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ON THE LIEB-THIRRING ESTIMATESFOR THE PAULI OPERATORA.V. Sobolev1Abstract. We establish Lieb-Thirring type estimates for the sumsPk j�kj
 of thenegative eigenvalues�k of the two-dimensionalPauli operator with a non-homogeneousmagnetic �eld perturbed by a decreasing electric potential.1. IntroductionThe aim of the paper is to establish some spectral properties of the Pauli op-erator, that is of the operator describing the motion of a particle with spin in amagnetic �eld. It acts in L2(Rd)
 C 2 with d = 2 or d = 3 and has the formH(d)Pauli = H(d)a I�� �B; I= � 1 00 1� ;where H(d)a = (�ir� a)2 is the usual spinless Schr�odinger operator with the mag-netic vector-potential a = fa1; : : : ; adg, B = r � a is the �eld and � stands forthe vector �1; �2; �3 of 2 � 2 Pauli matrices (see [4]). Suppose that the �eld B ispointed along the x3�axis, i.e. a = (a1; a2; 0) with ak = ak(x1; x2) (which is alwaystrue for d = 2). In this case B = (0; 0; B); B = @1a2 � @2a1 and H(d)Pauli looksespecially simple: H(2)Pauli = �A+ 00 A� � ; A� = H(2)a �B; (1.1)H(3)Pauli = H(2)Pauli +��@23 00 �@23 � : (1.2)Though this operator does not seem to be non-negative, the entries A� can berewritten as A� = Q��Q� with the operatorsQ� = �1 � i�2; �k = �i@k � ak; k = 1; 2; (1.3)which allows one to de�ne H(2)Pauli as a non-negative self-adjoint operator (see Sect.2 below). A remarkable property of H(2)Pauli is that the point � = 0 belongs to itsMathematics Subject Classi�cation: 35J10, 35P151Author supported by EPSRC under grant B/94/AF/1793 Typeset by AMS-TEX1



2 A.V. SOBOLEVspectrum. This assertion was proved under fairly broad conditions on the magnetic�eld B (see [1], [6] and also [4],[8]). If the operator (1.1) or (1.2) is perturbedby a real-valued function (electric potential) V = �V , decaying at in�nity, then itcan have some discrete spectrum below � = 0. Denote by �k = �k(a; V ); k 2 N;the negative eigenvalues of H(d)Pauli + V I enumerated in the non-decreasing ordercounting multiplicity. We study the sumsM
(a; V ) =X j�kj
; 
 � 0:It is well-known that, without any magnetic �eld, M
 satis�es the following esti-mate2: M
(0; V ) � Cd;
 Z V�(x)
+ d2 dx; 
 + d=2 > 1; (1.4)which is usually referred to as the Lieb{Thirring inequality if 
 > 0 and theRosenblum{Lieb{Cwickel inequality if 
 = 0. The same estimate holds for the neg-ative spectrum of the spinless operator H(d)a + V with a 6= 0. The crucial technicalreason for that is the so-called diamagnetic inequality (see [2]). It means, looselyspeaking, that the magnetic �eld "pushes the spectrum upwards", which leads to(1.4) for H(d)a + V as well. This type of argument does not work for the Paulioperator and as a consequence, the standard Lieb-Thirring estimate (1.4) no longerholds. A suitable replacement for (1.4) for a homogeneous �eld B(x1; x2) = constand 
 = 1 was found in [10] (see also short communication [11]) and [12]:M1(a; V ) � C 0d Z V�(x)1+ d2 dx + C 00d jBjZ V�(x) d2 dx; d = 2; 3:A natural generalization of this result for non-homogeneous �elds and arbitrary 
would be as follows:M
(a; V ) � C 0
;d Z V�(x)
+ d2 dx +C 00
;d Z jB(x1; x2)jV�(x)
+ d2�1dx; 
 + d=2 > 2:(1.5)The validity of this conjecture was thoroughly investigated in [7] ( see also [8] formore details and further references) for d = 3. In particular, (1.5) was establishedfor the magnetic �elds satisfying the lower bound B � B0 > 0 under some addi-tional constraints on the behaviour at in�nity. Besides, the author constructed acounterexample showing that the bound (1.5) cannot hold for arbitrary B. In thisconnection it was conjectured in [7] on the grounds of physical considerations, thatin order to save (1.5), one has to replace the magnetic �eld in (1.5) with a suitable\smeared" modi�cation of B.In the present paper we give a simple proof of (1.5) in the case d = 2; 
 > 1under fairly general conditions on B. The results on d = 2; 
 = 1 and d = 3 will bepublished elsewhere. We �nd out that (1.5) holds with B replaced by an \e�ective"magnetic �eld b(x) (see Sect. 2 for precise de�nition). The �eld b coincides with the2Here and in what follows we denote by C and c (with or without indices) various positiveconstants whose precise value is of no importance.



LIEB-THIRRING ESTIMATES 3initial �eld B, if the latter obeys some regularity condition, which, in particular,does not allow B to decay at in�nity too rapidly. This is quite consistent withrestrictions on B under which (1.5) was obtained in [7]. On the contrary, if thedecay of B is too fast, the e�ective �eld b will be considerably di�erent from B.The distinction is especially spectacular for a compactly supported B. This pointis discussed in detail in Sect. 2. One should stress that the method of the proofis essentially di�erent from that used in [7]. Instead of the technically involvedpath integration approach adopted in [7], we apply only elementary methods ofthe spectral theory for Schr�odinger operators: the Birman-Schwinger principle, thediamagnetic inequality and Cwickel type estimates.We point out that until recently there have been only a few mathematicallyrigorous results on the Pauli operator in a non-homogeneous magnetic �eld. In thephysical literature most of its properties were assumed without proof. For instance,it was unclear under which conditions on the potential V the operator H(2)Pauli+V Ican be de�ned as a self-adjoint operator. A partial answer to this question was givenin [8]. In the present paper we obtain a more general criterion, which guaranteesself-adjointness of the perturbed operator (see Theorem 2.3).Another important property which required justi�cation is the coincidence of thenon-zero spectra of the entries A� in (1.1) (see [4]):�(A+) n f0g = �(A�) n f0g:This fact follows from the formal relations A+ = Q�+Q+ and A� = Q+Q�+, which,strictly speaking, are ful�lled only if Q�� = Q�. The latter equality is not true ingeneral. In the appendix we �nd out that under some conditions on the magneticpotential a and the �eld B this equality does take place.Notation. For any measurable real-valued function f we denote by f+ and f� itspositive and negative parts respectively: f� = (jf j � f)=2. This convention doesnot apply to operators (cf. (1.1)). The notation kfkLq stands for the norm of f inthe space Lq(R2); q � 1. If q = 2 we simply write kfk.For a self-adjoint operator T , R(z; T ) = (H � z)�1 denotes its resolvent. If T issemi-bounded, then T [�; �] denotes the closed form associated to T , with the domainD[T ]. Notation h�; �i stands for the inner product in L2(R2).2. Result, discussion1. Basic de�nitions and notation. For the operator (1.1) is diagonal, we canstudy its entries A+; A� individually. To state results simultaneously for "+" and"-" we use, as a rule, the double subscript: "�". In this case each statement mustbe undestood separately for the upper subscript and the lower one.Let a = (a1; a2) 2 L2loc(R2) be a magnetic vector-potential with real-valuedcomponents. The operators Q�;�k de�ned in (1.3) are closable on C10 (R2), since�k are symmetric and Q� � Q��. We use the same letters Q+; Q�;�k for theirclosures. De�ne A� = Q��Q�. This operator can be also interpreted as thatassociated with the closed quadratic form A�[u; u] = kQ�uk2 with the domainD[A�] = D(Q�). In the same way we de�ne the usual Schr�odinger operator Hawith the magnetic �eld a: as an operator associated with the form Ha[u; v] =



4 A.V. SOBOLEVh�ku;�kvi (summation over repeating indices is assumed). We omit the superscript"(2)" from notation (cf. (1.1)) without any risk of confusion, for we study only thecase d = 2. It follows from the inequalityA�[u; u] = Ha[u; u]�i�h�2u;�1ui�h�1u;�2ui� � 2Ha[u; u]; 8u 2 C10 (R2); (2.1)that D[Ha] � D[A�]. As a rule below we imposeAssumption 2.1. The magnetic potential a 2 L2loc(R2) is such that the magnetic�eld B(x) = �i[�1;�2] = rota(x) = @1a2(x) � @2a1(x);de�ned in the sense of distributions, belongs to L1loc(R2).It is easy to check that for any u; v 2 C10 (R2)A�[u; v] = Ha[u; v]� hBu; vi; (2.2)which implies that A+ �A� = �2B(x); (2.3)in the sense of sesqui-linear forms on C10 (R2). Observe that if B� 2 L1(R2), then(2.2) entails the estimateA�[u; u] � Ha[u; u]� kB�kL1kuk2;which, along with (2.1), implies that D[A�] = D[Ha]. Without the condition B� 2L1(R2), we can only claim that the form domains of the operators A+; A�;Hacoincide locally. Precisely, the following lemma holds:Lemma 2.2. Let the magnetic potential a obey Assumption 2.1. If a function ubelongs to one of the domains D[A+];D[A�] or D[Ha], then the function �u; � 2C10 (R2), belongs to all of them.This lemma follows from the obvious commutator relation for the operators (1.3):[Q�; �] = [�i@1 � @2; �] = (�i@1 � @2)� = ��; 8� 2 C10 (R2); (2.4)and Assumption 2.1.>From now on we impose the following conditions on the magnetic �eld. Let` 2 C(R2) be a positive function such thatj`(x) � `(y)j � %jx� yj; 0 � % < 1; 8x; y 2 R2: (2.5)Sometimes we call this function slowly varying. DenoteD(x) = fy 2 R2 : jx� yj < `(x)g: (2.6)We assume that there exists a positive function b 2 L1loc(R2) such thatjB�(x)j � b(x); a.a. x 2 R2; (2.7)C1b(x) � b(y) � C2b(x); a.a. y 2 D(x); a.a. x 2 R2; (2.8)b(x)`(x)2 � c; a.a. x 2 R2: (2.9)The next theorem speci�es conditions on V under which the operator P� = A�+Vcan be de�ned as a form sum on D[A�].



LIEB-THIRRING ESTIMATES 5Theorem 2.3. Let B obey the conditions (2.7) { (2.9) with some functions `(x)and b(x). Let V satisfy for some p > 1 the estimatev-supx ZD(x) jV (y)jp�b(y) + 1�dy <1:Then the form P�[�; �] = A�[�; �] + V [�; �] is closed on D[P�] = D[A�].We point out that if B� 2 L1(R2), then Theorem 2.3 with b(x) = v-supB�(x),`(x) = 1 guarantees that D[P�] = D[A�] under the conditionv-supx Zjx�yj�1 jV (y)jpdy <1:Note that this condition is known to be su�cient for the equalityD[Ha+V ] = D[Ha](see [4]). This fact agrees with the observation made above, that D[A�] = D[Ha],if B� 2 L1(R2).By de�nition the operator A� is non-negative. Below we shall impose on thepotential V the constraints, which will guarantee that the negative spectrum ofthe operator P� associated with the form P�[�; �] is discrete. Let �(�)k ; k 2 N;be negative eigenvalues of P�, enumerated in the non-decreasing order countingmultiplicity. We study the following quantities:M(�)
 =Xk j�(�)k j
 ; N (�)
 = supk j�(�)k j
k; 
 � 0: (2.10)Note that N (�)
 � M(�)
 . When necessary we re
ect the dependence of variousobjects on the �elds a; V : for example, �(�)k = �(�)k (a; V ); M(�)
 = M(�)
 (a; V ).Next Theorem establishes the main result of the paper.Theorem 2.4. Let the conditions (2.7) { (2.9) be ful�lled. Suppose that V obeysthe conditions of Theorem 2.3 and V� 2 L
+1(R2); V 
�b 2 L1(R2) for some 
 � 1.Then the negative spectrum of P� is discrete andM(�)
 � C1;
 Z V�(x)
+1dx + C2;
 Z V�(x)
b(x)dx; 
 > 1; (2.11)N (�)1 � C1;1 Z V�(x)2dx+ C2;1 Z V�(x)b(x)dx; 
 = 1; (2.12)The constants C1;
; C2;
 can be calculated explicitly, but apparently their valuesare far from being optimal and for this reason we do not give them.2. Discussion of Theorem 2.4. Let us replace the vector-potential a with �awhere � > 0 is a parameter measuring intensity of the magnetic �eld. It is clearthat the conditions (2.7){(2.9) for B and b imply (2.7){(2.9) for the �elds �B and�b, if � � 1. Hence by Theorem 2.4 the sumM(�)
 (�a; V ) obeys the boundM(�)
 (�a; V ) � C1;
 Z V�(x)
+1dx + C2;
�Z V�(x)
b(x)dx; 
 > 1; � � 1:(2.13)



6 A.V. SOBOLEVOn the contrary, if � ! 0, then the condition (2.9) for �b may be violated andTheorem 2.4 will be no longer applicable.Theorem 2.4 allows one to estimate M(�)
 for the Pauli operator containing thePlanck constant ~: ~P�(~) = (�i~r� a)2 � ~B + V; ~ 2 (0; 1]:To that end observe that ~P�(~) = ~2P�( ~�1a;~�2V );which means that the sum of negative eigenvalues �k( ~P�) raised to the power 
equals ~2
M(�)
 ( ~�1a;~�2V ):Using for the r.h.s. the estimate (2.13) with � = ~�1 � 1, one obtains thatXk j�k( ~P�)j
 � C1;
~�2 Z V�(x)
+1dx + C2;
~�1 Z V�(x)
b(x)dx; 
 > 1:Let us consider two examples of Theorem 2.4.Example 1. Suppose that B(x) > 0; B 2 C1(R2) andjrB(x)j � CB(x) 32 ; 8x 2 R2: (2.14)For B� = 0, it is clear thatM(�)
 � C1 Z V�(x)
+1dx; 
 > 1:We claim thatM(+)
 satis�es (2.11) with b = B. Indeed, de�ne `(x) = &B(x)�1=2; b(x) =B(x) with some & > 0. Clearly, (2.7) and (2.9) are ful�lled. Let us verify the con-ditions (2.5) and (2.8). Due to (2.14)jr`(x)j � &2B(x)� 32 jrB(x)j � C &2 ;and consequently, for su�ciently small & the function `(x) obeys (2.5) with % =C&=2 < 1. Furthermore, (2.5) provides the bound(1 + %)�2B(x) � B(y) � (1 � %)�2B(x); 8y 2 D(x);which ensures (2.8). Applying Theorem 2.4, we obtain (2.11) with b = B.Note that the condition (2.14) admits a quick growth of B at in�nity. Forinstance, any positive function B 2 C1(R2) which equals exp(jxjm);m > 0; forjxj � R > 0, obeys (2.14). On the contrary, (2.14) does not allow B(x) to decreaseas jxj ! 1 too rapidly. In fact, if B(x) = jxj�� for jxj � r > 0; then the condition(2.14) is not ful�lled if � > 2.



LIEB-THIRRING ESTIMATES 7Example 2. Compactly supported magnetic �eld. Suppose that B(x) = B; jxj �R and B(x) = 0; jxj > R for some B > 0; R > 0. As in example 1, we look only atM(+)
 . It is easy to see that the functions`(x) = %p1 + jxj2; 0 < % < 1; b(x) = 8<: B ; jxj � R;2B1 + jxj2R�2 ; jxj > R; (2.15)satisfy the conditions (2.5), (2.7) { (2.9), which leads to (2.11) and (2.12). Note thatthe e�ective �eld b is not only non-compactly supported, but even non-integrable!Let us explain why one cannot �nd another function b satisfying all the conditionsof Theorem 2.4 and decreasing quicker than the function in (2.15). The thing is thatthe choice of b(x) should be made simultaneously with that of the slowly varyingfunction `(x). In view of (2.9), in order to minimize b(x), one should maximize`(x). Clearly, `(x) s %jxj is the fastest growing (as jxj ! 1) function which obeys(2.5). Now the condition (2.9) ensures that b(x) � Cjxj�2.Explicit calculations for this example were carried out in [8]. They show that thecompactly supported magnetic �eld creates a non-integrable "tail" behaviour of arelevant quantity (ground state density), whith decay at in�nity asBjxj�2(log jxj)�1.The function b(x) in (2.15) provides quite a precise estimate for such a tail.3. Auxiliary information. Here we provide well-known facts to be used in thesequel.(a)Compact operators (see [3]). Let T be a compact operator. We use thenotation sn(T ); n 2 N, for its singular values (s�values) and denote by n(s; T ) =#fsn > sg; s > 0 their distribution function. Recall that sn(T ) are de�ned aseigenvalues of the selfadjoint operator (T �T )1=2, so thatn(s2; T �T ) = n(s; T ): (2.16)Moreover, the Weyl inequality holds:n(s1 + s2; T1 + T2) � n(s1; T1) + n(s2; T2): (2.17)We denote by Sp; p � 1; the Neumann-Schatten classes of compact operators withthe norm T p = �Xn sn(T )p� 1p :It is easy to see that n(s; T ) � s�p T pp; 8s > 0: (2.18)(b) Birman-Schwinger principle. Let N�(�) = #f�(�)k < ��g; � > 0 be thenumber of negative eigenvalues of the operator P�. The quantities (2.10) can berepresented as follows:M(�)
 = �Z 10 �
 dN�(�) = 
 Z 10 �
�1N�(�)d�;N (�)
 = sup�>0N�(�)�
 ; 9>>=>>; (2.19)



8 A.V. SOBOLEVwhich reduces the problem to the study of the function N�(�). To estimate it weuse the following classical argument. For a function Y de�ned on D(A�) denoteK�(�;Y ) = Y (A� + �)�1Y �: (2.20)Then N�(�) � n�1;K�(�;Y )�; Y = (V � �+ �) 12�; 8� 2 (0; �]; (2.21)for any � > 0. This result is a version of the Birman-Schwinger principle.(c) Diamagnetic inequality. Let Ha be the Sch�odinger operator with a magnetic�eld. Then for any � > 0;{ � 0 one has the following point-wise estimate:jR(��;Ha){uj(x) � R(��;H0){ju(x)j; 8u 2 L2(R2); a.a. x 2 R2:This inequality yields (see [2] and references therein)Proposition 2.5. Let X be multiplication by a measurable function and { > 0.Then for any � > 0 kXR(��;Ha){k � kXR(��;H0){kand for any positive integer nXR(��;Ha){ 2n � XR(��;H0){ 2n: (2.22)The �rst part of this proposition with { = 1=2 impliesCorollary 2.6. Let X be as in Proposition 2.5. Then the inequalitykXuk2 � �H0[u; u] +Mkuk2; 8u 2 C10 (R2);with some positive � and M , implies thatkXuk2 � �Ha[u; u] +Mkuk2; 8u 2 C10 (R2):An estimate for the r.h.s. of (2.22) can be proved with the help of a simpleCwickel estimate for the operators of the form a(x)b(�i@) (see, e.g. [15]). Thelatter provides for any X 2 Lp(R2); p � 2; and � > 0 the boundXR(��;H0){ p � C��{+1p kXkLp ; 8{ > p�1: (2.23)(d) Multiplicative inequality. In the proof of Theorem 2.3 we shall use thefollowing inequality (see [13] and also [5]):Lemma 2.7. Let u 2 C10 (R2). Then for any q 2 [2;1) one haskukLq � Cqkuk�k@uk1��; � = 2q�1:The constant Cq does not depend on u.This Lemma is nothing but a convenient version of the embedding theorem inR2 with the \critical" exponent (see [5] for details).



LIEB-THIRRING ESTIMATES 93. Proof of Theorem 2.31. Partition of unity. The �rst step in the proof is to construct a partition ofunity associated with the function `(x) introduced in the beginning of Sect. 2.:Lemma 3.1. Let `(x) be a continuous function satisfying (2.4). Then there existsa set xk 2 R2; k 2 N such that the open disks Dk = D(xk ) (see (2.6) for de�ni-tion) form a covering of R2 with "the �nite intersection property" (i.e. each diskintersects no more than N = N(%) <1 other disks). Moreover, there exists a setof non-negative functions �k 2 C10 (Dk); k 2 N, such thatXk �k(x)2 = 1; (3.1)and j@m�k(x)j � Cm`(x)�jmj; 8m; (3.2)uniformly in k.Note that more common de�nition of the partition of unity requiresPk �k = 1instead of (3.1). Nevertheless, for us the square will be convenient. Proof of thisLemma is analogous to that of Theorem 2.1.8 from [9] and we do not reproduce ithere.We single out an important consequence of the �nite intersection property fordisks Dk. Denote Mj = fk 2 N : Dj \ Dk 6= ;g: (3.3)and de�ne by induction the setsM(r+1)j = fn 2 N : Dn \ Dk 6= ;; 8k 2M(r)j g; M(0)j =Mj ; r = 0; 1; : : : : (3.4)Then cardM(r)j � �N(%) + 1�N(%)r ; r = 0; 1; : : : (3.5)with the number N(%) de�ned in Lemma 3.1.2. Proof of Theorem 2.3. It su�ces to verify that for any " < 1 there exists aconstant C = C(V;B; ") such thatkjV j1=2uk2 � "A�[u; u] +Ckuk2; 8u 2 C10 (R2): (3.6)Step 1. We claim that for any W 2 Lp(R2); p > 1; and u 2 C10 (R2) one has thebound kjW j1=2uk2 � CkWkLpH!(u); 8! > 0; (3.7)where H!(u) = !Ha[u; u] + ! ��1� kuk2; � = 1� p�1:Indeed, by H�older inequality and Lemma 2.7, for q = 2p(p�1)�1 > 2 and � = 2q�1we have kjW j 12 uk2 � kWkLpkuk2Lq � CkWkLpkuk2�k@uk2(1��):



10 A.V. SOBOLEVBy the Young inequality, the r.h.s. does not exceedCkWkLp�!k@uk2 + ! ��1� kuk2�; 8! > 0:In view of Corollary 2.6 this leads to the estimate (3.7).Step 2. Let Dj be the disks forming the covering of R2 described above and let�j be the set of functions constructed in Lemma 3.1. Set bj = b(xj ); `j = `(xj ).Denote by �j the characteristic function of Dj . By (3.1) the l.h.s. of (3.6) equalsXj h�j jV juj; uji; uj = �ju:Applying (3.7) with W = �jV and u = uj , we see thatkjV j1=2ujk2 � Ck�jV kLpH!(uj); 8! > 0:Adding and subtracting the term �!hBuj ; uji, one obtainsH!(uj) = !A�[uj; uj ] + ! ��1� kujk2 � !hBuj ; uji:Estimate the �rst summand. Due to (2.4) and (3.2), one hasA�[uj; uj ] � 2k�jQ�uk2 + 2k[Q�; �j]uk2 � 2k�jQ�uk2 + C`�2j k�juk2:Moreover, �hBuj ; uji � hB�uj; uji. Therefore, in view of (2.9) and (2.7),H!(uj) � 2!k�jQ�uk2 + C�! ��1� kujk2 + !bjk�juk2�: (3.8)The last term is bounded byC! ��1� �1 + ! 1� bj�k�juk2:Let us pick ! = �(1 + bj)�� ; � � 1;and plug it in (3.8), taking into account that 1� � = 1=p:kjV j 12ujk2 � Ck�jV kLp�2�(1 + bj)��k�jQ�uk2 + � ��1� (1 + bj )1��k�juk2�� Ck�jV kLp(1 + bj) 1p �2�k�jQ�uk2 + � ��1� k�juk2�:With the notation L = v-supx2R2 �ZD(x) jV (y)jp�1 + b(y)�dy� 1pthis estimate transforms into the boundkjV j 12 ujk2 � C�Lk�jQ�uk2 + C(�)Lk�juk2:Let us sum up the contributions from di�erent disks Dj :kjV j 12 uk2 � C�LA�[u; u] + CLXj k�juk2:Since the number of mutual intersections of Dj is bounded, the last term does notexceed C 0Lkuk2. Letting � = (CL)�1", we arrive at (3.6). �



LIEB-THIRRING ESTIMATES 114. Proof of Theorem 2.41. Properties of the operator A�. In the sequel we shall retrieve spectralproperties of the operators A� by comparing it with the operator H = Ha +W (x);W 2 L1loc(R2);W � 0. In view of (2.2)H = A� �B +W:Our basic tool will be the resolvent identity relating R(z;H) and R(z;A�). Let� 2 C10 (R2). Then�R(z;A�) = R(z;H)� +R(z;H)X�(�;W �B)R(z;A�);X�(�; f) = Q��� + ��Q� + f�: ) (4.1)To derive (4.1) we use Lemma 2.2.In the proof of Theorem 2.4 we use (4.1) with the functions �j and di�erentoperators H�;j = Ha +B� + bj ; bj = b(xj ). Since H�;j �A� = B� + bj , one has�2jR(z;A�) = �jR(z;H�;j )�j + �jR(z;H�;j )X�;jR(z;A�);X�;j = X�(�j ; B� + bj): ) (4.2)Note that H�;j � Ha + bj , which implies thatR(��;H�;j ){ � R��(�+ bj);Ha�{; 8� > 0; { 2 [0; 1]: (4.3)In order to control the second term in (4.2) we need the following elementaryproperties of the resolvent R(z;A�):Lemma 4.1. Let a 2 L2loc(R2) and k = 0; 1. ThenkQk�R(�;A�) 12 k � � k�12 ; 8� > 0: (4.4)Suppose that Assumption 2.1 is ful�lled. Let  2 C10 (R2) andkfk = v-supx2supp jf(x)j; f 2 L1loc(R2):Then kQ� R(�;A�) 12 k2 � 2���1�k k2L1kB�k + k �k2L1�+ k k2L1�: (4.5)Proof. For k = 0 (4.4) is obvious. For k = 1 the bound (4.4) follows from theinequality kQ�uk2 � k(A� + �) 12uk2; 8u 2 C10 (R2): (4.6)Let us prove (4.5). For any u 2 C10 (R2) the relations (2.3) and (2.4) ensure thatkQ� uk2 = hA� u; ui = hA� u; ui � 2hB u; ui� kQ� uk2 + 2k k2L1kB�k kuk2� 2k Q�k2 + 2k[Q�;  ]uk2 + 2k k2L1kB�k kuk2� 2k k2L1kQ�uk2 + 2�k��k2L1 + k k2L1kB�k �kuk2:It remains to use (4.6). �If B obeys the conditions of Theorem 2.4, then Lemma 4.1 leads to



12 A.V. SOBOLEVLemma 4.2. Let the vector-potential a and the �eld B be as in Theorem 2.4. Thenfor any � > 0 and j 2 N one haskX�;jR(��;A�) 12 k � C�b 12j + �� 12 bj�; bj = b(xj ):where the constant does not depend on j or the functions B; b.Proof. By (2.7) and de�nition (4.1)kX�;jR(��;A�) 12 k � kQ�(�j)�R(��;A�) 12 k+ k(�j)�Q�R(��;A�) 12 k+ CbjkR(��;A�) 12 k:Denote `j = `(xj ). In view of Lemma 4.1 and (3.2) the r.h.s. does not exceedC ��� 12 �`�2j + b 12j `�1j �+ `�1j �+ C 0`�1j + Cbj�� 12� C`�1j + C 0�� 12 `�1j �`�1j + b 12j �+Cbj�� 12 � C�b 12j + �� 12 bj�:To obtain the last inequality we used (2.9). �2. Spectral estimates for the operator K�(�; Y ). Here we obtain an estimatefor the counting function n(s;K�) where K� = K�(�; Y ) is the operator de�nedin (2.20). For the sake of brevity below we sometimes omit "� " from the notationand write K;A;Q instead of K�; A�; Q�.For some functions Y; b and an open set 
 � R2 de�ne the integralsI1(Y ; 
) = Z
 jY (x)j4dx; I2(Y; b; 
) = Z
 jY (x)j2b(x)dx: (4.7)Our aim isTheorem 4.3. Let Assumption 2.1 be ful�lled and the �eld B obey the condi-tions (2.7){(2.9). Let Y be a function such that Y 2 D[A]. If I1(Y ;R2) <1; I2(Y; b;R2) <1, then the operator K(�; Y ) is compact for any � > 0 andn�s;K(�; Y )� � C(s)��1�I1(Y ;R2) + I2(Y; b;R2)�; 8s > 0: (4.8)To study properties of the operator K(�;Y ), we rewrite it as follows:K(�;Y ) = Y (A+ �)�1Y � = Y (A + �)�1(A + �)(A + �)�1Y �= Y (A + �)�1Q�Q(A+ �)�1Y � + Y (A + �)�1�(A + �)�1Y �:Let S denote either the operator Q or the multiplication operator p�. De�neT = T (�;Y; S) = Y (A + �)�1S�:



LIEB-THIRRING ESTIMATES 13It is clear thatK(�;Y ) = T (�;Y;Q)T (�;Y;Q)� + T (�;Y;p�)T (�;Y;p�)�;which ensures, in view of (2.17) and (2.16), thatn+�2s2;K(�;Y )� � n�s; T (�;Y;Q)� + n�s; T (�;Y;p�)�: (4.9)Thus it is su�cient obtain (4.8) for the operator T . Using the partition of unity �jconstructed in Lemma 3.1, one can represent T asT =Xj Fj ; Fj = Fj(�;Y; S) = �2jT (�;Y; S):According to (4.2), each Fj breaks up into three operators:Fj = F (1)j + F (2)j + F (3)j ; (4.10)F (1)j = �jY R(��;Hj )S��j ;F (2)j = ��jY R(��;Hj )[S�; �j ];F (3)j = �jY R(��;Hj )XjR(��;A)S�:In the next lemma the constants in all the bounds do not depend on j. They maydepend only on the constants in (2.8), (2.9),(3.2) and the parameter % from (2.5).As before, we use the notation bj = b(xj ); `j = `(xj).Lemma 4.4. Let the magnetic potential a and the �eld B be as in Theorem 2.4and Y 2 L4loc(R2). Let I1; I2 be de�ned in (4.7). ThenF (1)j 44 + F (2)j 44 � C��1I1(Y ;Dj); (4.11)F (3)j 22 � C��1I2(Y; b;Dj ): (4.12)Proof. Observe �rst of all that the inequalities (4.3), (2.22) and (2.23) lead to thebounds�jY R(��;Hj ){ 4 � �jY R��(�+ bj);H0�{ 4� C(�+ bj)�{+ 14 �I1(Y ;Dj)� 14 ; 8{ > 1=4; (4.13)�jY R(��;Hj ){ 2 � �jY R��(�+ bj);H0�{ 2� C(�+ bj)�{+ 12 �I2(Y; 1;Dj )� 12 ; 8{ > 1=2: (4.14)Consequently,F (1)j 4 � �jY R(��;Hj ) 12 4kR(��;Hj ) 12S�k � C��14 �I1(Y ;Dj)� 14 :



14 A.V. SOBOLEVIf S = p�, then F (2)j = 0. If S = Q, then in view of (2.4) and (3.2),k[S�; �j]k � C`�1j ;and hence (4.13) yields thatF (2)j 4 � C �jY R(��;Hj ) 4`�1j � C(�+ bj )� 34 `�1j �I1(Y ;Dj )� 14 :By (2.9) b�1=2j `�1j � C. This proves (4.11) for F (1)j and F (2)j .Proof of (4.12). By Lemma 4.2kXjR(��;A)S�k � kXjR(��;A) 12 kkR(��;A) 12S�k � C�b 12j + �� 12 bj�:Consequently, using (4.14) we getF (3)j 2 � C�b 12j + �� 12 bj� �jY R(��;Hj ) 2� C�b 12j + �� 12 bj�(� + bj)� 12 �I2(Y; 1;Dj )� 12 � C��12 b 12j �I2(Y; 1;Dj )� 12 ;which provides (4.12) by virtue of (2.8). �In accordance with (4.10) the operator T can be presented as the sumT = T (1) + T (2) + T (3); T (l) =Xj F (l)j ; l = 1; 2; 3:Next lemma puts together contributions from di�erent F 0js.Lemma 4.5. Under the conditions of Theorem 4.3 one has T (1); T (2) 2 S4; T (3) 2S2 and T (1) 44 + T (2) 44 � C��1I1(Y ;R2); (4.15)T (3) 22 � C��1I2(Y; b;R2): (4.16)Proof. We prove (4.15) �rst. Let Mj ;M(r)j be the sets de�ned in (3.3), (3.4). ForF (l)k �F (l)j �� = �F (l)j ��F (l)k = 0; k =2Mj ; l = 1; 2;one hasT (l) 44 = �T (l)��T (l)�T (l)��T (l) 1� Xj Xk2Mj Xm2Mk Xn2Mm F (l)j 4 F (l)k 4 F (l)m 4 F (l)n 4 � Xj � Xk2M(2)j F (l)k 4�4:



LIEB-THIRRING ESTIMATES 15For the number cardM(2)j is bounded uniformly in j (see (3.5)), one can estimate� Xk2M(2)j F (l)k 4�4 � C Xk2M(2)j F (l)k 44:Furthermore, by (3.5)T (l) 44 � CXj cardM(2)j F (l)j 44 � C 0Xj F (l)j 44:In combination with (4.11) this leads toT (l)1 44 � C��1Xj I1(Y ;Dj ):In view of (3.5) with r = 0 this implies (4.15).Exploiting the same argument, one proves thatT (3) 22 = �T (3)��T (3) 1 �Xj F (3)j 2 Xk2Mj F (3)k 2 � C��1Xj I2(Y; b;Dj ):This provides (4.16) due to (3.5). �Proof of Theorem 4.3. According to (2.17), (2.18) and (4.15),n(s; T (1) + T (2)) � Cs�4��1I1(Y ;R2);n(s; T (3)) � Cs�2��1I2(Y; b;R2):Now (4.8) follows from (4.9). �3. Proof of Theorem 2.4. According to the Birman-Schwinger principle (2.21)with � = �=2, N�(�) � n(1;K�); K� = K���=2; (V + �=2)1=2� �:Consequently, plugging the bound (4.8) into (2.19), one obtains thatM(�)
 � C Z 10 �
�2 Z �(V (x) + �)2� + (V (x) + �)�b(x)�dxd�= C Z V�(x)
+1dxZ 10 t
�2(1� t)2dt+ C Z V�(x)
b(x)dxZ 10 t
�2(1� t)dt:For 
 > 1 the r.h.s. is �nite and therefore (2.11) follows.To prove (2.12) we use (2.21) with � = 0, which provides the desired result dueto (4.8) and (2.19).



16 A.V. SOBOLEVAppendix. On the operators Q�Let Q� be the operators de�ned in (1.3). As was mentioned in Sect. 2, Q� areclosable on C10 (R2), since Q� � Q��. In this appendix we �nd conditions on themagnetic �eld, which guarantee Q�� = Q�.Suppose that there exists a function B 2 C1(R3) such thatjB(x)j � B(x); (A1)B(x) � 1; jrB(x)j � CB(x); 8x 2 R3: (A2)Note that unlike (2.7), the inequality (A1) is required for both positive and negativeparts of the magnetic �eld.Theorem A1. Let a 2 C1(R2) and the �eld B obeys the conditions (A1), (A2).Then Q�� = Q�.To prove Theorem A1 it su�ces to establish essential self-adjointness of thesymmetric operator � = � 0 Q�Q+ 0 � (A3)on D = C10 (R2)�C10 (R2). Observe that �� ��� = H, where H is the Pauli operator(1.1): H = �A+ 00 A�� :It is clear that on D one has H = � 2.Theorem A1 will result from the following abstract commutator lemma (see [3],[16]):Lemma A2. Let M be an essentially self-adjoint positive-de�nite operator. Sup-pose that a symmetric operator S satis�es the conditions D(S) = D(M) andkSfk � CkMfk; 8f 2 D(M); (A4)j(Sf;Mf) � (Mf;Sf)j � C 0(Mf; f); 8f 2 D(M): (A5)Then S is essentially self-adjoint.Proof. We shall use Lemma A2 withM = H + BI; S = �; D(S) = D(M) = D:Since B � 1 and H � 0, the operator M is positive-de�nite. In view of (2.2) and(A1), M = HaI+X; X = �B �B 00 B +B� � 0:Therefore M is essentially self-adjoint on D (see [14]). Since B � 1, for any f 2 Done has k�fk2 = h� 2f; fi � kMfkkBfk � kMfk2;
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