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1. Introduction. The development of the quantum inverse scattering method (QISM)[1] intended for investigation of the integrable models of the quantum �eld theory and sta-tistical physics naturally gives rise to some interesting algebraic constructions. Their in-vestigation allows to select a special class of Hopf algebras now known as quantum groupsand quantum algebras [2,3]. In many respects these algebraic structures resemble very muchthose of the standard Lie groups and Lie algebras, that is probably one of the reasons ex-plaining the appearance of quite a few number of articles dealing with these objects. The niceR-matrix formulation of the quantum group theory [4], based on the fundamental relation ofthe QISM (the FRT-relation) has given an additional impulse for these investigations. TheFRT-relation RT1T2 = T2T1R; (1)may be considered as a condensed matrix form of homogeneous quadratic (commutation)relations between n2 generators tij; (i; j = 1; 2; :::; n) of the associative algebra Fq. Theentries of the number n2� n2 matrix R play the role of the Lie algebra structure constants.We are using the QISM standard notations T1 = T 
 I;T2 = I 
 T , where T = (tij) is then�n-matrix of generators for the associative algebra Fq (q-matrix). Usually it is supposedthat the R-matrix is a solution of the Yang-Baxter equation [4]. The R-matrices related tothe classical simple Lie algebras from the Cartan list are well known [3-5]. The matrix formof the FRT-relation (1) allows to introduce without di�culty into the associative algebraFq, together with multiplication, additional maps (coproduct, counit and antipod (providedthat the inverse matrix T�1 exists)) and convert Fq into the Hopf algebra i.e. the quantumgroup [4]. Rather straightforward (and sometimes misleading) analogy of the q-matrix Twith the standard matrices as elements of the classical matrix groups nevertheless allowsone to consider many questions of the higher algebra without di�culties operating withquantum analogs of the well known classical objects such as determinants, minors, linearspaces, symmetric and external products etc.[4, 6-11].In this paper we consider the Gauss decomposition of the q-matrix T = TLTDTU onstrictly lower and upper triangular matrices (with unities on the diagonal) and the diagonalmatrix TD := A using the elementary algebra methods and the R-matrix approach [4]. Sucha decomposition of a given matrix (with non commuting entries) into the products of matricesof the special type (similar to the Gauss decomposition) is the particular case of the generalfactorization problem [12], which can be considered as a cornerstone of many constructionsof the classical as well as quantum inverse scattering methods. It is worthwhile to point2



out that in di�erent contexts these decompositions have been appeared (sometimes in nonexplicit form) in many papers on the quantum deformation [8,12-29,74]. Let us comment,without details, some of them.In a quite general framework of the quantum double construction the Gauss decompo-sition was introduced in the paper [13], where the universal triangular objects M� werede�ned. Their matrix representations on one of the factors (� 
 1)M� = M� are thesolutions of the FRT-relationsRM�1 M�2 =M�2 M�1 R; M+1 M�2 =M�2 M+1 :with the R-matrix R = (�
�)R related to the universal one R. Their productM�M+ afterthe uni�cation of diagonal elements (M�iiM+ii = Aii) gives the q�matrix T . Usually the newgenerators, which are de�ned by the Gauss decomposition, have simpler commutation rules(multiplication) but more complicated expressions for the coproduct.The representation of the universal T -matrix in terms of the exponential factors, givenin [16] is one of the forms of the Gauss factorization also. Connection of the Gauss decom-position with Borel one, which is fundamental for the Borel-Weil construction [30] in therepresentation theory also has the quantum group analogs [18, 27-29].In the dual case of quantum algebras the Gauss decomposition for the L-matrices L�,which was used in [4] as the very de�ning relations, proves to be useful in the consideration[17] of the equivalence of the R-matrix formulation of the quantum a�ne algebra Uq( bsl2) [31]and the so called "new realization" [32]. The structure and some properties of the R-matrixmay be conveniently described by the Gauss decomposition [24] also. Moreover the Gaussfactorization was successfully used in the construction of the quantum group valued coherentstates [18] for the compact quantum algebras.The simpler structure of the commutation rules among the Gauss decomposition gener-ators of the quantum groups simpli�es [20, 21] the problem of their q-bosonization [34, 36](that is their realization by the creation and annihilation operators of the quantum deformedoscillator [37-39]). For the dual objects { quantum algebras (or quantum deformation of uni-versal enveloping algebras of the classical Lie algebras) this problem was considered e.g. in[40,41] and for q-superalgebras in [42,43]. The q-bosonization of the L-operators for thequantum a�ne algebra Uq( bsl2), related to the Gauss decomposition, was analyzed in [22],where connection of the "new realization" of this algebra at the level 1 with the free �eldrealization of the Zamolodchikov-Faddeev algebra formulated in the framework of the QISMwas established. 3



To our surprise many relations among the entries of the quantum matrix T in terms ofthe Gauss generators become the elegant analogs of the standard classical results [33]. Thedistinctions appeared in these q-analogs consist essentially in the appearance of the additionalq-factors and/or q�names only, in the replacement of the determinants and minors on thequantum determinants and q-minors, respectively and so on. This kind of results were foundby many authors and rediscovered numerously (see, for example, [6,9-11,19-21,27-28]).In this work we restrict our consideration to those properties of the Gauss factorizationof the quantum group generator matrix T corresponding to the classical series of the Liegroups and supergroups which can be obtained by the elementary linear algebra methodsand the R-matrix formalism using its fundamental representation. This allows us to avoidmany di�cult and/or cumbersome problems, connected, for example with the invertibilityof some generators and q�minors, with the questions of the original Hopf algebra structureequivalence with those generated by new generators appeared in the Gauss decomposition[13,23], or the questions about connection of the new generators of the quantum group withthe entries of the L�-matrices in terms of which dual quantum algebras are described in theR-matrix approach [4]. We leave aside the higher (co)representation Gauss decompositionand the block matrix cases (see, however Sec.5 on the supergroups).The paper is set up as follows. The Gauss decomposition of the GLq(n) is given inSec.2. In the next Sec.3 we consider the quantum orthogonal and symplectic groups fortheir de�ning relations includes an additional quadratic constraint . An example of Spq(2) iswritten in Sec.4 in detail. Some peculiarities of the quantum supergroups (Z2-graded tensorproduct and s-determinant) are mentioned in Sec.5.2. Gauss factorization for the quantum group GLq(n). It was mentioned abovethat the matrix FRT-relation (1) encodes quadratic (commutation) relations between quan-tum group generators. The R-matrix for the quantum group GLq(n) (Al series) is the lowertriangular number n2 � n2-matrix [3,4]:R = nXi6=j eii 
 ejj + q nXi=1 eii 
 eii + � nXi<j eji 
 eij; (2)where � = q�q�1; q 6= 1, and ekl are the standard matrix units that is the (n�n)-matrices allentries of which are zeros except the element (ekl)kl = 1. It is convenient to parametrize therows and columns of the R-matrix, acting in the space Cn
Cn, by the pair of indices. Witha such parameterization the element of the R-matrix (2), which stays on the intersection of4



the row (m;n) and the column (p; r), has the formRmn;pr = (1 + (q � 1)�mn)�mp�nr + ��(m � n)�np�mr; (3)where �(m� n) = 8<: 1; if m > n0; if m � n ;and the FRT-relation can be represented in the elementwise form asnXj;k=1Rmi;jktjptkr = nXj;k=1 tiktmjRjk;pr: (4)Due to (3), the relations (4) may be rewritten as followsti jtik = qtikti j ; tiktl j = tl jtik;tiktlk = qtlktik; [ti j; tlk] = �tiktlj; (5)where 1 � j < k � n; 1 � i < l � n. It follows from these relations that the algebraFq has a rich subalgebra structure. In particular, if we omit in the q-matrix T = (tmn)k arbitrary rows and k arbitrary columns (k < n) then we get the q-matrix related to theGLq(n�k) subalgebra. In other words the quadratic commutation relations, de�ning GLq(n)are uniquely �xed by the condition that four generators which stays at the corners of eachrectangular "drawn" in T are subject to the simple well known relations of the quantumgroup GLq(2) T = 0@ a bc d 1A ; ab = qba; ac = qca; bc = cb;bd = qdb; cd = qdc; [a; d] = �bc: (6)The quantum determinant is given by the expression [4]Dq(T ) = detq T =X� (�q)l(�)t1�(1)t2�(2) � : : : � tn�(n); (7)where l(�) is the length of the substitution � 2 Sn. The q-determinant detq T is a centralelement for the quantum group GLq(n) [4,6]. For the quantum group GLq(2) the quantumdeterminant is equal to detqT = ad� qbc = da� q�1bc:The invertibility of the quantum determinant detqT is the necessary condition for introducingthe Hopf algebra structure into the algebra GLq(n). In the following we suppose that thiscondition is ful�lled. 5



The Gauss decomposition is the quantum matrix factorization of the following formT = TLTDTU = TLT (+) = T (�)TU ; (8)where TL = (lik) is the strictly lower triangular matrix (with unities at the main diagonallkk = 1); TD = diag(Akk); TU = (uik) is the strictly upper triangular matrix (ukk = 1);T (+) := TDTU and T (�) = TLTD. It is an easy exercise to get for the GLq(2) (6) l21 =c=a; u12 = b=qa;A11 = a;A22 = detqT=a.As in the classical case, with the mutually commuting entries of the matrix T , the Gaussalgorithm to construct the triangular factorization (see for example [33]) can be applied forthe quantum matrix as well. To realize the Gauss algorithm let us introduce strictly lowertriangular n� n-matrix WL and the upper triangular matrix T (+) by the equation:WLT = T (+): (9)Let wk = (wk;1; wk;2; :::; wk;k�1) and tk = (tk;1; tk;2; :::; tk;k�1) be the parts of the k-th rows ofthe matrixWL and T , respectively, and T(k) denotes the matrix which was received from T byomitting the last (n� k) rows and (n� k) columns. Then in view of the upper triangularityof the matrix T (+) the condition (9) gives the system of the linear equationswkT(k�1) = �tk (10)on elements of the row wk with generators of the algebra Fq as coe�cients. If the q-matrixT(k) is invertible (that is detqT(k) 6= 0), then the solution of this system has the formwk = �tkT �1(k�1):We note that the needed for the existence of a such solution condition corresponds completelyto the classical condition that all diagonal minors of the classical matrix are di�erent fromthe zero. The elements of the inverse matrix are given by the formula [4,6]:(T �1)ij = (�q)i�j(detq T )�1Mq(i; j); (11)where Mq(j; i) is the q-minor, that is the quantum determinant of the matrix which isobtained from T by omitting of the i-th row and j-th column. Thus all the elements of thematrix WL are uniquely de�ned. The condition (9) allows to �nd all the nonzero elements6



of the matrix T (+). In particular the diagonal elements except (T (+))11 = t11, have the form(T (+))ii = iPk=1(WL)iktki = � i�1Pl;k=1(�q)l�ktil(detq T(i�1))�1Mq(l; k)tki + tii =(detq T(i�1))�1 " i�1Pl;k=1(�q)l�k+1tilMq(l; k)tki + (detq T(i�1))tii# =(detq T(i�1))�1 � iPk=1(�q)i�kMq(k; i)tki� = (detq T(i�1))�1(detq T(i)): (12)To derive this relation we take into account the relationsMq(n; n)tnk = qtnkMq(n; n); k < n;and the decomposition (1 � k � n)detq T = nXj=1(�q)j�ktkjMq(k; j) = nXj=1(�q)k�jMq(k; j)tjk:These and some other useful formulas are given in [6]. Let us point out that the relation(T (+))ii = (detq T(i�1))�1(detq T(i)) (13)is the direct q-analog of the classical formulas [33]. Then it is easy to see that the diagonalelements (T (+))ii of the matrix T (+) are mutually commuting. Using the commutation re-lations between the elements tij of the matrix T and their minors (which as a rule provedin [6, 9]) one can �nd the commutation rules between elements (T (+))ij of the matrix T (+).The matrix WL being strictly lower triangular can be inverted. The elements (TL)ij of theinverse matrix (TL) = (WL)�1 are polynomials on the elements of the matrix WL. From therelation (9) the desired decomposition of the q-matrix T followsT = TLT (+): (14)In the same way one can �nd the matrix WU , such that T (�) = TWU , where T (�) is thelower triangular matrix. The decomposition of the matrix T takes now the form (W �1U = TU)T = T (�)TU : (15)If we multiply from the right the relation (14) by the matrix WU , T (�) = TWU , thenT (�) = TWU = TLT (+)WU = TL(T (+)T �1U ) = TLTD;7



where TD = T (+)T �1U is the diagonal matrix with the elements given by (13). One has alsoT (+) = TDTU . Hence, we get the Gauss factorization (8) of the q-matrix T = TLTDTU .The considered above factorization procedure allows to obtain the expressions for the el-ements of all matrices participated in the decomposition in terms of the quantum groupGLq(n) generators and principal minors. Unfortunately such factorization procedure israther cumbersome for it require to �nd the commutation rules between the elements ofthe received matrices. For the quantum group GLq(n) most of these formulas can be ex-tracted from [6]. At the same time for quantum groups corresponding to other classicalseries explicit formulas for quantum determinants and minors as well as the commutationrules are much less known. This di�culty can be avoided using the contraction procedurewhich for the quantum group case was considered, for example, in [44, 45, 47].In the fundamental representation the Cartan elements hi of the Lie algebra gl(n) arerepresented by the n � n matrices hi = 12neii. In the process of the quantum deformationthey are not changed. Moreover they retain to be elements of the Lie type (primitive) thatis their coproduct has the form �(hi) � Hi = hi
1+1
hi: Hence, on the Cartan elementsthe coproduct is coincide with the opposite one �(hi) = �0(hi), where �0 = P �� and wehave [R;Hi] = 0: (16)Let us apply to the FRT-relation (1) the similarity transformation with the matrixK
 = exp( nXi=1 
ihi)
 exp( nXi=1 
ihi) = exp( nXi=1 
i�(hi)) = exp( nXi=1 
iHi);where the number coe�cients 
i are strictly ordered 
1 > 
2 > : : : > 
n > 0. In view of therelation (16), such similarity transformation a�ects only the matrices Tl; (l = 1; 2):Tl �! K
TlK �1
 = diag(e
i)Tdiag(e�
i); tij 7�! tije
i�
j :Let us introduce two sets of the new generatorst(+)ij = 8<: tije
i�
j i � jtij i > j ; t(�)ij = 8<: tij i < jtije
i�
j i � j :Let 
i � 
j = 
ij", where 
ij > 0, if i < j and 
ij < 0, if i > j. When " ! 1 (" ! �1)in the set ft(+)ij g f(t(�)ij )g all the matrix elements with i > j (i < j) are disappeared. Thuswe constructed the homomorphisms of the algebra Fq into the algebras F (�)q , generated by8



the upper and lower triangular q-matrices. In this case the commutation rules for the newgenerators are de�ned by the same R-matrix:R eT (�)1 eT (�)2 = eT (�)2 eT (�)1 R: (17)Similar contraction procedure allows to �nd the homomorphisms eT (�) ! eA of the quan-tum groups generated by the entries of matrices eT (�) into the group generators of which arethe elements of the diagonal matrix TD. The commutation rules between elements of thisgroup are also determined by the FRT-relationR eA1 eA2 = eA2 eA1R; (Aij = �ijAij); (18)which due to of the structure of the R-matrix for the GLq(n) is equivalent to the relationeA1 eA2 = eA2 eA1: (19)This means the commutativity of the diagonal matrix elements and can be easily provedusing also the FRT-relation (4) and the R-matrix elements (3).Let us return to the relation (17) and consider once more contraction with the matricesK1
 = exp(Pni=1 
ihi) 
 1 (or K2
 = 1 
 exp(Pni=1 
ihi)). The similarity transformationwith these operators leaves without changes in the equality (17) the matrix eT (�)2 ( eT (�)1 ), buttransforms the R-matrix R ! R
. For example, the contraction which maps the matrixT (�) into the diagonal ones ( "!1 under the mentioned above type of ordering in the setf
ig), the matrix R goes into diagonal matrix R
 ! RD (where RD is the diagonal part ofthe R-matrix). Finally we get the relationRD eA1 eT (�)2 = eT (�)2 eA1RD: (20)In a similar way one gets the R-matrix relation for the matrix eT (+)RD eT (+)1 eA2 = eA2 eT (+)1 RD: (21)Using the transposition operator P (Pij;kl = �il�jk), such thatP2 = P; PT1P = T2; PT2P = T1; PRDP = RD; (22)we receive the relations (20-21) with the replacement 1 $ 2:. Finally, after the similaritytransformation of the FRT-relation (1) with the operators K
1;K
2, we get the relationRD eT (+)1 eT (�)2 = eT (�)2 eT (+)1 RD: (23)9



It can be shown that commutation rules of the new generators de�ned uniquely from thecommutation relations of the initial generators. This means that the quantum groups,obtained by this contraction procedure, are isomorphic to the quantum groups, gener-ated by the respective factors of the Gauss decomposition (8) for the quantum groupGLq(n): eT (+) ' T (+); eA ' TD; eT (�) ' T (�). Thus we see that commutation rules betweengenerators of the quantum groups TU and TL can be obtained from the relations (17-23).For example, from the relation (17) for T (+) and the decomposition T (+) = TDTU we haveRT (+)1 (TD)2TU2 = T (+)2 (TD)1TU1Ror, with the help of the commutation relations (21),RR�1D TD2T (+)1 RDTU2 = R�1D TD1T (+)1 RDTU1R:From the relation (18), and taking into account that [RD; R] = 0, we have �nallyRTU1RDTU2 = TU2RDTU1R; (24)which is the variant of the re
ection equations considered for example in [47-50]. Analogousequation RTL1R �1D TL2 = TL2R �1D TL1R (25)can be obtained for the matrix TL. Because the diagonal matrices RD and TDi (i = 1; 2)commutes with each other, from the relations (20) and (21) follows the equalityRDTD1TL2 = TL2TD1RD (26)RDTU1TD2 = TD2TU1RD (27)(and similar relation with substitution 1 $ 2). If we substitute T (�) into the relation (23)and take into account relations (26) and (27) we receivedTU1TL2 = TL2TU1: (28)Thus all elements of the q-matrix TU commutes with every element of the q-matrix TL.On the other hand if the relations (17-27) are valid then every decomposition (8) ful�llsthe FRT-relation. For example, for the matrix decomposition T = T (�)TU we haveRT1T2 � T2T1R = RT (�)1 (TU1T (�)2 � T (�)2 R�1D TU1RD)TU2�T (�)2 (TU2T (�)1 � T (�)1 R�1D TU2RD)TU1R+RT (�)1 T (�)2 R�1D (TU1RDTU2 �R�1TU2RDTU1R);10



Three expressions in the brackets () are zeros due to (27) and (24).Thus the relations (19),(24)-(28) give complete list of the commutation relations for theelements of the q-matrices TL; TD and TU from the Gauss decomposition of the originalmatrix T for the quantum group GLq(n). The relations (17), (24)-(25), and easily obtainedfrom (26) and (27) relations RDT (+)1 TL2 = TL2RDT (+)1 ; (29)T (�)2 RD�1TL1 = TL1T (�)2 RD�1; (30)give the full set of commutation rules between elements of the matrices fTL; T (+)g andfT (�); TUg. This allows to consider each of this three sets of elements as the new basis ofgenerators for the quantum group GLq(n). The basis fTL; TD; TUg is particularly convenientone. Diagonal elements of the matrix TD remind the Cartan generators of the simple Liealgebra. Quantum determinant (7) is a central element of the quantum group GLq(n) and,as in the case of number matrices can be expressed as the product of diagonal elementsdetq T = nYi=1(TD)ii: (31)Of course detq T commutes with all new generators, this can be easily proved for the RHSusing the relations (26),(27). For example, if we commute the element ump in successionwith every factor in Qni=1(TD)ii we get due to the relations (26),(27) the following equalitiesump nYi=1(TD)ii = nYi=1(TD)ii Rpi;piRmi;miump = nYi=1(TD)iiump;because Qni=1Rpi;pi = q for every 1 � p � n. Commutation relations of the TD diagonalelements are de�ned by the diagonal blocks of the R-matrix (3) (cf (26), (27)). The productof these blocks is proportional to the unit matrix, hence the product of the TD diagonalelements is central (which is not the case of the multiparametric R-matrix).3. Orthogonal and symplectic quantum groups. In this section orthogonal andsymplectic quantum groups (that is the groups of the series Bl; Cl;Dl) are considered and weshell omit often their names in what follows. The commutation relations between generatorsof these groups are determined by the FRT-relation with the R-matrix [4,5]R = q NPi=1i6=i0 eii 
 eii + eN+12 ;N+12 
 eN+12 ;N+12 + NPi;j=1i6=j;j0 eii 
 ejj+q�1 NPi=1i6=i0 ei0i0 
 eii + � NPi;j=1i>j eij 
 eji � � NPi;j=1i>j q�i��j"i"jeij 
 ei0j0: (32)11



in which the second term takes place in the B { series only. One has in (32) N = 2n for thegroups of C - and D - series, N = 2n+1 for the B { series; �i = 1 for B { and D { series,"i = 8<: 1; i � N=2;�1; i > N=2: for C { series; i0 = N + 1� i; f�ig is a set of numbers �xed for eachgroup [4, 5].In the quantum group de�nition one introduces the additional condition [4]TCT tC�1 = 1 = CT tC�1T; (33)which is a quantum analogs of the known conditions for matrices of the orthogonal andsymplectic Lie groups in the fundamental representation. In (33) T is the quantum groupq-matrix; T t is the transposed matrix, C is the number matrix [4, 5]C = C0q�; � = diag(�1; �2; :::; �N); (C0)ij = �i�ij0:The relation (33) has more transparent form in terms of the group generatorsNPk=1 "kq�k0 tiktjk0 = "j0�ij0q�j ; (34)NPl=1 "lq�l0 tlitl0j = ""i0�i0jq��i: (35)where �i and "i were de�ned above, " = 1 for B - and D - series group, " = �1 for C -series. Among the additional conditions (34),(35) linear independent from the commutationrelations de�ned by the FRT-equation (1) are only those in which right hand side is unequalto zero (in other words, "diagonal" part of the relation (33)).As for the GLq(n) case, the function algebras Fq of other series quantum groups alsohave rich subalgebra structures. For example, generators which stand in the q-matrix T oncrosses of rows with indices (i1; i2; ::; ik) and columns with indices (j1; j2; ::; jk) form GLq(k)subalgebra in Fq if k � n and among row numbers as well as among column numbers thereare no pairs (im; il) with im = (il)0 = N + 1� il).The Gauss factorization of the orthogonal and symplectic groups can be carried out bythe same method as in Sec.2 for the GLq(n) . The commutation relations of the generatorsare determined by the same formulae (19)-(21), (24)-(28) in the basis (TL; TD; TU) and by(17), (24)-(25) in the basis (TL; T (+)) and (T (�); TU). Particular properties of orthogonaland symplecticR-matrices mean, that in deriving the relation (19) from (18), it is necessaryalso to take into account that in the considered case(TD)ii(TD)i0i0 = (TD)jj(TD)j0j0 1 � i; j � n; i0 := N + 1� i: (36)12



This relation is not a restriction for the additional conditions (33)require stronger relation(TD)ii(TD)i0i0 = 1; 1 � i � N: (37)Using the commutation relations one can prove that the additional conditions for thematrices T (�) have the same form (33) as for T , or in terms of the matrix elements (34),(35).Substituting, for example, T (�) = TLTD in these expressions one can obtain the additionalconditions for the generators (TL)ij:NXk=1 "kq�k0 Rkk0;kk0Rkn;kn (TL)mk(TL)nk0 = "n0�mn0q�n; (38)NXl=1 "lq�l0 Rmn;mnRml0;ml0 (TL)lm(TL)l0n = ""m0�mn0q��m: (39)where (TL)ii = 1; (TL)ij = 0; at i < j. The same relations are valid for TU - matrix elements.It is essential that the sums on the left hand sides of (38),(39) include linear by generatorsterms. It allows us to exclude dependent generators from a generator list. Finally thenumber of generators is equal to the dimension of the related Lie group. We shell illustrateindependent generator choice in the next section considering the quantum group Spq(2) asan example.4. An example: symplectic quantum group Spq(2). In this Sec. some details ofthe Gauss factorization of symplectic and orthogonal quantum groups are considered using
13



Spq(2) as an example. The R - matrix for this group is
R =

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
q � � � � � � � � � � � � � � �� 1 � � � � � � � � � �� � � � �� � 1 � � � � � � � � � � � � �� � � q�1 � � � � � � � � � � � �� � � � 1 � � � � � � � � � � �� � � � � q � � � � � � � � � �� � � ��=q � � q�1 � � � � � � � � �� � � � � � � 1 � � � � � � � �� � � � � � � � 1 � � � � � � �� � � �=q3 � � �X � � q�1 � � � � � �� � � � � � � � � � q � � � � �� � � � � � � � � � � 1 � � � �� � � �Y � � �=q3 � � ��=q � � q�1 � � �� � � � � � � � � � � � � 1 � �� � � � � � � � � � � � � � 1 �� � � � � � � � � � � � � � � q

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
(40)

where X = (1+ q�2); Y = (1+ q�4): This matrix has more nonzero elements than the samerank quantum group GLq(4) R-matrix, in which all the diagonal terms with q�1 are changedto 1, and all the terms with multiplication by the negative degree of parameter q out of thediagonal are zero. The complicated structure of the R-matrix causes complicated form ofthe commutation relations. The last remark refers only to special commutation relationsbetween elements whose row or/and column indices are connected by the relations i = j 0,where j 0 = N+1�j. In the Spq(2) case, for which N = 2n = 4, j 0 = 5�j. Other generatorshave the GLq(2) commutation relations as they are elements of the GLq(2)-subalgebras of
14



the quantum group Spq(2). We write down explicitly the "special" relations only:ti1ti4 = q2ti4ti1; ti2ti3 = q2ti3ti2 + �ti1ti4; 1 � i � 4;t1it4i = q2t4it1i; t2it3i = q2t3it2i + �t1it4i; 1 � i � 4;q�1timti0n = ti0ntim + �q�i�i Pj<i q��j�jtjmtj0n; m 6= n0; 8<: i = 1; 2; n < m; ori = 3; 4; n > m; ;q�1timti0n � �ti0mtin = ti0ntim + �q�i�i Pj<i q��j�jtjmtj0n;m 6= n0; i = 1; 2; n > m;timtjm0 = q�1tjm0tim � �q��m�m Pk>m q�k�ktjk0tik; i 6= j 0; 8<: m = 1; 2; i > j; orm = 3; 4; i < j; ;timtjm0 � �tjmtim0 = q�1tjm0tim � �q��m�m Pk>m q�k�ktjk0tik;i 6= j 0; m = 1; 2; i < j;q�1tijti0j0 � �q�i�i Pk<i q��k�ktkjtk0j0 == q�1ti0j0tij � �q��j �j Pk>j q�k�kti0k0tik; 8<: j = 1; 2; i = 3; 4; orj = 3; 4; i = 1; 2; ;q�1tijti0j0 � �ti0jtij0 � �q�i�i Pk<i q��k�ktkjtk0j0 == q�1ti0j0tij � �q��j�j Pk>j q�k�kti0k0tik; i; j = 1; 2;
(41)

In these formulas�1 = �2 = 1; �3 = �4 = �1; �i = (�1; �2; �3; �4) = (2; 1;�1;�2):Adding the additional relations (34),(35) we get the complete set of commutation relationsfor the Spq(2) quantum group (the FRT-relation together with the additional constraint (33)yield an overcomplete list).As in Sec.2 for realization of the classical Gauss algorithm we must �nd matricesWL andWU solving the system of equations (10). E. g. for WL one has:wL21 = �t21D�1q [11]; wL31 = (Dq[2;31;3]� �Dq[1;41;2])D�1q [1;21;2]; wL32 = �Dq[1;31;2]D�1q [1;21;2];wL41 = �q2t41D�1q [11 ]; wL42 = �q2t31D�1q [11]; wL43 = t21D�1q [11]; (42)In these expressions the q-minorsDq[ i1;i2;:::;ikj1;j2;:::;jk ] are calculated by the GLq-rules (7) for a matrixobtained from T by removing all the rows and columns except those with indices (i1; :::; ik)(j1; :::; jk) respectively. In particular,Dq[11] = t11; Dq[1;21;2] = t11t22 � qt12t21:15



Using (9) and the additional conditions (34),(35) for the matrix T (+) one obtainsT (+) = 0BBBBBB@ Dq[11] t12 t13 t140 D�1q [11]Dq[1;21;2] D�1q [11]Dq[1;21;3] D�1q [11](t11t24 � q2t14t21)0 0 D�1q [1;21;2]Dq[11] �D�1q [11]t120 0 0 D�1q [11] 1CCCCCCAAs in the classical commutative case, the diagonal elements for quantum groups (see theGLq(n)-case above) are the ratios of diagonal minorsD�1q [1;2;:::;k�11;2;:::;k�1]Dq[1;2;:::;k1;2;:::;k]:In the presented matrix these ratios are simpli�ed using particular properties of the sym-plectic quantum groups. Namely, calculating the T (+) matrix elements on the places relatedto the diagonal GLq - minors the expressions of the following form appearDspq [1;2;:::;k1;2;:::;k] = P� (�q)l(�)ql0(�)t1;�(1)t2;�(2) � ::: � tk;�(k); (43)which have an additional factor ql0(�) in comparison with (7). Here l0(�) is the number oftranspositions of "speci�c" elements (transposition index). For example, l0(1; 3; 2; 4) = 1as 2 and 3 = 20 are transposed, l0(1; 2; 4; 3) = 0. The expressions (43) for i = 3; 4 can besimpli�ed in the following mannerDspq [1;2;31;2;3] = Dspq [11] Dspq (T ) = Dspq [1;2;3;41;2;3;4] = 1: (44)So the formula (43) can be naturally chosen as a quantum determinant de�nition in the sym-plectic case. This de�nition is in agreement with the one given by a geometric consideration[11].Non zero elements of the matrix W �1L = TL have the form (we remind that TL =(lij); TD = (Aii); TU = (uij))(TL)21 = �w21; (TL)32 = �w32; (TL)43 = �w43;(TL)31 = w32w21 � w31 = t31D�1q [11];(TL)41 = �w43w32w21 + w43w31 + w42w21 � w41 = t41D�1q [11];(TL)42 = w43w32 � w42 = q�1Dq[1;41;2]D�1q [1;21;2]; (45)16



Using the de�nition T (+) = TDTU one can obtain the matrix elements of T (+). Similarprocedure based on the matrix WU leads, naturally, to the same results.These formulas allow us to calculate commutation relations among the new basis gener-ators induced by the Gauss decomposition. Finally, they have the form(I) [Akk; Ajj] = 0;(II) 8>>>>>><>>>>>>: l21l31 = q2l31l21 + q�l41;l32l21 = q2l21l32 � (q4 � 1)l31;l31l32 = q2l32l31;[l41; lij] = 0;(III) 8>>>>>><>>>>>>: u12u13 = q2u13u12 + q�u14;u23u12 = q2u12u23 � (q2 � q�2)u13;u13u23 = q2u23u13;[u14; ukl] = 0;(IV) 8<: Amlij = q(�mj��mj0��mi+�mi0)lijAm;Amuij = q(�im��im0��jm+�jmi0 )uijAm;(V) [ukl; lij] = 0;
(46)

The additional conditions (33) cause the following connections among the new generatorsA33 = A �122 ; A44 = A �111 ;l42 = q2l31 � l21l32; l43 = �l21;u24 = q2(u13 � u12u23); u34 = �u12; (47)Hence, the number of independent generators decreases to 10 i.e. to the dimension of therelated classical Lie group.5. Quantum supergroups. Quantum superalgebras appeared naturally when quantuminverse scattering method [1, 52, 53] was generalized to the Z2- graded systems [52, 53, 54].RelatedR-matrices were considered in [54, 55, 56, 57, 66] and simple examples were presentedin [59]. The works [42, 43, 60] are devoted to a q-bosonization of the q-superalgebras. Thesimple examples of dual objects, i.e. quantum supergroups, were investigated in [60]- [67].17



Necessary de�nitions and theorems of the "supermathematics" can be found, for instance,in [68, 69].In this Sec. using the simple examples of the quantum supergroups: GLq(1j1) andGLq(2j1) it is shown that with minimal corrections (referring to the sign factors) most ofthe formulas and statements on the Gauss decomposition discussed above are survived inthe supergroup case.The FRT-relation for the quantum supergroups has the same form as (1), but matrixtensor product includes additional sign factors (�) [52, 53] related to Z2-grading [68, 69].Vector Z2 - graded space (superspace) decomposes into the direct sum of subspaces V0 � V1of even and odd vectors on which the parity function (p(v) = 0 at v 2 V0 and p(w) = 1at w 2 V1) is de�ned. As a rule, a vector basis with de�nite parity p(vi) = p(i) = 0; 1 isusing. According to this basis, the row and column parities are introduced in the matrixspace End(V ) [68, 69]. The tensor product of two even matrices F;G (p(Fij) = p(i) + p(j))has the following signs [52, 53](F 
G)ij;kl = (�1)p(j)(p(i)+p(k))FikGjl: (48)Due to this prescription T2 = I
T has the same block-diagonal form as in the standard (nonsuper) case while T1 = T 
I includes the additional sign factor (�1) for odd elements stand-ing at odd rows of blocks. The R-matrices for supergroups can be extracted, for instance,from [52], ...[59], [66]. For the GLq(njm) quantum supergroup the R-matrix structure is thesame as for the GLq(n+m) but at odd-odd rows q is changed by q�1R =Xi;j �1� �ij(1� q1�2p(i)))� eii 
 ejj + �Xi>j eij 
 eji: (49)Let us remind that the tensor product notation in (49) refers to the graded matrices. For
18



convenience the R-matrices for GLq(1j1) and GLq(2j1) are presented belowRGL(1j1) = 0BBBBBB@ q � � �� 1 � �� � 1 �� � � q�1 1CCCCCCA ; RGL(2j1) = 0BBBBBBBBBBBBBBBBBBBBBB@
q � � � � � � � �� 1 � � � � � � �� � 1 � � � � � �� � � 1 � � � � �� � � � q � � � �� � � � � 1 � � �� � � � � � 1 � �� � � � � � � 1 �� � � � � � � � q�1

1CCCCCCCCCCCCCCCCCCCCCCA :The same contraction procedure arguments as in Sec. 2 result in homomorphisms ofT = (tij) onto triangular T (�) and diagonal TD matrices as well as in the related R-matrixrelations. Let us present some of them pointing out peculiarities of the supergroup case asthe main R-matrix properties are the same as those in Secs 2, 3.>From the relations RT (�)1T (�)2 = T (�)2T (�)1R (50)due to the R-matrix block structure the diagonal element commutation rules followRD(TD)1T (�)2 = T (�)2(TD)1RD; RDT (+)2(TD)1 = (TD)1T (+)2RD: (51)For the mutually commutative elements Aii : TD = diag(A11; A22; :::) one has as aboveAiiT (�)A�1ii = (RD)�1 iiT (�)(RD)�1ii: (52)However, the diagonal block structure ofRD is di�erent now. As a consequence theGLq(njm)central element is the ratio of the two products corresponding to the even and odd rowss� detqT =  Qni=1AiiQmk=1An+kn+k! ; (53)which is naturally to call by quantum superdeterminant (q-Berezinian). Cases of R-matricesdepending on spectral parameters see in [58].For the supergroup GLq(1j1) the commutation relations of the q-matrix elements T =�a
 �d� have the form [60]-[64]a� = q�a; �d = q�1d�; �
 = �
�;a
 = q
a; 
d = q�1d
; ad = da+ �
�; �2 = 
2 = 0: (54)19



We use the Greek letters for odd (nilpotent) generators. The Gauss decomposition generatorsT = 0@ a �
 d 1A = 0@ 1 0& 1 1A0@ A 00 B 1A0@ 1  0 1 1A ; (55)are connected with the original ones by the formulasA = a;  = A�1�; & = 
A�1; B = d� 
A�1�: (56)The relations [A;B] = 0; A = q A; A& = q&A;  2 = &2 = 0; & + & = 0; B = q B; B& = q&B (57)cause centrality of GLq(1j1) superdeterminant [60]s� detq T = AB�1 = a2(ad� q
�)�1 = a=(d� 
a�1�): (58)In the GLq(2j1) case the q-matrix of generators has the formT = 0BBB@ a b �c d �
 � f 1CCCA = 0@ M 	� f 1A : (59)The even M - matrix elements form GLq(2) subgroup with the commutation rules (6) andelements of each (2 � 2) submatrix with even generators at its diagonal form GLq(1j1)supersubgroup with (54) - type commutation relations. The other ones are read as follows�� = �q�1��; c� = �c; b
 = 
b;
� = �q�1�
; d� = �d; d
 = 
d;a� = �a+ �c�; b� = �b+ �d�;a� = �a+ �
b; c� = �c+ �
d:Appearing in the Gauss decompositionT = 0BBB@ a b �c d �
 � f 1CCCA = 0BBB@ 1 0 0u 1 0v w 1 1CCCA0BBB@ A 0 00 B 00 0 C 1CCCA0BBB@ 1 x y0 1 z0 0 1 1CCCA (60)new generators have the following commutation rulesAx = qxA; Ay = qyA; Az = zA;Au = quA; Av = qvA; Aw = wA;20



Bx = q�1xB; By = yB; Bz = qzB;Bu = q�1uB; Bv = vB; Bw = qwB;Cx = xC; Cy = qyC; Cz = qzC;Cu = uC; Cv = qvC; Cw = qwC;[A;B] = [A;C] = [B;C] = 0; y2 = z2 = v2 = w2 = 0xy = qyx; yz = �q�1zy; qxz � zx = �y;uv = qvu; vw = �q�1wv; uw � qw�1 = �v;[x; u] = [x; v] = [x;w] = 0; [u; y] = [u; z] = 0;yv + vy = 0 = yw + wy; zv + vz = 0 = zw + wz:The superdeterminant s�detqT = ABC�1 = detqM=Cis a central element. The latter expression follows from the block Gauss decomposition of(59). In particular for the GLq(mjn) matrix T in the block form one has (cf. [65])s� detqT = detqA=detq(D � CA�1B)formally the standard expression.Generalization of the above results to the GLq(mjn) and other quantum supergroupslooks rather straightforward. Although, as usual, the quantum supergroup OSpq(1j2) [56, 59]has its own peculiarities. The q-matrix T has three independent generators while in theundeformed case it is the �ve parameter supergroup.6. Conclusion. In this paper we considered the Gauss decomposition of the quantumgroups related to the classical Lie groups and supergroups by the elementary linear algebraand R-matrix methods. The Gauss factorization yields a new basis for these groups whichis sometimes more convenient than the original one. Most of the relations among the Gaussgenerators are written in the R�matrix form. These commutation relations are simplerthen the original rules. This is especially clear in the symplectic and orthogonal cases. Theadditional conditions completing the B;C;D - series quantum group de�nition, allow toextract in terms of the new generators independent ones. The number of the latter ones isequal to the dimension of the related classical group. The Gauss factorization leads naturallyto appearance of q-analogs of such classical notions as determinants, superdeterminantsand minors. We also want to stress that the new basis is helpful for study the quantum21
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