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ABSTRACT. The derivation d7 on the exterior algebra of forms on a manifold M with values
in the exterior algebra of forms on the tangent bundle T'M is extended to multivector fields.
These tangent lifts are studied with applications to the theory of Poisson structures, canonical
vector fields and Poisson-Lie groups.

0. Introduction. A derivation dt on the exterior algebra of forms on a manifold M with
values in the exterior algebra of forms of the tangent bundle TM plays essential role in
the calculus of variations ([Tu]) and, in particular, in analytical mechanics. The derivation
dyw of the symplectic 2-form of a symplectic manifold (M, w) provides the tangent bundle
TM with a symplectic structure. The concept of a generalized hamiltonian system can be
introduced as a Lagrangian submanifold of (TM,dtw). The infinitesimal dynamics of a
relativistic particle is an example of such a system. The derivation dt has also an aspect of
the total Lie dervative: £xu = X*drp (Theorem 3.2). The aim of this paper is to extend
dT to the exterior algebra of multivector fields and to establish relations related to Poisson
structures which correspond to the mentioned above relations in symplectic geometry. In
first two sections we concentrate on the definition of dt in a more general than usual (i. e., as
a commutator [iT, d]) framework, which gives a possibility to define dT on multivector fields.
The basic property of dt is that it commutes with the Schouten bracket, what corresponds
to the fact that dv commutes with d on forms. In Section 3 we show that, as in the case of
forms, dt plays the role of the total Lie derivative. As a consequence, we can describe in
Section 6 a canonical vector field on a Poisson manifold as a Lagrangian submanifold with
respect to the tangent Poisson structure introduced in Section 5.

The derivation dt helps to identify vector bundle morphisms v: T*M — TM, which
correspond to Poisson structures (Theorem 4.4). This identification is complementary to
ones expressed in terms of the Jacobi identity and the Schouten bracket. What is important,
the condition for v is expressed in terms of objects and morphisms and does not require any
additional, general operations like exterior derivative and the Schouten bracket. Hence, it
is a subject for functorial treatments.

The presentation of the tangent Poisson structure in Section 5 is close to the one given
Courant in [Col,C02,Co03]. The remaining part of the paper is devoted to the tangent lift
of Poisson-Lie structures and to the analysis of the symplectic foliations of tangent Poisson
manifolds.

Classification PACS: 02.404+m, 03.204+i.
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2 GRABOWSKI AND URBANSKI

This work 1s a contribution to a program of geometric formulations of physical theories
conducted jointly with W. M. Tulczyjew.

1. Geometric preliminaries.

Let M be a smooth manifold. By T3: TM — M we denote the tangent fibration and
by 7ty T"M — M the cotangent fibration. For » = 0,1,2,..., we define exterior prod-
uct bundles A" TM and A" T*M with the canonical projections N TM — M and
e N T*M — M respectively. For r = 0 we have /\0 TM ~ /\0 TM ~ M x R.

There is a collection of canonical pairings

(he N TM xar \ TFM — B
By applying the tangent functor to these pairings, we obtain tangent pairings
OV TA TM e TA T M — TR = ToR = R
We used the canonical identification of bundles
TA TM xrar TA TEM = T(N\ TM xor \ THM).

Let () be a local coordinate system in M. In bundles A" TM, A" T*M, TA” TM and
TA" T*M we have adopted coordinate systems
(xi’ l.;jlmjr)’ (l‘i,pjler), (xi’ i‘jlmjr’ 6xk’ 51'311..%) and (l‘i,pjleﬁ ikapl1.~~lr)
respectively, where j; < j» < .-+ < j,, etc. . In these coordinates the introduced pairings
read as follows:

<’>§W:((lzi’i;jlmh)a(xiaphmlr)) = Z izjlijpjlmjr
J1<ja< - <jr

and

<a >/TTM: ((lJa l.;jlmjra 6$ka 6ill...lr)a ($iapj1~~~jr’ 6xkapl1...lr)) d

R L. Y R PR
E (6% "Pjrge T D1 jn)-
J1< - <jr

For each manifold M there is a canonical diffecomorphism (cf. [Tul])
kp: TTM —TTM
which 1s an isomorphism of vector bundles
T VIM —TM and Trp: TTM — TM.
By aas we denote an isomorphisms
ap: TT*M = T*TM
of vector bundles

Tra: TT*M — TM and mray: T"TM — TM,

dual to ks with respect to pairings {, )5, = <,>’-1rM and {,)1ar = ()3,

(v, am (W) o = (£ (v), W)y
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In the following, by €3 we denote a7} . In the introduced above local coordinates in TTM
TT*M and the adopted from (2%) coordinates (%, 2/, 7, 7) in T*TM, we have

(x', &9 6x* 6"y o kpp = (¢, 607 &%, 6i")

and . . . .
(lzlal.;]aﬂ-ka#l) O Qp — (xlai;]apkapl»

Now, we generalize these morphisms to the multilinear case. Let A}, be the wedge
product mapping

A, ¥ TM = N\ T
We apply the tangent functor to this mapping and we get
TN, T x%, TM =T\ T
Since k3 extends to an isomorphism of vector bundles
X"ky Xy, TTM — X TTM =T x5, TM,

we get also

T/\M o(x"ky): X, TTM = TN\ TM.

It is easy to verify that this mapping is multilinear and skew-symmetric and, conse-
quently, defines a morphism &%, of vector bundles over TM:

whre \ TTM — T\ TM. (1.1)
In other words,
Ky o /\TM = T/\M o X K,
1. e., the following diagram i1s commutative

r

A
xpo TTM = A" TTM
XT/{Ml ln?w . (1.2)

TA,
Txg, TM —2L TA'TTM

Of course, K?le = kpr and for a simple r-vector vy A --- A v, on TM we have
r r r
“hi(vr A A = T/\M(KM(M), (7).
In local coordinates &%, reads as follows:

(l‘l, l‘,h...]r’ (Sxk’ (Sl"ll"'lr) o K?M — (xl.’ 6x]1...]r’ i‘k, § :(Sl‘ll"'lm_l A Splm A (Sl‘lm"'l"'lr),

m

where (2%, 2/, §xk1kn A §zln+1--Ir) are adopted coordinates in A"TTM, with the obvious
identification

(Sl‘llmlm_l A (Sl.‘lm A 6xlm+1...lr — (_1)7‘—m6xll...lm_1lm+1...lr A (Sl.‘lm.

Let ? ?W_Z be the wedge product

i/\j\;i:/\iTM X 1 /\T_iTM — N\ T
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From the diagram (1.2) we easily get that the diagram

i r—i K X Ky i r—i
NTTM xtye N TTM TATM xtm TA ' TM
Z/\Tl—?\}l Ti/\;“w—zl (13)
NTTM LD SR TN TM

is commutative.
In order to define ¢’;, a counterpart to %, we consider first the mapping

TN, © (<7 en): X, TTM — TA'T*TAL,
Since it is multilinear and skew-symmetric, 1t defines a mapping
e \ T TM — TN T M
and, as in the case of «';, we have

r r
5?\40/\ :T/\T[ ox"ep,

Ty M
1. e., the diagram
Xpe TYTM A N T*TM
on| B (L4)
Txh T'M M TN T'M

1s commutative.
Let (2!, &/, 7F1-%n A glnt1--1r) be the adopted coordinate system in A" T*TM. We have

i o v i . : :
(', pj1 g, &%, 0. 0, ) 0y = (', Ty 4, &7, E Tty N Ty AN Ty 1)
m

Here we identified 77, 1,,_, A mr,, A7, .0, and (=1)m=Llm, A LU PO Y SR

We have also a commutative diagram

r—1

. . gi X € . .
NTTM xty AT 22 0 TATRM xpy TA T T M
NTHTM S S TA' T M

By %, and ¢'," we denote vector bundle morphism
TN TM — N\ T T,

and

e TN TM — \'TTw,

dual to %, and £}, with respect to pairings (, )5, and (,)5;,. We have, in particular,

/ - /
ki =Ky =ey = ay and €, = Ky
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Functorial properties

It is known that x3; and app are natural transformations of iterated functors TT, TT*
and T*T, i. e., that for every morphism w: M — N we have

knyoTTe =TTypokyy,
ap o TT o = T*Tpoay,
TT poeny =ep o T Te. (1.6)

Note that T*¢ is, in general, not a mapping but a relation only, with the domain Tz(M)N
and codomain (ker T¢)?. Morphisms

ANTe: N T — ATV
AN T o N TN = N\ T
NTeo N =\, oxTe

NT oo N =N\, ox T,

Theorem 1.1. For o: M — N we have

and

are defined by relations

and

wvo \ TTe=TA Teory

and

TA Trpoey =chro \ TH o
Proof. From the definition of &% it follows that
o \ TTpo /\:M = Ky o /\:N ox"TTy = T/\jv ox"ky o x TTy

= T/\N ox"(kyoTTy) = T/\N ox"(TTpoky) = T/\N ox"TTpo x"kyr.

Since . . -
/\ Tgpo/\M = /\No x" T,
we get
TA Teo T/\jw = T/\:V ox"TTp
and

T/\No x"TTp o x"kyp :T/\ TgpoT/\Mo X" Kar :T/\ TgpomMo/\TM.
This completes the proof of the first identity. The proof of the second one is analogous. m
We have also the dual identities:
Theorem 1.2. For o: M — N we have
Khy' o T/\TT*go = /\TT*Tgo okl

and

/\TTTgp o 53“\4/ = 5?\7/ o T/\TTgo.
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2. Derivation dt of differential forms and multivector fields.

In this section we refer to the theory of derivations of differential forms as presented

in [PiTu].
Definition. Lel ® = @;ozo D! and ¥ = @;ozo V¢ be commutative graded algebras and
let p® — U be a graded algebra homomorphism. A linear mapping a:® — VU is called a
p-derivation of degree r if:
a(q)‘I) C \I,q+r
and
a(pAv) = alp) A p(v)+ (=1)" p(p) Aa(v),
where ¢ = degree p.

Let M be a manifold and let 7: & — M be a vector fibration. By ®(7) we denote the
graded exterior algebra generated by sections of 7. For 7 = 13y we get the graded algebra
of forms on the manifold M and for 7 = Ty;- the graded algebra of multivector fields on M.

Let be p € ®"(mpr), i. e, p is an r-form on M. The wertical lift of y is an r-form

vi(p) € @ (rrar), vr(p) = thp, i e, vy(p) is the pull-back of p with respect to the
projection Tps. Since the pull-back commutes with the wedge product, the mapping

VT <I>(7TM) — <I>(7TTM)

is a homomorphism of graded commutative algebras.
A second order vector field T on M is a vector field on TM such that

Ty ol =idtayr = (Try) o

or, equivalently, k3r o I' = I'. In adopted local coordinates,

. 5 0 L0
I(z,2)= xka? + fk(x,x)a?
),

The contraction of the vertical lift of a form y € @ (7as
on the choice of the second order field I'. We define

r > 0, with T does not depend

) { ir(vrp) € @~ Ymrar), forr >0
T =
0 for r = 0.

The tangent lift dyp of u € ®(myr) is defined by
drp = ditp + itdp = Lrvr(p).
Since £ is a derivation in ®(mrras) and vy is a homomorphism of graded algebras, it
follows that dt is a vy-derivation of degree 0.
If, in local coordinates, pu = uilmirdxil A - --Adzi then

drp(e, &) = %(x)xkdx“ A Adz' + Zﬂil...ir(l’)dl’“ A Adatm AL det (2.1)

for » > 0 and

: 7, i
dyp(e, ) = 3:‘2 (x)&

for r = 0.
The operation i1, which is, in fact, a vy-derivation of degree —1, can be defined in a
more intrinsic way. An r-form g, r > 0, defines a vector bundle morphism

r—1
ﬁlzTM—>/\ T M:v— iyp
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and the following formula holds:
= ()05 (2:2)

where 9}“‘4_1 is the canonical (Liouville) (r — 1)-form on /\T_lT*M, The Liouville form is
defined by
gylzl(a)(vla cey Ur—l) = a(TTfM(Ul), .. ~T7TM(U7'—1))~

Let us notice also that for » = 0 we have dtu(v) = {v,dp) (¢ is a function).
The tangent lift dty can be defined more directly by means of the tangent functor. Let
us fix 0 < i < r. An r-form g on M defines; in an obvious way, a vector bundle morphism

N TM = AT
Now, we define k%, and &}, for r = 0. We have A°TM = A\°T*M = M x R. We define
Ry =S N TTM = TM x B — TN TM = T(M x B) = TM x B x TgR
by
(«', @ 1, 1) o kG = (2%, 47,0,1).

The dual mapping K??W/Z T/\OTM — /\OTTM is given by

(x', &7 ) o /f?\/[/ = («', &', 1).
<

Theorem 2.1. Let be p € ®"(mtpr) and 0 < i < r. The following diagram is commutative

X T i
TATM 2 TA T M

wir | (wh Y | . (2.3)
NTTM A N IR M

Proof. We show first that there exists D(u) € ®"(7ras) such that
D() = (w57") o Tii o iy
In order to do this, we apply the tangent functor to the commutative diagram

N TM S N R

‘'] Sl (2.4)
; — i’ x id rei rei
NTM sy NiTe - 2229 T*M xp N7 TM

and, since the diagram (1.5) is commutative, we get the following commutative diagram

r

NTTM _fu TA'TM

wirt| T (Y] (25).
Ta x id

drpu R

. . (NN . . . .
NTTM s, N 7TTM X2 T AT« TAT T TA T M %, TN TM
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Here we regard 0-forms as functions rather than sections of /\Obeundles. It shows that

for u € /\iTTM and v € /\T_iTTM we have

(TH' o iy (w), w57 (0)) Ta = dTE" 0 Ky (u A v)
and, consequently,
A o Ky (u A v) = (7Y o T 0 kg (), )3
It follows that D(p) exists and D(u)(-) = d74" o k%,. Since in local coordinates
ﬁr($a $) = /'Lil...irizilmira
we get

Opiy. i,
oxk

dTﬁT(x,jv,éx,éi*) = (m)éxkgb““'“ + /Jil,,,“(l‘)(si‘il“'”

and

dT/JT o K;«W — /g;l.c.zr (l‘)l‘kél‘“”'“ + Zﬂil...ir(l‘)él‘“mlm_l A Sitm A Spimti e
m

The right hand side in this formula corresponds precisely the right hand side in (2.1). Tt
follows that dyu” o K}y = dtpt and this completes the proof. m

Derivations of multivector fields and the Schouten bracket.

A similar construction can be done in the case of multivector fields. Let be X € ®"(tpr).
As in the case of forms, we have a family of contraction mappings

TEANT ™M= N\ T

Theorem 2.2. There is a uniquely defined multivector field dvX € ®"(t1pr) such that
X = (&5 o TX 06y

fore=01,...,r, ©. e., the following diagram is commutative

TAT M 12X TA - TM

o | Gl I (2.6)
ANT*TM drx N7TTM
The proof goes on like the proof of Theorem 2.1. In particular, we get

CT:r\)/(r = dT)?T OE?W,

dTX(al, . ..,ar) = dT)?T(EMal A - ~~/\€Mar).

Now, writing in local coordinates

N
6%’1 61‘2'T

X — Xlllr(x)
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and p = Pil...del‘il AN A dx”,we have
) = X,
and
~ . axil...ir
k .
dTXT(xZ’x s Wiy i N 7Tim+1...ir) = W

+ E XUt ()T, iy N T N Ty i
m

(x)i* 7, o+

B GXir i P, 0 i 0 0 0
drX = e (x)& 31‘“/\.”/\81»“—1—;)( (x)ai‘il/\.../\al‘im/\.../\ai‘ir.

Now, let X be a simple r-vector field, 1. e.;, X = X; A--- A X, for some vector fields
X; € ®(tyr). We can consider X" as a multilinear, skewsymmetric function on XMT*M
1 P

X'ay, ... a,) = Y (=17 Xy (1) Xogr) (ar).
gES,

. . _ * . .
Since dt is a vy = TXrT*M—derlvatlon on forms, we have

drX" = > (=17 Y v (Xoqy ) dr(Xogm) ) VT (Ko )
gES, m
and
e~ 1 1 1
dtX = Z (—1)0 Z(VT(XO'(l) )) OEA -+~ (dT(Xa(m) )) OEM - '(VT(XU(T) )) oEM.
gES, m

Let Y € ®!(tp) be a vector field on M. Functions VT(}~/1) o epr and dT(?l) o epr are
linear functions on T*TM and define vector fields on TM. In local coordinates we have for

Y =V?

8902»:
Yi(z,p) =Y (x)p; and vr(Y')(x,p,&,p) =Y (x)p:.
Hence, from the definition of 7,
vi(YYoep(x, &, m, 7) = Vi)

It follows that vr(Y1!)oepy = 37;1, where YV = Yl(ar:)ai is the wvertical lift of Y. The
xl

vertical lift ®!(tp) 2 Y — YV € ®l(7rp) is linear and can be extended in a unique way
to a homomorphism vt of graded algebras

VT CD(TM) — CD(TTM).

The vertical lift YV is the generator of a one-parameter group (¢*) of diffeomorphisms (a
flow) of TM defined by
Vi(v) = v+ tY (T (v)).

In a similar way we get

)

N o N .
drY' (e, p,&,p) = Y (2)p; + 5 (x)pii”
Tk
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and '
dT?loEM(xghw,#):3”(xﬁn4—5;?@ﬂik#,

~ ~1
It follows that dTY ! oepr = Y |, where

o oyt .0
9 T ger W 55

Ye(x, &) =Y(x)

is the complete lift of Y. The vector field Y¢ is the generator of the (local) one-parameter
group of diffeomorphisms Te': TM — TM, where (¢') is the flow generated by the vector
field Y.

Thus we have proved the following theorem.

Theorem 2.3. The mapping
dt: CD(TM) — CD(TTM)

is a vy-derivation of degree 0 with dT(Y) =Y* for Y € ®(ty).
The following is a well-known theorem.

Theorem 2.4. The Lie bracket of vertical and complete lifts satisfy the following com-
mutation relations

[Xvayv] =0,
XY = [Y. YT
X Y] = [X, Y] e

The Lie bracket of vector fields can be extended to a graded Lie bracket on the graded
space ®(Tpr) of multivector fields — the Schouten bracket [-,-]. In this graded Lie algebra
the space ®" () is of degree (r — 1). Let be X € ®"(tps). Then

[X,YAZ] = [X,Y]AZ+(=1)*"" VY A[X, Z]

forY € ®*(ty), i. e, adx is a graded derivation of degree (r—1) of the graded commutative
algebra ®(tar). The mapping

ad: (®(tar), [, -]) — Der(®(tar), A)

is a homomorphism of graded algebras. For simple multivectors we have the following

formula (cf. [Mi]):

[X1A- AN, YiA-AY] =D (=1 H X VIAX A X AX i1 A AY A A Y
i

(2.8)

Theorem 2.5. The derivation dt commutes with the Schouten bracket, 1. e.,

[drX,dTY] = dr[X, Y],

Proof. Let be X = X3 A---AX,. By (X1,...,X,)n we denote a p-vector field X7 A--- A
Xy A ANX) and by (X, . ., Xp) a (p — 1)-vector field as above with the i-th factor
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omitted. We have then dtX = Y ¥_ (Xi,...,X,);. From the formula (2.8) and Theorem

23 we get, for Y =Y A---AY,,

n=1 m=1
14 q
=2 D M X, (Ve Y] =
n=1m=1
14 q ) )
=> > ()" XL Y IA (XL, X A(YL, L Y )+
n=1m=1 iZm
+( 1)n+m[chancz] (Xl""’Xp)Z/\(Yl""’yp)m"i'
3TN VLA (K, X A (Ve Yo | =
iZm
_Z PN, VA D (X, X g AL - Yyt

m#j
+(_1)”+m[xn,y A (X, LX) A (Y, Y+

+Z DG Vo) A (X1, X A (Ve Y

On the other hand,
AT, YT =) (D)X YIOA (X, Xp)i A (YL Y )+

i
+Z DXL YA (X, X)) A Y
m#i
+Z DX YA (X, XA (YL YY)l
n#j

and the required equality follows. u

The rules of contractions for lifts of forms and vector fields we list in the following

Proposition.
Proposition 2.6. For u € ®'(myr) and X € ®(tpr) we have

(vr (), v (X)) = (T, X7)

(drp, vi(X)) = {vrp, d7(X)) = vr((p, X)) = < X),
)-
)

<dTﬂadTX> = dT(<ﬂa >

These formulas can be easily generalized for X € ®"(tpr) (or p € " (mpr)). We obtain

de . .
(dT X, v1p) (de/) iy (drX = vr (i, X),

de . .
(X, drpy “E iy dTX = dr(iX),

def) .
ter(X), v () Sy v X =0 (2.9)

for X € ®"(tpr), p € ®L(mar) and also
(dTp,d7X) =0 for ped (my), X € ® (1), r > 2.
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3. Lie derivations of forms and multivector fields. The derivation drt is strictly
related to the Lie derivation in the algebra of differential forms.

Proposition 3.1. [PiTu] Let X: M — TM be a vector field on M. Then we have

Lxp= X drp. (3.1)

Proof. Since X™*:®(mry) — ®(mpr) is a homomorphism and dv: ®(my) — ®(71as) is a
v1-derivation, the mapping

X*dr: ®(mpr) — () (3.2)

is also a derivation. It follows that it 1s enough to verify the formula for functions and their
differentials. We have for a function f on M

X*drf=drfoX = (X,df) = X(f)

and

X*drdf = X*ddrf = d(X*drf) = d(X(f)) = £xdf.

To get an analogue to this proposition in the case of vector fields, we need an analogue
of the pull-back of forms with respect to a vector field. Let X be a vector field on M. We
have the decomposition of T x(37)TM into horizontal (tangent to X (M) ) and vertical parts

The canonical projection Tx TM — VxTM we denote by Px. Let Y € ®!(tra) be a
vector field on TM. By X*Y we denote the unique vector field on M such that

vi(X*Y)|x () = PxY. (3.4)
The mapping Y — X*Y has the unique extension to a morphism of graded algebras
X*:®(trar) — ®(Tar). (3.5)

Theorem 3.2. Let X: M — TM be a vector field on M. For each A € ®(Tpr) we have
the following formulae:

Lx)=X*drA

and
A= X*vr.

Proof. Since X*: ®(t1ar) — ®(Tpr) is a homomorphism and dt: ®(tp) — P(Trar) is a
vr-derivation the mapping

X*d1: ®(tar) — ®(Tar) (3.6)

is also a derivation. It follows that it is enough to verify the formula for functions and
vector fields. We have for a function f on M and a vector field ¥ on M

X*drf=drfoX = (X,df) = X(f) = £xf
and (Proposition 2.6)
Ty (X dTY(f)) = vr((X " drY)(drf)) = vr(X drY)(dTf).

On the other hand,
(PxdtY)o X =dtY o X = TX oY
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and, consequently,

(X*drY)(f) = (drY,drdf) o X = (TX oY, drdf).

Since
(drY, drdf) o X = (dr((Y,df))) o X = X(Y(/))
and
(TX 0¥, drdf) = (v, X*ddrf) = (¥,dX(f)) = Y (X(f),
we get
(X*drY)(f) = X(Y(f) = Y(X () = [X,YI(F) = (£xY)(f).
The second identity follows directly from the definition. u

The projection Ttys induces an isomorphism Ttys: Vx TM — TM and the dual isomor-
phism (Tt ): T*M — V¥TM.

When composed with (I—Px)’, this isomorphism gives an isomorphism T* M — HTM,
where H$ TM is the annihilator of Hx Ty in T§(M)TM. It follows that for v € ®*(7mrar)
the decomposition

v=(v-— VT(X*V)) + VT(X*I/)

is, on X (M), the decomposition related to the decomposition
TxonTM = HYTM & VRTM,

dual to (3.3). For v = dtpu we have vi(X*v) = vr(£Lxp) (Proposition 3.1). Hence, for
Y € ®'(t1a) we have

(0, X*Y) = ((drp, vi(X*Y)) o X = ((drpe — vr(£xp),Y)) o X (3.7)
It is convenient to introduce an operation

X_|_: <I>(7TM) — CD(WTM):ﬂ — dtp — VT(fxﬂ),

which is a v -derivation of degree 0.
It follows directly from (3.7) that for Y € ®" (trar) and gy, ..., pr € ®(7ar), r > 0, we
have

(Xpp) A A (X ), Yyo X = (uu Ao Ay, XTY), (3.8)

so the mapping
Xa(pr Aoopr) = (Xpp) A A (Xppr)

regarded as a homomorhism of graded algebras
Xx: q)(T[M) — q)(ﬂx(M)),

where
TTX(M) T}}(M)TM — X(M),

18 dual ‘()X .
‘<></’L’} ‘< /’L"< } .

For 1-forms we shall write Xy instead of X pu.
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Proposition 3.3. Let X be a vector field on M and let X be a 2-vector field on M.
£x X =0 of and only iof for every pair f,g of functions on M

(Xedg, dTA (Xsdf)) = 0.

Proof. From Theorem 3.2 it follows that £x A = 0 iff

(dg, XFTA (df)) = 0

for each pair (f, g) of functions on M. ;From (3.8) we have then that £xA = 0 if and only
if

—1

4. Symplectic and Poisson structures.

By the standard definition a symplectic structure on M is a nondegenerate, closed two-
form w on M. The canonical example is the 2-form Qy on T*M. On the other hand, any
2-form g on M can be represented by

ﬁi:/\iTM — /\HT*M, i=0,1,2.

The standard definition is expressed, in fact, in terms of i°. We can also formulate a
definition of a symplectic structure in terms of 1> making use of the well known formula
for the exterior derivative:

Proposition 4.1. A linear fibre bundle morphism I/Z/\ZTM — /\OT*M represents a
symplectic structure on M if it is nondegenerated (in the obvious meaning) and

XwY,Z2N+YW(Z, X))+ Zw(X,Y) —v(X,Y],Z2)—v([Y, 2], X) —v([Z,X],Y)=0

where XY, 7 € ®'(tyr).

Now, we provide a definition of a (pre-)symplectic structure in terms of fi'.
First, we need a condition for a 2-form p to be closed in terms of fi'.

Theorem 4.2.
A 2-form p on M is closed if and only of

drp = (5")* Qs
Proof. From the formula 2.2 we have
ditp = (7")*Qu

and, consequently,
drp = ditp +i7dp = (ﬁl)*QM —itdp.

Since itdy = 0 iff dpp = 0 we get that dp = 0 if and only if
drp = (7")*Qum.

A condition for a vector bundle morphism v: TM — T*M to define a symplectic structure
on M is given by the following theorem.
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Theorem 4.3. An isomorphism v: TM — T*M of vector bundles defines a symplectic
structure on M if and only if the following diagram is commutative

TT* M M ey

TI/T T*yl

TTM T*TM (4.1)
K?Ml OzMT
TI/ *
T —— T TM
Proof. Commutativity of the diagram 4.1 is equivalent to the equality
—1
ayoTvory =T voQy oTw (4.2)
and to the dual (with respect to proper pairings) equality
—1
OzMOTI/*OK?MIT*I/O(QM )*oTV. (4.3)
—_1 —_
Since (Qr )* = —Qur we get from 4.3 that
Tv=-Tv*
and, consequently, that »* = —v. It proves that v is skew-symmetric and, consequently,
that the exist a 2-form g on M, such that v = i'. Equality 4.2 reads now
dp = ()" Q-
It follows from Theorem 4.2 that u is closed. m

As in the case of symplectic structures, a Poisson structure on M can be represented by
one of three equivalent objects:

(1) a bivector field A,
(2) a homomorphism Al of vector bundles,
(3) a bilinear, skew-symmetric function A?.

The condition for A to be a Poisson structure is vanishing of the Schouten bracket:
[A,A] = 0.

A skew-symmetric function
2, 0
MATM = A\NTM~MxR
defines a Poisson structure if the Jacobi identity is fulfilled:
A(dS, A(dg, dh)) + A(dg, A(dh, df)) + A(dh, A(df, dg)) = 0,
where f,g,h € ®°(mtpr).

In order to get a definition of a Poisson structure in terms of a vector bundle morphism
v:T"M — TM, we need the following theorem.
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Theorem 4.4.
A 2-vector field A on M defines Poisson structure if and only if

(AY)sAy C dTA

(one can say that Apr and dTA are Kl-related), where Apy = (Qar)~1 is the canonical
2-vector field on T*M

1. ..
Proof. In local coordinates A = §A” 88' A aa—] The 2-vector field A defines a Poisson
x? x
structure if and only if
) - T -
AT — AFE 4 AR AT AT ATF) = 0. 44
Z( Ox? + Ox? + Ox? ) (4.4)

)

The canonical 2-vector field Ay on T*M is given by

Aw = Z@xl 61)2

Moreover,

oN' 9
dnh=53 axz 31‘3—1—2 axz G (4:5)

ijk
Forae T*M

) =3 Nip(a)

and, consequently,

R = e+ Dm0

xt 7 Oxt oz
~ 0 0
A1 = AZ] -
B = S35
Hence 5 5
Ay =D AV A” A”“ —. 4.
o Z]: 69:2 +Zp rrlArs (4.6)
It follows from 4.5 and 4.6 that (Al)*AM C dtA if and only if
0 R 9 .
kY adj _ Akjo Y All Akl lj
A plal‘kA —A (6l‘kA ) Dl A (690 A )pl
but this is equivalent to 4.4. u

Now, we are ready for a proof of an analogue of Theorem 4.3.
Theorem 4.5. A vector bundles morphism A: T"M — TM defines a Poisson structure
on M if and only if the following diagram is commutative
TT"M ——— T*T*M
Aup
T/\l T*AT
TTM ThaonTM . (4.7)
Al el

TTM ——— T*TM
TA



TANGENT LIFTS 17

Proof. Commutativity of the diagram is equivalent to
ThoAy oT*A=chyoTAoey
and to the dual equality
Tho(Apr V oT*A =2 0 TA oy,

—1 —1
Since (Apr )* = —Apy we get TA* = —TAX and, consequently, A* = —X. It follows that
there exists a bivector field A on M such that A = A'. From Theorem 4.4 we have that A
is a Poisson structure if and only if the diagram 4.7 is commutative. m

In the diagrams, T*) is a relation (not a mapping) and diagrams are in the category of
relations.
In order to illustrate the condition 4.7 let us consider the case of a linear Poisson structure.
Let M =V be a vector space. We have obvious identifications:
TV=VxT,V=VxV, T"V=VxV*
TTV =(VxV)x(VxV), TTV =(V x V¥ x (V x V¥),
T TV = (V x V¥ x (V* x V).

With these identifications the canonical morphisms eps, 57, @1 look like follows:
ev:T*TV 2 (v, w;a,b) — (v, b;w,a) € TT*V,
ky:TTV 3 (v, w;z,y) — (v, z;w,y) € TTV,
E/lzT*T*V 3 (v, a;w,b) — (v,a; —w,b) € TT*V.
A linear Poisson structure A is given by a mapping
ALTHV 3 (v, a) — (v, A(v,0)) € TV,
where A\: V x V* — V is bilinear. We have for such A:

TAL (v, a;w,b) — (v, A(v,a); w, A(v, b) + A(w, a)),
T*AL (v, Mv,d);a,b) — (v,d;a+ (b, d), \"(v, b)),

where *A and A* are conjugate to A with respect to the left and to the right argument
respectively. The condition 4.7 reads as follows:

The mapping A' defines a Poisson structure if and only if the following conditions are
satisfied for each v, a,b:

(1) X(v,b) = =A*(v,b),

(2) Av,*A(b,a)) = AM(A(v,a),b) — A(A(v,b), a),
which means that

VIV v
1s a Lie bracket.

5. Tangent symplectic and Poisson structures. Let (M, A) be a Poisson manifold,
where M is a manifold and A € ®?(7yy) satisfies [A,A] = 0. It follows from Theorem 2.5
that (TM,dTA) is also a Poisson manifold:

[dTA, dTA] = d7[A, A] = 0.
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We call dtA the tangent Poisson structure. Let be; in local coordinates,

1 .. 9 9 . .
— ZAY 1 — __AJ?
A= gAY @) g A s, AT = AT,

then B

0 0 10AY . 0 0
e " 07 T390 oar " Ban
The Poisson structure A defines a Poisson bracket {f,¢}a = A(df Adg) which provides the
algebra ®°(ty7) of smooth functions with a structure of Lie algebra. The tangent Poisson
structure defines a Poisson bracket {, }4;a on TM which is characterized by the following
relations:

drA = AY(x)

(5.1)

{dea dTg}dTA = dT{fa g}Aa
{drf,vrgtara = {vi [ drg} =vr{f g}a,
vrfvrgtara = 0. (5.2)

For a 1-form p € ®(mtpr) we put A, = i,A. For a function f the vector field Aqy is the
hamailtonian vector field generated by f.

Theorem 5.1. The tangent Poisson structure dTA is linear with respect to the vector
bundle structure in Toy: TM — M. Moreover, for p, 9 € ®(m) we have the following
formula:

{iT/,L, iTﬁ}dTA = iT(d<A,/,L A 79> + iAudﬁ — iAﬂd/,L). (53)
Proof. Tt enough to proof the formula 5.3. We have

{iTﬂ, iTﬁ}dTA = <dTA, diTp A diTﬁ> =
= <dTA, drp Adtd —drp Airdd —ipdp AdTd 4+ 17dpe A deﬁ>. (54)

Since the 1-forms itdg and i7dd are vertical, we have
(dTA,iTdp AiTdd) = 0.
Moreover,
(drA,drp A dT9) = lgqeiarpdTA == igpodT(igA) = dT((A, p A D))
and
(AT A, drp Airdd) = (dr(Ay),itdd) = ig (a,)irvT(dd) =
= —irigya, vTdd = —ipvr(ia, dv) = —it(ia, dv),
where T is a second order vector field (see Section 2). Similarly,
(dTA,iTdp AdT9) = iT(ia, 1)
and the theorem follows. m

Since dTA is a linear Poisson structure, it defines an algebroid structure in the dual vector
bundle T* M. The theorem provides an explicit formula for the Lie bracket in O (7p):

{ﬂaﬁ}l\ = d<Aaﬂ /\79> + iAuﬁ - iAﬂ/’L
= Lo, 0 — Loy —d(A, g A D).

This is exactly the well-known extension of a Poisson bracket to 1-forms.
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6. Canonical vector fields. Tt is well known [Tu2] that for a symplectic manifold (M, w)
the tangent structure (T,dyw) is also a symplectic manifold. We use Proposition 3.1 to
get a simple proof that canonical vector fields on a symplectic manifold are Lagrangian
submanifolds with respect to the tangent symplectic structure.

Proposition 6.1. Let X: M — TM be a vector field on a symplectic manifold (M, w).
The vector field X is canonical, i. e., £xw = 0 if and only if X(M) is a Lagrangian
submanifold of (TM,dtw).

Proof. From the Proposition 3.1, £ xw = X *dtw. Hence £ xw = 0if and only if X*dtw = 0,
but the last means that X (M) is isotropic in (TM, dyw) and, consequently, Lagrangian (the
dimension of X(M) is equal to the dimension of M).

We have an analogue of this theorem for Poisson manifolds. To formulate it we need the
definition of a Lagrangian submanifold of a Poisson manifold.

Definition. Let (M, A) be a Poisson manifold. A submanifold N C M is Lagrangian if
for each m € N

AYT N = ANTEM)N T, N (6.1)
Theorem 6.2. Let X: M — TM be a vector field on a Poisson manifold (M, A). X is
canonical, 1. e., LxA =0 if and only if X(M) is a Lagrangian submanifold of (TM,dTA).
Proof.
From Proposition 3.3, £xA = 0 if and only if, for f,¢ € C°(M),

—1
On the other hand, X(M) is Lagrangian if for each v € X (M)

{d7A (Xadf)(W)If € C=(M)} = T,X(M) N d7A (TITM). (6.2)

Since w € T, X (M) is characterized by Xxdf(w) = 0, the inclusion ” C" is equivalent to

(dTA (Xxdf)(v), Xxdg) = 0.

Thus, if X (M) is Lagrangian then X is canonical. In order to prove that for a canonical X
the submanifold X (M) is Lagrangian, it is enough to show that the inclusion ” " holds.
Let be a € TFTM. There are functions f,g on M such that a = d, (d7f) + dy(vTg). We
have then (2.9)

—_1 ~ ~
dt1A (a) = dT(Aldf) + VT(Aldg). (6.3)
It follows that .
Tty (dTA @) = TTM(dT(Aldf) =Ald,,f, (6.4)

—_
where m = Tprv. Thus the tangent projections of vectors in TX (M) NdtA (T*TM) are
in the image of A'. For a vector w € A*(T*M) there is only one vector v € TX (M) such
that Tty v = w, namely, v = TX(w). Let be w = Ald,,f. The inclusion ” C” implies that

ml(dx(m)(d-rf —v1(Xf)) is tangent to X(M). Since (6.3 and 6.4)

ToardtA (d(d7f — vi(X )X (m))) = Aldo f = w,

we have dTA (Xdf)(X(m)) = TX(w). =
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7. Tangent Poisson-Lie structures. Let M, N be differentiable manifolds. Since there
is a canonical identification T(M x N) ~ TM x TN we have also canonical inclusions
N TM x AN°TN € A°T(M x N) and ®%(ty) ® ®2(tn) C D2(Taxar). It is trivial task to
verify, that if (M, A) and (N, II) are Poisson manifolds then (M x N, A®1I) is also a Poisson
manifold. A @ II is called the product Poisson structure. Finally, we recall the notion of a
Poisson map. A smooth mapping ¢: M — N is a Poisson map if

2
/\ TooA=Tloyp
or, equivalently, N N
TooAoT e =1I,

where A = Kl, I = It
Let (G, m) be a Lie group and let (G, A) be a Poisson manifold. We say that (G, m, A)
is a Poisson-Lie group if the group multiplication m is a Poisson mapping

m: (G x G, A& A) — (G, A)

or, equivalently,

Tmo(KxK)oT*m:K. (7.1)

We say in this case that A 1s multiplicative.
Applying the tangent functor to 7.1, we get

TTmo (TA x TA) o TT*m = TA. (7.2)

It is well known that (TG, Tm) is a Lie group.

Theorem 7.1. Let (G,m,A) be a Poisson-Lie group. Then (TG, Tm,dTA) is also a
Poisson-Lie group.

Proof. We have to show that dtA is multiplicative with respect to Tm, i. e., that
TTmo (dTA x drA) o T*Tm = d7A.
Since, due to (2.6), dFTVA = kg OTKCEQ, it follows from functorial properties of k and ¢ that

TTmo (dTA x dTA) o T*Tm = TTmo kgxa o (TA x TA)oegxq o TFTm
=kgoTTmo(TAx A)oTT moeq

and by (7.2) the required identity follows. m

Let g be the Lie algebra of the Lie group G. The tangent bundle TG can be trivialized
by right or left translations:
(K", 1¢): TG = gx G

or

(t¢, K'): TG — G x g,

where K"(K') is the right-invariant (left-invariant) Maurer-Cartan form. The group struc-
ture in TG is given by the formula

in the right trivialization and

(g, X)-(h,Y) = (gh, X + Ad(R™1)Y)
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in the left trivialization. The neutral element e is represented by (0,e) in the right trivi-
alization and by (e, 0) in the left trivialization.

The Lie algebra Tg of TG is isomorphic as a linear space to g x g. This isomorphism 1is
implemented by the zero section jg: G — TG and the obvious embedding jg: g — T.G C TG
and is given by the following formula

gx g3 (X,Y) = Tja(X) + Tojg(Y) € T TG. (7.3)

From now on we shall denote T.jg(X) by X and Tojg(Y) by Y. We have the following
commutation rules:

[X,Y]rg = [X, V],
[X,Y]rg = [X, V]rg = [X, V],
[X,Y]rg = 0.

It follows that the Lie algebra Tg is a semidirect product g x g with respect to the adjoint
representation in g of the Lie algebra g, 1. e.,

[(X,Y), (X", Y )]gug = ([X, X'g, [X,Y']g + [, X']g).

Theorem 7.2. Let be X € g and let XIG be the corresponding left invariant vector field
on G. Then R .
X'll'G = (XIG)U and X'll'G = (XlG)ca

1. e., the corresponding to X and X left invariant vector fields on TG are the vertical and
complete lifts of X, respectively. An analogous statement is true for right invariant vector

fields.

Proof. The group multiplication Tm in TG is the tangent lift of the group multiplication
m in G. It follows that
Tm(ug,vn) = TLy(vn) + TRu(uy)

where L, and Rj, are left and right translations by g and h respectively. The left translation
LL by u, in TG is therefore given by

ng (Uh) = TLg(Uh) + TRh(ug)

It is easy to verify that (X5 )¢(e?) = X and (XL)v(eT). Since the mapping (7.3) is a linear
isomorphism, it is enough to show that vector fields (X5)¢ and (X%)V are left-invariant
on TG. In other words, we have to show that flows they generate commute with left
translations.

The flow ¢ of the vertical lift is given by

U (vn) = v + tXG(h),
we have then

Ly, 09! (va) = TLy(vn + X5 (h)) + TRa(uy,)
= TLy(vn) + TRu(uy) + tTLy (X (R))
=TL,(vn) 4+ TRu(uy) +tX5(gh) = ' o ng(vh).

We made use of the left-invariance of XIG.
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The flow of the complete lift (X% )¢ is the tangent lift of the flow ¢’ of X/. We have

Ly, o Te'(vn) = TLy o T (vn) + TRyt ()
= T(Lg o ")(vn) + TRytn)(uy)

and, since ¢’ is the flow of a left-invariant vector field, i. e.,
Lyo ol =plo L,

and
¢' o Ri(g) = ¢'(gh) = Ly(¢'(h)) = Ry(ny(9),

we get
T(Lg 0 @")(wn) + TRyiny(ug) = T(9" 0 Lg)(vn) + T(g" (h) 0 Ra)(ug) = T" o L (vn)-

8. Tangent Poisson-Lie algebras of Poisson-Lie groups. The Lie algebra of a
Poisson-Lie group inherits a Poisson structure. We recall here a standard construction.
More natural and more geometric one will be given in Section 10 (Proposition 10.4).

Let (G, m,A) be a Poisson-Lie group. A Poisson structure A on a Lie group can be
regarded, using the right trivialization of TG, as a mapping A:G — g A g. The Poisson
structure A is multiplicative if and only if A is a 1-cocycle of G with respect to the adjoint
representation of GG in g A g. In particular, we have A(e) = 0. The tangent mapping

A=TAT.G=g—To(gAg)=gAg,

being a 1-cocycle of g, defines a cobracket (Poisson bracket on g). The pair (g, A) is called
the tangent Poisson-Lie algebra of the Poisson-Lie group (G, m, A).
Let (X1,...,Xy) be a basis of the Lie algebra g. We can write

A= MNXTAXT,

where A¥ are smooth functions on G and X! are the corresponding right invariant vector

fields. We have then
Ag) =D M (9)Xi AX;

and 1
AX3) = (Xp, dAY () X A X = ic;'in AKX,

where czj are structure constants of the Lie algebra g. The cobracket A: g — g A g may be
regarded as a bivector field on g which defines a linear Poisson structure on g.

Definition. A Poisson-Lie algebra (g,6) is a Lie algebra g and a I-cocycle (cobracket)

8:9 — g A g (with respect to the adjoint representation of g in g A g) such that it defines a

Poisson structure on g or, equivalently, that the dual mapping 6*:g* A g* is a Lie bracket
*

on g*.

The tangent Poisson-Lie algebra is an example of an abstract Poisson-Lie algebra. For
simple connected Lie groups there is one-to-one correspondence between Poisson-Lie struc-
tures on G and Poisson-Lie algebra structures on g. The Poisson-Lie algebra (g, A) can
be seen as a quadruple (g,g*,[-,-],[,-]*) and, for this reason, it is called sometimes a Lie
bialgebra.
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Theorem 8.1. Let \:g — g A g be the cobracket of the tangent Poisson-Lie algebra of a
Poisson-Lie group (G,m,A). Then

drA:Tg—TgATg

15 the cobracket of the tangent Poisson-Lie algebra of the tangent Poisson-Lie group
(TG, Tm,dTA). The dual mapping

(dr)*:(Tg)* A (Tg)* — (Tg)"

is the Lie bracket on the tangent Lie algebra of (g*, \*).
Proof. For any X € ®"(7y7) and for any smooth function f € ®%(7s;) we have

d7(fX) = Ty (£)drX +drf - vr(X).

Moreover, YU(th, f) = 0, YV(d7f) = V(& f) = 5, (Y (f)) and Y¢(dr f) = dr (Y (f)) for
any vector field Y € ®*(tyy). -

Now, let A = AY X7 A X7 and A(X}) = %CZJXZ' A X; for a basis (X1,...,X,) in g. We
have

drA = 2t5(AT)(X])° A (X)) + dr(A7)(X])" A (X])"

= 205 (A7)(X3)" A (X)) + dr(AT) (X)) A (X))
The cobracket é on the Lie algebra of TG is given by the formulae

§(Xk) = (X5) (27E(AD))(eT)X: A X + (X))" (dr(AT))(eT)X; A X;

= THOGAT)(E) X A X; = XA () Xi A K

O N
= <Xk,dA”>(6)XZ' ANX; = —CZJXZ' A

<
[N}
<.

and

6(Xk) = (X)) (2TE(AD)) (M) Xs A X + (X)) (dr(A))(e")X; A X
2XT (A7) (e)X; A X; +dr(X](AY))(eT)X; A X
= CZXZ' A )?]'

(d7(f) is zero on the zero section). Tt follows that § = dtA.
|

Let (G, m, A) be a Poisson-Lie group and let (g, [,], p) be its Lie bialgebra. Let us suppose
that p is a coboundary (e. g. G is semisimple), i. e., that
pX) = [X 1] = r9([X, X A X + X A[X, X))

for some r = r/ X; A X; € g Ag. It is known [Dr] that in this case the Poisson structure A

on (G can be written 1n the form
A=r =1,

where r’ and 1" are the left- and right-invariant 2-vector fields corresponding to r. Since A
is a Poisson structure, r must satisfy the generalized classical Yang-Baxter equation

adx[r,r] =0

for every X € g. The bracket [r,r] is the algebraic Schouten bracket. An element of g A g
which satisfies this equation is called a generalized r-matriz and the corresponding Poisson
structure A is called quasitriangular.
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Theorem 8.2. Let A =r' — 1" be a quasitriangular Poisson-Lie structure on a Lie group
G with the r-matrizr = W X; AX;, v = —r*. Then dTA s a quasitriangular Poisson-Lie
structure on TG with the r-matriz d1r = 2r'9 X; A X;.

Proof. Since A = r¥J(X! /\X]l» — X7 A XT), we have

drA = 269 (X)) A (X)) = (X])° A (XT)Y)
= 207 ((X0)' A (X)) = (X)" A X)) = (drr)! = (drr)’
and it is easy to check that dyr is really an r-matrix. m

9. Tangent lifts of generalized foliations.

Definition. A generalized distribution on a manifold M is a subset S C TM such that
S(z) = SNT,M is a linear subspace for each point x € M. S is said to be smooth if it is
generated by the family

X(S)={X €d(ty):VeeM X(z)€ S(x)}

of smooth vector fields, i. e., S(x) is spanned by {X(z): X € X(5)}.
A smooth distribution is completely integrable if for every point # € M there exists an
wntegral submanifold of S, everywhere of mazimal dimension, which contains x.

The mazimal integral submanifolds of a completely integrable distribution S form a par-
tition of M, called the generalized foliation of M defined by S.

Let us notice that for a completely integrable distribution S the family X'(S) is a Lie
subalgebra of the Lie algebra of vector fields on M. The following theorem is due to
H. Sussmann [Sus].

Theorem. (Sussmann) Let S be a smooth distribution on M and let D C X(S) be a family
of vector fields such that D spans S. The following properties are equivalent

(1) S is completely integrable,
(2) S is invariant with respect to flows exp(tX) of vector fields X € D,
(3) flows of vector fields from X (S) preserve S.

Theorem 9.1. Let S be a completely integrable generalized distribution. Then the distri-
bution ST generated by the family { XV, X°: X € X(S)} of vector fields on TM is completely
integrable

Proof. We have exp(tXV)(v) = v 4+ tX(tayv) and exp(tX°¢) = Texp(tX). Due to the
formulae
(exp(tX")xY? =Y, (exp(tX"))xY =V +{[X,V]"

and

(exp(IX))aY" = (exp(tX)a¥ )", (exp(tX))a Y = ((exp(tX))s V)",

it follows that ST is invariant with respect to flows of X and X?. ;From the theorem of
Sussmann, S is integrable. u

Definition. The tangent foliation F' of a generalized foliation F defined by S is the
foliation defined by ST.

Proposition 9.2. If a I-form p annthilates a completely integrable distribution S then
vr(pt) and dv(p) annihilate ST.

Proof. Let X € X(S). We have from Proposition 2.6 that
(vr(p), X*) =0, (dr(p), X°) =dr(p, X) =0

and

(v1(p), X°) = {d7(p), X*) = vi({s, X)) = 0.
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Proposition 9.3. If a submanifold N C M is a union of leaves of the foliation F (N is
F-foliated) then Ty M = TJT;(N) is F'-foliated.
Proof. Tt 1s enough to prove Proposition in the case of N being a single leaf. Let F' be a leaf

of FT. Since Tta(XV) = 0 and Tty (X¢) = X for any vector field X on M, the tangent
projection Tas(F') of F' is contained in a leaf of F. It follows that Ty M is FT-foliated. m

Proposition 9.4. If F is a leaf of F then TF is a leaf of F'.

Proof. Tt is obvious that TF C ST where S is the generalized distribution related to F. We
have to show that TF is maximal. Since F' is maximal, T, F = S(z) and S(F) is spanned
by vector fields tangent to F'. On the other hand it is easy to see that if X is a vector
field on M, tangent to F' on F, then dTX and v1X are tangent to TF on TF. Since ST
is generated by the family {XV X°: X € X(S)}, ST(TF) = TTF, i. e., TF is an integral
submanifold of ST which is clearly maximal. m
10. Symplectic foliations of Poisson manifolds.

Let (M, A) be a Poisson manifold. The characteristic distribution S of A is generated

by hamiltonian vector fields. It is well known that S is completely integrable and that A
defines symplectic structures on leaves of S.

Proposition 10.1. ST is the characteristic distribution of dTA.

Proof. Since the vertical and tangent lifts of 1-forms on M generate the module of 1-forms
on TM it is enough to notice that (2.9)

(ve(), drA) = (,A)° and (drpe,drA) = (i,A)°.

and that, consequently, the characteristic distribution of dtA is generated by the complete
and vertical lifts of hamiltonian vector fields on (M, A), i. e., of vector field from X(S). m

The following theorem by Weinstein [We] describes the local structure of a Poisson man-

ifold.

Theorem. (Weinstein) Let (M,A) be a Poisson manifold of rank 2k at xo € M. Then
there is an open neighbourhood U of xg such that (U, M) is isomorphic to a product (N x
V,An X Av) of Poisson manifolds where (N, An) is a symplectic manifold of dimension 2k
and the rank of (V,Av) is zero at zg, o = (Yo, 20)-

The theorem of Weinstein shows that while analyzing only local properties of Poisson
manifolds it is enough to consider two cases:

(1) A is regular,

(2) A vanishes at a point.
Theorem 10.2. Let (M, A) be a Poisson manifold.

(1) If A is a regular Poisson structure of rank 2k then dTA is regular of rank 4k.
(2) If A is of rank 0 at xg € M then Ty M is a Poisson submanifold of (TM,dtA) and

dTA defines on Ty, M a linear Poisson structure (Kostant-Kirillov-Souriau struc-
ture). It induces then a Lie algebra structure on T:D.

Proof.

(1) Tt follows from the theorem of Weinstein that we can choose local coordinates on M
such that

r ;0 9 . . .
A:ZA]axi/\@, AT = —AP det(AY) £ 0

j,i=1

where A¥ are constant. Hence, in the adopted coordinate system,

~ ;0 0
drA=2) AVo Ao

j,i=1
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(2) We have locally

0 n 0 AY = AT A (2g) =0

Ozt Ox7’

Az) = ZA”(m)

and

. N 5 0 d

5tk

Hence T;,M is a Poisson submanifold with the Poisson bracket
Y N .
{a', &'} = 2%: 5.7 (z0)E"

Corollary. If A is of rank 0 at xo then the Poisson structure dTA on Ty, is given by the
formula

dTA(v) = vi(LyA)(v), ve T, M,
where ¥ € ®(tar) is such that v(xg) = v.

Proof. Since A(xg) = 0 it follows that dTA(v) is vertical and, consequently,
V(@ dTA)(v) = dTA(v)

(see Section 3). Tt follows from Theorem 3.2 that
dTA(v) = vi(£5A)(v).

The following two propositions complete our discussion on the structure of the tangent
Poisson manifold.

Proposition 10.3.  Let f be a local Casimir of A, i. e., A(df,) = 0. Then v1(f) and
d1(f) are local Casimirs of dTA.

Moreover, if A s reqular at © € M with symplectic leaves determined by Casimars
(fry--, fn), then A is reqular at v € Ty, M with symplectic leaves determined by Casimirs
(5 (f1), - T (Fa), drfe, o A fn).

Proof. 1t follows from (2.9) that if f generates a zero-hamiltonian field then also T}, f and
dtf generate the zero-hamiltonian field on TM | 1. e., they are Casimirs.

Let € M be a regular point of A with the symplectic foliation in the neighbourhood of z
defined by Casimirs (f1, ..., fn). We may assume that df1, ..., df, are linearly independent
at z. It follows that (dti,(f1),...,dt5;(fs),ddrf1,...,dd1f,) are linearly independent at
v € T, M. Since the rank of dtA is 2(dim M — n) (Theorem 10.2) the theorem follows. g

If (G,A) is a Poisson-Lie group then A(e) = 0 and identifying g with T.G we get a
Poisson structure on g induced by dtA.

Proposition 10.4. The Poisson structure on g induced by dvA is equal to the Poisson
structure defined by the cobracket of the tangent Poisson-Lie algebra.

Proof. Let (x') be a coordinate system on G centered at e, i. .e, z'(e) = 0. It defines a
basis (X;) of the Lie algebra g, X; = %(6). We have then

x
0 0

A== X AX]

A=AV —
Jxt Ozl
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AY =AY 4+ o',
The induced cobracket A is given by
O

/\(Xk) - al‘k

(O)XZ' A X]'.

On the other hand,

N d d N

dT|TeG = E(O)a—xl A % = o (O)X /\X

and

AY(0) = M (0) = 0,
0

—XT =4k xr
axl k3 k3 (e

where a¥(0) = 0. It follows that
\iJ = Al il g gl Loi i ik
= + A% — N + §(akal —aja;)A™.
Hence

2% OAY
6l‘k 0)= 8l‘k (0)

11. Examples.

Example 1

On su(2)* ~ B3 consider the linear Poisson structure

A= 0 A 0 0 A 0 0 A 0
= Moy ey Mo Ve Mo
The symplectic foliation of IR? is the union of 2-dimensional spheres 22 + y> + 22 =+ > 0
and the origin (0,0, 0) as a 0-dimensional leaf. Tt is regular outside the origin and is defined
by the Casimir f(z,y,2) = 2% + y? + 2.
The tangent Poisson structure is given by the formula

dTA:z(i/\i—l—i/\i)—l—x(i/\i—l—i/\i)—l—y(6/\a—I—a/\i)
or 0dy Ox Oy Oy 0z 0Oy 0z 0z Ox 0z Oz
-I—zi/\i—l— i/\aeri/\i.
gz Oy dy 0z dz Oz

The symplectic foliation of TIR3 is regular outside ToR? and it is determined by two Casimirs
f0($ayazaiayaé) = $2 + y2 + Zza fl(l;ayazal.;ay.a Z) = $$ + yy + ZZ
The tangent space ToR3 ~ R3 has a linear Poisson structure

0,0 0,0 0,0
o oy " Tag N a: T Var Ner

which is equal to A.
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Example 2

In this example M =R* and A is the following quadratic Poisson structure:

A=z123— 0 0 +riwa— 0 0 + xowz— 0 /\i
8 8 9 8 81‘2 8 sl 61‘3
—|—arjzar:4£/\ﬁ—i—(arjz—l—avz)i/\i
89@1 6l‘4 3 4 81‘2 61‘1.

This structure is degenerated at points of the linear subspace z3 = x4 = 0 and regular
outside 1t. The symplectic foliation is the intersection of the | ,book” foliation generated by

vector fields z3— + x4 ——, —— and ——, consisting of 3-dimensional half-spaces sewed

a xr3 3l‘4 3x1 al‘z
up along the 2-dimensional edge 3 = 24 = 0 of 0-dimensional leaves, and the spherical
foliation.

The unit sphere S% = {2:>" 27 = 1} we identify with the SU(2) group by

1+ iy —r3+iry
l‘3—|—il‘4 sl —il‘z ’

(xla Ta, T3, $4) [— (

With this identification, the tensor A restricted to S® defines a Poisson-Lie structure on
SU(2). This structure is quasitriangular with the generalized r-matrix

d d
"= e A 92y € su(2) A su(2).

Here we used i1dentifications
511(2) = T@SU(Q) ~ T(l,O,O,O)SSa

so in the matrix form,
. 0 -1 0 ¢
r=XAY with X_<1 0), Y_<i 0)6511(2).

It is worthy noticing that this Poisson-Lie structure is related to the quantum SU(2) group
of Woronowicz (cf. [Gr]).

Singular points on 5% form a 1-dimensional circle 7 + 23 = 1, #3 = x4 = 0 which
corresponds to the Cartan subgroup (maximal torus) of SU(2). At a singular point z =
(cos ¢, sin ¢, 0,0), the tangent space T,S? carries a linear Poisson structure induced by dtA

.0 0 0 0 0 0 .0 0
drA|T, 55 = cos(@)(da=— i 31‘2 + z 33 31‘2) + sin(y )(xga—xl AN — e 44— 95 A 3—354)

assoclated with the Lie bracket
{21, #3} = sin(p)zs,
{i‘l, 1‘4} = sin( )1‘4,
{&q, 23} = —cos(p)is,

{&2, &4} = — cos p)is.
In particular, on T, SU(2) = T(l,o,o,o)SS we have

d d d d

Tag N T 55 N 0,
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It follows that the cobracket A of the tangent bialgebra of the Poisson-Lie group SU(2)
is given by
0 0 0 0 0 0 0
(—.):—. —.,/\—.:—. —.,/\—.):0
61‘4 61‘4 81‘2 8903 6l‘3 8902 8902
and the associated Lie bracket on su(2)* is given by
{&a, 22} = 24, {@3,22} = &3, {¥4,23}=0.

We recognize this structure as the structure of the Lie algebra sb(2, C) of 2 x 2 traceless,
upper triangular complex matrices with real diagonal elements.

The introduced Poisson-Lie structure on SU(2) defines then the group SB(2,C) as the
dual group. It is not difficult to verify that the corresponding double group can be identified
with SL(2,C) with SU(2) and SB(2,C) canonically embedded as subgroups.

12. Conclusions. In this paper we tried to show the importance of the concept of tangent
structures. The next step should be the analysis of multitangent constructions, important
for classical field theory (multiphase approach) and classical mechanics, of extended objects.
As we have seen, the conditions discussed in Section 4 are, in fact, compatibility conditions
of tangent and canonical structures. This idea can be applied in more general situations like
in nonrelativistic, time dependent mechanics, where the structure needed is more general
than Poisson or symplectic one ([Ur]).
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