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11 IntroductionThe Bose{Fermi duality in one space dimension has been successfully used for solvingvarious problems in (1 + 1){dimensional �eld theories and in 1{dimensional models insolid state physics. Starting from the pioneering works by Jordan [?], Born [?], Mattis{Lieb [?], Klaiber [?], di�erent aspects of this phenomenon and di�erent approaches, bothto its technical realization and to its physical meaning have been considered. However,consistent expressions exist so far only for fermion bilinears (directly connected to theobservables of the theory) while the explicit reconstruction of fermions themselves backfrom the bosonic variables is more subtle. This problem traces back to a question ofprincipal importance: whether and in which cases conclusions about the time evolutionof charged �elds can be drawn from the knowledge of the time evolution of the observables.First rigorous results on the possible fermi behaviour of operators acting on a bose�eld can be found in [?] on the example of the massless Skyrme model. An importantcontribution to the solution of the problem is done in [?] where local fermi �elds areconstructed as strong limits on a dense set of states of speci�c bosonic models. In a seriesof papers [?] further progress is achieved since these local fermi �elds are constructed asultrastrong limits of bosonic variables in all representations that are locally Fock withrespect to the ground state of the massless scalar �eld. There, an appropriate frameworkfor the construction of anticommuting variables out of commuting ones is found to beprovided by the nonregular representations of (canonical extensions of) CCR algebras[?]. However, the question about relation (if any) between charged and non{charged �eldevolution still remains open.In the present paper we propose a solution to this problem that makes use of theconstruction of the �eld algebra as a crossed product of the observable one by the �{action of Z, � being a not{inner automorphism of the latter.The relevance of the crossed product C*{algebra extensions for the relation of the�eld algebra to the observable algebra is �rst pointed out in [?] where the problem ofconstructing �eld groups is reformulated as a problem of constructing extensions of theobservable algebra by a group dual. Also, they are discussed in the context of C*{ andW*{dynamical systems in [?]. Explicitly, crossed products of C*{algebras by semigroupsof endomorphisms are introduced when proving the existence of a compact global gaugegroup in particle physics given only the local observables [?]. The problem of extensionof automorphisms from a unital C*{algebra to its crossed product by the action of acompact group dual becomes important in the structural analysis of symmetries in thealgebraic setting of Quantum Field Theory [?], where in the case of a broken symmetrythis allows for concrete conclusions about the vacuum degeneracy [?].We restrict ourselves to the more simple case of a crossed product generated by theaction of a not inner automorphism of the observable algebra with a discrete group andidentify the resulting object with a charged �eld algebra. The conditions under whichspace translations can be extended from the observable to the �eld algebra make thealgebra extension essentially unique. This (noncanonical in the sense of [?]) extension ofthe observable algebra yields an extension of its states whose properties are discussed. The



2question about the fermion evolution �nds here a natural answer, the crucial point beinga compatibility relation between the automorphism used in the crossed product and thetime evolution, i.e. a property taking place on the observable algebra. For its realizationthe structure of the energy spectrum of the model under consideration is essential. Thegauge group and its action for a crossed product �eld algebra are also de�ned.In our approach we stay state independent and do not consider strong limits. Thus wecannot get the CAR relations in the renormalized form f	y(x);	(y)g = z�(x�y), wherethe renormalization constant z goes to zero in some limit.We rather take as characteristicof fermi �elds their asymptotic anticommutativity.Another advantage of envisaging the fermionization as a crossed product is the factthat the �eld algebra inherits in a natural way the net structure of the observable algebra.Therefore it is evident that global properties do not a�ect the construction of fermionsin accordance with the observation in [?].On the other hand, the crossed product construction is not restrictive enough toguarantee a statistic theorem. On the contrary, an interesting feature of the algebra soobtained is the possibility, depending on the particular choice of functions that determinethe automorphism �, to endow this algebra with a \zone" structure, where also �elds withfractional statistics are present. The speci�c conditions under which such �elds could beprovided with a stable time evolution will be considered elsewhere.2 The crossed product algebraWe start with the CCR (Weyl) algebra A(V0; �) over the real symplectic space V0 withsymplectic form �, generated by unitaries W (�), with � := (f; g) 2 V0, which satisfyW (�1) W (�2) = ei�(�1;�2)=2 W (�1 + �2)W (�)� = W (��) = W (�)�1 (2.1)The elements of A are of the formA =Xi c(i) W (�i) :=Xi c(i) Wi; c(i) 2 C; Xi jc(i)j <1: (2.2)We can also consider its closure as C*{algebra. This algebra can be enlarged to anotherCCR algebra by enlarging the space V0 to a space V, in a way that � in (2.1) appearsto be the restriction on V0 of the symplectic form of V. This view point was taken in[?]. There, with appropriate ultrastrong limits it was shown that fermi �eld operatorscan be obtained, so that the fermi algebra belongs to the weak closure of CCR(V; �) inappropriately taken representations [?, ?]. Instead of doing this we will construct a newalgebra F such that CCR(V0) � F � CCR(V)without referring to representations and then show that F can be considered as fermi�eld algebra.



3For � a free [?] (so not inner) automorphism of CCR(V0; �) = A we can consider thecrossed product F = A �� Z:This corresponds (compare [?]) to adding a unitary operator U with all its powers, sothat one can formally write F =Xn A Un;with U implementing the automorphism � in A:U A U�1 = � A:U should be thought of as charge creating operator and F is a minimal extension.The multiplication law in F isXn An UnXk Bk Uk =Xn;k An �n Bk Un+k (2.3)and we take � to be � W (�) = ei�(��;�) W (�); � � ����� := ( �f; �g) 2 V n V0; V0 � V:Crossed products are unitarily equivalent, i.e.A �� Z � A b�� Zif � � b��1 is an inner automorphism of A. Therefore our algebra F depends only onthe equivalence class f��g 2 V=V0, though for the explicit calculations we will specify�� 2 V n V0. The automorphism � has to be free, so F has trivial center like A . Since �is implemented by W (��) in CCR(V), F in a natural way (identifying U = W (��)) is asubalgebra of CCR(V).By writing an element F 2 F as F = Pn An Un; An 2 A, we see that it is convenientto consider F as (in�nite) vector space with Un as basic unit vectors and An =: (F )nthe components of F =: fAng. The algebraic structure of F is such that multiplicationis not componentwise but (2.3) says that(F �G)m =Xn Fn �n Gm�nThe algebra A can be identi�ed with the zero component in F , F is actualy a left A{module. In components we have (Uk)n = �kn(U�)n = ��1;nso that the left action of U is the shift.



4 Further, we can writeF =Xn An Un =Xn;i c(i)n WiUn :=Mn Xi c(i)n F (n)i : (2.4)The (non normalized) operator Fi =Xn Wi Unde�nes the U{orbit through Wi, so the last of eqs. (2.4) gives an orbit decomposition ofthe elements of F .There are two questions that naturally arise. Given an automorphism on A, can itbe extended to F and how unique is this extension. In the physical applications weare especially concerned with space translations and time evolution. A similar questionconcerns the extension and its uniqueness for given states on A.We concentrate �rst on the extension e� of an automorphism � of A. Since all elementscan be written as sums and product of A 2 A and U , i.e. f�1ng and the action of e� on Amust coincide with �, we make the ansatze�f�1ng = fV (1)�n g;e� 2 F requires V (1)�n 2 A. Then fV (1)�n g will �x e�. The consistency of � and e� on thesubalgebra A of F requires1 = U � U� = e�U � e�U� = (Xn V (1)�n �nV �1)�k�n) = f�0kg:This equation is satis�ed byfV (1)�n g = fV (1)� �1ng; V (1)� 2 A (2.5)We refer to [?] for a discussion on the uniqueness of this choice.Further, for W 2 A, we havee�(U �W ) = e�U � �W = e�(�W � U)and from (2.3), (2.5) followsfV (1)� �1ngf�W�0ng = f��W�0ngfV (1)� �1ngso that V (1)� ��W = ��(W )V (1)�or, equivalently, V (1)� ��WV �(1)� =: 
���W = ��W:



5This can only be satis�ed for some V (1)� 2 A, if the automorphism 
�,
� = ����1��1 (2.6)is an inner automorphism of A. For example, � is easily seen to be extendible to anautomorphism also of F , since the corresponding 
� is the identity transformation, sothat e�U = U . Since the CCR(V0) algebra A has trivial center, the unitary operator thatimplements an automorphism is unique up to a phase factor.Apart from the condition that ����1��1 is inner no other conditions have to besatis�ed.We should mention that the question if an automorphism of the observable algebracan be extended to the �eld algebra is also treated in [?] in the context of the theory of [?]where the �eld algebra is obtained as crossed product over a specially directed symmetricmonoidal subcategory End A of unital endomorphisms of A as generalization of ourautomorphism group �. There two conditions enter, one is the appropriate replacementof our demand that ����1��1 has to be inner, the other is a compatibility condition withthe net structure. We do not have any counterpart to this condition. It will turn out thatin our case the net structure of the �eld algebra is a consequence of the net structure ofthe observable algebra and of the compatibility relation for �.We return to our explicitly chosen �. We consider � that are quasifree automorphismson CCR(V0), which means that they are of the form �W (�) = W (��). The inverse ofthe map �! �� we denote by �! ��� and � has to preserve the symplectic structurein V0, so that �(	;���) = �(	�;�). To start, this bijection is de�ned on V0. We have
�W (�) = ei�(��;���)�i�(��;�) W (�):Assume that �(��;���)� �(��;�) = �(	;�)for some 	 2 V0. Then, on one hand, we have enlarged � to a quasifree automorphismon CCR(V) with ��� = �� +	, on the other hand, 
� satis�es our requirement withV� = W (	) = W (��� � ��) 2 A: (2.7)That the condition is satis�ed for appropriately chosen �� if we consider space translationand with some restriction on time evolution will be discussed in Section 3. How thisrestriction is satis�ed in physical models and what are the physical consequences will bediscussed in Section 4.The second principal question concerns construction of states over F . Let !(�) be astate over the algebra A and �! the cyclic representation of A associated with it throughthe GNS construction !(W (�)) = h!j�!(W (�))j!i = h!j�i!;where j!i denotes the vacuum. Then the vectors j�i! = �!(W (�))j!i generate H0, therepresentation space of �!.



6 The representation �! itself is given by�!(W (�))j�i! = ei�(�;�)=2j� + �i!and the scalar product is !h�j�i! = e�i�(�;�)=2!(W (� � �)):The crossed product algebra acts in a larger Hilbert space H which may be considered asa direct sum of charge{n subspaces (the justi�cation for this terminology will be given inSection 3), each of them being a representation space corresponding to the state ! ���n.We can imbed H0 into H and denote now the vacuum by j
i, thus expressing the factthat we consider it as a vector in H. Then Ukj
i can be denoted asUkj
i = j
kiand the vector space structure of F suggests that h
kj
ni = �kn with the identi�cationj
i = j
0i.Then jF (k)i i = W (�i)j
ki = Uk��kW (�i)j
i == e�ik�(��;�i) Ukj�ii = e�ik�(��;�i)j�(k)i i (2.8)so that jF (k)i i, varying over �i generate the charge{k space H(k) and varying over k weget the complete Hilbert space H.Arbitrary linear functionals built by vectors in H considered as states over A readhF (n)i jW (�)jF (k)i i = �nke�i�(�i;�)!(��nW (�)) = �nke�i�(�i+n��;�)!(W (�)): (2.9)On the other hand, given two states on A, !1 and !2, a quantum mechanical superpo-sition of them to a state on F is only possible if the same representation � is associatedwith both !1 and !2 � �k for some k so that the new state is constructed with a vectorc0j�(0)1 i + ckj�(k)2 i; c0; ck 2 CIf we take into account that ! is irreducible, � free and ! � �n not normal with respectto ! we can conclude that the extension of the state over A to a state over F is uniquelygiven by the expectation value with j
0i in this representation. WithF =Xi;n c(i)n W (�i)Unwe get !(F �F ) = Xi;j;n �c(j)n c(i)n ei�(�i ;�j)=2 e�in�(��;�i��j) !(W (�i � �j)):Therefore, the states overF inherit in a natural way the whole structure and symmetryproperties from the states over A.



73 The crossed product as �eld algebraThe important result in [?] is the theorem that the observable algebra A together withthe set of particle states (that form a DR{category) can be enlarged to a �eld algebra onwhich a gauge group acts, that leaves the observable algebra elementwise invariant.In the case of (free) fermions in one dimension the algebra is built by creation andannihilation operators a(f), ay(g), f; g 2 L2(R). The observable algebra is built by mono-mials with the same number of creation and annihilation operatorsnYi=1 ay(fi) nYj=1 a(gj): (3.1)They are invariant under the automorphism group
� a(f) = e2�i� a(f); � 2 [0; 1) = S1: (3.2)The observable algebra contains the current algebra built by ay(x)a(x), invariant underthe local gauge group a(f) = a(ei�(x)f(x). One still has to check whether this algebrais well de�ned. >From e.g. [?] we know that the current algebra leads to CCR(V0) inappropriate representations.However, if we consider as observable algebra the C*{algebra obtained as a normclosure from (3.1) the passage to the CAR{algebra as crossed product is not possible asit was shown in [?]. Therefore the closure has to be taken with respect to some othertopology. Consideration of CCR(V0) as a von Neumann algebra would solve the problem,but we do not favour it because we want to stay representation independent as much aspossible. On the other hand, we cannot ignore the representation completely, because inthe C*{norm CCR(V0) is not separable whereas the fermi observable algebra is. This isnot really a problem: we are only interested in states that are locally normal with respectto the vacuum. Therefore we take the following view point: we consider CCR(V0) as anet of von Neumann algebras closed locally in some representations, so that there is nocontradiction with [?]. To be more precise, we consider the local netA� � fY ay(f)a(g); supp f; g 2 �g00;A =_� A�The union is taken in norm and this algebra does coincide withA = _� CCR(V0;�)00where we have some freedom in choosing CCR(V0;�), e.g. (f; g) 2 V0 := (C10 � C10 ),supp f; g � �, where C10 is the space of test functions that are in�nitely di�erentiableand with compact support.



8 Our �rst step in the identi�cation of F with a Fermi type algebra_� fb(f); by(g); supp f; g 2 �g00is to �nd the gauge automorphism, but this is trivial in the context of crossed products.De�ning 
� Un = e2�i�n Un 
� Wi = Wi (3.3)and with (2.4) taken into account, we get
� Fi =Xn e2�i�n WiUn =Mn e2�i�n F (n)i (3.4)Evidently, F (0)i , the elements of A as subalgebra of F , are invariant under the gaugeautomorphism (3.3) 
� F (0)i = 
� fWi �0kg = fWi �0kg = F (0)iAlso, 
� commutes with the structural automorphism �, � � 
� = 
� � �.For the representation �
 discussed in Section 2 we observe (see (2.8))
�(W (�i)j
ki) = e2�i�kfW (�i)�kngj
i = e2�i�k W (�i)j
ki (3.5)so that we really can interpret vectors jF (k)i i as belonging to the charge{k subspace. Thus,the (gauge invariant) state over A, !(A), is extended to a gauge invariant state over F
� �
 (fF (n)i g) = 
 (
�fF (n)i g) = �n0 
 (fe2�i�n F (n)i g) = 
 (F (n)i ):The next task is to reconstruct the net character of the �eld algebra. This means thatwe want to �nd subalgebras F� for which the following relations take placeF� � F ��; if � � ���xF� = F�+xF = _� F�To show that this is really the case, we shall make use of two important featuresof the crossed product algebras in question: �rst, the extendibility of space translationsto automorphisms of the �eld algebra, and second, the unitary equivalence of crossedproducts with structural automorphisms which di�er by an inner automorphism of theobservable algebra A.Let us consider the observable algebra for a given region � and choose �� 2 V n V0,��x � �� 2 V0 such that ���jAb� = id; b� � �c;



9where �c is the causal complement of �. Then we de�neF� := A� ���� Z � F :Space translations act in F� as�xfAng = f�xAn � U (n)x g;with U (n)x implementing the (inner) automorphism �x�n����1x ��n�� . We then get, in accor-dance with (2.3),f�xAnU (n)x gf�xBmU (m)x g = (Xk �xAk �k��x Bn�kU (n)x ) ;which is exactly the multiplication law for the crossed product algebra�xA� ���x� Zwith ���x = �x�����x���x jAb� = id; b� � (� + x)cTherefore, we have �xF� = �xA� ���x� Z = F�+xThe net structure of F appears as a consequence of the extendibility of space transla-tions to an automorphism in F which requires for a choice of the structural automorphism��� that is consistent with the net structure of A.Finally, we have to verify compatibility of anticommutation relations with the struc-ture of the crossed product algebra F in order to ensure the existence of odd elements init. This will complete the identi�cation of F with a fermi �eld algebra corresponding tothe observable algebra A.f�1ng, the element in F , that implements ���, is an odd element in F� if�xf�1ng � f�1ng+ f�1ng � �xf�1ng = 0 8 jxj > j�j: (3.6)With (2.3), (2.5) this meansfW (��x � ��)�1ng � f�1ng+ f�1ng � fW (��x � �)�1ng == fW (��x � ��)�2ng+ f���W (��x � ��)�2ng == f(1 + ei�(��;��x���))W (��x � ��)�2ng = 0Thus, eq.(3.6) is satis�ed if for jxj > j�jei�(��;��x���) = �1



10that is if the following relation holds�(��; ��x) = (2k + 1)�; k integer. (3.7)This is exactly the normalization condition used in [?] to choose an approrpiate �� for theconstruction of the fermion creation operator. It readslimx!�1 �(��; ��x) = �(�g(1)� �g(�1)) Z �f(x)dx = (2k + 1)�;but the limit is already attained for jxj > j�j because supp f; g � �.Then, for the r{th class elements in F it follows:�xf�rngf�rng = Wr(��x � ��)�2r;k = (�1)r2f�rng�xf�rng (3.8)so that for r = 2n the elements commute and for r = 2n + 1 they anticommute, thusproviding a graded structure of F .Here, the sensitivity of the crossed product to the particular choice of �� shows up.If the pair �� is scaled to ���, so that � is scaled to �2�, condition (3.6) in general fails.Instead, we get �xf�1ngf�1ng = e�i�2(2k+1)�f�1ng�xf�1ng; (3.9)which can be interpreted as a fractional statistics and therefore describes an essentiallydi�erent physical system.However, it might happen that elements obeying fractional statistics, are naturallypresent in the �eld algebra F . In fact, this is exactly the situation, if the �rst odd elementof F is not f�1ng but some f��nng, i.e. if�xf��nngf��nng+ f��nng�xf��nng= f(W�n(��x � ��) + ��nW�n(��x � ��))�2�n;kg == f(1 + ei�n2�(��;��x���))W�n(��x � �)�2�n;kg = 0so, instead of (3.6) we have the relation�(��; ��x) = 2k + 1�n2 �:The graded structure is still present, with 2k�n{classes being commuting and (2k + 1)�n{classes anticommuting ones. The elements in the classes with numbers m 2 Z=Z�n arecharacterized by fractional statistics, satisfying a relation in formal analogy to (3.9):�xf�mngf�mng = e�i(m=�n)2(2k+1)�f�mng�xf�mng:This o�ers an alternative approach to construct models with fractional statistics.Finally we note that A is a subalgebra of F for the gauge group T = [0; 1) while itis a subalgebra of CAR for the gauge group T 
R. Thus the crossed product algebra Fbeing really a Fermi algebra, does not coincide with CAR but is only contained in it.



114 ExamplesWe are now going to discuss two typical examples which demonstrate the sensitivityof the construction described above to the physical content of the models. These twoexamples are Luttinger model [?] and Schwinger model [?]. It is not our aim here to givean overview on the enormous literature on these models or to enter in detail the far goingconclusions drawn on their basis. What is important from the point of view of the crossedproduct algebra construction is the essential di�erence between the interactions theydescribe. The Luttinger model is an example of a one{dimensional interacting fermionicsystem which is nevertheless realistic enough (recently it has become even more popularin connection with the \Luttinger liquid" behaviour of normal metals [?]). The Schwingermodel gives an example of con�nement, being equivalent to a free massive scalar �eldtheory in (1 + 1){dimensional space{time.The models in question are described by the following Lagrangians:LS = �14F��F �� + i � 
�(@� � ieA�) (4:1a)LL = i � 
�@� � Z j�(x)V (x� y)j�(y)dy (4:1b)where V (x� y) is an even smooth function,  (x) is a two{component spinor, satisfyingf yi (x);  j(y)g = �ij�(x� y) (4.2)all other anticommutators vanishing, A�(x) is the vector potential,F�� = @�A� � @�A�; �; � = 0; 1and currents j�(x) are de�ned asj�(x) = � (x)
� (x)j5�(x) = � (x)
�
5 (x) (4.3)jR;L(x) = 12(j0(x)� j1(x))with the two{dimensional 
{matrices
0 = �1; 
1 = �i�2; 
5 = 
0
1 = �3;�k being the Pauli matrices.Hamiltonian densities have the formHS(x) = i � (x)
1@1 (x)� e22 Z (jL(x) + jR(x))jx� yj(jL(y) + jR(y))dy (4:4a)HL(x) = i � (x)
1@1 (x) + 4 Z jR(x)V (x� y)jL(y)dy (4:4b)



12with jL(x) and jR(x) | left and right current respectively. Therefore, for a direct com-parison of the results it is convenient to generalize (4.1b) (hence, (4.4b)) to the morerealistic type of two{body interactionZ (jR(x) + jL(x))V (x� y)(jR(y) + jL(y))dy (4.5)which does not a�ect solvability of the model but only causes minor changes in thespectrum of excitations.Now, in the momentum space Hamiltonians areHS = H0 + e22� Z 10 [�1(p) + �2(p)] 1p2 [�1(�p) + �2(�p)]dpHL = H0 + Z 10 eV (p)[�1(p) + �2(p)][�1(�p) + �2(�p)]dp (4.6)where H0 is the free Hamiltonian and the following notation is used:�i(p) = Z dk ayi(k + p)ai(k); p > 0;�i(�p) = Z dk ayi(k)ai(k + p); p > 0 (4.7)with ai(k), ayi(k) being the Fourier transformed of  i(x),  yi (x): i(x) = 1p2� Z eipx ai(p) dpfayi(q); aj(p)g = �ij �(p� q):The semiboundedness of the free Hamiltonian H0 is achieved after a Bogolyubovtransformation of a's and ay's, which e�ectively describes the negative energy states�lling (�lling of the Dirac sea),a1(k) = b(k)�(k) + cy(k)�(�k)a2(k) = b(k)�(�k) + cy(k)�(k): (4.8)The new creation and annihilation operators b; by; c; cy satisfy canonical anticommu-tation relations, but the vacuum is already de�ned asb(k)j0i = c(k)j0i = 0: (4.9)This procedure results in the appearance of an anomalous term in the commutator ofcurrents (4.7), which otherwise commuted[�1(p); �1(p0)] = p�(p� p0)[�2(p); �2(p0)] = �p�(p� p0) (4.10)



13It is eqs. (4.10) that justify the so{called bosonization of the two{dimensional modelswith fermions. The calculation of the anomalies is done usually in this new vacuum, butthis is not essential. In [?] the same result was also obtained in temperature states. This isnot surprising. It is an algebraic relation, so it has to be state independent, provided thedensities are well de�ned, i.e. smearing over p gives an (unbounded) operator. This onlyworks in the new, Dirac vacuum and in all states that are locally normal with respect toit. It is one of the achievements of our approach that we can �nd the observable algebraas local net, so restricting the permitted states only on a local basis. From this localbasis we come back to the �eld algebra and there is no need to check the anomalies inevery state (that has not to be globally normal, i.e. permits temperature). In this sensewe interpret the appearance of anomalies as a local e�ect.For the corresponding spectra we get!L(p) = jpj(1� eV (p))1=2 (4.11)!S(p) = jpj 1 + m2p2 !1=2 ; m = ep� : (4.12)The CCR algebra A(V0; �) in both cases is generated by the unitariesW (�) :=W (f; g) = expfi Z [f(x)�A(x) + g(x)�V (x)]dxg(f; g) 2 V0 = (C10 � C10 );�A(x) = �1(x)� �2(x); �V (x) = �1(x) + �2(x)which satisfy W (�1) W (�2) = ei�(�1;�2)=2 W (�1 + �2); (4.13)�(�1;�2) � �((f1g1); (f2g2)) = Z (f 01g2 � f 02g1)dx:The �eld algebra F may be constructed, following the procedure described in Sections1 { 3, with the help of an automorphism ������ :W (�)! ei�(��;�) W (�); � 2 V0;�� := ( �f; �g) 2 V = (@�1C1o � @�1C10 )(a function f(x) belongs to @�1C10 , f(x) 2 @�1C1o if @f(x) 2 C10 ). Therefore, the func-tions f; g have bounded Fourier components at p = 0Z f(x)dx � ef(0) <1 8 f(x) 2 C1o (4.14)while for functions �f; �g, as well as for their space{ and time{translated this componentsmight diverge and only their boundary values at �1 are related throughZ @ �f(x)dx = �f(1)� �f(�1) =M �f <1: (4.15)



14The space translations as automorphism can be extended from the observable algebra A(4.13) to the �eld algebra F F = A ���� Z (4.16)if, according to (2.7), condition (4.14) is satis�ed for the functions�fx � �f = bfx; �gx � �g = bgxi.e. if b�x := ( bfx; bgx) 2 C10 for �nite x.This is easily seen to be the case. Note, however, that due to (4.8) space translationsare generated by P̂ = expfijpjxg which restricts the Fourier transforms of all testfunctions to the subspace of even functions. Then the invariance of symplectic form �under shifts in x determines the Fourier decompositions:f(x) = 1p2� Z eijpjx ef (p) dpg(x) = 1p2� Z e�ijpjx eg(p) dp:This gives for the zero modesZ 1�1 bfx(y)dy = 2 Z 10 eipye�f(p)(e�ipx � 1)dpdy= �ix (pe�f (p))���p=0 = (4.17)= �x Z @ �f(y)dy = �xM �f <1;according to (4.15), similarly for bgx. Eq. (4.17) also means that the singularity of thezero mode of �f; �g is of the type 1=p. For example, we can choose for ( �f; �g) appropriatelysmeared �{functions: �f (x) = Z F (x� y)�(y)dy = Z 10 F (x� y)dy�g(x) = Z G(x� y)�(y)dy = Z 10 G(x� y)dywith F;G being C10 {functions, so that for the Fourier components we gete�f(jpj) = 1i eF (p)p � i"; eF (0) �nite. (4.18)Since the space translations can be extended to the �eld algebra, we can discuss theasymptotic statistical behaviour of its elements. In particular, the existence of anticom-muting variables, due to eq. (3.6), imposes some restrictions on the functions, de�ningthe structural automorphism ���. For the algebra (4.16) this requirements reads�(��; ��x) = �[�g(1)� �g(�1)] Z �f 0(y)dy = (2k + 1)�; forjxj > �; (4.19)



15or �M�g M �f = (2k + 1)�; k integer.This is exactly the condition used in [?] to choose the appropriate �� for the constructionof the fermionic creation and annihilation operators, apart from the di�erence in thesymplectic form, hence, in the choice of V = (C10 � @�1C10 ) there. The �nite quantitiesM �f ;M�g then may be given a meaning of charges.In momentum representation condition (4.19) readslimx!�1 i Z jpje�f(jpj)e�g(jpj)(eijpjx � e�ijpjx)dp == limx!�1 Z 1�1 jpj eF (p) eG(�p)(p + i")(p� i")(eijpjx � e�ijpjx)dp= (2k + 1)� = �2� eF (0) eG(0): (4.20)5 Extension of the time evolution to the �eld algebraThe success to consider the observable algebra as Weyl algebra stems from the fact thatthe time evolution of interacting fermi systems can be described as quasifree evolution ofthe Weyl algebra. To see how the extension procedure works we have to be more explicit:�t W (f; g) = W (ft; gt) = W (e�ihtf; eihtg)where h is the one{particle Hamiltonian. In our models eiht maps C10 into C10 . Accordingto (2.7), Vt = W ( �ft � �f ; �gt � �g);and extendibility of time evolution asks that both �ft� �f, �gt� �g must belong to the spaceC10 . If time evolution commutes with space translation, we better work in momentumspace, so that we have to consider(e�i!(jpj)t� 1)e�f (p); (ei!(jpj)t� 1)e�g(p): (5.1)According to (4.18) e�f(p) does not stay bounded for p ! 0 but has a singularity of thetype 1=(p � i").Extendibility of the time evolution from the observable to the crossed product �eldalgebra then depends on the structure of the spectrum !(p). If relationlimp!0 !(jpj)p =M! <1 (5.2)holds, this is enough to cure the singularities of �f; �g, so that Vt 2 A.Let us now look at the models described in Section 4. For reasonable potentials thespectrum of the Luttinger model (4.11) satis�es condition (5.2), while for the spectrum(4.12) this is not the case: there, an additional singularity is present, corresponding to



16the appearance of a massive scalar particle that does not allow extension of the timeevolution as an automorphism on F .Since the functions �f; �g are de�ned with some additional restrictions, following fromthe requirement for f�1ng to be an odd element of F , a question arises about the impor-tance of this additional condition (4.19) for the asymptotic statistical behaviour of thetime evolution. This means, we are interested in the limit behaviourlimt!�1 i Z jpje�f (jpj)e�g(jpj)(ei!(jpj)t� e�i!(jpj)t)dpwith !(p) satisfying (5.2) so that we have to consider integrals of the typelimt!1 i Z 10 fH(p)p2 + "2 ei!(p)tdp = limt!1 i Z 10 fH(!�1(q))[!�1(q)2 + "2] eiqtdq!0(!�1(q))withH(x) being an C10 {function. These integrals have exactly the same singularities (dueto (5.2)) as those in (4.20). Then, together with (4.19), an analogous relation takes placealso for time{shifted ��{pairlimt!�1 �(��t; ��) = (2k + 1)�; k integer,so that f�1ng � �tf�1ng+ �tf�1ng � f�1ng = 0:Therefore, when an extension of the time evolution as automorphism from observableto the �eld algebra is possible, the asymptotic anticommutativity of space translationson the odd subalgebra of F provides asymptotic anti{Abelianess of the time evolutionthere (compare comments in [?], p.228).We want to emphasize that it is by far not evident that asymptotic behaviour of timeand space translations is the same. For example, in the XY{model new features appear[?, ?].Finally, we wonder how time evolution can be interpreted if (5.2) is violated, e.g. inthe Schwinger model. In [?] the view point is taken that the algebra is enlarged evenmore to CCR(V) where V = fSt ��t[V0g. V is always a linear space and we have alreadyobserved that ���, � real, with varying � leads to a larger algebra than the desired fermi�eld algebra (fractional statistics). We prefer to take the view point that we do not wantto enlarge the algebra but are satis�ed to have a well de�ned time evolution of statessince we have found the possibility to extend any state on A to a gauge invariant stateon F (Section 2). Accordingly, any gauge invariant state on F has a well de�ned timeevolution. Especially, time invariant state on A induces a time invariant state on F .Properties of such states also for �nite temperature are discussed in [?].We consider the states (2.10)hF (k)j�(W ( ))jF (k)i = h�j�(��kW ( ))j�i:They evolve in the course of time tohF (k)t j�(W ( ))jF (k)t i = h�j�(�k�tW ( ))j�i = h�j� � �t � ��t�k�tW ( )j�i:



17As we have already mentioned, two states, !1 and !2, over a gauge invariant algebracan be combined in a not gauge invariant state i� the representations �1 and �2 ��k areequivalent for some k. In the course of time !1 and !2 evolve to states, corresponding tothe representations �1 � �t and �2 � �t. Since �2 by assumption is equivalent to �1 � ��k,we demand that �1 � �t � �2 � �t � ��k�1 � �2 � ��k � �k�t��k��tand this only holds if �k�t��k��t is an automorphism of (A)00, which is not the case inthe Schwinger model. Therefore states that are not gauge invariant have no well de�nedtime evolution, so that they are not physically acceptable and we have screening of thecharge (con�nement).To summarize, the time evolution on the fermionic �eld algebra can be obtained as anaturally extended automorphism from the time evolution of the observable �elds only incases when short range interactions determine the behaviour of the system. Existence oflong range forces, typical example being the Schwinger model, appears to be an obstacleto this. Of course, the fermionic �eld algebra is still well de�ned but we can only considerthe time evolution of gauge{invariant, hence, not charged fermionic structures (consistingof equal number fermions and antifermions). This nonextensibility of the time evolutionmay be viewed as another manifestation of the con�nement, which takes place in theSchwinger model.Concluding remarksWe have demonstrated on simple examples the possibility to construct fermionic �eldalgebra as a crossed product of the observable algebra by a proper �{action of the group ofinteger numbers Z. � has to be a free (not{inner) automorphism of the observable algebraA which is a simpli�cation for dimension 2 as compared to the specially directed monoidalcategory of endomorphisms for 4 dimensions in [?] but still provides an analysis of variousmodels. The �eld algebra so obtained has a local net structure, the ingredients being vonNeumann algebras. The extension of automorphisms from observable to the �eld algebrais shown to be possible under a compatibility condition between the automorphism inquestion and the structural one used in the crossed product. As a direct consequenceof this compatibility relation for the special case of space translations and of the netstructure of the observable algebra appears the net structure also of the �eld algebraso that no further restrictions on � have to be imposed to guarantee the latter. Also,the states are shown to be extendible to the �eld algebra, inheriting the structure andproperties of the states over the algebra of observables.In the two cases of automorphisms of particular interest | space translations and timeevolution, we have the following situation: the conditions to be ful�lled in order to havespace translations extended to the �eld algebra and to have anticommuting �elds presentin it, are enough to specify the automorphism �(��) by �xing ��. Then, time evolution
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