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1 Introduction

This paper is devoted to operator approach to quantization of the Chern-Simons
theory, sometimes called Combinatorial Quantization. From a more mathematical
perspective this is the same as quantization of the algebra of functions on the
moduli space of flat connections on a Riemann surface. In [2], [3] we suggested
the definition of the moduli algebra which solves this problem and investigated
some elementary properties of this object.

In order to make the paper more accessible to the reader, we collect in Part 1
some motivations which lead to the idea of Combinatorial Quantization (following
[21]) and some results and constructions from [2], [3]. This provides a background
for the further consideration. We formulate the main results in Section 4.

In Sections 5-8 we deal with the representation theory of the moduli algebra.
All unitary representations are classified for moduli algebras corresponding to
surfaces of any genus with arbitrary number of marked points. The results are in
agreement with other methods of quantization of the moduli space, like geometric
quantization [9] and Conformal Field Theory [43].

Section 9 includes results on the action of the mapping class group of the
surface on the quantized moduli space. As the mapping class group is acting on the
moduli space of flat connections before quantization, it is natural to expect that
this action survives in the quantum case. This is confirmed by the experience of
Conformal Field Theory and we will indeed establish this result in the framework
of Combinatorial Quantization. Unitary generators of the mapping class group
action are described as elements of the moduli algebra by explicit formulae. They
are proved to satisfy the relations for the (unique) central extension of the mapping
class group.

In this work we extensively use certain results and ideas of the recent papers
related to the program of Combinatorial Quantization [21], [11], [2], [3], [12], [7],
[40], [5).



Part 1
Background Review

2 Chern-Simons Theory and the Moduli Space of
Flat Connections

The Chern-Simons theory is constructed by the following data. We pick up some
semi-simple Lie algebra g, a coupling constant k& and a 3-manifold M. The Chern-
Simons action is a functional of a g-valued gauge field A on M and has the form

CS(A) = iTr/ (ANdA + gA?’). (2.1)
47 M 3

We do not describe truly exceptional properties of this action and of the corre-

sponding theory and refer the reader to the original papers and numerous reviews.

Let us only mention that for ¢ being a compact Lie algebra, k is required to be

integer in order to ensure the global gauge invariance.

When the manifold M has a structure of a direct product of a 2-dimensional
surface and a segment of a real line, the Chern-Simons theory admits a Hamil-
tonian interpretation. As in any topological theory, the Hamiltonian is equal to
zero. The action (2.1) induces a symplectic structure on the space of connections

[8]:
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k
b
This symplectic form is invariant with respect to gauge transformations
A9 = gAg~t +dgg™t. (2.3)

An easy check shows that the moment map for the gauge group action is propor-
tional to the curvature

F=dA+ A% (2.4)

The condition

F=0 (2.5)

emerges as a constraint from the Chern Simons action. From this analysis we see
that the phase space of the Chern Simons model is a quotient of the space of flat
connections (2.5) over the gauge group action (2.3). In this paper we often refer
to this space as moduli space which should always be understood as a moduli
space of flat connections on a Riemann surface.



2.1 Combinatorial description

Let us introduce a more efficient finite-dimensional description of the moduli space
which will be of use throughout the paper. At the same moment we introduce
moduli spaces on surfaces with marked points. Let G be a semi-simple connected
simply-connected Lie group corresponding to the Lie algebra ¢ and X, ,, be a
surface of genus g with m marked points. Assign a conjugacy class C, € GG to the
v’s marked point. Denote m = m, ,, the fundamental group of the surface X, ,,.
The group = may be generated by 2¢g + m invertible generators a;,6;,¢ =1,...,¢
and [,,v = 1,...,m subject to the relation

[bg,a; '], .[br,a; N ... Ly =id . (in ) (2.6)

Here [, y] stays for the group commutator J:ya:_ly_l.

Definition 1 The moduli space of flat connections méfni} on the Riemann surface
of genus g with m marked points is defined as

mé?nq} ={p€ Hom(m,G),p(l,) € C, }/G . (2.7)
Here the group G acts on the space of representations of m by conjugations

pl(x) =g pla)g . (2.8)

In order to make contact with the definition which involves flat connections
we represent generators of 7 as circles on X, ,,, intersecting at the base point on
the surface. Then a flat connection A induces a representation of the fundamental
group via

M, = p(l,) = Hol(Al,) ;
A = pla;) = Hol(Aa;) ; (2.9)
Bi = p(bz) = HOI(A, bz)

Here Hol(A,x) is a holonomy of the connection A along the cycle #. Connection
A being flat, p satisfies the defining relation

M =By, A7 [Bi, AT My .. My =id . (in G) (2.10)

The case of a surface with marked points requires some further comment. The
marked points are deleted from the surface and the condition of flatness does not
hold there. In general we permit the curvature to develop é-function singularities
at the marked points:

F=>"T,6(:z-2z,) . (2.11)

Here T,’s are elements of the algebra ¢. However, if one permits arbitrary 7, s,
the space of all connections fails to be symplectic. It regains this property if we



fix conjugacy classes of T, in g. This condition may be naturally derived from the
Chern-Simons action functional in the same fashion as one obtains the flatness
condition for a surface without marked points [17].

Assume that we have fixed some conjugacy classes for 7T,’s in the modified
flatness condition (2.11). Then via equations (2.9) one can define a subset of
representations of the fundamental group of a surface with marked points. It
is easy to check that the condition (2.11) implies that p({,) belong to certain
conjugacy classes in the group G as it is stated in the definition of the moduli
space. In fact, one can get the conjugacy class of p({, ) by applying the exponential
map exp : ¢ — G to the conjugacy class of T,,. In this way we obtain a family of
symplectic spaces labeled by two nonnegative integers (genus and the number of
marked points) and by conjugacy classes attached to the marked points.

Notations (2.9) prove to be quite useful when constructing functions on the
moduli space. Take any function f on the the direct product of 2¢g + m copies of
the group G which is invariant with respect to simultaneous conjugations of the
arguments

Fa7 19, a7 g ) = F91, - 2gem)) - (2.12)

Define a function f(p) on the space of representations via
f(p)If(Ml,...,Mm,Al,Bl,...,Ag,Bg). (213)

It 1s easy to see that this function descends to the quotient space. In fact, any
analytic function on the moduli space may be obtained in this way.

2.2 Poisson structure of the moduli space

As the quantization program which we are going to develop is close to deformation
quantization, we describe the Poisson bracket on the moduli space defined by
Atiyah-Bott symplectic structure. This Poisson bracket was described in [23].
However, we use another description of the same object which was especially
designed for the needs of deformation quantization [21].

Let us introduce some useful notations. We define left and right invariant
differential operators on a Lie group with values in the dual space to its Lie
algebra:

d

<Vif(g),X > = Ef(e_txg)h:o ;
<Verf(9),X > = %(getx)h:o . (2.14)

As we work with semi-simple algebras, one can introduce a nondegenerate
Killing form K € ¢ ® g. Let us consider one more element r € ¢ ® g. It is called
classical r-matrix if it satisfies the classical Yang-Baxter equation in U(g)®3:

[r12, 713] + [r12, 723] + [r13,723] = 0 . (2.15)



Here we denote ri2 = r ® 1, r13 and ro3 are constructed in a similar way. For
any solution r of the classical Yang-Baxter equation one can construct another
solution 7’ which is obtained by permutation of two copies of ¢. Let us prepare
their symmetric and antisymmetric combinations

=gt | r= g (2.16)

In general, neither 74 nor r; satisfy the classical Yang-Baxter equation.

In order to describe the Poisson bracket on the moduli space we use its descrip-
tion via representations of the fundamental group from the previous subsection.
As the space of representations is embedded into G297, it is convenient to order
the 2(2¢ + m) covariant differential operators in the following way

Vz,,_lzvg” , VQV:VLM” for v=1,...,m;
Vintai—3 = Vé’ v Vimgaio1 = Vf' for i=1,...,9; (2.17)
Vintai—o = Vﬁ’ v Vimgaio1 = VLB' for i=1,...,9.

One can rewrite the condition for a function f on G297 to be invariant in the
sense of (2.12) as
2(2g+m)

Y V=0 (2.18)
s=1

With these notations we present a description of the Poisson structure on the
moduli space.

Theorem 2 (Fock-Rosly [21]) Let r € 6 @ ¢ be a solution of the classical Yang-
Baxter equation. Assume that its symmetric part coincides with the Killing bilin-
ear vy = K. Introduce a Poisson bracket on G*91t™ by the following formula

1
{Fhy= 52 <rVif AVih >+ < Vif AVjh>. (2.19)
i i<y

This Poisson bracket restricts to the space of functions which are invariant with
respect to simultaneous conjugations. Being mapped to the moduli space by means
of equation (2.13), the bracket (2.19) coincides with the canonical Poisson bracket
defined by the Atiyah-Bott symplectic structure.

The Poisson bracket (2.19) may be easily evaluated for simplest functions
on G?9t™ . Examples of such functions are given by matrix elements of M, , A;
and B; evaluated in some irreducible representations. We denote a matrix which
represents some X € G in the representation 77 by XT. Applying a pair of
representations 77 and 77/ to the classical »-matrix we produce !/ = (rf@7r7)(r).



It is convenient to introduce tensor notations X! = X ® 1, X? = 1® X. Let us
give some examples of Poisson brackets for particular matrix elements:

1 2 1 2 1 2
FRAY [E R 107 2T
{M,,,Mu} = r"M,M,—M,m" M,

Wbty = o Arh ard- ar e o
S EACO LI VRS VAV A OO LA O
(A B!y = oM A BI— ALY BI— B ()Y AL+ AL BT

As one can see, a Poisson bracket of two matrix elements is quadratic in matrix
elements of the same representations. Classical r-matrices r/7 and (r')!? play the
role of structure constants in this Poisson bracket algebra. This point is the most
important observation of [21] as it makes it possible to proceed with quantization
of the algebra of functions on the moduli space.

Matrix elements of M, , A;, B; which we considered so far do not define func-
tions on the moduli space as they are not invariant with respect to conjuga-
tions. Let us remark that the Poisson bracket (2.19) is not conjugation invariant.
Nevertheless it may be consistently restricted to the set of conjugation invari-
ant functions which means that a Poisson bracket of two such functions is again
conjugation invariant. Conjugation invariant functions are produced as linear
combinations of elements

trd (01[11, o Dogy | JIMI M Al Bl O[T, ..,12g+m|J]*)

for arbitrary sets of labels {I,},J and two intertwiners C1,Cy : Vi @ ... ®
Viegtm sy 7.

As we have seen in the previous subsection, any invariant function on G297
defines a function on the moduli space. In fact, we restrict an invariant function
to the subset defined by the conditions (cp. formula 2.10 for notations)

M,eC, , M=1 . (2.21)

By the theorem of Fock and Rosly this restriction is consistent with the structure
of the bracket. This means that constraints (2.21) are preserved by Hamiltonian
flows produced by invariant functions. As it is stated in Theorem 2, the resulting
bracket on the moduli space coincides with the canonical one.

3 Quantization of the Moduli Space

As we mentioned above, the structure constants of Poisson algebra (2.19) are
defined by a couple of classical r-matrices r and r’. The key point in the quan-
tization procedure is the fact that we know a family of solutions of the quantum



Yang-Baxter equation

Ri9R13R03 = RozRi3Ras (3.22)
labeled by a parameter h so that

R o =T+ hr+0O(h?) . (3.23)

We assume that R!/ exist for any I and J and that they are represented by
matrices in the same spaces as /7. Our intention is to replace the Poisson algebra
with structure constants r, 7’ by an associative algebra with structure constants
R, R’. A natural framework for this construction is provided by the theory of
quasi-triangular Hopf algebras.

3.1 Quasi-triangular Hopf algebras

The objects we wish to investigate later are associated with a quantum symmetry
algebra G. More precisely, G is a ribbon Hopf-*-algebra, i.e. a *-algebra G with
co-unit € : G — C, co-product A : G — G ® G, antipode § : G — G, R-matrix
R € G ® G and the ribbon element v € G. We do not want to spell out all
the standard axioms these objects have to satisfy in order to give a ribbon Hopf
algebra (for a complete definition see e.g. [37]). Let us stress, however, that we
deal with structures for which the co-product A is consistent with the action

Eon)"=n"®f forall néeg

of the *-operation * on elements in the tensor product ¢ ® G. This case is of
particular interest, since it appears for the quantized universal enveloping algebras
U,(¢) when the complex parameter ¢ has values on the unit circle [33].

Given the standard expansion of R € G ® G, R = 5. rL © r2, one constructs
the elements

u=> S . (3.1)

Among the properties of u (cp. e.g. [37]) one finds that the product uS(u) is in
the center of G. The ribbon element v is a central square root of uS(u) which
obeys the following relations

v =uS(u) , Sw)y=v , ev)=1, (3.2)
v =07t AW = (RR) M vev) . (3.3)

The elements v and v can be combined to furnish a grouplike unitary element
g = u~'v € G. Examples of ribbon-Hopf-*-algebras are given by the enveloping
algebras of all simple Lie algebras [37].

In the following we make several additional assumptions about the ribbon Hopf
algebra G. To begin with, we will assume that G is semisimple. More restrictions
will be imposed in subsection 3.4 .



For every equivalence class [J] of irreducible *-representations of G we pick a
particular representative 77 with carrier space V/. The tensor product 7/ g 77/
of two representations 7/, 77 of the semisimple algebra G can be decomposed
into irreducibles 7. This decomposition determines the Clebsch-Gordon maps

CULINK]: VIV — VE,
CUILIIK)(w m 77)(&) = T (& C[1]

K] . (3.4)

The same representations 7% in general appears with some multiplicity NII(J. The
superscript a = 1,.. ., NII(J keeps track of these subrepresentations. It is common
to call the numbers N7/ fusion rules. Normalization of these Clebsch Gordon
maps 1s connected with an extra assumption. Notice that the ribbon element v is
central so that the evaluation with irreducible representations 7/ gives complex
numbers v; = 7{(v). We suppose that there exists a set of square roots x7, K% =y,
such that

RIKJ

CLITIK)(RY CPITIL)" = a6

(3.5)

KK

Here R' = S r2 @ rl and (R")!Y = (! @ 77)(R'). The adjoint of the Clebsch
Gordon map is meant with respect to the standard scalar product on V! @ V7
induced by the scalar products on V!, V7. Let us analyze this relation in more
detail. As a consequence of intertwining properties of the Clebsch Gordon maps
and the R-element, 75 (¢) commutes with the left hand side of the equation.
So by Schurs’ lemma, it is equal to the identity e® times some complex factor
wap(IJ|K). After appropriate normalization, wep(IJ|K) = 64 w(IJ|K) with a
complex phase w(IJ|K). Next we exploit the #-operation and relation (3.3) to
find wep(IJ|K)? = wvrvs/vg. This means that (3.5) can be ensured up to a
possible sign +. Here we assume that this sign is always +. This assumption was
crucial for the positivity in [2]. Tt is met by the quantized universal enveloping
algebras of all simple Lie algebras because they are obtained as deformations of
Hopf-algebras which clearly satisfy (3.5). As a consequence of the normalization
equation (3.5) and the equation A(e) = e®e we obtain the following completeness

ZH_K(R/)IJC(L[IJ

KIK
KaIJ

)

K= elwel . (3.6)

K]*C°[17

We wish to combine the phases k; into one element k in the center of G, i.e.
by definition, & will denote a central element

k€G with TJ(K?) =Ky . (3.7)

Such an element does exist and is unique. It has the property £* = x~'.

The antipode § of G furnishes a conjugation in the set of equivalence classes of
irreducible representations. We use [J] to denote the class conjugate to [J]. Some
important properties of the fusion rules NII(J can be formulated with the help of

this conjugation. Among them are the relations

NEE =1, NE = NJF=NIE (3.8)



The numbers vy are symmetric under conjugation, i.e. vg = vg.
The g-trace of an element X € End(V ) is defined by
trqK(X) = trK(XTK(g)) (3.9)

where g = u~'v is the grouplike element introduced above. Let us also mention

that the g-trace of the identity map e € End(V®) computes the “quantum
dimension” dg of the representation 7% [37], i.e.

di EtrqK(eK) ) (3.10)

The numbers dg satisfy the equalities dydy = 3 NII(JdK and dg = dg. In general,
the quantum dimensions dj differ from the dimensions é; of the representation
spaces V1.

3.2 The graph algebra £, ,,

Equipped with the technique and notations of the preceeding subsection we in-
troduce a quantized version of the Poisson algebra (2.19) on G?9t™. This is the
first step towards quantization of the moduli space.

Definition 3 (Graph algebra £, ) The graph-algebra £, is an associative
algebra gemerated by matriz elements of M. Al B! ¢ End(V!) ® Lym, v =
1,...,m,i = 1,...,9. The superscript I runs through the set of irreducible rep-
resentations of a quantum symmetry algebra G with R-element R. Elements in
Ly m are subject to the following relations

MIRY prl = S coUlT|KPMECH K] (3.11)

ARV Y = N IRy AR CULT|K] (3.12)

BIRY B! = Y CU[LIIK)BECLIIK] (3.13)

(RO ARY B = BIRYT AIRY (3.14)
(R°YY IR a7 = iR MIRY for v<p . (3.15)
(RYY MIRY & = H(RYHY MLIRY forall vj , (3.16)
(R°YHYY aIRY B = BI(R™HY MIRY  forall v,j , (3.17)
(R°YHY ARV & = AR ARY for i<j ,  (3.18)
(R°YY BIRY B! = BI(RHWY BIRY for i<j ,  (3.19)
(R°YHY ARV Bl = BI(RHY ARY for i<j ,  (3.20)

10



(RO BIRMY A = AR BIRY for i<j . (3.21)

Now we motivate and discuss some pieces of this long definition.
First of all, the most part of defining relations are quantized counterparts of
Poisson brackets (2.19). Let us pick as example equation

(RO ARV B =Bl (R AR (3.22)

In order to recover the Poisson algebra one has to use the standard Ansatz of
quantum mechanics (axiomatized by the deformation quantization theory).

Definition 4 Let X and Y be elements of an associative algebra defined over
formal power series in h. Assume that this algebra becomes abelian for h = 0 and

XY - YX=hZy+hZy+... . (3.23)
Then the Poisson bracket of X and Y s defined as
Xyp=2 . (3.24)

Applying this definition to equation (3.22) we expand quantum R-matrices
into the power series in h. As a coefficient at A" we discover the commutator of

;121 and é;j which fits to the Lh.s. of (3.23). To evaluate the first order in h we
use formula (3.23) and recover the Poisson bracket as presented in the r.h.s. of
the last equation in (2.20).

What seems to be missing in this picture is counterparts of mutual Poisson
brackets of matrix elements of the same holonomy. Let us temporarily reintroduce
these missing relations:

(R ARY A = A (®)Y ARTHY

(R™HT BIRY B/ = B/(RHY BIR ™YY (3.25)
(R—l)IJ M}I/RIJ ]\241{ _ A}I{(R/)IJ M}I/(R’—l)IJ

Together with other quadratic relations of the last definition, equations (3.25)
provide a quantization of the Poisson bracket (2.19). Let us mention that in fact
formula (2.19) encodes the same number of equations as (3.14-3.21) together with
(3.25). Quantum exchange relations look somewhat more complicated only for
notational reasons.

The key observation which one can make looking at the quadratic relations
(3.14-3.21), (3.25) is the presence of the Hopf algebra symmetry in the graph
algebra. More explicitly, let £ be an element of G and

A=) o (3.26)

11



The action of £ on the generators of £, ,,, is defined as follows:
M)y = Y rsE@nmiE)
&aly = Yorlsenat-E) (3.27)
&Bf) = Y r(SENBIE)

Omne can continue this action to the whole of £, ,,, using the property of generalized
derivations [39]

EXY) =D &(X)E) (3.28)

Here X and Y are arbitrary elements of £, ,,. Formulas (3.27) and (3.28) provide a
proper generalization for the quantized case of simultaneous conjugations (2.12).
Quadratic exchange relations which define the algebra £, ,, are invariant with
respect to the action of the quantum symmetry in the following sense. For each
of them

E(lh.s) =&(r.h.s) (3.29)

for any £ € G.

There 1s no surprise that we discover the quantum invariance in the quadratic
exchange relations. Indeed, they are defined by the same set of R-matrices as the
quasi-triangular Hopf symmetry algebra.

In fact, we can make the quantum description closer to the classical one if we
trade the action of G for the coaction of the dual Hopf algebra G*. The latter is
generated by the matrix elements of g/ € End(V!) @ G*. Among the others they
satisfy quadratic exchange relations

RIJgIgJ — ngIRIJ. (330)

These are famous defining relations for the algebra of functions on a quantum

group.
It is easy to check that the mapping g : Lym — G* ® Ly, defined as

Al — (gDHTralg (3.31)

preserves exchange relations. The formalism (3.31) is more transparent. In par-
ticular, it has been extensively used in [12] for description of lattice gauge models
with quantum gauge group. However, in view of the generalizations for the quasi-
Hopf algebras, we stick to the more formal definition of the quantum invariance

12



which involves the action of G rather than the coaction of G*. Let us stress that
these two approaches are completely equivalent.

Now we can explain the origin of the first three relations in the definition of
the graph algebra. Before quantization holonomies M, , A; and B; take values in
the group (G. This implies that matrix elements of the same holonomy in different
representations are not algebraically independent. More explicitly, a product of
two matrix elements of some holonomy matrix in two different representations
may be decomposed into a sum of certain matrix elements by means of Clebsch-
Gordon maps:

A=Y s
Here the Clebsch-Gordon maps with the subscript 0 refer to the undeformed Lie
group G.

Relations of the type (3.32) do not hold in the quantized algebra. They would
contradict e.g. the quadratic exchange relations (3.25). The first three relations
in the definition of the graph algebra provide a proper substitute for (3.32). They
are chosen to be consistent with the symmetry Hopf algebra action (3.27), (3.28)

on the graph algebra. Equations (3.25) follow from the multiplication laws (3.11-
3.13). That is why we do not include (3.25) into the basic definition.

KI*MECs[I]

K] . (3.32)

3.3 Integration and x-properties of graph algebras

This subsection is devoted to the *-operation and the integration measure on the
graph algebras. These two objects are useful technical tools in the analysis of
the representation theory. Also, the #-operation is important for the physical
interpretation as an algebra of observables of a quantum system is always a *-
algebra.

Let us recall that we assume consistency of the co-product for the Hopf sym-
metry algebra with the special kind of x-operation which reverses the order in
the tensor product (see subsection 3.1). As a consequence of this choice the alge-
bra Ly, ts not equipped with a natural #-operation. However, we can save the
situation using the following trick.

The algebra G acting on L, ,,, we can define a semi-direct product &, of
these two objects. It is generated by the elements & € G and by the elements of
Ly m. In order to describe the commutation relations of the symmetry generators
and the matrix elements of quantized holonomies it is convenient to introduce the
generating matrices ! (€) € End(V!) @ G for the symmetry algebra:

pH () = (rf @ id)A(€) . (3.33)

The cross relation between & and quantum holonomies in Sy, look like
pl(OM] = MIp() | (3.34)
p(©OA] = Al () W©B! =B/ . (3.35)
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The semi-direct product S, ,, is already a *-algebra. The *-operation on G
coincides with the genuine x-operation of the symmetry algebra. It is continued
to the quantum holonomies as [2]:

(M) = ox(RI(M)TH(RTY) |
(4)" = ou(RI(ADT(RTH) (3.36)
(B)) = ou(®RI(B)TI (R

Here we introduced (M1)=1, (AH~=1 (B{)~! € End(V!) @ 8, ,» being the unique
solutions of MI(MH)=t = el = (MH=*Mm] Al(ADH)~! = el = (4})~1Al and
BI(BH)=1 = el = (BI)='B!. The symbol o, stays for the automorphism of S, ,,
obtained by conjugation with the unitary element x € G,

ox(F) = k1 Fk

for any F'.
Another important object which may be introduced for S, ,, is an invariant
integration measure. We define a linear functional w : §; ,, — C as

m+2g
w( M{* .. Bymeeg ) H 61,0 - (3.37)

Formula (3.37) is defined on the set of monomials which span the algebra S, ..
So, w is continued to the whole algebra as a linear functional. The integral (3.37)
may be restricted to the algebra L, ,,. There it furnishes the quantum analog of
the multidimensional Haar measure on G™%2¢. In particular, one can formulate
the invariance of w as

w(E(X)) = €(§) w(X) (3.38)

forany { € G and X € Ly .
Usually an interplay between the #-operation and the integration is the positiv-
ity property of the Hermitian scalar product defined by the integration functional

(X,V) = w(X*Y)

However, this property never holds on S, ,,, as w always has a big kernel in G. On
the other hand, one can not formulate positivity on £, ,,, as this is not a x-algebra.
So, instead of the usual positivity we formulate the following substitute.

Theorem 5 (Positivity [2]) Assume that the quantum dimensions of all irre-
ducible representations of the Hopf symmetry algebra G are strictly positive

dr >0 for every I . (3.39)
Then the restriction of the integral w to Ly, ts positive in the following sense
wX*X) > 0foradlX eLym
and wX*X)=0=>X=0 . (3.40)
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One can find a proof of this theorem in [2].

Let us remark that the element X* does not belong to £,,,. So, we need
the bigger algebra S, ,,, in order to make sense of (3.40). In fact, this kind of
positivity on the level of graph algebras will be sufficient to provide positivity of
the integration measure on the quantized moduli algebras.

3.4 The moduli algebra

The construction of the moduli space starting from G?97™ involves two additional
steps. First, one has to restrict the consideration to the subspace of invariant
functions. Next, one imposes the conditions (2.21). We should find quantum
counterparts of both operations.

It is straightforward to generalize the first step.

Definition 6 (Algebras A, ) Ay m is defined as a subalgebra of elements A €
Lg m which are invariant with respect to the natural action of G, i.e. £(A) = Ae(§)
forall Ac Ay, and € €G.

Since elements € € G act trivially on A, ,,, the semi-direct product of G and
Ay m coincides with the usual Cartesian product ¢ x A, and hence the -
operation on 8y ,, furnishes a *-operation on .4, ,,. Then the modified positivity
which we defined on £, ,, ensures the usual positivity property of w on Ay . Let
us also remark that elements of A, ., are linear combinations of expressions of the
form:

i (014[11, o Doy JIME M Al Bl [ ..,Izg+m|J]*)

Here try is the g-trace, C{,C4 are intertwining operators for the Hopf algebra
action. For generic values of ¢ one can establish an isomorphism of the linear
spaces Ay, and AS,W The latter is the space of conjugation invariant analytic
functions on G297, Obviously, this isomorphism can not be lifted to the level of
algebraic structures as the space of functions is abelian whereas A, ,, is not.

To perform the second step of the reduction to the moduli space we single
out a particular graph algebra corresponding to one marked point on a Riemann
surface.

Definition 7 (Loop algebra £) The loop algebra £ is an associative algebra iso-
morphic to the graph algebra Lo,. It s generated by matriz elements of the
monodromies M1 € End(V1) @ L.

Closely related to £ is the abelian fusion (or Verlinde) algebra.

Definition 8 (Fusion (or Verlinde) algebra) Let G be semi-simple (quasi-) Hopf
x-algebra. Its fusion (or Verlinde) algebraV is an abelian x-algebra spanned by the
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set of generators ¢!. Here I runs through the set of all irreducible representations
of G. The multiplication law and the x-operation in V are defined as follows:

e = ZNII(JCK and () =¢ . (3.41)

One can employ the g-traces trqI to construct central elements ¢! € £ from the

monodromies MZ
o = kptrf (M) . (3.42)

In [3] we have demonstrated that the elements (3.42) generate the Verlinde alge-
bra.

It is important that under certain conditions (for details see Section 5) the
representations of the loop algebra £ and of the corresponding Verlinde algebra V
may be labeled by the same set of labels as the representations of the symmetry
algebra G. Here we describe the representations of the Verlinde algebra by explicit
formulas.

Let us introduce a (possibly infinite) matrix

s = (trqI @ trqj)(R'R) (3.43)

with rows and columns labeled by the representations of G. Equations

(3.44)

define the set of representations of the Verlinde algebra. We shall see that in a
quite general situation this set of representations is complete.
It is convenient to introduce a special notation for the relations

o7 = {! =0'()} (3.45)

which restricts the generators ¢! to a certain representation. Imposing these
central relations we may get ideals in both V and L.
Returning to arbitrary values of ¢ and m we introduce m 4 1 embeddings of

L into Ly, defined by
ey(M)y = M, for v=1,....m ;
eo(M) = [Bg, A;'1...[By, AT M, .. My (3.46)

If necessary, these embeddings may be lifted to the corresponding semi-direct
products with the symmetry algebra.
The embeddings (3.46) provide a set of elements in A, ,,

CII/:K?IthI(MVI), v=20,...,m . (3.47)

It was shown in [3] that all of them belong to the centre of A, .. In particular,
they commute with each other. Now we are ready to define the moduli algebra.
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Definition 9 (Moduli algebra) Let G be a quasi-triangular Hopf symmetry alge-
bra, Xy m be a closed oriented 2-dimensional surface of genus g with m marked
points and 11, ..., I, be a set of m irreducible representations of G assigned to the
marked points. The moduli algebra M;{ﬁ@}
of the invariant algebra Ay,

1s defined by these data as a quotient

ML) = Ay 0 {80(My), ®1(M,),v = 1,...,m}. (3.48)

Here 0 labels the trivial representation of G. The moduli algebra /\/léj’m wmherits
the *-operation and the positive integration functional w from Ay .

In fact, relations ®! are proper quantum counterparts of fixing the eigenvalues
of the corresponding quantum holonomy. In particular, the set of relations ®°
is equivalent to M1 = 51—161 for any I. The scalar factor x; gives a ‘quantum

correction’ to the classical flatness condition M{ = .

3.5 The finite-dimensional case

As we already mentioned, we are mostly concerned with the case of ¢ being a
root of unity. Then one can not view the moduli algebra as a deformation of the
algebra of functions on the moduli space. Instead, one can reverse the logic and
reinterpret the definition of the graph algebra. The latter is defined by choosing
a Riemann surface with marked points, a ribbon Hopf *-algebra and a set of
representations of this algebra, one representation for each marked point. The
main ingredient in these data is the ribbon Hopf algebra. Instead of looking what
happens to the the moduli algebra at roots of unity we look at the symmetry Hopf
algebra, define it at roots of unity and thus induce a new definition of the moduli
algebra. Here we follow this strategy. However, the relation between the moduli
algebras at generic ¢ and at roots of unity still needs to be clarified.

The first important observation is that at roots of unity quantum universal
enveloping algebras have a big centre [13]. A natural object is a quotient over
certain central relations which is already finite dimensional [31]. This is a moti-
vation to consider symmetry Hopf algebra with only finite number of irreducible
representations.

To ensure the positivity of w (see Subsection 3.3) we require the quantum
dimensions of all irreducible representations to be strictly positive

dy >0 forall I . (3.49)

In fact, this requirement may be satisfied only at roots of unity. Let us remark
that there are still indecomposable representations with vanishing quantum di-
mensions. We will deal with them later in this subsection.

As the number of representations is finite, one can introduce a normalization

constant
N=(O di) <. (3.50)
K
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It is useful to have a matrix ST/ which differs from s’/ by this scalar factor:
Sy = N(trl@tr])(R'R) . (3.51)

We assume that the matriz S s invertible. A number of standard properties of .S
can be derived from the invertibility (and properties of the ribbon Hopf-*-algebra).
We list them here without further discussion. Proofs can be found e.g. in [22].

Sty = Sir1 ; Sos =Ndy |
Z SrySkr =61k , Z SriSixk =Crx (3.52)
7 7
ZN}I(JSKL = SySip(Ndp)™
K

with Cry = NOU. For the relations in the second line, the existence of an inverse
of S is obviously necessary. Invertibility of S is also among the defining features
of a modular Hopf-algebra in [38]. The last equation in the set (3.52) is usually
referred to ‘diagonalization’ of fusion rules [42].

In the finite-dimensional situation on can consider certain linear combinations
Y% of the ¢!, B
XK = NdKSK[CI .

Here N = (30 d%)_l/2 and Sk are components of the S-matrix (3.51). The
projectors Y¥ are central, orthogonal projectors, i.e. (y¥)* = x¥ and y¥xL =
6k X" ('see [3]). They represent characteristic functions for the 1-dimensional
ideals in the Verlinde algebra corresponding to the representations considered in
the previous subsection.

One serious technical problem which arises when we consider quantum uni-
versal enveloping algebras at roots of unity is the fact that they loose semi-
simplicity. In particular, finite-dimensional Hopf algebras under discussion are
not semi-simple. This problem may be cured in two different ways. One way
i1s to work with non semi-simple algebras. Then the resulting moduli algebra is
expected to have a big ideal formed by functions which include matrix elements
of indecomposable representations. If one wants to introduce the moduli algebra
as a *-algebra this ideal should be factored out. We refer to this operation as
truncation.

Another way is to force the universal enveloping algebra to be semi-simple
[33]. Technically, one moves to the class of quasi-Hopf algebras and relaxes the
axiom

Aley=e®e . (3.53)

This defines a class of weak quasi-Hopf algebras. Then a non semi-simple Hopf
algebra may be replaced by a weak quasi-Hopf algebra in the following way. One
factors out all the elements which vanish in all irreducible representations. The
resulting object is by definition semi-simple. All its representations are completely
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reducible. In the case of quantized universal enveloping algebras these are so called
physical representations related to Conformal Field Theory. New semi-simple
symmetry algebras are also called truncated. They do not satisfy the axioms
of the Hopf category. In particular, the co-multiplication still may be defined
but it is not co-associative. We refer the reader to the original paper [33] for a
more detailed account. It is a conceivable conjecture that looking at the moduli
algebras corresponding to truncated quantum symmetries is equivalent to dealing
with truncated moduli algebras defined by a non semi-simple quantum symmetry.

Admitting weak quasi-Hopf algebras we have to prove that moduli algebras
may be defined by these data. This has been done in [2], [3]. The qualitative
difference is that the graph algebra now is only quasi-associative. Indeed, it is
designed as an algebra of the objects covariant with respect to the symmetry
action. As the co-multiplication of the symmetry algebra is quasi-co-associative,
the multiplication of tensors is forced to be quasi-associative. However, the moduli
algebra 1s always an associative algebra.

All our results are valid for truncated weak quasi-Hopf symmetry algebras.
This includes the most interesting cases of U, (¢) at roots of unity which correspond
to quantization of the Chern-Simons theory for integer values of k& and for the
compact Lie group GG. However, for pedagogical reasons we work throughout the
paper with the unrealistic case of a semi-simple Hopf algebra with finite number of
irreducible representations. A more sophisticated version of the same calculations
goes through for the case of weak quasi-Hopf algebras. In the end of the paper
we comment on the most important changes in the consideration.

4 Summary of Results

4.1 Representation theory of the moduli algebra

The moduli algebra M;{ﬁ@} corresponding to the truncated universal enveloping
algebra U, (g) is supposed to coincide with the algebra of observables of the Chern-
Simons theory. Naturally, its x-representations may be considered as candidates
for the role of the Hilbert space in this model.

Assuming that we construct the moduli algebra starting from a semi-simple
quasi-triangular (quasi)-Hopf algebra with only finite number of representations
we arrive at the following result.

Theorem 10 (Representations of the moduli algebra) For any set of represen-

tations I, ..., L, assigned to the marked points there exists a unique irreducible
*.representation of the moduli algebra M;{ﬁ@} which acts in the space
Wiy, ... In) = Inw(Vhe.. VimeR) (4.54)
where = GBIVI@VT
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Here Inv stays for invariant subspace with respect to the natural action of the
symmetry algebra.

It is remarkable that the moduli algebra has a unique representation. Thus, it
is identified with the full matrix algebra with the natural *-operation and may be
regarded as an algebra of observables of some quantum mechanical system with a
finite-dimensional space of states. Apparently, this is the case of the Chern-Simons
theory in the Hamiltonian formulation.

The space R which enters the definition of W;(Il, ..., I;m) is an analog of the
regular representation of a finite or a compact Lie group.

We shall show explicit formulas for the action of M;{ﬁ@} in the representation
(4.54). Let us only remark that there is an important difference between the
moduli algebras of zero and nonzero genus. The first ones involve only R-matrices
in the expressions for the matrix elements of their representations. However, when
the genus of the surface is nontrivial, the knowledge of Clebsch-Gordon maps is
required.

4.2 The action of the mapping class group on the moduli
algebra

There is an important structure on the moduli space which we did not touch
before. The moduli space of flat connections on a surface X, ,,, carries the action
of the pure mapping class group PM(g, m) of the surface. The pure mapping
class group is a subgroup of the mapping class group M (g, m) which preserves
the order of marked points. PM (g, m) acts by automorphisms of the fundamental
group of the surface. This action lifts to Hom(w, () as

pl(x)=p(z") forall zem(X;n) . (4.55)

Here p is a representation of 7 in G, & is an element of the fundamental group
and 7 is an element of the mapping class group. As 7 defines an automorphism
of 7, this action descends to the moduli space.

In the course of quantization symmetries are usually very important as they
give us guidelines which features of the classical theory should be preserved by
quantization. The action of the mapping class group on the moduli space of flat
connections preserves the symplectic structure. So, we should expect that this
action lifts to the quantized algebra of functions on the moduli space. This is
indeed the case. We need some more notations to describe this action.

The pure mapping class group may be generated by so called Dehn twists.
A Dehn twist corresponds to a circle on a Riemann surface. The mapping class
group transformation includes cutting the surface along this fixed circle, relative
rotation of the boundaries of the cut by the angle of 27 and gluing the sides of the
cut back together. Thus one defines a smooth mapping of the surface into itself
which does not belong to the connected component of the identical mapping.
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As a first step we define a Verlinde subalgebra in the moduli algebra for each
circle on a Riemann surface. A circle on a surface (or, more exactly, its homotopy
type) defines a conjugacy class in the fundamental group. Let us take any element
z of this conjugacy class and represent it as a word in the generators of the
standard basis [, a;, b;. As an example let us pick up an element

r = llblal . (456)
Now we define a bunch of quantum holonomy matrices via
X! = w;?MiBl AT . (4.57)

Here I is as usual a representation of the symmetry algebra. In the standard way
we define the generators of the Verlinde algebra

cI(x) = K]thXI (4.58)

corresponding to the circle . One can easily repeat this procedure for an arbitrary
circle on the surface. The choice of the representative in the conjugacy class
appears to be irrelevant for the definition of ¢! due to the properties of the ¢-
trace. We refer to Section 9 for the general rule of counting extra s’ factors.

The last ingredient which we need is a particular element in the Verlinde
algebra defined as

h(w) =Y o'y (2) (4.59)
I

Here projectors y! are constructed of ¢! as in the previous section.

We collect the main results concerning the action of the mapping class group
in the following theorem.

Theorem 11 The moduli algebra M;{ﬁ@} corresponding to a surface of genus g
with m marked points carries a natural action of the pure mapping class group
PM(g,m) which preserves the order of the marked points. PM/(g,m) acts by
mner automorphisms of the moduli algebra. The unitary generator of a particular
Dehn twist defined by a circle x on the surface is given by iz(x) This gives rise to
a projective representation of the mapping class group which is unitary equivalent

to the one described in [37].

4.3 Comparison to other approaches

We can compare the Combinatorial quantization approach of this paper to two
other quantization schemes.

Let us recall that the Hilbert space of the Chern-Simons theory has been
identified with the space of conformal blocks in the WZW Conformal Field Theory
corresponding to the same group G and with the same value of the coupling
constant k [43]. The guess about the relation of the CS and WZW systems
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has been explained in the framework of Geometric Quantization [9]. Technically
speaking the space of conformal blocks may be characterized as a space of solutions
of certain linear differential equations. In the simplest case of the 2-dimensional
surface being a sphere with marked points, these equations were suggested in [30]
and usually called Knizhnik-Zamolodchikov (KZ) equations.

One can notice that the dimension of the representation space (4.54) coincides
with the Verlinde formula for the dimension of the space of conformal blocks.
The natural isomorphism between these two spaces emerges when one considers
certain asymptotics of the KZ-equations [15]. This is one of the aspects of the
relation between quantum groups and Kac-Moody algebras discovered in [27]. The
particular case of roots of unity has been worked out in [20]. We expect that the
general results of [27, 20] imply the identification of the geometric quantization
and quantum group pictures for the space of conformal blocks. However, the
current status of this construction is not clear to us.

Another approach which we follow quite closely is deformation quantization.
The r-matrix presentation of the Poisson brackets on the moduli space is espe-
cially designed to make deformation quantization easy. It is natural to conjecture
that for generic values of the deformation parameter ¢ the moduli algebra M;{ﬁ@}
provides a deformation quantization of the algebra of functions on the moduli
space.

As was recently discovered [19], the deformation quantization is uniquely de-
fined by choosing a symplectic connection on the phase space. It is an intriguing
question what kind of connection on the moduli space chooses the Combinatorial
quantization.

Part 11

Representation Theory of the
Moduli Algebra

Our basic strategy in this part on the representation theory of graph- and moduli
algebras is to study very simple building blocks of the graph algebra first and
then to put the pieces together for the full theory to emerge. The simple building
blocks are the loop algebra £ = Lo 1 (section 5) and the AB- (or handle-) algebra
T = L1,0 (section 7). A bunch of loop algebras £ may be combined into a multi-
loop algebra L., = Loy (section 6). From this one obtains the moduli algebras
associated with a punctured sphere. Section 8 concludes the representation theory
of moduli algebras with a complete description for arbitrary genus g. The relation
of this theory with representations of the mapping class group is explained in
Section 9.
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5 The Loop Algebra and its Representations

This section contains an extensive treatment of the loop algebra £ which will be
the most fundamental building block in all the subsequent discussion. The main
aim is to develop a complete representation theory for £. In passing we note some
results on Gauss decompositions in the third subsection.

5.1 The loop algebra £
The loop algebra £ already appeared in Section 3.2 and 3.4 as a special example

of graph algebras, namely Lo 1. It is generated by matrix elements of the mon-
odromies M1 = M] € End(VI) ® L. In this simple case of a graph algebra,
monodromies only have to obey functoriality,

MIRY a7 =Y colT K MK el

K] . (5.1)

Such relations were discussed at length in Section 3.2. For the covariance proper-
ties of monodromies M7’ and the action of the *-operation on So,1 D L, the reader
is referred to Sections 3.2, 3.3.

To motivate the results we are about to see in this section, let us pick up some
traces that were laid in the first part. It was already noticed in Section 3.2 that
functoriality on the loop (eq. (5.1)) determines the following exchange relations
for the monodromy

(R/)IJ MIRIJ A?J :]\24 JplJ MI(R/)IJ . (5.2)

Relations of this form were found to describe the quantum enveloping algebras of
simple Lie algebras [36], which are our main examples for the quantum symmetry
G. Thus — following the ideology of [18] — one expects that the deeper investigation
to be carried out below will reveal an isomorphism between £ and G (at least up
to some subtleties). This expectation gains further support from our discussion
in Sections 3.4 and 3.5 where we found that the following elements

XK = NdKSKjCI = NdKK?]SKfthI(MI)

form a set of orthogonal projectors in the center of the loop algebra. Since these
characteristic projectors x¥ are labeled by the same index as the irreducible rep-
resentations of G, a close correspondence between representations of G and £ is
quite plausible.

These remarks, however, have to be taken with a little grain of salt. For the
isomorphism of G and £ to hold, we have to restrict ourselves to the unrealistic
case of a finite-dimensional algebra G without truncation. If the tensor product of
representations of the symmetry algebra G is truncated, the linear dimension of
L 1s strictly smaller than the dimension of G, thus making an isomorphism of the
two spaces impossible. Still a close relation between their representation theories
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will persist so that the lesson we learn here in the non-truncated case is not in
vain. We will return to this discussion only in Section 10 when we explain the
adjustments which are required to treat truncated structures.

5.2 Representation theory of the loop algebra £

Now let us turn to our the main result in this section. We wish to consider the
representation theory of £. Since we suspect a close relation between G and L,
it should be possible to construct representations of £ in the same spaces V7!
in which we already have representations 7/ of the symmetry algebra G. The
following theorem gives a concrete formulation of this idea.

Theorem 12 (Representations of the loop algebra) The loop algebra £ has «
series of representations D! realized in the representation spaces V! of the under-
lying quasitriangular Hopf algebra G. In such a representation, the generators of
L can be expressed as

DI(MJ) — (KJ)_l(R/R)JI

D! extends to a *representation of the semi-direct product So1 = L x5 G by
means of the formula

D) =71 forall ¢€G

Compatibility with the x-operation on Sg1 means in particular that Di(M*) =
(DY(M))* for all M € L.

ProoF: To prove consistency with the multiplication rule (5.1) let us evaluate
the L.h.s. of (5.1) in the representation D

DH(M TR M) = ) (RisRisRis Ry Ras) "

K?[K?J) ( 3R23R12R13R23)IJL

KIK?J) 1(R12R23R13R13R23)IJL
)7

'(Ri2(A @ id)(R'R)™*

KIkJ

1
RIKJ

(
(
(
(

We used the Yang Baxter equation for R twice and inserted quasi-triangularity
in the last line. Now one proceeds with the help of equation (3.6).

= (kx)”' Y CLJIK]CULI|K](A @ id)(R R))*
— Z(HK)_lca[ z]*(R/R)KLCa[IJ ,]
— DL (Z Ca[ z]*MKCa[ r])
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To see that D! can be extended to 8p,1 we have to check consistency of DT with
the covariance properties (3.34) of monodromies. Acting with D on eq. (3.34)
we obtain

(77 @ T )(A©O)7 (RR)T = w7 (R R (" @ 7)(A©)

which holds due to the standard intertwining property of R. So let us finally show
that D' is a x-representation. Because (M7)~1 is represented by x;((R'R)™1)’!
one gets

DI((MJ)*) — K?JK?I_lRJI(R_l(R/)_l)JI(R_l)JIK?[
— K?J((R/)_lR_l)JI — (Iﬁ?;l(R/R)JI)*
(DH(M7))"

This concludes the proof of the proposition.

Having constructed a series of representations of £, it is instructive to look at
the central elements ¢/ (given by eq. (3.42)) and evaluate them in these repre-
sentations. Using the definition (3.51) of the matrix Sy we can express the value
of the central element ¢’ in the representation D' as follows

Syr
DI =
() = Ve,
Evaluation of the elements x® = Ndg S e’ shows that they are characteristic
projectors for our representations,
di

DI(x®) = d_ISKJSjI =0k1 - (5.3)

Actually the y® provide a complete set of minimal central projectors in £:

Lemma 1 The set of representations { D'} is faithful on L, i.e. for any nonzero
element X € L there is at least one label I such that DI(X) 1s nonzero. In absence
of truncation this implies that the representations D' are irreducible.

PRrOOF: Let &; denote the dimension of V. In order to prove the irreducibility
we have to investigate the space D! C End (V') obtained as the image of £ under
D'. The assertion of the lemma holds, if DT has the dimension 62, ie. if Dl is
the full matrix algebra on V!. It will be fundamental to notice that the space
End (V1) carries a representation ad! of the symmetry Hopf-algebra G,

ad (b = (W 1 (S(E))) forall b € End(VT)

With respect to this action, the space End(V!) decomposes into a direct sum
of subspaces one for every irreducible representation in the decomposition of the

tensor product ) )
(TI iy = @NII(ITK
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The corresponding irreducible subspaces ST(K,a) of End(V') are labeled by pairs
K,a such that C*[II|K] # 0. Now let us fit the space D! of representation
matrices of £ into this picture. Elements in D! are obtained from the components

of

DI(MJ):K?El(R/R)JI ’
where J runs through all possible labels. If the standard intertwining relation

A(§)R'R = R'RA(&) is written in the somewhat non-standard form
D (e@EIRR(e® 8(E)) =) (S(E) @R'RE @)

one concludes that D! C End(V?) is invariant under the action ad’ of the algebra
G. So the before mentioned decomposition of End(V!) induces a decomposition
of the subspace D! C End(VY).

Elements in the irreducible subspaces S (K, a)ND! of End(V?!) are constructed
from representations matrices of the loop algebra £ as

DI (ClIIoM? (R TCoIT|K]) . (5.4)
We wish to show that for every pair K, a such that C4[IT|K] # 0 at least one

element of the form (5.4) is nonzero. Equivalently, we have to find one set of
labels J, L, b so that the maps ELJ(K|L): VE — VI defined by

EN(K|L) = CP'[JJ|L) D (C[II|0)M? (R T Co[IT| K] ) (R C[T T |0]*

do not vanish. A simple calculation shows
TH(E) BL (KIL) = Egf (KIL)T(€)

It follows with the help of Schurs’ lemma that Egbj = 6K7Le£i(K). The complex
number e (K) determines whether the map EZ/(K|L) vanishes or not.

In conclusion we find that the space D! is equal to End(V'), if and only if for
every pair K,a such that C?[II|K] # 0 there is a pair J,b such that el (K) is
nonzero. In fact, if the stated condition is satisfied, it guarantees the existence of
at least one element in ST(K,a) N D!. Considering that G acts on both S'(K, a)
and D! we can conclude ST (K, a)ND! = SI(K, a) so that D! = End(V?) follows
from @K,a SHK,a) = End(V?1).

A long but straightforward calculation indeed shows that

> can (K)(eqy (K)"vsd7 #0 .

b,J

This means that sufficiently many numbers eéi([() are nonzero and establishes
the irreducibility of D?.

The whole set of representations D! of £ maps the loop algebra £ to the
algebra @; End(V?!). Since L is spanned by the matrix elements of monodromies
MY € End(V’) @ L it has the dimension Y_, 62. The latter coincides with the
dimension of the space €, End (V') of representation matrices so that the set
{D!} is faithful.
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5.3 Gauss decomposition and loop-symmetry isomorphism

The previous lemma has two prominent consequences which we would like to men-
tion in passing, even though they will not be used later. They can be regarded as
a refinement of the technique developed by Faddeev, Reshetikhin and Takhtajan
in [18]. First we can exploit Lemma 1 to introduce the quantum Gauss decompo-
sition for the matrix generators of the loop algebra. All representations D! of £
are irreducible so that there are elements M{ € End(V?) ® £ with the property

DI(MY) = (RYT, DI(M?) = (R
The elements M are clearly invertible, i.e. there exist elements (M{)~! such that
M{(M{)~t = ¢/ = (M{)"*M{. If we evaluate the product (/f])_lM_IJ_(Mf)_l
in the representation D', it is found to agree with the representation matrix of
MY,
D (5 ML(MD)7) = 7 (RRYT = DI (M)

From faithfulness of the representation theory (Lemma 1) we conclude that the
matrix generators satisfy ﬁ}lM_IJ_(Mf)_l = M7,
Corollary 13 (Gauss decomposition) In absence of truncation there exist ele-
ments M{ € End(V?) @ L such that

M7 = k7 M (M), (5.5)
where (M?2)™1 € End(V?) @ L is the inverse of M.

A second consequence of Lemma 1 was already motivated by our discussion in
the first subsection.

Corollary 14 (Loop-symmetry isomorphism) In absence of truncation the sym-
metry Hopf-algebra G is isomorphic (as a Hopf-*-algebra) to the algebra L gener-
ated by matriz elements of M! € End(V1) @ L subject to the relations

MRV a7 =3 oK ME oL

K]

and supplied with the following co-product, co-unit, antipode and *-operation

ALY = ML)
MYy = wptel |

SMy) =)™t Sy =)yt
(M1 = oe((MI)y~H (M)~ M)

Here M1 are the Gauss components of M1 and o, is conjugation with x regarded
as an element in L. On the right hand side of the first relation, the factors are
elements in End(VI)@ L@ L. ML (M1)~! are supposed to have trivial entry in
the last component while M! = Sme @ e ® M, with e being the unit in £ and
MI=Y"m, @M, € End(V)® L.
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Proor: To understand the formulas for the action of the co-product, co-unit etc.,
one has to evaluate them in the representations D’. On representation spaces
they turn into standard relations for the R-matrix, co-unit € etc. of the quantum
symmetry G. Faithfulness of the representation theory allows to transport the
results back to the level of algebras £,G.

6 The Moduli Algebra on a Sphere with Marked
Points

We will now extend our analysis to some kind of multi-loop algebra. In the termi-
nology of Part 1, the main actor of this section is the graph algebra Lo, which
is assigned to an m-punctured sphere. This leads us to our simplest examples of
moduli algebras. We will be able to give a complete description of their repre-
sentations theory. The section also contains a proof of the first pinching theorem
that was used in [3] to normalize the Chern-Simons measure w¢g.

6.1 The graph algebra £,

A full definition of the graph algebra £, = Lo, Wwas given in Section 3.2. It is
generated by matrix elements of a family of monodromies M/, v =1,...,m. In
addition to the usual functoriality, these monodromies are subject to the following
exchange relations,

(RO ar IRY pr? =ar J(RHY MIRY it v<p (6.1)

As one can see, the graph algebra £, contains a bunch of loop algebras. For fixed
subscript v, the matrix elements of M/ generate a subalgebra £(M,,) of L, which
1s 1somorphic to the loop algebra £. It was suggested in Section 3.4 to construct
the elements

P ﬁjtrqI(MVI) . (6.2)

v

For fixed index v, they certainly generate a fusion algebra and commute with every
element in £(M,). Moreover, using the equation ¢} (M]) = tr! [(R~YHYIT MIRL]
we infer from eq. (6.1) that

c,{Mj:MJc,{ for v<upu

and the same for g > v. This means that the ¢! provide a large family of central
elements in the graph algebra L£,,. Needless to say that we can pass to charac-
teristic projectors x& with the same transformation that was used in Section 3.5.
From these remarks we certainly expect representations of the graph algebra £,
to be labeled by tuples (11, ..., I;,). This will be confirmed in the next subsection.
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6.2 Representation theory of the graph algebra £,

Let us turn to the representation theory of £,,. Our strategy is to construct the
representations in tensor products

Sy In) =V e, .oV (6.3)

of the representations spaces of the underlying Hopf algebra G. To state the
formulas we introduce the notation DI for the representation D of the v'*
copy L(M,) C L, of the loop algebra on the v** factor in the tensor product
(6.3), i.e. for every X € L(M,),

D(X)=id;, ®...©@id;,_, © D(X)@id;,,, ©...©id,

Given a set of labels Iy,...,I,, it is convenient to use ¢,,v = 1,...m, as a
shorthand for the representations 1; = ¢ and

W@ =("rg ... gY@ oid, ©... @i, (v>2)

of the Hopf algebra G on the tensor product V1 @ .. .@ Vim, (TIl o TI”—l)
is the ordinary tensor product of representations 7/t through r/»-1 of G. The

representation 2 = 2,41 coincides with the natural action of G in the space
S(1Iy, ..., Im). With these notations we are prepared to define representations
of L.

Theorem 15 (Representations of the algebra £,,) The algebra L, has a series
of representations D'1oIm realized in the tensor product (6.3) of representation
spaces of the underlying quasi-triangular Hopf algebra G. In such a representation
the generators of Ly, can be expressed as

Dot (M) = (77 @ 0, ) (R D (M)(77 @ 0, )((R) ™)
These representations extend to the semi-direct product Sy, = L X5 G with the

help of
Diveodm(ey =€) forall €€G
The set of representations { D' Im ) is faithful on L,,. In absence of truncation

this implies that the representations D™ are irreducible.

A more explicit formula for the action of M/ involves the elements K, €
Ge(n+1) with K| =e®e and
K, =(Kn_1®e€)R}, for n>2
Using the definition of 2,, DI and quasi-triangularity one may derive that

v

DIl,...,Im(M;/]) — (K:J)_1([(VRll(V+1)R1(V+1)[(I/_1 ® e(m_V))JIl~~Im ’

where €™ is the unit element in Ggen.
We are certainly interested in the *-properties of the representations D7
They are described by the following proposition.

I
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Proposition 16 (Scalar product for $(1I1, ..., In)) Suppose that r,7" are two *-

representations of the Hopf algebra G on Hilbert spaces V,V'. With (.,.) denoting
the standard scalar product on V @ V', the formula

{(v1,va) = (vi, (T @ 7')(Rn)va)
with  n=A(k) (k™ @k

defines a (positive definite) scalar product for elements vi,va € V@ V'. The
tensor product (t1® 7') is a *-representation of G with respect to {.,.). Iteration
gives a scalar product {.,.) on I(V1,..., Vin). With respect to this scalar product,
the DTvodm gre x-representations.

Scalar products of this type have been proposed by Durhuus et al. [16]. They
are motivated by the fact that tensor products 7® 7' of *-representations are
incompatible with the ®-operation when we use the scalar product (.,.) on V@V’
to give sense to ((7® 7')(€))*. To avoid confusion we would like to stress that
the two different scalar products (.,.) and (.,.) furnish two different notions of
“adjoint” for linear maps X : V@ V' +— V @ V'. The adjoint with respect to (.,.)
is denoted by * and was used e.g. in C*[IJ|K]*. For the new adjoint provided by
{.,.) we will occasionally employ the symbol 7.

ProoFr: The proof of Proposition 16 and the main statements in Theorem 15
is rather standard and we can leave it as an exercise. Let us, however, give some

arguments which establish the irreducibility statement in Theorem 15.

For this purpose, we count the number of linear independent elements in the
image of the representation D't»-Im and show that it is given by IL, 6i =
dim(S(11, ..., In))?. We do this by induction over m. The case m = 1 has
been dealt with in Lemma 1. So suppose that the representation Dt+Im of the
set L, is irreducible. The representations DTt ImIm+1 can be restricted to the
first m monodromies. This restriction coincides with D't+Im acting on the first
m factors of the tensor product V' @ ... ® VIm+1. So by assumption we already
found 6; = HTzl 6i linear independent maps. It is worth noticing that all the
maps obtained by representing the first m monodromies act trivially on the last
factor V/m+1. With this in mind, let us turn to the (m+ 1) monodromy M, ;.
A short calculation shows that they are represented by

DfvoImir (M7 L) = (77 @@ it ) (Roy R Riz Ras)

with 1 = (TIl e . TIm). By Lemma 1 such representation matrices
account for 6, = 6%m+1 linear independent maps. The latter act in a very special
way on the representation space. In fact, every such map is of the form

(@ TI"”‘+1) (R_l(e ® m)R)

with some m € G.
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Let us finally check that products of basis elements in the two discussed
sets of representation matrices are linear independent. Thereby we will estab-
lish the existence of §;8, = HT;I((SIV)Z linear independent maps in the im-
age of t%le representation D71 Im and hence the irreducibility. So consider a

1

basis mg) @ elmt1 ¢ = 1,...,6;, in the space of representation matrices for
the first m monodromies and similarly é; linear independent maps of the form

(2@ rim+1) (R_l(e ® m(az))R) ;o = 1,..., 62 which come from representing the

monodromies Mr{l-l—l' With these two sets of basis elements, linear relations be-
tween products are of the form

Z /\Uya(mgl) & eI’”+1)(z & TI"”‘+1) (R_l(e & m(az))R) =0

Let us introduce the expansion R=* = 3" sl @ s2. We multiply the equation with
(2@ tIm+1)(R=1(S(s)) @ €) from the right and with (2 @ TIm+1)(e @ 52) from the
left and sum over o. This results in

Z /\Uya(mgl) ® eI’”+1)(z ® TIm+1)(6 ® m(az)) =0

Consequently, the complex coefficients A, have to vanish. This concludes the
proof.
For further considerations we need a specific subalgebra in the graph algebra

L.

Definition 17 (Diagonal subalgebra ££) The diagonal subalgebra £ C Lo is

defined as )
L8=1L2) xixd
K

Irreducible representations of the algebra £¢ are labeled by the index I which
runs through the set of irreducible representations of G. These representations
are realized in the spaces VI @ V1.

6.3 The moduli algebra MK+

Before we define the moduli algebra, we want to consider the *-algebra A,, of
invariants within the space Ly, (cp. Definition 6). Since A, is a subalgebra of
Ly, the representations D7t Im can be restricted and furnish representations
of Ay, on the representation space (Iy,...Jy). We denote the restricted rep-
resentations by the same letter DTr-+Im  Ag a representation of A,,, DIm
are reducible, or — in other words — D!t~ Im(A..) has a nontrivial commutant.
Obviously, the latter contains all maps on (14, .. ., I,) which represent elements
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in G so that invariant subspaces for the representation of A,, are determined by
the decomposition

SN, In) =PV @ W (L, 1) (6.4)
J

Here the sum runs over irreducible representations of G and W7 (I3, ..., I,,) are
multiplicity spaces. The decomposition (6.4) is always possible for a semisimple
symmetry algebra G. Because of Proposition 16, the action of G on (11, ..., Iy)
is consistent with the adjoint . This implies that formula (6.4) is compatible with
the scalar product (.,.) on S(11, ..., I,y) and consequently the multiplicity spaces
WY(Iy,...I,) come equipped with a canonical scalar product.

Let us argue that the restriction of D/t»Im to A,, is irreducible on the spaces
WY(Iy,...,I,). We noticed before that the set of representations {Dft+Im} of
L,y is faithful. When we restrict D't+Im to the subalgebra A,, C £, faithful-
ness survives. Now let (D, ) denote the dimension of the space of representation
matrices of A,, on the direct sum

b Wi, L. (6.5)

LI, Im

Because of faithfulness of the representation theory of Ay, §(Dy,) is equal to the
dimension §(Ay,) of the algebra A,,. The latter is easy to compute. Recall that
elements in A, are obtained as linear combinations of

i (01[11,...,Im|J]M111...M,{lmCz[Il,...,ImU]*)

for arbitrary sets of labels {I,, .} and two intertwiners C1,Co : VIr®...@ VI —

V7. So we find
ST Y SoNp L Nymeriny

T POV N B P

=
.
s
I
=
=
i
I

dim | € End(W/ (L, ..., 1)
JAL)

This result for §(D,, ) shows that every map on the space WY (Iy, ..., I,) appears
in the image of A, under the representation D't+/m ~ As a conclusion one
should keep in mind that each space WY(Iy,...,I,) carries an irreducible *-
representation of A,,. Since we are interested in the moduli algebra, we do not
want to formulate this as a proposition.

Let us now pass from A, to the moduli algebras. According to our discussion
in Section 3.4 a moduli algebra is prepared by implementing m + 1 additional
(flatness-) relations. In the finite dimensional case considered here, we may de-
scribe the resulting object with the help of characteristic projectors y!. More
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explicitly, we will need the m characteristic projectors y%» that were assigned to
the loop algebras £(M,) in the first subsection. As we have seen there, these char-
acteristic projectors are central in £,, and hence also in A,, C L,,. In addition
to the &+ we will employ one more set of elements Y& € A,, that is assigned to
the total product r =1, ...l; of loops I, through [, i.e.

Xo = NdxSgreh = NdgrgSgrtr(M'(r)) (6.6)
with MI(ry= &P ML M
By choice of the factor HT_l in front of M{(r), the corresponding elements c}
generate a fusion algebra. While the elements & are not central in £,,, it was
shown in [3] that they are centralin Ay,,. This will be confirmed in the discussion
below.

Now we are prepared to restate Definition 9 of the moduli algebra /\/l}{nK”} in
the finite dimensional case.

Definition 18 (Moduli algebra) The moduli algebra /\/l}{nK”} of a sphere with m

punctures marked by K,,v=1,...,m, is the x-algebra
MBS =0 H KA, . (6.7)
v=1

Here x5 x3 € A, are the central projectors introduced in the text preceding this
definition.

To determine the representation theory of the moduli algebra we have to eval-
uate the characteristic projectors within the representation D?1»~Im  Let us start
with x5v v =1,... m. It is easy to see that

Dhvodm(yBoy =51 g elt@ . @elm . (6.8)

The reasoning is similar to the derivation of eq. (5.3) and uses that traces
are invariant under conjugation with (77 @ 1,)(R’) . The formula (6.8) implies

that the *-representation D'1+Im of the moduli algebra /\/l}{nK”} on the spaces
WY(1y,..., I,) is nonzero, if and only if I, = K, forallv =1,...,m.

Evaluation of xJ in the representations D¥t:+&m is more difficult. From for-
mula (6.6) we see that x§ = N?dpc§ with ¢f = krtrL(M*(r)). When cf is eval-
uated with D¥vKm= ysing our explicit formulas after Theorem 15 we encounter
the following expression in the argument or the g-trace tqu

K R g1y Rigma) Ko (Ko Ry R Kl @) Rio

= KnRgnin Riomen)(R) T Ry R (R o)™ Raz
(id © A=Y (R'R)
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In the derivation the definition of K, € G® was inserted. The result for DE1>-Em

evaluated on cf is

DSs Ko (b = trE (7" @ 1) (R R)
On the multiplicity spaces W7 (K1, ..., K,,) this gets represented by
DR B () w ke, k) = try (T8 @ 77)(R'R))

The same argument that resulted in the formula (5.3) can finally be employed to

conclude
DKI""’K’”(X8)|WJ(K1,...,Km) =byotdwo(r,, . Kn)

So we end up with only one nonzero representation of the moduli algebra /\/l}{nK”}

on the space WO(Ky,...,Kp). Because of faithfulness of the representations

theory, other representations cannot exist. We may summarize these findings in

the following theorem.

Theorem 19 (Representations of the moduli algebra; genus 0) For any set K1, .

ooy Il labeling m points on a Riemann surface of genus 0, there s a unique wrre-

ducible *-representation of the corresponding moduli algebra /\/l}{nK”} on the space

WOKy, ... ., Ky) (defined through the decomposition (6.4)). This representation

can be obtained explicitly by restricting the representation DSvBm of £ 1o the
: {K.}

moduli algebra My "7 .

6.4 The first pinching theorem

The different algebras /\/l}{nK”} are related with each other. In fact one can con-
struct various inclusions which are parametrized by the choice of a circle on the
punctured surface. Geometrically, the inclusions corresponds to a pinching of the
surface. We will explain this only for one particular pinching-circle, but the idea
is more general.

To state and prove the first pinching theorem we need to introduce some new
notations. Suppose that A’ is a subalgebra of an algebra ). The (relative) com-
mutant of X C Y will be denoted by C(X', ).

Consider the moduli algebra MX1Km= corresponding to a sphere with m
marked points. Pick up a cycle { = [,{,,,—1 (i.e. the product of the two elementary
loops I, and [,—1) and construct the fusion algebra V() assigned to [, i.e. the
algebra generated by

(1) =l (ML M)

We wish to investigate the commutant of V({) in MEv - Km The result is given
by the following theorem.
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Theorem 20 (First pinching theorem) The commutant of V() in MEv-Kmn
splits into the direct sum of products of moduli algebras corresponding to m — 1
and 3 marked points

m—1

COI(1), MEv - Kmy = (R plb Hm2 K g pg e Koo, (6.9)
K

Here the sum runs over all classes of wrreducible representations of the symmetry
Hopf algebra G.

In Topological Field Theory the evaluation of the commutant should be in-

terpreted as a fusion of two marked points into one. One can imagine that we
create a long neck which separates these two points from the rest of the surface.
When we cut the neck, the surface splits into two pieces. The “main part” carries
the rest of marked points and a new one created by the cut. The other piece has
only three punctures, two of them are those that we wish to fuse and the new
one appears because of the cut. Iteration of this procedure results in a product
of 3-punctured spheres.
ProoF: The proof consists of two parts. First we construct an embedding &
of the algebra on the right hand side of relation (6.9) into the moduli algebra
MEv-Em  Then we show that the commutant of the image of ® is isomorphic
to the fusion algebra V(I). By semisimplicity, this is equivalent to the statement
in the theorem.

In preparation let us observe an isomorphism between moduli algebras M},I”}

and the algebras
p—1
I
X0 H A,y (6.10)
v=1
which are obtained from the graph algebras S,_; with the help of character-
istic projectors (for notations cp. last subsection). In fact, our discussion of
the representation theory of moduli algebras can be applied to show that alge-
bras (6.10) possess a unique irreducible representation on the multiplicity space
Wl (1, ..., I,_1). For dimensional reasons, this space is isomorphic to the rep-

resentation space W°(Iy,...,I,) of M;{,I”} so that an isomorphism of algebras
follows from Theorem 19. Alternatively, this isomorphism may be obtained from
the results in [3] on the independence of moduli algebras from the choice of the
graph.

Let us consider the graph algebras £,,_» and L£2. Generators for £,,_» will
be denoted by ]\Z,{, v=1,...,m—2, and for £» we use MZ»I,i = 1,2. Analogous
conventions apply for other elements. In particular we will need our standard
characteristic projectors Y&» v = 0,...,m — 2, in Apy_2 C Lnm_2 as well as
Km=t = 0,1,2,in Ay C Lo,

There is an obvious embedding ¢ : £,,_2 ® L3 — L, defined by

o(My=mI | s(Mly=M]_,,,
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forallv=1,...,m —2 and ¢« = 1,2. The definition of ¢ implies that

SK\ _ K, CKm—ogin Kooy
¢(XV ) =Xy ’ QS(XZ =+ ) - Xm—2-2|—-¥
where v ranges over 1,...,m — 2 and ¢ = 1,2. Consequently, the map ¢ induces
an embedding
_ m
é - @Mgi.l..,Km—z,K ®M§me—lme — A, HXII/(V ) (6.11)
K v=1

In writing this we also used the isomorphism observed in the second paragraph of
this proof.

The result (6.11) is not yet strong enough. In fact we have embedded the direct
sum of moduli algebras on the left hand side into an algebra that is much larger
than the moduli algebra ME1+Kmn  Notice that the latter contains a factor yJ
in its definition which does not appear on the right hand side of (6.11). So it
remains to understand why the full matrix algebras

M(K) = M Komea K M;(,Km_l,Km

m—1

are embedded into the direct summand MEv-Em c 4, HTzl x&v. The projec-
tion into the moduli algebra ME1Km is furnished by the element y3. It suffices
to show that the unit element in ¢(M(K)) is projected to a nontrivial element
of the moduli algebra. If we denote the product of loops {,,,—2 .. .11 by [ and use
[ = lply_1, we can write the unit element in H(M(K)) as XK(IN)XK(i) So we
wish to demonstrate that F = XSXK(IN)XK(i) # 0. We do this by showing that
w(FE) # 0. With the help of Lemma 3 in [3] one obtains indeed

W(EB) = w1
= Y w(BxE) = w((Q) ) > 0

We used that x5x& = éz.0x0 = (x3)*x§ and positivity of the functional w (cp.
Theorem 5). According to our prior remarks we can now conclude that ® = yJ¢
defines the desired embedding.

Elements in the fusion algebra V(I) over the circle | = [ obviously commute

with the image of ®. We will show now that the moduli algebra /\/l}{nK”} con-
tains no other elements with this property. Once more, a comparison of di-

mensions is useful. Indeed, square roots of the dimensions of the matrix blocks

Ki, . Kpm—2,K K Km_1,K
ME o Mh

™ add up to the square root of the dimension of
the moduli algebra /\/l}{nK”}. This implies that every block is embedded with mul-
tiplicity one into the moduli algebra and hence the commutant of the image of
® cannot contain more than the algebra of its minimal central projectors. The
latter coincides with the fusion algebra V(I). This concludes the proof of the first

pinching theorem.
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7 The Handle Algebra and its Representations

Before we get to discuss surfaces of higher genus, we have to introduce one more
elementary building block: the AB- (or handle-) algebra. Tt will turn out to be
associated to a handle of the surface, much as a loop algebra came with every
puncture. The AB-algebra is a graph algebra — namely the algebra £, o — as-
signed to a pair of links winding around a handle. These links correspond to the
a— and b— cycles (hence the name AB-algebra). The main topic is again the
representation theory for the AB-algebra in the second subsection. At the end of
the section, we discuss some properties of the algebra which will be used in the
next two sections.

7.1 The AB-algebra

Following our tradition, let us recall that the AB-algebra 7 = £; o is generated
by matrix elements of two monodromies A = Al B! = Bl € End(VI)@ T. As
usual, the monodromies satisfy functoriality. A more characteristic feature are
the exchange relations between A’ and BY,

(R—l)IJ AIRIJ é] :éJ(R/)IJ AIRIJ . (7.1)

For a complete description of 7 = £, including covariance properties and the
*-operation on &1 0 =7 X5 G we refer the reader to Sections 3.2, 3.3.

We recognize two copies of the loop algebra inside the AB-algebra which are
associated with the monodromies A’ and B”. As before one may construct ele-
ments ¢/ from these monodromies. Unlike in the previous section, they turn out
not to be central in the AB-algebra. In fact we will see shortly that 7 has a trivial
center.

The algebra 7 is 1somorphic to some well-known object. Namely, there are
many ways to identify it with the quantized algebra of functions on the Heisen-
berg double corresponding to the symmetry Hopf algebra G. The Heisenberg
double is a Poisson-Lie counterpart of the cotangent bundle to a Lie group. The
corresponding quantized algebra of functions is a generalization of the algebra of
finite order differential operators on a Lie group. The isomorphism between the
algebra 7 and the quantized algebra of functions on the Heisenberg double is not
canonical. One of the reasons for that is a wide group of automorphisms of the
AB-algebra 7. They will be discussed in the last subsection.

7.2 Representation theory of the AB-algebra

The representation theory of the AB-algebra is closely related to the represen-
tation theory of the underlying Hopf algebra as in the case of the loop algebra.
Here we will find precisely one representation which acts in the space of the regular
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representation of the Hopf algebra G.

R =P End(v7) . (7.2)

Here End (V') is regarded as a complex vector space. We will introduce a scalar
product on R below.

Theorem 21 (Representation 7 of the AB-algebra) The AB-algebra T has one
representation ™ realized on the representation space R. In this representation
there exists a cyclic vector |0) such that

©(B1)|0) = |0) (k)™ (7.3)

This property determines the representation m uniquely. w can be extended to
a representation of the semi-direct product T Xg G such that the vector |0) is
mvariant under the action of elements £ € G, i.e.

T(£)[0) = 0)e(€) (7.4)
The representation w s faithful on T, in absence of truncation it ts irreducible.

A representation space of 7 with properties as specified in the theorem is
generated from the “ground state” |0) by application of operators Al;. So it is
obviously isomorphic to . Moreover, the exchange relations of monodromies
B7 and A! and the transformation properties of A’ together with relations (7.3)
determine the action of matrix elements in B? and of elements € € G on arbitrary
states in 3.

(B )R w(A))0) = (RR)™H) (R x(AD)|0)r7?
T (€)r(ADI0) = x(AD)]0)e(€)

with pf(€) = (7! @ id)(A(€)) € End(VI) ® G. The action of A7 can be derived

by using functoriality of monodromies A

(AR T7(AD))0) = S G K] 7(AS)|0)Ce LI T

K]

Faithfulness and irreducibility of # will be demonstrated at the end of the next
subsection.

From the structure of # we obtain an important consequence in connection
with Theorem 5 in the background review. Let £(A) C 7 be the loop algebra
generated by matrix elements of A. Analogous to eq. (3.37) we define a functional
wa: L(A)Xg G C by

wa(ATE) = 61 0e(€) . (7.5)

The positivity result in Theorem 5 furnishes the following proposition.
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Proposition 22 (Scalar product for R) Suppose that a1, as are two elements in
R and that they are obtained from the ground state |0) by application of Ay, As €
L(A), i.e. w(A)|0) = a; fori=1,2. Then the formula

{a1,a2) = wa((A1)"Az), (7.6)

with wy given through eq. (7.5), defines a (positive definite) scalar product on R,
iff all quantum dimensions dy are positive. With respect to this scalar product, the
map m: 81,0 =7 x5 G+ End(R) defined in Theorem 21 is a *-representation.

7.3 Embedding the loop algebra into the AB-algebra

The AB-algebra is closely related to the loop algebra considered above. Obvi-
ously, M1 — AT as well as M! — B! define embeddings of the loop algebra into
AB-algebra. Here we give a more sophisticated embedding which will be of spe-
cial importance for us. None of the following results has conceptual importance.
Nevertheless the subsection serves a twofold purpose: 1t provides some more back-
ground material needed in the proofs of the next section and prepares for Section
9 as well. The calculations done here are typical for the discussion of the mapping
class group in our approach.

Lemma 2 (Automorphisms of the AB-algebra) The maps i,j defined by
i(Ahy =w;'B' AT | (BT =B ;
j(BI):K?I_lBIAI ’ _](AJ):AJ

extend to *-automorphisms of the AB-algebra T .

Proor: It suffices to give the proof for ¢. To begin with, let us determine the
multiplication rules of the product /fl_lBIAI.

H[—l é[ AIRIJﬁgl éJ j‘{J _ (mw)—1 éIRIJ éJ(R/)IJ AIRIJ j‘{J
= (krks)"' D COLI|K]*BRCO1T|K] -

A(RHYY CPIT|Lr ARC[IT|L]
= Y wx'CUL]

This coincides with the multiplication rules for A7. The exchange relations for
/fj_lBIAI with B7 are

K]*BX AR C[1

K]

KI—l(R—l)IJ é[ AIRIJ éJ _ KI—l(R—l)IJ éIRIJ éJ(R/)IJ AIRIJ

— Hj_l BJ(R/)IJ BI AIRIJ
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In the process of this calculation we inserted a relation of the type (5.2) which
follows from the operator products of Bf. Exchange relations for (x;)~1B7 A’
and A! are derived in the same way. They coincide with the exchange relations of
Al and B7. Consistency with the covariance relations is obvious. So it remains
to discuss the properties of ¢ with respect to the x-operation.

i((A"))

i(ox(RT(AT)TH(RTHT)
= ou(rRIANTHBNHTHRTHT) = (i(AD))”

This proves the lemma.
Now let us come to the main theme of this subsection, namely the embedding
of the loop algebra into the A B-algebra.

Lemma 3 Let elements (AD)~1 (B1)=1 € End(V!) @ T be defined through the
equations (AD)1 Al = el = AT(AT)=! and (BY)~"'B! = ¢! = BI(B!)~! as before.
Then the map ¢,

o(M') = kyBI(AT)TY(BT) AT (7.7)
extends to an embedding of the loop algebra L into the AB-algebra T. The em-
bedding extends to semudirect products with the symmetry algebra G and respects
the action of *.

ProoF: We have to determine the multiplication rules for the product on the

r.h.s of equation (7.7). In the proof one first inserts the exchange relation for A

and B in the middle. Then we can use that (B7)~1(A7)~! has the same exchange
relations with AY [Bf] as (B7)~! [(47)7!] (preceding lemma).
Kj? BI(AI)—l(BI)—l AIRIJK?% BJ(AJ)—l(BJ)—l AJ

= (krws)? él(;ll)q(éf)—”%u éJ(R/)IJ AIRIJ(EJ)—l(éJ)—l j‘{J

1

(K?[K?J)S BIRIJ éJ(R_l)IJ(AI)_l(éI)_l((R/)_l)I‘]~

.(le)—l(éJ)—l(R—l)IJ AIRIJ le

Finally we use the multiplication rules for AY, B and x;(A?)=*(B?)~!. With the

normalization (3.5) this gives
_ 2 a 1% pK K K\-1/pk\-1_®E /K a
= (krkg)? Y ClLJ|K]*B R (AR THBE) T = ARt

> CULI|E) (ki P BR (AR~ (BR)" T AR Co1T | K]

K]

To show that g : £ — 7 respects the action of * is straightforward. It uses the
fact that ((A)™1)* = o, (RTAL(R™H!) and ((BY)™1)" = o (RIBL(R™HT).
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Remark: Let us remark that the embedding given by (7.7) is invariant with
respect to automorphisms described in equation (7.7), i.e.

i(e(M)) =o(M) , jle(M))=o(M) (7.8)
for all M € £. The proof is straightforward. Indeed,
(B (AN BN A = KB (DB B kBT AT)

— K??BI(AI)_l(BI)_lAI

and similarly for j instead of i.
For later application we wish to evaluate the image of g in the representation
.

Lemma 4 The quantum monodromies x5 BY (AT)=Y(B)=L AL which appear as the
image of MT under the embedding ¢ : £ — T, are represented by

(k7B (AT)TH(B) AN = 7(k7 (R'R)T) (7.9)
Here m 1s regarded as a representation of the semi-direct product T xgs G and

(R'RY = (v @id)(R'R) € End(V!) ®G.

ProOF: The computation is done in several steps using the eq. (7.3) for 7. To
begin with, let us show that

(BN AD)I0) = n(AD)|0)s7>

In fact, when a variant of relation (7.1) is applied to the ground state |0) and eq.
(7.3) is inserted one obtains

2

w((B7) (R AD)|0) = (R =(AD)|0)kr . (7.10)

Suppose that we expand the inverse of the R-matrix according to R=! = >~ sl @s2.
Now multiply the above equation from the left with 7(S(sl)) and from the right
by 77/(s2) and sum over ¢. Then taking the product of the two components (for
I =J) results in

w((BN) 7' AD|0) = 71 (1107 8(s5 )r2)m(AD)]0)xs

Finally, a short computation reveals that r1s2S(sl)r? = u=1S(u=t) = v=2 = k=%

This gives the anticipated formula. As a corollary we note that
n(o(M1))[0) = [0)r7" .

To proceed with the evaluation of g(M7T) on more general states, one needs the
exchange relation

@(MI)RIJ AJ(R—I)IJ:(R/—l)IJ AJ(R/)IJ@(MI) )
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Its derivation is left as an exercise. From this we may conclude
w(e(a R A)j0) = (RN = (40w (R R)

We keep the answer in mind while we notice another formula which can be derived
from eq. (7.4) and quasi-triangularity of the R-element.

w(ny (R'R)' R A)]0) = (R ™M =(4)|0)wr (R R

At this point we are prepared to finally prove the irreducibility of 7 in Theorem
21.
PROOF OF IRREDUCIBILITY OF 7: We will show directly that the representation
7 is irreducible. Faithfulness follows from a counting argument. The idea of the
proof is this: first we decompose the representation space R into certain subspaces
and show that a subalgebra of 7 acts irreducibly on these subspaces. Then we
employ this result to show that every vector in R is cyclic. Because of the first
part of the proof, it actually suffices to establish cyclicity for one vector in each
of the considered subspaces.

To begin with, let us note that the monodromies B! can be used to project
onto subspaces of i which are isomorphic to End(V7). The elements

XL = NdJSJfﬁItrqI(BI)
satisfy (x5 AN|0) = 7(AD)|0)6r 5 . (7.11)

This follows easily with the help of a formula similar to eq. (7.10) and the ar-
gument after the proof of Theorem 12. The subspaces W(XJJB)% carry irreducible
representations of a certain subalgebra in 7.

Lemma 5 The map v: Lo — T defined by
o(M{) = kj(AT)THBNHTIAT (M) = B!

restricts to an embedding of the diagonal subalgebra L4 C Lo into the handle
algebra. The image of L4 under v is represented irreducibly on the subspaces

(x5)R C R.

ProoF: It is straightforward to prove that v gives a homomorphism. In order
to understand that v furnishes an embedding of £¢ into 7 it is sufficient study
the representations of the image v(L$).

We infer from

w(B))7H(R)Y ADI0) = wp (BB (R)Y x(AD)0)
m (3BT AR A0 = (R a0y (RR)Y
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that the action of monodromies BY and x%(A7)~1(B7)~1A7 restricts to the sub-
space End(V') on which y§ projects. To gain a better understanding of this
action, let us map the spaces End(V!) C R to VI @ V! by means of

w! = kPCUT0N(R)Y  a R e Vi@ V]

for every o’ € End(VI) C ®. It is easy to check that the monodromies BY and
(AN)=1(B7)=1A7 act on w! according to

W(BI)wJ = wJ’ff_l(RllzR/3R13(R/12)_1)UJ )
r((ADH™H BN AN = wlkp (R Ri0)!Y

When these formulas are compared with the expressions in Theorem 15 we see that
the action BY and (AY)~Y(B7)=*A7 on End(V!) is equivalent to the action of
the monodromies M; , My € L5 on the space VI @ V{. The latter was considered
in the previous section and is known to be irreducible by Proposition 15. This
proves the lemma.
Now we can go back to discuss the irreducibility of #. We still have to show
that every subspace End(V!) = m(x5)R contains at least one cyclic vector ¥! €
7(x5)R. Since |0) is cyclic, it suffices to find elements 77 € 7 — one for each
vector W' — with 7(77)¥! = |0). Using the notation 6{4 = Kylr, (AI), we choose
Ul = 7(c)|0) € m(x5)R. The standard relations cjcf =3 NII(J furnish

T(TH = 7(xBehch)lo)
= 7y N )0y = n(H)[0) = |0)

for T'= x% ci € 7. The calculation employs the fact the cf is constructed from
AK so that eq. (7.11) furnishes #(x%x%)|0) = #(x%)]0). This concludes the
proof.

8 The Moduli Algebra for Higher Genera

In this section we consider the most general case of the moduli algebra on a
Riemann surface of arbitrary genus g with an arbitrary number m of marked
points. Our strategy remains similar to preceding sections. We will represent
the graph algebra in certain tensor product of representations of the underlying
Hopf algebra (cf. all previous sections). Having a set of representations of the
graph algebra, we construct the representations of the moduli algebra in the gauge
invariant subspaces of the tensor products (cf. Subsection 6.3).

8.1 Representation theory of the graph algebra £, ,,

The graph algebra L, ,, was defined in Definition 3. Notice that it consists of
m loop algebras (corresponding to the monodromies M;) and g AB-algebras.
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They are pieced together in a rather standard fashion. It will turn out that the
discussion of the representation theory is completely parallel to the corresponding
arguments in Section 6.2.

So let us begin to construct representations of £, ,,. As usual, we will choose
some appropriate representation space of the underlying Hopf algebra G on which
we then realize £, . Let us introduce the symbol S,(I1,. .., I,y) to denote the
representation space

Sy(I1, .y Ip) =V @ VIng RO (8.1)

With all the experience we gathered in the preceding subsections we can guess
a suitable scalar product for S,(I1, ..., I,) right away. All the m + ¢ factors
within the tensor product (8.1) come with a distinguished scalar product. For
the carrier spaces V! of the representations 77 of the Hopf algebra G this was
part of the input. On R we use the scalar product given through eq. (7.6), so
that the natural action of G on 3 becomes a *-representation. In conclusion, the
space Sy(I1,...,In) is a m + g-fold tensor product of Hilbert spaces, each of
which carries a *-representation of G. Now we are in a position to employ the
Proposition 16 to construct a scalar product (.,.) on Sy(L1, ..., In).

Sy(Ih, ..., In) has the best chances to carry a representation of £, ,, because
we know already that its first tensor factors V1 @...@ VIm carry a representation
of £, C Lgm. The other part in the tensor product (8.1) is a g-fold tensor
power of the regular representation. Each copy of & can carry a representation
of AB-algebra (Theorem 21). In fact, if £, and the g copies of the AB-algebra
would come into L, ,,, in the form of a Cartesian product, the construction of the
representation would have been obvious. Even though this is not the case, we can

use our previous experience to define representations Ay(lh, ..., I,) of the graph
algebra L, , on the spaces S4(11,...,1,;). Let us introduce the notation =; for
th

the representation 7 of the ¢** copy 7; C L, of the AB-algebra implemented in
the i copy of & in the tensor product (8.1), i.e. for every T' € 7,

(1) =id;, @ ... @idg,_, @ 7(1T) @ idg,,, @ ... @idy, . (8.2)
Another useful object is the following representation of the Hopf algebra G.
J1 = ¢ and
un(&) = (7'11 B mo)(é) @idy, @ .. @ ddy, (1> 2)

Here denotes the tensor product of representations defined through the co-
product in the standard way. The representation 3 = j,41 coincides with the
natural action of G in the space Sy(I1, ..., Iy). Now we are ready to formulate a
theorem.

Theorem 23 (Representations of the algebra £, ) A representation Aél"“’l’” of
Lgm acts in the space Sy(Lh, ..., In) by means of the following set of equations.

Aél""’Im(M;/]) — DIl""’I"(M;/])(@idgg ’
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Apeotal) = (7 @ )(Rm(AD)(+ @ ) (R
NI (BY) = (7 @) (ROmBY ) © (R

Aél"“’l’” extends to a representation of the semi-direct product Sy = Ly m x5 G
by means of

Aghte(€) = 5(8)

When S4(11, .., In) is equipped with the scalar product {.,.) as discussed after eq.
(8.1), the map Agl"“jm 2 Sgm v End(Sy(L, ..., In)) ts a *-representation. The

set of representations {A;I”}} 15 farthful on Ly . In absence of truncation this

{1}

implies that the every representation Ag " is irreducible.

ProoF: On the basis of our prior work, there is nothing left to be discussed
here. With the relations (3.16) through (3.20) being of the same type as our well
known eq. (3.15), the proof is straightforward (i.e. essentially identical to the
proof of Theorem 15).

8.2 The moduli algebra /\/{5{71@}

Having the set of representations Aél"“’l’” of L, m at hand we can proceed as in
Subsection 6.3. So we notice that the space S4(I1, ..., In) carries a representation
of the gauge invariant subalgebra A, , within £, ,,. Under the action of A, .,
the space Sy(Ih, ..., I,) splits into a sum of irreducible representations. As is the
case of L,,, this decomposition reads

STy, D) =Y VoW (I, 1) (8.3)
J

where J runs through all equivalence classes of irreducible representations of G
and WgJ(Il, ..., Im) are multiplicity spaces. We note that the scalar product
(.,.yon (I, ..., Iy) restricts to WgJ(Il, ..., I;m) and that these spaces carry an
irreducible *-representation of A, ,,. These representations can be used to obtain
representations of the moduli algebra which we discuss next.

Recall that we have m marked points on the Riemann surface. They are
labeled by K1i,...K,,. Each of these points is surrounded by one of the loops I,.
To implement the corresponding flatness relations in the finite dimensional case,
we use the characteristic projectors &~ which are constructed from monodromies
M/!. From the arguments in Section 6.1 one concludes that these projectors are
central in Ay, C Lym. Still we need one more projector that comes with the
total product ry = [by, a; '] ... [b1, a7 Nl .. .11, As in section 3.5 we define

Xé( = NdKSKjCéINdKKKSKﬁTqI(MI(Tg)) (8.4)
with M (rg) = sy BL (AN M

45



Here [Bf, (A1 = BI (A=Y (B!)=tA!. The elements y& generate a fusion
algebra and are centralin A, (see [3]).

Definition 24 (Moduli algebra for arbitrary surface) The moduli algebra M;fg{’}
of a surface of genus g with m punctures marked by K,,v = 1,...,m, s the *-
algebra

bl

MBS = ﬁ : (8.5)

Here yEv 3 € Agm are the central projectors introduced in the text preceding
this definition.

Along the lines of the corresponding discussion in Section 6.3, we can evaluate
the projectors Y% € Ay m on the representation spaces WgJ(Il, ooy Iy). Tor
the character 5 one uses the fact that the product ]\ZZ»I = k3B (AN~ Y B~ Al
which is assigned to [b;, ai_l], embeds the loop algebra so that the element assigned
to 74 looks as if it would come from m + ¢ loops. Because of eq. (7.9), this holds
also for the way the elements are represented on S,(Iy, ... In). Consequently, the
evaluation of characters on multiplicity spaces is identical to the calculation we
did in the Section 6.3 and we can state the results right away.

Theorem 25 (Representations of the moduli algebra, genus g) For any set K,
., Ky labeling m points on a Riemann surface of genus g, there ts a unique rre-

ducible *-representation of the corresponding moduli algebra /\/l{ v} on the space
W;(Kl, ooy K (defined through the decomposition (8.3)). This representation
can be obtained explicitly by restricting the representation Afl"“K’” of Lgm to

the moduli algebra M;{,fﬁf} CLym-

8.3 The second pinching theorem

We would like to extend our description of relations between moduli algebras that
was initiated in Section 6.4. It is obvious how Proposition 20 carries over to the
moduli algebras on higher genus surfaces. But now we have another possibility:
we can also shrink the surface along a circle that wraps around some handle. To
be specific, we chose the fusion algebra V(b;) constructed from the elements Bf
and evaluate its commutant. Recall that V(b1) is generated by

e Krtry (BI)

Proposition 26 (Second Pinching Theorem) The commutant of V(by) in the
moduli algebra /\/lKl’ Km splits into the direct sum of moduli algebras of genus
g— 1 with m+ 2 marked points,

COV(by), ME - Kmy 2 OB My IR (8.6)
K
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Here the sum runs over all classes of wrreducible representations of the symmetry
Hopf algebra.

In the language of Topological Field Theory, evaluation of the commutant
corresponds to shrinking the cycle b; so that we get a surface of lower genus. It
has two marked points at the place where the handle 1s pinched — one on either
side of the cut. Shrinking all the b-cycles one after another, one produces spheres
with m + 2¢ marked points.

ProoF: To prove the theorem we proceed as in Section 6.4. Let us first show
how to embed the direct sum on the right hand side of (8.6) into the moduli al-
gebra. The set of matrix generators M. (v = 1,...,m) ,x?BI(AD)~Y(Bf)~!, Al
and Al B! (i=2,...,g) can be regarded as an image of the standard generators
of Ly_1 my2 under a map ¢ : Ly_1 my2 — Lgm. ¢ is not an embedding. But
the proof for Theorem 21 at the end of Subsection 7.3 shows that ¢ restricts to

an embedding of the direct sum &, M;I_(i:;ﬁ’_gm’l(’f(} into the moduli algebra

M;%""’K’”} (cp. also Lemma 5). Counting dimensions we find that every sum-
mand is embedded with multiplicity one so that the commutant of the image of
¢ 1s exactly the fusion algebra. For details the reader is referred to the proof of
the Proposition 20.

9 Representations of Mapping Class Groups

The action of the mapping class group M (g, m) on the fundamental group of a
surface X, ,, of genus g with m punctures induces an action on the graph algebras
L4 m, 1.e. a homomorphism from M (g, m) into the automorphism group of L4 .
In general, only automorphisms corresponding to the pure mapping class group
PM(g,m) C M(g,m) restrict to automorphisms of the moduli algebras M;fg{’}.
Since the moduli algebras are simple, every automorphism is inner and can be
implemented by a unitary element. We will give a simple prescription to construct
such unitaries for a generating set of elements in PM (g, m). They will furnish
projective representations of PM (g, m). The latter are equivalent to those found
by Reshetikhin and Turaev [37] (extended to the possible presence of punctures)®.

9.1 Action of the mapping class group on moduli algebras

To begin with, let us recall that the quantum monodromies M}, A B! € Ly m
are assigned to the generators I, a;,b; € m (X, m \ D) 2. We want to display this

1 As we discussed in [2, 3], our theory generalizes to quasi-Hopf algebras. So the discussion
of mapping class groups covers the extension of the Reshetikhin- Turaev construction found by
Altschuler and Coste [6].

2If we remove a disk D from the surface, the fundamental group is freely generated by
lu,a;,b;. We will later glue the disk back and thereby introduce the relation 2.6
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more clearly in the notations and hence introduce
Miy=ME ) Mi(a;)y= Al MI(b) = B!

We can go even further and define MI(C) for arbitrary elements C € 71(X, ,, \ D).
Suppose that C = C1Cs with two elements C;,7 = 1,2, in the fundamental group
of ¥y . Then we set

M) = k¥ MM (Co) (9.1)

Here w(Cy,C2) = +1 is determined from the pair (C1,Cs) as follows. Suppose
that we have presentations of C; and Cs in terms of generators (F, ch’ bli. We
assume that these presentations are reduced so that neighboring elements are
never inverse to each other. From these presentations we extract two generators

{ly, as ,bi} such that C; = C{c; and C2 = ¢3C). Without restriction we
can assume that ¢; # c;'. The Welght w that we want to describe satisfies
w(Cy,C2) = w(ey,e2). To deﬁne the latter we need to introduce two maps t,s

from the set of generators {I* aI , } to the integers 1,...,2m + 4g.

th)y=2v=s(l,)+1 , ta;)) =2m+4i=s(a;)+2
t(bi)z 2m 4+ 41— 1 IS(I)Z')—I—Q

and t(c¢™) = s(c) for every ¢ € {IF aI , } Now we can complete the description
of the weight w.

wler, ¢2) = { +1 if t(er) < s(ea) (9.2)

=1 if t(er) > s(e2)

for all ¢y, ¢y € {IF ,aI , } Our choice of the weight factor in the definition (9.1)
is designed such that all monodromies MY (C) satisfy functoriality. We have seen
particular examples of this in subsection 7.3.

The mapping class group M (g, m) of a surface X, ,, is defined as the group
of diffeomorphisms of X, ,, into itself modulo its identity component. Similarly,
M (g, m; B) is obtained from diffeomorphisms of ¥, ,,,\ D which leave the boundary
B = 3D pointwise fixed. Elements in M (g, m) and M (g, m; B) may interchange
the punctures. This furnishes the usual canonical homomorphism from mapping
class groups into the symmetric group. The kernel of this homomorphism is called
pure mapping class group. We will denote it by PM (g, m) and PM (g, m; B).

Tt is well known that elements ¢ in the mapping class group M (g, m; B) of the
m-punctured surface act on the fundamental group 71(X, ,» \ D) as outer auto-
morphisms. We will not distinguish in notation between elements ¢ in M (g, m; B)
and the corresponding elements ¢ € Aut(7m1(X,,» \ D)). The action of the map-
ping class group on the fundamental group lifts to an action on the graph algebras
by means of the formula

o(MT(C)) = M (o(C)) forall Ce€m(Xym\D)
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Ultimately, we are more interested in automorphisms of moduli algebras. As a
first step in the reduction from the graph algebra £, , to the moduli algebras,
one notices that the automorphisms ¢ are consistent with the transformation law
under the action of £ € G. Consequently, the action of ¢ on L, ,, descends to
an action on A, ,, (for notations compare Section 8). To proceed towards the
moduli algebra, two more steps are necessary. First we have to multiply A, .,
by the projectors xXv then we need to implement flatness for the circle rg =
[bg, a;l] ...1; with the help of x§. It is intuitively clear that only automorphisms
assigned to elements in the pure mapping class group PM (g, m; B) survive the
first step which corresponds to coloring the punctures. To understand the effect
of v3, we recall the relation (a proof can be found in [3])

XSML(rg) = XgﬁileL . (9.3)

It implements the defining relation r, = id for m1(X, ) into the moduli algebra.
One may check that all the automorphisms constructed from elements in the
(pure) mapping class group respect this relation (i.e. yJ in invariant under their
action). On the other hand, some of the elements in PM (g, m; B) act trivially
on the moduli algebras because M~ (r,) ~ ﬁileL. A more detailed investigation
shows that nontrivial automorphisms correspond to elements in PM (g, m). We
formulate this as a proposition.

Proposition 27 (Action of mapping class group) For every o € M (g, m; B) there
exits an automorphism ¢ : Ly pm — Ly m of graph algebras,

o(MT(C)) = M (o(C)) forall C€m(Xym\D)

These automorphisms furnish an action of the mapping class group M(g, m; B)
on the graph algebra L, ,,. Automorphisms 1 corresponding to elements n €

PM(g,m; B) restrict to the moduli algebras M;fg{'} and give rise to an action of
the pure mapping class group PM (g, m) on moduli algebras.

The proof of this proposition is technically not very difficult. Given an explicit
description of the action of M(g,m; B) on the fundamental group, it is essentially
based on calculations similar to those performed in Section 7.3. Guided by the
explanations above, the reader may try to verify the result. A complete proof will
also appear in [4].

9.2 Projective representations of mapping class groups

In Proposition 27 we obtained an action of the pure mapping class group on
moduli algebras. Let us recall that the moduli algebras M;fg{’} are simple so that
all automorphisms are inner. This means that for every element 7 in the pure
mapping class group there is a unitary element il(ﬁ) in the moduli algebra so that

h(n) A= i(A)h(n)
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Such elements A provide a projective representation of the pure mapping class
group. In fact, let n;,¢ = 1,2, be two elements in PM (g, m) and denote corre-
sponding elements in the moduli algebra by h; = il(m) Suppose that the product
1) = 7172 1s implemented by h. Then

h*hihy A= A h*hyhs

for all elements A € M;fg{’}. Since the moduli algebra is simple, only scalars can
commute with all elements and hence ﬁl ilz = wh with a complex number .

In constructing this representation, the only problem is to find explicit expres-
sions for the elements A, at least for a generating set of elements n € PM (g, m).
This is surprisingly simple. Suppose that 7 is a Dehn twist along the circle z(n).
Let us regard z(7) as an element in the fundamental group so that MY (z(n)) is
well defined. Then we set

h(n) = > 07 'Ndporrgtrl (M (z(n))) (9.4)
where 0= ZNvId% (9.5)

and N = (3 d?)="/2. We wish to demonstrate that h(x) is unitary. Setting
Ll = K?LthL(ML(l‘)) we obtain

00" h(x)h(x)* = Zz—jd,dﬂv%g(;g
= 3 Pdrd NN K
vy

1
== g N_dISIKCf
VK

1
D SorSig y—er

1
ZCOKECII‘( =1 .

Here we made use of the following expression for the matrix S

VIVK IR
SIK :N vy Nf dj .

Now we recall that ¥(cl) = d; defines a representations ¥ of the fusion algebra

V(x) over the circle . The definition (9.4) shows that in particular J(h(z)) = 1. If
we apply ¥ to the equality 1 = 60*h(z)h(x)*, we see that 1 = 9(00* h(x)h(z)*) =
60*. This means that # is a phase and hence

h(z)h(x) =676 =1 (9.6)
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Notice that h(z) is an element in the fusion algebra V(x) over . In particular it
can be expressed as a linear combination of the characters x!(z). The outcome
of a short calculation using the same ideas as the above proof for the unitarity of

h(z) is A
W)= Yo @) (9.7)

Our result (9.7) shows that ﬁ(x) is simply the inverse of the ribbon element v(x)
over the circle .

Theorem 28 (Representation of PM (g, m)) Suppose that n € PM(g,m) is a
Dehn twist along the circle x(n) on the surface T, . Then the unitary element
iz(x(n)) defined through eq. (9.4) implements the action of n € PM(g,m) on the
moduli algebras, i.e.

h(z(n))A = §(A)h(x(n))
holds for all elements A in the moduli algebras. The map 1 — iz(a:(n)) defines
a unitary projective representation of the pure mapping class group PM (g, m)
(recall that Dehn twists n generate PM (g, m)).

In spite of its appearance, the preceeding Theorem is relatively cumbersome
to prove because a lot of cases have to be investigated separately. To keep this
work compact, we will give the proof elsewhere [4].

9.3 Equivalence with Reshetikhin Turaev representation

We turn now to a more explicit description of the projective representation which
we have just constructed. The plan is to evaluate the action of ﬁ(x(n)) on the
states of the C'S-theory. This will then allow to compare our representation with
the action of mapping class groups on conformal blocks and the Reshetikhin-
Turaev representation.

Let us begin by stating the main theorem of this section.

Theorem 29 (Equivalence with RT-representation) The projective representa-
tion n — h(z(n)) € Ay m of the pure mapping class group PM (g, m) is unitarily
equivalent the representation found by Reshetikhin and Turaev in [37].

The rest of the section is devoted to the proof of this theorem. For this
comparison of our representation with the Reshetikhin- Turaev representation
it suffices to evaluate the elements h(x(n)) for a generating set of Dehn twists.
We use a set which consists of Dehn twists n,,,1 < v < m,v < p < m+4 2¢
and «;, 8;,8;,e;,¢ = 1,...g, along the circles x(n,,) and z(«;), 2(5;), 2(8), z(€).
More precisely we define

x(an) = lPlV ’ x(al) = lm+1 s

and z(o;) = lpgoj_1lmgrj—2 for j=2,...,9 ,

51



(i) = a; ,oox(6) =l
(&) = lmy2i-1 - bt for i=1,...,9
, g, are defined as before and we introduced

where l,,v=1,...,manda;, i1 =1, ...
loh,m <p<m+2g by
bgoict = a; b7 ay , bpyoi = b;
fore=1,..., g. The circles are shown in the Figure 1,2 .
[m+2z

Fig. 1: Curves z(np),1 < v < m,v < p < m + 2¢ on a surface Xy,
with m marked points wrap around the »*" puncture and the p'* “leg” if
m < p<m+2g. If p<m, z(n,p) encloses the v'" and the p'* puncture.

g {

z(ég) z(ai) w(€i-1)

e 2(Bi_1)

, g, on a surface X4,

Fig. 2: Curves z(a;), z(f:), z(6:), ¢(e), 1 =1,...
If there are

along which the Dehn twists oy, 3;, 6:,€; are performed.
punctures on the surface, they are not encircled by the curves.

As in Lemma 5 we can map the representation spaces (K7, ..., Kp) @ R0
to @{J,} S(Ky, ..., Kn)@V @V @. . .@V7s@V7s. This space carries a rep-
= of the graph algebra Ly m. The representation Dflva

resentation Dfl’“"
Ko

is unitarily equivalent to Afl"
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Now we evaluate the basic generators of the pure mapping class group in the

representations Dfl’“"K’”

Lemma 6 In the representations D}K”} on @{J,} I(Ky,..., Kp)oVhe Ve
L@ V7 @ V7 the elements ﬁyp €ELym 1 <v<mv <p< m+2g, are
represented by

DéKp}(lep) _ @ (vy—lvp—lQVP)K1~..KmJ1J1...Jg

{J:}
and elements a;b; cZ ) ..., g, are represented by
. Ky Kpdidh. JgJ,
D;/@{Kp}(ai) = @ m-I—ZZ ZUm+22 1Q(m+2i—2)(m+2i—1)) )
{7;}
DY) = 07 D) D Ndrvivg, CLLI0(R) X (RS CIK 0]
{J;} K
D}Kp}(di) — @(vm_l_zi_l)Kl...KmJlfl...Jgfg ’
{75}
. - K. Jd,
D;/o{Kp}(ei) = @(Umﬂq Um+22 1Q(m+1)(m+22 1)- Q(m+22 2)(m42i— 1))
{75}

Here ﬁyp = ﬁ(x(nyp)), a; = ﬁ(x(ai)), ete. To simplify the expressions we also used
the element Q,, € GOm+29,

Qua = Ry pry- Ry Rou(Ry )7 (R 40) 7 €Gm

and CIKK|0]* = (R)XECIKK 0]*d—K

VK

Fig. 3,4 give a graphical presentation of the result.

Fig. 3: Pictorial presentation of
Lemma 6. The picture contains m
_ + 2g strands, one for every punc-
ture and two for every handle. It
shows the action of n,p,1 < v <
m,v < p < m+ 2g on states. Over-
} and undercrossings correspond to

factors R, R™' and the open cir-
cle on a line s means multiplication

p v with v;i
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a; b;0
? ? 1
—_—~— —_—~— —_—~—

()] C | E—
d; €
Fig. 4: Pictorial presentation of the action of @;, ..., é; on states. Pairs of

strands correspond to the g handles of the surface and describe a map on R.
As usnal, over- and undercrossings have to be interpreted as factors R, R™*
and open (closed) circles in a line stay for a factor v~ (v). Maxima and
minima mean insertion of normalized Clebsch-Gordon maps C[IT]0] and
their conjugates.

Proor or THE LEMMA: The simplest case is the action of #,, for p < m. For
notational reasons we give the proof only in the example v = 1, p = 3. The general
case can be treated with the same ideas. With the definition (9.4) of illg and the
formulas in Theorem (15) for the representation on monodromies M{ and M one

finds
D{K”}(izlg,)
= Y N dpurtrl (R Rig Ry yRua( R g) ™! Ryp) 0250
- ZNG_ldIUI”qI [(RioR3) R RiaRsqgRyp) K1 Rs]

= D N0 dputry [(Rg) [(id @ id @ A) (R 3R13)] 1504 Rsa) K115
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For the equalities we used quasitriangularity of R several times and the subscript
1324 Mmeans that the second and third component of the expression in brackets are
exchanged. Now let us recall that ZNG‘ldIvjtrqI((R’R)I) =v~! so that

Dol (hiz) = [(R3l(id@id @ A)(e @ e @ v™")]iznaRaq) K1 H2H0]
= v (R3y) Ry RogRag) FrReHs
= Ui s (Rog Ry Rag(Ryz)™h) ket

We inserted the formula (3.3) for the action of A on the ribbon element v and em-
ployed the Yang Baxter equation. The last formula coincides with the statement
in the Lemma. R

To compute the action of the h,,,p > m, on states we use a map from the
representation space R of the AB- algebra 7 to the space ; VI @ V7 described
by _ _ _

w! = k72C[II0)(R) T a’ R e VI @ V! (9.8)

for every a’ € End(V”’) C R. It is easy to check that the monodromies B! and
(ADH=Y(BH=L Al act on w? according to

W(BI)wJ = wJ’fj_l(Rlllelst( /12)_1)1” )
AN B AN = e e (R

These formulas should be compared with the expressions in Theorem 15 for the
representation of monodromies M. The result can easily be generalized to the
case of g handles. We find that the monodromies MI(lp),p > m, act on the
summands in @{J,} Ky, ..., Kp)oVieVhe...@V/s@ Vs according to

(K:I)_l([(pRll(p+1)R1(p+1)[(z;_l ® e(m—l/))IKl...ijljl...Jgjg

for all p < m 4+ 2g. The notations were introduced in a remark after Theorem 15.
With this result, the evaluation of izyp on states is reduced to the previous case
where p < m.

The evaluation of a;, d;, é; is equally simple since the curves z(oy), x(8;), 2(e;)
are at most products of elements {,, 1 < p < 2m+g. Details of the straightforward
computation are left as an exercise. Only b requires some new calculation. Since
z(f;) = a; we need to know how ﬁ(ai) acts on states. Let us give the answer for
the handle algebra, i.e. ¢ = 1 and b = ﬁ(a) = il(al). When w” is defined as in
eq. (9.8) a direct calculation establishes

w(byw’ = 073" Ndgvgvsw CLIT0I(R Y S (R CIKK|0]° .
K

The generalization of this formula to g handles is obvious. This concludes the
proof of the Lemma.
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ProoF oF THEOREM 29: Let us recall how to obtain the Reshetikhin Turaev
representation of the mapping class group. First one presents elements in the
mapping class group by tangle diagrams. For our generating set of Dehn twists
Nup, @5, B, 8, €; the corresponding diagrams can be found e.g. in [35]. Then the
elements in the diagram are represented by objects associated with a Hopf algebra
G in the usual way (cp. also figure captions for Figure 3,4). This provides us with
a set of maps between representation spaces of G, one for each elements in the
mapping class group.

The formulas for the action of ilyp, a;, l;i, CZZ', é; on states of the Chern Simons
theory were described by the pictures in Figure 3,4. These pictures agree with
the tangle diagrams which present the corresponding elements n,,, o;, 8;, 6, €; in
the pure mapping class group. In fact, only the picture for é; in Fig. 4 differs
from the generators of the tangle algebra used in [35]. However the two pictures
are equivalent up to a Kirby move [29]. Because the representation constructed
above is projective, application of Kirby moves might change the result by a
phase. More precisely, whenever a manipulation with tangle diagrams involves an
01 move (i.e. creation or annihilation of a closed circle O) we have to encounter
a factor 6. The @5 move is respected by the representation and hence does not
produce additional factors. Any manipulation that leads from our picture for é;
to the corresponding diagram used by Matveev and Polyak involves one O; move
and thus gives rise to a factor #. This concludes the proof of the theorem.

For the torus, the representation space & can be identified with the quantum
symmetry algebra G itself. Our representation = of the mapping class group on R
may then be compared with formulas of Lyubashenko [32], Majid [34] and Kerler
[28] for the action of mapping class groups on Hopf algebras.

10 Comments

10.1 Truncation

All the theory developed above was valid under the assumption that the symmetry
algebras G is semisimple. It is well known that this requirement is not satisfied for
the quantum group algebras U, (¢) when ¢ is a root of unity. To treat this impor-
tant case we proposed (cp. [2]) to use the semisimple truncation of U,(g), ¢ = 1,
which has been constructed in [33]. In this truncation, semisimplicity is gained
in exchange for co-associativity, i.e. the truncated UqT (¢) of [33] are only quasi-
co-associative. In addition, the co-product A of these truncated structures is not
unit preserving (i.e. A(e) # e ® e). This leads to a generalization of Drinfeld’s
axioms [15] and the corresponding algebraic structures were called “weak quasi-
Hopf-algebra” in [33].

Our discussions in [2] and especially in [3] provide all background information
needed in dealing with nontrivial reassociators ¢, 1.e. if the co-product of G is
not co-associative. Using the “substitution rules” from [3], the above discussion
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generalizes to the quasi-Hopf case without any difficulties. Let us just recall
that all graph algebras become quasi-associative and only algebras A, ,, and the
moduli algebras stay associative. On the other hand, the effect of the truncation
A(e) # e ® e is much more subtle and we would like to clarify this with the
following discussion. At some points throughout this paper we explicitly used the
equation 8165 = > NII(J o for the dimensions é; of the irreducible representations
7. This fails to hold in the presence of truncation and we have to encounter the
inequality 6765 > > N6 instead.

A first effect of such truncations is that they reduce the number of linear
independent matrix elements in the quantum monodromies M}, A! ete. beyond
the value of 67. In fact one may derive the following relations

TI(S(e}j))MI(C)TI(eg) = MI(C) with  A(e) = el @e2

Here M(C) is defined as in eq. (9.1) and may in particular be equal to A, B!
or MI. Let us shortly sketch the proof under the simplifying assumption that A
is co-associative. Since the element e € G is supposed to be the identity in the
graph algebras, we know that M{(C) = eM*(C). From the covariance properties
of monodromies one concludes

MI(C) = 7(S(ep7))MI(C)T (€57 )¢

T

This formula is used twice in the following calculation

' (S(ep)) M (€)' (e7)
= 71(S(e))T(S(ery))MI(C)T (e57)7 (e7)es

= 7'I(S(e11 ))MI

The second step simply follows from A(e)A(€) = A(e&) = A(E). We conclude
that MZ(C) contains only NII(I(SK < 6% linear independent components. The total
dimension of the algebra £(M(C)) generated by matrix components of M!(C) is
then >, & NH 6.

Withyrespect to Lemma 1, this remark shows that we cannot expect all linear
maps in End(V7) to appear in the image of quantum monodromies under the
representations D7 . However, a careful reexamination of the proof shows that
the faithfulness of the representation theory is still guaranteed. Indeed the same
proof allows us to find >_ NZf 6 linear independent representation matrices on a
space V1. The sum of these numbers over I coincides with the dimension of the
the (quasi-associative) loop algebra £ (cp. preceding paragraph).

All the proofs we gave in the Section on the genus 0 case were designed so that
they only use the faithfulness. They now carry over to the truncated situation.
Let us emphasize that the irreducibility of representations is not completely lost.
We saw above counting arguments prevent the representations D! of the loop
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algebra £ from being irreducible. The same holds true for the multi-loop case.
However, when we descent to moduli algebras, counting arguments allow to derive
irreducibility of the representation theory from the faithfulness much as this was
done in Section 6.3. So the general rule is that irreducibility statements fail on
the level of graph algebras but hold again on the level of moduli algebras.

There is a similar story about handle algebras. We continue to generate the
representation space $ from a ground state |0) by application of the “creation
operators” A!. From our discussion above, the resulting space has the same
dimension as the loop algebra £(A) associated with monodromies A’ i.e. we find
dim(R) = ZI,K NII(I(5K. In particular, the space R is no longer isomorphic to
@, VI @ VL. We may, however, write R = @(V! @ V)" where (VI @ V1) is the
subspace of VI @ V! on which D(e)” acts as identity. Our proof at the end of
Subsection 7.3 shows that the representations m of the handle algebra 7 is still
irreducible. In fact, the projectors XIB now project to the )~ NII(I(SK—dimensional
subspace (VI @ V1) of ®. Monodromies B’ and (A7)~1(B7)71A7 give rise
to (3.5 NH 6x)? linear independent maps on (VI @ V7). So we obtain a full
matrix algebra over this subspace. Irreducibility of 7 i1s then obtained as before.
Faithfulness of the representation follows from irreducibility by the usual counting
of dimensions. From this point on, the rest of the discussion — in particular the
representation theory at higher genera — is straightforward.

These remarks suffice to generalize the above theory to weak quasi Hopf al-
gebras and hence to open the way for its application to interesting symmetry
algebras associated with U,(g),¢" = 1.

10.2 Open problems

In this paper we essentially completed the program of operator quantization of
the Chern-Simons theory. We have defined the algebra of observables equipped
with the #-operation and the positive integration functional and developed its
representation theory. It is shown that the list of irreducible unitary represen-
tations matches with the Hilbert spaces produced by Geometric Quantization of
the moduli space of flat connections.

Let us mention here several open problems related to the framework of Com-
binatorial Quantization.

We mentioned in Section 4 that for generic values of ¢ the moduli algebra
M;{ﬁ@} is isomorphic (as a linear space) to the classical algebra of analytic functions
on the moduli space of flat connections. Eventually, these spaces may be identified
in many ways. However, we can restrict the choice by the following condition. Pick
up some circle z on the surface. Corresponding to this circle one can construct

(see Section 9) a set of elements cI(x) c /\/l;g{ﬁ@} via
cI(x) = ﬁjtquI(x). (10.1)

The representations of the quantum symmetry algebra for generic ¢ being in one
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to one correspondence with the representation of the group G, one can construct
classical counterparts of elements (10.1):

clx) = trM! (). (10.2)

These are already commuting analytic functions on the moduli space.
So, one wishes to construct the map @ which maps classical functions into the
elements of the moduli algebra so that

Qeg(x)) = ¢ (x) (10.3)

for every # and I. It is not a priori clear that such a map exists. At least we wish
to preserve (10.3) for sufficiently many cycles on the surface.

Another conceptual problem related to the quantized moduli space is the 1ssue
of a differential calculus. The classical moduli space has a rich cohomology theory
[44], [25]. From this perspective it would be interesting to define the correspond-
ing cohomology problem for quantized moduli spaces. One can hope that the
differential calculi on the quantum groups may provide a good starting point.
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