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Abstract.

The Gauss decompositions of the quantum groups, related to classical Lie groups and su-
pergroups are considered by the elementary algebraic and R-matrix methods. The commu-
tation relations between new basis generators (which are introduced by the decomposition)
are described in some details. It is shown that the reduction of the independent generator
number in the new basis to the dimension of related classical (super) group is possible. The
classical expression for (super) determinant through the Gauss decomposition generators is
not changed in the deformed case. The symplectic quantum group Sp,(2) and supergroups
GL,(1|1),GL,(2[1) are considered as examples.
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1. Introduction. The development of the quantum inverse scattering method (QISM)
[1] intended for investigation of the integrable models of the quantum field theory and sta-
tistical physics naturally gives rise to some interesting algebraic constructions. Their in-
vestigation allows to select a special class of Hopf algebras now known as quantum groups
and quantum algebras [2,3]. In many respects these algebraic structures resemble very much
those of the standard Lie groups and Lie algebras, that is probably one of the reasons ex-
plaining the appearance of quite a few number of articles dealing with these objects. The nice
R-matrix formulation of the quantum group theory [4], based on the fundamental relation of
the QISM (the FRT-relation) has given an additional impulse for these investigations. The
FRT-relation
RIVT, =TT\ R, (1)

may be considered as a condensed matrix form of homogeneous quadratic (commutation)
relations between n® generators ¢;;, (i,7 = 1,2,...,n) of the associative algebra F,. The
entries of the number n? x n? matrix R play the role of the Lie algebra structure constants.
We are using the QISM standard notations Ty =T @ [, T, = [ @ T, where T' = (¢;;) is the
n X n-matrix of generators for the associative algebra F, (¢g-matrix). Usually it is supposed
that the R-matrix is a solution of the Yang-Baxter equation [4]. The R-matrices related to
the classical simple Lie algebras from the Cartan list are well known [3-5]. The matrix form
of the FRT-relation (1) allows to introduce without difficulty into the associative algebra
F,, together with multiplication, additional maps (coproduct, counit and antipod (provided
that the inverse matrix 77! exists)) and convert F, into the Hopf algebra i.e. the quantum
group [4]. Rather straightforward (and sometimes misleading) analogy of the ¢g-matrix T
with the standard matrices as elements of the classical matrix groups nevertheless allows
one to consider many questions of the higher algebra without difficulties operating with
quantum analogs of the well known classical objects such as determinants, minors, linear
spaces, symmetric and external products etc.[4, 6-11].

In this paper we consider the Gauss decomposition of the g-matrix T' = T TpTy on
strictly lower and upper triangular matrices (with unities on the diagonal) and the diagonal
matrix Tp := A using the elementary algebra methods and the R-matrix approach [4]. Such
a decomposition of a given matrix (with non commuting entries) into the products of matrices
of the special type (similar to the Gauss decomposition) is the particular case of the general
factorization problem [12], which can be considered as a cornerstone of many constructions

of the classical as well as quantum inverse scattering methods. It is worthwhile to point



out that in different contexts these decompositions have been appeared (sometimes in non
explicit form) in many papers on the quantum deformation [8,12-29,74]. Let us comment,
without details, some of them.

In a quite general framework of the quantum double construction the Gauss decompo-
sition was introduced in the paper [13], where the universal triangular objects M* were
defined. Their matrix representations on one of the factors (p @ 1)./\/1i = M%* are the
solutions of the FRT-relations

BRMEMFE = MFMER, M{M; = My M.

with the R-matrix R = (p® p)R related to the universal one R. Their product M~ M™ after
the unification of diagonal elements (Mj; M;f = A;;) gives the g—matrix T'. Usually the new
generators, which are defined by the Gauss decomposition, have simpler commutation rules
(multiplication) but more complicated expressions for the coproduct.

The representation of the universal T-matrix in terms of the exponential factors, given
in [16] is one of the forms of the Gauss factorization also. Connection of the Gauss decom-
position with Borel one, which is fundamental for the Borel-Weil construction [30] in the
representation theory also has the quantum group analogs [18, 27-29].

In the dual case of quantum algebras the Gauss decomposition for the L-matrices L,
which was used in [4] as the very defining relations, proves to be useful in the consideration
[17] of the equivalence of the R-matrix formulation of the quantum affine algebra U, (sl;) [31]
and the so called "new realization” [32]. The structure and some properties of the R-matrix
may be conveniently described by the Gauss decomposition [24] also. Moreover the Gauss
factorization was successtully used in the construction of the quantum group valued coherent
states [18] for the compact quantum algebras.

The simpler structure of the commutation rules among the Gauss decomposition gener-
ators of the quantum groups simplifies [20, 21] the problem of their g-bosonization [34, 36]
(that is their realization by the creation and annihilation operators of the quantum deformed
oscillator [37-39]). For the dual objects — quantum algebras (or quantum deformation of uni-
versal enveloping algebras of the classical Lie algebras) this problem was considered e.g. in
[40,41] and for g-superalgebras in [42,43]. The ¢-bosonization of the L-operators for the
quantum affine algebra Uq(SAlz), related to the Gauss decomposition, was analyzed in [22],
where connection of the "new realization” of this algebra at the level 1 with the free field
realization of the Zamolodchikov-Faddeev algebra formulated in the framework of the QISM

was established.



To our surprise many relations among the entries of the quantum matrix 7' in terms of
the Gauss generators become the elegant analogs of the standard classical results [33]. The
distinctions appeared in these g-analogs consist essentially in the appearance of the additional
g-factors and/or ¢g—names only, in the replacement of the determinants and minors on the
quantum determinants and ¢g-minors, respectively and so on. This kind of results were found
by many authors and rediscovered numerously (see, for example, [6,9-11,19-21,27-28]).

In this work we restrict our consideration to those properties of the Gauss factorization
of the quantum group generator matrix 7' corresponding to the classical series of the Lie
groups and supergroups which can be obtained by the elementary linear algebra methods
and the R-matrix formalism using its fundamental representation. This allows us to avoid
many difficult and/or cumbersome problems, connected, for example with the invertibility
of some generators and g—minors, with the questions of the original Hopf algebra structure
equivalence with those generated by new generators appeared in the Gauss decomposition
[13,23], or the questions about connection of the new generators of the quantum group with
the entries of the L¥-matrices in terms of which dual quantum algebras are described in the
R-matrix approach [4]. We leave aside the higher (co)representation Gauss decomposition
and the block matrix cases (see, however Sec.5 on the supergroups).

The paper is set up as follows. The Gauss decomposition of the G'L,(n) is given in
Sec.2. In the next Sec.3 we consider the quantum orthogonal and symplectic groups for
their defining relations includes an additional quadratic constraint . An example of Sp,(2) is
written in Sec.4 in detail. Some peculiarities of the quantum supergroups (Z;-graded tensor
product and s-determinant) are mentioned in Sec.5.

2. Gauss factorization for the quantum group G'L,(n). It was mentioned above
that the matrix FRT-relation (1) encodes quadratic (commutation) relations between quan-
tum group generators. The R-matrix for the quantum group G'L,(n) (A; series) is the lower

triangular number n? x n?-matrix [3,4]:

R=73 ei@ej+q) ei@es+AY ej@ e, (2)

i#j i=1 i<j
where A = g—q™', ¢ # 1, and ey, are the standard matrix units that is the (n xn)-matrices all
entries of which are zeros except the element (eg)r = 1. It is convenient to parametrize the
rows and columns of the R-matrix, acting in the space C* ® C", by the pair of indices. With

a such parameterization the element of the R-matrix (2), which stays on the intersection of



the row (m,n) and the column (p,r), has the form

Rmn,pr = (1 + (q — 1)5mn)5mp5m + A@(m — n)(snp(smm (3)
where
1, if
(9(m - n) = 1 m=>n ,
0, if m<n

and the FRT-relation can be represented in the elementwise form as

Z Roijktipter = Z Liktom; Bk pr- (4)

5k=1 5k=1

Due to (3), the relations (4) may be rewritten as follows

Lijtik = qtirtiy,  tati; = tita,
tistir = qliclin,  [tij, tie] = Mty

(5)

where 1 < j <k <n, 1 <1<l < n. It follows from these relations that the algebra
F, has a rich subalgebra structure. In particular, if we omit in the g-matrix 7" = ({mn)
k arbitrary rows and k arbitrary columns (k < n) then we get the ¢g-matrix related to the
G'L,(n—Fk) subalgebra. In other words the quadratic commutation relations, defining G'L,(n)
are uniquely fixed by the condition that four generators which stays at the corners of each

rectangular "drawn” in T' are subject to the simple well known relations of the quantum

group G'L,(2)

) (6)

T a b ab = gba, ac= qgca, be= cb,
B bd = qdb, cd = qde, [a,d] = Abc.

The quantum determinant is given by the expression [4]
Dy(T) = det, T =3 (=) Vtioytanez) - - tuo(n), (7)

where [(0) is the length of the substitution o € S,,. The ¢-determinant det, T is a central
element for the quantum group G'L,(n) [4,6]. For the quantum group GGL,(2) the quantum
determinant is equal to

det,T = ad — qgbc = da — ¢ 'be.

The invertibility of the quantum determinant det,T" is the necessary condition for introducing
the Hopf algebra structure into the algebra G'L,(n). In the following we suppose that this
condition is fulfilled.



The Gauss decomposition is the quantum matrix factorization of the following form
T =T TpTy =T, T =TTy, (8)

where T, = (l;;) is the strictly lower triangular matrix (with unities at the main diagonal
lie = 1); Tp = diag(Agr); T = (uig) is the strictly upper triangular matrix (ug, = 1);
TWH = TpTy and T = TyTp. It is an easy exercise to get for the GL,(2) (6) Iy =
c/a,urg = bfqa, A1 = a, Ay = detT/a.

As in the classical case, with the mutually commuting entries of the matrix 7', the Gauss
algorithm to construct the triangular factorization (see for example [33]) can be applied for
the quantum matrix as well. To realize the Gauss algorithm let us introduce strictly lower

triangular n X n-matrix Wy, and the upper triangular matrix 7+) by the equation:
Wy, T =T, (9)

Let wy = (Wk 1, We2y ooy W p—1) and tg = (tg1, Lk 2,y . L k—1) be the parts of the k-th rows of
the matrix W and T, respectively, and () denotes the matrix which was received from T by
omitting the last (n — k) rows and (n — k) columns. Then in view of the upper triangularity

of the matrix ™) the condition (9) gives the system of the linear equations
wkT(k_l) == —tk (10)

on elements of the row wy, with generators of the algebra [, as coefficients. If the ¢-matrix

T is invertible (that is dety1{z) # 0), then the solution of this system has the form

We note that the needed for the existence of a such solution condition corresponds completely
to the classical condition that all diagonal minors of the classical matrix are different from

the zero. The elements of the inverse matrix are given by the formula [4,6]:
(T71)i; = (—q)'™ (dety T)™ My (i, ). (11)

where M,(j,2) is the g-minor, that is the quantum determinant of the matrix which is
obtained from 7" by omitting of the i-th row and j-th column. Thus all the elements of the

matrix Wy, are uniquely defined. The condition (9) allows to find all the nonzero elements



of the matrix 7t). In particular the diagonal elements except (T("'))H = t11, have the form

i i—1
(TH)y = S (Wo)intei = — X (—q)' " ta(dety Tiio1y) 7" My (1, k) by + i =

k=1 l,k=1

.
—

(detq T(i_l))_l [ Z (—q)l_k-l_lt”Mq(l, k)t]m + (detq T(i—l))tii = (12)

l,k=1
(detq T(i_l))_l [Z (—q)i_qu(k, i)tki = (detq T(i_l))_l(detq T(Z))

k=1

To derive this relation we take into account the relations
M,(n, )t = gt My(n,n), k<n,

and the decomposition (1 < k < n)

J=1

det, T' = Z(_Q)j_ktijq(kvj) = Z(_Q)k_qu(kaj)tjk-
j=1
These and some other useful formulas are given in [6]. Let us point out that the relation
(T(-I—))”' = (detq T(i_l))_l(detq T(Z)) (13)

is the direct g-analog of the classical formulas [33]. Then it is easy to see that the diagonal
elements (T()); of the matrix T are mutually commuting. Using the commutation re-
lations between the elements ¢;; of the matrix T" and their minors (which as a rule proved
in [6, 9]) one can find the commutation rules between elements (7)), of the matrix 7).
The matrix Wy, being strictly lower triangular can be inverted. The elements (77);; of the
inverse matrix (7r,) = (Wy)~! are polynomials on the elements of the matrix Wy,. From the

relation (9) the desired decomposition of the g-matrix 7" follows
T =TT, (14)

In the same way one can find the matrix Wy, such that 7)) = TWy, where T(7) is the

lower triangular matrix. The decomposition of the matrix 1" takes now the form (W' = Tp)
T =177y, (15)
If we multiply from the right the relation (14) by the matrix Wy, T = TWy, then

TC) = TWy = T, THWy = Ty (THTY) = Ty T,



where Tp = T T;7! is the diagonal matrix with the elements given by (13). One has also
T = TpTy. Hence, we get the Gauss factorization (8) of the ¢g-matrix T'= T TpTy.

The considered above factorization procedure allows to obtain the expressions for the el-
ements of all matrices participated in the decomposition in terms of the quantum group
G/'L,(n) generators and principal minors. Unfortunately such factorization procedure is
rather cumbersome for it require to find the commutation rules between the elements of
the received matrices. For the quantum group G'L,(n) most of these formulas can be ex-
tracted from [6]. At the same time for quantum groups corresponding to other classical
series explicit formulas for quantum determinants and minors as well as the commutation
rules are much less known. This difficulty can be avoided using the contraction procedure
which for the quantum group case was considered, for example, in [44, 45, 47].

In the fundamental representation the Cartan elements h; of the Lie algebra gl(n) are

Leii. In the process of the quantum deformation

represented by the n x n matrices h; = -

they are not changed. Moreover they retain to be elements of the Lie type (primitive) that
is their coproduct has the form A(h;) = H; = h; @ 1 + 1 ® h;. Hence, on the Cartan elements
the coproduct is coincide with the opposite one A(h;) = A'(h;), where A’ = P o A and we
have

Let us apply to the FRT-relation (1) the similarity transformation with the matrix
Ky = exp(Y_vihi) @ exp(Y_yihi) = exp(D_ 7l (k) = exp(D_~iH;),
=1 =1 =1 =1
where the number coefficients 7; are strictly ordered v; > 72 > ... > =, > 0. In view of the
relation (16), such similarity transformation affects only the matrices Tj, (I = 1,2):
T — KWTIKW_1 = diag(e”)T'diag(e™), i — b€,

Let us introduce two sets of the new generators
S _ et sy o ) e 1<y

“ tij 7 >j ’ “ tije%'_% 1 Z]

Let v; — vj = ~ije, where v;; > 0, if 1 < j and v;; < 0,if ¢ > j. When ¢ — o0 (¢ = —o0)
in the set {t({;)} {(t(i;))} all the matrix elements with 7 > j (i < j) are disappeared. Thus

we constructed the homomorphisms of the algebra F}, into the algebras Fq(i), generated by



the upper and lower triangular g-matrices. In this case the commutation rules for the new

generators are defined by the same R-matrix:
RTHTH = TP TH R, (17)

Similar contraction procedure allows to find the homomorphisms T — A of the quan-
tum groups generated by the entries of matrices T into the group generators of which are
the elements of the diagonal matrix Tp. The commutation rules between elements of this

group are also determined by the FRT-relation
RAAy = A, AR, (Ay; = 6, A;), (18)
which due to of the structure of the R-matrix for the G'L,(n) is equivalent to the relation
AL Ay = A A, (19)

This means the commutativity of the diagonal matrix elements and can be easily proved
using also the FRT-relation (4) and the R-matrix elements (3).

Let us return to the relation (17) and consider once more contraction with the matrices
K1y, = exp(Xryvihi) @1 (or Koy = 1 @ exp(Xn; v5hi)). The similarity transformation
with these operators leaves without changes in the equality (17) the matrix TQ(i) (Tl(i)), but
transforms the R-matrix R — R,. For example, the contraction which maps the matrix
T into the diagonal ones ( ¢ — oo under the mentioned above type of ordering in the set
{7:}), the matrix R goes into diagonal matrix R, — Rp (where Rp is the diagonal part of
the R-matrix). Finally we get the relation

Rp AT =TS A Ry, (20)

In a similar way one gets the R-matrix relation for the matrix 7+
rpT P A, = 4,7 Rp. (21)

Using the transposition operator P (Pjj = 6id;1), such that
P2 =P, PLLP =1, PIP =T, PRpP=Rp, (22)

we receive the relations (20-21) with the replacement 1 « 2.. Finally, after the similarity

transformation of the FRT-relation (1) with the operators K1, K4, we get the relation
RpTHFC) — FOFH 23)

9



It can be shown that commutation rules of the new generators defined uniquely from the
commutation relations of the initial generators. This means that the quantum groups,
obtained by this contraction procedure, are isomorphic to the quantum groups, gener-
ated by the respective factors of the Gauss decomposition (8) for the quantum group
GLy(n): TW ~ TE A~ Tp, T ~ T Thus we see that commutation rules between
generators of the quantum groups Ty and Ty, can be obtained from the relations (17-23).

For example, from the relation (17) for T7*) and the decomposition T+ = TpTyr we have
RTN(TD) T = TS (Tp)1 Ton R
or, with the help of the commutation relations (21),
RRG Tps T RpTys = R Ty IV Rp Ty R.
From the relation (18), and taking into account that [Rp, R] = 0, we have finally
Rly1RpTus = Tr2 RpTun R, (24)

which is the variant of the reflection equations considered for example in [47-50]. Analogous
equation

RIT Ry Ty = Tro Ry R (25)

can be obtained for the matrix Ty. Because the diagonal matrices Rp and Tp, (1 = 1,2)

commutes with each other, from the relations (20) and (21) follows the equality
RpTp1Trs = Tr1p1Rp (26)

RpTii1pe = Tplvi Rp (27)
(and similar relation with substitution 1 « 2). If we substitute T into the relation (23)
and take into account relations (26) and (27) we received

Ty =TT (28)

Thus all elements of the g-matrix Ty commutes with every element of the ¢g-matrix 77.
On the other hand if the relations (17-27) are valid then every decomposition (8) fulfills

the FRT-relation. For example, for the matrix decomposition T'= T7) Ty we have

RT\Ty — TyTy R = RTS (Ton TS — TS RS T Rp ) T —
Tz(_)(TU2T1(_) - Tf_)REITUzRD)TmR—I-
RT TS R (T Rp Ty — R\ Ty RpTow R),

10



Three expressions in the brackets () are zeros due to (27) and (24).

Thus the relations (19),(24)-(28) give complete list of the commutation relations for the
elements of the g-matrices Tp,Tp and Ty from the Gauss decomposition of the original
matrix 7' for the quantum group G'L,(n). The relations (17), (24)-(25), and easily obtained
from (26) and (27) relations

RpT VT, = TraRpT; (29)

TSRy Ty = T TS Ry, (30)

give the full set of commutation rules between elements of the matrices {7y, T} and
{T), Ty;}. This allows to consider each of this three sets of elements as the new basis of
generators for the quantum group G'L,(n). The basis {1y, Tp, Ty} is particularly convenient
one. Diagonal elements of the matrix Tp remind the Cartan generators of the simple Lie
algebra. Quantum determinant (7) is a central element of the quantum group G'L,(n) and,

as in the case of number matrices can be expressed as the product of diagonal elements

detq T = ﬁ(TD)“ (31)

=1
Of course det, T' commutes with all new generators, this can be easily proved for the RHS
using the relations (26),(27). For example, if we commute the element wu,,, in succession

with every factor in [T, (Tp)i; we get due to the relations (26),(27) the following equalities

Unmp E(TD)h = E(TD)%%UW = E(TD)ﬁumm
because [ Ryipi = q for every 1 < p < n. Commutation relations of the T diagonal
elements are defined by the diagonal blocks of the R-matrix (3) (cf (26), (27)). The product
of these blocks is proportional to the unit matrix, hence the product of the Tp diagonal
elements is central (which is not the case of the multiparametric R-matrix).

3. Orthogonal and symplectic quantum groups. In this section orthogonal and
symplectic quantum groups (that is the groups of the series B, €y, D) are considered and we

shell omit often their names in what follows. The commutation relations between generators

of these groups are determined by the FRT-relation with the R-matrix [4,5]

N
N1 @eny N1+ Y. e ® €55

1T T T o

2 2 2 7,5=1

N
R=q) e;®e;+ens
=1 2

i#d! EINY
L X N N (32)
+q 7 L Qe+ A Y e Qe — A Y ¢F e e @ g
=1 1,7=1 1,7=1
i#i! >y >y

11



in which the second term takes place in the B — series only. One has in (32) N = 2n for the
groups of C' - and D - series, N = 2n+ 1 for the B — series; ¢; = 1 for B — and D — series,

_ 1, «+<N/2,
52._{ —1, i> NJ2.
group [4, 5].

for C' — series; ' = N + 1 —14; {p;} is a set of numbers fixed for each

In the quantum group definition one introduces the additional condition [4]
TCT'C™' =1=CT'C™'T, (33)

which is a quantum analogs of the known conditions for matrices of the orthogonal and
symplectic Lie groups in the fundamental representation. In (33) T' is the quantum group

g-matrix; 7" is the transposed matrix, C' is the number matrix [4, 5]

C = Coq?, p=diag(pr,p2,...,pn),  (Co)ij = €641

The relation (33) has more transparent form in terms of the group generators

N
kE Exq M Likljpr = €08j0q" (34)
=1
N .
Y. eiq” ity = eeidijq " (35)
=1

where p; and ¢; were defined above, ¢ = 1 for B - and D - series group, ¢ = —1 for C -

series. Among the additional conditions (34),(35) linear independent from the commutation
relations defined by the FRT-equation (1) are only those in which right hand side is unequal
to zero (in other words, ”"diagonal” part of the relation (33)).

As for the GL,(n) case, the function algebras F} of other series quantum groups also
have rich subalgebra structures. For example, generators which stand in the g-matrix 7" on
crosses of rows with indices (iy, 12, ..,7) and columns with indices (j1, ja, .., jr) form G L, (k)
subalgebra in F|, if £ < n and among row numbers as well as among column numbers there
are no pairs (im,4) with i, = (1) = N +1 —1).

The Gauss factorization of the orthogonal and symplectic groups can be carried out by
the same method as in Sec.2 for the GL,(n) . The commutation relations of the generators
are determined by the same formulae (19)-(21), (24)-(28) in the basis (T, Tp, Tyy) and by
(17), (24)-(25) in the basis (Ty, 7)) and (T7), Ty). Particular properties of orthogonal
and symplectic R-matrices mean, that in deriving the relation (19) from (18), it is necessary

also to take into account that in the considered case
(TD)ii(TD)i’i’ = (TD)]‘]‘(TD)]‘/]‘/ 1 S Z,] S n; i/ = N —|— 1 — Z (36)

12



This relation is not a restriction for the additional conditions (33)require stronger relation
(Tp)ii(Tp)iw =1, 1 <1< N. (37)

Using the commutation relations one can prove that the additional conditions for the
matrices T*) have the same form (33) as for T, or in terms of the matrix elements (34),(35).
Substituting, for example, T(-) = T;Tp in these expressions one can obtain the additional

conditions for the generators (77);;:

N
R NN

Zekqpklﬁ(TL)mk(TL)nk’ — 5n’5mn/qp"; (38)
k=1 kn;kn

N

Rmn'mn _

Zéflqp” : (TL)lm(TL)l’n — ggm’(smn’q P (39)
=1 le’;ml’

where (Tp);; = 1; (11);; = 0, at i < j. The same relations are valid for Ty - matrix elements.
It is essential that the sums on the left hand sides of (38),(39) include linear by generators
terms. It allows us to exclude dependent generators from a generator list. Finally the
number of generators is equal to the dimension of the related Lie group. We shell illustrate
independent generator choice in the next section considering the quantum group Sp,(2) as
an example.

4. An example: symplectic quantum group Sp,(2). In this Sec. some details of

the Gauss factorization of symplectic and orthogonal quantum groups are considered using

13



Sp,(2) as an example. The R - matrix for this group is

q
1
1
g
A 1
q
—Aq g
1
R= \ ) (40)
YYD G
q
1
DY T T
A 1
A 1

where X = (14+¢7?); Y = (1 +¢~*). This matrix has more nonzero elements than the same
rank quantum group G'L,(4) R-matrix, in which all the diagonal terms with ¢=! are changed
to 1, and all the terms with multiplication by the negative degree of parameter ¢ out of the
diagonal are zero. The complicated structure of the R-matrix causes complicated form of
the commutation relations. The last remark refers only to special commutation relations
between elements whose row or/and column indices are connected by the relations ¢ = j’,
where j' = N+1—j. In the Sp,(2) case, for which N = 2n =4, j/ = 5—j. Other generators
have the GL,(2) commutation relations as they are elements of the GL,(2)-subalgebras of

14



the quantum group Sp,(2). We write down explicitly the "special” relations only:

titia = Ptti,  tolis = Clisteo + Mata, 1<1<4;
bty = @Plagtyi,  totsi = Plailai + Magte, 1 <i <4

1=1,2: n<m; or
G Himtin = timtim + AP € G P €t jmtjrn,  m # 0 . o ’ :
j<i 1=3,4; n>m;
q_ltimti’n - )\tz’mtzn - tz’ntzm + )\qpl €; Z q_pj ejt]mt]’nv
J<i
m#n', 1=1,2; n>m;

) ) m=1,2; 1>73; or
Limbimt = G W jmitim — A€ 3 PR ertiprtin, 1 F J'; T J,’ ;
k>m m=3,4; 1< 7; (41)
Limtjm — )\tjmtim’ = q_lt]‘m/tim —Ag e, S q et ptin,
k>m
1 £y, m=1,2; 1 < j;
q_ltijti/]‘/ — )\qp’fi Z q_pkéktk]‘tk/]‘/ =

k<1
1 =1,2; 1=3.,4; or
= q Mapli; — A€ 3 ¢ exliprtiy, { Fm o T

i =34 =12
q_ltijti/]‘/ — )\ti’jtij’ — )\qp’fi Z q_pkéktk]‘tk/]‘/ =
k<i
= q_lti’j’tij — )\q—p] €; Z qpkékti/k/tik, Z,] = 1, 2,

k>j

In these formulas

€ = €2 = 17 €3 = €4 = _17 Pi = (P17P27P37P4) = (27 17 _17 _2)

Adding the additional relations (34),(35) we get the complete set of commutation relations
for the Sp,(2) quantum group (the FRT-relation together with the additional constraint (33)
yield an overcomplete list).

Asin Sec.2 for realization of the classical Gauss algorithm we must find matrices Wy, and

Wy solving the system of equations (10). E. g. for Wy, one has:
wh =~ DL wh = (D,G2 = ADEND T wh = DD )

1 g l12b

wh = =tu D wh = —¢*ta D7 why =t D

1140250090k

In these expressions the g-minors D,[ "
1552 yeees 0k

| are calculated by the G'L,-rules (7) for a matrix
obtained from T' by removing all the rows and columns except those with indices (i1, ..., 1)

11, ..., 1) Tespectively. In particular
Jis 5] P y P )

Dq[i] = li; Dq[ig] = l11l22 — qt12t21.
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Using (9) and the additional conditions (34),(35) for the matrix 7F) one obtains

Dq[i] L1z l13 114
TH) — 0 Dq_l[i]DqHé] Dq_l[i]Dq[ifg] Dq_lm(tntm — q*t1ala1)
0 0 Dq_l[ié]qu _Dq_lmtlz
0 0 0 D]

As in the classical commutative case, the diagonal elements for quantum groups (see the

G'L,(n)-case above) are the ratios of diagonal minors

D -1 [1,2,...,k—1]D [1,2,...,k]
q .

g l1,2,. k=1 1,20,k
In the presented matrix these ratios are simplified using particular properties of the sym-
plectic quantum groups. Namely, calculating the 7 matrix elements on the places related
to the diagonal GGL, - minors the expressions of the following form appear

D[] = 2(=9) ¢ Ot sytas(a) - o ro)s (43)

which have an additional factor ¢"'(°) in comparison with (7). Here /(o) is the number of
transpositions of "specific” elements (transposition index). For example, I'(1,3,2,4) = 1
as 2 and 3 = 2/ are transposed, '(1,2,4,3) = 0. The expressions (43) for ¢ = 3,4 can be

simplified in the following manner

D12 =Dy[l]  D¥(T)= Dy =1. (44)

g 11,2,3 g 11,234

So the formula (43) can be naturally chosen as a quantum determinant definition in the sym-
plectic case. This definition is in agreement with the one given by a geometric consideration
[11].

Non zero elements of the matrix I/VL_1 = T}, have the form (we remind that 77, =

(lij), Tp = (Au), To = (uij))

(TL)21 = —Wa1; (TL)32 = —Wa2; (TL)43 = —Wa3;

(T1)31 = wagway — w3y = t31Dq_1H]§

(45)

— — —171y.
(TL)41 = —W43W32W21 F Wy3W31 + WaaWa1 — Wa1 = t41Dq [1]7

(Te)ar = wiwss —wir = ¢~ D[40 [13];
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Using the definition TW) = THTy one can obtain the matrix elements of 7T+, Similar
procedure based on the matrix Wy leads, naturally, to the same results.
These formulas allow us to calculate commutation relations among the new basis gener-

ators induced by the Gauss decomposition. Finally, they have the form

() [Are, Ajj] = 0;

lalsy = ¢*larlar + gy
l32lyy = q2521l32 - ((]4 - 1)531;

(1)

l31l32 = 92532l3l§
[, L] = 0
Uiz = ¢ uisuiz + qAugg; (46)
(111) Uzt = GCuiauas — (¢F — ¢ uss;
U3Uz3z = Q2U23U13;
[wrg, upt] = 0;
Ale — (6m]_6m]/_6mz+6ml/)l2Am
(IV) J q J I
AmuZ] — q((szm _6im/_6jm+6jmi/)uijAm;
(V) [up, L] = 0;

The additional conditions (33) cause the following connections among the new generators

Ass = Aﬁl; Ayg = Aﬁl;
l4g = q2l31 — lg1l3; l4s = —lo; (47)
Ugq = q2(u13 - U12U23); U4 = —UL2;

Hence, the number of independent generators decreases to 10 i.e. to the dimension of the
related classical Lie group.

5. Quantum supergroups. Quantum superalgebras appeared naturally when quantum
inverse scattering method [1, 52, 53] was generalized to the Z,- graded systems [52, 53, 54].
Related R-matrices were considered in [54, 55, 56, 57, 66] and simple examples were presented
in [59]. The works [42, 43, 60] are devoted to a g-bosonization of the g-superalgebras. The

simple examples of dual objects, i.e. quantum supergroups, were investigated in [60]- [67].

17



Necessary definitions and theorems of the ”supermathematics” can be found, for instance,
in [68, 69].

In this Sec. wusing the simple examples of the quantum supergroups: GL,(1]1) and
G'L,(2|1) it is shown that with minimal corrections (referring to the sign factors) most of
the formulas and statements on the Gauss decomposition discussed above are survived in
the supergroup case.

The FRT-relation for the quantum supergroups has the same form as (1), but matrix
tensor product includes additional sign factors (£) [52, 53] related to Zs-grading [68, 69].
Vector Zs - graded space (superspace) decomposes into the direct sum of subspaces Vo & V4
of even and odd vectors on which the parity function (p(v) = 0 at v € V4 and p(w) = 1
at w € V]) is defined. As a rule, a vector basis with definite parity p(v;) = p(:) = 0,1 is
using. According to this basis, the row and column parities are introduced in the matrix
space End(V) [68, 69]. The tensor product of two even matrices F, G (p(Fi;) = p(i) + p(J))
has the following signs [52, 53]

(F® G)Z.j;kl = (_1)p(j)(p(i)+p(k))FZ.kGﬂ‘ (48)

Due to this prescription Ty = I @T has the same block-diagonal form as in the standard (non
super) case while Ty = T'® [ includes the additional sign factor (—1) for odd elements stand-
ing at odd rows of blocks. The R-matrices for supergroups can be extracted, for instance,
from [52], ...[59], [66]. For the G'L,(n|m) quantum supergroup the R-matrix structure is the
same as for the GL,(n + m) but at odd-odd rows ¢ is changed by ¢~*
R = Z (1 —§;(1 — q1_2p(i)))) € @ ej; + )\Z eij @ ej;. (49)
2] 12>]

Let us remind that the tensor product notation in (49) refers to the graded matrices. For
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convenience the R-matrices for GL,(1|1) and GGL,(2]1) are presented below

RGLON) —

The same contraction procedure arguments as in Sec. 2 result in homomorphisms of
T = (t;;) onto triangular T™®) and diagonal Tp matrices as well as in the related R-matrix
relations. Let us present some of them pointing out peculiarities of the supergroup case as
the main R-matrix properties are the same as those in Secs 2, 3.

JFrom the relations
RTH)TE) = 7ETE R (50)
due to the R-matrix block structure the diagonal element commutation rules follow
Ro(Tph Ty = T4(To)iRp,  RpT™y(To) = (Toh TR, (51)

For the mutually commutative elements A;; : Tp = diag(Ai11, A2z, ...) one has as above

A T®AGY = (Rp)*', TH (Rp)™';

(N

(52)

However, the diagonal block structure of Rp is different now. As a consequence the G'L,(n|m)
central element is the ratio of the two products corresponding to the even and odd rows

nAL
s — det,T' = #) , 53
! (szzl An—l—kn—l—k ( )

which is naturally to call by quantum superdeterminant (¢-Berezinian). Cases of R-matrices
depending on spectral parameters see in [58].
For the supergroup G/'L,(1]1) the commutation relations of the g-matrix elements T =

(3 g) have the form [60]-[64]

af =qBa, Bd=q'dB, py=—70,
» B> =~*=0. (54)
ay = qya, ~vyd=q 'dy, ad=da+ M3,
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We use the Greek letters for odd (nilpotent) generators. The Gauss decomposition generators

)-Nee) e

are connected with the original ones by the formulas
A= a, 77Z) = A_lﬁv S = VA_lv B=d-— VA_lﬁ' (56)

The relations

[A,B]=0, Ay =qA, Ac=qeA, *=¢*=0, (57)
v+ =0, By =qpB, B=gB
cause centrality of G'L,(1]|1) superdeterminant [60]

s—det, T = AB™' = a*(ad — ¢vB3)™" = a/(d — va™' 3). (58)

In the G'L,(2|1) case the g-matrix of generators has the form

a b «o (M\Il)
T=|c¢d 3 |= : (59)
® f
vy o f

The even M - matrix elements form G'L,(2) subgroup with the commutation rules (6) and
elements of each (2 x 2) submatrix with even generators at its diagonal form GL,(1|1)

supersubgroup with (54) - type commutation relations. The other ones are read as follows

aff = —q ' fa, ca = ac, by = 70,
0 =—¢ 0y, da=ad, dy=~d,

af} = Ba+ Aea, b3 = Bb+ Mda,
ad = da + Avyb, cd = dc+ Avd.

Appearing in the Gauss decomposition

a b « 1 0 0 A 0 0 1 = y
I'=lcd pg|l=]lu 10 0 B 0 01 = (60)
v 6 f v ow 1 0 0 C 0 0 1

new generators have the following commutation rules

Ax = qx A, Ay = qyA, Az = zA,
Au = quA, Av = quA, Aw = wA,
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Bx = g 'zB, By =yB, Bz=qzB,
Bu = g 'uB, Bv=vB, Bw = quwhB,

Cz=zxC, Cy = qyC, Cz=qzC,
Cu = uC, Cv = quC, Cw = quC,
[A,B]:[A,C]:[B,C]:O, y2:Z2:U2:w2:0

ry = qyr, yz=—q 'zy,  qrz—zr =My,

UY = quu, vw = —q_lwv, UwW — qw_1 = Av,

[l’,u] = [l’,v] = [wi] =0, [u,y] = [U,Z] =0,
yv + vy =0 = yw + wy, 2v+vz=0=zw+ wz.

The superdeterminant
s—det,T = ABC™" = det,M/C

is a central element. The latter expression follows from the block Gauss decomposition of

(59). In particular for the G'L,(m|n) matrix T in the block form one has (cf. [65])
s —det,T = det,A/det, (D — CA™'B)

formally the standard expression.

Generalization of the above results to the G'L,(m|n) and other quantum supergroups
looks rather straightforward. Although, as usual, the quantum supergroup OSp,(1]2) [56, 59]
has its own peculiarities. The g-matrix 7" has three independent generators while in the
undeformed case it is the five parameter supergroup.

6. Conclusion. In this paper we considered the Gauss decomposition of the quantum
groups related to the classical Lie groups and supergroups by the elementary linear algebra
and R-matrix methods. The Gauss factorization yields a new basis for these groups which
is sometimes more convenient than the original one. Most of the relations among the Gauss
generators are written in the R—matrix form. These commutation relations are simpler
then the original rules. This is especially clear in the symplectic and orthogonal cases. The
additional conditions completing the B, (C, D - series quantum group definition, allow to
extract in terms of the new generators independent ones. The number of the latter ones is
equal to the dimension of the related classical group. The Gauss factorization leads naturally
to appearance of g-analogs of such classical notions as determinants, superdeterminants

and minors. We also want to stress that the new basis is helpful for study the quantum
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group representations. In particular, it was shown in [20, 21], that it simplifies the ¢-
bosonization problem. As we pointed out in the Introduction it looks that almost any relation
and/or statement on the standard matrices are valid for the g—matrices being appropriately
7g—deformed”. We hope that this paper contributes to support such a feeling (cf also
[70, 71, 72, 73] on the characteristic equations)®.
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