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A NEW PROOF OF THE NEWLANDER-NIRENBERG
THEOREM

JOACHIM MICHEL

ABSTRACT. The proof of the Newlander-Nirenberg theorem is given by
integral formula methods and a functional analytic argument on con-
tinuous linear operators with small operator norms. No Nash-Moser
iteration is needed. These formulae might be also useful for other ap-
plications.

1. INTRODUCTION

We give a new proof of the following theorem of S. Webster [8]. *
Theorem 1.1. In a neighborhood of 0 € C™, n > 2, let be given an almost
complex integrable structure of class C™*, where r > 1 is an integer and 0 <
X\ < 1. Then there exists a coordinate map of class C™1H* in a neighborhood
of 0 which is holomorphic with respect to the structure.

Webster’s proof is based on the Nash-Moser Newton method which neces-
sitates an infinite iteration procedure by controlling the convergence with
respect to the desired C"T*-norms of approximate solutions. Convergence
is achieved by shrinking in each step the domains where the approximate
solutions are given. In our approach we show that the norm of the error
term of the approximate solution operator is smaller than 1 if a certain pa-
rameter 7 is chosen sufficiently small. Here we work on a fixed domain of
definition. Moreover, our approach can be generalized to some extent to non-
integrable complex structures. So we hope to give interesting applications of
our method in further articles. In the proofs we work with approximate solu-
tion operators. These are modifications of the well-known solution operators
of Cauchy-Fantappie type for the -equation in C". They are constructed by
taking in each point p the classical integral kernels derived from the frozen
complex structure at p. The main problem is to control the norms of the
integrals up to the boundary without any loss of regularity. This causes
some technical problems since even the so-called Bochner-Martinelli volume
integral, which is trivial in C", needs an elaborate reasoning.
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We shall denote canonical coordinates of C" by ¢; or z;, i = 1,2,...,n. Let
be given for j,a = 1,2, ..., n functions A € C™t*(B) on the closed unit ball

B of C", with r € N, 0 < A < 1, such that

1.1 ; Aa 1 =1,2,...
( ) ,7 82'] +; 6 J ) <y Iz

defines an integrable almost complex structure J, i. e. [Y},Y;] = 0 for all
7,k =1,2,...,n. Following Webster we can assume that the A}?‘ ’s vanish at
0. Denote by J7, for 0 < 7 < 1, the integrable almost complex structure
given by

Of A
(1.2) Y (= azj + ZlA T2) ji=1,2,...n.

It is obvious that we can find in a neighborhood of 0 a holomorphic coor-
dinate map for J = J! if and only if this can be done for some J7, with
0 < 7 < 1. Therefore, we want to find such a J7 for sufficiently small 7.
Let the A? ’s be chosen once and for all. Uniform constants may depend
on the A7 ’s (and their derivatives). Most constants in the estimates will
be uniform with respect to 7. In order to avoid complicated notations we
shall often drop 7. So, for example, we write A;‘(z) instead of A?‘(Tz). The
difference is immaterial and only consists in the presence of an additional
factor 7 in the final estimates of terms derived from the A$(72). Note that
|A(2)| < 7 with a constant independent of 7. Also we tacitly assume that
assertions should be true only for sufficiently small 7. To any 7 correspond
differential operators & = 87, d = & such that d = 9 + 8, 99 = 99 = 0.
Therefore it makes sense to consider the d equation (in the distributional
sense)

Ou=f, with 9f=0,

where f is a (0,1) form. A function g is (J7—) holomorphic if 8 g = 0. We
want to solve the above 0 equation by a solution operator with estimates
for sufficiently small 7 > 0. Proofs which are elementary for a constant
complex structure are quite technical in our case. For the sake of a quick
understanding of the main ideas we have shifted them to section 5.

2. A GENERALIZED BOCHNER-MARTINELLI-KOPPELMAN FORMULA FOR
THE BALL

Let 0 < 7 <1 be fixed. We remind the reader that we drop the 7 in the
notations. Let f € C(’)\’I(E), with 0f = 0. At first, we want to establish a
Bochner-Martinelli-Koppelman like formula for the almost complex struc-
ture. We adopt the notations of [5] for differential forms. In particular, the
d¢; ’s will commute with the dz; ’s in double differential forms.
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Let ¢ € B be fixed. We choose new complex coordinates on C" centered at
¢, denoted by

2 = (ZCJ? 2¢,25 0 Zcm) :C" — Cn,
with

(2.1) ZCJ ZAk Zk - Ck + F (C)(gk - Zk)?

where the coefficients are determined by

(22) AR+ Y] ALQOTYC) = drye THQ + D ALOAL Q) =0,
=1 =1

for j,k = 1,2,...,n. Since AL(0) = 0 the above system is uniquely solvable
on B, the coefficients are in C"**(B) and

[A5Q) = dkg| + [T5(Q)] 5 7

Moreover, Af(O) = 0k, j, F?(O) =0, and the matrix {Af(g)}]k is invertible.
We shall also need to replace z by ¢. Set (we write A§(() for AF(7())

23 y + T, j:1,27...,n
(23) X;( a@ Z
Also we consider for fixed z € B coordinates

(2.4) (¢ ZA’“ V(G = 21) + T (2)(C), — Zi).
Obviously

Yi(2)z,i(2) = 815+ Y (A7 (2) = AF(O)T5(Q),

Vi(2)ze (=) = ) (A7 (2) = A7 (Q) AT (Q)-

a=1

Similar formulas are obtained for X;(¢)¢,,; and X;(¢)¢. ;. We note for later
use
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Xi(Qzcj(2) = =Xi(€)¢z,i(2) + Xi(Q) (2¢,5(2) + ¢2,(C))
= —bij = ) (AF(2) = AT(Q) IF(2) + Xi(€) (2¢,5(2) + ¢,i(€)) s

Xi(Qzes(2) = = 32 (A2(2) = AZ(Q) T9 (=) + XilQ) (2 (2) + Coy())
a=1

Note that X;(¢)z¢,; and X;(¢)z¢,; are of class C* with respect to z.
We introduce the following symbolic notations for double differential forms
on B x B. We denote by L the class of differential forms on B x B having
coefficients which are finite sums of products Uy - Us - - - Ug. Here the factors
U; are of the following two types
i) U; € C*(B x B),
ii) U; or U; € {A?‘, A§ — (5aj,I‘§‘} with respect to ¢ or z, or a derivative of
these expressions with respect to the canonical coordinates of C".
At least one of the factors must be of type (ii).
We write U € L@ if U is of class C®T* with respect to ¢ and of class
Cht with respect to z. This implies that for all 0 < k1 < a, 0 < ko < b
D}*DEU € CN(B x B) and

piDRU| s

with a constant independent of (, z and 7.

We write U eﬁﬁ“’b) ifU € L@ has coefficients which are finite sums of
products Uy - Uz - - - Uy, where the factors are of the following three types

i) U; € Cf(? x B),

i) Uy or U € {z, — G | L < k < n},

iii) either U; is U;(¢) — Ui(z) or a derivative of U;, where U; or U; €
{AF, AT, T} At least one of the factors must be of third type.

Moreover 171 . (72 e ffk must vanish of order s if ( = z. That means, that at
least s factors are of type (ii) or type U;(¢) — U;(2).

In particular this implies that for all 0 < k1 < a, 0 < ks <b D’ngf?U €

CN(B x B) and

DEDRU(C, 2)| S ¢ — 2foxOhuha),
Here D’ng’Z€2 are mixed derivatives with respect to the underlying real coor-
dinates of ¢ and z of the indicated order. Typical examples are A% € L),

A3(Q) — A5 (2) € ZY’OO). We shall shortly write U = L@ if U € L and
U=1""ifv el
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Then we have

IF(¢) = LT, AF(C) = day = LU,
2y = L0, Gy = I, 25() + Gy = 5,
}GZCJ = 62.’]. + EY’T), ?iZC,j _ EY’T),
T(r—1,r ~ ~(r—1,r
Xi(Q)zc; = —0iy +L§ ), Xi(Q)zej = Lg ).

We denote the dual (1, 0) forms of {Xi(C)}lgign by {wi(g)}lgign.

(2.6) wi(€) =Y AM(QdGa +TF(QdC,,  i=1,2,.m.

a=1

Note that w; = d¢; + L"), dw; = LU—1°) We set

m5(¢, 2) ZZCJ z)w; (¢
n

Z |2¢.5(2)],
m5(¢

CI)O Z No,j C: W]
We define the Bochner—Martinelh—Koppelman kernel for (0, q) forms by
S— n— _1 S—
Bn,q(C: Z) = Cn,qTIO(Ca Z) A (8(’70((7 Z)) I A (aZTIO(Ca Z))q

for g =0,1,2,.....,n—1, with C,, , = (—1)9(@=1/2 (" ; 1) ,and by B, 1 =

B, =0.

Our first goal is to calculate F; = ECBn,l +5an,0~ In the classical setting F1
vanishes. Here we apply the following trick. We consider double differential
forms on (C" x C") x C™ with variables ((,u,x) € B x B x B and z € C"
and set

m(¢,2) =

n

() = 3 (A5 (9)dra + T3 ()dRa)

a=1
-1 2¢,j(2)w;(K)
PR () — _
o (C? ) 2?21 ZCJ(Z),UJZ‘
Bl (¢ 2) = Cngny™ (¢, 2) A (8070,,4((72))11—(1 A ( 216" (¢, )) .

When we calculate Ef’“ = 0¢BlT(C,2) + 8. Bi5 (¢, z) we obtain a constant

times (9cnh™™ (¢, z))n_ 9.mh" (¢, ). Other terms cancel by the choice of
the coefficients C), 4.

D b (¢ 2w k),
j=1

Remark. For non-integrable structures terms comprising factors 5??70 (¢, 2)
occur.
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Since 37, 17 (€, 2)pj = —1 we have
Z ey (G 2) Z 01y 5 (¢ 2)psj = 0.
j=1
So by linear algebra reasons we obtain Ef ™ = 0. (See especially ([6], section

2) and also Norguet [4] or Koppelman [3]) for this part of reasoning.) Thus
with ¢(C, 2) = (€, 2¢(2), ¢; 2) = (¢, s K5 2)

VHEYT) = 470 ByY) + 47 (9:B5) = 0.
Now ¥* (1) = 2¢(2), ¥*(wj(k)) = w;((). Therefore, when we expand E1((, z)
we obtain ¢*(E4"") and a sum of junk terms coming from differentiation of
ggw]', EC’ZCJ = Egr,r) or EZZCJ = EY*“)
gives

. An easy but tedious calculation

L(r 1,r) L('r 1,7)
F@ T e

We show for Eif(2) = [5 f(¢) A E1(C, 2):

Lemma 2.1. F =

Lemma 2.2. Fj is a continuous operator from CO \(B) to CMN(B) and its
C*—operator norm tends to 0 if T — 0.

Lemma 2.3. Let f € C§ |(B) with Of € C§4(B). Then for all z € B

f(2) = Erf(2)+ /be<<>ABn,1<<,z>— /B Bf(C)ABu1 (€, 2)~D- /B F(OABo(C. 2).

Remark. B can be replaced by a convex domain with smooth boundary.

3. AN APPROXIMATE SOLUTION OPERATOR FOR ALMOST COMPLEX
STRUCTURES

By introducing an almost holomorphic support function for B we can con-
struct a new integral kernel and replace the boundary integral in lemma 2.3.
Since error terms will tend to 0 if 7 — 0 this will give an approximate solu-
tion operator for 9. A functional analytic argument will lead to a solution
operator for O later on.

A defining function for the unit ball is 7(¢) = [¢|*> — 1. We set

(3.1) ®(C,2) = Y Xjr(Q)zci(2)
i=1

In order to analyze ® we set for fixed ¢ 7¢(2¢(2)) = r(2). Then for y = 2z¢(2)
Taylor expansion yields

relw) = re(0) + 2Re Y SO + H(@)l,
i=1 7!
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where H¢(y)[y| denotes the Hessian of r¢ at a point y on the line segment
between 0 and y.

He(@)ly ngha mM+§ha_

3,j=1 1,j=1

Since

we obtain with ¥ = 2¢(%)

92
Hd@[]—2Re§:8%a%Fﬂu(ﬂm +2§28%&%rvu<»Q<>+o<m—z
= 2|2¢(2)]* + 07 (I¢ — 2*)
= 2[¢ — 2’ + O-(IC — 2",
where
0-(I¢ = 21| S 7l¢ = 2P,
with a constant independent of 7 and (. Since Re Y ;" | g;f (0)y; = ®(¢, 2)
this yields

(3.2) —2Re ®(C,2) > 7(¢) —r(2) + | — 2

for ¢,z € B and 7 sufficiently small. Then ® can serve as an approximate
holomorphic support function for the ball.

From & one can construct Cauchy-Fantappie kernels in the same way as for
®j. In the complex structure case of C™ two such kernels differ by a sum
of explicitely given 0 exact forms. In order to calculate the error terms
appearing in our case we will apply a similar trick as for Fj.

We set with variables ((, i, k; 2) on an open set of [C" x C" x C"] x C" where

it makes sense
> i1 (X5r) (Qwi (k)
> (X)) (Qua

TIMN(C7 Z) = -

Moreover, we set

S — _1 —
Dl = Cogn™ (¢, 2) A (B (¢, 2)" " A (Ban™(¢,2)) "
Note that Df’q vanishes if ¢ > 0. Since the n-fold product of terms of type
nkR — b et denlh™, 0., Bmfy" vanishes by purely algebraic reasons
(see, for example ([6], section 2) there exist universal coefficients 1%, only
depending on n such that

(3.3) B — BIK DI UM 4 DU,
with (for v =0,1)
Ukt = 3 1l AT A @enh ™) A (Den® )Y A (Damlh )"

a+b=n—v—2
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Now we set

sen) = 62 S
’ (¢ 2) i (X (Qaci(z)
Uy= > o AnA@cmo)® A@cn)® A (Dm),
at+b=n—v—2

Fy = Bp1 — 90Uy — 9,Up.

In order to compare the forms depending on u, k with the latter forms we
introduce the map

U:C"xC" = [C" x C" x C"] x C", ((,2) ¥ (C, %(2), 5 2) = (C s K5 2)-

Then n = U* ("), ng = U*(ny™"). Since U* BT —W*d U™ — W0, U™ = 0
it is clear that By, — ECU 1 — 0,Up is a sum of terms containing at least one

of the factors d¢w;(¢), Dcz¢(2), or ,z¢(z). Let us look at the different cases.
As before, it is easily seen that terms coming from B, ; give rise to terms

F(r—1,00)

of type —2 7
U, is a sum of terms

s At A (Ocng)® A (Oen*)? A (0:m5)"
q)g+1+v(1>b+1 ’

(3.4)

witha+b=n—-2—v. ggUl is a linear combination of the following terms

n* A @ens) A (Oen*)® A Dy

Uiq = T gt
U = Mo A @) A (Den*)"H A D
L2 = UT2pb+1 )
= oA A @) A (Den”)" A DDz
18 = at+2gb+1 ’
DU 2pb+
o, = 9c®oAmg At A (Deng)® A (Den)” A D
4= PITIPht1 ’
U, . = 2@ A At A @) A Oen®)” A Dng

' ¢8+2 Pb+2

with a +b=n — 3.
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0,Up is a linear combination of the following terms

n* A (Oen)® A (Den®)® A D

Vo1 = (I)ngl(I)bJrl
* N 9 x\a—1 3 .n*\b
Upy = no A1 A 002 /\1(86770) A (9¢n) a1,
= 0=R0 ATig A" A (Demg)® A (9¢n*)’
0,3 = @8+2¢b+1 ’
o 0@ NG A A (@cng)* A (Oen”)”
0,4 = )

q)g+1<pb+2
with a4+ b=n— 2.
Because of (3.3) most terms of F; cancel out except those of U, ; when at

least one of the operators d¢ or 9, in the kernels falls on w;(¢) or z¢(2).
Therefore the Fi-terms generating factors in U, ; are

n

n
Z@EC%:EY*L“) in  9cng, Z(Xir)gcwj:L(rfl’r) in  dcn,

Jj=1 j=1
MOz = LY in 8@y, Y (Xir)Beze; =LY i 9.0
J=1 j=1

This leads to Fi-terms of the following types

L(T‘*l,’r‘) E(T—I,T)
) — 2 withb>1,
(I)g—b—lq)b—l-l @g—b¢b+1
E(T*lﬂ") z(rflv,’n)
Il = —1——, IV ===
R 0P

Note that the singularities of terms of type I and II are higher than those
of the respective terms 111 or IV. A simple application of lemma 2.3 and
Stokes theorem yield

Lemma 3.1. Let f € 6871(5) such that Of € (3872(§). Then for all z € B

f(Z) = Elf(z)+Flf(Z)+/ ng/\Ul+gz/ f/\UO_/ 5f/\-Bn,l_gz/ f/\Bn,O-
bB bB B B
In section 5 we show

Lemma 3.2. Fy is a continuous operator from C()\J(E) to CN(B)NC™(B)
whose C*—operator norm tends to 0 if T — 0.

Lemma 3.3. Let for g € C()\J(E)

S19(2) = /B 9(C) A Bao(C 2).
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Then for any compact set K with0 € K CC B

’Slg|C1(K) S fgycx(ﬁ)-

4. CONSTRUCTION OF HOLOMORPHIC COORDINATES
We set K1 = E1 + F} and

nif= | fato= [ £

We consider the Banach space X = {g € 66\,1(3) | &g = 0}. Then Kyg €
Cal(ﬁ) for g € X. Since by (3.1) K19 € CS‘J(F) and

g=Kig+ 9Ty,

it follows 0119 € X, and K1g € X). Since for small 7 the operator norm
of Kj tends to 0 1 — K is an automorphism of the Banach space X). Let
f € X,. The above decomposition for g = (1 — K1)~ f gives

f=0T(1—-Ky) 'f.
Now lemma 3.3 implies
!S1g\c1(K) S |9|cA(§) S ’f\m@y

Since the corresponding estimate for
/ (1—K) ' f AU
bB
is trivial because of bB N K = () we obtain
|T1(1 - Kl)_lf‘cl(K) SJ ‘f’ck(ﬁ) .

Now we set for fixed 1 <1 <n f=0z. Then Z;, = — T} ((1 — Kl)_lgzl)
is J™—holomorphic. Moreover, since | 9z | er@)— 0 for 7 — 0 the gradients
of the Z1, ..., Z,, are linearly independent for small 7. This implies that Z =
(Z1, ..., Zy) defines a holomorphic coordinate map for J7 on a neighborhood
of 0.

Now the Z; are solutions of the linear first order elliptic system

YZ, =0, i=1,2,..,n.

Since the coefficients of the system are of class C"™ the Z; are of class
C™H1HA on K. For this argument see [2].
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5. MAIN PROOFS

Proof of lemma 2.2

Here we apply the Hardy-Littlewood lemma (see [5], ch. V, §3, Lemma 3.1).
Since |E1(¢,0)] < 7[¢|'" it follows |Eyf(0)] < 7|fl, with a constant
independent of f and 7. So it will be sufficient to show

lerad (BLf)(2)] 7| Flor s (1= | = DM

with a constant independent of f and 7.
Let G : CMN(B) — C*C") be a bounded linear extension operator with
supp G(f) cC B(0,1 + k), for k > 0, and

G flexeny S 1flexs)

with a constant independent of f. For k sufficiently small we can assume
that all the above kernels make sense for z € B and ( € B(0,1+ k). We
apply G to forms coefficientwise. Now

/B F(O) A EC %) = L(2) — Ia(2),
with

Ii(z) = | Gf(Q)NEi(C2)

Cn

Be) = [ GHONEG

I5(z) we can differentiate under the integral sign. By the Hardy-Littlewood
lemma we obtain easily Iy € C#(B) for all u < 1. Now I1(z) € C}(C") as can
be seen exactly as for I; in the proof of lemma 3.3 with the slight modification
that P(¢ — z) may have factors U(¢) — U(z), with U € {AF,AF,I'}}. The
proof works nevertheless since

‘(a%*a%) (U(x)—U(y))‘ST‘x_y’)‘~

That the C*—operator norm of F; tends to 0 for 7 — 0 is an easy conse-
quence of the presence of U({) — U(z) in the numerator of the kernel.
Proof of lemma 2.3. Standard regularisation allows to assume that f €
C&l(E). We set for a domain D C B with smooth boundary and z € D

(D)) = /bD FONBaa (G 2) /D Bf(C)NBr(C. 7). /D F(OABo(C 2).

Let for z9p € Band 0 < e < 1—|29| D- = {2z € B| |z — 29| < €}. Then Stokes
theorem yields for z € D, since integration is over a (n — 1,n) form with
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respect ton (,

@s0E) = @0+ [ faBu= [ 8B,

f A Bn,O
b e

B-D

= ((*)Dsf)(z) _/ f/\ECBn,l _/B f/\ngn,O

B-D —D:

= (D)) — / (O A B, 2).

B—-Dc

Since E is integrable it remains to show
lim (), /) (20) = f(20).

Now the idea is to freeze the almost complex structure at zg in order to re-
duce the expression to the classical Bochner-Martinelli-Koppelman formula
for C".

Let ¢ € C>(C") with ¢(z) = 1 if |z| < 1/2 and ¢(z) = 0 if |z| > 3/4. Set
¢:(z) = ¢((z — 20) /). Now

(). f)(2) = (%) D0 f)(2) + ((*)p. (1 = ¢2) f)(2)-
Now, by Lemma 2.1

li (), (1 = 6:)1)(20) =~ lim | (1= 6:()F(Q) A Fr(G, 20) =0.

De

Since, for z € D,,
(*)p.o=f)(2) = —/D 5(¢E(C)f(C)MBn,1(C,Z)—gz/D 9(Q) f(O)ABno(C; 2)

the main problem is now to get d, under the integral sign.

0. [ 607 A Bual62) = 0. [ (0:)(€) A Bualc.

_3. / ($eS)(C +2) A Bao(C + 2,2).
-

Now
Bno(C+ 2 2) = Bo(C+2,2) + Bno(C+ 2,2),
with By, o(C + 2,2)/Cy 0 equals to

(Sl (AFQZ + TG 91(0) A (Shay (T + T ) w4(0)
(S [0 RO + TOG)

and

[Ruo(C2) SIC— 272 [0:Ru0(¢s2)] S1C— 217"
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Since |0, (d:f)(¢ + 2)| < 1/e we obtain

iii% 0, [ (¢=f)(C+2) ARno(C+2,2) = 0.

Cn z=20

It remains to simplify By, ;(¢ + 2, 2). Now > 0 (AX(¢)dC, + T¥(¢)d¢a) =
w;i(¢). So if we replace any A$(¢) by A¢(z) and any I'{(¢) by I'¢(z) and
wi(¢) by @i(z) = Y0 (A¥(2)dCa + T'¢(2)d(,) we obtain

Bl o(C+2,2) = Bpo(C +2,2) + Rup(C + 2, 2),

with

Bno(,2)| S 16— 2272,

5,zﬁn,0(<7 Z)‘ S |C - Z|1_2n’

and

n—1

(Chac (F () + TH()G) 8(2) ) A (T Bil2) AGi(2))

En,O(C+Zv Z) = C’n,O —_—  _ —_ 2\
(0 [Zin A0 + TR ()Gl )

Also as before we have for z = zg

=0.

z=2z0

lim 9. | (6:H)C+2) A Roo(C+2,2)

Finally we are left with

=70, [ @NE+2)A Boo(C+2,2)

= I1(20) — I2(20),

2=20

where

1) = [ DA@D)C+2) A B+ 2.2),
B = [ GaNC+2) ABBuo(C+2.2)

since here differentiation under the integral sign does not increase the sin-
gularity of the kernel. By the same reason

lim IQ(Z()) = 0.
e—0
Now

9:((¢=f)(C +2)) A Bpo(C + 2, 2)

2=20

— [ 30D C + D)y A Bal¢ + 2020

I (20)

1
?\
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Let( ()gbsf)(g) = > iy hi(Q)wi(¢). We obtain with 0;(2) = > 0_; Af(2)dza +
F?‘ 2)dZ s

Yj(2)(hi(C+2)) = (a—zj + Z@*(Z)@) hi(€ + 2)

=1
0 R
= [(a—g+;,4j(z)ac ) (C+2)
Therefore
hi(C+2) = [( +ZA§“(z)£) (¢ +2)0;(2).
j=1 a=1 «

This gives for I;(zo)

LEx |

ZA 20) ac, ) (¢ + 20)0;(20) Awi (¢ + 20) A én,O(C + 20, 20)

=1 j5=1 a=1
n n [ 9 9 - B N
:/CZZ (8@ +aZlA 3¢, )h_ (O8;(z0) Ai(€) A Brol€. 20)

3(20) /HZZ[<—+2A (20 aC) ](C)@ (zg)/\wz(zo)/\Bno(C,zo)

=1 j=1

with lime_, I3(z9) = 0.
Now we extend the frozen almost complex structure at zy to a neighborhood
by setting

=) AP (20)C0 +T8(20) 0 Zi= Y A¥(20)2a + I¥(20)Za

a=1 a=1

Then d(; = @;(20), dZ = 0;(z0),

With this notation the remaining term becomes

L S5 L@ A G A BrolC o).

11]1a

with
(57 (7)) (T2, )

~2n
(—z

EmO(g’ E) = Cn70




A NEW PROOF OF THE NEWLANDER-NIRENBERG THEOREM 15

Inverting the above reasoning by keeping the constant complex structure we
can get 0 off the integral sign

limd. [ 6:(0(0) A Buol¢,2) = iz | (@:7)C) A Buo(C.2),

e—0 Cn

where 03 denotes the 0 operator for the constant structure at zo. Note that

By, o is the classical Bochner-Martinelli kernel B,, o for the constant complex
structure.
Now the other term can be treated in the same way

lim — 5(¢E(C)f(0) A Bn,l(C’ Z)

e—0 D.
=l [ D0-(QSO) A Bua(é.2)
= lim — [ 06:1)(0) A Bua(C.3),
E— Cn

where Eml denotes the Bochner-Martinelli kernel B,, 1 for the constant com-
plex structure.
Summing up all the remaining terms gives

iy {— [ 61O A Bua @249z [ @10 A BuoC) |

e—0 cn

= lim(¢-f) (%)
= f(20)

by the classical Bochner-Martinelli-Koppelman formula.
Proof of lemma 3.2. If ¢t denotes a tangential coordinate which is transver-
sal to the complex tangent space of bB, then | ® |>|t | + | ( — z |? (see
(5.2), (5.3)). Thus ® has one good direction concerning integration along
the boundary of B. After having integrated with respect to ¢ ® and ®( have
comparable vanishing properties. Thus the kernels of type I and II show
similar properties as

r=1r)

o

The latter kernels have been treated in Ahern/Schneider [1]. The proofs can
be generalized to our case with slight modifications. The main trick consists
in removing too high powers of ® in the denominators by an integration
by parts along a tangential vector field 7, = % with 7:® ~ 1. In the fol-
lowing we give the construction of the basic objects of the Ahern/Schneider
approach, but in a uniform way with respect to 7.
Let 0 < 79 < 1 be fixed and to be chosen later. It is clear from the definition
of ! 1 that

sup | Fif(z) [<C(7) | f |aB,

|z|<ro
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with C'(7) — 0 if 7 — 0. Now the vector field
Te =i(215 00 2n)

is tangential to the spheres centered at the origin and transversal to the
complex tangent space with respect to J;. As a differential operator 7; is
represented by

- o = 0
(5.1) Te=i <ga———-—§a—:—>.
¢ 25; 9o “OC,
Since for ( € S =bB

n

O(C2) =Y (X5 1¢P) 2(2)

j=1

=D (X 1CP) DY (AN (Ca — 2a) +TF(O)(Co — Za))
j=1 a=1
it follows
Te®((,2) =0( C—2 )+ > (X5 1¢1) ) (1A (C) — i, I5(Q))
j=1 a=1
=0(¢—2))+0(m)+ > (X5 1¢ ) ig
j=1

=0(I¢=z))+0(r) +i| ¢
=0(¢—z])+0(r) +i.

Thus there exists a 0 < rg < 1/2 such that for all ( € S, z € B,with
| ¢ — z |< rp and sufficiently small 7

| (¢, 2) [>

N =

Moreover 7:® is of class C"~ 1 with respect to ¢ and C* with respect to z.
For any (p # 0 ¢, (t) = €'(p is the integral curve of 7¢ passing through (o.
Next we construct local coordinate maps with ¢ as the first coordinate.
Let 3/4 <1—79/2<|2|<1. Weset (°=2/|z]€S. Then|z—¢"[< 22
and r ,

| 2= <z =1+ 1 =¥ |< ZH[1—e].

Let to > 0 be so small that for all | ¢ |[< to | 1 — e |< %2, Then
7o
— < —
| 2= e |< 9

for all | t |< tg, and ¢y can be chosen to be independent of z.

Now we define the following real vector space which approximates the com-
plex tangent space to | z | -S with respect to the canonical complex structure
(for small 7).
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Let 1 —rp/2 <| z |< 1. We set

{VGC"|ZZ<zJ+ZAa )( (z)vﬂ+r§?(z)vﬂ).

B=1j=1

Let Uy (2), ..., Usn—2(2) be (2n — 2) orthonormal real vector fields in TC of
class C™ with respect to z. Then {¢°, T¢o, U1(2), -..., Uzn—2(2)} is an almost

orthogonal real basis of C" and ¢° and 7o are almost orthogonal to T Cin
the complex sense (for small 7).

Let z be fixed and ¢ € S be near ¢°. Since the flow (" is transverse to
spang{¢®, TC} the map

2n—2
Yt 4 yi,w) = Yt +yi,wi, .., wan2) = =€ | 2+ yC® + Z wyUy(2)
y=1

defines a C*°— diffeomorphism of a neighborhood in R?" of {(0,,0, ...,0) |
—|2z|/2 <y <1-| 2|} which is of class C"** with respect to z (for
sufficiently small 7, ¢, tg). Moreover, there exists a map

ho(@) {(zw) | 1- 2 <|z|< L] w|<m} —R

which is of class C* in w and of C"* in z, such that h,(0) = 1— | z | and
»(t + hy(w)i,w) € S (by shrinking rg, tg, 7) for a sufficiently small n > 0.
None of the above bounds depends on z or (.

Remark. For the standard structure or for 7 = 0 one has

hy(w)=+1-|wl|*-|2]|.

Next we expand (¢t + yi,w) with respect to ¢ and obtain

2n—2
zp(terz‘,w):z+y<°+zcu7 2) +itz + O + 1+ | w [

2n—2
:z+yC0+Zw7 2) +itz+O(| ¢ — z |?).
y=1
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Thus with () = ®((t + yi,w),2), O2 = O(| ¢ — 2 |?), ( = ¥(t + yi,w)

(©) = Z:; (G 1¢P) Z:jl (AF(O) (e = 2a) + TF(C) (W00 — Za))
= Zl (X5 1¢1%) ; (A2(2)(¥a — 2a) + T9(2) (¥, — Za)) + O
= il Zj +§:1Af(2)zﬁ zn:l (A%(2) (Yo — 2a) + T9(2) (W — Za)) + O2
i= = =
- 'nl Zj + ﬁzn:l Al(2)z nl (A?‘(z)(yg? +itza) + T9(2) (yCo — z’tza)> + Os.
p - -

Now Af(z) = da; + O(7), TI'§(z) =0(7), Af(z) = O(7), implies

n

(0) =00 ¢=2)+0MO(y |+ [t )+ D Zdai(yCq + itza)

a,j=1
=O0(¢—2P)+0MO(ly |+ t)+ylz|+it]z]>.
Consequently, we obtain for small 7, since | ®((,2) [2| ( — 2 |27
(5.2) | (¢, 2) [ZIy |+ |t]

for all ¢ = ¢(t+ yi,w) € S and | { — z | sufficiently small with bounds and
constants independent of (, z and 7. Therefore

(5.3) [2(C2) IZIC—2P+ yl+ItI+|r@x) 21|z +|t]|+|w]
for ’ t |§ t0/27 | w ’S 0, 1 — T0/4 S‘ z ‘S L ¢= ¢(t+yi7w)a Yy = hz(w)
From the construction of (¢ + yi,w) it is equally obvious that for small 7

| Yt +yi,w) =2 PRI 7+ [w PRIC—2 .
Since |( —z |2| (| — |z |=1—] 2z | it follows

[t +yi,w) =z P2 (1= |2 )?+ 82+ w2

Therefore, we obtain with uniform constants t; > 0, 1 > 0, 0 < 79 < 1 that
for [t|<ty, [wl|<m, 1—ry<|2|< 1, (=9t + he(w)i,w)

| Pt + he(w)i,w) — 2 [< 71,

| 2(C2) 1212+ [t +]wf,

| Yt + ha(w)i,w) =2 P2 (1= | 2 )2+ 824 |w 2.
Moreover, (t,w) — ¢ = (t + h,(w)i,w) defines a C"+* diffeomorphism of
a neighborhood of 0 € R?"~! onto a neighborhood of (Y = z/ | z | in S.

Its jacobian is bounded and bounded away from 0 uniformly for all suffi-
ciently small 7.
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To achieve the proof of lemma 3.2 we again apply the Hardy-Littlewood
lemma. So let f € C()\J(B). We have to show that

(5.4) lgrad(F1f)(2)] < C() | f e (=12 D,
with C(7) — 0if 7 — 0.
Now

Fii(z /f JAF(C ),

where F7 is a sum of terms of type I, I1, II1I or IV.
Calculating gradF; we obtain a sum of terms

L(r=1r-1) (r—1r-1)
h=" ) Lh=—————\ withb>1,
of b bt op 0 bt
z(r—l,r—l) z(r—l,r—l) E(r—l,r—l)
== =2 =22 uihb>1,
(I)gqu)bJrl (I)gberlq)bJrl q)gqu)b+2
Lr—1r=1) E(r—l,r—l) E(T_l”"_l)
I ==———— IlLh="— J[[3=—"
1 (I)g_l(p ) 2 (I)gq) ) 3 ‘1)8_1(1)2 )
z(r—l,r—l) z(r—l,r—l) z(r—l,r—l)
= 2———\ V=3 Vg == ——
1 @8@ 3 2 ®8+1q) 3 3 @8‘1’2

The worst cases are when the differentiation falls on ® that is Io, I3, 1113,
IV3. The cases 1113, IV3 are easier than Is and I3 and these are comparable
to each other. Therefore, as a typical example, it suffices to handle

7’17“1
(¢.2)
Ik_/f Mb<>@“m@’bzl

Since the kernel of F} has point singularities we can assume that f is sup-

ported in a neighborhood of ¢°, where the (¢,w)— coordinates are defined.
Then ¢ = ¥(t + h.(w)i,w), ¢® = (0,0). It follows

- LYV (¢, 2) Ly V(G 2)
IIS - /t,w(f(t,W) - f(()?w) A (I)g b(C, Z)(I)b+2(g, Z) b f(Oaw) A (I)g_b(C7 Z)‘I’b+2(c, Z)
=1Il31+ 1135.
Since B
Ly [P e | f e

(I)g*bq)b+2 N~ @ vt B |bH2

by standard estimates (see [1] or [5]) we obtain

C(1) | £ lex
< AN 71 Wer
PRERIDS =2

'(f(tvw) — f(0,w)) A

with C(r ) — 0. Now the coefficients of Egil’rfl) are sums of products
U Ug - Up which we have described above. We shall decompose the
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factors in the following way. When U; is of class C! or better with respect
to ¢ we let it unchanged. When it is only C* (r = 1) we write

ﬁi(tﬂw) = (ﬁi(t7w) - ﬁl(oﬂw)) =+ (7,‘(0,&)).
By decomposing all these terms in the product we obtain II39 = 11321 +
11372’2, With
C(r)sup | f |
(1= 2z’

by estimating exactly as for I3, and

FRERRIDS

Lr—tr=b 0,w),z
113,272 = f(O,w) AN 371) ((b 2 ) ) .
tw (I)(] (Ca Z)(D + (Ca Z)
We remind the reader that we did not decompose factors like zp — (i or
AZ(C) — Af(2), for example, in order to not destroy vanishing orders for

¢ =z

Next we diminish the exponent of ® in the denominator. Since

R e N B A
V2 T (b4 )T® C\ D ) T (b+ 1)T® ot \ BPT )
it follows

1 (720w, 2) = 1c®(t,w, 2)) 1 1 0 1
O(t,w)b+2 7cP(0,w, 2) Pt+2 (b4 1)7:9(0,w, 2) Ot \ POF!

This gives rise to the decomposition II3’272 = II3727271 + I[3’27272,

with
C(r)sup | f |
(1= ]2z )=

r L= 1)((O w),z) 0 1
11 L — .
e / e <0 w, 2) B3 (¢, 2) Ot <¢>b+1>
By an integration by parts we get
. / #(0 s R ((0,w), ) Te@o(tw, 2)
v <o w, )05 (G )G )

Note that 7¢®¢ is a sum of 2 terms. In the first, denoted by V(t,w, 2),
7 has fallen on ¢ — z term. Therefore V' has vanshing order 1 for ¢ = 2
but there is no loss of regularity. In the second term 7; has fallen on a a

I3221] S

and

structure coefficient. This term is only C* if r = 1, but vanishes of order
2. This latter case gives rise to an integral which can be estimated by
C(r)sup | f || log(1— | z|) < C(r)sup | f| /(1= | z |)}=*. V gives rise,
after having been splitted into (V (t,w,2) — V(0,w,2)) + V(0,w, 2), to an
integral

/ £(0 L§H Y (0,w), 2)
@(0,w, 2)@5 " TH(C, 2)@PL(( 2)
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Now by repeating this method at most b times we end up with a critical
integral of type

z(r—l,r—l) 0,w), 2
10 = [ f0wn e 05
t,w %(b(()?('d,z)bJrl(I)g (Caz)¢(<vz)
Expressing everything with respect to the (¢,w) coordinates we get in the
worst case the following estimate (with respect to polar coordinates in the
wspace, a =|w |, d=1-1]z|)
a2n—3+b+3dtda
ta (d+at | t])2T2(d+ |t ] +a?)
< C(r)(sup | f ) [logd [
< C(r)sup | f| /(A= |=)'
since b > 1. This achieves the proof of lemma 3.2.

Proof of lemma 3.3. By its definition B, can be decomposed into a
linear combination of terms

| I(z) [< C(r)sup | [ |

h(QFi(¢ — 2)
(I)O(Ca Z)n
where ¢ > 1, h € C;;A__ll (B) is a polynomial of the A;- and some of their
derivatives and P;(¢ — z) is a homogenous polynomial of ( — z and { — Z
of degree i with constant coefficients. If ¢ > 2 the corresponding integral
can be differentiated under the integral sign and the assertion follows by
standard estimates. So we are left with

h(C)P1(¢ — 2)
/Bg(C) : Do(¢,2)™

Let ¢ € C*°(C™) have compact support in B with ¢ = 1 on a neighborhood
of K. Then the assertion for

/ﬂ—w@M@A
B

is trivial. So we consider

h(Q)P1(¢ — 2)
@0(C7 Z)n

h(OP1(C = 2)
[ et n MG,

We denote the real and imaginary parts of the (;’s by x1, ..., 2oy, and cor-
respondingly for the z; s by 1, ..., y2n. Then the above integral equals

[ sl n e MOALZI)
B (3272 sy (@) (@i = i) (25— )

with a;; € C"tA(B).
Let € > 0 and set
P —
= [ oo n DAL -
B (721 (@) @i = yi) s — ) +<)




22 JOACHIM MICHEL

Since for fixed 2 lim._ol.(2) = I(z) it suffices to show C* — C! —estimates
for I, which are uniform with respect to e.
Now 21 = Ic1 — Ic 2, with

B olaVhla a9 9 Pz — yg)
Iy = /Bw( )g(z)h(z) A ((‘)yz - axl> (szzl aij(x)(z; — vi)(x; —yj)+s)n
) Py (xr, — yk)

I.o = z)g(x)h(x) N — n
2 /Bcp( )g(z)h( )/\axl (szzlaij(g;)(xi—yi)(xj—yj)+e>

The estimates for I, 1 are trivial since <8%z + (‘%) (i —yi) = 0. Now I, o =
I. 21 + I: 22, with

- i o 0 Pi(zk — yk)
feai = /B(’O( N(gh@) = b)) A 5, (ZZJ':l aij(2)(i — yi)(2j = yj) + g)n
B N K Pi(z, — yr)
zag—éw>@mwA%l(E%ﬂ%@mwwmw_m+an
[ e M) A Py(xr — yr)
B Oxy

(E?,j:l aij(x)(x; —yi)(xj —y;) + s)n

The estimates for I. 7o are also trivial and |I. 21| can be majorized by

[y PdvE)
|9 lexcm) /B |z —y |2 Sl9lexa) -
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