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TANGENT LIFTS OF POISSON AND RELATED STRUCTURESJ Grabowski1 and P Urba�nski21 Erwin Schr�odinger Institute for Mathematical PhysicsPasteurgasse 6/7, 1090 Wien, AustriaInstitute of Mathematics, University of WarsawBanacha 2, 02-097 Warsaw, Poland2 Division of Mathematical Methodsin Physics, University of WarsawHo_za 74, 00-682 Warsaw, PolandAbstract. The derivation dT on the exterior algebra of forms on a manifoldM with valuesin the exterior algebra of forms on the tangent bundle TM is extended to multivector �elds.These tangent lifts are studied with applications to the theory of Poisson structures, canonicalvector �elds and Poisson-Lie groups.0. Introduction. A derivation dT on the exterior algebra of forms on a manifoldM withvalues in the exterior algebra of forms of the tangent bundle TM plays essential role inthe calculus of variations ([Tu]) and, in particular, in analytical mechanics. The derivationdT! of the symplectic 2-form of a symplectic manifold (M;!) provides the tangent bundleTM with a symplectic structure. The concept of a generalized hamiltonian system can beintroduced as a Lagrangian submanifold of (TM; dT!). The in�nitesimal dynamics of arelativistic particle is an example of such a system. The derivation dT has also an aspect ofthe total Lie dervative: $X� = X�dT� (Theorem 3.2). The aim of this paper is to extenddT to the exterior algebra of multivector �elds and to establish relations related to Poissonstructures which correspond to the mentioned above relations in symplectic geometry. In�rst two sections we concentrate on the de�nition of dT in a more general than usual (i. e., asa commutator [iT; d]) framework, which gives a possibility to de�ne dT on multivector �elds.The basic property of dT is that it commutes with the Schouten bracket, what correspondsto the fact that dT commutes with d on forms. In Section 3 we show that, as in the case offorms, dT plays the role of the total Lie derivative. As a consequence, we can describe inSection 6 a canonical vector �eld on a Poisson manifold as a Lagrangian submanifold withrespect to the tangent Poisson structure introduced in Section 5.The derivation dT helps to identify vector bundle morphisms �:T�M ! TM , whichcorrespond to Poisson structures (Theorem 4.4). This identi�cation is complementary toones expressed in terms of the Jacobi identity and the Schouten bracket. What is important,the condition for � is expressed in terms of objects and morphisms and does not require anyadditional, general operations like exterior derivative and the Schouten bracket. Hence, itis a subject for functorial treatments.The presentation of the tangent Poisson structure in Section 5 is close to the one givenCourant in [Co1,Co2,Co3]. The remaining part of the paper is devoted to the tangent liftof Poisson-Lie structures and to the analysis of the symplectic foliations of tangent Poissonmanifolds.Classi�cation PACS: 02.40+m, 03.20+i.1 Partially supported by the Isaac Newton Institute for Mathematical Sciences, Cambridge, England.2 Supported by KBN, grant No 2 11129 91 01. Typeset by AMS-TEX1



2 GRABOWSKI AND URBA�NSKIThis work is a contribution to a program of geometric formulations of physical theoriesconducted jointly with W. M. Tulczyjew.1. Geometric preliminaries.Let M be a smooth manifold. By �M :TM ! M we denote the tangent �bration andby �M :T�M ! M the cotangent �bration. For r = 0; 1; 2; : : :, we de�ne exterior prod-uct bundles Vr TM and Vr T�M with the canonical projections �rM :Vr TM ! M and�rM :Vr T�M !M respectively. For r = 0 we have V0 TM ' V0T�M 'M �R.There is a collection of canonical pairingsh; irM :^rTM �M ^rT�M ! R:By applying the tangent functor to these pairings, we obtain tangent pairingsh; i0rTM :T^rTM �TM T^rT�M ! TR! T0R= R:We used the canonical identi�cation of bundlesT^rTM �TM T^rT�M ' T(^rTM �M ^rT�M ):Let (xi) be a local coordinate system inM . In bundles Vr TM; Vr T�M; TVr TM andTVr T�M we have adopted coordinate systems(xi; _xj1:::jr ), (xi; pj1:::jr ), (xi; _xj1:::jr ; �xk; � _xl1:::lr ) and (xi; pj1:::jr ; _xk; _pl1:::lr )respectively, where j1 < j2 < � � � < jr; etc. . In these coordinates the introduced pairingsread as follows: h; irM : ((xi; _xj1:::jr); (xi; pl1:::lr )) 7! Xj1<j2<���<jr _xj1:::jrpj1:::jrandh; i0rTM : ((xi; _xj1:::jr ; �xk; � _xl1:::lr ); (xi; pj1:::jr ; �xk; _pl1:::lr )) 7!Xj1<���<jr(� _xj1:::jr � pj1:::jr + _xj1:::jr � _pj1:::jr ):For each manifoldM there is a canonical di�eomorphism (cf. [Tu1])�M :TTM ! TTMwhich is an isomorphism of vector bundles�TM :TTM ! TM and T�M :TTM ! TM:By �M we denote an isomorphisms�M :TT�M ! T�TMof vector bundles T�M :TT�M ! TM and �TM :T�TM ! TM;dual to �M with respect to pairings h; i0TM = h; i01TM and h; iTM = h; i1TM :hv; �M (w)iTM = h�M (v); wi0TM :



TANGENT LIFTS 3In the following, by "M we denote ��1M . In the introduced above local coordinates in TTM ,TT�M and the adopted from (xi) coordinates (xi; _xj; �k; _�l) in T�TM; we have(xi; _xj; �xk; � _xl) � �M = (xi; �xj; _xk; � _xl)and (xi; _xj; �k; _�l) � �M = (xi; _xj; _pk; pl):Now, we generalize these morphisms to the multilinear case. Let VrM be the wedgeproduct mapping ^rM :�r�MTM !^rTM:We apply the tangent functor to this mapping and we getT^rM :T�r�M TM ! T^rTM:Since �M extends to an isomorphism of vector bundles�r�M :�r�TMTTM !�rT�MTTM ' T�r�M TM;we get also T^rM � (�r�M ):�r�TMTTM ! T^rTM:It is easy to verify that this mapping is multilinear and skew-symmetric and, conse-quently, de�nes a morphism �rM of vector bundles over TM :�rM :^rTTM ! T^rTM: (1.1)In other words, �rM �^rTM = T^rM � �r�M ;i. e., the following diagram is commutative�r�TMTTM ^rTM����! Vr TTM�r�M??y ??y�rMT�r�M TM T^rM����! TVr TTM : (1.2)Of course, �1M = �M and for a simple r-vector v1 ^ � � � ^ vr on TM we have�rM (v1 ^ � � � ^ vr) = T^rM (�M (v1); : : : ; �M(vr)):In local coordinates �rM reads as follows:(xi; _xj1:::jr ; �xk; � _xl1:::lr ) � �rM = (xi; �xj1:::jr ; _xk;Xm �xl1 :::lm�1 ^ � _xlm ^ �xlm+1 :::lr );where (xi; _xj; �xk1:::kn ^ � _xln+1:::lr ) are adopted coordinates in ^rTTM , with the obviousidenti�cation�xl1:::lm�1 ^ � _xlm ^ �xlm+1 :::lr = (�1)r�m�xl1 :::lm�1 lm+1 :::lr ^ � _xlm :Let iVr�iM be the wedge producti^r�iM :^iTM �M ^r�iTM !^rTM:



4 GRABOWSKI AND URBA�NSKIFrom the diagram (1.2) we easily get that the diagramViTTM �TM Vr�iTTM �iM � �r�iM��������! TViTM �TM TVr�iTMi^r�iTM??y Ti^r�iM ??yVrTTM �rM����������! TVrTM (1.3)is commutative.In order to de�ne "rM , a counterpart to �rM , we consider �rst the mappingT^rT�M � (�r"M ):�r�TMT�TM ! T^rT�TM:Since it is multilinear and skew-symmetric, it de�nes a mapping"rM :^rT�TM ! T^rT�Mand, as in the case of �rM , we have"rM �^r�TM = T^r�M � �r"M ;i. e., the diagram �r�TMT�TM ^rTM����! Vr T�TM�r"M??y ??y"rMT�r�M T�M T^rM����! TVr T�M (1.4)is commutative.Let (xi; _xj; �k1:::kn ^ _�ln+1 :::lr ) be the adopted coordinate system in VrT�TM . We have(xi; pj1:::jr ; _xk; _pl1:::lr ) � "rM = (xi; _�j1:::jr ; _xk;Xm _�l1 :::lm�1 ^ �lm ^ _�lm+1 :::lr ):Here we identi�ed _�l1 :::lm�1 ^ �lm ^ _�lm+1 :::lr and (�1)m�1�lm ^ _�l1:::lm�1 lm+1 :::lr .We have also a commutative diagramViT�TM �TM Vr�iT�TM "iM � "r�iM��������! TViT�M �TM TVr�iT�Mi^r�iTM??y Ti^r�iM x??VrT�TM "rM����������! TVrT�M : (1.5)By �rM 0 and "rM 0 we denote vector bundle morphism�rM 0:T^rT�M !^rT�TM;and "rM 0:T^rTM !^rTTM;dual to �rM and "rM with respect to pairings h; i0TMr and h; irTM . We have, in particular,�1M 0 = �0M = "�1M = �M and "1M 0 = �M .



TANGENT LIFTS 5Functorial propertiesIt is known that �M and �M are natural transformations of iterated functors TT; TT�and T�T, i. e., that for every morphism ':M ! N we have�N � TT' = TT' � �M ;�M � TT�' = T�T' � �N ;TT�' � "N = "M � T�T': (1.6)Note that T�' is, in general, not a mapping but a relation only, with the domain T�'(M)Nand codomain (kerT')o. Morphisms^rT':^rTM !^rTNand ^rT�':^rT�N !^rT�Mare de�ned by relations ^rT' �^rM =^rN � �rT'and ^rT�' �^rN =^rM � �rT�':Theorem 1.1. For ':M ! N we have�rN �^rTT' = T^rT' � �rMand T^rT�' � "rN = "rM �^rT�T':Proof. From the de�nition of �rN it follows that�rN �^rTT' �^rTM = �rN �^rTN � �rTT' = T^rN � �r�N � �rTT'= T^rN � �r(�N � TT') = T^rN � �r(TT' � �M) = T^rN � �rTT' � �r�M :Since ^rT' �^rM =^rN � �rT';we get T^rT' � T^rM = T^rN � �rTT'and T^rN � �rTT' � �r�M = T^rT' � T^rM � �r�M = T^rT' � �rM �^rTM :This completes the proof of the �rst identity. The proof of the second one is analogous.We have also the dual identities:Theorem 1.2. For ':M ! N we have�rM 0 � T^rT�' =^rT�T' � �rN 0and ^rTT' � "rM 0 = "rN 0 � T^rT':



6 GRABOWSKI AND URBA�NSKI2. Derivation dT of di�erential forms and multivector �elds.In this section we refer to the theory of derivations of di�erential forms as presentedin [PiTu].De�nition. Let � = L1q=0 �q and 	 = L1q=0	q be commutative graded algebras andlet �: � ! 	 be a graded algebra homomorphism. A linear mapping a: � ! 	 is called a�-derivation of degree r if: a(�q) � 	q+rand a(� ^ �) = a(�) ^ �(�) + (�1)qr�(�) ^ a(�);where q = degree �.Let M be a manifold and let � :E ! M be a vector �bration. By �(� ) we denote thegraded exterior algebra generated by sections of � . For � = �M we get the graded algebraof forms on the manifoldM and for � = �M - the graded algebra of multivector �elds onM .Let be � 2 �r(�M), i. e., � is an r-form on M . The vertical lift of � is an r-formvT(�) 2 �r(�TM), vT(�) = ��M�, i. e., vT(�) is the pull-back of � with respect to theprojection �M . Since the pull-back commutes with the wedge product, the mappingvT: �(�M )! �(�TM)is a homomorphism of graded commutative algebras.A second order vector �eld � on M is a vector �eld on TM such that�TM � � = idTM = (T�M ) � �or, equivalently, �M � � = �. In adopted local coordinates,�(x; _x) = _xk @@xk + fk(x; _x) @@ _xk :The contraction of the vertical lift of a form � 2 �r(�M ), r > 0, with � does not dependon the choice of the second order �eld �. We de�neiT� = � i�(vT�) 2 �r�1(�TM ); for r > 00 for r = 0:The tangent lift dT� of � 2 �(�M ) is de�ned bydT� = diT�+ iTd� = $�vT(�):Since $� is a derivation in �(�TM) and vT is a homomorphism of graded algebras, itfollows that dT is a vT-derivation of degree 0.If, in local coordinates, � = �i1:::irdxi1 ^ � � � ^ dxir ; thendT�(x; _x) = @�i1:::ir@xk (x) _xkdxi1 ^ � � �^ dxir +Xm �i1:::ir(x)dxi1 ^ � � �^ d _xim ^ : : :dxir (2.1)for r > 0 and dT�(x; _x) = @�@xi (x) _xifor r = 0.The operation iT, which is, in fact, a vT-derivation of degree �1, can be de�ned in amore intrinsic way. An r-form �, r > 0, de�nes a vector bundle morphisme�1:TM !^r�1T�M : v 7! iv�



TANGENT LIFTS 7and the following formula holds: iT� = (e�1)��r�1M ; (2.2)where �r�1M is the canonical (Liouville) (r � 1)-form on Vr�1T�M . The Liouville form isde�ned by �r�1M (a)(v1; : : : ; vr�1) = a(T�M (v1); : : :T�M (vr�1)):Let us notice also that for r = 0 we have dT�(v) = hv; d�i (� is a function).The tangent lift dT� can be de�ned more directly by means of the tangent functor. Letus �x 0 6 i 6 r. An r-form � on M de�nes, in an obvious way, a vector bundle morphisme�i:^iTM !^r�iT�M:Now, we de�ne �rM and "rM for r = 0. We have V0TM = V0T�M =M �R. We de�ne�0M = "0M :^0TTM = TM �R! T^0TM = T(M �R) = TM �R� T0Rby (xi; _xj; t; _t) � �0M = (xi; _xj; 0; t):The dual mapping �0M 0:TV0TM ! V0TTM is given by(xi; _xj; t) � �0M 0 = (xi; _xj; _t):Theorem 2.1. Let be � 2 �r(�M ) and 0 6 i 6 r. The following diagram is commutativeTViTM Te�i����! TVr�iT�M�iMx?? (�r�iM )0??yViTTM gdT�i����! Vr�iT�TM : (2.3)Proof. We show �rst that there exists D(�) 2 �r(�TM ) such that]D(�)i = (�r�iM )0 � Te�i � �iM :In order to do this, we apply the tangent functor to the commutative diagramVrTM e�r���������! Ri^r�iM x?? h; ir�iM x??ViTM �M Vr�iTM e�i � id�����! Vr�iT�M �M Vr�iTM (2.4)and, since the diagram (1.5) is commutative, we get the following commutative diagramVrTTM �rM����! TVrTM dTe�r����! Ri^r�iTMx?? Ti^r�iM x?? h; i0r�iTMx?? (2:5):ViTTM �TM Vr�iTTM �iM � �r�iM��������! TViTM �TM TVr�iTM Te�i � id������! TVr�iT�M �TM TVr�iTM



8 GRABOWSKI AND URBA�NSKIHere we regard 0-forms as functions rather than sections of V0T{bundles. It shows thatfor u 2 ViTTM and v 2 Vr�iTTM we havehTe�i � �iM (u); �r�iM (v)i0r�iTM = dTe�r � �rM (u ^ v)and, consequently, dTe�r � �rM (u ^ v) = h(�r�iM )0 � Te�i � �iM (u); vir�iTM :It follows that D(�) exists and D(�)(�) = dTe�r � �rM . Since in local coordinatese�r(x; _x) = �i1:::ir _xi1:::ir ;we get dTe�r(x; _x; �x; � _x) = @�i1:::ir@xk (x)�xk _xi1:::ir + �i1:::ir (x)� _xi1:::irand dTe�r � �rM = @�i1 :::ir@xk (x) _xk�xi1:::ir +Xm �i1:::ir(x)�xi1:::im�1 ^ � _xim ^ �xim+1 :::ir :The right hand side in this formula corresponds precisely the right hand side in (2.1). Itfollows that dTe�r � �rM = gdT�r and this completes the proof.Derivations of multivector �elds and the Schouten bracket.A similar construction can be done in the case of multivector �elds. Let be X 2 �r(�M ).As in the case of forms, we have a family of contraction mappingseXi:^iT�M !^r�iTM:Theorem 2.2. There is a uniquely de�ned multivector �eld dTX 2 �r(�TM ) such thatgdTX i = ("r�iM )0 � T eXi � "iMfor i = 0; 1; : : : ; r, i. e., the following diagram is commutativeTViT�M T eXi����! TVr�iTM"iMx?? ("r�iM )0??yViT�TM gdTX i����! Vr�iTTM : (2.6)The proof goes on like the proof of Theorem 2.1. In particular, we get]dTXr = dT eXr � "rM ;i. e., dTX(a1; : : : ; ar) = dT eXr("Ma1 ^ � � � ^ "Mar):Now, writing in local coordinatesX = Xi1 :::ir (x) @@xi1 ^ � � � ^ @@xir



TANGENT LIFTS 9and p = pi1:::irdxi1 ^ � � � ^ dxir ,we haveeXr(p) = Xi1:::irpi1:::iranddT eXr(xi; _xk; �i1:::im ^ _�im+1:::ir) = @Xi1 :::ir@xik (x) _xk _�i1:::ir++Xm Xi1 :::ir (x) _�i1:::im�1 ^ �im ^ _�im+1 :::ir ;i. e.,dTX = @Xi1:::ir@xik (x) _xk @@ _xi1 ^ � � � ^ @@ _xir +Xm Xi1 :::ir (x) @@ _xi1 ^ � � � ^ @@xim ^ � � � ^ @@ _xir :Now, let X be a simple r-vector �eld, i. e., X = X1 ^ � � � ^ Xr for some vector �eldsXi 2 �(�M ). We can consider eXr as a multilinear, skewsymmetric function on �rMT�MeXr(a1; : : : ; ar) = X�2Sn(�1)�X̂�(1)1(a1) � � � X̂�(r)1(ar):Since dT is a vT = ���rT�M -derivation on forms, we havedT eXr = X�2Sn(�1)�Xm vT(X̂�(1)1) � � �dT(X̂�(m)1) � � �vT(X̂�(r)1)and]dTXr = X�2Sn(�1)�Xm (vT(X̂�(1)1)) � "M � � � (dT(X̂�(m)1)) � "M � � � (vT(X̂�(r)1)) � "M :Let Y 2 �1(�M ) be a vector �eld on M . Functions vT(eY 1) � "M and dT(eY 1) � "M arelinear functions on T�TM and de�ne vector �elds on TM . In local coordinates we have forY = Y i @@xi : eY 1(x; p) = Y i(x)pi and vT(eY 1)(x; p; _x; _p) = Y i(x)pi:Hence, from the de�nition of "M ,vT(eY 1) � "M (x; _x; �; _�) = Y i(x) _�i:It follows that vT(eY 1) � "M = fY v1, where Y v = Y i(x) @@ _xi is the vertical lift of Y . Thevertical lift �1(�M ) 3 Y 7! Y v 2 �1(�TM) is linear and can be extended in a unique wayto a homomorphism vT of graded algebrasvT: �(�M )! �(�TM ):The vertical lift Y v is the generator of a one-parameter group ( t) of di�eomorphisms (a
ow) of TM de�ned by  t(v) = v + tY (�M (v)):In a similar way we getdT eY 1(x; p; _x; _p) = Y i(x) _pi + @Y i@xk (x)pi _xk



10 GRABOWSKI AND URBA�NSKIand dTeY 1 � "M (x; _x; �; _�) = Y i(x)�i + @Y i@xk (x) _xk _�i:It follows that dT eY 1 � "M = fY c1, whereY c(x; _x) = Y i(x) @@xi + @Y i@xk (x) _xk @@ _xiis the complete lift of Y . The vector �eld Y c is the generator of the (local) one-parametergroup of di�eomorphisms T't:TM ! TM , where ('t) is the 
ow generated by the vector�eld Y .Thus we have proved the following theorem.Theorem 2.3. The mapping dT: �(�M )! �(�TM )is a vT-derivation of degree 0 with dT(Y ) = Y c for Y 2 �1(�M ):The following is a well-known theorem.Theorem 2.4. The Lie bracket of vertical and complete lifts satisfy the following com-mutation relations [Xv; Y v] = 0;[Xc; Y c] = [X;Y ]c;[Xv; Y c] = [X;Y ]v: (2.7)The Lie bracket of vector �elds can be extended to a graded Lie bracket on the gradedspace �(�M ) of multivector �elds { the Schouten bracket [�; �]. In this graded Lie algebrathe space �r(�M ) is of degree (r � 1): Let be X 2 �r(�M). Then[X;Y ^ Z] = [X;Y ] ^ Z + (�1)s(r�1)Y ^ [X;Z]for Y 2 �s(�M), i. e., adX is a graded derivation of degree (r�1) of the graded commutativealgebra �(�M ). The mappingad: (�(�M ); [�; �])! Der(�(�M);^)is a homomorphism of graded algebras. For simple multivectors we have the followingformula (cf. [Mi]):[X1^� � �̂ Xp; Y1^� � �̂ Yq ] =Xi;j (�1)i+j [Xi; Yj]^X1^� � �Xi�1^Xi+1^� � �^Yj�1^Yj+1^� � �Yq:(2.8)Theorem 2.5. The derivation dT commutes with the Schouten bracket, i. e.,[dTX; dTY ] = dT[X;Y ]:Proof. Let be X = X1 ^ � � � ^Xp. By (X1; : : : ; Xp)n we denote a p-vector �eld Xv1 ^ � � � ^Xcn ^ � � � ^ Xvp and by (X1; : : : ; Xp)in a (p � 1)-vector �eld as above with the i-th factor



TANGENT LIFTS 11omitted. We have then dTX = Ppi=1(X1; : : : ; Xp)i. From the formula (2.8) and Theorem2.3 we get, for Y = Y1 ^ � � � ^ Yq ,[dTX; dTY ] = " pXn=1(X1; : : : ; Xp)n; qXm=1(Y1; : : : ; Yp)m#= pXn=1 qXm=1[(X1; : : : ; Xp)n; (Y1; : : : ; Yp)m] == pXn=1 qXm=10@Xj 6=m(�1)n+j[Xcn; Y vj ] ^ (X1; : : : ; Xp)nn ^ (Y1; : : : ; Yq)jm++ (�1)n+m[Xcn; Y cm] ^ (X1; : : : ; Xp)nn ^ (Y1; : : : ; Yp)mm++Xi6=m(�1)m+i[Xvi ; Y cm] ^ (X1; : : : ; Xp)in ^ (Y1; : : : ; Yq)mm1A ==Xn;j (�1)n+j [Xn; Yj]v ^Xm6=j(X1; : : : ; Xp)nn ^ (Y1; : : : ; Yq)jm++ (�1)n+m[Xn; Ym]c ^ (X1; : : : ; Xp)nn ^ (Y1; : : : ; Yp)mm++Xm;i (�1)i+m[Xi; Ym]v ^Xn6=i(X1; : : : ; Xp)in ^ (Y1; : : : ; Yq)mm:On the other hand,dT[X;Y ] =Xi;j (�1)i+j [Xi; Yj]c ^ (X1; : : : ; Xp)ii ^ (Y1; : : : ; Yq)jj++Xi;j (�1)i+j [Xi; Yj]v ^Xm6=i(X1; : : : ; Xp)im ^ (Y1; : : : ; Yq)jj++Xi;j (�1)i+j [Xi; Yj]v ^Xn6=j(X1; : : : ; Xp)ii ^ (Y1; : : : ; Yq)jnand the required equality follows.The rules of contractions for lifts of forms and vector �elds we list in the followingProposition.Proposition 2.6. For � 2 �1(�M) and X 2 �1(�M) we havehvT(�); vT(X)i = h��M�;Xvi = 0;hdT�; vT(X)i = hvT�; dT(X)i = vT(h�;Xi) = ��Mh�;Xi;hdT�; dTXi = dT(h�;Xi):These formulas can be easily generalized for X 2 �r(�M ) (or � 2 �r(�M )). We obtainhdTX; vT�i (def)= ivT(�)dTX = vT(i�X);hdTX; dT�i (def)= idT(�)dTX = dT(i�X);hvT(X); vT(�)i (def)= ivT(�)vTX = 0 (2.9)for X 2 �r(�M ); � 2 �1(�M ) and alsohdT�; dTXi = 0 for � 2 �r(�M ); X 2 �r(�M ); r > 2:



12 GRABOWSKI AND URBA�NSKI3. Lie derivations of forms and multivector �elds. The derivation dT is strictlyrelated to the Lie derivation in the algebra of di�erential forms.Proposition 3.1. [PiTu] Let X:M ! TM be a vector �eld on M . Then we have$X� = X�dT�: (3.1)Proof. Since X�: �(�TM) ! �(�M ) is a homomorphism and dT: �(�M ) ! �(�TM ) is avT-derivation, the mapping X�dT: �(�M)! �(�M) (3.2)is also a derivation. It follows that it is enough to verify the formula for functions and theirdi�erentials. We have for a function f on MX�dTf = dTf �X = hX; dfi = X(f)and X�dTdf = X�ddTf = d(X�dTf) = d(X(f)) = $Xdf:To get an analogue to this proposition in the case of vector �elds, we need an analogueof the pull-back of forms with respect to a vector �eld. Let X be a vector �eld on M . Wehave the decomposition of TX(M)TM into horizontal (tangent to X(M ) ) and vertical partsTX(M)TM = HXTM � VXTM: (3.3)The canonical projection TXTM ! VXTM we denote by PX . Let Y 2 �1(�TM ) be avector �eld on TM . By X�Y we denote the unique vector �eld on M such thatvT(X�Y )jX(M) = PXY: (3.4)The mapping Y 7! X�Y has the unique extension to a morphism of graded algebrasX�: �(�TM )! �(�M ): (3.5)Theorem 3.2. Let X:M ! TM be a vector �eld on M . For each � 2 �(�M ) we havethe following formulae: $X� = X�dT�and � = X�vT�:Proof. Since X�: �(�TM) ! �(�M) is a homomorphism and dT: �(�M ) ! �(�TM) is avT-derivation the mapping X�dT: �(�M)! �(�M) (3.6)is also a derivation. It follows that it is enough to verify the formula for functions andvector �elds. We have for a function f on M and a vector �eld Y on MX�dTf = dTf �X = hX; dfi = X(f) = $Xfand (Proposition 2.6)��M (X�dTY (f)) = vT((X�dTY )(dTf)) = vT(X�dTY )(dTf):On the other hand, (PXdTY ) �X = dTY �X � TX � Y



TANGENT LIFTS 13and, consequently, (X�dTY )(f) = hdTY; dTdfi �X � hTX � Y; dTdfi:Since hdTY; dTdfi �X = (dT(hY; dfi)) �X = X(Y (f))and hTX � Y; dTdfi = hY;X�ddTfi = hY; dX(f)i = Y (X(f));we get (X�dTY )(f) = X(Y (f)) � Y (X(f)) = [X;Y ](f) = ($XY )(f):The second identity follows directly from the de�nition.The projection T�M induces an isomorphism T�M :VXTM ! TM and the dual isomor-phism (T�M )0:T�M ! V �XTM .When composed with (I�PX)0, this isomorphismgives an isomorphismT�M ! HoXTM ,where HoXTM is the annihilator of HXTM in T�X(M)TM . It follows that for � 2 �1(�TM )the decomposition � = (� � vT(X��)) + vT(X��)is, on X(M ), the decomposition related to the decompositionT�X(M)TM = HoXTM � V oXTM;dual to (3.3). For � = dT� we have vT(X��) = vT($X�) (Proposition 3.1). Hence, forY 2 �1(�TM ) we haveh�;X�Y i = (hdT�; vT(X�Y )i �X = (hdT�� vT($X�); Y i) �X (3.7)It is convenient to introduce an operationX+:�(�M )! �(�TM ):� 7�! dT� � vT($X�);which is a vT -derivation of degree 0:It follows directly from (3.7) that for Y 2 �r(�TM ) and �1; : : : ; �r 2 �1(�M), r > 0, wehave h(X+�1) ^ � � � ^ (X+�r); Y i �X = h�1 ^ � � � ^ �r; X�Y i; (3.8)so the mapping X�(�1 ^ : : :�r) = (X+�1) ^ � � � ^ (X+�r)regarded as a homomorhism of graded algebrasX� : �(�M )! �(�X(M));where �X(M) : T�X(M)TM ! X(M );is dual to X� : hX��; Y i �X = h�;X�Y i:For 1-forms we shall write X�� instead of X+�:



14 GRABOWSKI AND URBA�NSKIProposition 3.3. Let X be a vector �eld on M and let � be a 2-vector �eld on M .$X� = 0 if and only if for every pair f; g of functions on MhX�dg;gdT�1(X�df)i = 0:Proof. From Theorem 3.2 it follows that $X� = 0 i�hdg; X̂�dT�1(df)i = 0for each pair (f; g) of functions on M . >From (3.8) we have then that $X� = 0 if and onlyif hX�dg;gdT�1X�dfi = 0:4. Symplectic and Poisson structures.By the standard de�nition a symplectic structure on M is a nondegenerate, closed two-form ! on M . The canonical example is the 2-form 
M on T�M . On the other hand, any2-form � on M can be represented bye�i:^iTM !^2�iT�M; i = 0; 1; 2:The standard de�nition is expressed, in fact, in terms of e�0. We can also formulate ade�nition of a symplectic structure in terms of e�2 making use of the well known formulafor the exterior derivative:Proposition 4.1. A linear �bre bundle morphism �:V2TM ! V0T�M represents asymplectic structure on M if it is nondegenerated (in the obvious meaning) andX(�(Y; Z)) + Y (�(Z;X)) + Z(�(X;Y )) � �([X;Y ]; Z)� �([Y; Z]; X)� �([Z;X]; Y ) = 0where X;Y; Z 2 �1(�M ).Now, we provide a de�nition of a (pre-)symplectic structure in terms of e�1.First, we need a condition for a 2-form � to be closed in terms of e�1.Theorem 4.2.A 2-form � on M is closed if and only ifdT� = (e�1)�
MProof. From the formula 2.2 we havediT� = (e�1)�
Mand, consequently, dT� = diT�+ iTd� = (e�1)�
M � iTd�:Since iTd� = 0 i� d� = 0 we get that d� = 0 if and only ifdT� = (e�1)�
M :A condition for a vector bundle morphism �:TM ! T�M to de�ne a symplectic structureon M is given by the following theorem.



TANGENT LIFTS 15Theorem 4.3. An isomorphism �:TM ! T�M of vector bundles de�nes a symplecticstructure on M if and only if the following diagram is commutativeTT�M g
M1����! T�T�MT�x?? T��??yTTM T�TM�M??y �Mx??TTM T�����! T�TM : (4.1)Proof. Commutativity of the diagram 4.1 is equivalent to the equality�M � T� � �M = T�� �g
M1 � T� (4.2)and to the dual (with respect to proper pairings) equality�M � T�� � �M = T�� � (g
M1)� � T�: (4.3)Since (g
M1)� = �g
M we get from 4.3 thatT� = �T��and, consequently, that �� = ��. It proves that � is skew-symmetric and, consequently,that the exist a 2-form � on M , such that � = e�1. Equality 4.2 reads nowd� = (e�1)�
M :It follows from Theorem 4.2 that � is closed.As in the case of symplectic structures, a Poisson structure on M can be represented byone of three equivalent objects:(1) a bivector �eld �,(2) a homomorphism e�1 of vector bundles,(3) a bilinear, skew-symmetric function e�2.The condition for � to be a Poisson structure is vanishing of the Schouten bracket:[�;�] = 0.A skew-symmetric function�:^2T�M !^0TM 'M �Rde�nes a Poisson structure if the Jacobi identity is ful�lled:�(df; �(dg; dh)) + �(dg; �(dh; df)) + �(dh; �(df; dg)) = 0;where f; g; h 2 �0(�M ).In order to get a de�nition of a Poisson structure in terms of a vector bundle morphism�:T�M ! TM , we need the following theorem.



16 GRABOWSKI AND URBA�NSKITheorem 4.4.A 2-vector �eld � on M de�nes Poisson structure if and only if(e�1)��M � dT�(one can say that �M and dT� are e�1-related), where �M = (
M )�1 is the canonical2-vector �eld on T�M .Proof. In local coordinates � = 12�ij @@xi ^ @@xj . The 2-vector �eld � de�nes a Poissonstructure if and only ifXi (�ij @@xi�kl +�ik @@xi�lj + �il @@xi�jk) = 0: (4.4)The canonical 2-vector �eld �M on T�M is given by�M =Xi @@xi ^ @@pi :Moreover, dT� = 12Xijk @�ij@xk _xk @@ _xi ^ @@ _xj +Xij �ij @@ _xi ^ @@xj : (4.5)For a 2 T�M; _xi((e�1)(a)) =Xj �jipi(a)and, consequently, (e�1)�( @@xi ) = @@xi +Xj;k pj( @@xi�jk) @@ _xk(e�1)�( @@pi ) =Xj �ij @@ _xj :Hence (e�1)��M =Xi;j �ij @@xi ^ @@ _xj +Xijk pl�ij( @@xi�lk) @@ _xk ^ @@ _xj : (4.6)It follows from 4.5 and 4.6 that (e�1)��M � dT� if and only if�lkpl @@xk�ij = �kj( @@xk�li)pl � �ki( @@xk�lj)plbut this is equivalent to 4.4.Now, we are ready for a proof of an analogue of Theorem 4.3.Theorem 4.5. A vector bundles morphism �:T�M ! TM de�nes a Poisson structureon M if and only if the following diagram is commutativeTT�M  �����M T�T�MT�??y T��x??TTM T�im(�)TM"0Mx?? "M??yTTM  ����T� T�TM : (4.7)



TANGENT LIFTS 17Proof. Commutativity of the diagram is equivalent toT� �g�M1 � T�� = "0M � T� � "Mand to the dual equality T� � (g�M1)� � T�� = "0M � T�� � "M :Since (g�M1)� = �g�M1 we get T�� = �T� and, consequently, �� = ��. It follows thatthere exists a bivector �eld � on M such that � = e�1. From Theorem 4.4 we have that �is a Poisson structure if and only if the diagram 4.7 is commutative.In the diagrams, T�� is a relation (not a mapping) and diagrams are in the category ofrelations.In order to illustrate the condition 4.7 let us consider the case of a linear Poisson structure.Let M = V be a vector space. We have obvious identi�cations:TV = V � T0V = V � V; T�V = V � V �;TTV = (V � V ) � (V � V ); TT�V = (V � V �)� (V � V �);T�T�V = (V � V �) � (V � � V ):With these identi�cations the canonical morphisms "M ; �M ;g�M1 look like follows:"V :T�TV 3 (v; w; a; b) 7�! (v; b;w; a) 2 TT�V;�V :TTV 3 (v; w;x; y) 7�! (v; x;w; y) 2 TTV;f�V 1:T�T�V 3 (v; a;w; b) 7�! (v; a;�w; b) 2 TT�V:A linear Poisson structure � is given by a mappinge�1:T�V 3 (v; a) 7�! (v; �(v; a)) 2 TV;where �:V � V � ! V is bilinear. We have for such �:Te�1: (v; a;w; b) 7�! (v; �(v; a);w; �(v; b) + �(w; a));T�e�1: (v; �(v; d); a; b) 7�! (v; d; a+ ��(b; d); ��(v; b));where �� and �� are conjugate to � with respect to the left and to the right argumentrespectively. The condition 4.7 reads as follows:The mapping e�1 de�nes a Poisson structure if and only if the following conditions aresatis�ed for each v; a; b:(1) �(v; b) = ���(v; b),(2) �(v; ��(b; a)) = �(�(v; a); b) � �(�(v; b); a);which means that ��:V � � V � ! V �is a Lie bracket.5. Tangent symplectic and Poisson structures. Let (M;�) be a Poisson manifold,where M is a manifold and � 2 �2(�M) satis�es [�;�] = 0. It follows from Theorem 2.5that (TM; dT�) is also a Poisson manifold:[dT�; dT�] = dT[�;�] = 0:



18 GRABOWSKI AND URBA�NSKIWe call dT� the tangent Poisson structure. Let be, in local coordinates,� = 12�ij(x) @@xi ^ @@xj ; �ij = ��ji;then dT� = �ij(x) @@xi ^ @@ _xj + 12 @�ij@xk _xk @@ _xj ^ @@ _xj : (5.1)The Poisson structure � de�nes a Poisson bracket ff; gg� = �(df ^dg) which provides thealgebra �0(�M ) of smooth functions with a structure of Lie algebra. The tangent Poissonstructure de�nes a Poisson bracket f; gdT� on TM which is characterized by the followingrelations: fdTf; dTggdT� = dTff; gg�;fdTf; vTggdT� = fvTf; dTgg = vTff; gg�;fvTf; vTggdT� = 0: (5.2)For a 1-form � 2 �1(�M ) we put �� = i��. For a function f the vector �eld �df is thehamiltonian vector �eld generated by f .Theorem 5.1. The tangent Poisson structure dT� is linear with respect to the vectorbundle structure in �M :TM ! M . Moreover, for �; # 2 �1(�) we have the followingformula: fiT�; iT#gdT� = iT(dh�; �^ #i+ i��d#� i�#d�): (5.3)Proof. It enough to proof the formula 5.3. We havefiT�; iT#gdT� = hdT�; diT� ^ diT#i == hdT�; dT� ^ dT#� dT� ^ iTd#� iTd� ^ dT#+ iTd� ^ iTd#i: (5.4)Since the 1-forms iTd� and iTd# are vertical, we havehdT�; iTd� ^ iTd#i = 0:Moreover, hdT�; dT� ^ dT#i = idT#idT�dT� == idT#dT(i��) = dT(h�; � ^ #i)andhdT�; dT� ^ iTd#i = hdT(��); iTd#i = idT(��)i�vT(d#) == �i�idT��vTd# = �i�vT(i��d#) = �iT(i��d#);where � is a second order vector �eld (see Section 2). Similarly,hdT�; iTd� ^ dT#i = iT(i�#�)and the theorem follows.Since dT� is a linear Poisson structure, it de�nes an algebroid structure in the dual vectorbundle T�M . The theorem provides an explicit formula for the Lie bracket in �1(�M ):f�; #g� = dh�; � ^ #i+ i��#� i�#�= $��#� $�#�� dh�; � ^ #i:This is exactly the well-known extension of a Poisson bracket to 1-forms.



TANGENT LIFTS 196. Canonical vector �elds. It is well known [Tu2] that for a symplectic manifold (M;!)the tangent structure (T; dT!) is also a symplectic manifold. We use Proposition 3.1 toget a simple proof that canonical vector �elds on a symplectic manifold are Lagrangiansubmanifolds with respect to the tangent symplectic structure.Proposition 6.1. Let X:M ! TM be a vector �eld on a symplectic manifold (M;!).The vector �eld X is canonical, i. e., $X! = 0 if and only if X(M ) is a Lagrangiansubmanifold of (TM; dT!).Proof. From the Proposition 3.1,$X! = X�dT!:Hence $X! = 0 if and only ifX�dT! = 0,but the last means that X(M ) is isotropic in (TM; dT!) and, consequently, Lagrangian (thedimension of X(M ) is equal to the dimension of M ).We have an analogue of this theorem for Poisson manifolds. To formulate it we need thede�nition of a Lagrangian submanifold of a Poisson manifold.De�nition. Let (M;�) be a Poisson manifold. A submanifold N � M is Lagrangian iffor each m 2 N e�1(TmN )o = e�1(T�mM ) \ TmN (6.1)Theorem 6.2. Let X:M ! TM be a vector �eld on a Poisson manifold (M;�). X iscanonical, i. e., $X� = 0 if and only if X(M ) is a Lagrangian submanifold of (TM; dT�).Proof.From Proposition 3.3, $X� = 0 if and only if, for f; g 2 C1(M ),hgdT�1(X�df); X�dgi = 0:On the other hand, X(M ) is Lagrangian if for each v 2 X(M )fgdT�1(X�df)(v)jf 2 C1(M )g = TvX(M ) \gdT�1(T�vTM ): (6.2)Since w 2 TvX(M ) is characterized by X�df(w) = 0, the inclusion 00 �00 is equivalent tohgdT�1(X�df)(v); X�dgi = 0:Thus, if X(M ) is Lagrangian then X is canonical. In order to prove that for a canonical Xthe submanifold X(M ) is Lagrangian, it is enough to show that the inclusion 00 �00 holds.Let be a 2 T�vTM . There are functions f; g on M such that a = dv(dTf) + dv(vTg). Wehave then (2.9) gdT�1(a) = dT(e�1df) + vT(e�1dg): (6.3)It follows that T�M (gdT�1a) = T�M (dT(e�1df) = e�1dmf; (6.4)where m = �Mv. Thus the tangent projections of vectors in TX(M ) \ gdT�1(T�TM ) arein the image of e�1. For a vector w 2 e�1(T�M ) there is only one vector v 2 TX(M ) suchthat T�Mv = w, namely, v = TX(w). Let be w = e�1dmf . The inclusion 00 �00 implies thatgdT�1(dX(m)(dTf � vT(Xf)) is tangent to X(M ). Since (6.3 and 6.4)T�MgdT�1(d(dTf � vT(Xf))(X(m))) = e�1dmf = w;we have gdT�1(X�df)(X(m)) = TX(w).



20 GRABOWSKI AND URBA�NSKI7. Tangent Poisson-Lie structures. Let M; N be di�erentiable manifolds. Since thereis a canonical identi�cation T(M � N ) ' TM � TN we have also canonical inclusionsV2TM �V2TN � V2T(M � N ) and �2(�M ) ��2(�N ) � �2(�N�M ). It is trivial task toverify, that if (M;�) and (N;�) are Poisson manifolds then (M�N;���) is also a Poissonmanifold. �� � is called the product Poisson structure. Finally, we recall the notion of aPoisson map. A smooth mapping ':M ! N is a Poisson map if^2T' � � = � � 'or, equivalently, T' � e� � T�' = e�;where e� = e�1, e� = e�1.Let (G;m) be a Lie group and let (G;�) be a Poisson manifold. We say that (G;m;�)is a Poisson-Lie group if the group multiplication m is a Poisson mappingm: (G� G;�� �)! (G;�)or, equivalently, Tm � (e� � e�) � T�m = e�: (7.1)We say in this case that � is multiplicative.Applying the tangent functor to 7.1, we getTTm � (Te�� Te�) � TT�m = Te�: (7.2)It is well known that (TG;Tm) is a Lie group.Theorem 7.1. Let (G;m;�) be a Poisson-Lie group. Then (TG;Tm; dT�) is also aPoisson-Lie group.Proof. We have to show that dT� is multiplicative with respect to Tm, i. e., thatTTm � (gdT��gdT�) � T�Tm = gdT�:Since, due to (2.6), gdT� = �G �Te��"G, it follows from functorial properties of � and " thatTTm � (gdT��gdT�) � T�Tm = TTm � �G�G � (Te�� Te�) � "G�G � T�Tm= �G � TTm � (Te�� e�) � TT�m � "Gand by (7.2) the required identity follows.Let g be the Lie algebra of the Lie group G. The tangent bundle TG can be trivializedby right or left translations: (Kr; �G):TG! g� Gor (�G;K l):TG! G� g;where Kr(K l) is the right-invariant (left-invariant) Maurer-Cartan form. The group struc-ture in TG is given by the formula(X; g) � (Y; h) = (X +Ad(g)Y; gh)in the right trivialization and(g;X) � (h; Y ) = (gh;X +Ad(h�1)Y )



TANGENT LIFTS 21in the left trivialization. The neutral element eT is represented by (0; e) in the right trivi-alization and by (e; 0) in the left trivialization.The Lie algebra Tg of TG is isomorphic as a linear space to g� g. This isomorphism isimplemented by the zero section jG:G! TG and the obvious embedding jg: g! TeG � TGand is given by the following formulag� g 3 (X;Y )! TejG(X) + T0jg(Y ) 2 TeTTG: (7.3)From now on we shall denote TejG(X) by _X and T0jg(Y ) by bY . We have the followingcommutation rules: [ _X; _Y ]Tg = [X;Y ]_g;[ _X; bY ]Tg = [ bX; _Y ]Tg =\[X;Y ]g;[ bX; bY ]Tg = 0:It follows that the Lie algebra Tg is a semidirect product gn g with respect to the adjointrepresentation in g of the Lie algebra g, i. e.,[(X;Y ); (X 0; Y 0)]gng = ([X;X 0]g; [X;Y 0]g + [Y;X 0]g):Theorem 7.2. Let be X 2 g and let X lG be the corresponding left invariant vector �eldon G. Then bX lTG = (X lG)v and _X lTG = (X lG)c;i. e., the corresponding to bX and _X left invariant vector �elds on TG are the vertical andcomplete lifts of X lG respectively. An analogous statement is true for right invariant vector�elds.Proof. The group multiplication Tm in TG is the tangent lift of the group multiplicationm in G. It follows that Tm(ug ; vh) = TLg(vh) + TRh(ug)where Lg and Rh are left and right translations by g and h respectively. The left translationLTug by ug in TG is therefore given byLTug (vh) = TLg(vh) + TRh(ug):It is easy to verify that (X lG)c(eT ) = _X and (X lG)v(eT ). Since the mapping (7.3) is a linearisomorphism, it is enough to show that vector �elds (X lG)c and (X lG)v are left-invarianton TG. In other words, we have to show that 
ows they generate commute with lefttranslations.The 
ow  t of the vertical lift is given by t(vh) = vh + tX lG(h);we have then LTug �  t(vh) = TLg(vh + tX lG(h)) + TRh(ug)= TLg(vh) + TRh(ug) + tTLg(X lG(h))= TLg(vh) + TRh(ug) + tX lG(gh) =  t � LTug (vh):We made use of the left-invariance of X lG.



22 GRABOWSKI AND URBA�NSKIThe 
ow of the complete lift (X lG)c is the tangent lift of the 
ow 't of X lG. We haveLTug � T't(vh) = TLg � T't(vh) + TR't(h)(ug)= T(Lg � 't)(vh) + TR't(h)(ug)and, since 't is the 
ow of a left-invariant vector �eld, i. e.,Lg � 't = 't � Lgand 't �Rh(g) = 't(gh) = Lg('t(h)) = R't(h)(g);we getT(Lg � 't)(vh) + TR't(h)(ug) = T('t � Lg)(vh) + T('t(h) �Rh)(ug) = T't � LTug (vh):8. Tangent Poisson-Lie algebras of Poisson-Lie groups. The Lie algebra of aPoisson-Lie group inherits a Poisson structure. We recall here a standard construction.More natural and more geometric one will be given in Section 10 (Proposition 10.4).Let (G;m;�) be a Poisson-Lie group. A Poisson structure � on a Lie group can beregarded, using the right trivialization of TG, as a mapping ��:G ! g ^ g. The Poissonstructure � is multiplicative if and only if �� is a 1-cocycle of G with respect to the adjointrepresentation of G in g ^ g. In particular, we have ��(e) = 0. The tangent mapping� = Te��:TeG = g! T0(g ^ g) = g ^ g;being a 1-cocycle of g, de�nes a cobracket (Poisson bracket on g). The pair (g; �) is calledthe tangent Poisson-Lie algebra of the Poisson-Lie group (G;m;�).Let (X1; : : : ; Xn) be a basis of the Lie algebra g. We can write� =X�ijXri ^Xrj ;where �ij are smooth functions on G and Xri are the corresponding right invariant vector�elds. We have then ��(g) =X�ij(g)Xi ^Xjand �(Xk) = hXk; d�ij(e)iXi ^Xj = 12cijk Xi ^Xj ;where cijk are structure constants of the Lie algebra g. The cobracket �: g! g ^ g may beregarded as a bivector �eld on g which de�nes a linear Poisson structure on g.De�nition. A Poisson-Lie algebra (g; �) is a Lie algebra g and a 1-cocycle (cobracket)�: g! g ^ g (with respect to the adjoint representation of g in g ^ g) such that it de�nes aPoisson structure on g or, equivalently, that the dual mapping ��: g� ^ g� is a Lie bracketon g�.The tangent Poisson-Lie algebra is an example of an abstract Poisson-Lie algebra. Forsimple connected Lie groups there is one-to-one correspondence between Poisson-Lie struc-tures on G and Poisson-Lie algebra structures on g. The Poisson-Lie algebra (g; �) canbe seen as a quadruple (g; g�; [�; �]; [�; �]�) and, for this reason, it is called sometimes a Liebialgebra.



TANGENT LIFTS 23Theorem 8.1. Let �: g ! g ^ g be the cobracket of the tangent Poisson-Lie algebra of aPoisson-Lie group (G;m;�). Then dT�:Tg! Tg ^ Tgis the cobracket of the tangent Poisson-Lie algebra of the tangent Poisson-Lie group(TG;Tm; dT�). The dual mapping(dT�)�: (Tg)� ^ (Tg)� ! (Tg)�is the Lie bracket on the tangent Lie algebra of (g�; ��).Proof. For any X 2 �r(�M ) and for any smooth function f 2 �0(�M ) we havedT(fX) = ��M (f)dTX + dTf � vT(X):Moreover, Y v(��Mf) = 0, Y v(dTf) = Y c(��Mf) = ��M (Y (f)) and Y c(dTf) = dT(Y (f)) forany vector �eld Y 2 �1(�M ).Now, let � = �ijXri ^Xrj and �(Xk) = 12cijk Xi ^Xj for a basis (X1; : : : ; Xn) in g. Wehave dT� = 2��G(�ij)(Xri )c ^ (Xrj )v + dT(�ij)(Xri )v ^ (Xrj )v= 2��G(�ij)( _Xi)r ^ ( bXj)r + dT(�ij)( bXi)r ^ ( bXj)r :The cobracket � on the Lie algebra of TG is given by the formulae�( bXk) = (Xrk)v(2��G(�ij))(eT ) _Xi ^ bXj + (Xrk)v(dT(�ij))(eT )cXi ^ cXj= ��G(Xrk(�ij))(eT ) bXi ^ bXj = Xrk(�ij)(e) bXi ^ bXj= hXk; d�iji(e) bXi ^ bXj = 12cijk bXi ^ bXjand �( _Xk) = (Xrk)c(2��G(�ij))(eT ) _Xi ^ bXj + (Xrk)c(dT(�ij))(eT )cXi ^ cXj= 2Xrk(�ij)(e) _Xi ^ bXj + dT(Xrj (�ij))(eT ) bXi ^ bXj= cijk _Xi ^ bXj(dT(f) is zero on the zero section). It follows that � = dT�.Let (G;m;�) be a Poisson-Lie group and let (g; [; ]; p) be its Lie bialgebra. Let us supposethat p is a coboundary (e. g. G is semisimple), i. e., thatp(X) = [X; r] = rij([X;Xi]^Xj +Xi ^ [X;Xj])for some r = rijXi ^Xj 2 g ^ g. It is known [Dr] that in this case the Poisson structure �on G can be written in the form � = rl � rr;where rl and rr are the left- and right-invariant 2-vector �elds corresponding to r. Since �is a Poisson structure, r must satisfy the generalized classical Yang-Baxter equationadX [r; r] = 0for every X 2 g. The bracket [r; r] is the algebraic Schouten bracket. An element of g ^ gwhich satis�es this equation is called a generalized r-matrix and the corresponding Poissonstructure � is called quasitriangular.



24 GRABOWSKI AND URBA�NSKITheorem 8.2. Let � = rl � rr be a quasitriangular Poisson-Lie structure on a Lie groupG with the r-matrix r = rijXi ^Xj, rij = �rji. Then dT� is a quasitriangular Poisson-Liestructure on TG with the r-matrix dTr = 2rij _Xi ^ bXj .Proof. Since � = rij(X li ^X lj �Xri ^Xrj ), we havedT� = 2rij((X li )c ^ (X lj)v � (Xri )c ^ (Xrj )v)= 2rij(( _Xi)l ^ ( bXj)l � ( _Xi)r ^ ( bXj)r) = (dTr)l � (dTr)rand it is easy to check that dTr is really an r-matrix.9. Tangent lifts of generalized foliations.De�nition. A generalized distribution on a manifold M is a subset S � TM such thatS(x) = S \ TxM is a linear subspace for each point x 2M . S is said to be smooth if it isgenerated by the familyX (S) = fX 2 �1(�M ): 8x 2M X(x) 2 S(x)gof smooth vector �elds, i. e., S(x) is spanned by fX(x):X 2 X (S)g.A smooth distribution is completely integrable if for every point x 2 M there exists anintegral submanifold of S, everywhere of maximal dimension, which contains x.The maximal integral submanifolds of a completely integrable distribution S form a par-tition of M , called the generalized foliation of M de�ned by S.Let us notice that for a completely integrable distribution S the family X (S) is a Liesubalgebra of the Lie algebra of vector �elds on M . The following theorem is due toH. Sussmann [Sus].Theorem. (Sussmann) Let S be a smooth distribution on M and let D � X (S) be a familyof vector �elds such that D spans S. The following properties are equivalent(1) S is completely integrable,(2) S is invariant with respect to 
ows exp(tX) of vector �elds X 2 D,(3) 
ows of vector �elds from X (S) preserve S.Theorem 9.1. Let S be a completely integrable generalized distribution. Then the distri-bution ST generated by the family fXv; Xc:X 2 X (S)g of vector �elds on TM is completelyintegrableProof. We have exp(tXv)(v) = v + tX(�Mv) and exp(tXc) = T exp(tX). Due to theformulae (exp(tXv))�Y v = Y v; (exp(tXv))�Y c = Y c + t[X;Y ]vand (exp(tXc))�Y v = ((exp(tX))�Y )v; (exp(tXc))�Y c = ((exp(tX))�Y )c;it follows that ST is invariant with respect to 
ows of Xc and Xv . >From the theorem ofSussmann, ST is integrable.De�nition. The tangent foliation FT of a generalized foliation F de�ned by S is thefoliation de�ned by ST.Proposition 9.2. If a 1-form � annihilates a completely integrable distribution S thenvT(�) and dT(�) annihilate ST.Proof. Let X 2 X (S). We have from Proposition 2.6 thathvT(�); Xvi = 0; hdT(�); Xci = dTh�;Xi = 0and hvT(�); Xci = hdT(�); Xvi = vT(h�;Xi) = 0:



TANGENT LIFTS 25Proposition 9.3. If a submanifold N �M is a union of leaves of the foliation F (N isF-foliated) then TNM = ��1M (N ) is FT-foliated.Proof. It is enough to prove Proposition in the case of N being a single leaf. Let F be a leafof FT. Since T�M (Xv) = 0 and T�M (Xc) = X for any vector �eld X on M , the tangentprojection �M (F ) of F is contained in a leaf of F . It follows that TNM is FT-foliated.Proposition 9.4. If F is a leaf of F then TF is a leaf of FT.Proof. It is obvious that TF � ST where S is the generalized distribution related to F . Wehave to show that TF is maximal. Since F is maximal, TxF = S(x) and S(F ) is spannedby vector �elds tangent to F . On the other hand it is easy to see that if X is a vector�eld on M , tangent to F on F , then dTX and vTX are tangent to TF on TF . Since STis generated by the family fXv; Xc:X 2 X (S)g, ST(TF ) = TTF , i. e., TF is an integralsubmanifold of ST which is clearly maximal.10. Symplectic foliations of Poisson manifolds.Let (M;�) be a Poisson manifold. The characteristic distribution S of � is generatedby hamiltonian vector �elds. It is well known that S is completely integrable and that �de�nes symplectic structures on leaves of S.Proposition 10.1. ST is the characteristic distribution of dT�.Proof. Since the vertical and tangent lifts of 1-forms on M generate the module of 1-formson TM it is enough to notice that (2.9)hvT(�); dT�i = (i��)v and hdT�; dT�i = (i��)c:and that, consequently, the characteristic distribution of dT� is generated by the completeand vertical lifts of hamiltonian vector �elds on (M;�), i. e., of vector �eld from X (S).The following theorem by Weinstein [We] describes the local structure of a Poisson man-ifold.Theorem. (Weinstein) Let (M;�) be a Poisson manifold of rank 2k at x0 2 M . Thenthere is an open neighbourhood U of x0 such that (U; �jU) is isomorphic to a product (N �V;�N ��V ) of Poisson manifolds where (N;�N ) is a symplectic manifold of dimension 2kand the rank of (V;�V ) is zero at z0, x0 = (y0; z0).The theorem of Weinstein shows that while analyzing only local properties of Poissonmanifolds it is enough to consider two cases:(1) � is regular,(2) � vanishes at a point.Theorem 10.2. Let (M;�) be a Poisson manifold.(1) If � is a regular Poisson structure of rank 2k then dT� is regular of rank 4k.(2) If � is of rank 0 at x0 2M then Tx0M is a Poisson submanifold of (TM; dT�) anddT� de�nes on Tx0M a linear Poisson structure (Kostant-Kirillov-Souriau struc-ture). It induces then a Lie algebra structure on T�x0 .Proof.(1) It follows from the theorem of Weinstein that we can choose local coordinates onMsuch that � = rXj;i=1�ij @@xi ^ @@xj ; �ij = ��ji; det(�ij) 6= 0where �ij are constant. Hence, in the adopted coordinate system,dT� = 2 rXj;i=1�ij @@ _xi ^ @@xj :



26 GRABOWSKI AND URBA�NSKI(2) We have locally�(x) =Xj;i �ij(x) @@xi ^ @@xj ; �ij = ��ji; �ij(x0) = 0and dT�(x0; _x) =Xj;i;k @�ij@xk (x0) _xk @@ _xi ^ @@ _xj :Hence Tx0M is a Poisson submanifold with the Poisson bracketf _xi; _xjg = 2Xk @�ij@xk (x0) _xk:Corollary. If � is of rank 0 at x0 then the Poisson structure dT� on Tx0 is given by theformula dT�(v) = vT($ev�)(v); v 2 Tx0M;where ev 2 �1(�M ) is such that ev(x0) = v.Proof. Since �(x0) = 0 it follows that dT�(v) is vertical and, consequently,vT(ev�dT�)(v) = dT�(v)(see Section 3). It follows from Theorem 3.2 thatdT�(v) = vT($ev�)(v):The following two propositions complete our discussion on the structure of the tangentPoisson manifold.Proposition 10.3. Let f be a local Casimir of �, i. e., �(df; �) = 0. Then vT(f) anddT(f) are local Casimirs of dT�.Moreover, if � is regular at x 2 M with symplectic leaves determined by Casimirs(f1; : : : ; fn), then � is regular at v 2 TxM with symplectic leaves determined by Casimirs(��M(f1); : : : ; ��M (fn); dTf1; : : : ; dTfn).Proof. It follows from (2.9) that if f generates a zero-hamiltonian �eld then also ��Mf anddTf generate the zero-hamiltonian �eld on TM , i. e., they are Casimirs.Let x 2M be a regular point of � with the symplectic foliation in the neighbourhood of xde�ned by Casimirs (f1; : : : ; fn). We may assume that df1; : : : ; dfn are linearly independentat x. It follows that (d��M (f1); : : : ; d��M (fn); ddTf1; : : : ; ddTfn) are linearly independent atv 2 TxM . Since the rank of dT� is 2(dimM � n) (Theorem 10.2) the theorem follows.If (G;�) is a Poisson-Lie group then �(e) = 0 and identifying g with TeG we get aPoisson structure on g induced by dT�.Proposition 10.4. The Poisson structure on g induced by dT� is equal to the Poissonstructure de�ned by the cobracket of the tangent Poisson-Lie algebra.Proof. Let (xi) be a coordinate system on G centered at e, i. .e, xi(e) = 0. It de�nes abasis (Xi) of the Lie algebra g, Xi = @@xi (e). We have then� = �ij @@xi ^ @@xj = �ijXri ^Xrj



TANGENT LIFTS 27and �ij = �ij + �ij:The induced cobracket � is given by�(Xk) = @�ij@xk (0)Xi ^Xj :On the other hand, dTjTeG = @�ij@xk (0) @@xi ^ @@xj = @�ij@xk (0)Xi ^Xjand �ij(0) = �ij(0) = 0;@@xi �Xri = akiXri ;where aki (0) = 0. It follows that�ij = �ij + �ilajl � �jlail + 12(aikajl � ajkail)�kl:Hence @�ij@xk (0) = @�ij@xk (0):11. Examples.Example 1On su(2)� ' R3 consider the linear Poisson structure� = z @@x ^ @@y + x @@y ^ @@z + y @@z ^ @@x:The symplectic foliation of R3 is the union of 2-dimensional spheres x2 + y2 + z2 = r > 0and the origin (0; 0; 0) as a 0-dimensional leaf. It is regular outside the origin and is de�nedby the Casimir f(x; y; z) = x2 + y2 + z2.The tangent Poisson structure is given by the formuladT� = z( @@ _x ^ @@y + @@x ^ @@ _y ) + x( @@ _y ^ @@z + @@y ^ @@ _z ) + y( @@ _z ^ @@x + @@z ^ @@ _x )+ _z @@ _x ^ @@ _y + _x @@ _y ^ @@ _z + _y @@ _z ^ @@ _x:The symplectic foliation of TR3 is regular outside T0R3 and it is determined by two Casimirsf0(x; y; z; _x; _y; _z) = x2 + y2 + z2; f1(x; y; z; _x; _y; _z) = x _x+ y _y + z _z:The tangent space T0R3 ' R3 has a linear Poisson structure_z @@ _x ^ @@ _y + _x @@ _y ^ @@ _z + _y @@ _z ^ @@ _x:which is equal to �.



28 GRABOWSKI AND URBA�NSKIExample 2In this exampleM = R4 and � is the following quadratic Poisson structure:� = x1x3 @@x3 ^ @@x2 + x1x4 @@x4 ^ @@x2 + x2x3 @@x1 ^ @@x3+ x2x4 @@x1 ^ @@x4 + (x23 + x24) @@x2 ^ @@x1 :This structure is degenerated at points of the linear subspace x3 = x4 = 0 and regularoutside it. The symplectic foliation is the intersection of the ,,book" foliation generated byvector �elds x3 @@x3 + x4 @@x4 , @@x1 and @@x2 , consisting of 3-dimensional half-spaces sewedup along the 2-dimensional edge x3 = x4 = 0 of 0-dimensional leaves, and the sphericalfoliation.The unit sphere S3 = fx:Px2i = 1g we identify with the SU (2) group by(x1; x2; x3; x4) 7�! �x1 + ix2 �x3 + ix4x3 + ix4 x1 � ix2 � :With this identi�cation, the tensor � restricted to S3 de�nes a Poisson-Lie structure onSU (2). This structure is quasitriangular with the generalized r-matrixr = @@x3 ^ @@x4 2 su(2) ^ su(2):Here we used identi�cations su(2) = TeSU (2) ' T(1;0;0;0)S3;so in the matrix form,r = X ^ Y with X = �0 �11 0 � ; Y = �0 ii 0� 2 su(2):It is worthy noticing that this Poisson-Lie structure is related to the quantum SU (2) groupof Woronowicz (cf. [Gr]).Singular points on S3 form a 1-dimensional circle x21 + x22 = 1; x3 = x4 = 0 whichcorresponds to the Cartan subgroup (maximal torus) of SU (2). At a singular point x =(cos'; sin'; 0; 0), the tangent space TxS3 carries a linear Poisson structure induced by dT�dT�jTxS3 = cos(')( _x4 @@ _x4 ^ @@ _x2 + _x3 @@ _x1 ^ @@ _x2 ) + sin(')( _x3 @@ _x1 ^ @@ _x3 + _x4 @@ _x1 ^ @@ _x4 )associated with the Lie bracket f _x1; _x3g = sin(') _x3;f _x1; _x4g = sin(') _x4;f _x2; _x3g = � cos(') _x3;f _x2; _x4g = � cos') _x3:In particular, on TeSU (2) = T(1;0;0;0)S3 we have_x4 @@ _x4 ^ @@ _x2 + _x3 @@ _x3 ^ @@ _x2 :



TANGENT LIFTS 29It follows that the cobracket � of the tangent bialgebra of the Poisson-Lie group SU (2)is given by �( @@ _x4 ) = @@ _x4 ^ @@ _x2 ; �( @@ _x3 ) = @@ _x3 ^ @@ _x2 ; �( @@ _x2 ) = 0and the associated Lie bracket on su(2)� is given byf _x4; _x2g = _x4; f _x3; _x2g = _x3; f _x4; _x3g = 0:We recognize this structure as the structure of the Lie algebra sb(2; C ) of 2� 2 traceless,upper triangular complex matrices with real diagonal elements.The introduced Poisson-Lie structure on SU (2) de�nes then the group SB(2; C ) as thedual group. It is not di�cult to verify that the corresponding double group can be identi�edwith SL(2; C ) with SU (2) and SB(2; C ) canonically embedded as subgroups.12. Conclusions. In this paper we tried to show the importance of the concept of tangentstructures. The next step should be the analysis of multitangent constructions, importantfor classical �eld theory (multiphase approach) and classical mechanics, of extended objects.As we have seen, the conditions discussed in Section 4 are, in fact, compatibility conditionsof tangent and canonical structures. This idea can be applied in more general situations likein nonrelativistic, time dependent mechanics, where the structure needed is more generalthan Poisson or symplectic one ([Ur]).References[By] G. Byrnes, A complete set of Bianchi identities for tensor �elds along the tangent bundle pro-jection, J. Phys. A: Math. Gen. 27 (1994), 6617{6632.[Co1] T. Courant, Tangent Dirac structures, J. Phys. A: Math. Gen. 23 (1990), 5153{5168.[Co2] T. Courant, Tangent Lie Algebroids, J. Phys. A: Math. Gen. 27(13) (1994), 4527{4536.[Co3] T. Courant, Tangent Poisson Structure, unpublished.[Dr] V. G. Drinfeld, Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaningof the classical Yang-Baxter equation, Soviet Math. Dokl. 27(1) (1983), 68-71.[Gr] J. Grabowski, Quantum SU(2) group of Woronowicz and Poisson structures, Di�erential Ge-ometry and Its Applications (J. Jany�ska and D. Krupka, eds.), Proc. Conf. Brno (1989), WorldScienti�c, 1990, pp. 313-322.[KMS] I. Kol�a�r, P. W. Michor amd J. Slovak, Natural Operations in Di�erential Geometry, Springer-Verlag, 1993.[MCS1] E. Mart��nez, J. F. Cari~nena and W. Sarlet, Derivations of di�erential forms along the tangentbundle projection, Di�. Geom. Applic. 2 (1992), 17{43.[MCS2] E. Mart��nez, J. F. Cari~nena and W. Sarlet, Derivations of di�erential forms along the tangentbundle projection II, Di�. Geom. Applic. 3 (1993), 1{29.[MCS3] E. Mart��nez, J. F. Cari~nena andW. Sarlet,Geometric characterization of separable second-orderdi�erential equations, Math. Proc. Camb. Phil. Soc. 113 (1993), 205.[Mi] P. W. Michor, Remarks on the Schouten-Nijenhuis bracket, Suppl. Rend. Circ. Mat. Palermo,Serie II 16 (1987), 207{215.[MFLMR] The inverse problem in the calculus of variations and the geometry of the tangent bundle, PhysicsReports 188 (1990), 147{284.[PiTu] G. Pidello andW. M. Tulczyjew,Derivations of di�erential forms on jet bundles, Ann.Mat.PuraAppl. 147 (1987), 249{265.[Sus] H. J. Sussmann,Orbits of families of vector �elds and integrability of distributions, Trans. Amer.Math. Soc. 180 (1973), 171{188.[Tu1] W. M. Tulczyjew, Hamiltonian systems, Lagrangian systems, and the Legendre transformation,Ann. Inst. H. Poincar�e 27 (1977), 101{114.[Tu2] W. M. Tulczyjew, A symplectic formulation of relativistic particle dynamics, Acta Phys. Pol. B8 (1977), 431{447.[Ur] P. Urba�nski,A�ne Poisson structures in analytical mechanics, Quantizationand In�niteDimen-sional Systems (J.{P. Antoine and A. Odzijewicz, eds.), Plenum Press, New York and London,1994, pp. 123{129.[We] A. Weinstein, The local structure of Poisson manifolds, J. Di�erential Geometry 22 (1983),523{557.Institute of Mathematics, University of Warsaw, Banacha 2, 02-097 Warsaw, Poland
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