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A NEW PROOF OF THE NEWLANDER-NIRENBERG

THEOREM

JOACHIM MICHEL

Abstract. The proof of the Newlander-Nirenberg theorem is given by
integral formula methods and a functional analytic argument on con-
tinuous linear operators with small operator norms. No Nash-Moser
iteration is needed. These formulae might be also useful for other ap-
plications.

1. Introduction

We give a new proof of the following theorem of S. Webster [8]. 1

Theorem 1.1. In a neighborhood of 0 ∈ C
n, n ≥ 2, let be given an almost

complex integrable structure of class C r+λ, where r ≥ 1 is an integer and 0 <
λ < 1. Then there exists a coordinate map of class C r+1+λ in a neighborhood

of 0 which is holomorphic with respect to the structure.

Webster’s proof is based on the Nash-Moser Newton method which neces-
sitates an infinite iteration procedure by controlling the convergence with
respect to the desired C r+λ-norms of approximate solutions. Convergence
is achieved by shrinking in each step the domains where the approximate
solutions are given. In our approach we show that the norm of the error
term of the approximate solution operator is smaller than 1 if a certain pa-
rameter τ is chosen sufficiently small. Here we work on a fixed domain of
definition. Moreover, our approach can be generalized to some extent to non-
integrable complex structures. So we hope to give interesting applications of
our method in further articles. In the proofs we work with approximate solu-
tion operators. These are modifications of the well-known solution operators
of Cauchy-Fantappiè type for the ∂-equation in C

n. They are constructed by
taking in each point p the classical integral kernels derived from the frozen
complex structure at p. The main problem is to control the norms of the
integrals up to the boundary without any loss of regularity. This causes
some technical problems since even the so-called Bochner-Martinelli volume
integral, which is trivial in C

n, needs an elaborate reasoning.
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We shall denote canonical coordinates of C
n by ζi or zi, i = 1, 2, ..., n. Let

be given for j, α = 1, 2, ..., n functions Aα
j ∈ Cr+λ(B) on the closed unit ball

B of C
n, with r ∈ N, 0 < λ < 1, such that

(1.1) Yj =
∂

∂zj
+

n∑

α=1

Aα
j (.)

∂

∂zα
, j = 1, 2, ..., n,

defines an integrable almost complex structure J , i. e. [Yj , Yk] = 0 for all
j, k = 1, 2, ..., n. Following Webster we can assume that the Aα

j ’s vanish at
0. Denote by Jτ , for 0 ≤ τ ≤ 1, the integrable almost complex structure
given by

(1.2) Y τ
j (z) =

∂

∂zj
+

n∑

α=1

Aα
j (τz)

∂

∂zα
, j = 1, 2, ..., n.

It is obvious that we can find in a neighborhood of 0 a holomorphic coor-
dinate map for J = J1 if and only if this can be done for some Jτ , with
0 < τ < 1. Therefore, we want to find such a Jτ for sufficiently small τ.
Let the Aα

j ’s be chosen once and for all. Uniform constants may depend

on the Aα
j ’s (and their derivatives). Most constants in the estimates will

be uniform with respect to τ. In order to avoid complicated notations we
shall often drop τ . So, for example, we write Aα

j (z) instead of Aα
j (τz). The

difference is immaterial and only consists in the presence of an additional
factor τ in the final estimates of terms derived from the Aα

j (τz). Note that

|Aα
j (z)| . τ with a constant independent of τ. Also we tacitly assume that

assertions should be true only for sufficiently small τ. To any τ correspond
differential operators ∂ = ∂τ , ∂ = ∂

τ
such that d = ∂ + ∂, ∂∂ = ∂∂ = 0.

Therefore it makes sense to consider the ∂ equation (in the distributional
sense)

∂u = f, with ∂f = 0,

where f is a (0, 1) form. A function g is (Jτ−) holomorphic if ∂
τ
g = 0. We

want to solve the above ∂ equation by a solution operator with estimates
for sufficiently small τ > 0. Proofs which are elementary for a constant
complex structure are quite technical in our case. For the sake of a quick
understanding of the main ideas we have shifted them to section 5.

2. A generalized Bochner-Martinelli-Koppelman formula for

the ball

Let 0 ≤ τ ≤ 1 be fixed. We remind the reader that we drop the τ in the
notations. Let f ∈ Cλ

0,1(B), with ∂f = 0. At first, we want to establish a
Bochner-Martinelli-Koppelman like formula for the almost complex struc-
ture. We adopt the notations of [5] for differential forms. In particular, the
dζi ’s will commute with the dzj ’s in double differential forms.
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Let ζ ∈ B be fixed. We choose new complex coordinates on C
n centered at

ζ, denoted by

zζ = (zζ,1, zζ,2, ..., zζ,n) : C
n −→ C

n,

with

(2.1) zζ,j(z) =
n∑

k=1

Λk
j (ζ)(zk − ζk) + Γk

j (ζ)(zk − ζk),

where the coefficients are determined by

(2.2) Λk
j (ζ) +

n∑

l=1

Al
k(ζ)Γ

l
j(ζ) = δk,j , Γk

j (ζ) +
n∑

l=1

Al
k(ζ)Λ

l
j(ζ) = 0,

for j, k = 1, 2, ..., n. Since Al
k(0) = 0 the above system is uniquely solvable

on B, the coefficients are in Cr+λ(B) and
∣∣∣Λk

j (ζ) − δk,j

∣∣∣+
∣∣∣Γk

j (ζ)
∣∣∣ . τ.

Moreover, Λk
j (0) = δk,j , Γk

j (0) = 0, and the matrix {Λk
j (ζ)}j,k is invertible.

We shall also need to replace z by ζ. Set (we write Aα
j (ζ) for Aα

j (τζ))

(2.3) Xj(ζ) =
∂

∂ζj
+

n∑

α=1

Aα
j (ζ)

∂

∂ζα

, j = 1, 2, ..., n.

Also we consider for fixed z ∈ B coordinates

(2.4) ζz,j(ζ) =

n∑

k=1

Λk
j (z)(ζk − zk) + Γk

j (z)(ζk − zk).

Obviously

Yi(z)zζ,j(z) = δi,j +
n∑

α=1

(Aα
i (z) −Aα

i (ζ)) Γα
j (ζ),

Y i(z)zζ,j(z) =
n∑

α=1

(
A

α
i (z) −A

α
i (ζ)

)
Λα

j (ζ).

Similar formulas are obtained for Xi(ζ)ζz,j and Xi(ζ)ζz,j . We note for later
use

(2.5)

zζ,j(z)+ ζz,j(ζ) =
n∑

k=1

(
Λk

j (ζ) − Λk
j (z)

)
(zk − ζk)+

(
Γk

j (ζ) − Γk
j (z)

)
(zk − ζk)

and
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Xi(ζ)zζ,j(z) = −Xi(ζ)ζz,j(z) +Xi(ζ) (zζ,j(z) + ζz,j(ζ))

= −δi,j −
n∑

α=1

(
Aα

j (z) −Aα
j (ζ)

)
Γα

j (z) +Xi(ζ) (zζ,j(z) + ζz,j(ζ)) ,

Xi(ζ)zζ,j(z) = −
n∑

α=1

(
A

α
j (z) −A

α
j (ζ)

)
Γα

j (z) +Xi(ζ) (zζ,j(z) + ζz,j(ζ)) .

Note that Xi(ζ)zζ,j and Xi(ζ)zζ,j are of class C∞ with respect to z.
We introduce the following symbolic notations for double differential forms
on B × B. We denote by L the class of differential forms on B × B having
coefficients which are finite sums of products U1 ·U2 · · ·Uk. Here the factors
Ui are of the following two types
i) Ui ∈ C∞(B ×B),
ii) Ui or U i ∈ {Aα

j ,Λ
α
j − δαj ,Γ

α
j } with respect to ζ or z, or a derivative of

these expressions with respect to the canonical coordinates of C
n.

At least one of the factors must be of type (ii).

We write U ∈ L(a,b) if U is of class Ca+λ with respect to ζ and of class
Cb+λ with respect to z. This implies that for all 0 ≤ k1 ≤ a, 0 ≤ k2 ≤ b
Dk1

ζ D
k2
z U ∈ Cλ(B ×B) and

∣∣∣Dk1
ζ D

k2
z U

∣∣∣ . τ,

with a constant independent of ζ, z and τ.

We write U ∈ L̃
(a,b)
s if U ∈ L(a,b) has coefficients which are finite sums of

products Ũ1 · Ũ2 · · · Ũk where the factors are of the following three types

i) Ũi ∈ C∞(B ×B),

ii) Ũi or Ũ i ∈ {zk − ζk | 1 ≤ k ≤ n},

iii) either Ũi is Ui(ζ) − Ui(z) or a derivative of Ui, where Ui or U i ∈
{Aα

j ,Λ
α
j ,Γ

α
j }. At least one of the factors must be of third type.

Moreover Ũ1 · Ũ2 · · · Ũk must vanish of order s if ζ = z. That means, that at
least s factors are of type (ii) or type Ui(ζ) − Ui(z).

In particular this implies that for all 0 ≤ k1 ≤ a, 0 ≤ k2 ≤ b Dk1
ζ D

k2
z U ∈

Cλ(B ×B) and
∣∣∣Dk1

ζ D
k2
z U(ζ, z)

∣∣∣ . τ |ζ − z|max(0,s−k1−k2).

Here Dk1
ζ D

k2
z are mixed derivatives with respect to the underlying real coor-

dinates of ζ and z of the indicated order. Typical examples are Aα
j ∈ L(r,∞),

Aα
j (ζ) − Aα

j (z) ∈ L̃
(r,∞)
1 . We shall shortly write U = L(a,b) if U ∈ L(a,b) and

U = L̃
(a,b)
s if U ∈ L̃

(a,b)
s .
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Then we have

Γα
j (ζ) = L(r,∞), Λα

j (ζ) − δα,j = L(r,∞),

zζ,j = L̃
(r,∞)
1 , ζz,j = L̃

(∞,r)
1 , zζ,j(z) + ζz,j(ζ) = L̃

(r,r)
2 ,

Yizζ,j = δi,j + L̃
(r,r)
1 , Y izζ,j = L̃

(r,r)
1 ,

Xi(ζ)zζ,j = −δi,j + L̃
(r−1,r)
1 , X i(ζ)zζ,j = L̃

(r−1,r)
1 .

We denote the dual (1, 0) forms of {Xi(ζ)}1≤i≤n by {ωi(ζ)}1≤i≤n.

(2.6) ωi(ζ) =
n∑

α=1

Λα
i (ζ)dζα + Γα

i (ζ)dζα, i = 1, 2, ..., n.

Note that ωi = dζi + L(r,∞), ∂ωi = L(r−1,∞). We set

η∗0(ζ, z) = −
n∑

j=1

zζ,j(z)ωj(ζ),

Φ0(ζ, z) =
n∑

j=1

|zζ,j(z)|
2,

η0(ζ, z) =
η∗0(ζ, z)

Φ0(ζ, z)
=

n∑

j=1

η0,j(ζ, z)ωj(ζ).

We define the Bochner-Martinelli-Koppelman kernel for (0, q) forms by

Bn,q(ζ, z) = Cn,qη0(ζ, z) ∧
(
∂ζη0(ζ, z)

)n−q−1
∧
(
∂zη0(ζ, z)

)q

for q = 0, 1, 2, ...., n−1, with Cn,q = (−1)q(q−1)/2

(
n− 1
q

)
, and by Bn,−1 =

Bn,n = 0.

Our first goal is to calculate E1 = ∂ζBn,1+∂zBn,0. In the classical setting E1

vanishes. Here we apply the following trick. We consider double differential
forms on (Cn × C

n) × C
n with variables (ζ, µ, κ) ∈ B × B × B and z ∈ C

n

and set

ωj(κ) =
n∑

α=1

(
Λα

j (κ)dκα + Γα
j (κ)dκα

)
,

ηµ,κ
0 (ζ, z) = −

∑n
j=1 zζ,j(z)ωj(κ)
∑n

j=1 zζ,j(z)µi

=
n∑

j=1

ηµ,κ
0,j (ζ, z)ωj(κ),

Bµ,κ
n,q (ζ, z) = Cn,qη

µ,κ
0 (ζ, z) ∧

(
∂ζη

µ,κ
0 (ζ, z)

)n−q−1
∧
(
∂zη

µ,κ
0 (ζ, z)

)q
.

When we calculate Eµ,κ
1 := ∂ζB

µ,κ
n,1 (ζ, z)+∂zB

µ,κ
n,0 (ζ, z) we obtain a constant

times
(
∂ζη

µ,κ
0 (ζ, z)

)n−1
∧ ∂zη

µ,κ
0 (ζ, z). Other terms cancel by the choice of

the coefficients Cn,q.

Remark. For non-integrable structures terms comprising factors ∂
2
ζη

µ,κ
0 (ζ, z)

occur.
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Since
∑n

j=1 η
µ,κ
0,j (ζ, z)µj = −1 we have

n∑

j=1

∂ζη
µ,κ
0,j (ζ, z)µj = 0,

n∑

j=1

∂zη
µ,κ
0,j (ζ, z)µj = 0.

So by linear algebra reasons we obtain Eµ,κ
1 = 0. (See especially ([6], section

2) and also Norguet [4] or Koppelman [3]) for this part of reasoning.) Thus
with ψ(ζ, z) = (ζ, zζ(z), ζ; z) = (ζ, µ, κ; z)

ψ∗(Eµ,κ
1 ) = ψ∗(∂ζB

µ,κ
n,1 ) + ψ∗(∂zB

µ,κ
n,0 ) = 0.

Now ψ∗(µ) = zζ(z), ψ
∗(ωj(κ)) = ωj(ζ). Therefore, when we expand E1(ζ, z)

we obtain ψ∗(Eµ,κ
1 ) and a sum of junk terms coming from differentiation of

∂ζωj , ∂ζzζ,j = L̃
(r,r)
1 or ∂zzζ,j = L̃

(r−1,r)
1 . An easy but tedious calculation

gives

Lemma 2.1. E1 =
eL

(r−1,r)
1

|zζ(z)|2n +
eL

(r−1,r)
3

|zζ(z)|2n+2 .

We show for E1f(z) =
∫
B f(ζ) ∧ E1(ζ, z):

Lemma 2.2. E1 is a continuous operator from Cλ
0,1(B) to Cλ(B) and its

Cλ−operator norm tends to 0 if τ → 0.

Lemma 2.3. Let f ∈ C0
0,1(B) with ∂f ∈ C0

0,2(B). Then for all z ∈ B

f(z) = E1f(z)+

∫

bB
f(ζ)∧Bn,1(ζ, z)−

∫

B
∂f(ζ)∧Bn,1(ζ, z)−∂z

∫

B
f(ζ)∧Bn,0(ζ, z).

Remark. B can be replaced by a convex domain with smooth boundary.

3. An approximate solution operator for almost complex

structures

By introducing an almost holomorphic support function for B we can con-
struct a new integral kernel and replace the boundary integral in lemma 2.3.
Since error terms will tend to 0 if τ → 0 this will give an approximate solu-
tion operator for ∂. A functional analytic argument will lead to a solution
operator for ∂ later on.
A defining function for the unit ball is r(ζ) = |ζ|2 − 1. We set

(3.1) Φ(ζ, z) =
n∑

i=1

Xjr(ζ)zζ,i(z).

In order to analyze Φ we set for fixed ζ rζ(zζ(z)) = r(z). Then for y = zζ(z)
Taylor expansion yields

rζ(y) = rζ(0) + 2Re
n∑

i=1

∂rζ
∂yi

(0)yi +Hζ(ỹ)[y],
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where Hζ(ỹ)[y] denotes the Hessian of rζ at a point ỹ on the line segment
between 0 and y.

Hζ(ỹ)[y] = 2Re
n∑

i,j=1

∂2rζ
∂yi∂yj

(ỹ)yiyj + 2
n∑

i,j=1

∂2rζ
∂yi∂yj

(ỹ)yiyj .

Since
∂

∂yi
=

∂

∂zi
+

n∑

α=1

Aα
i (ζ)

∂

∂zα

we obtain with ỹ = zζ(z̃)

Hζ(ỹ)[y] = 2Re
n∑

i,j=1

∂2r

∂zi∂zj
(z̃)zζ,i(z)zζ,j(z) + 2

n∑

i,j=1

∂2r

∂zi∂zj
(z̃)zζ,i(z)zζ,j(z) +Oτ (|ζ − z|2)

= 2|zζ(z)|
2 +Oτ (|ζ − z|2)

= 2|ζ − z|2 +Oτ (|ζ − z|2),

where

|Oτ (|ζ − z|2)| . τ |ζ − z|2,

with a constant independent of τ and ζ. Since Re
∑n

i=1
∂rζ

∂yi
(0)yi = Φ(ζ, z)

this yields

(3.2) −2Re Φ(ζ, z) ≥ r(ζ) − r(z) + |ζ − z|2

for ζ, z ∈ B and τ sufficiently small. Then Φ can serve as an approximate
holomorphic support function for the ball.
From Φ one can construct Cauchy-Fantappiè kernels in the same way as for
Φ0. In the complex structure case of C

n two such kernels differ by a sum
of explicitely given ∂ exact forms. In order to calculate the error terms
appearing in our case we will apply a similar trick as for E1.
We set with variables (ζ, µ, κ; z) on an open set of [Cn×C

n×C
n]×C

n where
it makes sense

ηµ,κ(ζ, z) = −

∑n
i=1(Xjr)(ζ)ωi(κ)∑n

i=1(Xjr)(ζ)µi
.

Moreover, we set

Dµ,κ
n,q = Cn,qη

µ,κ(ζ, z) ∧
(
∂ζη

µ,κ(ζ, z)
)n−q−1

∧
(
∂zη

µ,κ(ζ, z)
)q
.

Note that Dµ,κ
n,q vanishes if q > 0. Since the n-fold product of terms of type

ηµ,κ−ηµ,κ
0 , ∂ζη

µ,κ, ∂ζη
µ,κ
0 , ∂zη

µ,κ, ∂zη
µ,κ
0 vanishes by purely algebraic reasons

(see, for example ([6], section 2) there exist universal coefficients lνa,b only
depending on n such that

(3.3) Bµ,κ
n,1 = Bµ,κ

n,1 −Dµ,κ
n,1 = ∂ζU

µ,κ
1 + ∂zU

µ,κ
0 ,

with (for ν = 0, 1)

Uµ,κ
ν =

∑

a+b=n−ν−2

lνa,bη
µ,κ
0 ∧ ηµ,κ ∧ (∂ζη

µ,κ
0 )a ∧ (∂ζη

µ,κ)b ∧ (∂zη
µ,κ
0 )ν .
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Now we set

η(ζ, z) =
η∗(ζ, z)

Φ(ζ, z)
=

−
∑n

i=1(Xjr)(ζ)ωi(ζ)∑n
i=1(Xjr)(ζ)zζ,i(z)

,

Uν =
∑

a+b=n−ν−2

lνa,bη0 ∧ η ∧ (∂ζη0)
a ∧ (∂ζη)

b ∧ (∂zη0)
ν ,

F1 = Bn,1 − ∂ζU1 − ∂zU0.

In order to compare the forms depending on µ, κ with the latter forms we
introduce the map

Ψ : C
n × C

n → [Cn × C
n × C

n] × C
n, (ζ, z) 7−→ (ζ, zζ(z), ζ; z) = (ζ, µ, κ; z).

Then η = Ψ∗(ηµ,κ), η0 = Ψ∗(ηµ,κ
0 ). Since Ψ∗Bµ,κ

n,1 −Ψ∗∂ζU
µ,κ
1 −Ψ∗∂zU

µ,κ
0 = 0

it is clear that Bn,1 − ∂ζU1 − ∂zU0 is a sum of terms containing at least one

of the factors ∂ζωi(ζ), ∂ζzζ(z), or ∂zzζ(z). Let us look at the different cases.
As before, it is easily seen that terms coming from Bn,1 give rise to terms

of type
eL

(r−1,∞)
2

Φn
0

.

Uν is a sum of terms

(3.4)
η∗0 ∧ η∗ ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b ∧ (∂zη

∗
0)

ν

Φa+1+ν
0 Φb+1

,

with a+ b = n− 2 − ν. ∂ζU1 is a linear combination of the following terms

U1,1 =
η∗ ∧ (∂ζη

∗
0)

a+1 ∧ (∂ζη
∗)b ∧ ∂zη

∗
0

Φa+2
0 Φb+1

,

U1,2 =
η∗0 ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b+1 ∧ ∂zη

∗
0

Φa+2
0 Φb+1

,

U1,3 =
η∗0 ∧ η∗ ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b ∧ ∂ζ∂zη

∗
0

Φa+2
0 Φb+1

,

U1,4 =
∂ζΦ0 ∧ η

∗
0 ∧ η∗ ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b ∧ ∂zη

∗
0

Φa+3
0 Φb+1

,

U1,5 =
∂ζΦ ∧ η∗0 ∧ η∗ ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b ∧ ∂zη

∗
0

Φa+2
0 Φb+2

,

with a+ b = n− 3.
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∂zU0 is a linear combination of the following terms

U0,1 =
η∗ ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b ∧ ∂zη

∗
0

Φa+1
0 Φb+1

,

U0,2 =
η∗0 ∧ η∗ ∧ ∂ζ∂zη

∗
0 ∧ (∂ζη

∗
0)

a−1 ∧ (∂ζη
∗)b

Φa+1
0 Φb+1

, a ≥ 1,

U0,3 =
∂zΦ0 ∧ η

∗
0 ∧ η∗ ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b

Φa+2
0 Φb+1

,

U0,4 =
∂zΦ ∧ η∗0 ∧ η∗ ∧ (∂ζη

∗
0)

a ∧ (∂ζη
∗)b

Φa+1
0 Φb+2

,

with a+ b = n− 2.
Because of (3.3) most terms of F1 cancel out except those of Uν,i when at

least one of the operators ∂ζ or ∂z in the kernels falls on ωi(ζ) or zζ(z).
Therefore the F1-terms generating factors in Uν,i are

n∑

j=1

zζ,j∂ζωj = L̃
(r−1,∞)
1 in ∂ζη

∗
0,

n∑

j=1

(Xir)∂ζωj = L(r−1,r) in ∂ζη
∗,

n∑

j=1

zζ,j∂ζzζ,j = L̃
(r,r)
2 in ∂ζΦ0,

n∑

j=1

(Xir)∂zzζ,j = L̃
(r−1,r)
1 in ∂zΦ.

This leads to F1-terms of the following types

I =
L(r−1,r)

Φn−b−1
0 Φb+1

, II =
L̃

(r−1,r)
2

Φn−b
0 Φb+1

, with b ≥ 1,

III =
L̃

(r−1,r)
1

Φn−1
0 Φ

, IV =
L̃

(r−1,r)
3

Φn
0Φ

.

Note that the singularities of terms of type I and II are higher than those
of the respective terms III or IV. A simple application of lemma 2.3 and
Stokes theorem yield

Lemma 3.1. Let f ∈ C0
0,1(B) such that ∂f ∈ C0

0,2(B). Then for all z ∈ B

f(z) = E1f(z)+F1f(z)+

∫

bB
∂ζf∧U1+∂z

∫

bB
f∧U0−

∫

B
∂f∧Bn,1−∂z

∫

B
f∧Bn,0.

In section 5 we show

Lemma 3.2. F1 is a continuous operator from Cλ
0,1(B) to Cλ(B)∩Cr+λ(B)

whose Cλ−operator norm tends to 0 if τ → 0.

Lemma 3.3. Let for g ∈ Cλ
0,1(B)

S1g(z) =

∫

B
g(ζ) ∧Bn,0(ζ, z).
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Then for any compact set K with 0 ∈ K ⊂⊂ B

|S1g|C1(K) . |g|Cλ(B) .

4. Construction of holomorphic coordinates

We set K1 = E1 + F1 and

T1f =

∫

bB
f ∧ U0 −

∫

B
f ∧Bn,0.

We consider the Banach space Xλ = {g ∈ Cλ
0,1(B) | ∂g = 0}. Then K1g ∈

Cλ
0,1(B) for g ∈ Xλ. Since by (3.1) K1g ∈ Cλ

0,1(B) and

g = K1g + ∂T1g,

it follows ∂T1g ∈ Xλ and K1g ∈ Xλ. Since for small τ the operator norm
of K1 tends to 0 1 −K1 is an automorphism of the Banach space Xλ. Let
f ∈ Xλ. The above decomposition for g = (1 −K1)

−1f gives

f = ∂T1(1 −K1)
−1f.

Now lemma 3.3 implies

|S1g|C1(K) . |g|Cλ(B) . |f |Cλ(B) .

Since the corresponding estimate for

∫

bB
(1 −K1)

−1f ∧ U0

is trivial because of bB ∩K = ∅ we obtain

∣∣T1(1 −K1)
−1f

∣∣
C1(K)

. |f |Cλ(B) .

Now we set for fixed 1 ≤ l ≤ n f = ∂zl. Then Zl = zl − T1

(
(1 −K1)

−1∂zl
)

is Jτ−holomorphic. Moreover, since | ∂zl |Cλ(B)→ 0 for τ → 0 the gradients

of the Z1, ..., Zn are linearly independent for small τ. This implies that Z =
(Z1, ..., Zn) defines a holomorphic coordinate map for Jτ on a neighborhood
of 0.
Now the Zl are solutions of the linear first order elliptic system

Y iZl = 0, i = 1, 2, ..., n.

Since the coefficients of the system are of class Cr+λ the Zl are of class
Cr+1+λ on K. For this argument see [2].
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5. Main proofs

Proof of lemma 2.2

Here we apply the Hardy-Littlewood lemma (see [5], ch. V, §3, Lemma 3.1).

Since |E1(ζ, 0)| . τ |ζ|1−2n it follows |E1f(0)| . τ |f |∞ with a constant
independent of f and τ. So it will be sufficient to show

|grad(E1f)(z)| . τ |f |Cλ(B) (1− | z |)λ−1,

with a constant independent of f and τ.
Let G : Cλ(B) → Cλ(Cn) be a bounded linear extension operator with
suppG(f) ⊂⊂ B(0, 1 + κ), for κ > 0, and

|Gf |Cλ(Cn) . |f |Cλ(B)

with a constant independent of f. For κ sufficiently small we can assume
that all the above kernels make sense for z ∈ B and ζ ∈ B(0, 1 + κ). We
apply G to forms coefficientwise. Now

∫

B
f(ζ) ∧ E1(ζ, z) = I1(z) − I2(z),

with

I1(z) =

∫

Cn

Gf(ζ) ∧ E1(ζ, z)

I2(z) =

∫

Cn\B
Gf(ζ) ∧ E1(ζ, z)

I2(z) we can differentiate under the integral sign. By the Hardy-Littlewood
lemma we obtain easily I2 ∈ Cµ(B) for all µ < 1. Now I1(z) ∈ C1(Cn) as can
be seen exactly as for Iε in the proof of lemma 3.3 with the slight modification
that Pi(ζ − z) may have factors U(ζ) − U(z), with U ∈ {Aα

j ,Λ
α
j ,Γ

α
j }. The

proof works nevertheless since
∣∣∣∣
(
∂

∂yl
+

∂

∂xl

)
(U(x) − U(y))

∣∣∣∣ . τ | x− y |λ .

That the Cλ−operator norm of E1 tends to 0 for τ → 0 is an easy conse-
quence of the presence of U(ζ) − U(z) in the numerator of the kernel.
Proof of lemma 2.3. Standard regularisation allows to assume that f ∈
C1

0,1(B). We set for a domain D ⊂ B with smooth boundary and z ∈ D

((∗)Df)(z) =

∫

bD
f(ζ)∧Bn,1(ζ, z)−

∫

D
∂f(ζ)∧Bn,1(ζ, z)−∂z

∫

D
f(ζ)∧Bn,0(ζ, z).

Let for z0 ∈ B and 0 < ε < 1− |z0| Dε = {z ∈ B| |z− z0| < ε}. Then Stokes
theorem yields for z ∈ Dε, since integration is over a (n − 1, n) form with
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respect ton ζ,

((∗)Bf)(z) = ((∗)Dεf)(z) +

∫

b(B−Dε)
f ∧Bn,1 −

∫

B−Dε

∂f ∧Bn,1 − ∂z

∫

B−Dε

f ∧Bn,0

= ((∗)Dεf)(z) −

∫

B−Dε

f ∧ ∂ζBn,1 −

∫

B−Dε

f ∧ ∂zBn,0

= ((∗)Dεf)(z) −

∫

B−Dε

f(ζ) ∧ E1(ζ, z).

Since E1 is integrable it remains to show

lim
ε→0

((∗)Dεf)(z0) = f(z0).

Now the idea is to freeze the almost complex structure at z0 in order to re-
duce the expression to the classical Bochner-Martinelli-Koppelman formula
for C

n.
Let φ ∈ C∞(Cn) with φ(z) = 1 if |z| < 1/2 and φ(z) = 0 if |z| > 3/4. Set
φε(z) = φ((z − z0)/ε). Now

((∗)Dεf)(z) = ((∗)Dεφεf)(z) + ((∗)Dε(1 − φε)f)(z).

Now, by Lemma 2.1

lim
ε→0

((∗)Dε(1 − φε)f)(z0) = − lim
ε→0

∫

Dε

(1 − φε(ζ))f(ζ) ∧ E1(ζ, z0) = 0.

Since, for z ∈ Dε,

((∗)Dεφεf)(z) = −

∫

Dε

∂(φε(ζ)f(ζ))∧Bn,1(ζ, z)−∂z

∫

Dε

φε(ζ)f(ζ)∧Bn,0(ζ, z)

the main problem is now to get ∂z under the integral sign.

∂z

∫

Dε

φε(ζ)f(ζ) ∧Bn,0(ζ, z) = ∂z

∫

Cn

(φεf)(ζ) ∧Bn,0(ζ, z)

= ∂z

∫

Cn

(φεf)(ζ + z) ∧Bn,0(ζ + z, z).

Now

Bn,0(ζ + z, z) = B′
n,0(ζ + z, z) +Rn,0(ζ + z, z),

with B′
n,0(ζ + z, z)/Cn,0 equals to

(∑n
i,α=1

(
Λα

i (ζ)ζα + Γα
i (ζ)ζα

)
ωi(ζ)

)
∧
(∑n

i,α=1

(
Λα

i (ζ)dζα + Γα
i (ζ)dζα

)
ωi(ζ)

)n−1

(∑n
i=1

∣∣∑n
α=1 Λα

i (ζ)ζα + Γα
i (ζ)ζα

∣∣2
)n

and

|Rn,0(ζ, z)| . |ζ − z|2−2n,
∣∣∂zRn,0(ζ, z)

∣∣ . |ζ − z|1−2n.
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Since |∂z(φεf)(ζ + z)| . 1/ε we obtain

lim
ε→0

∂z

∫

Cn

(φεf)(ζ + z) ∧Rn,0(ζ + z, z)

∣∣∣∣
z=z0

= 0.

It remains to simplify B′
n,0(ζ + z, z). Now

∑n
α=1

(
Λα

i (ζ)dζα + Γα
i (ζ)dζα

)
=

ωi(ζ). So if we replace any Λα
i (ζ) by Λα

i (z) and any Γα
i (ζ) by Γα

i (z) and

ωi(ζ) by ω̃i(z) =
∑n

α=1

(
Λα

i (z)dζα + Γα
i (z)dζα

)
we obtain

B′
n,0(ζ + z, z) = B̃n,0(ζ + z, z) + R̃n,0(ζ + z, z),

with ∣∣∣R̃n,0(ζ, z)
∣∣∣ . |ζ − z|2−2n,

∣∣∣∂zR̃n,0(ζ, z)
∣∣∣ . |ζ − z|1−2n,

and

B̃n,0(ζ+z, z) = Cn,0

(∑n
i,α=1

(
Λα

i (z)ζα + Γα
i (z)ζα

)
ω̃i(z)

)
∧
(∑n

i=1 ω̃i(z) ∧ ω̃i(z)
)n−1

(∑n
i=1

∣∣∑n
α=1 Λα

i (z)ζα + Γα
i (z)ζα

∣∣2
)n .

Also as before we have for z = z0

lim
ε→0

∂z

∫

Cn

(φεf)(ζ + z) ∧ R̃n,0(ζ + z, z)

∣∣∣∣
z=z0

= 0.

Finally we are left with

I = ∂z

∫

Cn

(φεf)(ζ + z) ∧ B̃n,0(ζ + z, z)

∣∣∣∣
z=z0

= I1(z0) − I2(z0),

where

I1(z) =

∫

Cn

∂z((φεf)(ζ + z)) ∧ B̃n,0(ζ + z, z),

I2(z) =

∫

Cn

(φεf)(ζ + z) ∧ ∂zB̃n,0(ζ + z, z),

since here differentiation under the integral sign does not increase the sin-
gularity of the kernel. By the same reason

lim
ε→0

I2(z0) = 0.

Now

I1(z0) =

∫

Cn

∂z((φεf)(ζ + z)) ∧ B̃n,0(ζ + z, z)

∣∣∣∣
z=z0

=

∫

Cn

∂z((φεf)(ζ + z))
∣∣
z=z0

∧ B̃n,0(ζ + z0, z0).
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Let (φεf)(ζ) =
∑n

i=1 hi(ζ)ωi(ζ). We obtain with θj(z) =
∑n

α=1 Λα
j (z)dzα +

Γα
j (z)dzα

Y j(z)(hi(ζ + z)) =

(
∂

∂zj
+

n∑

α=1

A
α
j (z)

∂

∂zα

)
hi(ζ + z)

=

[(
∂

∂ζj

+

n∑

α=1

A
α
j (z)

∂

∂ζα

)
hi

]
(ζ + z).

Therefore

∂zhi(ζ + z) =
n∑

j=1

[(
∂

∂ζj

+
n∑

α=1

A
α
j (z)

∂

∂ζα

)
hi

]
(ζ + z)θj(z).

This gives for I1(z0)

∫

Cn

n∑

i=1

n∑

j=1

[(
∂

∂ζj

+
n∑

α=1

A
α
j (z0)

∂

∂ζα

)
hi

]
(ζ + z0)θj(z0) ∧ ωi(ζ + z0) ∧ B̃n,0(ζ + z0, z0)

=

∫

Cn

n∑

i=1

n∑

j=1

[(
∂

∂ζj

+
n∑

α=1

A
α
j (z0)

∂

∂ζα

)
hi

]
(ζ)θj(z0) ∧ ωi(ζ) ∧ B̃n,0(ζ, z0)

= I3(z0) +

∫

Cn

n∑

i=1

n∑

j=1

[(
∂

∂ζj

+
n∑

α=1

A
α
j (z0)

∂

∂ζα

)
hi

]
(ζ)θj(z0) ∧ ω̃i(z0) ∧ B̃n,0(ζ, z0),

with limε→0 I3(z0) = 0.
Now we extend the frozen almost complex structure at z0 to a neighborhood
by setting

ζ̃i =
n∑

α=1

Λα
i (z0)ζα + Γα

i (z0)ζα, z̃i =
n∑

α=1

Λα
i (z0)zα + Γα

i (z0)zα.

Then dζ̃i = ω̃i(z0), dz̃i = θi(z0),

∂

∂ζ̃i

=
∂

∂ζi

+
n∑

α=1

A
β
i (z0)

∂

∂ζβ
,

∂

∂z̃i

=
∂

∂zi
+

n∑

α=1

A
β
i (z0)

∂

∂zβ
.

With this notation the remaining term becomes

∫

Cn

n∑

i=1

n∑

j=1

∂

∂ζ̃j

h̃i(ζ̃)dz̃j ∧ dζ̃i ∧
˜̃
Bn,0(ζ̃, z̃0),

with

˜̃
Bn,0(ζ̃, z̃) = Cn,0

(∑n
i

(
ζ̃i − z̃i

)
dζ̃i

)
∧
(∑n

i=1 dζ̃i ∧ dζ̃i
)n−1

∣∣∣ζ̃ − z̃
∣∣∣
2n .
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Inverting the above reasoning by keeping the constant complex structure we
can get ∂ off the integral sign

lim
ε→0

∂z

∫

Dε

φε(ζ)f(ζ) ∧Bn,0(ζ, z) = lim
ε→0

∂ez

∫

Cn

(φ̃εf)(ζ̃) ∧
˜̃
Bn,0(ζ̃, z̃),

where ∂ez denotes the ∂ operator for the constant structure at z0. Note that
˜̃
Bn,0 is the classical Bochner-Martinelli kernel Bn,0 for the constant complex
structure.
Now the other term can be treated in the same way

lim
ε→0

−

∫

Dε

∂(φε(ζ)f(ζ)) ∧Bn,1(ζ, z)

= lim
ε→0

−

∫

Cn

∂(φε(ζ)f(ζ)) ∧Bn,1(ζ, z)

= lim
ε→0

−

∫

Cn

∂eζ
(φ̃εf)(ζ̃) ∧

˜̃
Bn,1(ζ̃, z̃),

where
˜̃
Bn,1 denotes the Bochner-Martinelli kernel Bn,1 for the constant com-

plex structure.
Summing up all the remaining terms gives

lim
ε→0

{
−

∫

Cn

∂eζ
(φ̃εf)(ζ̃) ∧

˜̃
Bn,1(ζ̃, z̃) + ∂ez

∫

Cn

(φ̃εf)(ζ̃) ∧
˜̃
Bn,0(ζ̃, z̃)

}

= lim
ε→0

(φ̃εf)(z̃0)

= f(z0)

by the classical Bochner-Martinelli-Koppelman formula.
Proof of lemma 3.2. If t denotes a tangential coordinate which is transver-
sal to the complex tangent space of bB, then | Φ |&| t | + | ζ − z |2 (see
(5.2), (5.3)). Thus Φ has one good direction concerning integration along
the boundary of B. After having integrated with respect to t Φ and Φ0 have
comparable vanishing properties. Thus the kernels of type I and II show
similar properties as

L(r−1,r)

Φn
.

The latter kernels have been treated in Ahern/Schneider [1]. The proofs can
be generalized to our case with slight modifications. The main trick consists
in removing too high powers of Φ in the denominators by an integration
by parts along a tangential vector field Tζ = ∂

∂t with TζΦ ≈ 1. In the fol-
lowing we give the construction of the basic objects of the Ahern/Schneider
approach, but in a uniform way with respect to τ.
Let 0 < r0 < 1 be fixed and to be chosen later. It is clear from the definition
of F1 that

sup
|z|≤r0

| F1f(z) |≤ C(τ) | f |λ,B,
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with C(τ) −→ 0 if τ −→ 0. Now the vector field

Tζ = i(z1, ...., zn)

is tangential to the spheres centered at the origin and transversal to the
complex tangent space with respect to Jτ . As a differential operator Tζ is
represented by

(5.1) Tζ = i
n∑

α=1

(
ζα

∂

∂ζα
− ζα

∂

∂ζα

)
.

Since for ζ ∈ S = bB

Φ(ζ, z) =
n∑

j=1

(
Xj | ζ |2

)
zζ,j(z)

=
n∑

j=1

(
Xj | ζ |2

) n∑

α=1

(
Λα

j (ζ)(ζa − zα) + Γα
j (ζ)(ζa − zα)

)

it follows

TζΦ(ζ, z) = O(| ζ − z |) +
n∑

j=1

(
Xj | ζ |2

) n∑

α=1

(
iζαΛα

j (ζ) − iζaΓ
α
j (ζ)

)

= O(| ζ − z |) +O(τ) +
n∑

j=1

(
Xj | ζ |2

)
iζj

= O(| ζ − z |) +O(τ) + i | ζ |2

= O(| ζ − z |) +O(τ) + i.

Thus there exists a 0 < r0 < 1/2 such that for all ζ ∈ S, z ∈ B,with
| ζ − z |< r0 and sufficiently small τ

| TζΦ(ζ, z) |≥
1

2
.

Moreover TζΦ is of class Cr−1+λ with respect to ζ and C∞ with respect to z.
For any ζ0 6= 0 ϕζ0(t) = eitζ0 is the integral curve of Tζ passing through ζ0.
Next we construct local coordinate maps with t as the first coordinate.
Let 3/4 < 1 − r0/2 ≤| z |≤ 1. We set ζ0 = z/ | z |∈ S. Then | z − ζ0 |≤ r0

2
and

| z − ϕζ0 |≤| z − ζ0 | + | ζ0 − eitζ0 |≤
r0
2

+ | 1 − eit | .

Let t0 > 0 be so small that for all | t |≤ t0 | 1 − eit |≤ r0
2 . Then

| z − ϕζ0 |≤
r0
2

for all | t |≤ t0, and t0 can be chosen to be independent of z.
Now we define the following real vector space which approximates the com-
plex tangent space to | z | ·S with respect to the canonical complex structure
(for small τ).
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Let 1 − r0/2 ≤| z |≤ 1. We set

T̃C
z = {V ∈ C

n |
n∑

β=1

n∑

j=1

(
zj +

n∑

α=1

Aα
j (z)zα

)(
Λβ

j (z)Vβ + Γβ
j (z)V β

)
.

Let U1(z), ...., U2n−2(z) be (2n − 2) orthonormal real vector fields in T̃C
z of

class Cr+λ with respect to z. Then {ζ0, Tζ0 , U1(z), ...., U2n−2(z)} is an almost

orthogonal real basis of C
n and ζ0 and Tζ0 are almost orthogonal to T̃C

z in
the complex sense (for small τ).
Let z be fixed and ζ ∈ S be near ζ0. Since the flow eitζ0 is transverse to

spanR{ζ
0, T̃C

z } the map

ψ(t+ yi, ω) = ψ(t+ yi, ω1, ..., ω2n−2) = ζ = eti


z + yζ0 +

2n−2∑

γ=1

ωγUγ(z)




defines a C∞− diffeomorphism of a neighborhood in R
2n of {(0, y, 0, ..., 0) |

− | z | /2 ≤ y ≤ 1− | z |} which is of class Cr+λ with respect to z (for
sufficiently small τ, r0, t0). Moreover, there exists a map

hz(ω) : {(z, ω) | 1 −
r0
2

≤| z |≤ 1, | ω |≤ η} −→ R

which is of class C∞ in ω and of Cr+λ in z, such that hz(0) = 1− | z | and
ψ(t + hz(ω)i, ω) ∈ S (by shrinking r0, t0, τ) for a sufficiently small η > 0.
None of the above bounds depends on z or ζ.
Remark. For the standard structure or for τ = 0 one has

hz(ω) =
√

1− | ω |2− | z | .

Next we expand ψ(t+ yi, ω) with respect to t and obtain

ψ(t+ yi, ω) = z + yζ0 +

2n−2∑

γ=1

ωγUγ(z) + itz +O(t2 + y2+ | ω |2)

= z + yζ0 +
2n−2∑

γ=1

ωγUγ(z) + itz +O(| ζ − z |2).
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Thus with (♦) = Φ(ψ(t+ yi, ω), z), O2 = O(| ζ − z |2), ζ = ψ(t+ yi, ω)

(♦) =
n∑

j=1

(
Xj | ζ |2

) n∑

α=1

(
Λα

j (ζ)(ψa − zα) + Γα
j (ζ)(ψa − zα)

)

=
n∑

j=1

(
Xj | ζ |2

) n∑

α=1

(
Λα

j (z)(ψa − zα) + Γα
j (z)(ψa − zα)

)
+O2

=
n∑

j=1


zj +

n∑

β=1

Aβ
j (z)zβ




n∑

α=1

(
Λα

j (z)(ψa − zα) + Γα
j (z)(ψa − zα)

)
+O2

=
n∑

j=1


zj +

n∑

β=1

Aβ
j (z)zβ




n∑

α=1

(
Λα

j (z)(yζ0
a + itzα) + Γα

j (z)(yζ
0
a − itzα)

)
+O2.

Now Λα
j (z) = δαj +O(τ), Γα

j (z) = O(τ), Aα
j (z) = O(τ), implies

(♦) = O(| ζ − z |2) +O(τ)O(| y | + | t |) +
n∑

α,j=1

zjδαj(yζ
0
a + itzα)

= O(| ζ − z |2) +O(τ)O(| y | + | t |) + y | z | +it | z |2 .

Consequently, we obtain for small τ, since | Φ(ζ, z) |&| ζ − z |2,

(5.2) | Φ(ζ, z) |&| y | + | t |

for all ζ = ψ(t+ yi, ω) ∈ S and | ζ − z | sufficiently small with bounds and
constants independent of ζ, z and τ . Therefore

(5.3) | Φ(ζ, z) |&| ζ − z |2 + | y | + | t | + | r(z) |& 1− | z | + | t | + | ω |2

for | t |≤ t0/2, | ω |≤ η0, 1 − r0/4 ≤| z |≤ 1, ζ = ψ(t+ yi, ω), y = hz(ω).
From the construction of ψ(t+ yi, ω) it is equally obvious that for small τ

| ψ(t+ yi, ω) − z |2&| t |2 +y2+ | ω |2&| ζ − z |2 .

Since | ζ − z |&| ζ | − | z |= 1− | z | it follows

| ψ(t+ yi, ω) − z |2& (1− | z |)2 + t2+ | ω |2 .

Therefore, we obtain with uniform constants t1 > 0, η1 > 0, 0 < r2 < 1 that
for | t |≤ t1, | ω |≤ η1, 1 − r2 ≤| z |≤ 1, ζ = ψ(t+ hz(ω)i, ω)

| ψ(t+ hz(ω)i, ω) − z |< r1,

| Φ(ζ, z) |& 1− | z | + | t | + | ω |2,

| ψ(t+ hz(ω)i, ω) − z |2& (1− | z |)2 + t2+ | ω |2 .

Moreover, (t, ω) 7−→ ζ = ψ(t + hz(ω)i, ω) defines a Cr+λ diffeomorphism of
a neighborhood of 0 ∈ R

2n−1 onto a neighborhood of ζ0 = z/ | z | in S.
Its jacobian is bounded and bounded away from 0 uniformly for all suffi-
ciently small τ.
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To achieve the proof of lemma 3.2 we again apply the Hardy-Littlewood
lemma. So let f ∈ Cλ

0,1(B). We have to show that

(5.4) |grad(F1f)(z)| ≤ C(τ) | f |Cλ(B) (1− | z |)λ−1,

with C(τ) → 0 if τ → 0.
Now

F1f(z) =

∫

S
f(ζ) ∧ F1(ζ, z),

where F1 is a sum of terms of type I, II, III or IV.
Calculating gradF1 we obtain a sum of terms

I1 =
L(r−1,r−1)

Φn−b
0 Φb+1

, I2 =
L(r−1,r−1)

Φn−b−1
0 Φb+2

, with b ≥ 1,

II1 =
L̃

(r−1,r−1)
1

Φn−b
0 Φb+1

, II2 =
L̃

(r−1,r−1)
2

Φn−b+1
0 Φb+1

, II3 =
L̃

(r−1,r−1)
2

Φn−b
0 Φb+2

, with b ≥ 1,

III1 =
L(r−1,r−1)

Φn−1
0 Φ

, III2 =
L̃

(r−1,r−1)
1

Φn
0Φ

, III3 =
L̃

(r−1,r−1)
1

Φn−1
0 Φ2

,

IV1 =
L̃

(r−1,r−1)
2

Φn
0Φ

, IV2 =
L̃

(r−1,r−1)
3

Φn+1
0 Φ

, IV3 =
L̃

(r−1,r−1)
3

Φn
0Φ2

.

The worst cases are when the differentiation falls on Φ that is I2, II3, III3,
IV3. The cases III3, IV3 are easier than I2 and II3 and these are comparable
to each other. Therefore, as a typical example, it suffices to handle

II3 =

∫

S
f(ζ) ∧

L̃
(r−1,r−1)
2 (ζ, z)

Φn−b
0 (ζ, z)Φb+2(ζ, z)

, b ≥ 1.

Since the kernel of F1 has point singularities we can assume that f is sup-
ported in a neighborhood of ζ0, where the (t, ω)− coordinates are defined.
Then ζ = ψ(t+ hz(ω)i, ω), ζ0 = ψ(0, 0). It follows

II3 =

∫

t,ω
(f(t, ω) − f(0, ω) ∧

L̃
(r−1,r−1)
2 (ζ, z)

Φn−b
0 (ζ, z)Φb+2(ζ, z)

+

∫

t,ω
f(0, ω) ∧

L̃
(r−1,r−1)
2 (ζ, z)

Φn−b
0 (ζ, z)Φb+2(ζ, z)

= II3,1 + II3,2.

Since ∣∣∣∣∣(f(t, ω) − f(0, ω)) ∧
L̃

(r−1,r−1)
2

Φn−b
0 Φb+2

∣∣∣∣∣ .
| t |λ C(τ) | f |Cλ

| Φ0 |n−b| Φ |b+2

by standard estimates (see [1] or [5]) we obtain

|II3,1| .
C(τ) | f |Cλ

(1− | z |)1−λ
,

with C(τ) → 0. Now the coefficients of L̃
(r−1,r−1)
2 are sums of products

Ũ1 · Ũ2 · · · Ũk which we have described above. We shall decompose the
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factors in the following way. When Ũi is of class C1 or better with respect
to ζ we let it unchanged. When it is only Cλ (r = 1) we write

Ũi(t, ω) = (Ũi(t, ω) − Ũi(0, ω)) + Ũi(0, ω).

By decomposing all these terms in the product we obtain II3,2 = II3,2,1 +
II3,2,2, with

|II3,2,1| .
C(τ) sup | f |

(1− | z |)1−λ
,

by estimating exactly as for II3,1, and

II3,2,2 =

∫

t,ω
f(0, ω) ∧

L̃
(r−1,r−1)
2 ((0, ω), z)

Φn−b
0 (ζ, z)Φb+2(ζ, z)

.

We remind the reader that we did not decompose factors like zk − ζk or
Aα

j (ζ) − Aα
j (z), for example, in order to not destroy vanishing orders for

ζ = z.
Next we diminish the exponent of Φ in the denominator. Since

1

Φb+2
=

−1

(b+ 1)TζΦ
Tζ

(
1

Φb+1

)
=

−1

(b+ 1)TζΦ

∂

∂t

(
1

Φb+1

)
,

it follows

1

Φ(t, ω)b+2
=

(TζΦ(0, ω, z) − TζΦ(t, ω, z))

TζΦ(0, ω, z)

1

Φb+2
−

1

(b+ 1)TζΦ(0, ω, z)

∂

∂t

(
1

Φb+1

)
.

This gives rise to the decomposition II3,2,2 = II3,2,2,1 + II3,2,2,2,
with

|II3,2,2,1| .
C(τ) sup | f |

(1− | z |)1−λ

and

II3,2,2,2 =

∫

t,ω
f(0, ω) ∧

L̃
(r−1,r−1)
2 ((0, ω), z)

TζΦ(0, ω, z)Φn−b
0 (ζ, z)

∂

∂t

(
1

Φb+1

)
.

By an integration by parts we get

II3,2,2,2 =

∫

t,ω
f(0, ω) ∧

L̃
(r−1,r−1)
2 ((0, ω), z)TζΦ0(t, ω, z)

TζΦ(0, ω, z)Φn−b+1
0 (ζ, z)Φb+1(ζ, z)

.

Note that TζΦ0 is a sum of 2 terms. In the first, denoted by V (t, ω, z),
Tζ has fallen on ζ − z term. Therefore V has vanshing order 1 for ζ = z
but there is no loss of regularity. In the second term Tζ has fallen on a a

structure coefficient. This term is only Cλ if r = 1, but vanishes of order
2. This latter case gives rise to an integral which can be estimated by
C(τ) sup | f || log(1− | z |) |≤ C(τ) sup | f | /(1− | z |)1−λ. V gives rise,
after having been splitted into (V (t, ω, z) − V (0, ω, z)) + V (0, ω, z), to an
integral

∫

t,ω
f(0, ω) ∧

L̃
(r−1,r−1)
3 ((0, ω), z)

TζΦ(0, ω, z)Φn−b+1
0 (ζ, z)Φb+1(ζ, z)

.
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Now by repeating this method at most b times we end up with a critical
integral of type

I(z) =

∫

t,ω
f(0, ω) ∧

L̃
(r−1,r−1)
3+b ((0, ω), z)

TζΦ(0, ω, z)b+1Φn+1
0 (ζ, z)Φ(ζ, z)

.

Expressing everything with respect to the (t, ω) coordinates we get in the
worst case the following estimate (with respect to polar coordinates in the
ω space, a =| ω |, d = 1− | z | )

| I(z) |≤ C(τ) sup | f |

∫

t,a

a2n−3+b+3dtda

(d+ a+ | t |)2n+2(d+ | t | +a2)

≤ C(τ)(sup | f |) | log d |2

≤ C(τ) sup | f | /(1− | z |)1−λ

since b ≥ 1. This achieves the proof of lemma 3.2.
Proof of lemma 3.3. By its definition Bn,0 can be decomposed into a
linear combination of terms

h(ζ)Pi(ζ − z)

Φ0(ζ, z)n
,

where i ≥ 1, h ∈ Cr+λ−1
n,n−1 (B) is a polynomial of the Ai

j and some of their

derivatives and Pi(ζ − z) is a homogenous polynomial of ζ − z and ζ − z
of degree i with constant coefficients. If i ≥ 2 the corresponding integral
can be differentiated under the integral sign and the assertion follows by
standard estimates. So we are left with∫

B
g(ζ) ∧

h(ζ)P1(ζ − z)

Φ0(ζ, z)n
.

Let ϕ ∈ C∞(Cn) have compact support in B with ϕ ≡ 1 on a neighborhood
of K. Then the assertion for∫

B
(1 − ϕ(ζ))g(ζ) ∧

h(ζ)P1(ζ − z)

Φ0(ζ, z)n

is trivial. So we consider∫

B
ϕ(ζ)g(ζ) ∧

h(ζ)P1(ζ − z)

Φ0(ζ, z)n
.

We denote the real and imaginary parts of the ζi´s by x1, ..., x2n, and cor-
respondingly for the zi´s by y1, ..., y2n. Then the above integral equals

∫

B
ϕ(x)g(x) ∧

h(x)P1(xk − yk)(∑n
i,j=1 aij(x)(xi − yi)(xj − yj)

)n ,

with aij ∈ Cr+λ(B).
Let ε > 0 and set

Iε =

∫

B
ϕ(x)g(x) ∧

h(x)P1(xk − yk)(∑n
i,j=1 aij(x)(xi − yi)(xj − yj) + ε

)n .
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Since for fixed z limε→0Iε(z) = I(z) it suffices to show Cλ −C1−estimates
for Iε which are uniform with respect to ε.
Now ∂

∂yl
Iε = Iε,1 − Iε,2, with

Iε,1 =

∫

B
ϕ(x)g(x)h(x) ∧

(
∂

∂yl
+

∂

∂xl

)
 P1(xk − yk)(∑n

i,j=1 aij(x)(xi − yi)(xj − yj) + ε
)n




Iε,2 =

∫

B
ϕ(x)g(x)h(x) ∧

∂

∂xl


 P1(xk − yk)(∑n

i,j=1 aij(x)(xi − yi)(xj − yj) + ε
)n


 .

The estimates for Iε,1 are trivial since
(

∂
∂yl

+ ∂
∂xl

)
(xi − yi) = 0. Now Iε,2 =

Iε,2,1 + Iε,2,2, with

Iε,2,1 =

∫

B
ϕ(x)((gh)(x) − (gh)(y)) ∧

∂

∂xl


 P1(xk − yk)(∑n

i,j=1 aij(x)(xi − yi)(xj − yj) + ε
)n


 ,

Iε,2,2 =

∫

B
ϕ(x)(gh)(y) ∧

∂

∂xl


 P1(xk − yk)(∑n

i,j=1 aij(x)(xi − yi)(xj − yj) + ε
)n




= −

∫

B

∂ϕ(x)

∂xl
(gh)(y) ∧


 P1(xk − yk)(∑n

i,j=1 aij(x)(xi − yi)(xj − yj) + ε
)n


 .

The estimates for Iε,2,2 are also trivial and |Iε,2,1| can be majorized by

| g |Cλ(B)

∫

B

| x− y |λ dV (x)

| x− y |2n
.| g |Cλ(B) .

References

[1] P. Ahern/R. Schneider. A Smoothing property of the Henkin and Szegö projections.
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