, p(t) — oo be given.
Suppose that for every sufficiently small € > 0 both the L? and the L>® norms of
v are O(t™P) away from some ¢ neighborhoods of some points k; € £, 1 < i < n.
Moreover, suppose that the solution of the matriz problem with jump v(k) restricted to
the € neighborhood of k; has a solution which satisfies

M;(k) =1+ pé)a k]\fk LO(pt) ), k—ki>e (A.4)
Then the solution m(k) is given by
m(k)=(1 1)+ % (1 1) f: M, O(p(t)™"), (A.5)
p(t) k—ki

where the error term depends on the distance of k to X.
Model problem on a cross. Introduce the cross ¥ = ¥y U---UX, (see Figure H) by

S = {ue ™ | u >0}, S = {ue™* | u >0}, (A.6)
Sy = {ue¥ ™/t | u > 0}, Sy = {ue 34w >0} '

Orient X such that the real part of k increases in the positive direction. Denote by
D = {¢ € C||¢| < 1} the open unit disc. Throughout this section ¢ will denote the
function e¥1°8(Q) where the branch cut of the logarithm is chosen along the negative
real axis (—o0,0).

Introduce the following jump matrices (v; for ( € ¥;, j =1,...,4)

1 —R 2iv —t‘ID(C) 1 0
U1 = (0 1(C)C1 € > , V2= (RQ(C)C_Qi”etq)(O > )

1 _R 21w, —t®(C) 1 0
vy = (0 3(C)C1 € > , Vg = <R4(C)<_2iuetq>(c) >

[

(A7)

[
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FIGURE 8. Contours of a cross

and consider the RHP given by

M—I—(C) = M-(C)”J(C)v C € E]v J = 17 27 3747 (A8)
M(C) — 1, ¢ — oo.

The solution is given in the following theorem of P. Deift and X. Zhou [, Sect. 3-4]
(for a proof of the version stated below see H. Kriiger and G. Teschl 22, Theorem A.1]).

Theorem A.3 ([id]). Assume there is some pg > 0 such that v;(¢) =1 for |(| > po
and j =1,...,4. Moreover, suppose that within || < po the following estimates hold:
(i) The phase satisfies ®(0) = i®( € iR, ®'(0) = 0, ®”(0) =i, and

+  for (e ¥ UX;3,

(A.9)
—  else,

+ Re (2(0)) > il@‘lz, with {

ic?
() - ©(0) - | < el (A.10)

(ii) There is some r € D and constants (o, L) € (0, 1] x (0, 00) such that Ry,..., Ry
satisfy Holder conditions of the form

[R1(C) — 7| < L[¢]%, |R2(C) —r| < LI¢]|%
R . L P e (A1)
3(C)—1_7|r|2 < L|¢|%, 4(C)—1_7|r|2 < L|¢|*.
Then the solution of the RHP (B3) satisfies
B 11 /0 —p ~Lie
M(k)=1+ cnn (3 0 > +O(t )s (A.12)

for |C| > po, where

8= \/;ei(7r/4—arg(r)+arg(F(iV)))e—it<I>0t—iz/’ U= _2i log(l . |,r,|2)‘ (A13)
™
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Furthermore, if R;(¢) and ®(() depend on some parameter, the error term is uniform
with respect to this parameter as long as r remains within a compact subset of D and
the constants in the above estimates can be chosen independent of the parameters.
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