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THE LOCAL STRUCTURE OF SOMECOMPLEX POISSON BRACKETSAndriy PanasyukAbstract. We consider structures of complex Poisson brackets on the space of C1-functions on complex 2n-dimensional manifold generated by @-closed non-degenerate(2; 0)-form (with non-holomorphic coe�cients). Is the Darboux theorem valid forsuch structures? We show that the local structure of brackets depends on equivalenceclass of corresponding (2; 0)-form under biholomorphic maps.0.IntroductionThis work takes its origin in the papers [1], [2]. It deals with some examplesof Poisson algebras (Hamiltonian in terminology of [1]) over the �eld of complexnumbers C . These algebras appear naturally if one tries to generalize the realresults of [2] to the complex case (see [3], [4]). The above mentioned examples ofPoisson algebras are built as follows.Let M be a complex manifold of even dimension, A(M) = C1(M; C ) the spaceof smooth complex valued functions on M , ! a nondegenerate @-closed (2; 0)-formof class C1 onM . If c is an inverse (2; 0)-vector �eld onM it satis�es the equation[c; c] = 0, where [ ; ] is a Schouten bracket (see [5]). The validity of this equationis a necessary and su�cient condition for c to generate a Lie algebra structure onA(M) by(1) ff; gg = c(f)g;where f; g 2 A(M); c(f) is a (1; 0)-vector �eld obtained by convolution on the�rst index of bivector �eld c and (1; 0)-form @f (c(f) is called the Hamiltonianvector �eld). In holomorphic local coordinates z1; : : : ; z2n ! is written as ! =!ij(z; �z)dzi ^ dzj (the summation convention is used, z and �z are 2n-tuples), c isequal to ckl(z; �z) @@zk ^ @@zl , where ckl(z; �z) � !sl(z; �z) = �ks (Kronecker symbol), andthe corresponding Lie bracket is given byff; gg = ckl(z; �z) @f@zk @g@zl ; f; g 2 A(M):If the coe�cients !ij are holomorphic (do not depend on �z-coordinates), we obtain aholomorphic symplectic structure on M . To distinguish our more general situationfrom the latter we call our (2; 0)-forms and corresponding brackets @-symplectic. Toobtain a natural generalization of our construction one should take a CR-manifoldM , dimCRM = 2n, and nondegenerate @-closed (2; 0)-form ! (again called @-symplectic) onM . Formula (1) gives a structure of Lie algebra on A(M) once moreTypeset by AMS-TEX1



2 ANDRIY PANASYUKalthough the corresponding local coordinate formulas are not valid for general CR-manifold (inverse bivector �eld c can be de�ned in an arbitrary noncoordinate basisof vector �elds).The main question which we try to answer in this paper is the following: isthe Darboux theorem valid for @-symplectic brackets on complex manifold? Moreprecisely we can formulate two di�erent questions.a) Let !0 be a standard symplectic form on C 2n which can be written in coordinatesz1; : : : ; z2n as !0 = dz1 ^ dzn+1 + � � � + dzn ^ dzn+n. Can we �nd for arbitrary@-symplectic form ! on complex manifoldM a local C1- di�eomorphism  suchthat ! =  �!0? Let us note that for general ! the map  can not be biholomorhicand must be very speci�c: (1; 1)- and (0; 2)-components of the form  �!0 mustbe equal to zero.b) Let f ; g0 be a Lie bracket associated to standard form !0 on C 2n . Can we �nd foran arbitrary @-symplectic bracket f ; g which corresponds to @-symplectic form !on complex manifold M open sets U1 � C 2n ; U2 �M and a map ' : A(U1) �!A(U2) such that ' is an isomorphism of Poisson algebras (A(U1); f ; g0; �) and(A(U2); f ; g; �), where the dot denotes multiplication of functions?It follows from our main theorem (Theorem 1) that if we have an isomorphism ofPoisson algebras such as mentioned above it coincides with a map  � : A(U1) �!A(U2), where  : U2 �! U1 is a biholomorphic map such that !0 =  �!. Thuswe obtain the negative answer for both questions (see Corollary 1, p.7) and it isclear that the study of the local structure of @-symplectic brackets is reduced to thestudy of the classes of equivalence of @-symplectic forms under local biholomorphictransformations.One can consider this paper also as a continuation of a series of papers in whichthe following problem is stated: for two manifoldsM1 andM2 (with some additionalstructures) and Lie isomorphism ' : L1 �! L2, where L1 and L2 are certain Liealgebras of vector �elds onM1 andM2 respectively, can we �nd a di�eomor�sm  :M1 �!M2 (preserving additional structures) which induces '? This problem wassolved in papers [7], [8], [9] respectively for Lie algebras of all smooth vector �elds,Lie algebras of smooth (1; 0)-vector �elds on complex manifold and Lie algebrasassociated to symplectic structure (Lie algebras of local and global Hamiltonianvector �elds e.t.c.). We consider Lie algebras of Hamiltonian vector �elds associatedwith @-symplectic bracket and solve the above mentioned problem for them. Ourproof is modelled on the proof of the same theorem for real and complex analyticcases in [9] but di�ers from the latter in some points. We have kept the most ofthe notations of [9].In the last section of the paper we list some open questions.1.Local isomorphisms of @-symplectic bracketsSince we are interested in local questions all our manifolds Mi will be openconnected subsets in C 2n . We shall denote the space of smooth complex valuedfunctions on Mi by A(Mi), the space of smooth (1; 0)-vector �elds onMi by �(Mi)and the space of smooth (1; 0)-forms on Mi by 
1(Mi) (\smooth" is the synonymto \C1-smooth" in this paper). If !i is a @-symplectic form of class C1 on Milet L�(!i) be the space of all (globally) Hamiltonian vector �elds associated with



THE LOCAL STRUCTURE OF SOME COMPLEX POISSON BRACKETS 3!i (see Introduction for de�nitions). The map f 7! c(f) : A(Mi) �! �(Mi) is aLie homomorphism with image L�(!i) and kernel C(Mi) which coincides with thespaceO(Mi) of antiholomorphic functions onMi. Let �i denote a C1-isomorphismbetween the holomorphic tangent bundle T 0Mi and the holomorphic cotangentbundle (T 0Mi)� which is extended to the isomorphism between �(Mi) and 
1(Mi)and is given by �i(v)(�) = !i(v; �); v 2 �(Mi).Theorem 1. Let Mi, i = 1; 2, be an open connected set in C 2n , n � 1, and let !ibe a @-symplectic form of class C1 on Mi with the corresponding Poisson bracketf ; gi on A(Mi). Let ' : (A(M1); f ; g1; �) �! (A(M2); f ; g2; �) be an isomorphismof Poisson algebras (the dot denotes the multiplication of functions). Then thereexists a biholomorphic map  : M2 �! M1 such that ' =  � and !2 =  �!1,where  � denotes the pull-back map.The scheme of the proof of the theorem is the following. The isomorphism 'induces an isomorphism of Lie algebras �' : L�(!1) �! L�(!2) since L�(!i) �=A(Mi)=C(Mi). At �rst we shall build a one to one correspondence between Miand �(L(!i)) - Lie spectrum (certain set of Lie subalgebras) of L(!i) (Theorem2). Then we shall show that the map  :M2 �!M1 which is generated by �' andthis correspondence satis�es some conditions (Theorems 3 and 4) which imply theneeded properties of  .For arbitrary Poisson algebra A over C let �(A) denote the family of all self-normalizing maximal proper �nite-codimensional Lie subalgebras of A and M(A)denote the family of all maximal proper �nite-codimensional associative ideals ofA. The following result is proved in [10] and [11].Lemma 1. Suppose the Poisson algebra A satis�es:a) A2 = A;b) for any J 2 M(A) the Lie normalizerNA(J) = ff 2 A : [f; J ] � Jgis a proper �nite-codimensional linear subspace of A.Then the mapping J 7! NA(J) establishes a one-one correspondence betweenM(A) and �(A).Now again let Mi be an open connected subset in C 2n , !i - @-symplectic formof class C1. Given p 2M , de�nep� = ff 2 A(Mi) : f(p) = 0gN(Mi; p) = ff 2 A(Mi) : @f(p) = 0gL�(!i)p = fv 2 L�(!i) : v(p) = 0g:Lemma 2. The map p 7! p� furnishes a bijection between Mi and M(A(Mi)).The proof of this fact is the same as for associative algebraO(Mi) of holomorphicfunctions on Mi (see [12],p.17). Similarly the proof of the next two lemmas andtheorem is exactly the same as in [9], p.328-329, modulo substitution of d by @.



4 ANDRIY PANASYUKLemma 3. NA(Mi)(p�) = N(Mi; p).Lemma 4. The map p 7! N(Mi; p) constitutes a bijection of Mi with �(A(Mi)).Theorem 2. The map si : p 7! L�(!i)p constitutes a bijection ofMi with �(L�(!i)).The next two lemmas are needed for the proof of Theorem 3.Lemma 5. If M is a complex manifold, then for arbitrary p 2Ma) @-exact smooth (1; 0)-forms taken in p generate (T 0pM)�;even more preciselyb) @-exact holomorphic 1-forms taken in p generate (T 0pM)�.The proof is obvious.Lemma 6. Let Mi, i = 1; 2, be an open connected set in C 2n , n � 1, write Aifor A(Mi). Suppose '̂ : B1(M1) �! B1(M2) is a C -linear surjective map, whereB1(Mi) denotes the space of @-exact smooth (1; 0)-forms on Mi. Suppose also thatthere exists a map  :M2 �!M1 which is not constant such that, for any p 2M2and f 2 A1,(2) ['̂(@f)](p) = 0 () @f( (p)) = 0:Then: 1)  is holomorphic; 2) there exits e 2 O(M2) such that, for all f 2 A1,e � '̂(@f) =  �(@f):Proof. The same considerations as in [9], p.331 (in which d is substituted by @)show that  is of class C1. Let us show that  is holomorphic. Obviouslyf@(fg) � f( (p))@g � g( (p))@fg( (p)) = 0for all f; g 2 A1. This equation is equivalent by (2) to(3) '̂(@(fg)) = (f �  )'̂(@g) + (g �  )'̂(@f):Now substitute arbitrary holomorphic f and arbitrary antiholomorphic g in (3):(4) '̂(g@f) = (g �  )'̂(@f):Di�erentiate (4) with respect to @ remembering that '̂ is a map into @-closed forms:(5) @(g �  ) ^ '̂(@f) = 0:Since f is an arbitrary holomorphic function and '̂ is surjective, Lemma 5 b) impliesthat the dimension of the image of '̂ in every point is greater than 1 and (5) showsthat(6) @(g �  ) = 0for every g 2 O(M1).



THE LOCAL STRUCTURE OF SOME COMPLEX POISSON BRACKETS 5Let z1; : : : ; z2n and w1; : : : ; w2n be local holomorphic coordinates in M2 andM1 respectively and let wi =  i(z1; : : : ; z2n; �z1; : : : ; �z2n); i = 1; : : : ; 2n, be a localexpression of  . Then(7) @(g �  ) = @g( (z; �z);  (z; �z))@�zi � @ i(z; �z)@zk dzk = 0;where z; �z;  (z; �z) denote the corresponding vector-functions. Now recalling thatg 2 O(M1) is arbitrary we can use the conjugated version of Lemma 5 b) andconclude that @ i(z; �z)@�zk = 0for all i; k = 1; : : : ; 2n.To complete the proof one can use once more the reasoning from [9], p. 332-333,and show that there exists an antiholomorphic function e 6� 0 on M2 such that forany f 2 A1 and p 2M2  �(@f)(p) = e(p)['̂(@f)](p):�Theorem 3. Let Mi; i = 1; 2, be an open connected subset in C 2n ; n � 1. Let!i be a @-symplectic form of class C1 on Mi and ' : L�(!1) �! L�(!2) be a Liealgebra isomorphism. Then there exists a biholomorphic map :M2 �!M1and a nowhere vanishing function l 2 C(M2) such that!2 = l �  �(!1):Proof. Write Ai for A(Mi) and Li for L�(!i). Since ' is a Lie algebra isomorphism'�1(K) 2 �(L1) i� K 2 �(L2). De�ne a map  :M2 �!M1 by = s�11 '�1s2;where si is from Theorem 2. It satis�es the following condition: for any X 2 L1and p 2M2(8) '(X)(p) = 0 () X( (p)) = 0:This implies that the map '̂ : B1(M1) �! B1(M2) de�ned by '̂ = �2'��11 andthe map  satisfy conditions of Lemma 6. Thus  is holomorphic and there existse1 2 O(M2) such that for all f 2 A1e1 � '̂(@f) =  �(@f):The above construction can also be applied to the inverse map '�1 and we shall�nd that the maps d'�1 = ��11 '�1�2 : B1(M2) �! B1(M1) and  �1 = s�12 's1 :



6 ANDRIY PANASYUKM1 �!M2 also satisfy conditions of Lemma 6. Thus  is biholomorphic and thereexists e2 2 O(M1) such that for all f 2 A2e2 �d'�1(@f) = ( �1)�(@f):Therefore  � : B1(M1) �! B1(M2) is an isomorphism and we can conclude thate1 does not have zeroes on M2 and that e2 = 1=(e1 �  �1). Now put l = 1=e1 andrecall that '̂ = l �  �:The same considerations as in [9], p.336, show that the function on M2F (X;Y ) = lf!1(X;Y ) �  g � !2('(X); '(Y ));where X;Y 2 L1, is antiholomorphic. We shall show that F (X;Y ) is identicallyequal to zero for all X;Y .At �rst note that F (X1; Y ) � F (X2; Y ) if X1 � X2 on some open set U � M1by the uniqueness property of antiholomorphic functions since the function F (X1�X2; Y ) is the identical zero on  �1 (see (8)). Now for arbitrary X = ��11 @f 2L1; f 2 A1, �nd two open sets U1; U2 �M1; U1 \U2 = ?, and a smooth functiong 2 A1 such that g � f on U1 and g � 0 on U2. Then F (X;Y ) � F (Z; Y ) � 0,where Z = ��11 @g. We obtain(9) !2('(X); '(Y )) = lf!1(X;Y ) �  gfor all Z; Y 2 L1.Continueing the reasoning from [9], p.337, we deduce that(8X 2 L1)(8p 2M2)  �p('(X)(p)) = X( (p))and substituting this in (9) we �nd that (8X;Y 2 L1)(8p 2M2)l(p)!1(X( (p)); Y ( (p))) = l(p)f �!1g('(X)(p); '(Y )(p))(10) = !2('(X)(p); '(Y )(p)):Now recall that the vectors '(X)(p); X 2 L1, span T 0pM2 by Lemma 5 a). Thus(10) shows that !2 = l �  �(!1) and Theorem 3 is proved. �The following theorem is obtained as a consequence of Theorem 3 and is provedexactly as Theorem 8.7 in [9].Theorem 4. Let Mi; i = 1; 2, be an open connected subset in C 2n , n � 1, andlet !i be a smooth @-symplectic form on Mi. Let ' : A(M1) �! A(M2) be a Liealgebra isomorphism. Then there exists a biholomorphic map  : M2 �! M1, aneverywhere non-zero function l 2 C(M2) and a C -linear map � : A(M1) �! C(M2)such that !2 = l �  �(!1) and ' = l �  � +�.Now we are ready to complete the proof of Theorem 1. The only thing we need isto show that if ' is multiplicative, then l � 1 and � � 0. We have for multiplicative' l �(f2) + �(f2) = (l �(f) + �(f))2 = l2( �(f))2 + 2l �(f)�(f) + �(d)2;



THE LOCAL STRUCTURE OF SOME COMPLEX POISSON BRACKETS 7where f 2 A(M1) is arbitrary. Since  �(f2) = ( �(f))2 we obtain(10) (l � l2)( �(f))2 � 2l�(g) �(f) + �(f2)� �2(f) = 0:Apply @ to (10) using the fact that l;�(f);�(f2) are antiholomorphic2@ �(f)[(l � l2) �(f) � l�(f)] = 0:Thus(11) (l � l2) �(f) = l�(f)and since  �(f) is an arbitrary smooth function and the r.h.s. of (11) is antiholo-morphic, l = l2 and �(f) = 0. Now recall that l is everywhere non-zero and deducethat l = 1. Theorem 1 is proved. �Corollary 1. Let Mi be an open connected set in C 2n , n � 1, and let !i be a@-symplectic form of class C1 on Mi, i = 1; 2. Let ' : M2 �! M1 be a C1-di�eomorphism such that !2 = '�!1. Then ' is biholomorphic.Proof. The di�eomorphism ' induces an isomophism of Poisson algebras'� : (A(M1); f ; g1; �) �! (A(M2); f ; g2; �), where f ; gi denotes the correspondingPoisson bracket on A(Mi), i = 1; 2. It follows from Theorem 1 that '� coincideswith  �, where  :M2 �!M1 is some biholomorphic map, whence ' =  . �2.Open questions1. Is Theorem 1 valid in C!-category? (We have used a 
exibility of C1-functions in the proof of Theorem 3, see p.6.)2. Is Theorem 1 valid for @-symplectic structures on CR-manifolds? (See Intro-duction for de�nition.)3. One can consider the problem of local equivalence of @-symplectic forms underbiholomorphic maps as a problem of local equivalence of certain G-structures (see[13] for de�nitions).Namely, let ! be a C1-smooth nondegenerate (2; 0)-form on a complex manifoldM , dimCM = 2n, let !0 = dz1 ^ dzn+1+ � � �+ dzn ^ dz2n be a standard symplecticform on C 2n with coordinates zj = xj + iyj ; j = 1; : : : ; 2n. Let G � GL(4n;R) bea group of all C -linear preserving !0 transformations of C 2n �= R4n. One can builda C1-smooth G-structure S! on M considering the form ! as a tensor on the realtangent bundle TM . G-structure S! sati�es the following condition.(�) If up, p 2 M , is a smooth �eld of tangent repers which is a section of S! oversome local chart U � M with coordinates zj = xj + iyj , j = 1; : : : ; 2n, thenthere exists a smooth �eld of endomorphisms Ep : TpM �! TpM over U suchthat Ep is C -linear with respect to the natural complex structure on TpM andtakes up to u0p = (( @@x1 )p; : : : ; ( @@x2n )p; ( @@y1 )p; : : : ; ( @@y2n )p).Conversely, every C1-smoothG-structure S on a complex manifoldM , dimCM =2n, which satis�es condition (�) induces some nondegenerate C1-smooth (2; 0)-form !S on M .



8 ANDRIY PANASYUKTwo C1-smooth satisfying (�) G-structures S1; S2 on M are equivalent if andonly if there exists a C1-di�eomorphism f : M �! M such that !S1 = f�!S2 .In the case of @-symplectic structures this di�eomorphism is biholomorphic byCorollary 1. Thus the problem of local equivalence of @-symplectic forms underbiholomorphic maps can be considered as the problem of local (C1-smooth) equiv-alence of G-structures of a special kind. One can try to use the various approachesof the theory of G-structures to solve this problem.References1. A. M. Vinogradov and I. S. Krasil'shchik,What is the Hamiltonian formalism?, Russ. Math.Surv. 30 (1975), no. 1, 117{202.2. A. A. Kirillov, Local Lie algebras, Russ. Math. Surv. 31 (1976), no. 4, 55{75.3. A. V. Panasyuk, Purely complex local Lie algebras, Funktsional. analiz i yego prilozh. 2 (1989),no. 4, 92{93. (Russian)4. A. V. Panasyuk, Investigation of complex local Lie algebras, Thesis, L'viv State University(1991). (Russian)5. A. Lichnerovicz, Les vari�et�es de Jacobi et leurs alg�ebres de Lie associ�ees, J. Math. PuresAppl. 57 (1978), 453{488.6. A. Weinstein, The local structure of Poisson manifolds, J. Di�erential Geom. 18 (1983),523{557.7. L. E. Pursell and M. E. Shanks, The Lie algebra of a smooth manifold, Proc. Amer. Math.Soc. 5 (1954), 468{472.8. I. Amemia, Lie algebra of vector �elds and complex structure, J. Math. Soc. Japan 27 (1975),no. 4, 545{549.9. C. J. Atkin and J. Grabowski, Homomorphisms of the Lie algebras associated with a sym-plectic manifold, Compos. Math. 76 (1990), 315{349.10. J. Grabowski, The Lie structure of C� and Poisson algebras, Studia Math. 81, 259{270.11. C. J. Atkin, A note on the algebra of Poisson brackets, Proc. Camb. Phil. Soc. 96 (1984),45{60.12. J. Grabowski, Isomorphisms and ideals of the Lie algebras of vector �elds, Invent. Math. 50(1978), 13{33.13. S. Kobayashi, Transformation groups in di�erential geometry, Springer-Verlag, Berlin-Hei-delberg-New York, 1972.


