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Local Analytic Hypoellipticity forD2x +D2y + (x2m + y2n)D2tDavid S. Tartako�Department of MathematicsUniversity of Illinois at Chicago851 S. Morgan St., m/c 249Chicago Illinois 60607-7045, U.S.A.AbstractWe give a new and very simple proof of the local analytic hypoel-lipticity of some partial di�erential operators studied by Matzusawain [3] and their generalizations. These include the operator� @@x�2 + � @@y�2 + (x2m + y2n)� @@t�2 :These operators represent a simple class which had not yielded to themethods of Derridj and Tartako� to date.1 IntroductionWe are concerned here with the operatorsP1 =  @@x!2 + x2m  @@t!2 ; (1)P2 =  @@x!2 +  @@y!2 + (x2m + y2n) @@t!2 ; (2)1



2 D. Tartako�. The �rst type is that studied by Matzusawa in [3], the second occurs as ananalogue of the �rst in more variables.While there are easy generalizations of this method to higher dimensions,we content ourselves for the moment with these low dimensions, which su�ceto demonstrate the technique.2 Notation and Statement of ResultsThe notation being clear, we proceed to the statement of the theorem:Theorem 1 Both P1 and P2 are microlocally analytic hypoelliptic.Remark For P1 the theorem is due to Matzusawa in a local form, althoughour proof will be entirely di�erent.3 Technical ReductionsOur �rst observation is that the operators are subelliptic, as can be seen fromthe H�ormander condition applied to the vector �eldsX1 = @@x and Y1 = x2m @@t for P1;and X2 = @@x; Y2 = @@y ; Z2 = x2m @@t and W2 = y2n @@t forP2:It seems to be better in this context, however, not to think of theseoperators in terms of sums of squares of vector �elds. The rôle played byvector �elds per se seems much less important here than elsewhere.If we denote by (�(; �); � ) the variables dual to (x; (y; )t) in the cotangentspace, in both cases the operator is clearly elliptic for (x(; y)) 6= (0(; 0))and at (0; (0; )t; �(; �)) 6= (0; (0; )t; 0(; 0)); the characteristic variety of bothoperators is symplectic and hence the methods and results of [4], and [1]together with classical results on elliptic operators yield (microlocal) analytichypoellipticity of the Pi: Note that at symplectic points for these opertorsone does have maximal estimates and hence indeed the results of [1] do apply.



Local Analytic Hypoellipticity for D2x +D2y + (x2m + y2m)D2t 3If one is only interested in local results, and not micro-local ones, what thisamounts to saying is that if Piu = f withk @@t!r fkL2 � Cr+1f r!near the origin uniformly in r, then the same is true of u instead of f; perhapsin a smaller neighborhood of the origin, with a new constant C: Furthermore,this `neighborhood' may be chosen by merely localizing in t; while of course alocalization of the form �1(x(; y))�2(t) should be used, whenever a derivativefalls on �1 the support will be away from (x(; y)) = (0(; 0)); and hence at asymplectic point where the result is known by [1].Thus technically speaking it su�ces to estimate, in L2 norm, derivativesof the solution u of the form �(t)( @@t)ru:4 Proof of the TheoremWe seek to show in both cases that we may boundjj�1(x(; y))�2(t) @@t!r ujjL2(!) � Cr+1u r! (3)where ! is a small neighborhood of the origin. Here the localizing functions�1(x(; y)) and �2(t) are identically one near (0(; 0)) and 0; respectively, andof compact support. We shall omit reference to �1(x(; y)); since if we takeall norms and inner products over a neighborhood of the origin and a deriva-tive in x (or y) falls on �1(x(; y)); then in the support of this di�erentiatedfunction, the result is known. Thus we shall proceed as though the (x(; y))support were compact and omit reference to �1(x(; y)): Thus we need tobound k�2(t) @@t!r ukL2 � Cr+1u r! (4)4.1 The Proof for D2x + x2mD2tWe write Dz = @@z and start with the a priori inequality,kDxvk2L2 + kxmDtvk2L2 + kvk2 1m+1 � Cj<(P1v; v)L2j (5)



4 D. Tartako�for v 2 C10 ; and replace v by �(t)Drtu: We havekDx�(t)Drtuk2L2 + kxmDt�(t)Drtuk2L2 + k�(t)Drtuk2 1m+1 �� Cj<(P1�(t)Drtu; �(t)Drtu)L2j= Cj<(�(t)DrtP1u; �(t)Drtu)L2 + Erj= Cj<(�(t)Drtf; �(t)Drtu)L2 + Erj� C 0 �k�(t)Drtfk2L2 + jErj� ;where Er = <([P1; �(t)Drt ]u; �(t)Drtu)L2 :Now [P1; �(t)Drt ]u may be written:[P1; �(t)Drt ]u = [D2x; �(t)Drt ]u+ [x2mD2t ; �(t)Drt ]u:But the �rst term is zero, and for the second term,[x2mD2t ; �(t)Drt ]u = x2m(2Dt�0(t)Drtu+ �00(t)Drt )u= : : : : : := rXj=1x2m(j+1)D2t �(j)(t)Dr�jt u+(r+2)x2mDt�(r+1)(t)u+(r+3)x2m�(r+2)(t)u;and hence, with some integration by parts,jErj = j<([P1; �(t)Drt ]u; �(t)Drtu)L2j� Cf rXj=1 j((j + 1)xmDt�(j)(t)Dr�jt u; xmDt�(t)Drtu)L2j+ (6)+j(xm(r + 2)�(r+1)(t)u; xmDt�(t)Drtu)L2j+j(xm(r + 3)�(r+2)(t)u; xm�(t)Drtu)L2jg:With the help of the weighted Schwarz inequality, we have, then,j<([P1; �(t)Drt ]u; �(t)Drtu)L2 j � C rX1 k(j + 1)xmDt�(j)(t)Dr�jt uk2L2 (7)



Local Analytic Hypoellipticity for D2x +D2y + (x2m + y2m)D2t 5+Ck(r + 2)xm�(r+1)(t)uk2L2 + Ck(r + 3)xm�(r+2)(t)uk2L2g:All but the last of these terms have the same form as the second termon the left, with powers of Dt converted into derivatives on �: The last termwill be treated as a �nal error term, with � suitably chosen. Thus absorbingthe �rst term on the right into the left hand side of the above,kDx�(t)Drtuk2L2 + kxmDt�(t)Drtuk2L2 + k�(t)Drtuk2 1m+1 � (8)� Ck�(t)Drtfk2L2 + Cf rX1 k(j + 1)xmDt�(j)(t)Dr�jt uk2L2+k(r + 2)xm�(r+1)(t)uk2L2 + k(r + 3)xm�(r+2)(t)uk2L2g:Now the inductive hypothesis thatkxmDt�(j)(t)Dr�jt uk2L2 � C0Cj1CN�j2 N rfor j > j0; (for suitable constants Cl; l = 0; 1; 2), true for j = j0 provided thelocalizing function � = �N satis�es jDk�j � KkNk; k � 2N (for instance,see [2], [4] for the existence of such `analytic families of localizing functions'),together with the above inequality, yieldskxmDt�(j0)(t)Dr�j0t uk2L2 �Ck�(j0)(t)Dr�j0t fk2L2 + Cfr�j0X1 k(j + 1)xmDt�(j0+j)(t)Dr�j0�jt uk2L2+k(r � j0 + 2)xm�(r+1)(t)uk2L2 + k(r � j0 + 3)xm�(r+2)(t)uk2L2g �� CCr+1f r! + C r�j0X1 (j + 1)C0Cj0+j1 CN�j0�j2 N r + 2(r � j0 + 3)C0Cr+21 N r �� C0Cj01 CN�j02 N rprovided CCr+1f r! � 13C0Cj01 CN�j02 N r;C r�j0X1 (j + 1)C0Cj0+j1 CN�j0�j2 N r � 13C0Cj01 CN�j02 N r;and 2(r � j0 + 3)C0Cr+21 N r � 13C0Cj01 CN�j02 N r:But these are easily achieved with proper ratios of the constants Cj :



6 D. Tartako�4.2 The Proof for P2 = D2x +D2y + x2mD2t + y2nD2tThe proof for P2 is no di�erent from that for P1; since there is no interactionbetween the two operatorsP1;1 = P1 = D2x + x2mD2tand P1;2 = D2y + y2nD2tthat make up P2 = P1;1 + P1;2; and the subellipticity employed is only usedto capture a large multiple of the L2 norm and the norm k�(t)Drtuk2 1m+1 maybe replaced by k�(t)Drtuk2 1max(m;n)+1 :References[1] M. Derridj and D.S. Tartakoff, Microlocal Analyticity for 2bon Strictly Pseudoconvex CR Manifolds of Real Dimension Three., toappear.[2] L. Ehrenpreis, Solutions of some Problems Amer. J. Math. 82 (1960)522-588.[3] T. Matzusawa, Partial Regularity and Applications Nagoya Math. J.,103 (1986), 133-143.[4] D. S. Tartakoff, Local Analytic Hypoellipticity for 2b on Non-Degenerate Cauchy Riemann Manifolds. Proc. N U.S.A. 75 no. 7(1978), 3027-3028.[5] F. Treves, Analytic Hypo-ellipticity of a Cl Pseudo-Di�erential Op-erators with Double Characteristics and Application to the @-NeumannProblem. Comm. in P.D.E., 3 (6-7) (1978), 475-642.


