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ON THE LIEB-THIRRING ESTIMATES
FOR THE PAULI OPERATOR

A.V. SoBOoLEV!

ABsTRACT. We establish Lieb-Thirring type estimates for the sums >, |A3|7 of the
negative eigenvalues Ay of the two-dimensional Pauli operator with a non-homogeneous
magnetic field perturbed by a decreasing electric potential.

1. INTRODUCTION

The aim of the paper is to establish some spectral properties of the Pauli op-
erator, that is of the operator describing the motion of a particle with spin in a

magnetic field. It acts in Lz(Rd) ® C? with d = 2 or d = 3 and has the form

(d) 1 0
HPauli:HfE\d)]I_Z'Bv ]I:<0 1>7

where Héd) = (—iV — a)? is the usual spinless Schrodinger operator with the mag-
netic vector-potential a = {ay,...,aq}, B = V x a is the field and ¥ stands for
the vector o1, 03,05 of 2 x 2 Pauli matrices (see [4]). Suppose that the field B is
pointed along the x3—axis, i.e. a = (a1, a2,0) with ar = ag(x1, x3) (which is always
true for d = 2). In this case B = (0,0,B), B = 01ay — 0»a; and H;da)uli looks

especially simple:

A 0
HY = ( . A_) , Ay =H® T B, (1.1)
3 2 —0? 0
H;a)uli = H;a)uli + ( 03 —8§> . (1-2)

Though this operator does not seem to be non-negative, the entries Ay can be
rewritten as Ay = QL Q+ with the operators

Qi == H1 + in, Hk == —Zak —dag, k= 1,2, (13)

which allows one to define Hga)uli as a non-negative self-adjoint operator (see Sect.

2 below). A remarkable property of Hga)uli is that the point A = 0 belongs to its
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spectrum. This assertion was proved under fairly broad conditions on the magnetic
field B (see [1], [6] and also [4],[8]). If the operator (1.1) or (1.2) is perturbed
by a real-valued function (electric potential) V' = V. decaying at infinity, then it
can have some discrete spectrum below A = 0. Denote by A\ = Ag(a, V), k € N,

the negative eigenvalues of H;da)uli + VI enumerated in the non-decreasing order
counting multiplicity. We study the sums

My ) =S Il 92 0.

It is well-known that, without any magnetic field, M., satisfies the following esti-
mate?:

M,(0,V) < Cd,y/v_(x)ﬁ'%dx, v+ df2>1, (1.4)

which is usually referred to as the Lieb—Thirring inequality if v > 0 and the
Rosenblum—-Lieb—Cwickel inequality if v = 0. The same estimate holds for the neg-
ative spectrum of the spinless operator H‘.E\d) + V with a # 0. The crucial technical
reason for that is the so-called diamagnetic inequality (see [2]). It means, loosely
speaking, that the magnetic field "pushes the spectrum upwards”, which leads to
(1.4) for Héd) + V as well. This type of argument does not work for the Pauli
operator and as a consequence, the standard Lieb-Thirring estimate (1.4) no longer
holds. A suitable replacement for (1.4) for a homogeneous field B(x1,x2) = const
and v = 1 was found in [10] (see also short communication [11]) and [12]:

Mi(a,V) < C;/v_(x)H%dx+Cg|B|/v_(x)%dx, d=2,3.

A natural generalization of this result for non-homogeneous fields and arbitrary ~
would be as follows:

M(a V)< C, / V(e e 4 2, / Bler,ao)|[Vo(e)* 5 de, 7+ d/2 > 2.

(1.5)
The validity of this conjecture was thoroughly investigated in [7] ( see also [8] for
more details and further references) for d = 3. In particular, (1.5) was established
for the magnetic fields satisfying the lower bound B > By > 0 under some addi-
tional constraints on the behaviour at infinity. Besides, the author constructed a
counterexample showing that the bound (1.5) cannot hold for arbitrary B. In this
connection it was conjectured in [7] on the grounds of physical considerations, that
in order to save (1.5), one has to replace the magnetic field in (1.5) with a suitable
“smeared” modification of B.

In the present paper we give a simple proof of (1.5) in the case d = 2,y > 1
under fairly general conditions on B. The results on d = 2,7 =1 and d = 3 will be
published elsewhere. We find out that (1.5) holds with B replaced by an “effective”
magnetic field b(x) (see Sect. 2 for precise definition). The field b coincides with the

ZHere and in what follows we denote by C' and ¢ (with or without indices) various positive
constants whose precise value is of no importance.
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initial field B, if the latter obeys some regularity condition, which, in particular,
does not allow B to decay at infinity too rapidly. This is quite consistent with
restrictions on B under which (1.5) was obtained in [7]. On the contrary, if the
decay of B is too fast, the effective field b will be considerably different from B.
The distinction is especially spectacular for a compactly supported B. This point
is discussed in detail in Sect. 2. One should stress that the method of the proof
is essentially different from that used in [7]. Instead of the technically involved
path integration approach adopted in [7], we apply only elementary methods of
the spectral theory for Schrodinger operators: the Birman-Schwinger principle, the
diamagnetic inequality and Cwickel type estimates.

We point out that until recently there have been only a few mathematically
rigorous results on the Pauli operator in a non-homogeneous magnetic field. In the
physical literature most of its properties were assumed without proof. For instance,
it was unclear under which conditions on the potential V the operator Hga)uli + VI
can be defined as a self-adjoint operator. A partial answer to this question was given
in [8]. In the present paper we obtain a more general criterion, which guarantees
self-adjointness of the perturbed operator (see Theorem 2.3).

Another important property which required justification is the coincidence of the
non-zero spectra of the entries Ay in (1.1) (see [4]):

o(A4)\ {0} = o(A-)\ {0}

This fact follows from the formal relations Ay = Q4 Q1 and A_ = Q4 Q% , which,
strictly speaking, are fulfilled only if Q4 = Q+. The latter equality is not true in
general. In the appendix we find out that under some conditions on the magnetic
potential a and the field B this equality does take place.

Notation. For any measurable real-valued function f we denote by fi and f_ its
positive and negative parts respectively: fi = (|f| £ f)/2. This convention does
not apply to operators (cf. (1.1)). The notation || f||zs stands for the norm of f in
the space L1(R?), ¢ > 1. If ¢ = 2 we simply write || f]|.

For a self-adjoint operator T', R(z,T) = (H — z)~! denotes its resolvent. If T is
semi-bounded, then T'[-, -] denotes the closed form associated to T, with the domain
DI[T]. Notation (-,-) stands for the inner product in L*(R?).

2. RESULT, DISCUSSION

1. Basic definitions and notation. For the operator (1.1) is diagonal, we can
study its entries A4, A_ individually. To state results simultaneously for 74”7 and
7.7 we use, as a rule, the double subscript: 74+”. In this case each statement must
be undestood separately for the upper subscript and the lower one.

Let a = (aj,a3) € L} (R?*) be a magnetic vector-potential with real-valued
components. The operators Q4 ,II; defined in (1.3) are closable on C{°(R?), since
Ty are symmetric and @1 C (%. We use the same letters ()4, Q—, I} for their
closures. Define Ay = QL1 Q+. This operator can be also interpreted as that
associated with the closed quadratic form Aifu,u] = ||Q+ul|* with the domain
D[A+] = D(Q+). In the same way we define the usual Schrodinger operator Ha
with the magnetic field a: as an operator associated with the form Hgilu,v] =
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ru, [Ixv) (summation over repeating indices is assumed). We omit the superscri
Ty, 1 £ peating indices i d). We omit the superscript
7(2)” from notation (cf. (1.1)) without any risk of confusion, for we study only the
case d = 2. It follows from the inequality

Agfu,u) = Halu, w4 ((Mow, Myu) — (M u, Mou)) < 2Ha[u,u], Vu € CF(R?), (2.1)
that D[Ha,] C D[A4]. As a rule below we impose

Assumption 2.1. The magnetic potential a € L (R?) is such that the magnetic
field
B(x) = —i[Il;,II3] = rota(x) = Oraz(x) — Gza1 (),
defined in the sense of distributions, belongs to Lo (R?).
It is easy to check that for any u,v € C§°(R?)
Ayu,v] = Ha[u,v] F (Bu,v), (2.2)

which implies that
Ay — A_ = —2B(x), (2.3)

in the sense of sesqui-linear forms on C§°(R?). Observe that if By € L>(R?), then
(2.2) entails the estimate

Ax[u,u] = Halu,u] = || Bz e [Ju]l*,

which, along with (2.1), implies that D[A4] = D[Ha|. Without the condition By €
L>*(R?), we can only claim that the form domains of the operators A4, A_, Hy
coincide locally. Precisely, the following lemma holds:

Lemma 2.2. Let the magnetic potential a obey Assumption 2.1. If a function u
belongs to one of the domains D[A4], D[A_] or D[H,], then the function xu, x €
C§e(R?), belongs to all of them.

This lemma follows from the obvious commutator relation for the operators (1.3):
[Qz,x] = [-i01 £ 0o, x] = (—i01 £Do)x = xx, VX € CF(RY),  (24)
and Assumption 2.1.

JFrom now on we impose the following conditions on the magnetic field. Let
¢ € C(R?) be a positive function such that

[0(x) — Uy)| <oz —y|l, 0< o< 1, Va,y € R™ (2.5)
Sometimes we call this function slowly varying. Denote
D(z) ={y eR?: |x —y| < (z)}. (2.6)

We assume that there exists a positive function b € L7 (R?) such that

|Bi(z)| < b(x), a.a. x € R? (2.7)

Cib(z) < b(y) < Cob(x), aa. y € D(z), aa. z € R%: (2.8)

b(x)l(x)* > ¢, a.a. v € R (2.9)

The next theorem specifies conditions on V' under which the operator Py = AL 4+V

can be defined as a form sum on D[A4].
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Theorem 2.3. Let B obey the conditions (2.7) — (2.9) with some functions ((x)
and b(x). Let V satisfy for some p > 1 the estimate

v-sup, / V)l (by) +1)dy < oo.
D(z)

Then the form Py[-,-] = Ax[-,-] + V[, ] is closed on D[Py] = D[A4].

We point out that if By € L>(R?), then Theorem 2.3 with b(z) = v-sup By(z),
{(x) =1 guarantees that D[P1] = D[A4] under the condition

v, [ VPdy < o
|z—y|<1

Note that this condition is known to be sufficient for the equality D[Ha+V| = D[H,]
(see [4]). This fact agrees with the observation made above, that D[Ay] = D[Ha],
it By € L™(R?).

By definition the operator A4 is non-negative. Below we shall impose on the
potential V' the constraints, which will guarantee that the negative spectrum of

the operator Py associated with the form Py[-, -] is discrete. Let /\Eci), ke N,
be negative eigenvalues of Py, enumerated in the non-decreasing order counting
multiplicity. We study the following quantities:

M =3 I N = s N 2 0 (2.10)
k
Note that Nﬁi) < ./\/l(yi). When necessary we reflect the dependence of various
objects on the fields a,V: for example, /\Eci) = /\Eci)(a,V), ./\/l(yi) = M(yi)(a, V).
Next Theorem establishes the main result of the paper.
Theorem 2.4. Let the conditions (2.7) — (2.9) be fulfilled. Suppose that V obeys

the conditions of Theorem 2.8 and V_ € L"T1(R?), V2b € L'(R?) for some v > 1.
Then the negative spectrum of Py 1s discrete and

MP <, /v_(xwldx + CQ,V/V_(:I;)Vb(x)d:I:, v > 1,
(2.11)

NF <, /v_(x)mx + 02,1/v_(x)b(x)dx, v =1, (2.12)

The constants C -, C2 ~ can be calculated explicitly, but apparently their values
are far from being optimal and for this reason we do not give them.

2. Discussion of Theorem 2.4. Let us replace the vector-potential a with pa
where 1 > 0 is a parameter measuring intensity of the magnetic field. It is clear

that the conditions (2.7)~(2.9) for B and b imply (2.7)—(2.9) for the fields pB and
wb, if 4 > 1. Hence by Theorem 2.4 the sum ngi)(/la, V') obeys the bound

M(yi)(/,La, V)< Cl,v/v—(l')yﬂdl‘ + Cz,y/ub/v_(:li)vb(x)dx, v>1, p>1.
(2.13)
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On the contrary, if 4 — 0, then the condition (2.9) for ub may be violated and
Theorem 2.4 will be no longer applicable.

Theorem 2.4 allows one to estimate ./\/l(yi) for the Pauli operator containing the
Planck constant A:

Pi(h)=(—ihV —a)> FhB +V, h € (0,1].
To that end observe that
Pi(h) = K*Py( hta, h72V),
which means that the sum of negative eigenvalues /\k(ﬁi) raised to the power ~v
equals
RIMB a2V,

Using for the r.h.s. the estimate (2.13) with p =A=' > 1, one obtains that
Z |/\k(]5j[)|7 < C’l,yh_z / V_(2) " dx + C’gﬁh_l/v_(aj)vb(aj)dw, v > 1.
k

Let us consider two examples of Theorem 2.4.

Example 1. Suppose that B(z) > 0, B € C'(R?) and
IVB(z)] < CB(x)?, Va € R%. (2.14)

For B_ =0, it is clear that
./\/l(y_) < C’l/V_(:I;)7+1d:1;, v > 1.

We claim that ./\/l({i_) satisfies (2.11) with b = B. Indeed, define {(z) = ¢B(z)~/?, b(z) =
B(x) with some ¢ > 0. Clearly, (2.7) and (2.9) are fulfilled. Let us verify the con-
ditions (2.5) and (2.8). Due to (2.14)

Vi(@)| < 3B(x) }|VB(x)] < O,

and consequently, for sufficiently small ¢ the function ((x) obeys (2.5) with o =
C¢/2 < 1. Furthermore, (2.5) provides the bound

(14 0)7?B(z) < B(y) <(1—0)?B(z), Vye D(x),

which ensures (2.8). Applying Theorem 2.4, we obtain (2.11) with b = B.

Note that the condition (2.14) admits a quick growth of B at infinity. For
instance, any positive function B € C'(R?) which equals exp(]z|™),m > 0, for
|| > R > 0, obeys (2.14). On the contrary, (2.14) does not allow B(x) to decrease
as |x| — oo too rapidly. In fact, if B(x) = |x|~® for || > r > 0, then the condition
(2.14) is not fulfilled if & > 2.
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Example 2. Compactly supported magnetic field. Suppose that B(x) = B, |z| <
R and B(x) =0, |z| > R for some B > 0,R > 0. As in example 1, we look only at

./\/l({i_). It is easy to see that the functions

B |z < R,
Uz)=o/1+ 22, 0< o<1, ba)= 2B o> R (2.15)
1+ |z|?R~2’ ’

satisfy the conditions (2.5), (2.7) — (2.9), which leads to (2.11) and (2.12). Note that
the effective field b is not only non-compactly supported, but even non-integrable!
Let us explain why one cannot find another function b satisfying all the conditions
of Theorem 2.4 and decreasing quicker than the function in (2.15). The thing is that
the choice of b(x) should be made simultaneously with that of the slowly varying
function ((x). In view of (2.9), in order to minimize b(x), one should maximize
U(x). Clearly, ((x) ~ p|z]| is the fastest growing (as |¢| — oo) function which obeys
(2.5). Now the condition (2.9) ensures that b(z) > C|x|~2.

Explicit calculations for this example were carried out in [8]. They show that the
compactly supported magnetic field creates a non-integrable "tail” behaviour of a
relevant quantity (ground state density), whith decay at infinity as B|z|~%(log |«|)~!.
The function b(x) in (2.15) provides quite a precise estimate for such a tail.

3. Auxiliary information. Here we provide well-known facts to be used in the
sequel.

(a)Compact operators (see [3]). Let T be a compact operator. We use the
notation s,(7T), n € N, for its singular values (s—values) and denote by n(s,T) =
#{sn > s},s > 0 their distribution function. Recall that s,(T") are defined as
eigenvalues of the selfadjoint operator (T*T)'/?, so that

n(s*, T*T) = n(s, T). (2.16)
Moreover, the Weyl inequality holds:
n(31 —|—82,T1 —|—T2) S n(817T1)+n(82,T2). (217)

We denote by &,,p > 1, the Neumann-Schatten classes of compact operators with
the norm

7], = [;snmp} p

It is easy to see that
n(s,T) < s7#| Tf, ¥s > 0. (2.18)

(b) Birman-Schwinger principle. Let Ni()\) = #{/\Eci) < =X}, A > 0 be the
number of negative eigenvalues of the operator P1. The quantities (2.10) can be
represented as follows:

MF) = —/ A" AN (M) :7/ ATTINL(N)dA,
. 0 (2.19)
./\/é ) = sup Np(M)A7,
A>0
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which reduces the problem to the study of the function Ni(A). To estimate it we
use the following classical argument. For a function Y defined on D(A4 ) denote

Ki(p;V)=Y(Agx + p)71Y™ (2.20)

Then
Ne(N) <n(LEL(5Y)), Y =(V —p+ A2, V€ (0,A], (2.21)

for any A > 0. This result is a version of the Birman-Schwinger principle.
(¢) Diamagnetic inequality. Let H, be the Schodinger operator with a magnetic
field. Then for any A > 0, sc > 0 one has the following point-wise estimate:

|R(—\, Ho)”ul(z) < R(—X\, Ho)”|u(z)], Yu € L*(R?), a.a. x € R~

This inequality yields (see [2] and references therein)

Proposition 2.5. Let X be multiplication by a measurable function and »x > 0.
Then for any X >0

[ XR(=A; Ha)”|| < [[XR(=A; Ho)”||
and for any positive integer n

| XR(-X\ Ha)” |, <| XR(—\; Ho)"},,,- (2.22)

2
The first part of this proposition with s = 1/2 implies
Corollary 2.6. Let X be as in Proposition 2.5. Then the inequality
| Xul|* < eHolu,u] + Mllull®, Yu € C57(R?),
with some positive € and M, implies that
| X u||? < eHalu,u] + M||u|?, Yu € CP(R?).

An estimate for the r.h.s. of (2.22) can be proved with the help of a simple
Cwickel estimate for the operators of the form a(x)b(—i0) (see, e.g. [15]). The
latter provides for any X € LP(R?),p > 2, and A > 0 the bound

| XR(—\; Ho)*|, < OA™*% | X |, Wor > p". (2.23)

(d) Multiplicative inequality. In the proof of Theorem 2.3 we shall use the
following inequality (see [13] and also [5]):

Lemma 2.7. Let u € C§°(R?). Then for any q € [2,00) one has
lullzs < Cyllull?|0u]'=7, 8 =247".

The constant Cy does not depend on w.

This Lemma is nothing but a convenient version of the embedding theorem in
R? with the “critical” exponent (see [5] for details).
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3. PROOF OF THEOREM 2.3

1. Partition of unity. The first step in the proof is to construct a partition of
unity associated with the function ¢() introduced in the beginning of Sect. 2.:

Lemma 3.1. Let ((x) be a continuous function satisfying (2.4). Then there exists
a set v € R% k € N such that the open disks Dy = D(xy) (see (2.6) for defini-
tion) form a covering of R? with "the finite intersection property” (i.e. each disk
intersects no more than N = N(p) < oo other disks). Moreover, there exists a set
of non-negative functions ¢ € C§°(Dy), k € N, such that

> dr(z) =1, (3.1)

k

and

0" du(2)| < Cnl(a)™1™, ¥, (32)
uniformly in k.

Note that more common definition of the partition of unity requires >, ¢ =1
instead of (3.1). Nevertheless, for us the square will be convenient. Proof of this
Lemma is analogous to that of Theorem 2.1.8 from [9] and we do not reproduce it
here.

We single out an important consequence of the finite intersection property for

disks D;.. Denote
m]‘:{kEN:D]‘ﬂDk%@}. (33)

and define by induction the sets
r+1 r 0
M) = (neN: D, ND#0, Vhe M}, MY =y, r=0,1,.... (34)
Then
cardi)ﬁ;r) < (N(g)—l—l)N(g)r, r=0,1,... (3.5)
with the number N(p) defined in Lemma 3.1.
2. Proof of Theorem 2.3. It suffices to verify that for any ¢ < 1 there exists a
constant C' = C(V, B, ¢) such that
IVI'2ul? < eAsfu,u] + Cllull®, Yu € CF(R?). (3.6)

Step 1. We claim that for any W € LP(R?), p > 1, and u € C{°(R?) one has the
bound
W 2ul|? < CIW | o Hu(u), Vo > 0, (3.7)

where

Ho(u) = wHalu,u] + w7 |[ul?, B=1—p".

Indeed, by Holder inequality and Lemma 2.7, for ¢ = 2p(p—1)~! > 2 and 3 = 2¢~!
we have

l pa—
W 3l < (Wl ulle < CIW oo ul22 0] 20,
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By the Young inequality, the r.h.s. does not exceed
2 £-1 2
C||\Wlce |w||Ou||” + w 7 |ul|*|, Vw > 0.

In view of Corollary 2.6 this leads to the estimate (3.7).

Step 2. Let D; be the disks forming the covering of R? described above and let
¢; be the set of functions constructed in Lemma 3.1. Set b; = b(x;), {; = {(x;).
Denote by y; the characteristic function of D;. By (3.1) the Lh.s. of (3.6) equals

D GV g ),y = éju.

J
Applying (3.7) with W = y;V and u = uj, we see that

VI u5)* < Cllg Ve Holuy), Vo > 0.
Adding and subtracting the term Fw(Bu;,u;), one obtains
g1
Hoo(uj) = wAslujuj] +w 7 [luj)l* £ w(Buj, uj).
Estimate the first summand. Due to (2.4) and (3.2), one has
Axfujyui] < 2016;Quul* + 20[Qx, ¢5]ull® < 26, Quull* + O | xjul*.
Moreover, +(Buj,u;) < (Biuj,u; ). Therefore, in view of (2.9) and (2.7),
B—1
Ho(uj) < 20[|¢;Quull” + C o™ [luj|l* + wbjllx;ull*|- (3.8)

The last term is bounded by

Co' (14 whby)ull

Let us pick
w=20614+b,)"" 6<1,

and plug it in (3.8), taking into account that 1 — 5 =1/p:

1 _ s-1 _
VI < OV [26<1+bj> 565 Quull’ + 67 (1 4 b))" ﬁHXjqu]

1 B—=1
< OVl (1 + b))} [%Hwiuu? 1 6% Hxﬁfuuz]'

With the notation

L = v-sup, cm [/( ) |V(y)? (1 + b(y))dy]
D(x
this estimate transforms into the bound
IIVIZulf* < CSLYé;Q=ull* + C(8)L|x;ull*.
Let us sum up the contributions from different disks D;:

IVIZul|* < COLAL[u,u] + CLY |xjull®.

J

p

Since the number of mutual intersections of D; is bounded, the last term does not

exceed C'L||[u||?. Letting § = (CL) !¢, we arrive at (3.6). O



LIED-1 Ol hING ESTIMALRD 11

4. PROOF OF THEOREM 2.4

1. Properties of the operator A.. In the sequel we shall retrieve spectral
properties of the operators Ay by comparing it with the operator H = H, +
W(x),W € L (R?),W > 0. In view of (2.2)

loc
H=AL+B+W.

Our basic tool will be the resolvent identity relating R(z, H) and R(z, A1). Let
¢ € C°(R?). Then

¢R(z,Ax) = R(z,H)¢ + R(z, H)X+(6,W £ B)R(z, A1),
X+(9,f) = Q0+ + 93Q+ + fo.

To derive (4.1) we use Lemma 2.2.
In the proof of Theorem 2.4 we use (4.1) with the functions ¢; and different
operators Hy ; = Ha + By +b;, bj = b(x;). Since Hy j; — Ay = By + b;, one has

OTR(z,Ax) = 6jR(z, He j)bj + ¢ R(z, He,j) X1 jR(z, As), (4.2)
Xy j= Xi(¢j,Bx + ;). '
Note that Hy ; > Ha 4 bj, which implies that
R(—=\Hy;)* <R(—=(A+b),Ha)”, VA >0, »€[0,1]. (4.3)

(4.1)

In order to control the second term in (4.2) we need the following elementary
properties of the resolvent R(z, Ay ):

Lemma 4.1. Leta € L (R?) and k =0,1. Then

loc
IQLRON, AL)Z|| < A7, YA > 0. (4.4)
Suppose that Assumption 2.1 1s fulfilled. Let ¢» € C§°(R?) and

Hf”d’ = V_Supx€supp¢ |f(l’)|7 f € LIOC?C(RZ)'
Then

Q¢ R AL)2 P < 2| A7 (Il F I Bellw + allie) + 1lIF |- (4.5)

Proof. For k = 0 (4.4) is obvious. For k = 1 the bound (4.4) follows from the
inequality
[Quull? < (s + N Pull?, Vu € CRE(R?) (46)
Let us prove (4.5). For any u € C§°(R?) the relations (2.3) and (2.4) ensure that
|Q5ull? = (A vu, pu) = (Axvu, pu) + 2B, pu)
< NQuvbull* + 2|7 || Bl flu]l*
< 20 Q|1 + 20/[Qu blul® + 2] |7 || Bl ]|
< 2T 1 Quuell® + 2([Ix T + 10N 7o [| Bl ][]l
It remains to use (4.6). O
If B obeys the conditions of Theorem 2.4, then Lemma 4.1 leads to



12 AV, DLUPBOLEYV

Lemma 4.2. Let the vector-potential a and the field B be as in Theorem 2.4. Then
for any A > 0 and 7 € N one has

X4 R(=A AL)Z| < C(b7 + A72b;), b; = b(xj).

where the constant does not depend on j or the functions B,b.

Proof. By (2.7) and definition (4.1)

o=

X4 R(=A\AL)7|| < |Q(6) 2 R(=\, AL)7 |
+ 1(8)5 Qe R(=\, AL) % || + Cb,||R(—\, Ax)F ).

Denote (; = {(z;). In view of Lemma 4.1 and (3.2) the r.h.s. does not exceed

CATF(G2 40207 ) + 671+ C0 4 ChyA
SOG4 CNTIE( £ 57) 4 ChA T < C (b2 4+ A7),

To obtain the last inequality we used (2.9). O

2. Spectral estimates for the operator K1 (),Y). Here we obtain an estimate
for the counting function n(s, K1) where K3 = K4(A,Y) is the operator defined
in (2.20). For the sake of brevity below we sometimes omit ” +” from the notation
and write I, A, ) instead of K4, Ay, Q4.

For some functions Y, b and an open set 2 C R? define the integrals

Il(Y;Q):/Q|Y(:1;)|4d:1;, Ig(Y,b;Q):/Q|Y(:1;)|Zb(:1;)d:1;. (4.7)

Our aim is

Theorem 4.3. Let Assumption 2.1 be fulfilled and the field B obey the condi-
tions (2.7)-(2.9). Let Y be a function such that Y € D[A]. If I(Y;R?) <
0, L(Y,b;R?) < oo, then the operator K(\,Y') is compact for any X > 0 and

n(s, K(\,Y)) < C(s)\7'[L(Y;R?) + L(Y, b R?)], Vs > 0. (4.8)

To study properties of the operator I{(\;Y"), we rewrite it as follows:

KXY) =Y A+ )YV *=YA+ ) A+ 04+ 01y
=Y(A+N0)TTQ QA+ )Y+ Y(A+ ) TIANA+ )Y

Let S denote either the operator @ or the multiplication operator v/A. Define

T=T(\Y,S)=Y(A+\)"5*
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It is clear that
K\Y) =T\ Y, QTN Y, Q) + T\ Y, VAT(A Y, VA,
which ensures, in view of (2.17) and (2.16), that
ny (257, K(AY)) < nls, TN Y, Q) +n(s, T\ Y, V). (4.9)

Thus it is sufficient obtain (4.8) for the operator T. Using the partition of unity ¢;
constructed in Lemma 3.1, one can represent T as

T = ZF Fj = Fj(\Y,8) = ¢2T(\ Y, S).

According to (4.2), each Fj breaks up into three operators:

1 2 3
F;=F" 4+ F" + F?, (4.10)
FV = 6,YR(—), H;)S*6;,
F* = ¢, Y R(-\ H;)[S". 6],
F®) = ;Y R(—\, Hj)X;R(—)\, A)S™.
In the next lemma the constants in all the bounds do not depend on j. They may

depend only on the constants in (2.8), (2.9),(3.2) and the parameter p from (2.5).
As before, we use the notation b; = b(z;), {; = ((x;).

Lemma 4.4. Let the magnetic potential a and the field B be as in Theorem 2.4
and Y € L}, (R?). Let I, I be defined in (4.7). Then

4 4 _
| 50+ 7] < ex ' s o), (4.11)
| M| < CA' L(Y, b:D;). (4.12)

Proof. Observe first of all that the inequalities (4.3), (2.22) and (2.23) lead to the

bounds
| o, Y R(—\ H;)*|, <| ¢;Y R(—=(A+b;),Ho)"|,

< CO b)) =T [L(YD))] T, Vo > 1/4:
(4.13)
| ;Y R(=X H))*|, <| 6;¥ R(=(A+10;), Ho)”|,

1
2

< COA+b) *T2 [L(Y,1;D))]?, Vo > 1/2.

(4.14)

Consequently,

| E}V], <16,V R(=NH))2 || R(=X Hy) 2 57| < CAT LV D))
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If S =/, then F]@) =0. If S =@, then in view of (2.4) and (3.2),
1S, 651l < €6,
and hence (4.13) yields that
| 757, < A oV RN LG < CO )75 1 D5) 7

By (2.9) b; 1/26 1 < C. This proves (4.11) for F( ) and F( )
Proof of (4. 12) By Lemma 4.2

I R(=A, A)S™|| < IXR(=A, A= [[[|R(=A, A)2 87| < C (0] +A770;).

Consequently, using (4.14) we get

1

20;)| ;Y R(—N, H))l,
“b;) (A + b))~ ¥ [L(Y,1:D;)] 7 < CA~¥b:

N

| F), < o)+
+ A

1
2

ool
NI
. N

<Cf+ [L(Y.1;D;)] .

which provides (4.12) by virtue of (2.8). O

In accordance with (4.10) the operator T can be presented as the sum

T=T"4+7® 47 17O =N"F" =123

J
Next lemma puts together contributions from different Fjs.

Lemma 4.5. Under the conditions of Theorem 4.8 one has T T € &,, TG ¢
S, and

| 7O+ TP, < A L(Y3R?), (4.15)
| 7O, < CAT LY, b RY). (4.16)

Proof. We prove (4.15) first. Let Dﬁj,ﬁﬁgr) be the sets defined in (3.3), (3.4). For
FOFEDY = (B FD =0, k¢ m;,1=1.2,

one has

701 =]

()T
R

(T(l)) T(l)l

4
SR A NN EL < X Y 150

neEM,, J kem@)
J
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For the number card Dﬁgz) is bounded uniformly in j (see (3.5)), one can estimate
(0 ! op
X 1L <o X 1A
ke kem!?)
Furthermore, by (3.5)

| 7O < Czcardmt§2>| Fl, < ¢’ > FULL-

J J

In combination with (4.11) this leads to

|70 < ' Y 1Dy

J

In view of (3.5) with » = 0 this implies (4.15).
Exploiting the same argument, one proves that

|70 =1(@®) 1] <315 Y IFYL < 07 Y Ly 6:D)).
J keM; J

This provides (4.16) due to (3.5). O
Proof of Theorem 4.3. According to (2.17), (2.18) and (4.15),

n(s, T + T3y < Cs™\ 1L (V;R?),
n(s,T(3)) < Cs ALY, b R?).

Now (4.8) follows from (4.9). O

3. Proof of Theorem 2.4. According to the Birman-Schwinger principle (2.21)
with = \/2,

Ni(A) <n(1, K1), Ko = Kx(M/2,(V 4+ A/2)7%).
Consequently, plugging the bound (4.8) into (2.19), one obtains that
+ a2 2
MB < C/O A7 /[(V(:z;) + )2 4+ (V(x) + /\)_b(:z;)] drd\
1 1
= C/V_(x)7+1d:1;/ 721 —t)zdt—l—C/V_(x)Vb(x)dx/ 7731 — t)dt.
0 0

For v > 1 the r.h.s. is finite and therefore (2.11) follows.
To prove (2.12) we use (2.21) with g = 0, which provides the desired result due
to (4.8) and (2.19).
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APPENDIX. ON THE OPERATORS ()1

Let Q4 be the operators defined in (1.3). As was mentioned in Sect. 2, Q4 are
closable on C§{°(R?), since Qi+ C Q%. In this appendix we find conditions on the
magnetic field, which guarantee Q% = Q=.

Suppose that there exists a function B € C''(R?) such that

|B(x)| < B(x), (A1)
B(x) > 1, |VB(x)| < CB(z), Yz € R®. (A2)
Note that unlike (2.7), the inequality (A1) is required for both positive and negative

parts of the magnetic field.

Theorem A1l. Let a € CY(R?) and the field B obeys the conditions (A1), (A2).
Then Q% = Q.

To prove Theorem Al it suffices to establish essential self-adjointness of the

"= <QO+ Qo_> (A3)

on ® = C{(R?) & C5°(R?). Observe that 7*7 = H, where H is the Pauli operator

(1.1):
H= (’% j_).

It is clear that on ® one has H = 72.
Theorem A1l will result from the following abstract commutator lemma (see [3],

[16]):

Lemma A2. Let M be an essentially self-adjoint positive-definite operator. Sup-
pose that a symmetric operator S satisfies the conditions D(S) = D(M) and

symmetric operator

IS < ClIMF|l, Vf e D(M), (Ad)
(Sf, Mf)—(Mf, S < C'(MF, f), Vf e D(M). (A3)

Then S 1s essentially self-adjoint.
Proof. We shall use Lemma A2 with

M=H+BI, S=r, D(§)=DM)=2.

Since B > 1 and H > 0, the operator M is positive-definite. In view of (2.2) and
(A1),
0 B+ B

Therefore M is essentially self-adjoint on © (see [14]). Since B > 1, for any f € ©
one has

M = HI+X, X:<B_B 0 )20.

17 A1 = (72 £, £) < IMANBFI < 1M £]7,
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which guarantees (A4). Now,

LIf] = (v f, (7> + BD)f) = {(v* + BI)f, 7 f) = ([, BI|}, f).
It follows from the definition of 7 that
. 0 "B —1i0,8
[T’Bm—_’<alzs’+zazzs 0 )

so that
—|VBI|I < [r, BI] < |VB|L

Therefore, by (A2)

IL[f]] < (IVBILS, f) < C(BLf, f) < C(MF, f).

Consequently, (A5) is fulfilled. Now Lemma A2 yields essential self-adjointness of
the operator 7 on ®, which in its turn provides the equality Q% = @Qx. O
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