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We use earlier results on the classification of the positive energy
unitary irreducible representations of the N-extended D=4 conformal
superalgebras su(2,2/N). These results are applied to the reduction of
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1 Introduction

Recently, superconformal field theories in various dimensions are attract-
ing more interest, especially in view of their applications in string theory.
Thus, the classification of the UIRs of the conformal superalgebras is of
great importance. For some time such classification was known only for the
D = 4 superconformal algebras su(2,2/1) [1] and su(2,2/N) for arbitrary
N [2], (see also [3,4]). Then, more progress was made with the classification
for D = 3 (for even N), D =5, and D = 6 (for N = 1,2) in [5] (some
results being conjectural), then for the D = 6 case (for arbitrary V) was
finalized in [6]. Finally, the cases D = 9,10, 11 were treated by finding the
UIRs of osp(1/2n), [7].

Once we know the UIRs of a (super-)algebra the next question is to find
their characters, since these give the spectrum which is important for the
applications. This problem was addressed in [8] for the UIRs of D = 4 con-
formal superalgebras su(2,2/N). From the mathematical point of view this
question is clear only for representations with conformal dimension above the
unitarity threshold viewed as irreps of the corresponding complex superalge-
bra si(4/N). But for su(2,2/N) even the UIRs above the unitarity threshold
are truncated for small values of spin and isospin. More than that, in the
applications the most important role is played by the representations with
“quantized” conformal dimensions at the unitarity threshold and at discrete
points below. In the quantum field or string theory framework some of these
correspond to operators with “protected” scaling dimension and therefore
imply “non-renormalization theorems” at the quantum level, cf., e.g., [9,10].
Especially important in this context are the so-called BPS states, cf., [10-17].

Finding the characters involves also deeper knowledge of the structure
of the UIRs. Fortunately, most of the needed information is contained
in [2-4,18]. We use also more explicit results on the decompositions of long
superfields as they descend to the unitarity threshold [8].

In the present paper the above results are applied first to the reduction
of supersymmetries in Section 3, and then to the classification of BPS and
possibly protected states in Section 4.



2 Preliminaries

2.1 Representations of D=4 conformal supersymme-
try

The conformal superalgebras in D = 4 are G = su(2,2/N). The even
subalgebra of G is the algebra Gy = su(2,2) ® u(l) & su(N). We label
their physically relevant representations of G by the signature:

X = [d;ji, j2iz5m, ., rv] (2.1)

where d is the conformal weight, ji,jo are non-negative (half-)integers
which are Dynkin labels of the finite-dimensional irreps of the D = 4 Lorentz
subalgebra so(3,1) of dimension (2j; + 1)(2j2 + 1), =z represents the
u(1) subalgebra which is central for Gy (and is central for G itself when N =
4), and ry,...,ry_1 are non-negative integers which are Dynkin labels of
the finite-dimensional irreps of the internal (or R) symmetry algebra su(N).

We recall the root system of the complexification GZ of G (as used in [4]).
The positive root system A% is comprised of «;;, 1 <i<j <4+ N.
The even positive root system Ag is comprised of «;;, with 7,7 <4 and
1,7 > b; the odd positive root system A;r is comprised of «y;, with
i < 4,7 > 5. The simple roots are chosen as in (2.4) of [4]:

M =g, Yo = Qsa, Y3 = Qo5 5 Y4 = QUuarN 5 Ve = Qktl, O <k <3+ N

(2.2)
Thus, the Dynkin diagram is:
O X O - O—Q—0O (2.3)
1 3 5 3+N 1 2

This is a non-distinguished simple root system with two odd simple roots [20].

Sometimes we shall use another way of writing the signature related to the
above enumeration of simple roots, cf. [4] and (1.16) of [8]:

X = <2j1 ; (A7 73) 3Ty s TN=1 (A774) ; 2]2) ) (24>

(where (A,73), (A,74) are definite linear combinations of all quantum num-
bers), or even giving only the Lorentz and SU(N) signatures:

xv = {213, rvo1s 252 1 (2.5)
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Remark: We recall that the group-theoretical approach to D = 4 con-
formal supersymmetry developed in [2—4] involves two related constructions
- on function spaces and as Verma modules. The first realization employs
the explicit construction of induced representations of G (and of the corre-
sponding supergroup G = SU(2,2/N)) in spaces of functions (superfields)
over superspace which are called elementary representations (ER). The UIRs
of G are realized as irreducible components of ERs, and then they coincide
with the usually used superfields in indexless notation. The Verma module
realization is also very useful as it provides simpler and more intuitive picture
for the relation between reducible ERs, for the construction of the irreps, in
particular, of the UIRs. For the latter the main tool is an adaptation of the
Shapovalov form [19] to the Verma modules [2,18]. Here we shall need only
the second - Verma module - construction. <

We use lowest weight Verma modules V4 over G%, where the lowest weight
A is characterized by its values on the Cartan subalgebra H and is in
1-to-1 correspondence with the signature y. If a Verma module V% is
irreducible then it gives the lowest weight irrep L, with the same weight.
If a Verma module V* is reducible then it contains a maximal invariant
submodule I* and the lowest weight irrep L, with the same weight is
given by factorization: L, = VA /TI*[21]. The reducibility conditions were
given by Kac [21].

There are submodules which are generated by the singular vectors related
to the even simple roots v1,72,7s,---,Vn+s [4]. These generate an even
invariant submodule I* present in all Verma modules that we consider and
which must be factored out. Thus, instead of V?* we shall consider the
factor-modules:

VA = VA/IA (2.6)

The Verma module reducibility conditions for the 4N odd positive roots
of G¥ were derived in [3,4] adapting the results of Kac [21]:

d = dy;, — 26n4 (2.7a)
dy, = 4 —2k+2jy + 2+ 2my, — 2m/N

d = dy; — 20n4 (2.7b)
dy, = 2—2k — 2jo + 2+ 2my, — 2m/N



d = d?\/k +25N4 (27C)
dy, = 242k —2N + 25, — 2z — 2my +2m/N

d = dy + 204 (2.7d)
dy, = 2k —2N — 25, — 2z — 2my, +2m/N
where in all four cases of (2.7) k=1,...,N, my =0, and
N— N-1 N-1
— Z m = my = kry (2.8)
k=1 k=1

Note that we shall use also the quantity m* which is conjugate to m :

N-— N-—

mt = Z ZN k) (2.9)
=1 k=1
m+m* = Nmy . (2.10)

We need the result of [2] (cf. part (i) of the Theorem there) that the follow-
ing is the complete list of lowest weight (positive energy) UIRs of su(2,2/N) :

d > dpax = max(dy,,dyy) , (2.11a)
d = dyy>dy, 71=0, (2.11b)
d = dy; >dyy, j2=0, (2.11c)
d=dyy=dyy, i1=5j=0, (2.11d)

where d.c is the threshold of the continuous unitary spectrum. Note that
in case (d) we have d = my, z = 2m/N —m; , and that it is trivial for N = 1.

Next we note that if d > dy.c the factorized Verma modules are irre-
ducible and coincide with the UIRs L, . These UIRs are called long in the
modern literature, cf., e.g., [10,17,22-26]. Analogously, we shall use for the
cases when d = dpax, i.e., (2.11a), the terminology of semi-short UIRs,
introduced in [10,22], while the cases (2.11b,c,d) are also called short UIRs,
cf., e.g., [10,17,23-26].

Next consider in more detail the UIRs at the four distinguished reducibility
points determining the UIRs list above: dY,, d4, dyy, diy - The above
reducibilities occur for the following odd roots, resp.:

Q344N = Vo+Va, Quarn = Y4, 015 = M+Y3, s = 3. (2.12)



We note a partial ordering of these four points:
Due to this ordering at most two of these four points may coincide.

First we consider the situations in which no two of the distinguished four
points coincide. There are four such situations:
a:  d=dp=dy, =d* =2+ 25+ 2+ 2my — 2m/N > dyy(2.14a)
b: d=d% =d"=z2—2j+2m —2m/N > d5y , jo=0(2.14D)
c:  d = dpx = dyy = d° = 2+2j; — z2+2m/N > dy, (2.14c)
d: d=dyy=d"=2m/N—-2j,—z>dy,, j1=0 (2.14d)
where for future use we have introduced notations d*,d°, d¢,d?, the defini-
tions including also the corresponding inequality.

We shall call these cases single-reducibility-condition (SRC) Verma
modules or UIRs, depending on the context. In addition, as already stated,
we use for the cases when d = dpax, i-e., (2.14a,c), the terminology of
semi-short UIRs, while the cases (2.14b,d), are also called short UIRs.

The factorized Verma modules V* with the unitary signatures from (2.14)
have only one invariant odd submodule which has to be factorized in order
to obtain the UIRs. These odd embeddings and factorizations are given as
follows:

VA - VME L Ly = VAP (2.15)
where we use the convention [3] that arrows point to the oddly embedded
module, and we give only the cases for [ that we shall use later:

g = agayn , for (2.14a), jo >0, (2.16a)
= 344N +Quarn , for (2.14a), jo =0, (2.16b)
= ay5, for(2.14¢), 71 >0, (2.16¢)
= a5 +aps, for (2.14¢), ;=0 (2.16d)

We consider now the four situations in which two distinguished points
coincide:

ac: d = dyay = d* = 24 j1 +jo+m =dy, =dyy (2.17a)
ad: d=d“= = 1+jo+m = dy,=dyy, 51 =0 (2.17b)
bc: d=d" = =1+j14+m = da,=d¥y, jo=0 (2.17c)
bd: d=d"%= =m =d4y =dyn, j1i=j2=0  (2.17d)

6



We shall call these double-reducibility-condition (DRC) Verma mod-
ules or UIRs. The cases in (2.17a) are semi-short UIR, while the other cases
are short.

The odd embedding diagrams and factorizations for the DRC modules are [3]:

A+
i Ly = VAP 199 — [BUTY
VA, A+S

and we give only the cases for (3,3’ to be used later:

(B,68) = (oas,a344n), for (2.17a), jija >0 (

= (()[15, Q3 44N + 063’4_|_N), for (217()), jl > O, jg =0 (219b
(&15 + Quos, CY3’4+N), for (2176), 7= O, Jo > 0 (219C
(

15 + 95, 01374_;,_]\] + 043,4+N), fOI' (217d), jl = jg = O (219d

2.2 Decompositions of long superfields

First we present the results on decompositions of long irreps as they descend
to the unitarity threshold [8].

In the SRC cases we have established that for d = d,.« there hold the
two-term decompositions:

(-zlong> = [A/A D IA/A_F@ , r1+ry_1>0 , (220)

d=dmax

where A is a semi-short SRC designated as type a (then r; > 0) or ¢ (then
ry—1 > 0) and there are four possibilities for 5 depending on the values of
J1,J2 as given in (2.16). In cases (2.16a,c) also the second UIR on the RHS
of (2.20) is semi-short, while in cases (2.16b,d) the second UIR on the RHS
of (2.20) is short of type b, d, resp.

In the DRC cases we have established that for N > 1 and d = dpax =
d* hold the four-term decompositions:

(f/long) = Lpn ® Lars ® Lary ® Layses rry-1 >0, (2.21)
d—dac
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where A is the semi-short DRC designated as type ac and there are four
possibilities for 3, ' depending on the values of j;, j» as given in (2.19a,b,c,d).
Note that in case (2.19a) all UIRs in the RHS of (2.21) are semi-short. In
the case (2.19b) the first two UIRs in the RHS of (2.21) are semi-short, the
last two UIRs are short of type be. In the case (2.19¢) the first two UIRs in
the RHS of (2.21) are semi-short, the last two UIRs are short of type ad. In
the case (2.19d) the first UIR in the RHS of (2.21) is semi-short, the other
three UIRs are short of types bc, ad, bd, resp.

Next we note that for N = 1 all SRC cases enter some decomposition,
while no DRC cases enter any decomposition. For N > 1 the situation is
more diverse and so we give the list of UIRs that do not enter decompositions
together with the restrictions on the R-symmetry quantum numbers:

e SRC cases:

ea d = d*, rr=20.

b d = d, r<2.

oc d = d°, ry-1=0.

od d = d¢, TN < 2.

e DRC cases:

all non-trivial cases for N = 1, while for N > 1 the list is:
eac d = d*, riry—1 =0 .

ead d = d*, rv-1 <2, r;=0for N>2.
ebc d = d, ri1 <2, ry_1=0for N>2.
ebd d = d", ri,ryo1 < 2for N >2, 1<r; <4for N=2.

For further use we recall that d > d.x the factorized Verma modules
are irreducible and coincide with the UIRs L, [2-4]. These UIRs are called
long in the modern literature, cf., e.g., [10,17,22-26]. Analogously, we shall
use for the cases when d = dp.,, the terminology of semi-short UIRs,
cf. [10,22], while the reducible cases when d < dy,. are called short UIRs,
cf., e.g., [10,17,23-26].



3 Reduction of supersymmetry in short and
semi-short UIRs

Our first task in this paper is to present explicitly the reduction of the su-
persymmetries in the irreducible UIRs. This means to give explicitly the
number k of odd generators which are eliminated from the corresponding
lowest weight module, (or equivalently, the number of super-derivatives that
annihilate the corresponding superfield).

3.1 R-symmetry scalars

We start with the simpler cases of R-symmetry scalars when r; =0 for all
17, which means also that m; = m = m* = 0. These cases are valid also for
N = 1. More explicitly:

ea d=4dl _ = 2+2jp+z, j arbitrary,
k= N+ (1—-N)dj,o, orcasewise: (3.1)
k= N7 j2 > 07
k= 17 .j2 =0
Here, k is the number of anti-chiral generators X;:4+k’ k=1,...,k, that

are eliminated. Thus, in the cases when & = N the semi-short UIRs may
be called semi-chiral since they lack half of the anti-chiral generators.

eb d=d _, =z, jiabitrary, j=0,
C—ON (3.2)

These short UIRs may be called chiral since they lack all anti-chiral genera-
tors Xy, X, k=1,...,N.

ec d=d , = 2+21—2z, jsarbitrary,
k = N+ (1—N)J 0, orcasewise: (3.3)
=N, 71>0,
k=1 5n=



Here, x is the number of chiral generators Xff4+k, k=1,...,k, that are
eliminated. Thus, in the cases when x = N the semi-short UIRs may be
called semi—anti-chiral since they lack half of the chiral generators.

od d=d = —2z, Joarbitrary, j; =0,

|m:0

Kk =2N (3.4)

These short UIRs may be called anti-chiral since they lack all chiral genera-
tors Xy, Xoye, k=1,...,N.

eac d=d"  =24+h+), 2= j1—J2,
k = 2N+ (1 —N)(6j,0+6j,0), or casewise : (3.5)
k=2N, ifj1,52 >0,
k=N+1,if71 >0, jo =0,
k=N+1 ifj1=0, j2>0,
k=2, 1fj1 =72=0.

Here, x is the number of mixed elimination: chiral generators X', e

and anti-chiral generators X; 4+r- Thus, in the cases when x = 2N the
semi-short UIRs may be called semi-chiral-anti-chiral since they lack half
of the chiral and half of the anti-chiral generators. (They may be called
Grassmann-analytic following [10].)

e ad d=d? =1+j = —z, j=0,
kK = 3N+ (1—N)dj,0, or casewise : (3.6)
k=3N, jy>0,
kK=2N+1, jy=0.

Here, x is the number of mixed elimination: chiral generators X 1+ 4> and
both types anti-chiral generators ng Atk XZ4 +x- Thus, in the cases when
k = 3N the semi-short UIRs may be called chiral and semi—anti-chiral since
they lack half of the chiral and all of the anti-chiral generators.
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e bc d:dﬁi:ozl‘i‘jl:Z, J2 =0,
k = 3N+ (1 —N)dj 0, or casewise : (3.7)
k=3N, j >0,

k=2N+1, j;=0.

Here, k is the number of mixed elimination: both types chiral generators
X{4prs X4k, and anti-chiral generators X, ;. Thus, in the cases when
tk = 3N the semi-short UIRs may be called semi—chiral and anti-chiral since
they lack all the chiral and half of the anti-chiral generators.

The last two cases (ad,bc) form two of the three series of massless states,
holomorphic and antiholomorphic [2], see also [4,8].

The case ebd for R-symmetry scalars is trivial, since also all other quan-
tum numbers are zero (d = j; = jo = z = 0).

3.2 R-symmetry non-scalars

Here we need some additional notation. Let N > 1 and let iy be an integer
such that 0 <ig < N—1, r, =0 for i <ig, andif 70 < N —1 then
Tio+1 > 0. Let now ¢, be an integer such that 0 <if < N—1, ry_;, =0 for
i <ig, and if i < N —1 then ry_j_y > 0.2

With this notation the cases of R-symmetry scalars occur when iy + i, =
N — 1, thus, from now on we have the restriction:

0<ig+ih<N—2 (3.8)

Now we can make a list for the values of k, with the same interpretation
as in the previous subsection, only the last case is added here.

ea d = d*, ji,Jo arbitrary,
k=14 Zo(l - 6j2,0) S N-—-1. (39)

2Both definitions are formally valid for N = 1 with iy = 0 since 79 = 0 by
convention and with i, =0 since ry =0 by convention.
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eb d = d*, j5=0, j arbitrary,
k=242 < 2N —2. (3.10)

ec d = d°, ji,7Jo arbitrary,

od d = d¥, j, =0, j, arbitrary,
k=2+2y<2N —2. (3.12)

eac d =d*, z = j1—jo+2m/N —my, j1,Jo arbitrary,
ko= 2+ig(1—0;0) +ib(1—0,0) <N . (3.13)

Here, the eliminated chiral generators are X, e kB < 1+14;, and the
eliminated anti-chiral generators are X, nr k< 1+ig.

ead d =4d, j1=0, z = 2m/N—my—1—j,, j,arbitrary,

Here, the eliminated chiral generators are X", e k< 1+, and the
eliminated anti-chiral generators are X3, , X/, ., k< 1+1p.

ebc d=4d*, jo=0, z = 2m/N—m;+1+7, 7 arbitrary,

Here, the eliminated chiral generators are Xff4+k, X;;Hk, k <141, and
the eliminated anti-chiral generators are ng aris K< 1+1g.
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ebd d=4d", ji=4j;=0, z=2m/N—-—m,
Kk =4+ 2ig + 2i) < 2N . (3.16)

Here, the eliminated chiral generators are X, ., X3, , k <141, and
the eliminated anti-chiral generators are X3, ., X3, k <1+74.
Note that the case x = 2N is possible exactly when iy +i[, = N — 2, i.e.,
when there is only one nonzero r;, namely, 7;,41 #0, 7 =0,1,..., N —2:
, , 242 — N
ebd Kk=2N :d =m; = 1ryyy1, 1 =72=0, z:rioﬂio.
(3.17)
When d =m; =1 these %—eliminated UIRs form the 'mixed’ series of mass-
less representations [2], see also [4,8].3

Remark: In this paper we use the Verma (factor-)module realization of the
UIRs. We give here a short remark on what happens with the ER realization
of the UIRs. As we know, cf. [4], the ERs are superfields depending on
Minkowski space-time and on 4N Grassmann coordinates 6., 08 a,b = 1,2,
i,k =1,...,N. There is 1-to-1 correspondence in these dependencies and
the odd null conditions. Namely, if the condition X, , [A) = 0,a=1,2,
holds, then the superfields of the corresponding ER do not depend on the
variable @, while if the condition X7, , [A) = 0, a = 3,4, holds,
then the superfields of the corresponding ER do not depend on the variable
0k ,. These statements were used in the proof of unitarity for the ERs
picture, cf. [18], but were not explicated. They were analyzed in detail in
the papers [10-12,23], using the notions of ’harmonic superspace analyticity’
and Grassmann analyticity. <

In the next Section we shall use the above classification to the so-called
BPS states.

3This series is absent for N = 1.
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4 BPS states

4.1 PSU(2,2/4)

The most interesting case is when N = 4. This is related to super-Yang-Mills
and contains the so-called BPS states, cf., [10-17]. They are characterized
by the number k of odd generators which annihilate them - then the corre-

sponding state is called ;% -BPS state. Group-theoretically the case N = 4

is special since the u(1) subalgebra carrying the quantum number z becomes
central and one can invariantly set z = 0.

We give now the explicit list of these states:

ea d =dj = 2+2j+2m—im > dj, . The last inequality leads
to the restriction:
2j2+7“1 >2j1+7”3 . (41)

In the case of R-symmetry scalars, i.e., m; = 0, follows that js > j;, i.e.,
J2 > 0, and then we have:

k=4, mp =20, jo>0. (42)

In the case of R-symmetry non-scalars, i.e., m; # 0, we have the range:
ip + iy < 2, and thus:

k=14 ’lo(l — (Sj270) <3. (43)

b d =d} = im* > d},, jo=0. The last inequality leads to the
restriction:
T > 2 + 2]1 + rs . (44)

The latter means that r; > 2, i.e., m; # 0, ig =0, and thus:

k=2. (4.5)

The next two cases are conjugate to the previous two so we present them
shortly:

oc d=djy =2+2+im > dj; =

271+ 13> 240+ 11, (4.6)
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m=0 = 1 >j — j>0 —
k=4, m;y =0, j; >0. (4.7)
m #0 = ig+ig<2 =
k=1+i)(1—0;0)<3. (4.8)
od d=2dj =im>dj, H=0 =
T3 > 24 2js 411, (4.9)
— 3>2 = m #0, i{j=0 =

ko= 2. (4.10)

eac d = d*° = 24 j1 + jo +my . From z = 0 follows:
2j2+7“1:2j1+7’3 . (411)

In the case of R-symmetry scalars, i.e., m; = 0, follows that j, =71 = 7,
and then we have:
kK = 8—60j0, d=2+2j. (4.12)

In the case of R-symmetry non-scalars, i.e., my # 0, iy + i; < 2, and thus:
k=2+ig(1—08,,0) +in(1—0;0) <4. (4.13)

ead From z =0 follows: r3=2+2jp+1r = 1r3>2 = my #0,
and iy =0, ip <2 —
KR = 3+i0(1—(5j270)§5,
d = d¥ = 1+jo+my = 3+3j+2r +ry, (4.14)
Xa = {0;71,72,2+25+715 252} .
ebc From z =0 follows: r1 =2+2js+1r3 = 11 >2 = my #0,
and =0, ;<2 =
R = 3+Z/0(1—(53170)§5,

d d* = 14 jo4+my = 3+3jy+2r +79, (4.15)
Xe = {2J1;2+2j+713,7m9,73; 0} .
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ebd From z = 0 follows: r; = r3 = r, thus, ig = ij = 0,1 and then we
have:

k=4(14 1) , (4.16)
d=d"=m = 2r+ry, #0, rrocZ,,
X4:{0;T,T2,T;O}-

From the above BPS states we list now the most interesting ones:

4.1.1 3-BPS states, x =38

These are possible in case ac, cf. (4.55), for R-symmetry scalars and
nontrivial vector Lorentz spin:

d=2+n, Xe = {n;0,0,0;n}, n=2j€N. (4.18)

They are also possible in case bd, cf. (4.60), when iy = ij = 1, i.e,
7’1:7“3:0, 7’2%01

d:7"2:7“21, 7"1:7“3:j1:j2:Z:O, (419)
or
d=relN, xe = {0;0,7,0;0}. (4.20)
4.1.2 :-BPS states, k=4

These happen in most cases with appropriate conditions:

Case a, cf. (4.2),

d = 2+2j,>3, mi=z=0, jo>1. (4.21)

or
d=2+n+k, xe = {n;0,0,0;n+k}, n=2p€Z,, kelN.
(4.22)
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Case c, cf. (4.50),

d = 2+2j >3, mi=z=0, j1 >3 . (4.23)

or
d=2+n+k, Xe = {n+k;0,0,0;n}, n=2jpeZ,, kelN.
(4.24)

In case ac we deal with R-symmetry non-scalars with only one non-zero
r; entry, since we have ig 4 i(, = 2, thus, we take r14;, #0, 0 <1iy <2, with
the condition:

J1—Ja=mq — 3m = 31144 (1 —dg) , (4.25)
and then we have:
d =24+ +jo+mr, = 24+2j+r;, (4.26)
where case-wise:
jo= Jo, hi=J+s5m, xa = {27+r;r,0,0;25},
Jo= n=J2, xa = {2;0,m,0525}, (4.27)
jo= g1, Je=J+3rs, xa = {24;0,0,r3;2j+r3} .

Case ad, cf. (4.14),

d = 3+3ja+712>7, r3=2+2j>3, ja>3, m=j=2=0.
(4.28)
or
d:3+%n+7", xe = {0;0,724n;n}, rnelN. (4.29)
Case bc, cf. (4.15),
d =34+31+r>7, Mm=2421>3, j1>3, r3=ja=2=0.
(4.30)
or
d=3+3n+r, xa = {n;2+nnr0;0}, rnelN. (431
Case bd, cf. (4.60), when iy =i, =0,1ie., 1 =r3=n#0:
d=r+2n>2, n>1, r=r,>0, ji=jo=2=0. (4.32)
or
d=1r+2n, x+ = {0;n,mn;0}, rnelN. (4.33)
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4.1.3 :-BPS states, r =2
Case a, cf. (4.2) with jo >0, i =1,

d = 2+42j+r2+ 373, 2jy >2j1 +13, 12>0, 1 =2=0. (4.34)
or

d:2+k+2n+r2+%r3, Xe = {n;0,rq,r3;n+rs+k}, (4.35)
k,ro € IN, n,r3€ Z, .

Case b, cf. (4.48),
d = 3(3r1+2ry +1r3) = sm* r>24+2j1+r3, jo=2z=0. (4.36)
or

d:3+27“3+r2—|—g(n—|—k:), Xe = {n;2+n+r3+kryrs; 0}(4.37)
ke IN, n,ro,r3 € Z, .

Case c, cf. (4.50) with j; >0, i( = 1,
d = 2425 +ro+ 311, 21 >2ja+11, 12>0, r3=2=0, (4.38)
or

d:2+k+2n+r2+%r1, Xa = {n+r+k;r,r0;n}, (4.39)
k,ro € IN, n,ry € Z, .

Case d, cf. (4.53),
d = %m: %(T1+27’2+3T3) , T3 >2+2j2—|—7“1 , jl :2'207 (440)

or

d=3+2r +7ry+ 3(n+k), Xe = {0;7r,m,24n+mr +k;n}(441)
keIN, n,ro,r € Z, .

Case ac, cf. (4.55),(4.57),

d:2—|—m122, jlszZZ:O. (442)
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or
d =24r+ro+rs, X4 = {0;7‘1,7“2,7”3;0}- (4'43>

Some of these BPS-cases are extensively studied in the literature, mostly
those listed here as cases ac,bd, cf. [10-17].

Finally, we remark that some of the above states would violate the pro-
tectedness conditions that we gave in Subsection 2.2. These would be the
1 _BPS cases listed as cases ad,bc, and in case bd for n > 2, while for the
-BPS cases that would be the cases b,d, and in case ac for ry73 # 0.

[e >N

4.2 SU(2,2/N), N<3

We can set z = 0 also for N # 4 though this does not have the same group-
theoretical meaning as for NV = 4. In this Subsection we treat separately the
cases N = 1,2,3, which are more peculiar.

4.2.1 SU(2,2/1)

For N =1 setting z = 0 is possible only for three cases a,c,ac :
ea d=2+42j, ja>j1 20,

k=1, %—BPS;
oc d=2+2j5, J1>j22>0,
k=1, i—BPS;
eac d=2+2j, jp=j=],
K =2, %—BPS.

Note that according to the result of Subsection 2.2 the first two cases would
not be protected.

4.2.2 SU(2,2/2)

For N =2 holds iy =i, = 0,1. Setting z = 0 is possible for four cases
a,c,ac,bd when we have:

ea d=2+4+2p+r, jJo>j1 >0,
k=141 <2;
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oc d=2+2j+r1, Jj1>7j220,

k=1+1i[<2;
eac d=2+2j+r, Ji1=j2=],

K=2+4+ 252‘0]'70 < 47
ebd d=1r#0, ji=jo=0, (here z=0 holds in all cases),

Kk =4, %—BPS.

Note that according to the result of Subsection 2.2 the first three cases
would not be protected when r; # 0, i.e., when ig = ¢, = 0. In contradis-
tinction, when r; = 0, i.e., iy = i; = 1, the first two are i—BPS, and
the third, when j7 > 0, a %—BPS. The fourth case would not be protected if
ry > 4.

4.2.3 SU(2,2/3)

In fact, the case N = 3 is similar in these considerations to N = 4, (though
some results differ), so we present it telegraphically.

ea d =di = 24+2j+2m —2m/3 > diy —
Jot 31> g1+ 372 (4.44)
For mi=0 = jp2>j5 = 75>0 =
k=3, m; =0, 72>0. (4.45)
Form; #0, = ip+ip <1 =
k=1+1io(1—08,,0) <2. (4.46)
b d=d% =2m —2m/3 > d3;, jo=0 =
r>3+3p+re = (4.47)
rn>3 = mp#0and i(p=0 =
k=2 (4.48)
oc d=d}; = 24+25+2m/3 > d}y =

j1+%7’2>j2+%7”1 ) (4.49)
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m =0 — j1>j2 — j1>0 S
k=3, mi=0, j1>0. (4.50)
m#0 = igt+ip<1l =

od d=dj; =2m/3 > d, 1=0, =
Ty > 3+3j2+’/’1 , (452)
= 1 >3 = m #0, and i{=0 =

ko= 2. (4.53)

eac d = dj; =dj; = 2+ j1+ja+my . From z = 0 follows:
Jot3ri=J1+ 372 - (4.54)

In the case of R-symmetry scalars, i.e., m; = 0, follows that j, = 71 = j,
and then we have:
kK = 6— 4(5]"0 . (455)

Thus, for j # 0 we have %—BPS state:
k=6, d=2+27>3, x3=1{2j;0,0;25}. (4.56)
In the case of R-symmetry non-scalars, i.e., m; # 0, ip+ iy < 1, and thus:
k=2+1i9(1—0j,0)+ip(l—0d;0) <3. (4.57)
Thus, when igjs # 0 or igj; # 0 we have i—BPS state since k = 3.

ead From z =0 follows: 7 =3+3jo+1r = 11, >3 = my #0,
and i =0, {1 <1 =

Kk = 3 —|-Zo(1 — 5]'270) S 4 s
d = d“ = 1+jo+m = 4+4jy+2r, (4.58)
xs = {0;7,3+352+71;252}.

Thus, when igjs =0 we have i—BPS state since k = 3.
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ebc From z =0 follows: m =3+3j;+r, = mn >3 = my #0,
and iOZO, Zbgl —
R = 3—}-26(1—5]1’0) §4 s
d = d*° = 1+j+m = 4+45+2ry, (4.59)
X3 = {Zjl; 3+3j1+7’2,7"2; O} .
Thus, when i(j; =0 we have i—BPS state since k = 3.
ebd From z = 0 follows: ry =1ry = %ml =r € IN, thus, iy =i, =0 and
then we have:

k=4, d=4d%=2r #0, xs={0;77;0}. (4.60)

Note that according to the result of Subsection 2.2 the following cases
would not be protected: cases a,ad when r; # 0;  cases c,bc when
r9 #0; cases b,d; case ac when riry # 0, (i.e., ig =i, =0); case bd
when r > 2.

4.3 SU(2,2/N), N >5

The cases N > 5 are described adequately by the general exposition in
Section 3, though some cases are excluded for z = 0. Thus, we shall give
only the special cases.

4.3.1 %-BPS states, kK =2N

These are possible only in cases ac,bd, and appear as for N = 4.

In case ac we deal with R-symmetry scalars and 77 = jo =7 >

N [—=

d=2+n, n=25€ N, xy = {n;0,...,0;n}. (4.61)

In case bd this is possible when N is even, and there is only one
non-zero r;, namely, the middle one, i.e.,
d = m = 1 £ 0, xv = {0;0,...,0, 0,...,0;0}.
§N71
(4.62)

Note that according to the result of Subsection 2.2 these %—BPS cases would
be protected.

1 s
o N-1
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4.3.2 1-BPS states, k=N

In case a we deal with R-symmetry scalars and j5 > j;,

d=24+n+k, n=2h€Z., ke N, xv = {n;0,...,0;n+k}.
(4.63)

In the conjugate case ¢, j; > jo,

d=2+n+k n=2jheZ,., kelN, xy = {n+k;0,...,0;n}.
(4.64)

In case b we would deal with R-symmetry non-scalars for N-even, and

we must have iy = % — 1; this means that r, =0 for 1 =1,..., % — 1.
On the other hand we must satisfy the condition:
N N
371 571
Iji < mi—2m/N = Y (rp—ry_)(1=2k/N) = = Y " ry_x(1-2k/N) <0,
k=1 k=1

which is not possible.
For the same reason the conjugate case d is not possible.

In case ac we deal with R-symmetry non-scalars with only one non-zero r;
entry, since we have ig+iy = N —2, thus, we take ry;, #0, 0 <ig < N—2,
with the condition:

j1—jo=mq —2m/N =i, (1 — 2(1 +4)) , (4.65)

and then we have:

d = 2+j1+j2+7ni07 XN = {2]1a07707 rioaow"ao; 2]2} (466>
Note that: i0<%—1 — J1—J2 >0,
Z'0>%—1 = 51— J2 <0,

io=%—-1 = ji—j>=0, onlyfor N-even.

In case ad we deal with R-symmetry non-scalars with two subcases de-
pending whether j5 is zero or not.
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e When j, =0 we have x = N = 3+ 2i;, i.e., N is odd, and
iy, = 3(N —3), (io < 3(N —1)). On the other hand from z = 0 we must
satisfy the condition (rescaling by V):

S(N-1)
> (rvee—ri)(N=2k) = L)~ > r(N-2k).

N = 2m—Nm; =
k=1 k=1
Thus, we have:
1
N+ N-1
d=14+m =1+ > mn =1+N+ > r(l+N-2k),
k=1 k=3 (N+1)
xy = {0;r,...,0, T%(N+1)’O""’0;O}'(4'67)

e When j; #0 we have kx = N = 3+ 2i;, + i, from where we follows that
L(N —3).

ig +ig = IN — 2 is not possible, thus i + iy < N — 3, also iy < 5

Also the following condition must hold:

1+j2:%m—m1.

(4.68)

Thus, we have:
d=1+j+m=2m, ji=0.

In the conjugate case bc we expose shortly:
j1:() = kK=N=34+2i = NiSOdd, = ’Lo:%(N—?)),

(i{).g 5(N —1)). On the other hand must hold:
S(N-1) 5(N-1)
N = Nm;—2m = Z (re—ry_i)(N—2k) = r%(Nil) - Z rn_k(N—=2k).
k=1 k=1
Thus, we have:
N-1 N-1
d=14m =1+ > rn=1+N+ Y r(l+2k—N),
k=3 (N—1) k=2 (N+1)
xy = {0;0,...,0, T%(N—l) ,r%(NH), ooy ry—1; 0}(4.69)



o 1 #0 = K=N=3+2j+1i = ip+i;,=N —2isnot possible,
thus ip+i;, < N —3, also i < %(N —3). Also the following condition must
hold:

L+ =m—2m.

Thus, we have:

d=1+ji+m=2m —2m=2m", j=0. (4.70)
Case bd is possible only for N-even with R-symmetry non-scalars, and
from kK = N and z = 0 follows:

+tip=5-2, m = 2m # 0.
Thus, we have:
1+i0+%
d=m = Y 1, ji=ja=0. (4.71)
k=1+ig

Note that according to the result of Subsection 2.2 the following i—BPS
cases would not be protected: case ad when r # 0;  case bc when
ry—1 # 0; case bd when ry,ry_1 > 2.

4.3.3 %-BPS states, k= N/2, N-even

In all possible cases we deal with R-symmetry non-scalars.

In case a to achieve k = %, we need jo # 0, and 75 = % — 1. We also

have the defining restriction (with z = 0): ja > j1+(m—m*)/N. Combining
all, we have:

d = 2+2j+1m", (4.72)
XN = {le;0,...,0,7’&,...,7’]\[,1;2j2},
2

N-1
J2 > 1t Z (%k =Dy .
k=211
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In case b to achieve k = %, we need g = % — 1. Thus, this case is

possible only if N is divisible by 4. We also have the defining restriction
(with z=0): (m*—m)/N > j; + 1. Combining all, we have:

d = % ) XN = {2j17 7"'707Tﬂ7""TN_1;0}’ <473>
4
|
ST(1- 2k > 14+ Z — D)y
k:% k:%Jrl

The conjugated cases c,d are presented shortly:
Incase c: j1 #0, ip=2—1, ji >jo+ (m* —m)/N =

d = 242 +%m, (4.74)

= {2j1;7'1,...,7“&,0,...,0;2]'2},
2

yo

2
>ty (-3

k=1

N is divisible by 4, (m —m*)/N > jo + 1.

Incase d: iy =72 —1,
Combining all, we have:
d = 2m, xy = {0;r,...,0,735,0,...,0; 2o } , (4.75)

4

3N N

I P

Z (%k—1re > 1442+ Z(l — =k

k:%-ﬂ k=1

The case ac has several subcases depending on ji, j» being zero or not:
The subcase j; = jo = 0 is possible only for N = 4 considered above.

[
e In the subcase j; =0, jo» # 0 should hold ic =5 —2, i < ¥ —2.
Altogether we have:
d = 24j+my, (4.76)
= {0;0,...,0, TN 5y TN-L 272},
N-1 i
htgry = Y, m(Fk-1).
’ |
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e In the conjugate subcase 7j; # 0, jo = 0 should hold 1, < % — 2,

ih=3-2 =

d = 2+j+m,
YN = {2j1;r1,...,7’%+1,0,.
N
N
L2 2
TR > r(l- 2k) .

k=1

e In the subcase jij2 # 0 should hold iy + i) =

position, and we have:

d =

je—j1=(m—m")/N .

In case ad we need kK =
condition z = (0 follows:

1+j2 = (m—

and then we have:

2+ j1+J2+m,

2

(4.77)

— 2, xn isin general

(4.78)

N = 3+4ig(1 — ;) + 2if, while from the

N—1-i
m)/N = > r(Ek-1), (4.79)
k=1+1ig
N—1—ij
m = % Z kry, (4.80)
k=1+1g

The subcase j» = 0 leads to the restriction that N = 6,10,..., and [ =

1(4 - 3), and then:

Lan+2)

=0 = 1= > nm(Fk-1), d= 3 > kr.

i(3N+2)
(4.81)

k=1+1i9

L = 3+iy(1 — dj.0) + 2io, while from the

k=140
In case bc we need Kk =
condition z = 0 follows:
N—1-i)
1+ji = (m"—m)/N =

k=1+1ig

> om(1- 2k,

(4.82)



and then we have:

N—1—i}

2t = 2 3 (N =K (4.83)

k=1+1i9

d:

The subcase j; = 0 leads to the restriction that N = 6,10,..., and iy =

1(§ = 3), and then:

N—1-i) N—1-i)
1=0 = 1= Y n(l-2k), d=2 Y (N-kr. (484)
k=7 (3N +2) k=7 (3N +2)

In case bd we need Kk = % = 44 2ip + 24, thus i0+i’0:%—2, thus

N =28,12,.... From z = 0 follows that m = m* = %ml, and then
1+i0+%
d = m; = Z T, jl 232:0 (485)
k=1+io

Note that according to the result of Subsection 2.2 the following %—BPS
cases would not be protected: case ad when r; # 0;  case bc when
ry_1 #0; case bd when ri,ry_1 > 2.

5 Outlook

In the present paper, we presented the classification of BPS states in D=4
conformal supersymmetry. We gave also the necessary conditions for the pro-
tected states. Our considerations are group-theoretic and model-independent.
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